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Abstract

We give a complete classi�cation of self-dual completely regular codes with

covering radius ρ ≤ 3. For ρ = 1 the results are almost trivial. For ρ = 2,

by using properties of the more general class of uniformly packed codes in

the wide sense, we show that there are two sporadic such codes, of length

8, and an in�nite family, of length 4, apart from the direct sum of two self-

dual completely regular codes with ρ = 1, each one. For ρ = 3, in some

cases, we use similar techniques to the ones used for ρ = 2. However, for

some other cases we use di�erent methods, namely, the Pless power moments

which allow to us to discard several possibilities. We show that there are only

two self-dual completely regular codes with ρ = 3 and d ≥ 3, which are both

ternary: the extended ternary Golay code and the direct sum of three ternary

Hamming codes of length 4. Therefore, any self-dual completely regular code

with d ≥ 3 and ρ = 3 is ternary and has length 12.

We provide the intersection arrays for all such codes.
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1. Introduction1

Denote by Fnq the n-dimensional vector space over the �nite �eld of order2

q, where q is a prime power. The (Hamming) distance between two vectors3

v,u ∈ Fnq , denoted by d(v,u), is the number of coordinates in which they4

di�er. The (Hamming) weight of a vector v ∈ Fnq , denoted by wt(v), is the5

number of nonzero coordinates of v.6

A q-ary code C of length n is a subset C ⊆ Fnq . The elements of C are7

called codewords. The minimum distance d of C is the minimum distance8

between any pair of codewords. The minimum weight w of C is the minimum9

weight of any nonzero codeword. A linear code with parameters [n, k, d]q is10

a q-ary code of length n with minimum distance d, such that it is a k-11

dimensional subspace of Fnq . For linear codes, the minimum distance and12

the minimum weight coincide, d = w. A t-weight code is a code where the13

nonzero codewords have t di�erent weights (t ≥ 1). A linear code of length14

n is said to be antipodal if there is some codeword of weight n.15

The packing radius of a code C is e = b(d − 1)/2c. Given any vector16

v ∈ Fnq , its distance to the code C is d(v, C) = minx∈C{d(v,x)} and the17

covering radius of the code C is ρ = maxv∈Fnq {d(v, C)}. Note that e ≤ ρ. If18

e = ρ, then C is a perfect code. It is well known that any nontrivial (with more19

than two codewords) perfect code has e ≤ 3 [22, 23]. For e = 1, linear perfect20

codes are called Hamming codes which exist for lengths n = (qm− 1)/(q− 1)21

(m ≥ 2), dimension k = n−m and minimum distance d = 3. For e = 2, the22

only nontrivial perfect code is the ternary Golay code of length 11.23

Given two vectors v = (v1, . . . , vn) and u = (u1, . . . , un), their Euclidean
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inner product is

v · u =
n∑
i=1

viui ∈ Fq.

For a linear code C, its (Euclidean) dual code is C⊥ = {x ∈ Fnq | x · v =24

0, ∀v ∈ C}. The code C is self-dual if C = C⊥. In this case, C and C⊥ have25

the same dimension n/2, hence n must be even. For the rest of the paper,26

the terms inner product and duality refer always to Euclidean inner product27

and Euclidean duality, unless otherwise stated.28

Denote by 0 the all-zero vector. The support of a vector x = (x1, . . . , xn) ∈29

Fnq is the set of nonzero coordinate positions of x, supp(x) = {i ∈ {1, . . . , n} |30

xi 6= 0}. Say that a vector x = (x1, . . . , xn) ∈ Fnq covers a vector y =31

(y1, . . . , yn) ∈ Fnq if xi = yi, for all i = 1, . . . , n such that yi 6= 0.32

For a given code C of length n and covering radius ρ, de�ne33

C(i) = {x ∈ Fnq : d(x, C) = i}, i = 0, 1, . . . , ρ.

The sets C(0) = C,C(1), . . . , C(ρ) are called the subconstituents of C.34

Say that two vectors x and y are neighbors if d(x,y) = 1.35

De�nition 1 ([17]). A code C of length n and covering radius ρ is com-36

pletely regular (shortly CR), if for all l ≥ 0 every vector x ∈ C(l) has the37

same number cl of neighbors in C(l−1) and the same number bl of neighbors38

in C(l+1). De�ne al = (q−1)·n−bl−cl and set c0 = bρ = 0. The parameters39

al, bl and cl (0 ≤ l ≤ ρ) are called intersection numbers and the sequence40

{b0, . . . , bρ−1; c1, . . . , cρ} is called the intersection array (shortly IA) of C.41

For any v ∈ Fnq and any t ∈ {0, . . . , n}, de�ne Bv,t = |{x ∈ C | d(v,x) =42

t}|. Completely regular codes had previously been de�ned by Delsarte [8,43

Section 5.2.3]. According to Delsarte's de�nition, C is CR if Bv,t depends44
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only on t and d(v, C). Later, Neumaier proved that Delsarte's de�nition is45

equivalent to De�nition 1 as can be seen in [17].46

Existence, construction and classi�cation of completely regular codes, in47

general, are open hard problems (see [6, 7, 13, 17]) of algebraic and combi-48

natorial coding theory.49

All linear completely regular codes with covering radius ρ = 1 are known50

[3]. The next case, i.e. completely regular codes with ρ = 2, was solved51

for the special case when the dual codes are antipodal [3, 5]. In the present52

paper, we classify all self-dual completely regular codes with covering radius53

ρ ≤ 3.54

In Section 2, we see some de�nitions and results that we use later. In55

Section 3, we show that for ρ = 1 we only have some trivial codes with56

length and minimum distance n = d = 2, and the ternary Hamming code of57

length 4. For ρ = 2, we prove that the only possible parameters for a self-58

dual completely regular code are: [8, 4, 4]2, [8, 4, 3]3, and [4, 2, 3]q, apart from59

the direct sum of two self-dual [2, 1, 2]q codes. In Section 4, we prove that60

for ρ = 3 the only possibilities are: the direct sum of three self-dual [2, 1, 2]q61

codes, a [12, 6, 6]3 code and a [12, 6, 3]3 code. We identify all such codes and62

show that, indeed, they are self-dual and completely regular. Moreover, all63

such codes are antipodal except when they are direct sums of other codes.64

Finally, in Section 5, we summarize the results and brie�y discuss about65

further research on the case ρ > 3 and also on Hermitian self-duality and66

additive codes.67
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2. De�nitions and preliminary results68

In this section we see several results we will need in the next section.69

2.1. CR and UPWS codes70

A q-ary t − (n,m, λ)-design is a collection S of vectors of weight m in71

Fnq with the property that every vector v of weight t is covered by exactly λ72

vectors y ∈ S (t ≤ m ≤ n). As can be seen in [11], any q-ary t − (n,m, λ)-73

design is also a q-ary i− (n,m, λi)-design for 0 ≤ i ≤ t, where74

λi = λ

(
n−i
t−i

)(
m−i
t−i

)(q − 1)t−i. (1)

Lemma 2 ([11, Thm. 9]). Let C be a CR code with packing radius e and75

containing the all-zero vector. Then the codewords of any nonzero weight w76

form a q-ary e-design and even a q-ary (e+1)-design if the minimum distance77

is d = 2e+ 2.78

Now, we see an easy but fundamental property. For a code C of length79

n, denote by Cw the set of codewords of weight w.80

Lemma 3. If C is a CR code of length n, containing the zero codeword, and81

with minimum weight d, then
⋃

x∈Cd supp(x) = {1, . . . , n}.82

Proof. Otherwise taking a 1-weight vector v, we would have that Bv,d−1 > 083

if the nonzero coordinate is in
⋃

x∈Cd supp(x), but Bv,d−1 = 0 if not. Hence,84

C would not be CR. �85

Remark 4. Lemma 3 can be also proven taking into account that the code-86

words in Cd form a q-ary e-design (see Lemma 2).87
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The next property is a construction of CR codes by direct sum. Recall

that the direct sum of two codes C1 and C2 is de�ned as

C1 ⊕ C2 = {(x,y) | x ∈ C1,y ∈ C2}.

If C1 and C2 are linear codes, then C1⊕C2 is a linear code with generator

matrix:

G =

 G1 0

0 G2

 ,

where G1 is a generator matrix for C1 and G2 is a generator matrix for C2.88

For the case of binary perfect codes, the next construction can be found in89

[21].90

Lemma 5. Let j be a positive integer and let Ci, i = 1, . . . , j be q-ary CR
codes with the same length, dimension, minimum distance, with covering
radius ρ = 1 and intersection array IA = {b0, c1}. Then, the direct sum
C = C1⊕· · ·⊕Cj is a CR code with covering radius j and intersection array

IA = {b′0, . . . , b′j−1; c′1, . . . , c′j} = {jb0, (j − 1)b0, . . . , b0; c1, 2c1, . . . , jc1}.

Proof. Write any vector x ∈ Fjnq as (x(1), . . . , x(j)), where x(i) ∈ Fnq for all

i = 1, . . . , j. Then

d(x, C) =

j∑
i=1

d(x(i), Ci) ≤ j,

since the covering radius of each Ci is one. Taking each x(i) such that91

d(x(i), Ci) = 1, we have d(x, C) = j. Thus the covering radius of C is92

j.93

Now, we compute the intersection numbers b′i and c
′
i. In turn, this proves94

that C is CR. Let z ∈ Fjnq such that z ∈ C(i), where 0 < i < j. Since the95
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covering radius of each Ci is one, we can assume without loss of generality96

that97

d(z(1), C1) = . . . = d(z(i), Ci) = 1 and

d(z(i+1), Ci+1) = . . . = d(z(j), Cj) = 0

On the one hand, any vector y ∈ C(i + 1) with d(y, z) = 1 must be of

the form

y = (z(1), . . . , z(i), y(i+1), . . . , y(j)),

where there is a unique ` ∈ {i+ 1, . . . , j} such that y(`) /∈ C`, d(z(`), y(`)) = 198

and y(k) = z(k), for all k ∈ {i + 1, . . . , j} \ {`}. For each `, the number of99

choices of y(`) is b0, therefore b
′
i = (j−i)b0 (0 < i < j) since ` has j−i possible100

values. Note that for i = 0 the argument is also valid, hence b′0 = jb0.101

On the other hand, any vector x ∈ C(i− 1) with d(x, z) = 1 must be of

the form

x = (x(1), . . . , x(i), z(i+1), . . . , z(j)),

where there is a unique ` ∈ {1, . . . , i} such that x(`) ∈ C`, d(z(`), x(`)) = 1102

and x(k) = z(k), for all k ∈ {1, . . . , i} \ {`}. For each `, the number of choices103

of x(`) is c1, therefore c
′
i = ici (0 < i < j) since ` has i possible values. Note104

that for i = j the argument is also valid, hence c′j = jc1. �105

De�nition 6 ([2]). A code C ⊆ Fnq with covering radius ρ is uniformly106

packed in the wide sense (UPWS) if there exist rational numbers β0, . . . , βρ107

such that108

ρ∑
i=0

βiBx,i = 1, (2)

for any x ∈ Fnq . The numbers β0, . . . , βρ are called the packing coe�cients.109
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For UPWS codes, there is a generalized version of the celebrate sphere110

packing condition for perfect codes.111

Lemma 7 ([2]). Let C ⊆ Fnq be a UPWS code with covering radius ρ and
packing coe�cients β0, . . . , βρ. Then

|C| = qn∑ρ
i=0 βi(q − 1)i

(
n
i

) .
For a linear code C, denote by s the number of nonzero weights of C⊥.112

Following to Delsarte [8], we call external distance the parameter s.113

Lemma 8. Let C be a linear code with covering radius ρ, packing radius e114

and external distance s.115

(i) ρ ≤ s [8].116

(ii) ρ = s if and only if C is UPWS [1].117

(iii) If C is CR, then ρ = s [21].118

(iv) If C is UPWS and ρ = e+ 1, then C is CR [11, 20].119

Let C be a CR code. Set pi,j = Bv,j, for any v such that d(v, C) = i120

(0 ≤ i ≤ ρ). By Lemma 8, any CR code is also a UPWS code. Hence, for121

any CR code we can apply Lemma 7.122

Proposition 9. Let C be a CR [n, k, d]q code with covering radius ρ > 1.123

Then, the packing coe�cients verify:124

(i) If d = 2ρ, then125

β0 = . . . = βρ−1 = 1; βρ =
qn−k −

∑ρ−1
i=0 (q − 1)i

(
n
i

)
(q − 1)ρ

(
n
ρ

) . (3)

(ii) If d = 2ρ− 1, then126

β0 = . . . = βρ−2 = 1; βρ−1 + βρpρ−1,ρ = 1;

βρ =
qn−k −

∑ρ−1
i=0 (q − 1)i

(
n
i

)
(q − 1)ρ

(
n
ρ

)
− pρ−1,ρ(q − 1)ρ−1

(
n
ρ−1

) . (4)
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(iii) If d = 2ρ− 2, then

β0 = . . . = βρ−3 = 1; βρ−2 + βρpρ−2,ρ = 1; βρ−1pρ−1,ρ−1 + βρpρ−1,ρ = 1;
127

βρ =
qn−k −

∑ρ−2
i=0 (q − 1)i

(
n
i

)
− p−1ρ−1,ρ−1(q − 1)ρ−1

(
n
ρ−1

)
(q − 1)ρ

(
n
ρ

)
− pρ−1,ρp−1ρ−1,ρ−1(q − 1)ρ−1

(
n
ρ−1

)
− pρ−2,ρ(q − 1)ρ−2

(
n
ρ−2

) .
(5)

In all cases β−1ρ is a natural number.128

Proof. (i) Since C is CR, C is also UPWS. For any i = 0, . . . , ρ−1, we have129

that pi,i = 1 because i < ρ = d/2. Moreover, for any j ∈ {0, . . . , ρ} \ {i},130

pi,j = 0. Indeed, if d(x, C) = i and c, c′ ∈ C are such that d(c,x) = i131

and d(c′,x) = j, then d(c, c′) ≤ i + j < d which is a contradiction. Hence,132

according to Eq. (2) in De�nition 6, we have βi = 1 for each i = 0, . . . , ρ− 1.133

Therefore, by Lemma 7, it follows that

|C| = qk =
qn∑ρ−1

i=0 (q − 1)i
(
n
i

)
+ βρ(q − 1)ρ

(
n
ρ

) ,
from which we obtain Eq. (3).134

(ii) Now, for any i = 0, . . . , ρ − 1, we have again that pi,i = 1 because135

i ≤ ρ− 1 < d/2. Moreover, for any j ∈ {0, . . . , ρ− 1} \ {i}, pi,j = 0. Indeed,136

if d(x, C) = i and c, c′ ∈ C are such that d(c,x) = i and d(c′,x) = j, then137

d(c, c′) ≤ i+ j < d which is a contradiction. Hence, according to Eq. (2) in138

De�nition 6, we have βi = 1 for each i = 0, . . . , ρ−2. Thus, pρ−1,ρ−1 = 1 and139

βρ−1 + βρpρ−1,ρ = 1.140

Again by Lemma 7 and using βρ−1 = 1− βρpρ−1,ρ, Eq. (4) is obtained.141

(iii) In this case, and by similar arguments, we have pi,i = 1 for any142

i = 0, . . . , ρ − 2. For any j ∈ {0, . . . , ρ − 1} \ {i}, pi,j = 0. Indeed, if143

d(x, C) = i and c, c′ ∈ C are such that d(c,x) = i and d(c′,x) = j, then144
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d(c, c′) ≤ i + j < d which is a contradiction. Hence, we have βi = 1 for145

all i = 0, . . . , ρ − 3. Thus, pρ−2,ρ−2 = 1 and βρ−2 + βρpρ−2,ρ = 1, since146

pρ−2,ρ−1 = 0. On the other hand, βρ−1pρ−1,ρ−1 + βρpρ−1,ρ = 1.147

Again by Lemma 7, using βρ−2 = 1 − βρpρ−2,ρ and βρ−1 = 1 − βρpρ−1,ρ

pρ−1,ρ−1
,148

Eq. (5) is obtained.149

In every case (i), (ii) and (iii), it is clear that pρ,i = 0, for all i = 0, . . . , ρ−1150

and thus βρpρ,ρ = 1 and β−1ρ is a natural number. �151

We are interested in the case when C is self-dual and CR with covering152

radius ρ = 2 or ρ = 3.153

Corollary 10. Let C be a self-dual CR [2k, k, 4]q code with covering radius
ρ = 2. Then, the packing coe�cient β2 is:

β2 =
qk − 1− 2k(q − 1)

(q − 1)2k(2k − 1)
,

and β−12 is a natural number.154

Proof. Straightforward substituting ρ = 2 and n = 2k in Eq. (3). �155

Corollary 11. Let C be a self-dual CR [2k, k, d]q code with covering radius156

ρ = 3. Then, the packing coe�cient β3 is:157

(i) If d = 6, then

β3 = 3
qk − 1− 2k(q − 1)− k(2k − 1)(q − 1)2

(q − 1)3k(2k − 1)(2k − 2)
.

(ii) If d = 5, then

β3 = 3
qk − 1− 2k(q − 1)− k(2k − 1)(q − 1)2

k(2k − 1)(q − 1)2[(2k − 2)(q − 1)− 3p2,3]
,

where 0 ≤ p2,3 ≤ 2(q−1)(k−1)
3

.158
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(iii) If d = 4, then

β3 = 3
(λ+ 1)(qk − 1)− k(q − 1)[2(λ+ 1) + (2k − 1)(q − 1)]

k(2k − 1)(q − 1)2[(λ+ 1)(2k − 2)(q − 1)− 2λ(λ+ 1)− 6λ(q − 2)− 3λ′]
,

where λ = p2,2− 1 and λ′ = p2,3− 2λ(q− 2). Moreover, 1 ≤ λ ≤ k− 1.159

Proof. (i) Put ρ = 3 and n = 2k in Eq. (3).160

(ii) Again put ρ = 3 and n = 2k in Eq. (4).161

A CR [n, k, d]q code with ρ = e + 1 is a quasi-perfect uniformly packed162

code [11]. In this case, as can be seen in [2], the packing parameters verify:163

β0 = . . . = βe−1 = 1; βe = 1− s/m; βe+1 = 1/m; (6)

where m and s are integer values and:

0 ≤ s ≤ (q − 1)(n− e)
e+ 1

.

Since d = 5 and ρ = 3, we are in the case of a quasi-perfect uniformly164

packed code. By Proposition 9(ii), β2 + β3p2,3 = 1. Combining with the165

expressions (6), we obtain that s = p2,3 and it follows the bound for p2,3.166

(iii) By Lemma 2, the codewords in C4 form a q-ary 2− (2k, 4, λ)-design.167

Consider a 2-weight vector v. Such vector is covered by λ codewords in C4168

and it is also at distance 2 from the zero codeword. Thus, p2,2 = λ+ 1. The169

codewords at distance 3 from v are:170

(a) The µ codewords in C4 containing the support of v and covering just171

one of the nonzero coordinates of v.172

(b) The λ′ codewords in C5 (if C5 is not empty) covering v.173
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For (a), let X = {x ∈ C4 | supp(v) ⊂ supp(x)}. There are (q − 1)2 vectors

with the same support that v. Each one of these vectors is covered by λ

vectors in C4. Thus, |X| = λ(q − 1)2. Let Y ⊂ C4 be the set of codewords

of weight 4 which are multiples of some codeword in C4 covering v. Clearly,

|Y | = λ(q − 1). Hence, for any codeword in X \ Y , we have two multiples

that cover exactly one nonzero coordinate of v. This means that

µ = 2
|X \ Y |
q − 1

= 2[λ(q − 1)− λ] = 2λ(q − 2).

For (b), simply consider that C5 form a 2− (2k, 5, λ′)-design. If C5 = ∅,174

then we set λ′ = 0. As a consequence, we have that p2,3 = 2λ(q − 2) + λ′.175

Now consider a 1-weight vector u. The codewords at distance 3 from u are176

those in C4 covering u. According to Eq. (1), such number of vectors is177

p1,3 = λ(2k − 1)(q − 1)/3.178

Substituting p1,3 = λ(2k−1)(q−1)/3, p2,2 = λ+1, and p2,3 = 2λ(q−2)+λ′179

in Eq. (5), we obtain the expression for β3.180

Finally, note that if x,y ∈ C4 are codewords covering the 2-weight vector181

v, then supp(x) ∩ supp(y) = supp(v) (otherwise wt(x − y) < 4 = d). The182

union of the supports of the λ vectors covering v must have cardinality at183

most n = 2k. Therefore, 2 + 2λ ≤ 2k, implying λ ≤ k − 1. �184

2.2. Self-dual two-weight and three-weight codes185

We start with three general an easy results on self-dual codes.186

Lemma 12. Let C be a q-ary self-dual code.187

(i) If q = 2, then the weight of any codeword is even.188

(ii) If q = 3, then the weight of any codeword is divisible by 3.189
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Proof. If C is self-dual, then x · x = 0, for any codeword x ∈ C. Therefore190

(i) is trivial. For (ii), note that for any ternary vector z ∈ Fn3 , z · z ≡ wt(z)191

(mod 3). �192

The next well-known property shows which is the only self-dual perfect193

code.194

Lemma 13. The only self-dual perfect code is the ternary Hamming [4, 2, 3]3195

code.196

Proof. For any self-dual [n, k, d]q code, we have that n = 2k. The only197

perfect codes with minimum distance d > 3 are the ternary Golay [11, 6, 5]3198

code, the binary Golay [23, 12, 7]2 code and binary repetition [n, 1, n]2 codes199

of odd length. Since the length of these codes is odd, no one can be self-dual.200

For the case of a self-dual perfect code with d = 3, hence for a self-dual

Hamming [n, n−m, 3]q code, n = 2(n−m) and thus n = 2m implying

qm − 1

q − 1
= 2m.

The only solution is q = 3 and m = 2. Therefore, n = 4 and k = 2. �201

Lemma 14. If C is a self-dual code, then |supp(x) ∩ supp(y)| 6= 1, for any202

x,y ∈ C.203

Proof. Otherwise x and y would not be orthogonal vectors. �204

Now, we show the nonexistence of a particular self-dual code.205

Lemma 15. There is no self-dual [6, 3, 4]4 code.206

Proof. Let C be a [6, 3, 4]4 code and consider a generator matrix for C:

G =
(
I3 P

)
,
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where I3 is the 3 × 3 identity matrix and P is a 3 × 3 matrix with nonzero207

entries, since C has minimum weight 4. If C is self-dual then any row of208

G must be self-orthogonal, implying that for any row abc of P , we have209

1 +a2 + b2 + c2 = 0. Thus, (a+ b+ c)2 = 1 and a+ b+ c = 1. In F4 and since210

P has no zero entries, this means that abc ∈ {1xx, x1x, xx1}, where x 6= 0. If211

abc = 111, then it is not orthogonal to any other row a′b′c′ ∈ {1xx, x1x, xx1}.212

So, each of the three rows contains exactly one 1. Hence, two rows of P have213

the same value for x, say α. But such two rows cannot be identical, since214

the distance must be at least two. Hence, the inner product of these rows is215

α2 and they are not orthogonal. Therefore the corresponding rows of G are216

also non-orthogonal. �217

For a code C, let Aw = |Cw|. Thus, {A0, A1, . . . , An} is the weight dis-218

tribution of C. The Pless power moments [18], as well as the McWilliams219

identities, relate the weight distribution of C and the weight distribution of220

C⊥, for a linear code C. The �rst �ve Pless power moments can be seen in221

[12, pp. 259-260]. For a self-dual 3-weight [2k, k, d]q code with d ≥ 3 and222

nonzero weights w1, w2 and w3 the �rst three equations are:223

Aw1 + Aw2 + Aw3 = qk − 1 (7)

w1Aw1 + w2Aw2 + w3Aw3 = qk−12k(q − 1) (8)

w2
1Aw1 + w2

2Aw2 + w2
3Aw3 = qk−2 [2k(q − 1)(2k(q − 1) + 1)] . (9)

As a consequence of these equations, we have the following result.224

Lemma 16. If C is a self-dual 3-weight [2k, k, d]q code with nonzero weights225

w1, w2, w3 such that 3 ≤ d = w1 < w2 < w3, then q(2k − w3) < 2k.226
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Proof. Combining Eqs. (7) and (8), we get

(w3 − w1)Aw1 + (w3 − w2)Aw2 = w3(q
k − 1)− qk−12k(q − 1),

which gives

(w3 − w1)Aw1 + (w3 − w2)Aw2 + w3 = qk−1[(w3 − 2k)q + 2k].

Obviously, both hand sides must be positive. Thus, we obtain q(2k − w3) <227

2k. �228

Remark 17. Lemma 16 can be easily generalized for any self-dual code with229

d ≥ 3. With the same argument, one obtains q(2k − wr) < 2k, where wr is230

the greatest nonzero weight.231

Note that for any q-ary linear code, Aw is a multiple of q − 1 (indeed,232

given any codeword, its q − 1 multiples are codewords). Hence, we de�ne233

Bw = Aw/(q− 1). Therefore, after dividing each term by q− 1, Eqs. (7), (8)234

and (9) become:235

Bw1 +Bw2 +Bw3 =
qk − 1

q − 1
(10)

w1Bw1 + w2Bw2 + w3Bw3 = qk−12k (11)

w2
1Bw1 + w2

2Bw2 + w2
3Bw3 = qk−22k(2k(q − 1) + 1). (12)

We shall solve the system of Eqs. (10), (11) and (12) for several di�erent236

cases. Therefore, we summarize in Table 1 some results we need.237

Directly, from Table 1, we can state the nonexistence of certain self-dual238

3-weight codes.239

Proposition 18. The following self-dual 3-weight codes do not exist:240

(i) A [8, 4, 5]7 code.241
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w1 w2 w3 q k (Bw1 , Bw2 , Bw3)

5 6 7 7 4 (168,−280, 512)

5 6 8 7 4 (−8/3, 232, 512/3)

5 7 8 7 4 (224/3, 232, 280/3)

3 4 5 q 3 (q2 − 5q + 10, 3(−q2 + 5q − 5), 3(q − 1)(q − 2))

4 5 6 q 3 (15, 6(q − 4), q2 − 5q + 10)

3 4 6 q 3 (−2(q − 4), 3(2q − 3), (q − 1)(q − 2))

3 5 6 q 3 (5, 3(2q − 3), q2 − 5q + 5)

Table 1: Some results of the system of Eqs. (10), (11) and (12)

(ii) A code with nonzero weights 3, 4, 5.242

Proof. Of course, solving the system of Eqs. (10), (11) and (12) we should243

obtain positive integer values for B1, B2 and B3.244

(i) Let w1, w2 and w3 be the nonzero weights such that 5 = w1 < w2 <245

w3 ≤ 8, then (w1, w2, w3) ∈ {(5, 6, 7), (5, 6, 8), (5, 7, 8)}. These cases corre-246

spond to the �rst three rows in Table 1. In any case we always have negative247

and/or noninteger values. Consequently, no one of these codes can exist.248

(ii) By Lemma 12, q ≥ 4 and thus, by Lemma 16, k = 3. Then, by Eqs.249

(10), (11) and (12) we have B4 = 3(−q2 + 5q − 5) (see the fourth row in250

Table 1). Hence, −q2 + 5q − 5 > 0 and thus q < 4, which is a contradiction251

by Lemma 12. �252

Remark 19. For the case (i) in Proposition 18, note that a [8, 4, 5]q code
meets the singleton bound (d ≤ n−k+ 1) and thus it is a maximum distance
separable (MDS) code. The weight distribution of such codes is completely
determined and, as can be seen in [16, p. 320],

Ad = (q − 1)

(
n

d

)
.
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For q = 7, n = 8, d = 5, this gives A5 = 336 and hence B5 = 56, which does253

not coincide with the results of the system of equations. Therefore, we obtain254

a contradiction again.255

3. Self-dual completely regular codes with ρ ≤ 2256

Let C be a self-dual CR [n, k, d]q code with covering radius 1 ≤ ρ ≤ 2. In257

this section we give a full classi�cation of such codes. Note that n = 2k (since258

C is self-dual) and C is a 1-weight code (or equidistant code) or a 2-weight259

code (because s = ρ by Lemma 8). Since e ≤ ρ, we have that 1 ≤ d ≤ 6. But260

for d ≥ 5, e = ρ and C would be a perfect 2-error-correcting code, that is,261

C would be a ternary Golay [11, 6, 5]3 code which obviously is not self-dual262

(the extended ternary Golay code is self-dual, but with covering radius 3).263

Clearly, for d = 1 there is no self-dual code. Therefore, C must be a [2k, k, d]q264

code with one weight d = 2 or with two weights w1 = d ∈ {2, 3, 4} and w2,265

where d < w2 ≤ n.266

Now we study separately the cases d = 2, d = 3 and d = 4.267

3.1. The case d = 2268

This is a very simple case. If C is a self-dual CR [n, k, 2]q code, then by269

Lemmas 3 and 14, C is the direct sum of codes of length 2. If Ci is one such270

code, then Ci has generator matrix Gi = (1 α), where 1 + α2 = 0. Indeed,271

such a code is CR with covering radius 1 (and p1,1 = 2). Therefore we have272

the following characterization.273

Proposition 20. If C is a self-dual CR [n, k, 2]q code, then C is a direct
sum C = C1 ⊕ · · · ⊕ Cj, where Ci is a [2, 1, 2]q code (1 ≤ i ≤ j) and q is
such that −1 is a square in Fq. The covering radius of C is ρ = j and its
intersection array is:

IA = {2j(q − 1), 2(j − 1)(q − 1), . . . , 2(q − 1); 2, 4, . . . , 2j}.
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Proof. Straightforward from Lemma 5, taking into account that each Ci274

has covering radius 1 and intersection array {2(q − 1); 2}. �275

3.2. The case d = 3276

Recall that for any code C, the set of codewords of weight w is denoted277

by Cw.278

Lemma 21. If C is a 2-weight [n, k, 3]q code such that |supp(x)∩supp(y)| ∈279

{0, 3} for all x,y ∈ C3, then C is not CR.280

Proof. Let x,y ∈ C3 such that |supp(x)∩ supp(y)| = 0, by the assumption281

and Lemma 3 such vectors must exist. Then, C has weights 3 and 6. Any282

other codeword z ∈ C3 will have supp(z) = supp(x) or supp(z) = supp(y),283

otherwise C would have more than two weights.284

Without loss of generality, assume that x = (x1, x2, x3, 0, 0, 0) and y =285

(0, 0, 0, y1, y2, y3). Now, the vector v = (x1, v2, 0, 0, 0, 0), where v2 6= x2 is286

clearly at distance 2 to C and, since d(v,x) = d(v,0) = 2, we have Bv,2 ≥ 2.287

Now take u = (x1, 0, 0, y1, 0, 0). Clearly, d(u, C) = 2 but Bu,2 = 1. Therefore,288

C is not CR. �289

Proposition 22. If C is a self-dual CR [n, k, 3]q code with covering radius290

ρ = 2, then n = 4 or n = 8.291

Proof. By Lemmas 3 and 21, there exist codewords x,y ∈ C3, such292

that |supp(x) ∩ supp(y)| = 2 and thus |supp(x) ∪ supp(y)| = 4. Now, if293

z ∈ C3 has supp(z) ∩ (supp(x) ∪ supp(y)) 6= ∅, we claim that supp(z) ⊂294

(supp(x) ∪ supp(y)). Otherwise, without loss of generality assume that295

x = (1, x2, x3, 0, . . . , 0) and y = (1, y2, 0, y3, 0, . . . , 0). By Lemma 21, we296

can assume that z = (z1, z2, 0, 0, z3, 0, . . . , 0). Now, since q > 2 by Lemma297
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12, we can take a multiple of z, say z′ = (z′1, z
′
2, 0, 0, z

′
3, 0, . . . , 0), such that298

z′2 = x2 − y2. Hence, wt(x− y − z′) = 4. But we can take another multiple,299

say z′′, such that z′′2 6= x2 − y2. In this case, wt(x− y − z′′) = 5. So, C has300

more than two nonzero weights, leading to a contradiction.301

As a consequence, we have that C3 induces a partition of the set of coor-302

dinates in 4-subsets, implying that n is a multiple of 4. But for n > 8, clearly303

C would have more than two nonzero weights. Therefore n = 4 or n = 8. �304

For the case n = 4, we have the following necessary and su�cient condi-305

tion.306

Proposition 23. There exists a self-dual CR [4, 2, 3]q code if and only if307

there exist elements α, β ∈ F∗q = Fq \ {0} such that 1 + α2 + β2 = 0.308

Proof. Let C be a self-dual [4, 2, 3]q code and let G be a generator matrix

for C. We can write G as  1 0 a b

0 1 c d

 .

Then, by self-duality we have that 1 + a2 + b2 = 0 (also, 1 + c2 + d2 = 0).309

Conversely, if 1 +α2 +β2 = 0, then consider the code C generated by the

matrix  1 0 α β

0 1 β −α

 .

Clearly, C is self-dual.310

If C is perfect, i.e. the ternary Hamming code (see Lemma 13), then311

C is CR. If C is not perfect, then ρ ≥ 2 and, by (i) in Lemma 8, we have312

ρ = s = 2. Combining (ii) and (iv) in Lemma 8, we obtain that C is CR. In313

fact, C is a quasi-perfect uniformly packed code (see [11, Thm. 3.7]). �314
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3.3. The case d = 4315

Proposition 24. If C is a self-dual CR [2k, k, 4]q code with covering radius316

ρ = 2, then k = 4 and q = 2.317

Proof. De�ne the function

f(q, k) =
(q − 1)2k(2k − 1)

qk − 1− 2k(q − 1)
.

By Corollary 10, f(q, k) equals β−12 and must be a natural number. For318

n = 2k = 4, C cannot be a 2-weight code with minimum weight 4. Thus319

k ≥ 3. It can be checked that the derivatives with respect to q and with320

respect to k are both negative. Thus, for a �xed k (resp. q), f(q, k) is321

a decreasing function on q (resp. k). Moreover, q must be less than 16,322

otherwise f(q, k) < 1 (f(16, 3) = 75/89). Also, f(q, k) < 1 for k > 6323

(f(2, 7) = 91/113). For all the possible values (2 ≤ q < 16, 3 ≤ k ≤ 6),324

we have computationally checked that the only natural values of f(q, k) are325

f(2, 4) = 4, f(2, 3) = 15 and f(4, 3) = 3. But f(2, 3) = 15 implies Bx,2 = 15326

which is not possible for q = 2 and n = 2k = 6. Indeed, if x has weight 2,327

the number of codewords of weight 4 at distance 2 from x cannot be greater328

than 2 and, taking into account the zero codeword we have Bx,2 ≤ 3.329

As a consequence, the only possible values for q and k are (q, k) ∈330

{(2, 4), (4, 3)}, but by Lemma 15, the case (q, k) = (4, 3) is not possible.331

�332

4. Self-dual completely regular codes with ρ = 3333

Let C be a self-dual CR [n, k, d]q code with covering radius ρ = 3. In this334

section we give a full classi�cation of such codes. Note that n = 2k (since C335
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is self-dual) and C is a 3-weight code (because s = ρ = 3 by Lemma 8). Since336

e ≤ ρ = 3, we have that d ≤ 8. But for d ≥ 7, e = ρ and C would be a perfect337

3-error-correcting code, that is, C would be the binary Golay [23, 12, 7]2 code338

which obviously is not self-dual (the extended binary Golay code is self-dual,339

but with covering radius 4). Hence, C must be a [2k, k, d]q code with weights340

w1 = d ∈ {2, 3, 4, 5, 6}, w2 and w3, where d < w2 < w3 ≤ n. But the341

case d = 2 is trivial: the only possibility is the direct sum of three self-dual342

[2, 1, 2]q codes. Therefore, we study the cases d ∈ {3, 4, 5, 6}.343

4.1. The case d = 6344

Proposition 25. If C is a self-dual CR [2k, k, 6]q code with covering radius345

ρ = 3, then k = 6 and q = 3.346

Proof. De�ne the function

f(q, k) =
(q − 1)3k(2k − 1)(2k − 2)

3[qk − 1− 2k(q − 1)− k(2k − 1)(q − 1)2]
.

By Corollary 11(i), f(q, k) equals β−13 and must be a natural number. For347

length 2k = n < 8, C cannot be a 3-weight code with minimum weight 6.348

Thus k ≥ 4. It can be checked that the derivatives with respect to q and349

with respect to k are both negative. Thus, for a �xed k (resp. q), f(q, k)350

is a decreasing function on q (resp. k). Moreover, for q > 53, f(q, k) < 1351

(f(59, 4) = 23548/25911). Also, f(q, k) < 1 for k > 10 (f(2, 11) = 770/897).352

For all these possible values (2 ≤ q ≤ 53, 4 ≤ k ≤ 10), we have computa-353

tionally checked that the only natural values of f(q, k) are f(7, 4) = 9 and354

f(3, 6) = 4. But f(7, 4) = 9 implies β−13 = p3,3 = 9 which is not possible for355

n = 2k = 8. Indeed, if x has weight 3, the number of codewords of weight 6356
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at distance 3 from x cannot be greater than 1 and, taking into account the357

zero codeword, we have p3,3 ≤ 2.358

As a consequence, the only possible values for q and k are (q, k) = (3, 6).359

�360

4.2. The case d = 5361

Proposition 26. If C is a self-dual CR [2k, k, 5]q code with covering radius362

ρ = 3, then q = 7, k = 4 and the nonzero weights of C, verify (w1, w2, w3) ∈363

{(5, 6, 7), (5, 6, 8), (5, 7, 8)}.364

Proof. Assume that C is a self-dual CR [2k, k, 5]q code. Since d = 5, we365

have e = 2 and thus ρ = e+1. That is, C is a quasi-perfect uniformly packed366

code [11].367

De�ne the function

g(q, k, s) =
k(2k − 1)(q − 1)2[(2k − 2)(q − 1)− 3s]

3[qk − 1− 2k(q − 1)− k(2k − 1)(q − 1)2]
.

By Corollary 11(ii), putting s = p2,3, we have that g(q, k, s) equals β−13 and

must be a natural number. For length 2k = n < 8, C cannot be a 3-weight

code with minimum weight 5. Thus k ≥ 4. Clearly, g(q, k, s) is maximum

when s = 0 and note that g(q, k, 0) is the same that f(q, k) in the proof

of Proposition 25. In this case, as in the proof of Proposition 25, we have

that for q > 53, g(q, k, s) < 1. Also, for k > 10, g(q, k, s) < 1. Since the

minimum weight is 5, we have q > 3 by Lemma 12. For all these possible

values (4 ≤ q ≤ 53, 4 ≤ k ≤ 10, and 0 ≤ s ≤ (q−1)(2k−2)
3

, according to

Corollary 11(ii)), we have computationally checked that the only natural

values of g(q, k, s) are

g(7, 4, 0) = 9; g(7, 4, 4) = 8; g(7, 4, 8) = 7; g(7, 4, 12) = 6.
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Hence, in all cases we have n = 2k = 8 and q = 7.368

Now, by Lemma 16 we obtain w3 ≥ 7 and since n = 8, we conclude369

w3 ∈ {7, 8}. �370

Corollary 27. There is no self-dual CR [2k, k, 5]q code with covering radius371

ρ = 3.372

Proof. By Proposition 26, such a code would be a [8, 4, 5]7 code with373

nonzero weights (w1, w2, w3) = {(5, 6, 7), (5, 6, 8), (5, 7, 8)}. The result then374

follows from Proposition 18. �375

4.3. The case d = 4376

We start with a very restrictive condition.377

Lemma 28. Let C be a self-dual CR [2k, k, 4]q code with covering radius378

ρ = 3. If q > 2, then p2,2 = 2.379

Proof. Recall that pi,j is the number of codewords at distance j from any380

vector v such that d(v, C) = i. Let v = (1, α, 0, . . . , 0) be a 2-weight vector.381

Clearly, d(v, C) = 2 and 0 is a codeword at distance 2 from v. Assume that382

p2,2 > 2 and let x,y ∈ C4 be codewords such that d(v,x) = d(v,y) = 2.383

Then, x and y cover v. It holds that supp(x)∩supp(y) = supp(v) (otherwise384

wt(x − y) < 4). Since x and y must be orthogonal vectors, we have that385

α2 = −1. But this should be true for any nonzero element α ∈ F∗q. This only386

happens in the binary �eld. Thus, q = 2. �387

Now we establish the nonexistence of self-dual CR quaternary codes of388

length n ≥ 6 and minimum distance d = 4.389

Proposition 29. For ρ = 3, there is no self-dual CR [2k, k, 4]4 code.390
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Proof. If C is a self-dual CR [2k, k, 4]4 code, then C4 is a quaternary391

2 − (2k, 4, λ)-design, by Lemma 2 (where λ = 1, by Lemma 28 and since392

λ = p2,2 − 1 by Corollary 11(iii)).393

Consider the 2-weight vector v = (1, 1, 0, . . . , 0) and let x ∈ C4 be a code-394

word covering v. Without loss of generality, assume x = (1, 1, x, x, 0, . . . , 0),395

where x ∈ F∗4 (note that the coordinates of x not covering v must be equal396

because x · x = 0).397

If x 6= 1, consider the vector u = (1, x, 0, . . . , 0) and let y ∈ C4 be a398

codeword covering u. Note that η = |supp(x) ∩ supp(y)| = 3. Indeed, if399

η = 2, then x ·y = 1 +x 6= 0, and if η = 4, then wt(x−y) < 4. Without loss400

of generality, assume that y = (1, x, y, 0, z, 0, . . . , 0), where y, z ∈ F∗4. Now,401

we have that x · y = 1 + x+ xy. By self-duality, x · y = 0, implying xy = x2402

(recall that in F4, 1 + α+ α2 = 0 for α ∈ F4 \ {0, 1}), and hence y = x. But403

now, x + y = (0, 1 + x, 0, x, z, 0, . . . , 0) which has weight less than 4 getting404

a contradiction.405

If x = 1, then consider the vector u = (1, α, 0, . . . , 0) (α ∈ F4 \ {0, 1})406

and let y ∈ C4 be a codeword covering u. As before, |supp(x)∩ supp(y)| = 3407

and we can assume y = (1, α, y, 0, z, 0, . . . , 0), where y, z ∈ F∗4. In this case,408

we obtain x · y = 1 + α+ y, and since x · y = 0, y = α2. However, y · y = 0409

implies 1 +α2 +α+ z2 = 0, which gives z = 0, again getting a contradiction.410

�411

The following proposition and corollary show the nonexistence of self-dual412

CR codes for ρ = 3 and d = 4.413

Proposition 30. For ρ = 3, there is no self-dual CR [2k, k, 4]7 code.414

Proof. Consider F7 as Z7 and note that x2 ∈ {1, 2, 4} for any element415
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x ∈ Z∗7 = Z7 \ {0}. If C is a self-dual CR [2k, k, 4]7 code, then C4 is a 7-ary416

2− (2k, 4, λ)-design, by Lemma 2 (where λ = 1, by Lemma 28).417

Consider the 2-weight vectors v = (1, 1, 0, . . . , 0) and u = (1, 2, 0 . . . , 0)418

and let x,y ∈ C4 be codewords covering v and u, respectively. Note that419

η = |supp(x) ∩ supp(y)| = 3. Indeed, if η = 2, then x · y = 3 6= 0, and420

if η = 4, then wt(x − y) < 4. Thus, without loss of generality, assume421

x = (1, 1, a, b, 0, . . . , 0) and y = (1, 2, c, 0, d, 0, . . . , 0), where a, b, c, d ∈ Z∗7.422

By self-duality, on the one hand, x · x = 0, implying a2 + b2 = 5 and hence423

{a2, b2} = {1, 4}. Then a ∈ {1, 2, 5, 6}. On the other hand, y · y = 0 implies424

c2 + d2 = 2. So, c2 = d2 = 1 and hence c ∈ {1, 6}. Therefore, we have425

ac ∈ {1, 2, 5, 6}.426

Finally, we obtain a contradiction taking into account that x · y = 0.427

Indeed, x · y = 1 + 2 + ac implies ac = 4. �428

Corollary 31. There is no self-dual CR [6, 3, 4]q code with covering radius429

ρ = 3 for any prime power q.430

Proof. Assume that C is a self-dual CR [6, 3, 4]q code. By Lemma 2, the431

codewords in C4 form a q-ary 2 − (6, 4, λ)-design. Hence, according to Eq.432

(1), we have:433

A4 = λ0 = λ

(
6
2

)(
4
2

)(q − 1)2 = λ
5

2
(q − 1)2. (13)

In this case the nonzero weights are w1 = 4, w2 = 5, w3 = 6. As can be seen434

in the �fth row of Table 1, B4 = 15. Hence, A4 = B4(q − 1) = 15(q − 1).435

Comparing with Eq. (13) and by Lemma 28, we conclude that q = 7 and436

λ = 1; or q = 2 and λ = 6. But this last binary case is not possible since λ437

cannot be greater than 2, by Corollary 11(iii).438

Now, the result follows from Proposition 30. �439
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Proposition 32. There is no self-dual CR [2k, k, 4]q code with covering ra-440

dius ρ = 3 and q > 2.441

Proof. By Corollary 31 and Lemma 28, we only have to consider the cases

where k ≥ 4 and λ = 1 (recall that λ = p2,2 − 1 by Corollary 11(iii)). De�ne

the function

h(q, k, λ′) =
1

3
· k(2k − 1)(q − 1)2[2(2k − 2)(q − 1)− 4− 6(q − 2)− 3λ′]

2(qk − 1)− k(q − 1)[4 + (2k − 1)(q − 1)]
,

which is β−13 for λ = 1, according to Corollary 11(iii). Therefore, h(q, k, λ′)

must be a positive integer number. Note that h(q, k, λ′) is maximum when

λ′ = 0. For k > 10, the value of h(q, k, λ′) is less than 1. For 4 ≤ k ≤ 10, the

value of h(q, k, λ′) is greater than 1 for q ≤ 25. Hence, we have to consider

h(q, k, λ′) for 4 ≤ k ≤ 10 and 4 ≤ q ≤ 25 (by Lemma 12, q 6= 3). For

q, k ≥ 4, the denominator of h(q, k, λ′) is positive. Thus, in order to get the

numerator positive, we need λ′ < [4(k−1)(q−1)−6q+8]/3. Computationally,

we have found that the only integer values of h(q, k, λ′) for these cases are

h(4, 4, 0) = 8, h(4, 4, 5) = 2, h(4, 6, 2) = 1 and h(7, 4, 9) = 1. These values

would correspond to codes with parameters:

[8, 4, 4]4 with λ
′ = 0; [8, 4, 4]4 with λ

′ = 5;

[12, 6, 4]4 with λ
′ = 2; [8, 4, 4]7 with λ

′ = 9.

By Proposition 29, the codes with parameters [8, 4, 4]4 and [12, 6, 4]4 can-442

not be self-dual and CR. Finally, by Proposition 30, a self-dual CR [8, 4, 4]7443

does not exist. �444

Corollary 33. There is no self-dual CR [2k, k, 4]q code with covering radius445

ρ = 3.446
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Proof. By Proposition 32, we only have to consider the binary case. For

q = 2, the expression of β3 in Corollary 11(iii) becomes:

β3 =
3

2
· (λ+ 1)(2k − 1)− k[2(λ+ 1) + (2k − 1)]

k(2k − 1)(λ+ 1)[(k − 1)− λ]
,

since λ′ = 0 due to the fact that all weights must be even (see Lemma 12

and thus C5 = ∅). De�ne the function

`(k, λ) =
2

3
· k(2k − 1)(λ+ 1)[(k − 1)− λ]

(λ+ 1)(2k − 1)− k[2(λ+ 1) + (2k − 1)]
,

Clearly, `(k, λ) equals β−13 and must be a natural number. For k > 10,447

the value of `(k, λ) is less than 1. Checking all the values for 3 ≤ k ≤ 10448

and 0 ≤ λ ≤ k − 1 (according to Corollary 11(iii)), the result is that only449

`(5, 2) = 10 is a natural number. It corresponds to a [10, 5, 4]2 code. But450

such code cannot be self-dual, as can be seen in [12, Example 9.4.2].451

The conclusion is that there is no binary self-dual CR code with minimum452

distance d = 4 and covering radius ρ = 3. �453

4.4. The case d = 3454

Proposition 34. If C is a self-dual CR 3-weight [2k, k, 3]q code, then

|supp(x) ∩ supp(y)| = 2, for some x,y ∈ C3.

Proof. Otherwise, we would have |supp(x) ∩ supp(y)| ∈ {0, 3} by Lemma455

14. Hence, by Lemma 3, the length 2k should be divisible by 3 and, in fact,456

2k = 6 (9 is odd and for 2k ≥ 12, C would have more than 3 weights).457

Therefore, by Proposition 18, the weights of C would be w1 = 3, w2 ∈ {4, 5},458

w3 = 6. Since k = 3, we can apply again Eqs. (10), (11) and (12).459

For w2 = 4, as can be seen in row 6 of Table 1, B3 = −2(q − 4) which460

implies q < 4, leading to a contradiction by Lemma 12.461
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For w2 = 5, as can be seen in the last row of Table 1, B3 = 5. If462

|supp(x) ∩ supp(y)| = 3, for x,y ∈ C3, then x is a multiple of y (otherwise,463

taking appropriate multiples, we would get 0 < wt(x − y) < 3). Hence,464

B3 = 2 which contradicts the result of the system. �465

Corollary 35. If C is a self-dual CR [2k, k, 3]q code with covering radius466

ρ = 3, then k = 6.467

Proof. By Proposition 34, there exist codewords x,y ∈ C3, such that468

|supp(x) ∩ supp(y)| = 2 and thus |supp(x) ∪ supp(y)| = 4. Now, if z ∈ C3469

has supp(z) ∩ (supp(x) ∪ supp(y)) 6= ∅, we claim that supp(z) ⊂ (supp(x) ∪470

supp(y)). Otherwise, without loss of generality, assume that the vectors x471

and y have values x = (1, x2, x3, 0, . . . , 0) and y = (1, y2, 0, y3, 0, . . . , 0). By472

Lemma 14, we can assume that z = (z1, z2, 0, 0, z3, 0, . . . , 0). Now, since473

q > 2, we can take a multiple of z, say z′ = (z′1, z
′
2, 0, 0, z

′
3, 0, . . . , 0), such474

that z′2 = x2 − y2. Hence, wt(x − y − z′) = 4. But we can take another475

multiple, say z′′, such that z′′2 6= x2−y2. In this case, wt(x−y−z′′) = 5. So,476

C has weights 3, 4 and 5, which is a contradiction, by Proposition 18. De�ne477

C3(x) = {z ∈ C3 | supp(z)∩ supp(x) 6= ∅} and S(x) =
⋃

z∈C3(x)
supp(z). We478

have seen that |S(x)| = 4. Note also that any one weight vector with the479

nonzero coordinate in S(x) is covered by more that one codeword of C3(x),480

i.e. p1,2 > 1.481

Now, consider a codeword x′ ∈ C3 \C3(x) and let v be a 1-weight vector482

covered by x′. Since p1,2 > 1, there is some other codeword y′ ∈ C3 covering483

v. Hence, y′ ∈ C3(x
′) and it is not a multiple of x′. Clearly, |supp(x′) ∩484

supp(y′)| = 2 (since d(x′,y′) > 2 and by Lemma 14). Therefore, as in the485

case of S(x), we obtain |S(x′)| = 4.486
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Repeating the argument, we have that C3 induces a partition of the set487

of coordinates in 4-subsets, say P1, . . . , Pk/2, implying that 2k is a multiple488

of 4. Therefore, k is even.489

On the other hand, if we take a 2-weight vector x with one nonzero490

coordinate in Pi and the other one in Pj (i 6= j), then d(x, C) = 2 and491

Bx,2 = 1, since the zero codeword is the only one at distance 2 from x.492

Now, take any 2-weight vector y with both nonzero coordinates in Pi. Since493

|Pi| = 4, there exists some codeword z of weight 3 including the support of y494

and (taking the appropriate multiple) such that d(z,y) ≤ 2. If d(z,y) = 2,495

then By,2 > 1 and the code would not be CR. This means that any 2-weight496

vector y with both nonzero coordinates in Pi is at distance 1 from C. In497

other words, the projection of C in Pi, for any i = 1, . . . , k/2, must be a498

Hamming code of length n = (qm − 1)/(q − 1) = 4, i.e. a ternary Hamming499

[4, 2, 3]3 code which is self-dual (see Lemma 13). Since C has covering radius500

ρ = 3, there exists some 3-weight vector x such that d(x, C) = 3. Thus, x501

has the three nonzero coordinates in di�erent Pi's. This implies k ≥ 6, but502

for k > 6, C would have more than three nonzero weights. As a conclusion503

k = 6. �504

4.5. The full classi�cation505

Now, from Propositions 20, 22, 23, 24, 25, and Corollaries 27, 33, 35, we506

obtain the main classi�cation theorem.507

Theorem 36. Let C be a self-dual CR [n, k, d]q code.508

(i) If d ≤ 2, then C is the direct sum of j copies (j = 1, 2, . . .) of a [2, 1, 2]q
code with generator matrix (1 α) such that α2 = −1. Such q-ary code

29



exists if and only if −1 is a square in Fq. The code C has covering
radius ρ = j and intersection array

IA = {2j(q − 1), 2(j − 1)(q − 1), . . . , 2(q − 1); 2, 4, . . . , 2j}.

(ii) If d = 3 and ρ = 1, then C is the ternary Hamming [4, 2, 3]3 code with
intersection array

IA = {8; 1}.

(iii) If d = 3 and ρ = 2, then C is509

(iii.i) the direct sum of two ternary Hamming [4, 2, 3]3 codes, that is, C
is a [8, 4, 3]3 code with weights w1 = 3 and w2 = 6, and intersection
array

IA = {16, 8; 1, 2};

or510

(iii.ii) any [4, 2, 3]q code with generator matrix511

G =

(
1 0 α β
0 ξ β − α

)
, (14)

where α, β ∈ F∗q are two elements such that 1+α2+ β2 = 0, ξ2 = 1
and q > 3. C has weights w1 = 3 and w2 = 4, and intersection
array

IA = {4(q − 1), 3(q − 3); 1, 12}.

(iv) If d = 3 and ρ = 3, then C is the direct sum of three ternary Hamming
[4, 2, 3]3 codes, that is, a [12, 6, 3]3 code with weights w1 = 3, w2 = 6,
w3 = 9 and intersection array

IA = {24, 16, 8; 1, 2, 3}.

(v) If d = 4 and ρ ≤ 3, then C is the extended binary Hamming [8, 4, 4]2
code, with weights w1 = 4 and w2 = 8 (so, an antipodal code), and with
intersection array

IA = {8, 7; 1, 4}.

(vi) If d = 5 and ρ ≤ 3, C does not exist.512
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(vii) If d = 6 and ρ ≤ 3, then C is the extended ternary Golay [12, 6, 6]3
code, with weights w1 = 6, w2 = 9, w3 = 12 (so, an antipodal code),
and with intersection array

IA = {24, 22, 20; 1, 2, 12}.

No other self-dual CR codes with ρ ≤ 3 exist.513

Proof. (i) Direct from Proposition 20.514

(ii) In this case, since e = ρ = 1, C is a self-dual perfect single-error-515

correcting code. Hence, C is a self-dual Hamming code and, by Lemma 13,516

C is the ternary Hamming [4, 2, 3]3 code. The intersection array is trivial517

and can be seen, for instance, in family (F.1) of [4].518

(iii) By Proposition 22, C has length n = 4 or n = 8.519

(iii.i) If n = 8, let C be a self-dual CR [8, 4, 3]q code with covering radius520

ρ = 2. By the argument in the proof of Proposition 22, the set of coordinates521

{1, . . . , 8} is partitioned into two 4-subsets, say A and B, such that any522

codeword of weight 3 has its support contained in A or in B. Since C must523

be a 2-weight code, these weights are trivially w1 = 3 and w2 = 6. Therefore524

C is the direct sum C = C1 ⊕ C2 of two 1-weight codes (whose nonzero525

codewords have weight 3). It is clear that C is self-dual if and only if C1 and526

C2 are self-dual.527

On the other hand, if we take a 2-weight vector x with one nonzero528

coordinate in A and the other one in B, then d(x, C) = 2 and Bx,2 = 1,529

since the zero codeword is the only one at distance 2 from x. Now, take530

any 2-weight vector y with both nonzero coordinates in A (or in B). Since531

|A| = |B| = 4, there exist some codeword z of weight 3 including the support532

of y and (taking the appropriate multiple) such that d(z,y) ≤ 2 (note that533
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q > 2 by Lemma 12). If d(z,y) = 2, then By,2 > 1 and the code would not be534

CR. This means that any 2-weight vector y with both nonzero coordinates535

in A (or in B) is at distance 1 from C. In other words, C1 and C2 must be536

self-dual Hamming codes. By Lemma 13, C1 and C2 are ternary Hamming537

codes of length 4. Therefore, C is the direct sum of two ternary Hamming538

[4, 2, 3]3 codes. Indeed, the direct sum of perfect codes is a CR code (see539

Lemma 5). The intersection array follows from (ii) and Lemma 5.540

(iii.ii) If C is a self-dual [4, 2, 3]q code, then consider a generator matrix

for C in the form

G =

 1 0 a b

0 1 c d

 .

Multiplying the second row by the appropriate value (in fact bc−1), we can

get the matrix

G =

 1 0 a b

0 ξ b ξ′

 .

Since both rows must be orthogonal, we obtain that ξ′ = −a, and by self-541

orthogonality of the second row, we have ξ2 = 1. Now, by Proposition 23,542

such code is CR. By Lemma 12, q = 2 is not possible, and for q = 3 there are543

only codewords of weight 3, i.e. the case (ii) with ρ = 1. Therefore q > 3.544

By Proposition 23, the necessary and su�cient condition for the existence

of such self-dual CR codes is the existence of elements α, β ∈ F∗q such that

1 + α2 + β2 = 0. For q = 2r and r > 1, we have 1 + α2 + β2 = (1 + α + β)2.

Hence, the condition is equivalent to the existence of α, β ∈ F∗q such that

1 + α + β = 0. Obviously such values exist always. A generator matrix can
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then be written as

G =

 1 1 1 1

1 0 α β

 ,

since (1, 1, 1, 1) is orthogonal to any codeword and thus it is a codeword.545

These antipodal codes correspond to the family (F.48) in [4]. The intersection546

array can also be seen in [4].547

However, for odd q, the existence of the values α and β is not guaranteed.

For example, it is easy to see that for q = 5 there are no such values. Whereas

for q = 7 we can �nd these values. For example, considering F7 as Z7, a self-

dual CR [4, 2, 3]7 code is generated by the matrix 1 0 2 3

0 1 3 5

 .

For these cases where q is odd, the intersection array must be the same, since548

all parameters (except q) are the same that for the case of even q.549

(iv) In this case, by Corollary 35, C must be a [12, 6, 3]q code. By the550

argument of the proof of Corollary 35 (similar to the case (iii.i)), C is the551

direct sum of three ternary Hamming [4, 2, 3]3 codes. The intersection array552

follows from (ii) and Lemma 5.553

(v) By Proposition 24 and Corollary 33, we have that C is a [8, 4, 4]2 code.554

This is the well-known binary extended Hamming code of length 8, which555

is self-dual. Trivially the weights are 4 and n = 8. This code falls into the556

family (F.2) in [4], where the intersection array is also speci�ed.557

(vi) Since d = 5, we have that e = 2. Hence ρ > 2, otherwise C would558

be a perfect doubly-error-correcting code. The only such code is the ternary559
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Golay [11, 6, 5]3 code, which obviously is not self-dual. For ρ = 3 the code C560

cannot exist by Corollary 27.561

(vii) For d = 6, again ρ > 2, and for ρ = 3 we have that C is a [12, 6, 6]3562

code, by Proposition 25. As can be seen in [9, 19], any code with these563

parameters must be the extended ternary Golay code, which is self-dual.564

The weights of such code are 6, 9 and 12, as can be seen, for example, in565

[16]. This code corresponds to (S.12) in [4], where the intersection array is566

also speci�ed. �567

5. Concluding remarks and further research568

Let q′ be a prime power such that −1 is a square in Fq′ . Then, from569

Theorem 36, we see that the parameters for self-dual CR codes are570

� For ρ = 1: [2, 1, 2]q′ , [4, 2, 3]3.571

� For ρ = 2: [4, 2, 2]q′ , [4, 2, 3]q, [8, 4, 3]3, [8, 4, 4]2.572

� For ρ = 3: [6, 3, 2]q′ , [12, 6, 3]3, [12, 6, 6]3.573

For ρ = 4, obviously we have the codes with parameters [8, 4, 2]q′ and574

[16, 8, 3]3, corresponding to the direct sums of four copies of a self-dual575

[2, 1, 2]q′ code and four copies of the ternary Hamming [4, 2, 3]3 code. In576

addition, we have the binary extended Golay [24, 12, 8]2 code. For ρ > 4,577

apart from the direct sums of copies of a self-dual CR code with ρ = 1, it578

seems that there are no other possibilities. However, the techniques used579

here become of high complexity for ρ > 3.580
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For q = p2 (p prime) it is often considered Hermitian duality. The Her-

mitian inner product between two vectors v,u ∈ Fnq is de�ned as

< v,u >H= v · ū =
n∑
i=1

viūi ∈ Fq,

where ūi = upi is the conjugation of ui. Results on Hermitian self-duality581

can be seen, for example, in [15]. For any code C ⊆ Fnq , it is easy to verify582

that the Hermitian dual code C⊥H = {x ∈ Fnq |< x,v >H= 0, ∀v ∈ C}583

coincides with C⊥ = {v̄ | v ∈ C⊥}. Hence, the parameters (including the584

weight distribution) of C⊥H are the same that those of C⊥. Therefore several585

results of this paper applies also to Hermitian duality. However, there are586

notorious exceptions as for the case of Lemma 15, where we have proven the587

nonexistence of a self-dual [6, 3, 4]4 code. But the so-called hexacode (see [12,588

Sect. 10.3]) is a Hermitian self-dual CR [6, 3, 4]4 code. Thus the classi�cation589

given by Theorem 36 is not valid for Hermitian self-duality, but it should not590

be di�cult to state a similar classi�cation for Hermitian self-dual CR codes.591

Another future work could be the study of self-dual CR additive codes.592

An additive code is an additive subgroup of Fnq , hence not necessarily linear.593

Self-dual additive codes has been studied, for example in [10]. Also, CR594

additive codes has been studied in several papers, for example in [14].595
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