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Abstract

We prove that if an orientable 3-manifold M admits a complete Riemannian metric
whose scalar curvature is positive and has a subquadratic decay at infinity, then it
decomposes as a (possibly infinite) connected sum of spherical manifolds and S? x S'
summands. This generalises a theorem of Gromov and Wang by using a different, more
topological, approach. As a result, the manifold M carries a complete Riemannian
metric of uniformly positive scalar curvature, which partially answers a conjecture
of Gromov. More generally, the topological decomposition holds without any scalar
curvature assumption under a weaker condition on the filling discs of closed curves
in the universal cover based on the notion of fill radius. Moreover, the decay rate of
the scalar curvature is optimal in this decomposition theorem. Indeed, the manifold
R? x S! supports a complete metric of positive scalar curvature with exactly quadratic
decay, but does not admit a decomposition as a connected sum.
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1 Introduction

The scalar curvature scal : M — R of a Riemannian n-manifold is a central invariant
in Riemannian geometry, defined as the average of the sectional curvatures up to
a multiplicative constant. A main objective in Riemannian geometry is to extract
topological or geometrical information from conditions on the scalar curvature of a
manifold. In the study of three-dimensional manifolds, a fundamental question consists
in understanding the topological structure of 3-manifolds that admit a Riemannian
metric of positive scalar curvature. In his Problem Section [47], Yau asked for a
classification of such manifolds.

The closed case was addressed by Schoen—Yau [38, 39] using minimal surfaces and
in parallel by Gromov-Lawson [13—15] using both minimal surfaces and the Dirac
operator method, and finally concluded in the light of Perelman’s work [30-32]. They
proved that a closed orientable 3-manifold which admits a Riemannian metric with
positive scalar curvature decomposes as a connected sum of spherical manifolds and
S? x S! summands. Here, a spherical manifold is a manifold S?/ I" obtained as the
quotient of the 3-sphere by a subgroup I' < O(4) of isometries acting freely on S.
In both cases, their proof relies on the classical Kneser—Milnor prime decomposition
theorem [25, 27] (and more generally on the resolution of the Poincaré conjecture).

The first problem one encounters when considering the non-compact case is that the
Kneser—Milnor prime decomposition does not hold in general. Some counterexamples
have been constructed [26, 34, 36], even among infinite connected sums. However, a
similar decomposition theorem has recently been proved for open manifolds admitting
complete Riemannian metrics of uniformly positive scalar curvature (see Definition
1.2): more specifically, for manifolds with finitely generated fundamental group using
K -theory methods [6], for manifolds with bounded geometry using Ricci flow tech-
niques [1], and finally in the general case independently by Gromov [20] and Wang
[42], using p-bubble theory.

Theorem 1.1 ([20, 42]) Let M be a complete orientable Riemannian 3-manifold
with uniformly positive scalar curvature. Then M decomposes as a possibly infinite
connected sum of spherical manifolds and S* x S.

In this paper, we will consider 3-manifolds admitting a complete Riemannian metric
of positive scalar curvature with at most a quadratic decay at infinity.

Definition 1.2 Let M be a complete Riemannian n-dimensional manifold. Fix a base-
point x € M, and denote by r,(y) = d(x, y) the distance function to x.

(1) The scalar curvature of M is uniformly positive if there exists a constant so > 0
such that scal > s¢ > 0.

(2) The scalar curvature of M has a decay at infinity of rate « > 0 and constant C > 0
if there exists a constant Ry > 0 such that for every y € M with r(y) > Ry,

C
1 .
scal(y) > )"
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Complete PSC 3-manifolds with quadratic decay

Notice that a change of basepoint would only modify the constant Ry and would
leave the constant C unaltered. Hence, the basepoint x € M can be taken arbi-
trarily.

(3) The scalar curvature of M has a subgquadratic decay at infinity if it decays at
infinity at rate « and constant C, for some « <2 and C > 0.

(4) The scalar curvature of M has at most C-quadratic decay at infinity if it has a
decay at infinity of rate « = 2 and constant C, for some C > 0.

With these definitions, if the scalar curvature of M is uniformly positive with scal > s,
it decays at infinity at rate o and constant C, forany ¢ > 0and 0 < C < sg. Similarly,
if the scalar curvature of M has a subquadratic decay at infinity, it has at most C-
quadratic decay at infinity for any C > 0.

Our main theorem extends the decomposition in Theorem 1.1 to complete Rieman-
nian 3-manifolds of positive scalar curvature with at most a quadratic decay at infinity
for some constant C > 6472

Theorem 1.3 Let M be a complete orientable Riemannian 3-manifold. Suppose that
M has positive scalar curvature with at most C-quadratic decay at infinity for some
C > 647> Then M decomposes as a possibly infinite connected sum of spherical
manifolds and S* x S' summands.

The notion of infinite connected sum (modelled on a locally finite graph) will be
reviewed and discussed in Sect. 7. Notice that in particular, if the scalar curvature is
uniformly positive, then it has at most C-quadratic decay at infinity, for any C > 6472
Thus, we recover Gromov and Wang’s topological classification result under a weaker
assumption with an approach focusing on the fill radius notion (see Theorem 1.10 for
a more general curvature-free result).

One may wonder whether the conclusion of Theorem 1.3 holds under a weaker
decay rate (that is, for « > 2). The example of the manifold R? x S! [20, Section
3.10.2] shows this is impossible. Indeed, the manifold R? x S' admits a complete
metric of positive scalar curvature decaying %-quadratically at infinity, but it does not
decompose as an infinite connected sum of spherical manifolds and S? x S!; see Sect.
8. Therefore, the decay rate in Theorem 1.3 is optimal.

As for the optimal value of the decay constant C under which the conclusion of
Theorem 1.3 holds, this last example shows that we cannot hope for more than C > %
(while our result holds for C > 647'[2).

More generally, Gromov conjectured the following [20, Section 3.6.1].

Conjecture 1.4 (Critical Rate of Decay Conjecture [20]) There exists a dimensional
constant C, > 0 such that the following holds. Let M be an orientable n-manifold
that admits a complete Riemannian metric of positive scalar curvature.

(1) For every C < Cy, there exists a complete Riemannian metric on M of positive
scalar curvature with at most C-quadratic decay at infinity.

(2) If M admits a complete Riemannian metric with positive scalar curvature with
C-quadratic decay at infinity for C > C,, then M admits a complete Riemannian
metric with uniformly positive scalar curvature.
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The following rigidity result, which addresses the case (2) of Conjecture 1.4, is a
direct consequence of Theorem 1.3 and an adaptation of Gromov—-Lawson’s Surgery
Theorem [14, Theorem A]; see Sect. 9.

Corollary 1.5 Let M be an orientable 3-manifold. If M admits a complete Riemannian
metric of positive scalar curvature with at most C-quadratic decay at infinity for some
C > 64x2, italso admits a complete Riemannian metric with uniformly positive scalar
curvature.

Actually, we will deduce Theorem 1.3 from a more general statement, which
involves the following notion of fill radius, introduced in [15, Section 10] and [40],
(related to the more general notion of filling radius presented in [16]).

Definition 1.6 Let M be a Riemannian n-manifold with possibly nonempty boundary.
Given a subset Z C M, denote by

U(Z,R) ={xeM|dx,Z) <R} (1)

the closed R-neighbourhood of Z in M.
The fill radius of a contractible closed curve y in M is defined as

fillrad (y) :=sup{R >0 | d(y,0M) > Rand [y] #0 € 11 (U(y, R))}.
Define also
fillrad (M) := sup {fillrad (y) | y contractible closed curve of M} .

For instance, the standard sphere S’ and the standard Riemannian cylinder
S? xR satisfy fillrad(S?) = fillrad (S* x R) = % as observed in [40, Remark 1].
If a manifold M has bounded diameter, then fillrad(M) < diam(M). In particular,
by the Bonnet-Myers theorem, a manifold of uniformly positive Ricci curvature must
have bounded fill radius. In [33], the authors conjectured that some weaker conditions
of positive curvature (namely, uniformly 2-positive Ricci curvature and uniformly
positive isotropic curvature) also imply a bound on the fill radius. For 3-manifolds
of uniformly positive scalar curvature, the following bound on the fill radius was
established in [15, 40]; see also [46, Theorem 9.3.1] for another exposition.

Theorem 1.7 ([15, Theorem 10.7], [40]) Let M be a complete Riemannian 3-manifold
with bounded geometry, possibly with nonempty boundary. If scal > sg > 0, then

fillrad(M) < % )

The value of the constant 2w was obtained by Gromov—Lawson [15]. Using a
different argument, Schoen—Yau [40] derived Theorem 1.7 for the sharper value of the

constant \/gn, and recently Hu—Xu—Zhang in [24] showed that the latter is optimal.
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However, we will use Gromov-Lawson’s constant, since their proof is more suitable
to our case; see Proposition 2.2.

Theorem 1.7 implies that when M is a complete orientable 3-manifold with bounded
geometry and uniformly positive scalar curvature scal > 5o > 0, then the universal
Riemannian cover M of M satisfies fillrad (M) < 27/ /50. Therefore, an upper bound
on the fill radius of the universal cover provides a generalisation of the notion of
uniformly positive scalar curvature.

If a complete orientable 3-manifold M has positive scalar curvature decaying at
infinity, then the fill radius is not necessarily bounded in general. Still, if the decay
is not too pronounced, one can control the growth of the fill radius of the lifts to the
universal cover of the closed curves contractible in M. This property will serve as
a generalisation of the notion of positive scalar curvature with at most C-quadratic
decay at infinity for some C > 6472; see Proposition 1.9. Notice that if M is a
compact manifold, the fill radius of contractible curves of M is uniformly bounded by
diam (M), which is why we consider the lifts of such curves to the universal cover.

Definition 1.8 Let M be a complete Riemannian manifold, and denote by M its uni-
versal Riemannian cover. Fix a basepoint x € M. Denote by B(x, R) the closed metric
ball of radius R centered at x.

(1) The fill radius of M grows at infinity at rate § > 0 and with constant ¢ > 0 if
there is a constant R6 > 0 such that if R > R(/), then for every closed curve y

lying in B(x, R) and contractible in M, any of its lifts ¢ to M satisfies
fillrad (y) < cRP.

Again, notice that the basepoint x € M may be taken arbitrarily since a change
of basepoint does not affect the rate 8, nor the value of the constant c.

(2) The fill radius of M has sublinear growth at infinity if it grows at infinity at rate
B and constant ¢, for some 8 < 1 and ¢ > 0.

(3) The fill radius of M has at most c-linear growth at infinity if it grows arate f = 1
and constant ¢, for some ¢ > 0.

For instance, the fill radius of the Euclidean 3-dimensional space R> grows at
infinity at rate 8 = 1 for every constant ¢ > 1. In the same direction, we have the
following result.

Proposition 1.9 Let M be an orientable complete Riemannian 3-manifold, and denote
by M its universal Riemannian cover. Suppose that M has positive scalar curvature
with at most C-quadratic decay at infinity for some C > 64>, Then, the fill radius
ofM has at most c-linear growth at infinity for some ¢ < %

We will prove the topological decomposition of Theorem 1.3 by replacing the scalar
curvature assumption with this weaker condition about the filling discs of the lifts of
contractible closed curves, namely that the fill radius of M has at most c-linear growth

. . . 1
at infinity with ¢ < 3.
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Theorem 1.10 Let M be an orientable complete Riemannian 3-manifold, and denote
by M its universal Riemannian cover. Suppose that the fill radius of M has at most
c-linear growth at infinity for some ¢ < % Then M decomposes as a possibly infinite
connected sum of spherical manifolds and S* x S

This result yields the same topological decomposition as Gromov—Wang’s theorem
under a weaker, more robust, assumption. In particular, it applies to metrics of positive
scalar curvature with at most C-quadratic decay at infinity for some C > 6472, and
not just of uniformly positive scalar curvature. More generally, Theorem 1.10 does not
require any curvature assumption and relies on C? topological arguments, rather than
on C? analytical ones. In particular, the proof of Theorem 1.10 relies neither on the
pu-bubble theory, nor on the minimal surface approach. Interestingly, and somewhat
surprisingly, this general approach leads to an optimal statement in the decay rate at
infinity despite the lack of analytical tools.

A direct consequence of Theorem 1.10 is that complete Riemannian 3-manifolds
such that the fill radius of their universal cover has at most c-linear growth at infinity
for some ¢ < % are not aspherical. This extends a theorem of Gromov and Lawson
[15, Theorem E] asserting that closed aspherical 3-manifolds do not admit Rieman-
nian metrics with positive scalar curvature. Actually, we prove the following more
general statement: closed Q-essential manifolds of dimension n > 2 do not support
Riemannian metrics such that their Riemannian universal cover has finite fill radius;
see Proposition 6.6. This results answers a weaker version of a conjecture by Gromov
in [18, Section 4, Conjecture 12] and [20, Section 3.2]; see Conjecture 6.5.

The paper is structured as follows. Consider an orientable complete Riemannian
3-manifold M with positive scalar curvature of at most C-quadratic decay at infinity
for some C > 6472 In Sect. 2, we prove Proposition 1.9 by showing that the universal
cover M has fill radius with at most c-linear growth at infinity for some ¢ < % In
Sect. 3, we prove that M is simply connected at infinity on contractible curves. In
Sect. 4, we obtain an exhaustion by compact domains for 3-manifolds that are simply
connected at infinity on contractible curves. In Sect. 5, we introduce the notion of
ends of a group and we prove that complete Riemannian manifolds whose universal
cover has fill radius with c-linear growth at infinity for some ¢ < % have virtually
free fundamental group. This extends a theorem of Ramachandran—Wolfson [33] who
proved the same result for closed manifolds whose universal cover has bounded fill
radius. In Sect. 6, we show that such manifolds cannot decompose as a connected sum
involving an aspherical summand. In Sect. 7, we prove Theorem 1.10, and we show
its optimality in Sect. 8. Finally, in Sect. 9 we prove Corollary 1.5.

2 Scalar curvature and fill radius

Let M be a complete Riemannian 3-manifold. In coherence with the definition of the
fill radius, see Definition 1.6, we introduce the following notation.

@ Springer



Complete PSC 3-manifolds with quadratic decay

Definition 2.1 Let K be a subset of a complete Riemannian 3-manifold M. Let y be
a closed curve lying in K and contractible in M. Define

fillrad (y C K) :=sup{R>0|d(y,dK) > Rand [y] #0 € 71 (U(y, R))}.

Recall that U (y, R) is the closed R-neighbourhood of y in M.

With this notation, one can adapt the proof of Theorem 1.7 in [15, Proof of Theorem
10.7] to prove the following result.

Proposition 2.2 Let M be a complete Riemannian 3-manifold with scal > 0. Let K C
M be a compact subset. Let sg > 0 be a constant such that scal(x) > sx > 0 for
every x € K. Then, any closed curve y lying in K and contractible in M satisfies:

fillrad (y © K) < —~
rad (y < —.
V5K

Proof We argue by contradiction following [15, Proof of Theorem 10.7]. The only
difference here is that we will need to carefully apply the Stability Inequality [15,
Inequality 10.17] to functions with support in K. We also give more details of some
parts of the argument.

Let y be aclosed curve lying in K and contractible in M. Let p > 7/,/sk. Suppose
that d(y, 0K) > 2p and that y does not bound a disc in U(y, 2p) (in the proof, all
the discs are non-necessarily embedded topological discs). Consider B C M a closed
metric ball whose interior contains the domain K as well as a disc D C M bounded
by y. After slightly deforming B, we may assume that the boundary 0B of B is a
smooth surface. Now, we modify the Riemannian metric in a tubular neighbourhood
of dB away from K to make it isometric to the Riemannian product 9B x [0, 1].
With the modified metric, the subset B is a manifold with (mean) convex boundary.
By [28], there exists a disc ¥ C B bounded by y of least area. Observe that X is a
stable minimal disc which is not contained in U (y, 2p).

Now, consider the level set y, := {x € X | ds(y, x) = p} which, after considering
a smooth aproximation of the function dx(y, -), consists of a disjoint collection of
closed curves. Since y does notbound adiscin U (y, 2p), there is at least one connected
component o of y, which does not bound a disc in U(y, 2p). Let 2 C X be a small
neighbourhood of ¢. For every s € [0, p], denote by

Q@) ={xe X |dgx, Q) <s}

the closed s-neighbourhood’s of €2 in X; see Fig. 1.

Following [15, Proof of Theorem 10.2], by analytic approximation of the domain
2 and the distance function dyx (-, ), we may assume that the level set d€2(s) is
piecewise smooth, for every s € [0, p]. Notice that, as d(y, dK) > 2p, the set Q2(p)
is contained in the compact K and its interior does not intersect the curve y.

Using Schoen—Yau’s rearrangement [39], the stability of the minimal surface X
implies

/ (|Vf|2 brf2o L (sca1+ ||H||2) f2> dA >0 3)
. 2
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Fig.1 The neighbourhood €2 (s) in the stable minimal disc ¥

for any function f € C°(X), where « and II denote the Gauss curvature and the
second fundamental form of X. Now consider the function f : ¥ — R defined by

flx) = {COS (FHdzx @) ifx Q)
0

ifx ¢ Q(p)
Since f is supported on £2(p), which is contained in K, the Stability Inequality (3)
implies

f (IVFP+icf> =X 2)aazo.

20 2

This is the equivalent of the inequality (10.17) in [15], except that now the test function
f has support in K. Arguing exactly as in [15, Proof of Theorem 10.2], we conclude
that p < /./sk, which is a contradiction. O

From Proposition 2.2, one can derive Proposition 1.9. More generally, we have the
following result.

Proposition 2.3 Let M be a complete Riemannian 3-manifold, and denote by M its

universal Riemannian cover. Suppose that M has positive scalar curvature with a
decay at infinity of rate « > 0 and constant C > 0.

(1) If the decay is subquadratic (that is, o € [0,2)), then the fill radius of]\;l has
sublinear growth at infinity of rate § = /2 € [0, 1).

(2) If the decay is at most C-quadratic with C > 472, then the fill radius of M has
at most linear growth at infinity with constant

2
«/6—271'

CcC =
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In particular, if the scalar curvature has at most C-quadratic decay at infinity with
C > 6412, then the fill radius of M has at most c-linear growth at infinity with ¢ < %

Proof Fix a point x € M. Consider Ry > 0 such that every point y € M with
r(y) = Ry satisfies

Scal(y) > W .

and define 5o := minpy, gy scal. Fix 4 > 1. Let R > R, where

1 2 1
@ b= « \=z| .
R = max {Ro, (%) , (3—%) ((uli—lﬂ) } ifa €[0,2) .

mm{&h¢g} ifo =2

Note that R > max {Ro, (%)é } in both cases.

Let y be a closed curve lying in the closed metric ball B(x, R) and contractible in
M. Take any lift X of x in the universal cover M, and lift y to a closed curve y lying
in the set p~1(B(x, R)) = U (1 (M) - X, R) formed by the points of M at distance at
most R from a point in the orbit of X by the action of the fundamental group of M;
see Definition 1.6 (1).

Consider the u R-neighbourhood K = U (w1 (M) - X, uR) of the orbit w1 (M) - x.
Since R > (%)al, we have

minscal > ———.
K (LR)™
By Proposition 2.2, the closed curve y has

27T o
fillrad (y € K) < —(uR)2.
(v ) JFW)

Notice that
d(y,0K) > uR — R.

Hence, the curve y bounds a disc in its j—%(uR)%-neighbourhood if

LR — R > 2 (uR)S. @)
JC

(1) Let us consider first the subquadratic case, that is, suppose o € [0, 2). The

inequality
1

G ()
—\JC (n—1)?

is equivalent to the inequality (4). Therefore,

IR

- 27«
fillrad (y) < ——=n2R2.

JC
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That is, the fill radius of M has sublinear growth of rate B = «/2 and constant
c= 271,11% /+/C. Notice that this estimate holds for any x > 1. In particular, one
can let 1 go to 1 in order to make c as close to 27/+/C as desired, in which case
R, diverges to infinity.
(2) Now, suppose that « = 2 and C > 4x2. In this case, the inequality (4) is
equivalent to
Jc

> ——
M_\/E—br

we have

JC
JC=27"

Hence, for any p >

2

NG

fillrad (y) < UR.

In particular,

fillrad () TR

rad (y) < ———R.

JC -2n

That is, the fill radius of M has at most c-linear growth, with ¢ = Zn

JC-2r"

Notice

that C > 642 if and only if ¢ < %

3 Fill radius and simply connectedness at infinity on contractible
curves

Recall the well-known notion of manifold simply connected at infinity (see [11, Section
16] for a detailed discussion on simply connectedness at infinity and related notions).

Definition 3.1 A manifold M is simply connected at infinity if for any compact subset
B C M, there is a compact subset K C M containing B such that the morphism

7i(M - K)—> mi(M — B)

induced by the inclusion is trivial.

Intuitively, a manifold is simply connected at infinity if for any compact subset B,
closed curves sufficiently far from B can be contracted to a point avoiding B. Notice
that simply connected manifolds are not necessarily simply connected at infinity. For
instance, the plane in dimension two and the Whitehead manifold are simply connected
(even contractible) but they are not simply connected at infinity. If instead we require
this condition to hold only for curves that are contractible in M, we say that M is
simply connected at infinity on contractible curves. More precisely:

Definition 3.2 A manifold M is simply connected at infinity on contractible curves if
for any compact subset B C M, there is a compact K C M containing B such that

ker mi(M — K) —> mi(M)) =ker (miy(M — K) - n1(M — B)),
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that is, every closed curve y C M — K contractible in M is already contractible in
M — B.

Example 3.3 Clearly, simply connectedness at infinity implies simply connectedness
at infinity on contractible curves. The converse is not true, as shown by the following
example. Consider the 3-manifold M obtained as an infinite connected sum (see Sect.
7) of manifolds S? x S! modelled on the halfline [0, +00) with vertices at the integer
points. The manifold M is simply connected at infinity on contractible curves. How-
ever, M is not simply connected at infinity, since the complementary of any compact
contains (infinitely many) non-contractible curves.

In this section, we prove that complete Riemannian manifolds whose universal
Riemannian cover has fill radius with at most c-linear growth at infinity with ¢ < 1
are simply connected at infinity on contractible curves. Notice that this result is valid
for manifolds of any dimension.

Proposition 3.4 Let M be a complete Riemannian manifold, and denote by M its
universal Riemannian cover. Suppose the fill radius of M has at most c-linear growth
at infinity for some ¢ < 1. Then the manifold M is simply connected at infinity on
contractible curves.

Proof Fix a point x € M. Consider ¢ < 1 and R;, > 0 such that if y is a contractible
closed curve lying in the closed metric ball B(x, R) for R > R6, then any of its lifts

7 to the universal cover M satisfies
fillrad (y) < cR.

Notice that, since the projection from the universal cover to M is distance non-
increasing, the curve y also satisfies fillrad (y) < cR.

For any compact B C M, choose an r > R6 such that B C B(x,r). Let R :=
1= > r and consider the closed metric ball K = B(x, R). Suppose thatn C M — K
is a closed curve that is contractible in M. If i bounds a disc in M — K, there is nothing
to prove, so suppose that  bounds an immersed disc D which intersects K. That is,
there exists an immersion p : D — D C M from the unit Euclidean disc D whose
restriction to 0D coincides with 1. Approximate the distance function d(x, -) on the
manifold M by a smooth function, and denote by f its restriction to the disc D.

By Sard’s theorem, we can slightly adjust R to a regular value of f o p so that the
preimage (f o )~ Y(R) is a finite collection of disjoint simple closed curves, each of
which bounds a topological disc ID; C ID. Note that two such discs are either disjoint
or one is contained within the other. It follows that the maximal discs D;r in this family

are disjoint. Note also that p(D — ujD;r) C M — K. The images y; of BID);r under p
are contractible closed curves in D, and hence in M. Since each curve y; lies in the
metric ball B(x, R), we have

c

fillrad (y;) < cR = I r.

—C
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The distance of each curve y; to the boundary 0 B(x, r) satisfies

d(yj. 0B, 1) = R—r > ——.

1—c¢
Therefore, each curve y; bounds a disc inside the complement M — B(x, r). That is,
for each closed curve y;, there exists an immersion p; : ]D)jr — M — B(x,r) whose

restriction to 8]1]);' coincides with y;. By combining the maps p : D— u./]])j.' — M—-K
and p; : DT — M — B(x, r), we obtain a map D — M — B(x, r) whose restriction
to 0D coincides with 7. Thus, the curve n bounds a disc inside M — B(x,r) C M — B.

O

Remark 3.5 A result closely related to Proposition 3.4 is [15, Corollary 10.9], where
the authors proved that a complete 3-manifold of uniformly positive scalar curvature
and finitely generated fundamental group is simply connected at infinity. Note that this
result fails without the assumption that the fundamental group is finitely generated; see
Example 3.3 for a counterexample. The hypothesis in Proposition 3.4 are more general
(in particular, we do not make any assumption on the dimension of M, nor on the
fundamental group of M), but we derive a weaker result, namely simply connectedness
at infinity on contractible curves.

Remark 3.6 By Proposition 2.3, Proposition 3.4 applies to complete Riemannian 3-
manifolds of positive scalar curvature with at most C-quadratic decay at infinity with
C > 1672, Although we shall not make use of this fact, one can show directly this
consequence by constructing a minimising annulus in a compact domain K C M
where the scalar curvature is bounded from below by some sg > 0, without relying
on the fill radius, as in the proof of Proposition 2.2. This alternative approach applies
when C > 72 and was first used in [15, Proof of Corollary 10.9]. Notice that for such
manifolds, the fill radius of their universal cover has at most c-linear growth at infinity,
for any ¢ > 0.

The following result is a direct consequence of the application of Proposition 3.4
to contractible manifolds.

Corollary 3.7 Let M be a complete contractible Riemannian manifold. Suppose the
fill radius of M has at most c-linear growth at infinity for some ¢ < 1. Then M is
homeomorphic to R”.

Proof Proposition 3.4 together with the fact that the manifold M is contractible imply
that M is simply connected at infinity. And the only contractible manifold which
is simply connected at infinity is R". This result was proven first for manifolds of
dimension n > 5 [37, Theorem 4], then for 3-dimensional manifolds [8], and finally
for 4-dimensional manifolds [10, Corollary 1.2]. O

In particular, any contractible complete 3-manifold with positive scalar curvature
of subquadratic decay at infinity, and more generally of C-quadratic decay at infinity
for some C > 1672, is homeomorphic to R3. This result was already obtained by
Wang [41]. It is an open question whether any contractible complete 3-manifold with
positive scalar curvature is homeomorphic to R?, despite some recent progress in this
direction [5, 43-45].
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Fig.2 Compressing a surface

4 Localised compression and exhaustion by compact domains with
incompressible boundaries

Recall the following well-known definition.

Definition 4.1 Let 3 be a closed orientable (not necessarily connected) surface embed-
ded into an orientable 3-manifold M. The surface X is incompressible if the morphism
m1(X, x) — w1 (M, x) induced by inclusion is injective for any basepoint x € X. Oth-
erwise, the surface X is compressible.

A compressible surface ¥ can be compressed into an (embedded) incompressible
surface homologous to X as follows. This procedure is based on the Loop Theorem,
proved by Papakyriakopoulos [29]. Here, we shall use the following version of the
Loop Theorem [23, Chapter 4, Theorem 4.2].

Theorem 4.2 (Loop Theorem) Let ¥ be a closed orientable surface embedded into
an orientable 3-manifold M. If, for a certain basepoint x € %, the homomorphism
induced by the inclusion (X, x) — m1(M, x) is not injective, then there is a simple
closed curve y of X representing a nontrivial element of ker (w1 (2, x) — w1 (M, x))
and an embedded disc D C M such thaty = dD = DN X.

The compression of a compressible surface X is carried out as follows. By the Loop
Theorem 4.2, take a simple closed curve y in X representing a nontrivial element of
ker (7t (X, x) — w1 (M, x)) which bounds an embedded disc D C M intersecting ¥
only along its boundary. There is a diffeomorphism onto its image ¢ : D x [—1, 1] —
M such that ¢(-,0) = idp and (D x [—-1,1) N X = (@D x [—1, 1]). Then
compress X along the disc D as follows. Remove the band ¢ (d D x [—1, 1]) and glue
two discs DT := (D x {£1}) to ¥ along the corresponding curve ¢(d D x {£1}); see
Fig. 2. Notice that ¢ (D x [—1, 1]) is a 1-handle in M, whose boundary corresponds
to(dD x [—1, 1] U D¥. Therefore, the compression, which consists in substituting
(@D x [—1, 1]) by D, yields a new surface %’ homologous to ¥ in M.

The compression of X along a disc reduces its complexity. Namely, if y is not
separating in X, then the compression simply reduces the genus of the compressed
connected component of ¥ by one. On the other hand, if y is separating in X, then the
compression splits the corresponding connected component into two new connected
components. Each of them has strictly lower genus than the compressed connected
component of X. Hence, by iterating the procedure finitely many times, we finally
obtain an incompressible surface X'
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E/ E/

Fig.3 Deforming a loop

When the ambient manifold is simply connected at infinity on contractible curves,
such a compression may be performed in a localised manner.

Proposition 4.3 Let M be an orientable 3-manifold. Suppose M is simply connected
at infinity on contractible curves. Let B C M be a compact subset, and consider a
compact subset K C M containing B such that

ker (miy(M — K) —> mi(M)) =ker (mi(M — K) - 71 (M — B)). (@)

Let ¥ C M — K be a compressible embedded orientable surface. Then ¥ can be
compressed into an incompressible surface ¥’ C M — B so that the surface obtained
at each step of the compression is contained in M — B.

Proof Suppose that ¥’ C M — B is the result of compressing ¥ a number k of times.
One can write X’ as the union of Xy = ¥/ N X, the part corresponding to the original
surface X, which is contained in M — K, and some discs th, R D,f CcCM-B
glued to X during the former compressions.

Now, take a closed curve y C X representing a nontrivial element of
ker (1 (X") — 71 (M)). If y intersects some disc Dl.i, one can homotope every arc
ofy N Dii to the boundary 8Dl.i, and push them slightly beyond, so that the resulting
curve avoids Dl.i; see Fig. 3. Repeating the procedure for each disc, the closed curve
y can be homotoped to a closed curve y’ lying in X¢. Now, since Y’ is a contractible
loop contained in X9 C M — K, the loop y’ is already contractible in M — B by the
relation (5). We obtain

ker (m1(2)) — m(M)) = ker (m1(£)) — 71 (M — B)).

Now, we conclude by applying the Loop Theorem to the surface X’ contained in
M — B, which gives an embedded disc D C M — B suchthat ' N'D = 0D is a
closed curve representing a nontrivial element in kKer (7t (X') — 71 (M — B)). Thus,
the result of the compression of X’ along D is again contained in M — B. O

The next result provides a decomposition of the manifolds into compact domains
along incompressible surfaces.

Proposition 4.4 Let M be a complete orientable Riemannian 3-manifold. Suppose that
M is simply connected at infinity on contractible curves. Then M admits an exhaustion
by compact connected domains

KiCcK,Cc---CM
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with K; C I%,-H and M = U; K;, such that U; 0 K; is a locally finite disjoint collection
of embedded orientable closed incompressible surfaces.

Proof Let x € M and consider the singleton Ky = {x}. Suppose we have constructed
Ky C---C K;,withK; C U(K;,1) C Kj41, where U(K, 1) is the closed 1-
neighbourhood of K ; (see Definition 1.6 (1)), such that K ; is a closed incompressible
surface. Take a closed metric ball B containing U (K;, 1). Since M is simply connected
at infinity on contractible curves, there is a compact subset K containing B such that

ker (my(M — K) — m1(M)) =ker (my(M — K) — 71(M — B)).

Now, take a metric ball B’ containing K. After approximating the distance function
d(x, -) by a smooth function and slightly perturbing the radius of B’, we can suppose
that the boundary of B’ is an embedded orientable surface X. Since the surface X
lies in M — K, we can use Proposition 4.3 to compress it inside M — B into an
incompressible surface X/ (if ¥ is already incompressible, we have ¥’ = X). Since
B C B’ and X’ is homologous to ¥, the surface X" encloses a compact connected
component K; 11 containing B. The boundary dK; of K; ] lies in X/, and thus, is

incompressible.
Finally, since K; C U(K;, 1) C B C K;+1, we conclude that the compact subset
K11 contains the closed metric ball B(x,i + 1). Hence, U; K; = M. m]

5 Fill radius and number of ends

Recall the following notion.

Definition 5.1 Let X be a connected locally finite simplicial complex. Given a sub-
complex L C X, denote by n(L) the number of connected components of L. The
number of topological ends of X is defined as

e(X) :=sup{n(X — K) | K C X finite subcomplex such that X — K has no finite component}.

By [9, Theorem 3], if G is a group acting cocompactly by covering transformations
on a simplicial complex X, then the number of ends of X depends uniquely on the
group G. This implies that the number of ends of X is a group invariant of G.

Definition 5.2 The number of ends of a finitely generated group G is defined as
e(G) := e(X), where X — X is any regular covering of a finite simplicial com-
plex X with covering transformation group G.

In particular, the number of ends of a finitely generated group G coincides with
the number of topological ends of its Cayley graph. Similarly, the number of ends of
the fundamental group 71 (M) of a closed manifold M coincides with the number of
topological ends of its universal cover M.
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Remark 5.3 An easy consequence of the definition is that ¢(G) = 0 if and only if G
is a finite group. Using the theory of covering spaces, it can be shown [9, Theorem
12] that e(G) = 2 if and only if G is virtually infinite cyclic (that is, G contains an
infinite cyclic subgroup of finite index). More generally, using the theory of covering
spaces, one can prove that the number of ends that a group may have is either 0, 1, 2
or infinite (see [9, Theorem 10] for a proof).

By [33], the fundamental group of a closed manifold of any dimension, whose
Riemannian universal cover has bounded fill radius cannot contain finitely generated
subgroups with one end, and as a consequence, the fundamental group of such a man-
ifold is virtually free (recall that a group G is virtually free if it contains a finite index
free subgroup). Recently, the same strategy was used in [4] to prove a classification of
closed manifolds admitting a metric of positive scalar curvature in dimensions 4 and
5, under some additional topological assumptions.

In this section, we derive the main result of [33] under a weaker hypothesis (the
fill radius of M is not necessarily bounded, but has at most c-linear growth at infinity
with ¢ < %), adapting ideas present in [4, 15, 33]. Note that the results in this section
are valid for manifolds of any dimension.

Theorem 5.4 Let M be a complete Riemannian manifold, and consider its Riemannian
universal cover M. Suppose the fill radius of M has at most c-linear growth at infinity,
with ¢ < %

Then, the fundamental group w1 (M) does not contain any finitely generated sub-
group with exactly one end.

We start by proving the following version of [15, Corollary 10.11] for manifolds
whose Riemannian universal cover has fill radius with a certain growth at infinity.

Lemma5.5 Let M be a complete Riemannian manifold, and denote by p : M — M
its universal Riemannian cover. Let x € M be a point. Let B > 0 and ¢ > 0 be
constants, and suppose that either § < 1, or B = 1l and ¢ < % Suppose there is a
constant R, > 0 such that if R > R, then, ]ﬁor every closed curve y lying in B(x, R)
and contractible in M, any of its lifts y to M verifies

fillrad () < cRP.

Let Z C M be a path-connected compact subset and consider a path-connected
component Z of p~'(Z) C M. Then, there is a constant R{ > R(, such that if
R > R{, every path-connected component Cg of the level set dU (Z, R) satisfies

diam(Cg) < 6¢ (d(x, Z) + diam (Z) + R)P.

Proof Let R > R( be a constant to be determined later. Let R > R(, and denote
L := d(x,Z) + diam (Z) + R. Fix a connected component Cg of the level set
U (Z , R) and consider two points z1,z> € Cgr. We shall prove that z; and z, lie
within a distance at most 6¢L? . Let 7] be a curve in C joining z; to z. Join each point
z; to Z by a minimal geodesic 7;, and join the endpoints of 77; and 7}, lying in Z by a
curve 77’ lying in Z; see Fig. 4. The concatenation 7 = 7j; % 7j % 72 * 7]’ is a closed curve
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Fig.4 Scheme of the proof of Lemma 5.5

contained in U (Z , R). Now, consider the projection y of y to M. Then the closed
curve y lies in the closed metric ball B(x, d(x, Z) + diam (Z) + R). Therefore,

fillrad () < ¢ (d(x, Z) + diam (Z) + R)? = cL?.
That is, there exists an immersed disc D C M with D = 7 such that any pointa € D
satisfies d(a, y) < cL”.

Now, consider the curve 7 = D N AU (Z, R — cLP). Since either 8 < 1 or B = 1
and ¢ < % for R large enough, if R > R(] then every point a € 7" satisfies

d(a, i) = da,Z) = R—cLF > cL?,
and clearly d(a, 7j) > cLP. Therefore, there is a point ¢ € D lying within a distance
less than ¢L? from both curves n1 and 7,. That is, there are points b; € 7); such
that d(a, b;) < cLP, fori = 1,2. Since d(b;, z;) < 2cLP (otherwise the inequality
d(a, b;) < cLP would not hold), we obtain

d(z1,22) <d(z1,b1) +d(b1,a) +d(a, by) + d(ba, 22) < 6¢LP.

That is,
d(z1,72) < 6¢ (d(x, Z) + diam (Z) + R)?.

Now, we prove Theorem 5.4.

Proof of Theorem 5.4 Let x € M be a point and R(’) > 0 such that if y is a contractible
closed curve lying in the closed metric ball B(x, R) for R > R/, then any of its lifts
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>

Fig.5 Minimising curve 7 joining two points y; and y, lying in X

y to the universal cover M satisfies
fillrad (y) < ¢R,

with ¢ < % Suppose that G is a finitely generated subgroup of 71 (M, x) with exactly
one end. In particular, the subgroup G is infinite. Consider a collection of closed curves
N1, ..., Nk based at x representing the generators of G. Now, consider the lift X of
X = U;n; to the universal cover M, and fix alift ¥ € X of the point x. Notice that X is
homeomorphic to the Cayley graph of G associated to the generating set represented
by the homotopy classes of the curves {n;}.

We shall need the following result.

Lemma 5.6 There exists a constant H > 0 such that for any minimising geodesic y
Jjoining two points y1, y2 lying in X, we have

maxd(y, X) < H.
yey

Proof We argue by contradiction. Suppose that for any H > 0, there is a minimal
geodesic y joining two points y; and y; lying in X and a point yo € y such that
d(yo, X) = H; see Fig. 5. In particular, d(yo, y;) > H for j = 1,2, and d(y1, y2) >
2H.

Let y} be the intersection point of 7 with the level set dU (X, ) which is closest
to y;, forj = 1, 2. The points y; and y, must lie in the same connected component of
AU (X, %), otherwise the concatenation of 7 with a curve lying in X joining y; with
y2, which is contractible, would have nontrivial intersection with the cycle 0U ()_( , %).
Applying Lemma 5.5t0 Z = X, = land c < %, we have that for H large enough,

d(y1, y2) <di, ¥) +d G, ¥5) +d(3, y2) < H + 6¢ (diam (X) + 4.

Since ¢ < %, this contradicts the fact that d(y1, y2) > 2 H, for H sufficiently large. O

Now, let R > R(’). Fix a fundamental do_main A of X for the action of G. Since
e_(X) = e(G) = 1, there is a compact K C X containing U (A, R+ H) N X such that
X — K has a unique (unbounded) connected component.
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\

Fig.6 Sketch of the proof of Theorem 5.4

Take a minimising curve 7 of M joining two points y; and y, in X at distance at
least 2T in M, where T > diam (K) + H. Choose a point yo € 7 with d(yo, yi)y=T
for j = 1,2 and a point yy € X at minimal distance from yo. By Lemma 5.6, the
minimising curve  is at distance at most H from X. Thus, d(yo, o) < H. Translating
the curve y by an element of G if necessary, we can assume that yg lies in A. It follows
that

B(yo,R)NX C B(Go,R+H)NX C K.

Now, by the triangle inequality,
d(yo, y;) = d(y0, y;) —d(yo, yo) = T — H > diam (K).

Thus, both y; and y; lie in X — K and can be joined by a curve 7 lying in X — K by
construction. Since B(yg, R) N X C K, the curve  lies outside B(yo, R).

Consider the intersection point z; of y with the sphere d B(yo, R) which is the
closest to the point y; for j = 1,2. The points z; and z must lie in the same
connected component of d B(yg, R), otherwise the concatenation y * T would have a
nontrivial intersection number with the cycle d B(yg, R), which is absurd since y * t
is contractible. By Lemma 5.5 applied to Z = {yo}, 8 = l and ¢ < %, we have

d(z1,z2) < 6c(d(x, p(y0)) + R) (6)
where p : M — M is the universal covering. Now, recall that p(yo) is at distance at
most H from X by Lemma 5.6. Thus, the distance between p(yp) and the basepoint

x of X is bounded uniformly in R. More precisely,

d(x, p(yo)) < diam (X) + H.
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Since the curve y is minimising, we have d(z1, z2) = 2R. By taking R large enough
in the inequality (6), we obtain a contradiction with ¢ < % O

Finally, we recover the main result of [33] under more general assumptions (that
is, not just for closed manifolds whose universal cover has bounded fill radius).

Corollary 5.7 Let M be a complete Riemannian manifold with finitely presented fun-
damental group. Denote by M its Riemannian universal cover. Suppose the fill radius
of M has at most c-linear growth at infinity, with ¢ < % Then w1 (M) is virtually free.

Proof We follow the argument of [33]. By Theorem 5.4, 71 (M) does not contain
finitely generated subgroups of exactly one end. Since 71 (M) is finitely presented,
then it is accessible by [7]. Recall that a group is accessible if it is the fundamental
group of a graph of groups such that every edge group is finite and every vertex group
is at most one-ended. Finally, an accessible group without one-ended subgroups is
virtually free, by a result of Serre [35, Chapter 2, Section 2.6, Proposition 11]. O

Remark 5.8 In particular, if the fill radius of the universal cover of a complete Rie-
mannian manifold with finitely presented fundamental group is uniformly bounded
above, then its fundamental group is virtually free.

6 Fill radius and aspherical summands

Another consequence of Theorem 5.4 is that manifolds which decompose as the con-
nected sum of a manifold with an aspherical summand do not admit complete metrics
such that the Riemannian universal cover has at most c-linear growth at infinity with
c < % It actually follows from the following well-known fact; see for instance [11,

Proposition 16.4.1].

Proposition 6.1 If P is a closed aspherical n-manifold with n > 2, then w1 (P) has
exactly one end.

Proof Endow P with a finite simplicial complex structure and consider its universal
cover P. By Definition 5.2, we have e(m;(P)) = e(P). Let K C P be a finite
subcomplex whose complementary has no finite component. The long exact sequence
corresponding to the pair (P, P — K) for reduced cohomology (with coefficients in a
field) may be written

-« H'(P) « H'(P,P—K) « H*(P—-K) <« H(P) « HY(P,P—K) < 0
1] Il
0 0

and the contractibility of P gives an isomorphism H (P, P —K)~ HO(P —K).Now,
Poincaré’s duality gives an isomorphism H,_1(P) =~ HJ (P) = l(iLnK HY(P,P—K)
(see [21, Section 3.3] for the second isomorphism). Therefore,

Hy—1(P) =1im H*(P, P - K).
K
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Since P is contractible, the former space must vanish. Now, since the number of ends
~ . . . . . 0 ~ _ _ . . NO ~ _
of P coincides with dim (1(&11( H” (P K)) = dim (1{311{ HY (P K)) + 1 (see
for instance [9, Theorem 1]), we finally conclude that e(P) = 1. O
We deduce the following result from Theorem 5.4 and Proposition 6.1.

Corollary 6.2 Let P be a closed aspherical n-manifold and N be an arbitrary n-
manifold withn > 2. Then the connected sum M = P#N does not admit any complete
Riemannian metric such that the fill radius of M has at most c-linear growth at infinity,
with ¢ < %

By [15], closed aspherical 3-manifolds do not support Riemannian metrics of pos-
itive scalar curvature. The same statement for any dimension was conjectured by
Gromov [17].

Conjecture 6.3 A closed aspherical n-manifold does not admit any Riemannian metric
with positive scalar curvature.

Conjecture 6.3 was solved for n € {4,5} by Chodosh-Li [3], and independently
by Gromov [19]. Gromov [18, Section 4, Conjecture 12], [20, Section 3.2] also con-
jectured a stronger version of Conjecture 6.3, involving the notion of Q-essential
manifold.

Definition 6.4 A closed n-manifold M is Q-essential if the classifying map f : M —
K (1 (M), 1) induces a nontrivial homomorphism f, : H,(M; Q) — H,(K; Q) in
top dimensional rational homology, that is,

f«IM]#0 e H,(K; Q.

Clearly, any closed aspherical manifold is Q-essential.

Conjecture 6.5 ([18, 20]) A closed Q-essential n-manifold does not admit any Rie-
mannian metric with positive scalar curvature.

The results in Sect. 5 allow us to prove a weaker version of Conjecture 6.5 involving
the fill radius.

Proposition 6.6 Let M be a closed Q-essential n-manifold with n > 2. Then M does
not admit any Riemannian metric such that the fill radius of its universal cover M is
bounded.

Proof Suppose that M has bounded fill radius. Then Corollary 5.7 implies that the
fundamental group G of M is virtually free. This means that there is a finite covering
p : N — M of nonzero degree k such that the fundamental group F = 71 (N) is free.
Consider the classifying map f : M — K (G, 1). We can lift the map f to obtain the
following commutative diagram

N -5 k(F. 1)

, i
ML k@G, .
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The corresponding commutative diagram induced in n-dimensional rational homology
is

Hy(N: Q) —2 H,(F1 Q)

Pe] 1

f
H,(M; Q) — Hy(G; Q).
Since F is a free group, its classifying space K (F, 1) is homotopy equivalent to a
graph, and therefore H,, (F; Q) = 0. In particular f,[N] = 0. But, on the other hand,
we have

(f o p)+[N] = kfi[M],

which implies f,[M] = 0. Therefore, M is not Q-essential. O

It follows from Proposition 6.6 and Theorem 1.7 that Q-essential closed 3-manifolds
do not admit Riemannian metrics with positive scalar curvature, result that was already
proved in [15].

Remark 6.7 1t is not true that a closed manifold whose Riemannian universal cover has
bounded fill radius is not Z-essential. Indeed, RP” is Z-essential, and the fill radius of
its universal cover is clearly bounded (for any metric). However, RP” is not Q-essential
since H,(Z/2Z; Q) = 0. More generally, the latter holds for all lens spaces.

7 Proof of the decomposition theorem

Let us present the notion of infinite connected sum modelled on a locally finite graph,
following [34].

Definition 7.1 Let F be a family of connected 3-manifolds. A 3-manifold M decom-
poses as a connected sum of members of F modelled on a locally finite graph G if
there is a map assigning to each vertex v a copy M, of a manifold in F such that M
is diffeomorphic to the manifold constructed as follows:

(1) For each vertex v, construct a new manifold Y, by removing from M, a number
of deg (v) 3-balls from its interior,

(2) For each edge e joining two vertices v and v’, glue two spherical boundary com-
ponents from dY, and 9Y,s along an orientation-reversing diffeomorphism.

See Fig. 7.

Equivalently, a 3-manifold M decomposes as a connected sum (modelled on a
locally finite graph) of members of F if there exists a locally finite collection of
pairwise disjoint 2-spheres embedded in M such that cutting M along these 2-spheres
and then capping off each new spherical boundary component by a 3-ball results
in a disjoint collection of manifolds belonging to F. Clearly, the resulting manifold
depends on the graph G on which it is modelled. On the other hand, if a 3-manifold
decomposes as an infinite connected sum, the graph G on which M is modelled may
not be unique.
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M, My

Fig.7 Connected sum modelled on a graph

If we assume G to be a finite tree, then we recover the usual notion of connected
sum. In any case, one can turn any infinite connected sum modelled on a graph into one
modelled on a tree by adding some additional S? x S! summands. In our decomposition
result, we do not consider uniqueness, so these matters will not be of importance for
us.

Recall the following classification theorem for orientable closed prime 3-manifolds;
see [22]. We reproduce also its proof since it is not too long.

Theorem 7.2 Let P be an orientable closed prime 3-manifold. Then P is either spher-
ical, aspherical or homeomorphic to S* x S!.

Proof Orientable closed prime 3-manifolds P are classified by their fundamental group
as follows.

If 1 (P) is finite, then Perelman’s resolution of the elliptisation conjecture [30-32]
implies that P is a spherical manifold.

Now, suppose that 7 (P) is infinite. Then the universal cover P of P is non-
compact. By the long exact homotopy sequence of a fibration [21, Theorem 4.41], we
have 5(P) ~ m(P).

Suppose first that 75(P) = 0. Then m2(P) = 0 and P is 2-homotopically
connected. By Hurewicz’s theorem [21, Theorem 4.32], there is an isomorphism
73(P) ~ Hz(P). Since P is non- compact, we have by Poincaré duality that H3 (P Z)
vanishes, so the group 73(P), vanishes as well. Since the homology groups Hy (P; Z)
vanish for k > 4, we can apply Hurewicz’s theorem inductively to conclude that
Jrk(f’) = 0 for k > 0. Therefore, the manifold P is aspherical.
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Finally, suppose that 75 (P) is nontrivial. Then, by an argument based on Papakyr-
iakopoulos’ Sphere Theorem, one can prove that P is homeomorphic to S* x S!; see
[23]. m]

We finally prove Theorem 1.10.

Proof of Theorem 1.10 By Proposition 4.4, consider an exhaustion of M by compact
domains K1 C K> C --- C M, whose boundaries form a locally finite collection
of orientable closed connected incompressible surfaces, denoted by {%,}. Since each
surface is incompressible, w1 (%) is a finitely generated subgroup of (M), which
cannot have exactly one end by Theorem 5.4. But since 71(Xy) is a surface group
associated to a closed orientable surface, the only possibility is that X, is a 2-sphere.

The result of cutting M along the collection of spheres {¥,} consists of the con-
nected components Y;; of the pieces ¥; = K; — K;_1. Denote by I?,- ; the result of
capping the spherical boundary components of Y;; off by 3-balls.

Recall that a 3-manifold P is prime if it cannot be decomposed as a non-trivial
connected sum. That is, if P >~ P1#P,, then either P; or P, is homeomorphic to
the 3-sphere. By the Kneser—Milnor Decomposition Theorem (see [23, Chapter 3],
for instance), each Y;; decomposes as a connected sum of prime closed 3-manifolds.
Namely, there is a finite collection of disjoint spheres { g, }, which can be taken inside
int (¥jj), such that M — (Uy Xy Up,; Xg,;) consists of the disjoint union of prime
manifolds with some punctures; see Fig. 8. Denote each of these punctured prime
manifolds together with their boundary spheres by P, and the result of capping their
spherical boundary components off by ) k-

Now, construct a locally finite graph G as follows. The graph G has a vertex v for
each prime manifold P;jx, and there is an edge e joining a pair of vertices v, v’ for
each sphere in the common boundary o P, N 9 Py, where P, and P, are the prime
manifolds corresponding to v and v’. By construction, the manifold M decomposes
as a (possibly infinite) connected sum of the closed prime 3-manifolds 13,- jx modelled
ong.

By Theorem 7.2, each closed prime 3-manifold P; ik is either spherical, aspherical or
homeomorphic to S? x S!. By Corollary 6.2, the manifold P, ik cannot be aspherical.
Therefore, M is homeomorphic to a (possibly infinite) connected sum of spherical
manifolds and S? x S! modelled on G. O

8 An indecomposable 3-manifold with quadratic decay

Finally, as observed in [20, Section 3.10.2], the manifold R2 x S! admits a complete
Riemannian metric of positive scalar curvature with a C-quadratic decay for a constant
C < 6472 Since it does not decompose as a connected sum of spherical manifolds
and S? x S', this shows the optimality of the decay rate in Theorem 1.3.

Proposition 8.1 ([20, Section 3.10.2]) The manifold R* x S' admits a complete Rie-
mannian metric of positive scalar curvature with %-quadmtic decay at infinity.
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Fig.8 Prime decomposition of M

Proof Take polar coordinates (r, 8) on the first factor R2, and consider the rotationally
invariant product metric
g =dr’ + f(r)*do* + dr*.

By definition of the scalar curvature, the scalar curvature of g is twice the Gauss

curvature of (Rz, dri+ f (r)zd 92). Since the metric is rotationally invariant, its scalar
curvature is given by (see [12, 3.50, p.147], for instance)

f//

scal = =2 —.
S

Now, consider the function

sin (r) ifr € [0, §]
fr)y=Fe@) ifre(%,2)
i ifre[2, +oo)

where ¢ is a concave smooth interpolation between sin (r) and /7. For this particular
function, the scalar curvature is
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2 ifrefo,Z
scal = —2% ifr e (%.2)
%riz if r €2, 400)

In particular, the scalar curvature is positive with exactly quadratic decay at infinity. O

Proposition 8.2 The manifold R? x S' does not decompose as a connected sum of
spherical manifolds and S* x S'.

Proof Suppose that R?> x S! is homeomorphic to a connected sum M modelled on a
locally finite graph G of closed prime manifolds P;, each of them homeomorphic to
some spherical manifold or to S* x S!. Then, Van Kampen’s theorem implies

T (M) = x; w1 (P;) * w1(G).

We can always add S? x S! summands to the connected sum to turn G into a locally
finite tree. Hence, 771 (M) =~ ;71 (P;). However, 71 (R? x S!) ~ Z is torsion free, so,
after permuting the summands in the connected sum, one can assume that P; ~ S? xS!
and P; >~ S3 for i > 2. Notice that, since R? x S! has one end, the tree G must have
one end as well. So, after removing some S3 terms, the tree G can be assumed to be
homeomorphic to a half-line. Since an infinite connected sum of 3-spheres modelled
on a half-line graph is homeomorphic to R>, the manifold M is homeomorphic to
(S? x SH#R3, which is homotopically equivalent to the wedge sum S* v S!. We
obtain a contradiction with 772 (R% x S!) = 0. O

9 The surgery theorem for infinite connected sums

In this section, we prove that a complete Riemannian manifold of positive scalar
curvature with at most C-quadratic decay at infinity for some C > 6472 admits a
complete Riemannian metric with uniformly positive scalar curvature; see Corollary
L.5.

By Theorem 1.3, Corollary 1.5 follows from the following result.

Theorem 9.1 Let M be an orientable complete Riemannian 3-manifold which decom-
poses as a possibly infinite connected sum of spherical manifolds and S* x S'. Then
M admits a complete Riemannian metric of uniformly positive scalar curvature.

The proof of Theorem 9.1 is based on the following local construction, which
provides a control on the lower bound of the scalar curvature. This construction is key
to the proof of Gromov-Lawson’s Surgery Theorem [14, Theorem A], which states
that the connected sum of two closed 3-manifolds of positive scalar curvature admits
a metric of positive scalar curvature.

Proposition 9.2 ([14]) Let (M, g) be a complete Riemannian 3-manifold with uni-
formly positive scalar curvature scal > sy > 0. Fix x € M. Let R <
min {%ian(x), 1}, where inj,;(x) denotes the injectivity radius of M at x. Let
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o € (0,1) be a constant. Then there exist a radius r € (0, R) and a Riemannian
metric g’ on the punctured ball B(x, R) — {x} satisfying the following properties:

(1) the new Riemannian metric g’ coincides with g on dB(x, R);

(2) the punctured ball (B(x,r) — {x}, g') is isometric to the standard Riemannian
cylinder S*(r) x R;

(3) the scalar curvature of g’ satisfies scaly > asg > 0.

Let us prove Theorem 9.1.

Proof of Theorem 9.1 Let G be a locally finite graph such that M decomposes as a
connected sum of spherical manifolds and S? x S! modelled on G. For each vertex v
of G, endow the corresponding manifold M, with a metric of scal > 59 > 0. For every
edge e joining two vertices v and v~ of G, let (x.7, x,) be a pair of points such that
x;t € M,+. For every edge e of G, let R, > 0 be a radius satisfying the following two
conditions:

(1) R, < min {%ianv+ (). S injyy (), 1};
(2) the balls B(xei, R.) are pairwise disjoint.

Now, fix ¢ € (0, 1). For each edge ¢ of G, let r, € (0, R,) and (g;t)’ be the radius and
the Riemannian metric on B(xei, R.) given by Proposition 9.2. For each edge e, glue
(Bx}. Re) — B 1), (87)) with (B(x; . Re) — B(x; . o). (g;)') by identifying
their inner boundaries, both of which are isometric to the round sphere S2(r,) of
radius r,. The resulting Riemannian manifold (M’, g’) is homeomorphic to M by
construction, and by Proposition 9.2, the Riemannian metric g’ has uniformly positive
scalar curvature scalg: > aso > 0. O

Remark 9.3 The same strategy was used in [2], where the authors proved that an ori-
entable 3-manifold admits a complete Riemannian metric of positive scalar curvature
and bounded geometry if and only if the manifold decomposes as a possibly infinite
connected sum of spherical 3-manifolds and S*> x S! with finitely many summands
up to homeomorphism.
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