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Abstract

We give a complete classification of self-dual completely regular codes with
covering radius p < 3. For p = 1 the results are almost trivial. For p = 2,
by using properties of the more general class of uniformly packed codes in
the wide sense, we show that there are two sporadic such codes, of length
8, and an infinite family, of length 4, apart from the direct sum of two self-
dual completely regular codes with p = 1, each one. For p = 3, in some
cases, we use similar techniques to the ones used for p = 2. However, for
some other cases we use different methods, namely, the Pless power moments
which allow to us to discard several possibilities. We show that there are only
two self-dual completely regular codes with p = 3 and d > 3, which are both
ternary: the extended ternary Golay code and the direct sum of three ternary
Hamming codes of length 4. Therefore, any self-dual completely regular code
with d > 3 and p = 3 is ternary and has length 12.
We provide the intersection arrays for all such codes.
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1. Introduction

Denote by Fy the n-dimensional vector space over the finite field of order
q, where ¢ is a prime power. The (Hamming) distance between two vectors
v,u € Fy, denoted by d(v,u), is the number of coordinates in which they
differ. The (Hamming) weight of a vector v € Fy, denoted by wt(v), is the
number of nonzero coordinates of v.

A g-ary code C of length n is a subset ¢' C Fy. The elements of C' are
called codewords. The minimum distance d of C' is the minimum distance
between any pair of codewords. The minimum weight w of C'is the minimum
weight of any nonzero codeword. A linear code with parameters [n, k,d)], is
a g-ary code of length n with minimum distance d, such that it is a k-
dimensional subspace of Fy. For linear codes, the minimum distance and
the minimum weight coincide, d = w. A t-weight code is a code where the
nonzero codewords have t different weights (¢ > 1). A linear code of length
n is said to be antipodal if there is some codeword of weight n.

The packing radius of a code C'is e = |(d — 1)/2]. Given any vector
v € [y, its distance to the code C'is d(v,C) = minyec{d(v,x)} and the
covering radius of the code C'is p = maxyepn{d(v,C)}. Note that e < p. If
e = p, then C'is a perfect code. Tt is well known that any nontrivial (with more
than two codewords) perfect code has e < 3 [22, 23]. For e = 1, linear perfect
codes are called Hamming codes which exist for lengths n = (¢ —1)/(¢—1)
(m > 2), dimension k = n —m and minimum distance d = 3. For e = 2, the
only nontrivial perfect code is the ternary Golay code of length 11.

Given two vectors v = (vy,...,v,) and u = (uq,...,u,), their Euclidean
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inner product is
n
vV-u= E viu; € Fy.
i=1

For a linear code C, its (Euclidean) dual code is C+ = {x € F} | x-v =
0, ¥v € C}. The code C' is self-dual if C' = C*. In this case, C and C* have
the same dimension n/2; hence n must be even. For the rest of the paper,
the terms inner product and duality refer always to Euclidean inner product

and Euclidean duality, unless otherwise stated.

Denote by 0 the all-zero vector. The support of a vector x = (x1,...,2,) €
[F7 is the set of nonzero coordinate positions of x, supp(x) = {i € {1,...,n} |
z; # 0}. Say that a vector x = (v1,...,7,) € Fy covers a vector y =

(Y1, Yn) € FYif 2y = g, for all i = 1,...,n such that y; # 0.

For a given code C of length n and covering radius p, define
CGi) = {xelF,: dx,C)=i}, i=0,1,...,p.

The sets C(0) = C,C(1),...,C(p) are called the subconstituents of C.

Say that two vectors x and y are neighbors if d(x,y) = 1.
Definition 1 ([17]). A code C of length n and covering radius p is com-
pletely regular (shortly CR), if for all | > 0 every vector x € C(l) has the
same number ¢, of neighbors in C(l—1) and the same number b, of neighbors
in C(I+1). Define a; = (¢q—1)-n—b—c; and set co = b, = 0. The parameters

a;, by and ¢; (0 <1 < p) are called intersection numbers and the sequence
{bo,...,by—1;¢1,...,¢,} is called the intersection array (shortly IA) of C.

For any v € F} and any ¢ € {0,...,n}, define By, = [{x € C | d(v,x) =
t}|. Completely regular codes had previously been defined by Delsarte [8,
Section 5.2.3]. According to Delsarte’s definition, C' is CR if By, depends
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only on t and d(v,(C). Later, Neumaier proved that Delsarte’s definition is
equivalent to Definition 1 as can be seen in [17].

Existence, construction and classification of completely regular codes, in
general, are open hard problems (see |6, 7, 13, 17]) of algebraic and combi-
natorial coding theory.

All linear completely regular codes with covering radius p = 1 are known
|3]. The next case, i.e. completely regular codes with p = 2, was solved
for the special case when the dual codes are antipodal [3, 5]. In the present
paper, we classify all self-dual completely regular codes with covering radius
p<3.

In Section 2, we see some definitions and results that we use later. In
Section 3, we show that for p = 1 we only have some trivial codes with
length and minimum distance n = d = 2, and the ternary Hamming code of
length 4. For p = 2, we prove that the only possible parameters for a self-
dual completely regular code are: [8,4,4]s, [8,4, 3]s, and [4, 2, 3],, apart from
the direct sum of two self-dual [2,1,2], codes. In Section 4, we prove that
for p = 3 the only possibilities are: the direct sum of three self-dual [2,1,2],
codes, a [12,6,6]3 code and a [12,6, 3]3 code. We identify all such codes and
show that, indeed, they are self-dual and completely regular. Moreover, all
such codes are antipodal except when they are direct sums of other codes.
Finally, in Section 5, we summarize the results and briefly discuss about
further research on the case p > 3 and also on Hermitian self-duality and

additive codes.
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2. Definitions and preliminary results

In this section we see several results we will need in the next section.

2.1. CR and UPWS codes

A g-ary t — (n,m, \)-design is a collection S of vectors of weight m in
[Fy with the property that every vector v of weight ¢ is covered by exactly A
vectors y € S (t <m < n). As can be seen in [11], any g-ary t — (n,m, \)-
design is also a g-ary i — (n,m, \;)-design for 0 < i < ¢, where
)
(%)
Lemma 2 ([11, Thm. 9]). Let C be a CR code with packing radius e and
containing the all-zero vector. Then the codewords of any nonzero weight w

form a q-ary e-design and even a q-ary (e+1)-design if the minimum distance
s d=2e+ 2.

A=A (g — 1) (1)

Now, we see an easy but fundamental property. For a code C' of length

n, denote by C, the set of codewords of weight w.

Lemma 3. If C is a CR code of length n, containing the zero codeword, and
with minimum weight d, then J o supp(x) = {1,...,n}.

Proof. Otherwise taking a 1-weight vector v, we would have that By 4_; > 0
if the nonzero coordinate is in (J, .., supp(x), but By 41 = 0 if not. Hence,

C would not be CR. ]

Remark 4. Lemma 3 can be also proven taking into account that the code-
words in Cy form a q-ary e-design (see Lemma 2).
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The next property is a construction of CR codes by direct sum. Recall

that the direct sum of two codes C; and Cs is defined as
CioCy={(xy) | x€ C,y € Ca}.

If C; and C5 are linear codes, then C} ® Cs is a linear code with generator

matrix:
Gi] 0
G = ,
0 |Gy
where (G; is a generator matrix for C'; and G5 is a generator matrix for Cs.

For the case of binary perfect codes, the next construction can be found in

21].

Lemma 5. Let j be a positive integer and let C;, i = 1,...,7 be q-ary CR
codes with the same length, dimension, minimum distance, with covering
radius p = 1 and intersection array 1A = {by,c1}. Then, the direct sum
C=0C @ --@Cjis a CR code with covering radius j and intersection array

IA = {bp, ..., 0;_y;¢h, ..., ¢y = {gbo, (5 — D)bo, . .., bo; 1, 2¢1, . .., jer }

Proof. Write any vector x € FI" as (z(1),...,21)), where () € F? for all

t1=1,...,7. Then

J
=1

since the covering radius of each C; is one. Taking each 2z such that
d(z9,C;) = 1, we have d(x,C) = j. Thus the covering radius of C is
J.

Now, we compute the intersection numbers b} and ¢,. In turn, this proves

that C'is CR. Let z € FJ" such that z € C(i), where 0 < i < j. Since the
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covering radius of each C; is one, we can assume without loss of generality

that

dzV,¢y) = .. .=d(z",C;)=1 and
d(Z(H_l), Oi—i—l) = ...= d(Z(]), Cj) =0

On the one hand, any vector y € C(i + 1) with d(y,z) = 1 must be of

the form

y = (2(1)’ o ,Z(i),y(iﬂ), o ’y(j))’

where there is a unique £ € {i+1,...,j} such that y© ¢ Cy, d(2\9,y) =1
and y® = 2 for all k € {i+1,...,5}\ {¢}. For each ¢, the number of
choices of ) is by, therefore b} = (j—i)by (0 < i < 7) since £ has j—i possible
values. Note that for i = 0 the argument is also valid, hence b = jbo.

On the other hand, any vector x € C(i — 1) with d(x,z) = 1 must be of

the form

x = (zW,. ., z® 0D R0,

where there is a unique ¢ € {1,...,i} such that 2 € C,, d(z(,2) = 1
and 2% = 20 for all k € {1,...,i}\ {¢}. For each ¢, the number of choices
of (9 is ¢y, therefore ¢, = ic; (0 < i < j) since ¢ has i possible values. Note

that for i = j the argument is also valid, hence ¢ = jc;. 0

Definition 6 ([2]). A code C C Fy with covering radius p is uniformly
packed in the wide sense (UPWS) if there exist rational numbers By, ..., B,
such that

p
> BiBxi=1, (2)
=0

Jor any x € Fy. The numbers By, ..., [, are called the packing coefficients.
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For UPWS codes, there is a generalized version of the celebrate sphere

packing condition for perfect codes.

Lemma 7 ([2]). Let C C F} be a UPWS code with covering radius p and
packing coefficients B, ..., B,. Then

n

C| = A
] Lo Bilg —1)(%)

For a linear code C, denote by s the number of nonzero weights of C*.

Following to Delsarte [8], we call external distance the parameter s.

Lemma 8. Let C' be a linear code with covering radius p, packing radius e
and external distance s.

(i) p<s[8].
(i) p= s if and only if C is UPWS [1].
(111) If C is CR, then p=s [21].
() If C is UPWS and p=e+ 1, then C is CR [11, 20].

Let C' be a CR code. Set p;; = By j, for any v such that d(v,C) =i
(0 < i < p). By Lemma 8, any CR code is also a UPWS code. Hence, for
any CR code we can apply Lemma 7.

Proposition 9. Let C be a CR [n,k,d|, code with covering radius p > 1.
Then, the packing coefficients verify:

(i) If d = 2p, then

Y e > s { U E )
e P

(ii) If d =2p — 1, then

BO = .. = ﬁp72 = 1; ﬁpfl + ﬁpppfl,p = 1;
_ ¢ == 1)) A
O Y A = S & @

8
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(111) If d =2p — 2, then
60 = ... = ﬁp—?) - 1; 6;)—2 + Bppp—Q,p = 1; Bp—lpp—l,p—l + ﬁppp—l,p = 1;

¢ == 1) —p g = D)

e = (@ =1°C) = Po-1pPp21 o1 (@ = 1P )) = Po2p(a — 1)P2(,",)

(5)

In all cases B;l s a natural number.

Proof. (i) Since C'is CR, C'is also UPWS. For any i = 0,..., p—1, we have

that p;; = 1 because i < p = d/2. Moreover, for any j € {0,...,p}\ {i},

pij = 0. Indeed, if d(x,C) = i and c,c’ € C are such that d(c,x) = ¢

and d(c’,x) = j, then d(c,c’) < i+ j < d which is a contradiction. Hence,

according to Eq. (2) in Definition 6, we have §; = 1 foreach i =0,...,p— 1.
Therefore, by Lemma 7, it follows that

n

q

Sola=1I() + Bpla =1 ()

from which we obtain Eq. (3).

(ii) Now, for any ¢ = 0,...,p — 1, we have again that p;,; = 1 because
i < p—1<d/2. Moreover, for any j € {0,...,p—1}\{i}, pi; = 0. Indeed,
if d(x,C') =i and c,c’ € C are such that d(c,x) =7 and d(c/,x) = j, then
d(c,c’) < i+ j < d which is a contradiction. Hence, according to Eq. (2) in
Definition 6, we have 3, = 1 for each ¢ =0,...,p—2. Thus, p,—1,-1 = 1 and
Bp—1+ Bppp—1,, = 1.

Again by Lemma 7 and using 8,_1 = 1 — ,p,-1,, Eq. (4) is obtained.

(iii) In this case, and by similar arguments, we have p;; = 1 for any
i =0,....,p—2. Forany j € {0,...,p — 1} \ {i}, pi; = 0. Indeed, if
d(x,C) =i and c,c’ € C are such that d(c,x) = ¢ and d(c’,x) = j, then

9
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d(c,c’) < i+ j < d which is a contradiction. Hence, we have ; = 1 for
all © = 0,...,p— 3. Thus, p,—2,2 = 1 and 8,2 + B,pp—2, = 1, since
Pp—2,p—1 = 0. On the other hand, 8,_1p,—1,-1 + Bopp—1, = L.

BePp—1,p
Pp—1,p—1"

Again by Lemma 7, using 8,_0 = 1 — B,p,—2, and 3,01 = 1 —
Eq. (5) is obtained.

In every case (i), (ii) and (iii), it is clear that p,; = 0, foralli =0, ..., p—1
and thus 8,p,, =1 and 8, is a natural number. O

We are interested in the case when C' is self-dual and CR with covering
radius p =2 or p = 3.

Corollary 10. Let C be a self-dual CR [2k, k,4], code with covering radius
p = 2. Then, the packing coefficient By is:

_qk—1—2k(q—1)
B k- )

and Byt is a natural number.

Proof. Straightforward substituting p = 2 and n = 2k in Eq. (3). O

Corollary 11. Let C be a self-dual CR 2k, k,d], code with covering radius
p = 3. Then, the packing coefficient B3 is:

(i) If d = 6, then

¢" —1-2k(g—1) — k(2k —1)(g — 1)°
(q— 1)%k(2k — 1)(2k — 2)

Bs =3

(i) If d = 5, then

¢" —1—2k(g—1) = k(2k —1)(¢ — 1)?
k(2k —1)(q — 1)%[(2k — 2)(q — 1) — 3paz]’

2(g=1)(k=1)
3 .

Bs =3

where 0 < py3 <

10
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(111) If d =4, then

B, =3 A+1)(¢" — 1) —k(g— D2A+1) + (2k — 1)(¢ — 1)]

where A = pao — 1 and N = py3 —2X\(q —2). Moreover, 1 < X<k —1.

Proof. (i) Put p =3 and n = 2k in Eq. (3).
(ii) Again put p = 3 and n = 2k in Eq. (4).
A CR [n,k,d], code with p = e + 1 is a quasi-perfect uniformly packed

code [11]. In this case, as can be seen in [2], the packing parameters verify:
60:"':/8671:1; Bezl_s/m; ﬁe+1:1/m; (6)

where m and s are integer values and:

(4—n—e)

0<s<
e+1

Since d = 5 and p = 3, we are in the case of a quasi-perfect uniformly
packed code. By Proposition 9(ii), 52 + f3p23 = 1. Combining with the
expressions (6), we obtain that s = p, 3 and it follows the bound for po 3.

(iii) By Lemma 2, the codewords in Cy form a g-ary 2 — (2k, 4, \)-design.
Consider a 2-weight vector v. Such vector is covered by A codewords in Cy
and it is also at distance 2 from the zero codeword. Thus, ps» = A+ 1. The

codewords at distance 3 from v are:

(a) The pu codewords in Cy containing the support of v and covering just

one of the nonzero coordinates of v.

(b) The X codewords in Cj5 (if C5 is not empty) covering v.

11

k(2k —1)(q = 12 (A +1)(2k —2)(¢ — 1) = 2A(A + 1) — 6 (¢ — 2) — 3N’
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For (a), let X = {x € C4 | supp(v) C supp(x)}. There are (¢ — 1)? vectors
with the same support that v. Each one of these vectors is covered by A
vectors in Cy. Thus, |X| = (g — 1)?. Let Y C C4 be the set of codewords
of weight 4 which are multiples of some codeword in Cy covering v. Clearly,
Y| = A(g — 1). Hence, for any codeword in X \ Y, we have two multiples

that cover exactly one nonzero coordinate of v. This means that

X\Y| _

=2
1 |

2\(g — 1) — A] = 2\(q — 2).

For (b), simply consider that Cs form a 2 — (2k,5, \')-design. If C5 = 0),
then we set A’ = 0. As a consequence, we have that py3 = 2A(¢ — 2) + X'
Now consider a 1-weight vector u. The codewords at distance 3 from u are
those in Cj covering u. According to Eq. (1), such number of vectors is
prs = A2k —1)(g —1)/3.

Substituting p1 3 = A(2k—1)(¢—1)/3, pa,2 = A+1, and py 3 = 2A(¢—2)+ N’
in Eq. (5), we obtain the expression for f.

Finally, note that if x,y € C} are codewords covering the 2-weight vector
v, then supp(x) N supp(y) = supp(v) (otherwise wt(x —y) < 4 = d). The
union of the supports of the \ vectors covering v must have cardinality at

most n = 2k. Therefore, 2 4+ 2\ < 2k, implying A < k — 1. O

2.2. Self-dual two-weight and three-weight codes

We start with three general an easy results on self-dual codes.

Lemma 12. Let C be a q-ary self-dual code.
(1) If ¢ = 2, then the weight of any codeword is even.

(i1) If ¢ = 3, then the weight of any codeword is divisible by 3.

12
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Proof. If C is self-dual, then x-x = 0, for any codeword x € C. Therefore
(i) is trivial. For (ii), note that for any ternary vector z € F}, z - z = wt(z)
(mod 3). O

The next well-known property shows which is the only self-dual perfect

code.

Lemma 13. The only self-dual perfect code is the ternary Hamming [4,2, 3]3
code.

Proof. For any self-dual [n, k,d], code, we have that n = 2k. The only
perfect codes with minimum distance d > 3 are the ternary Golay [11,6, 5|3
code, the binary Golay [23, 12, 7]y code and binary repetition [n, 1, n]s codes
of odd length. Since the length of these codes is odd, no one can be self-dual.

For the case of a self-dual perfect code with d = 3, hence for a self-dual

Hamming [n,n —m, 3], code, n = 2(n —m) and thus n = 2m implying

¢ -1 = 2m.
qg—1
The only solution is ¢ = 3 and m = 2. Therefore, n =4 and k = 2. 0

Lemma 14. If C is a self-dual code, then |supp(x) Nsupp(y)| # 1, for any
x,y € C.

Proof. Otherwise x and y would not be orthogonal vectors. O

Now, we show the nonexistence of a particular self-dual code.

Lemma 15. There is no self-dual [6,3,4]4 code.
Proof. Let C be a [6,3,4]4 code and consider a generator matrix for C:

Gz(Ig‘P>,

13
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where I3 is the 3 x 3 identity matrix and P is a 3 X 3 matrix with nonzero
entries, since C' has minimum weight 4. If C is self-dual then any row of
G must be self-orthogonal, implying that for any row abc of P, we have
1+a®>+b*+c*=0. Thus, (a+b+c)*=1and a+b+c=1. In F, and since
P has no zero entries, this means that abc € {lzz, z1z, zx1}, where x # 0. If
abc = 111, then it is not orthogonal to any other row a’b'c’ € {lzx, xlx, zxl}.
So, each of the three rows contains exactly one 1. Hence, two rows of P have
the same value for x, say a. But such two rows cannot be identical, since
the distance must be at least two. Hence, the inner product of these rows is
a? and they are not orthogonal. Therefore the corresponding rows of G are
also non-orthogonal. 0

For a code C, let A, = |Cy|. Thus, {Ag, A1,...,A,} is the weight dis-
tribution of C. The Pless power moments [18], as well as the McWilliams
identities, relate the weight distribution of C' and the weight distribution of
C+, for a linear code C. The first five Pless power moments can be seen in
[12, pp. 259-260|. For a self-dual 3-weight |2k, k,d], code with d > 3 and

nonzero weights w;, wo and w3 the first three equations are:

Aw1 + Awg + Aw3 - qk —1 (7)
wlAwl + w2Aw2 + w3Aw3 - qk_12k<q - 1) (8)
WAy, + Wi Ay, + wiAy, = ¢ 2k(g - 1D2k(g-D+ 1] (9)

As a consequence of these equations, we have the following result.

Lemma 16. If C is a self-dual 3-weight [2k, k, d], code with nonzero weights
wy, wo, wy such that 3 < d =w; < wy < ws, then q(2k — w3) < 2k.

14



Proof. Combining Egs. (7) and (8), we get

(w3 — w1)Au, + (w3 — wa) Aw, = ws(¢" — 1) = ¢"7'2k(q = 1),
which gives

(ws — wy) Aw, + (w3 — w2) Ay, + ws = ¢" " [(ws — 2k)q + 2Kk].

227 Obviously, both hand sides must be positive. Thus, we obtain ¢(2k — w3) <
228 2k |:|

220 Remark 17. Lemma 16 can be easily generalized for any self-dual code with
20 d > 3. With the same argument, one obtains q(2k — w,) < 2k, where w, is
231 the greatest nonzero weight.

232 Note that for any g-ary linear code, A, is a multiple of ¢ — 1 (indeed,
233 given any codeword, its ¢ — 1 multiples are codewords). Hence, we define
24 By, = A, /(q—1). Therefore, after dividing each term by ¢ — 1, Egs. (7), (8)

235 and (9) become:

¢ —1
Bw sz Bw' = 10
1 + + 3 q _ 1 ( )
w1 By, + we By, + w3By, = 12k (11)
W2 By, + WiBy, + wWiBy, = ¢"22k(2k(q—1)+1). (12)

236 We shall solve the system of Eqs. (10), (11) and (12) for several different
237 cases. Therefore, we summarize in Table 1 some results we need.

238 Directly, from Table 1, we can state the nonexistence of certain self-dual
239 3-weight codes.

220 Proposition 18. The following self-dual 3-weight codes do not exist:

2n (i) A [8,4,5]7 code.

15
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wy |wy | w3 | q |k (Buw, s Buys Bus)
516|774 (168, —280, 512)
516|874 (—8/3,232,512/3)

51 7(181(7]4 (224/3,232,280/3)

314 |5 q|3]|(¢°—5¢+10,3(=¢*+5¢—5),3(¢—1)(q¢ —2))
4056 |q|3 (15,6(q — 4), ¢> — 5q + 10)
3141]6|q|3 (—2(¢—4),3(2¢ = 3), (¢ — 1)(¢ — 2))
3156 |ql3 (5,3(2¢ — 3),¢% — 5q +5)

Table 1: Some results of the system of Eqgs. (10), (11) and (12)

(i) A code with nonzero weights 3,4,5.

Proof. Of course, solving the system of Egs. (10), (11) and (12) we should
obtain positive integer values for By, By and Bj.

(i) Let wy, wy and w3 be the nonzero weights such that 5 = w; < wq <
wz < 8, then (wy,wy,w3) € {(5,6,7),(5,6,8),(5,7,8)}. These cases corre-
spond to the first three rows in Table 1. In any case we always have negative
and/or noninteger values. Consequently, no one of these codes can exist.

(ii) By Lemma 12, ¢ > 4 and thus, by Lemma 16, £ = 3. Then, by Egs.
(10), (11) and (12) we have By = 3(—q¢* + 5q — 5) (see the fourth row in
Table 1). Hence, —¢*> + 5g — 5 > 0 and thus ¢ < 4, which is a contradiction
by Lemma 12. O

Remark 19. For the case (i) in Proposition 18, note that a [8,4,5], code
meets the singleton bound (d < n—k+1) and thus it is a mazimum distance
separable (MDS) code. The weight distribution of such codes is completely
determined and, as can be seen in [16, p. 320],

Ad:(q—m@).
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For q =7,n=28,d =05, this gives A5 = 336 and hence Bs = 56, which does
not coincide with the results of the system of equations. Therefore, we obtain
a contradiction again.

3. Self-dual completely regular codes with p < 2

Let C be a self-dual CR [n, k, d], code with covering radius 1 < p < 2. In
this section we give a full classification of such codes. Note that n = 2k (since
C is self-dual) and C is a 1-weight code (or equidistant code) or a 2-weight
code (because s = p by Lemma 8). Since e < p, we have that 1 < d < 6. But
for d > 5, e = p and C would be a perfect 2-error-correcting code, that is,
C would be a ternary Golay [11,6,5]3 code which obviously is not self-dual
(the extended ternary Golay code is self-dual, but with covering radius 3).
Clearly, for d = 1 there is no self-dual code. Therefore, C' must be a [2k, k, d],
code with one weight d = 2 or with two weights w; = d € {2, 3,4} and ws,
where d < wy < n.

Now we study separately the cases d =2, d =3 and d = 4.

3.1. The case d = 2

This is a very simple case. If C'is a self-dual CR [n, k, 2], code, then by
Lemmas 3 and 14, C' is the direct sum of codes of length 2. If C; is one such
code, then C; has generator matrix G; = (1 «), where 1 + o = 0. Indeed,
such a code is CR with covering radius 1 (and p;; = 2). Therefore we have

the following characterization.

Proposition 20. If C' is a self-dual CR [n,k,2], code, then C is a direct
sum C' = C1 & --- & C}, where C; is a [2,1,2], code (1 < i < j) and q is
such that —1 s a square in Fy. The covering radius of C' s p = j and its
intersection array S:

IA ={2j(¢g—1),2i — D)(g—1),...,2(¢ — 1):2,4,...,25}.
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Proof. Straightforward from Lemma 5, taking into account that each C;

has covering radius 1 and intersection array {2(q — 1);2}. O

3.2. The case d =3
Recall that for any code C| the set of codewords of weight w is denoted
by C\.

Lemma 21. If C is a 2-weight [n, k, 3], code such that |supp(x)Nsupp(y)| €
{0,3} for all x,y € Cs, then C is not CR.

Proof. Let x,y € C3 such that |supp(x)Nsupp(y)| = 0, by the assumption
and Lemma 3 such vectors must exist. Then, C' has weights 3 and 6. Any
other codeword z € C3 will have supp(z) = supp(x) or supp(z) = supp(y),
otherwise C' would have more than two weights.

Without loss of generality, assume that x = (x1,29,23,0,0,0) and y =
(0,0,0,v1,y2,v3). Now, the vector v = (x1,v2,0,0,0,0), where v # x5 is
clearly at distance 2 to C' and, since d(v,x) = d(v,0) = 2, we have By, > 2.
Now take u = (21,0,0,y1,0,0). Clearly, d(u,C) = 2 but By 2 = 1. Therefore,
C is not CR. O

Proposition 22. If C is a self-dual CR [n, k, 3], code with covering radius
p=2,thenn=4orn=_8.

Proof. By Lemmas 3 and 21, there exist codewords x,y € Cj3, such
that |supp(x) N supp(y)| = 2 and thus [supp(x) U supp(y)| = 4. Now, if
z € C5 has supp(z) N (supp(x) U supp(y)) # 0, we claim that supp(z) C
(supp(x) U supp(y)). Otherwise, without loss of generality assume that
x = (1,29,23,0,...,0) and y = (1,42,0,93,0,...,0). By Lemma 21, we

can assume that z = (21, 29,0,0,23,0,...,0). Now, since ¢ > 2 by Lemma
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12, we can take a multiple of z, say 2’ = (2], 25,0,0, 25,0,...,0), such that
zh = x9 — yo. Hence, wt(x —y — z') = 4. But we can take another multiple,
say z”, such that 2z # xo — yo. In this case, wt(x —y —z”) = 5. So, C has
more than two nonzero weights, leading to a contradiction.

As a consequence, we have that C'5 induces a partition of the set of coor-
dinates in 4-subsets, implying that n is a multiple of 4. But for n > 8, clearly
C would have more than two nonzero weights. Therefore n =4 or n = 8. [J

For the case n = 4, we have the following necessary and sufficient condi-

tion.

Proposition 23. There exists a self-dual CR [4,2,3], code if and only if
there exist elements a, 3 € Ty = Fy \ {0} such that 1+ o + % = 0.

Proof. Let C be a self-dual [4,2, 3], code and let G be a generator matrix

for C. We can write GG as

1 0 a b
01 ¢ d

Then, by self-duality we have that 1 + a® + b*> = 0 (also, 1 + ¢ + d* = 0).
Conversely, if 1+ a?+ 3? = 0, then consider the code C' generated by the

matrix

1 0 a B
01 8 —«
Clearly, C' is self-dual.
If C is perfect, i.e. the ternary Hamming code (see Lemma 13), then
C' is CR. If C is not perfect, then p > 2 and, by (i) in Lemma 8, we have
p = s =2. Combining (ii) and (iv) in Lemma 8, we obtain that C'is CR. In
fact, C' is a quasi-perfect uniformly packed code (see [11, Thm. 3.7]). O
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3.8, The case d =4

Proposition 24. If C is a self-dual CR [2k, k,4], code with covering radius
p=2, then k=4 and q = 2.

Proof. Define the function

(¢ —1)°k(2k — 1)
¢* —1-2k(qg—1)

flqg, k) =

By Corollary 10, f(q, k) equals 8;' and must be a natural number. For
n = 2k = 4, C' cannot be a 2-weight code with minimum weight 4. Thus
k > 3. It can be checked that the derivatives with respect to ¢ and with
respect to k are both negative. Thus, for a fixed k (resp. ¢q), f(¢, k) is
a decreasing function on ¢ (resp. k). Moreover, ¢ must be less than 16,
otherwise f(q,k) < 1 (f(16,3) = 75/89). Also, f(q,k) < 1 for k > 6
(f(2,7) = 91/113). For all the possible values (2 < ¢ < 16, 3 < k < 6),
we have computationally checked that the only natural values of f(q, k) are
f(2,4) =4, f(2,3) =15 and f(4,3) = 3. But f(2,3) = 15 implies Bxs = 15
which is not possible for ¢ = 2 and n = 2k = 6. Indeed, if x has weight 2,
the number of codewords of weight 4 at distance 2 from x cannot be greater

than 2 and, taking into account the zero codeword we have By o < 3.
As a consequence, the only possible values for ¢ and k are (¢,k) €
{(2,4),(4,3)}, but by Lemma 15, the case (¢,k) = (4,3) is not possible.
O

4. Self-dual completely regular codes with p = 3

Let C be a self-dual CR [n, k, d], code with covering radius p = 3. In this

section we give a full classification of such codes. Note that n = 2k (since C'
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is self-dual) and C'is a 3-weight code (because s = p = 3 by Lemma 8). Since
e < p =3, we have that d < 8. But ford > 7, e = p and C would be a perfect
3-error-correcting code, that is, C' would be the binary Golay [23, 12, 7|3 code
which obviously is not self-dual (the extended binary Golay code is self-dual,
but with covering radius 4). Hence, C' must be a [2k, k, d], code with weights
wy = d € {2,3,4,5,6}, wy and w3, where d < wy < w3 < n. But the
case d = 2 is trivial: the only possibility is the direct sum of three self-dual

2,1,2], codes. Therefore, we study the cases d € {3,4,5,6}.

4.1. The case d =6
Proposition 25. If C is a self-dual CR [2k, k, 6], code with covering radius

p =3, then k=6 and q = 3.
Proof. Define the function

(q — 1)*k(2k — 1)(2k — 2)
3lg* —1—2k(g — 1) = k(2k — D)(g — 1)’

flg k) =

By Corollary 11(i), f(q,k) equals 33! and must be a natural number. For
length 2k = n < 8, C' cannot be a 3-weight code with minimum weight 6.
Thus k£ > 4. It can be checked that the derivatives with respect to ¢ and
with respect to k are both negative. Thus, for a fixed k (resp. q), f(q,k)
is a decreasing function on ¢ (resp. k). Moreover, for ¢ > 53, f(q, k) < 1
((59,4) = 23548/25911). Also, f(q, k) < 1 for k > 10 (f(2,11) = 770/897).
For all these possible values (2 < ¢ < 53, 4 < k < 10), we have computa-
tionally checked that the only natural values of f(q,k) are f(7,4) = 9 and
f(3,6) = 4. But f(7,4) = 9 implies 85" = p33 = 9 which is not possible for
n = 2k = 8. Indeed, if x has weight 3, the number of codewords of weight 6
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at distance 3 from x cannot be greater than 1 and, taking into account the
zero codeword, we have p3 3 < 2.

As a consequence, the only possible values for ¢ and k are (¢, k) = (3,6).

O

4.2. The case d =5

Proposition 26. If C is a self-dual CR 2k, k, 5], code with covering radius
p =3, then ¢ =7, k =4 and the nonzero weights of C, verify (wy,wq, w3) €
{(5,6,7),(5,6,8),(5,7,8)}.

Proof. Assume that C is a self-dual CR |2k, k, 5], code. Since d = 5, we
have e = 2 and thus p = e+ 1. That is, C'is a quasi-perfect uniformly packed

code [11].

Define the function

k(2k —1)(q — 1)*[(2k — 2)(¢ — 1) — 3s]
3lgF —1—2k(qg—1) — k(2k — 1)(¢ — 1)4]

9(q, k,s) =

By Corollary 11(ii), putting s = pa3, we have that g(q, k, s) equals 3;' and
must be a natural number. For length 2k = n < 8, C cannot be a 3-weight
code with minimum weight 5. Thus k£ > 4. Clearly, g(q, k, s) is maximum
when s = 0 and note that ¢(q, k,0) is the same that f(q, k) in the proof
of Proposition 25. In this case, as in the proof of Proposition 25, we have
that for ¢ > 53, g(q,k,s) < 1. Also, for k > 10, g(q,k,s) < 1. Since the
minimum weight is 5, we have ¢ > 3 by Lemma 12. For all these possible
values (4 < ¢ < 53,4 <k <10, and 0 < s < W, according to

Corollary 11(ii)), we have computationally checked that the only natural

values of g(q, k, s) are
9(7,4,0) =9; g(7,4,4) =8; ¢(7,4,8) =7; ¢(7,4,12) = 6.
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Hence, in all cases we have n =2k =8 and ¢ = 7.
Now, by Lemma 16 we obtain ws > 7 and since n = 8, we conclude

ws € {7,8}. 0

Corollary 27. There is no self-dual CR [2k, k, 5], code with covering radius
p=3.

Proof. By Proposition 26, such a code would be a [8,4,5]; code with
nonzero weights (wy, wq,w3) = {(5,6,7),(5,6,8),(5,7,8)}. The result then

follows from Proposition 18. 0

4.3. The case d =4

We start with a very restrictive condition.

Lemma 28. Let C be a self-dual CR 2k, k,4], code with covering radius
p=3. If g > 2, then pa s = 2.

Proof. Recall that p; ; is the number of codewords at distance j from any
vector v such that d(v,C) =i. Let v =(1,a,0,...,0) be a 2-weight vector.
Clearly, d(v,C) = 2 and 0 is a codeword at distance 2 from v. Assume that
P22 > 2 and let x,y € Cy be codewords such that d(v,x) = d(v,y) = 2.
Then, x and y cover v. It holds that supp(x)Nsupp(y) = supp(v) (otherwise
wt(x —y) < 4). Since x and y must be orthogonal vectors, we have that
a? = —1. But this should be true for any nonzero element o € ;. This only
happens in the binary field. Thus, ¢ = 2. U

Now we establish the nonexistence of self-dual CR quaternary codes of

length n > 6 and minimum distance d = 4.

Proposition 29. For p = 3, there is no self-dual CR 2k, k,4]4 code.
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Proof. If C is a self-dual CR [2k, k,4]4 code, then C} is a quaternary
2 — (2k,4, \)-design, by Lemma 2 (where A = 1, by Lemma 28 and since
A = pao — 1 by Corollary 11(iii)).

Consider the 2-weight vector v = (1,1,0,...,0) and let x € Cy be a code-
word covering v. Without loss of generality, assume x = (1,1, z,,0,...,0),
where z € F} (note that the coordinates of x not covering v must be equal
because x - x = 0).

If x # 1, consider the vector u = (1,z,0,...,0) and let y € C, be a
codeword covering u. Note that n = |supp(x) Nsupp(y)| = 3. Indeed, if
n =2, then x-y =1+ #0, and if n = 4, then wt(x —y) < 4. Without loss
of generality, assume that y = (1,2,v,0,2,0,...,0), where y,z € F;. Now,
we have that x-y = 1 + 2 + xy. By self-duality, x -y = 0, implying zy = 22
(recall that in Fy, 1 + a+a? =0 for a € Fy \ {0,1}), and hence y = z. But
now, x+y = (0,1 +x,0,x,2,0,...,0) which has weight less than 4 getting
a contradiction.

If z = 1, then consider the vector u = (1,a,0,...,0) (a € Fyq \ {0,1})
and let y € Cy be a codeword covering u. As before, [supp(x) Nsupp(y)| = 3
and we can assume y = (1,,9,0,2,0,...,0), where y, z € F}. In this case,
we obtain x -y = 1 +a + v, and since x -y = 0, y = o®>. However, y -y =0
implies 1+ a? + o+ 22 = 0, which gives z = 0, again getting a contradiction.

O

The following proposition and corollary show the nonexistence of self-dual

CR codes for p =3 and d = 4.

Proposition 30. For p = 3, there is no self-dual CR 2k, k,4]; code.

Proof. Consider F; as Z; and note that 2> € {1,2,4} for any element
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x € 7k =77\ {0}. If C is a self-dual CR [2k, k,4]7 code, then Cy is a 7-ary
2 — (2k, 4, \)-design, by Lemma 2 (where A = 1, by Lemma 28).

Consider the 2-weight vectors v = (1,1,0,...,0) and u = (1,2,0...,0)
and let x,y € (4 be codewords covering v and u, respectively. Note that
n = |supp(x) Nsupp(y)| = 3. Indeed, if n = 2, then x-y = 3 # 0, and
if n = 4, then wt(x —y) < 4. Thus, without loss of generality, assume
x = (1,1,a,0,0,...,0) and y = (1,2,¢,0,d,0,...,0), where a,b,c,d € Z%.
By self-duality, on the one hand, x - x = 0, implying a® + * = 5 and hence
{a?,0*} = {1,4}. Then a € {1,2,5,6}. On the other hand, y - y = 0 implies
2+ d*> =2 So, ¢ =d* =1 and hence ¢ € {1,6}. Therefore, we have
ac € {1,2,5,6}.

Finally, we obtain a contradiction taking into account that x -y = 0.

Indeed, x -y = 1+ 2 + ac implies ac = 4. 0

Corollary 31. There is no self-dual CR [6,3,4], code with covering radius
p = 3 for any prime power q.

Proof. Assume that C' is a self-dual CR [6, 3, 4], code. By Lemma 2, the
codewords in Cy form a g-ary 2 — (6,4, \)-design. Hence, according to Eq.
(1), we have:

PR ) PR, RTE] (13)

) 2

In this case the nonzero weights are w; = 4, wy = 5, w3 = 6. As can be seen
in the fifth row of Table 1, By = 15. Hence, Ay = By(q — 1) = 15(¢ — 1).
Comparing with Eq. (13) and by Lemma 28, we conclude that ¢ = 7 and
A=1;0r g=2and A\ = 6. But this last binary case is not possible since A
cannot be greater than 2, by Corollary 11(iii).

Now, the result follows from Proposition 30. O
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Proposition 32. There is no self-dual CR [2k, k,4], code with covering ra-
dius p =3 and q > 2.

Proof. By Corollary 31 and Lemma 28, we only have to consider the cases
where £ > 4 and A =1 (recall that A = py s — 1 by Corollary 11(iii)). Define
the function

1 k(2k = 1)(g — D[22k —2)(q — 1) —4 — 6(g — 2) — 3V
3 2(¢F — 1) — k(g — )[4+ (2k— 1)(g — D) |

h(q,k,\') =

which is 33! for A = 1, according to Corollary 11(iii). Therefore, h(q, k, \')
must be a positive integer number. Note that h(q, k, \') is maximum when
N = 0. For k > 10, the value of h(q, k, \') is less than 1. For 4 < k < 10, the
value of h(q, k,\') is greater than 1 for ¢ < 25. Hence, we have to consider
h(g,k,\') for 4 < k < 10 and 4 < ¢ < 25 (by Lemma 12, ¢ # 3). For
¢,k > 4, the denominator of h(q, k, \') is positive. Thus, in order to get the
numerator positive, we need X < [4(k—1)(¢—1)—6¢+8]/3. Computationally,
we have found that the only integer values of h(q, k, \') for these cases are
h(4,4,0) = 8, h(4,4,5) = 2, h(4,6,2) = 1 and h(7,4,9) = 1. These values

would correspond to codes with parameters:
[8,474]4 with )\, = O, [8, 4, 4]4 with )\/ — 5’

[12,6,4]; with X' = 2; [8,4,4]; with X' = 0.

By Proposition 29, the codes with parameters [8,4,4], and [12,6, 4], can-
not be self-dual and CR. Finally, by Proposition 30, a self-dual CR [8,4, 4],

does not exist. O

Corollary 33. There is no self-dual CR [2k, k,4], code with covering radius
p=3.
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Proof. By Proposition 32, we only have to consider the binary case. For

q = 2, the expression of f3 in Corollary 11(iii) becomes:

3 A+ -1) k20 +1) + (2k — 1))
b=3 k(2k — DA+ 1)[(k — 1) = A] ’

since X' = 0 due to the fact that all weights must be even (see Lemma 12

and thus C5 = (0). Define the function

9 2k = DA+ 1)[(k — 1) = )
A =3 DD =) kRO )+ @ 1)

Clearly, ¢(k,)\) equals 3;' and must be a natural number. For & > 10,
the value of ¢(k,\) is less than 1. Checking all the values for 3 < k£ < 10
and 0 < A < k — 1 (according to Corollary 11(iii)), the result is that only
¢(5,2) = 10 is a natural number. It corresponds to a [10,5,4], code. But
such code cannot be self-dual, as can be seen in [12, Example 9.4.2].

The conclusion is that there is no binary self-dual CR code with minimum

distance d = 4 and covering radius p = 3. UJ

4.4. The case d =3
Proposition 34. If C is a self-dual CR 3-weight [2k, k, 3], code, then

|supp(x) Nsupp(y)| =2, for some x,y € Cs.

Proof. Otherwise, we would have |supp(x) Nsupp(y)| € {0,3} by Lemma
14. Hence, by Lemma 3, the length 2k should be divisible by 3 and, in fact,
2k = 6 (9 is odd and for 2k > 12, C' would have more than 3 weights).
Therefore, by Proposition 18, the weights of C' would be w; = 3, wq € {4,5},
ws = 6. Since k = 3, we can apply again Eqgs. (10), (11) and (12).

For wy = 4, as can be seen in row 6 of Table 1, By = —2(q¢ — 4) which

implies ¢ < 4, leading to a contradiction by Lemma 12.
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For wy, = 5, as can be seen in the last row of Table 1, By = 5. If
|supp(x) Nsupp(y)| = 3, for x,y € C3, then x is a multiple of y (otherwise,
taking appropriate multiples, we would get 0 < wt(x —y) < 3). Hence,
B3 = 2 which contradicts the result of the system. 0

Corollary 35. If C is a self-dual CR [2k,k,3|, code with covering radius
p =3, then k = 6.

Proof. By Proposition 34, there exist codewords x,y € Cj, such that
|supp(x) Nsupp(y)| = 2 and thus |supp(x) Usupp(y)| = 4. Now, if z € Cy
has supp(z) N (supp(x) Usupp(y)) # 0, we claim that supp(z) C (supp(x) U
supp(y)). Otherwise, without loss of generality, assume that the vectors x
and y have values x = (1,29, 23,0,...,0) and y = (1,99,0,93,0,...,0). By
Lemma 14, we can assume that z = (21, 22,0,0,23,0,...,0). Now, since
q > 2, we can take a multiple of z, say z' = (2], 25,0,0,25,0,...,0), such
that 2, = xo — yo. Hence, wt(x —y — z’) = 4. But we can take another
multiple, say z”, such that 2 # x9 —ys. In this case, wt(x —y —2z") = 5. So,
C has weights 3, 4 and 5, which is a contradiction, by Proposition 18. Define
Cs(x) = {z € C3 | supp(z) Nsupp(x) # 0} and S(x) = U,y ) Supp(z). We
have seen that |S(x)| = 4. Note also that any one weight vector with the
nonzero coordinate in S(x) is covered by more that one codeword of C3(x),
Le. p1g > 1.

Now, consider a codeword x’' € C3 \ C3(x) and let v be a 1-weight vector
covered by x'. Since p; o > 1, there is some other codeword y’ € C5 covering
v. Hence, y’ € C5(x’) and it is not a multiple of x’. Clearly, |[supp(x’) N
supp(y’)| = 2 (since d(x',y’) > 2 and by Lemma 14). Therefore, as in the
case of S(x), we obtain |S(x')| = 4.
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Repeating the argument, we have that C3 induces a partition of the set
of coordinates in 4-subsets, say P, ..., P/, implying that 2k is a multiple
of 4. Therefore, k is even.

On the other hand, if we take a 2-weight vector x with one nonzero
coordinate in P; and the other one in P; (i # j), then d(x,C) = 2 and
Bys = 1, since the zero codeword is the only one at distance 2 from x.
Now, take any 2-weight vector y with both nonzero coordinates in P;. Since
| P;| = 4, there exists some codeword z of weight 3 including the support of y
and (taking the appropriate multiple) such that d(z,y) < 2. If d(z,y) = 2,
then By o > 1 and the code would not be CR. This means that any 2-weight
vector y with both nonzero coordinates in P; is at distance 1 from C. In
other words, the projection of C in P;, for any ¢ = 1,...,k/2, must be a
Hamming code of length n = (¢ — 1)/(¢ — 1) =4, i.e. a ternary Hamming
4,2, 3]3 code which is self-dual (see Lemma 13). Since C' has covering radius
p = 3, there exists some 3-weight vector x such that d(x,C) = 3. Thus, x
has the three nonzero coordinates in different P;’s. This implies & > 6, but
for £ > 6, C' would have more than three nonzero weights. As a conclusion

k = 6. UJ

4.5. The full classification

Now, from Propositions 20, 22, 23, 24, 25, and Corollaries 27, 33, 35, we
obtain the main classification theorem.
Theorem 36. Let C be a self-dual CR [n, k,d|, code.

(i) If d <2, then C is the direct sum of j copies (j =1,2,...) of a [2,1,2],
code with generator matriz (1 «) such that o®> = —1. Such q-ary code
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exists if and only if —1 is a square in F,. The code C' has covering
radius p = j and intersection array

IA={2j(¢—1),2(j — (g —1),...,2(¢q —1);2,4,...,25}.

(i) If d = 3 and p = 1, then C' is the ternary Hamming [4,2,3]3 code with
intersection array
IA = {8;1}.

oo (46i) If d =3 and p =2, then C is

(11i.1) the direct sum of two ternary Hamming [4,2,3]3 codes, that is, C
is a [8,4, 3|3 code with weights wy = 3 and wy = 6, and intersection

array
IA = {16,8;1,2};
510 or
511 wi.ii) any [4,2,3], code with generator matriz
- 1 0 « 153
G = ( 0 ¢ B —a ), (14)

where a, 8 € ¥, are two elements such that 1+a?+ 52=0,2=1
and q > 3. C has weights wy = 3 and wy = 4, and intersection
array

IA ={4(¢ —1),3(¢ — 3);1,12}.

(iv) If d = 3 and p = 3, then C' is the direct sum of three ternary Hamming
[4,2,3]3 codes, that is, a [12,6,3]3 code with weights wy = 3, wy = 6,
w3 = 9 and intersection array

IA = {24,16,8;1,2,3}.

(v) If d =4 and p < 3, then C is the extended binary Hamming [8,4,4]s
code, with weights wi = 4 and wy = 8 (so, an antipodal code), and with

intersection array
IA ={8,7;1,4}.

sz (vi) If d=5 and p < 3, C does not exist.
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(vii) If d = 6 and p < 3, then C is the extended ternary Golay [12,6,6]s
code, with weights wy = 6, wy = 9, wy = 12 (so, an antipodal code),
and with intersection array

TA = {24,22,20;1,2,12}.
No other self-dual CR codes with p < 3 exist.

Proof. (i) Direct from Proposition 20.

(ii) In this case, since e = p = 1, C is a self-dual perfect single-error-
correcting code. Hence, C'is a self-dual Hamming code and, by Lemma 13,
C' is the ternary Hamming [4,2,3]3 code. The intersection array is trivial
and can be seen, for instance, in family (F.1) of [4].

(iii) By Proposition 22, C' has length n = 4 or n = 8.

(iii.i) If n = 8, let C' be a self-dual CR [8,4, 3], code with covering radius
p = 2. By the argument in the proof of Proposition 22, the set of coordinates
{1,...,8} is partitioned into two 4-subsets, say A and B, such that any
codeword of weight 3 has its support contained in A or in B. Since C' must
be a 2-weight code, these weights are trivially w; = 3 and w, = 6. Therefore
C' is the direct sum C' = C; @ Cy of two 1-weight codes (whose nonzero
codewords have weight 3). It is clear that C'is self-dual if and only if C; and
Cy are self-dual.

On the other hand, if we take a 2-weight vector x with one nonzero
coordinate in A and the other one in B, then d(x,C) = 2 and Byxs = 1,
since the zero codeword is the only one at distance 2 from x. Now, take
any 2-weight vector y with both nonzero coordinates in A (or in B). Since
|A| = |B| = 4, there exist some codeword z of weight 3 including the support
of y and (taking the appropriate multiple) such that d(z,y) < 2 (note that
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q > 2 by Lemma 12). If d(z,y) = 2, then By > 1 and the code would not be
CR. This means that any 2-weight vector y with both nonzero coordinates
in A (or in B) is at distance 1 from C. In other words, C; and Cy must be
self-dual Hamming codes. By Lemma 13, C; and C are ternary Hamming
codes of length 4. Therefore, C' is the direct sum of two ternary Hamming
[4,2,3]3 codes. Indeed, the direct sum of perfect codes is a CR code (see
Lemma 5). The intersection array follows from (ii) and Lemma 5.

for C' in the form

G:

Multiplying the second row by the appropriate value (in fact bc™!), we can

get the matrix

1 0 a b
G =
0 ¢ b ¢
Since both rows must be orthogonal, we obtain that ¢’ = —a, and by self-

orthogonality of the second row, we have ¢ = 1. Now, by Proposition 23,
such code is CR. By Lemma 12, ¢ = 2 is not possible, and for ¢ = 3 there are
only codewords of weight 3, i.e. the case (ii) with p = 1. Therefore ¢ > 3.
By Proposition 23, the necessary and sufficient condition for the existence
of such self-dual CR codes is the existence of elements «, 8 € F; such that
1+a?+p2=0. Forq=2"and r > 1, we have 1 + o? + 3% = (1 + a + )2
Hence, the condition is equivalent to the existence of a, 8 € F} such that

1+ a+ B = 0. Obviously such values exist always. A generator matrix can
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then be written as

1 1 1 1
G — )
1 0 o §
since (1,1,1,1) is orthogonal to any codeword and thus it is a codeword.
These antipodal codes correspond to the family (F.48) in [4]. The intersection
array can also be seen in [4].
However, for odd ¢, the existence of the values a and [ is not guaranteed.
For example, it is easy to see that for ¢ = 5 there are no such values. Whereas

for ¢ = 7 we can find these values. For example, considering F; as Z,, a self-

dual CR [4, 2, 3]7 code is generated by the matrix

For these cases where ¢ is odd, the intersection array must be the same, since
all parameters (except ¢) are the same that for the case of even g.

(iv) In this case, by Corollary 35, C' must be a [12,6,3], code. By the
argument of the proof of Corollary 35 (similar to the case (iii.i)), C is the
direct sum of three ternary Hamming [4, 2, 3|3 codes. The intersection array
follows from (ii) and Lemma 5.

(v) By Proposition 24 and Corollary 33, we have that C'is a [8, 4, 4], code.
This is the well-known binary extended Hamming code of length 8, which
is self-dual. Trivially the weights are 4 and n = 8. This code falls into the
family (F.2) in [4], where the intersection array is also specified.

(vi) Since d = 5, we have that e = 2. Hence p > 2, otherwise C' would

be a perfect doubly-error-correcting code. The only such code is the ternary
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Golay [11,6, 5]3 code, which obviously is not self-dual. For p = 3 the code C
cannot exist by Corollary 27.

(vii) For d = 6, again p > 2, and for p = 3 we have that C is a [12,6,6]3
code, by Proposition 25. As can be seen in [9, 19|, any code with these
parameters must be the extended ternary Golay code, which is self-dual.
The weights of such code are 6, 9 and 12, as can be seen, for example, in
[16]. This code corresponds to (S.12) in [4], where the intersection array is

also specified. O

5. Concluding remarks and further research

Let ¢ be a prime power such that —1 is a square in F,. Then, from

Theorem 36, we see that the parameters for self-dual CR codes are
o For p=1:[2,1,2],, [4,2,3]s.
o For p=2:[4,2,2],, [4,2,3], [8,4,3]3, [8.4, 4]2.
e For p=3: [6,3,2],, [12,6,3]s, [12,6,6]5.

For p = 4, obviously we have the codes with parameters [8,4,2], and
(16,8, 3]3, corresponding to the direct sums of four copies of a self-dual
2,1,2], code and four copies of the ternary Hamming [4,2,3]; code. In
addition, we have the binary extended Golay [24,12,8], code. For p > 4,
apart from the direct sums of copies of a self-dual CR code with p = 1, it
seems that there are no other possibilities. However, the techniques used

here become of high complexity for p > 3.
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For ¢ = p? (p prime) it is often considered Hermitian duality. The Her-
mitian inner product between two vectors v,u € Fy is defined as

n
<v,u>g=v-u= E Uidiqu,
=1

where @; = u! is the conjugation of u;. Results on Hermitian self-duality
can be seen, for example, in [15]. For any code C' C Fy, it is easy to verify
that the Hermitian dual code C*7 = {x € F} |< x,v >p= 0, Vv € C}
coincides with C+ = {¥ | v € C'}. Hence, the parameters (including the
weight distribution) of C1# are the same that those of C. Therefore several
results of this paper applies also to Hermitian duality. However, there are
notorious exceptions as for the case of Lemma 15, where we have proven the
nonexistence of a self-dual [6, 3, 4], code. But the so-called hexacode (see |12,
Sect. 10.3|) is a Hermitian self-dual CR [6, 3, 4]4 code. Thus the classification
given by Theorem 36 is not valid for Hermitian self-duality, but it should not
be difficult to state a similar classification for Hermitian self-dual CR codes.

Another future work could be the study of self-dual CR additive codes.
An additive code is an additive subgroup of [Fy, hence not necessarily linear.

Self-dual additive codes has been studied, for example in [10]. Also, CR

additive codes has been studied in several papers, for example in [14].
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