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Abstract

We obtain the list of automorphism groups for smooth plane sextic curves over an alge-
braically closed field K of characteristic p = 0 or p > 21. Moreover, we assign to each
group a geometrically complete family over K that describe the corresponding stratum, that
is, a generic polynomial equation with parameters such that any curve in the stratum is K-
isomorphic to a smooth plane model obtained by specializing the values of those parameters
in K. Additionally, we explore the connection with K3 surfaces of degree 2.
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1 Introduction

Smooth plane curves of degree d > 4 with non-trivial automorphism groups hold significant
importance across various mathematical disciplines. For instance, in algebraic geometry, they
are pivotal in the study of the Cremona group Bir(IP?(C)) of the complex projective plane
P2(C). Understanding the dynamics of Cremona transformations defines them as dynamical
systems. Notably, the finite subgroups of Bir(P>(C)) are classified by the set of birational
classes of curves of fixed genus, which has been crucial in identifying infinitely many con-
jugacy classes of elements of order 2n for any integer n. See [9, 10] for further details.
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Smooth plane sextics also play a crucial role in the theory of K3-surfaces, which are
closely tied to physics. In [16], the conjecture that the maximal number of lines on a smooth
2-polarized K3-surface is 144 was explored, exemplified by the double plane X — P2
ramified over the smooth sextic curve

X0+ v+ —10xX°Y+ Y22+ X372 =o0.

The conjecture was proved in [17] in terms of tritangents to the ramification locus C C P2
(a smooth sextic curve) rather than lines in the surface X — P2. Additionally, smooth plane
sextics are rich subjects in arithmetic geometry. Notably, they were the first instances where
counterexamples were found demonstrating that not every twist C” of a smooth curve C over
a field K is given by a smooth plane model over K, even if C itself is. Further elaboration
on this topic can be found in [5, 6].

The study of the automorphism groups of smooth curves of genus g > 2, defined over an
algebraically closed field K has long been a subject of interest in algebraic geometry. The
celebrated Hurwitz bound, established by Hurwitz [37], serves as a universal limit that is
sharp for infinitely many genera. Oikawa [54] and Arakawa [1] improved upon this bound
by considering cases where the automorphism group fixes finite subsets of points on the
curve. These results are particularly useful in the study of automorphism groups. While the
structure of automorphism groups is well-understood for hyperelliptic curves, see [12, 13, 55,
56], much remains to be explored for non-hyperelliptic curves, except in some special cases
such as low genus and Hurwitz curves, see [11, 33, 44-46]. This knowledge gap motivates
further investigation into smooth plane curves of degree d > 4.

In the moduli space Mgl of smooth plane curves of degree d > 4 (thus, genus g =

1
5 (d —1)(d —2)) over the field K, each isomorphism class C can be represented by a defining

equation C : F(X, Y, Z) = 0 of degree d of a smooth curve in ]P’%(. The automorphism group
Aut(C) can be viewed as the finite subgroup of PGL3(K) that preserves this smooth plane
model C : F(X,Y,Z)=0in IP’%{. Additionally, for a finite non-trivial group G, we consider
the stratum Mlg)l (G) consisting of K -isomorphism classes of smooth plane curves C of genus
g such that Aut(C) contai/nig subgroup iso/nlclrphic to G. In the case where Aut(C) itself is
isomorphic to G, we use Mgl(G), so that Mgl(G) C Mgl(G).

This leads to the following two natural questions.

Question1 Let G be a finite non-trivial group. What are the values of d such that the

corresponding stratum ./\/lgl(G) % (), that is, there exists a smooth plane curve C of degree
d over K whose Aut(C) isomorphic to G?

As far as we are aware, a comprehensive answer to the aforementioned question remains
elusive, with only a handful of spegifll/ cases addressed. For example, through the work of S.
Crass in [15, p.28] we know that /\/lgl(A6) # () exactly whend = 6,d = 12 and d = 30,
where Ag is the alternating group on six letters. The recent work of Y. Yoshida in [59] provides
similar results when G is the alternating group As or the Klein group PSL(2, 7).

Building upon the research of P. Henn in [33] and Komiya—Kuribayashi in [43] for degree
4 curves, and extending the work of Badr—Bars [2] for degree 5 curves, the following question
arises.

1
Question 2 Fix an integer g = E(d — 1)(d — 2) = 3. What does the stratification of the
K -isomorphism classes of smooth plane curve C of degree d by automorphism groups over
K look like? Equivalently, determine the list of finite groups G so that Mgl(G) # 0.
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In this paper, our objective is to address Question 2 specifically for degree 6 curves, which
correspond to genus 10 curves. Apart from targeted computations to establish or refute the
existence of specific cases, our approach relies significantly on the contributions of Badr—
Bars in [3] and Harui in [30] for characteristic p = 0. We also guarantee that the results we
present for p = 0 remain valid for characteristic p > 2g + 1 = 21, as generally established,
for instance in [4, §6].

Additionally, it is noteworthy that Doi—Idei—Kaneta in [18] demonstrated that the max-
imum order of the automorphism group of smooth plane sextics is 360. Furthermore, they
established that the most symmetric smooth plane sextic curve is K -isomorphic to the Wiman
sextic curve:

We : 27X +9X(Y° + Z°) — 135X*YZ — 45X%Y?Z2 + 10Y3Z° =0

whose automorphism group equals Ag. They investigated the presence of smooth plane
sextics invariant under a p-group G, where G has an order dividing 360 and p is a prime
integer. The classification presented in our paper, specifically Theorem 2.1, represents a
significant extension of their findings. For example, we establish the existence of infinitely
many smooth plane sextic curves that are Qg invariant. Here, “infinitely many" denotes curves
that are not projectively equivalent, which diverges from [18, Lemma 2.11]. We elucidate the
precise relationship between our results and those of [18] immediately following Theorem
2.1; please refer to Corollary 2.3 for a detailed discussion.

2 Statement of the main result

Notations. Throughout the paper, X, Y and Z are the homogeneous coordinates of the pro-
jective plane P?(K) over K. For B € {X,Y, Z}, L; p denotes the generic homogeneous
polynomial of degree i in the variables {X, Y, Z} \ {B}. Additionally, a projective linear
transformation A = (g; ;) € PGL3(K) is sometimes written as

[ X +a12Y +a13Z a1 X +az2Y +ax3Z a3 1 X +az Y +az3Z].

Moreover, we adopt the standard indexing convention of the atlas for small finite groups
[26]. Here “SmallGroup(n, m)“ refers to the finite group of order n that appears in the m-th
position of that atlas. See also GroupNames.

Regarding Question 2 for smooth plane sextic curves, we obtain:

Theorem 2.1 Let K be an algebraically closed field of characteristic p, where p = 0 or
p > 21. InTable 1, we provide a listing of automorphism groups of smooth plane sextics over
K, accompanied by geometrically comf_l\eie defining polynomial equation F(X,Y,Z) =0
over K for each stratum. Specifically, /\/l?(G) # @ if and only if G corresponds to one of
the groups that appear in Table 1.

Some of the groups G in the list do not have a unique representation in PGL3(K), specifi-
cally, this occurs for G being (Z/SZ)2 , L)6Z, 7|57, or 7] 37Z. For these cases, we use the o
prefix to distinguish between the different representations of the same group. For simplicity,
we also omit the algebraic conditions on the parameters ensuring that each family remains
smooth and does not admit a larger automorphism group.

Secondly, the following diagram illustrates the structure of the stratification of smooth
plane sextic curves by their automorphism groups.
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The stratification by automorphism groups...

Remark 2.2 Tt is important to note that some conjugacy classes of subgroups H € G C
PGL3(K) are represented by larger strata. For instance, the subgroup Z/5Z, which is embed-
ded in PGL3(K) as H = (diag(1, ¢s, ;'571)), corresponds to the stratum Dg. This means that
any smooth plane sextic curve with an automorphism group containing this Z /57 subgroup
will always have an automorphism group larger than just Z/57Z itself.

Also, not all conjugacy classes of subgroups H € G C PGL3(K) are realized by the
adjacencies of the respective strata, e.g. for example the group Z /157, which is represented
in PGL3(K) as H = (diag(1, 1, {15)), does not appear as automorphism group of a smooth
plane curve of degree 6, but it appears (diag(1, {155, {165) which is not conjugate of H in
PGL3(K).

Corollary 2.3 We align the following observations with the findings in [18] concerning the
subgroups of automorphisms for smooth plane sextics of orders 5, 8, 9, and 27, respectively.

1. We find that M]fg) (Q((),l) (Z/SZ)) N M%(AQ = (), consistent with [18, Proposi-
tion 2.13]. Also, le(lJ (Q(]yz) (Z/SZ)) exhibits two disjoint ES-irreducible components:

MPL (Q(l,z) (Z/SZ)) and./\/l% (D1g) = MPyp (D1g) U MPlyg (Ag), in agreement with
[18, Lemma 2.14].

2. We find that le(l)(Qg) # ), in contrast to [18, Lemma 2.11]. Specifically, this stratum is
two-dimensional and decomposes as follows:

MEBQg) = MPlig (Qg) U MPlig (SD1g) U MPlig (Z/3Z x GLy(F3)) U MPljg (Hessyi) -

However, the key finding from [18] asserting the Wiman sextic as the most symmetric
smooth plane sextic remains valid.

3. We observe that /\/lll)(l)(G) = W when G = ZJ27 x Z]4Z or (Z/ZZ)3, consistent with
[18, Lemmas 2.8 and 2.9]. Also, M%(G) % ) for G = Z/8Z and Dg, each possessing
a single ES-irreducible component. Specifically,

MAN(2/8Z) = ME(SDi6) = MEL(SD16) L MEN(Z/3Z x GLo(F3)),

and
M D) = MELDg) 1 MELS9 U ME(Ae) U MEZ/3Z 5 S9) 1 MBS (2/62)% x53).

4. The strata MY\(G) = 0 for G = Z/9Z and (Z/3Z)*, which follows [18, Lemmas 1.4
and 1.5].

5. For the Heisenberg group Hes of order 27, generated by S, U, T, we obtain that
M%(Heg) # ¥, and also M%(He3) N M%(Aé) = (. This is again consistent with
[18, Lemmas 1.8 and 1.9]. Moreover; we refine this result by demonstrating that

—

MG (Hes) = M (Z/32)* % Z/6Z) U My (Z/6Z)* x S3) 1 ME) (Hessaie) -

In the stratification, we observe another instance of a phenomenon absent in quartics but
emerging in quintics for the first time and now in sextics. In [8], Badr-Lorenzo introduced
the concept of a final stratum defined by automorphism groups, which means a non-zero
dimensional stratum that does not properly contain any other stratum. This might seem
counterintuitive, as one might expect additional conditions on parameters to result in larger
automorphism groups. However, they demonstrated in [8] that this pattern is typical for higher
odd degrees d such that d = 1 mod 4.
For even degrees, we present the following example:
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Corollary 2.4 In the class of smooth sextics there is but a single final stratum, namely

—

MPyo (e1.2) (Z/5Z)).

Remark 2.5 We have confirmed the uniqueness property of the final stratum for smooth
quintic and sextic curves. While this behavior holds for these two cases, it is not clear whether
the same property persists for curves of higher degree (d > 7). Further investigation would
be needed to determine whether a similar pattern arises in higher degrees, or if additional
factors influence the structure of the strata.

2.1 Connection with K3 surfaces

Given a K3 surface X, there exists an unique (up to scaling) holomorphic 2-form wy asso-
ciated with it. Automorphisms of X that preserve wy are called symplectic. We denote by
Autgy,, (X) the normal subgroup of Aut(X') given by the symplectic automorphisms of X'.

Assume that the full automorphism group Aut(X’) of X is finite, meaning that X admits
an ample class invariant under the action of Aut(X). Let p : Aut(X) — C* be the group
homomorphism defined by:

o™ (wx) = p(o) -wx for o € Aut(X).
This gives rise to the exact sequence:
1 — Autgy,, (X) — Aut(X) LA mn — 1

Concerning the non-symplectic part u, of Aut(X’), numerous studies have sought to classify
the cyclic groups that can appear in this context. For instance, we have ¢(n) < 20, where
¢ denotes Euler’s totient function, see the pioneering work in the subject by Nikulin [52].
Notable references include works by Kondo [40], Xiao [57], Machida—Oguiso [47], among
others, though we acknowledge possible omissions. For symplectic automorphisms, Nikulin’s
result [52, 53] shows that finite-order symplectic automorphisms have orders < 8, and he
classified the finite abelian groups that can act as symplectic automorphism groups of K3
surfaces. Later, Mukai [51] showed that Aut,y,, (X) can be embedded in the Mathieu group
M>3 as a subgroup of one of the following maximal symplectic groups:

PSL(2,7) (order 168) Mjo  (order 960)
Faga = (Z/27)* xSy (order 384) Ag (order 360)
Agq = (S4xS4)NAg (order 288) Ti9o = (Qg*Qg) x S3 (order 192)
Higp = (Z/2Z)4 x Dyy (order 192) S5 (order 120)
N7y = (Z/3Z)* x Dg (order 72) Mo = (Z/3Z)* x Qg (order 72)

Tsg = Qg xSz (order 48).

Further work is focused on determining which subgroups of these 11 groups can appear
as the symplectic automorphism group of a K3 surface. Consequently, it has been proven
that each of these maximal groups can indeed serve as the symplectic automorphism group
for some K3 surface. The existence of these groups was established by Mukai himself, who
provided explicit equations for each of the 11 groups. Additionally, Xiao provides a complete
list of finite groups that can act as symplectic automorphisms of K3 surfaces, detailing 81
distinct cases in [58, Theorem 3]. Other contributions, such as those by Garbagnati et al.
[27-29], Hashimoto [32], and Kondo [42], further investigate the possible subgroups in this
context.
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In most cases, the study of symplectic automorphisms focuses on the action of G =
Autyy,, (X) on the K3 lattice A := H%(X, Z), and the isometry class of the invariant lattice
A, also known as the orthogonal group of the K 3 lattice A. Nikulin observed that for abelian
groups, this class is unique up to isomorphism, allowing for the description of moduli spaces
of K3 surfaces with finite abelian symplectic automorphisms. However, for non-abelian
groups, unicity is not always guaranteed, although it holds in most cases [32]. For cases in
positive characteristic, the techniques discussed here do not extend, as shown by Dolgachev
and Keum in [19].

Returning to the case of smooth plane sextics, a K3 surface X of degree 2 over C can be
viewed as a double cover of the projective plane P>(C), branched along a sextic plane curve
C defined by F(X, Y, Z) = 0. In a more concrete construction, X can be realized in the
weighted projective space P> as the set of points satisfying:

X={tX,Y, 2) et 2= F(X,Y, 7))

The converse also holds, as a given plane sextic curve C defines a unique double cover V(C)
of the projective plane, whose desingularization is a K3 surface of degree 2 if and only if
the singularities of V(C) are isolated rational double points, as clearly stated in [38]. This
condition is trivially satisfied when C : F(X, Y, Z) = 0 is smooth. On the other hand, the
involution g : (t, X, Y, Z) — (—t, X, Y, Z) on X has infinitely many fixed points, namely,
the points on the smooth degree 6 curve C. Consequently, by [41, Lemma 8.25], we conclude
that g is a non-symplectic automorphism. Moreover, some of the automorphisms of C can
be symplectic, but others are not as will be illustrated as we go.

Our results, particularly in Theorem 2.1, offer a list of finite-order automorphisms for
K3 surfaces of degree 2, though not necessarily symplectic, building on the work of Xiao
[58]. We take an ad-hoc approach by constructing automorphisms of smooth plane sextics
to describe a moduli framework, touching upon the question of uniqueness of the action of a
fixed symplectic group on X'. However, our techniques do not delve into the more advanced
study of the automorphism group’s action on the lattice A or its representation within the
Mathieu group M»3. Specifically, we observe the following:

(i) Given that the finite-order symplectic automorphisms of K3 surfaces have order at
most 8, we can rule out the following groups in Theorem 2.1 as possible symplectic

subgroups.
(Z./67) x S3 Z/37 x GLy(FF3) ZJ217Z x 7.)3Z
7./30Z 7.)257. 7.J3Z x Dg
Z/157Z Z/10Z

(ii) Although, Z /37 x GL,(FF3) does not act symplectically, it includes the maximal sym-
plectic group T3 (also known as GL,(F3)), which is realized by a degree two K3
surface (see [51, Example 0.4]). Thus, we conclude that the following subgroups of
GL;(FF3) act symplectically:

SDi¢ Qs Z/AZ (Z)27)* Z/27

Similarly, the Hessian group Hess»1¢ does not act symplectically, since its order is not
a divisor of any of the eleven maximal symplectic groups. However, it includes the
Mathieu maximal group Mg (also known as the Hessian group Hess7,), which can be
realized by a degree two K 3 surfaces. Therefore, we can also deduce that the following
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subgroups of My acts symplectically:
Hessszg ZJ37Z % S3 S3 0,2 (Z/37Z)

3 Automorphisms of maximal order and defining equations

Suppose that C : F(X, Y, Z) = 0is a smooth plane sextic curve with non-trivial automor-
phism group Aut(C) € PGL3(K) over an algebraically closed field K of characteristic 0,
and let o € Aut(C) be of maximal order m. Up to projective equivalence, we can assume
thato actsas (X : Y : Z) > (X : {oY : ;,l,’, Z), where ¢, denotes a fixed primitive m-th
root of unity in K, and a, b are integers with 0 < a < b < m — 1. In this case, we say that
C is of Type m, (a, b).

Our findings in [3] enable us to enumerate all possible Types m, (a, b) for a fixed degree
d. In particular, we know that the positive integer m should divide 21, 24, 25 or 30, see [3,
Corollary 33]. On the other hand, we can we construct for each Type m, (a, b) a geometrically
complete family over K . That is, a defining polynomial equation F,, (4.5 (X, Y, Z) = 0 with
parameters B; ; € K as its coefficients, where any smooth plane degree d curve of Type
m, (a, b) is defined over K by a specialization of those parameters.

As a consequence, we obtain:

Proposition 3.1 Let C be a smooth plane curve of degree 6 over K. Then, C falls into one
of the following specified types. Particularly, we can see that ./\/l[f(l) (Z/mZ) # O if and only
ifme{2,3,4,5,6,7,8,10, 12, 15,21, 24, 25, 30}.

4 The automorphism groups for very large Types m, (a, b)

In this section we determine the automorphism group Aut(C) in cases where there is 0 €
Aut(C) of order m = d(d — 1), (d — D2, d(d —2), d*> —3d + 3, or q(d — 1) for some
g > 2. To do so, the following result is needed, see [3, 30]:

Theorem 4.1 Let C be a smooth plane degree d curve of Type m, (a, b).

1. If m = d(d — 1), then Aut(C) is cyclic of order d(d — 1). In this scenario, C is
K- lsomorphlc to C : X9 4+ Y94+ X297V = 0, where Aut(C) = (o) with o =
diag(l, fd(d 1)’§j(d—]))'

2.Ifm = (d — 12, then Aut(C) is cyclic of order (d — D2. In this scenario, C is
K-isomorphic to C : Xd + Y9lZ 4 X791 = 0, where Aut(C) = (o) with
o _dlag(l {(d 1)2» ;(d 1)2))

3. Ifm = d(d—2), then C is K -isomorphicto C : X +Y4=1Z 4y 791 = 0. Ford + 4, 6,
Aut(C) is a central extension of the dihedral group Dyq—_2) by Z/d7Z. More precisely,

Aut(C) = (0, 10?42 =72 =1, tor =0~ "D ),

with o = diag(1, La@—2). £y ) and © = [X : Z : Y). Thus it has order 2d(d — 2).
For d = 6, C admits an extra automorphism of order 3 namely, T’ = [X : C(g'gZ —-Y):
Lge(L8Z — Y) withc = H—{“ So Aut(C) is a central extension of S4 by Z,/6. Lastly, for
d =4, C is K-isomorphic to the Fermat quartic curve Fy : X* + Y* + Z* = 0. Hence,
Aut(C) would be isomorphic to (Z/47)?* x Sz of order 96.
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4. Ifm = d* —3d +3, then C is K -isomorphic to the Klein curve defined by Kgq : X4~'Y +
Y4=-17 4 741X = 0. Moreover, for d > 5, we have

Aut(C) = (o, T|0d273d+3 = =117lor ==V,

with o = diag(1, {2 3443, ;‘6;2@;33) andt = [Y : Z : X]. Consequently, Aut(C) has
order 3(d* — 3d + 3).
5. Ifm = q(d — 1) for some q > 2, then we guarantee that Aut(C) is cyclic.

Substituting d = 6 in Theorem 4.1 yields:

—~——

Corollary 4.2 The stratum ME\(G) # 9 if G = Z/30Z, Z/25Z, Z/3Z x GLy(F3),
ZJ21Z x Z/3Z, ZJ15Z, or 7] 10Z. Moreover, the table below presents the generators and
the defining equations corresponding to each types up to projective equivalence.

Proof Cases (1), (2), and (4) are established by applying Theorem 4.1-(1), (2), and (4)
to Table 2-(1), (2), and (4), respectively. For the Klein sextic curve, with o1 = o’
diag(1, ¢3, 432), oy =07 = diag(1, &7, {73), and o3 = [Z : X : Y] we have:

.3 7 3 —1 4
Aut(Ke) = (01, 02,03 : 0] =0, =03 = 1, 0102 = 0201, 0103 = 0301, 030205 = 05)

This is precisely SmallGroup(63, 3) = Z/21Z x Z/3Z as claimed.

On the other hand, if C is of Type 24, (1, 19), then Theorem 4.1-(3) implies that Aut(C)
contains the subgroup H = (o, t), which is isomorphic to SmallGroup(48, 26) Among all
central extensions G of S4 by Z/67Z, SmallGroup(144, 122) is the unique one containing
such a subgroup. For further details refer to Extensions of Sy by Z/6Z.

Regarding a curve C of Type 15, (5, 6), Theorem 4.1-(5) with ¢ = 3 guarantees that
Aut(C) is always cyclic. According to [3, Proposition 22, Appendix A], the curve C is
defined by an equation of the form:

XS+ Y8+ XZ° 4+ B33(XY)? =0.

Moreover, Aut(C) equals Z/30Z if and only if 83 3 = 0. The additional condition 33 7#= +2
ensures the smoothness of C.
Similarly, a smooth plane curve C of Type 10, (5, 6) is given by an equation of the form:

X0+ YO+ XZ° 4 BuaX*Y? 4 BruX?Y* =0,

where Aut(C) is also cyclic. If it is larger than Z/10Z, then it should be Z/30Z, which occurs
if and only if B42 = B2.4 = 0, a condition excluded by assumption. O

5 Preliminaries about automorphism groups

The classification of finite subgroups G of PGL3(K) is well-established in the field. For
instance, Mitchell [50] provided a comprehensive classification using geometric methods.
Mitchell demonstrated that unless is primitive and conjugate to specific groups listed, it either
fixes a point, a line, or a triangle. Notably, Maschke’s theorem in group representation theory
establishes equivalence between fixing a point and fixing a line (and vice versa), implying
that if G fixes a point (respectively, a line), it also fixes a line not passing through the point
(respectively, a point not lying on the line).

Notations. For a non-zero monomial cX1Y"2Z3 with ¢ € K*, its exponent is defined to
be max{iy, iz, i3}. For a homogenous polynomial F (X, Y, Z), the core of it is defined to be
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the sum of all terms of F with the greatest exponent. Now, let Cp be a smooth plane curve

over K, a pair (C, G) with G < Aut(C) is is termed a descendant of Cy if C is defined by a

homogenous polynomial whose core is a defining polynomial of Cp, and G acts on Cp under

an appropriate change of variables, i.e. G is PGL3 (K )-conjugate to a subgroup of Aut(Co).
The elements of PGL3(K) having the form:

100
0 % %
0 % %

are termed intransitive. The subgroup of PGL3(K) consisting of all intransitive elements is
denoted by PBD(2, 1). Obviously, there is a natural map A : PBD(2, 1) — PGL;(K) given
by

100
0% % | e PBD2, 1)~ (: :) € PGL>(K).
0% %

In order to determine the complete automorphism groups of other types of smooth plane
sextic curves, Theorem 5.1 below proves invaluable. It can be viewed as a projection of
Mitchell’s classification onto smooth plane curves. For further insights, refer to Harui’s work
[30, Theorem 2.1].

Theorem 5.1 Let C be a smooth plane curve of degree d > 4 defined over an algebraically
closed field K of characteristic 0. Then, one of the following scenarios applies

1. Aut(C) fixes a point on C, so it is cyclic.
2. Aut(C) fixes a point not lying on C. This situation can be understood through the following
commutative diagram, with exact rows and vertical injective morphisms:

l— = K*—=PBDQ2, 1) 2~ PGLy(K) — 1

1 N Aut(C) G’ 1

where N is a cyclic group such that |N||d, and G, a subgroup of PGL,(K), can be

(i) A cyclic group 7./mZ of order m withm < d — 1,
(ii) A Dihedral group Doy, of order 2m such that |IN| = 1 orm | (d — 2),
(iii) One of the alternating groups A4, As, or the symmetry group Sa.

3. Aut(C) is conjugate to a subgroup G of Aut(Fy), where Fy is the Fermat curve X +
Y + 79 = 0. Here, |G| divides | Aut(Fy)| = 6d?, and (C, G) is a descendant of Fy.

4. Aut(C) is conjugate to a subgroup G of Aut(KCz), where Ky is the Klein curve XY?4~1 +
YZ41 42X In this instance, | Aut(C)| divides | Aut(Ky)| = 3(d* — 3d + 3), and
(C, G) is a descendant of Kgq.

5. Aut(C) is conjugate to one of the finite primitive subgroup of PGL3 (K ) namely, the Klein
group PSL(2,7), the icosahedral group As, the alternating group As, or to one of the
Hessian groups Hess, with x € {36, 72, 216}.

@ Springer



The stratification by automorphism groups...

Remark 5.2 In Theorem 5.1 N can be viewed as the part of Aut(C) acting on the variable B €
{X, Y, Z} and fixing the other two variables, while G is the part actingon {X, Y, Z}\{B} and
fixing B. For example, if B = X, then every automorphism in N takes the form diag(¢,, 1, 1)
for some nth root of unity ¢,.

An homology of period  is a projective linear transformation of the plane P> (K ), PGL3 (K )-
conjugate to diag(1, 1, ), where ¢, is a primitive nth root of unity. Such a transformation
fixes pointwise a line £ (its axis) and a point P off this line (its center). In its canonical form,
L:Z=0andcenter P=(0:0:1).

The following fact due to Mitchell [50] is pivotal for determining the automorphism group
of smooth plane curves over an algebraically closed field K of characteristic 0.

Theorem 5.3 Let G be a finite group of PGL3(K). The following statements holds:

1. If G contains an homology of period n > 4, then it fixes a point, a line or a triangle.

2. The Hessian group Hess)¢ is the unique finite subgroup of PGL3(K) that contains
homologies of period n = 3 but does not leave invariant a point, a line or a triangle.

3. Inside G, a transformation that leaves invariant the center of an homology must leave
invariant its axis and vice versa.

Furthermore, there exists a significant relationship between the presence of homologies within
Aut(C) and the concept of Galois points. Initially introduced by Yoshihara in 1996, Galois
points have since been extensively investigated by various mathematicians; see, for instance,
[21-24, 34, 49, 60] for comprehensive studies.

Definition 5.4 A point P € P?(K) is said to be a Galois point for C if the natural projection
mp from C to aline £ with center P is a Galois covering. Moreover, if P € C (respectively
P ¢ C), then P is an inner (respectively outer) Galois point for C.

In particular, a crucial result for smooth plane curves, due to Harui [30, Lemma 3.7],
states:

Proposition 5.5 Let C be a smooth plane curve of degree d > 5 over an algebraically closed
field K of characteristic 0. If o € Aut(C) is an homology with center P, then |(o)| divides d
when P ¢ C and |(o)| divides d — 1 when P € C. The equality |(c)| = d (or |(o)| =d — 1
respectively) if and only if P is an outer (or inner) Galois point for C.

6 The automorphism group for Type 12, (1, 7): The stratum
M (Z/127)

In this section, we investigate the full automorphism group of smooth plane sextic curves C
of Type 12, (1, 7), defined by an equation of the form:

C:X+YZ+YZ 4+ 33Y°Z3 =0, 6.1)

for some B33 € K*. In this scenario, an element o = diag(1, {12, ;’172) € Aut(C) of order
12 is present. It’s assumed that o achieves maximal order in Aut(C), particularly when
B33 # 0.1If B33 = 0, the curve C would fall under Type 24, (1, 19), which has been
previously discussed.

We characterize the full automorphism group Aut(C) as follows:
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Proposition 6.1 Let C be a smooth plane sextic curves C of Type 12, (1,7) as described
above (Eq. 6.1). Then, one of the following situations holds:

10
1. If B33 # :l:?, then Aut(C) = (o, 1) EZ/3Z x Dgwitht =[X : Z:Y].

2. Otherwise, C is K -isomorphic to the Fermat curve F¢ : X® + Y° + Z0 = 0. In this case,
AUl(Fe) = (T, 12, 13, ma) = (Z/OL)* xSy withnp =Y : Z : X1, n3 = diag(¢e. 1, 1)
and n4 = diag(1, &, 1).

Proof Non of the finite primitive subgroups of PGL3(K) mentioned in Theorem 5.1-(5)
has elements of order 12. Specifically, except for the Klein group PSL(2, 7), which includes
elements of order 7, none of these groups have elements of order greater than 6. Additionally,
12 t Aut(Ks), indicating that C is not a descendant of the Klein sextic curve K. Moreover,
Aut(C) is not cyclic as shown by the group structure

(o, T: c?2=1>=1,101= 07) = 7/37 x Dg = SmallGroup(24, 10),

which is non-cyclic subgroup of automorphisms. Therefore, Aut(C) fixes a point P not lying
on C, or C is a descendant of the Fermat sextic curve Fg.

Suppose first that Aut(C) fixes a line £ in P;(K) and a point P ¢ C off this line. Given
that o and 7 are automorphisms, £ can be taken as the reference line X = 0 and P the
reference point (1 : 0 : 0). By Theorem 5.1-(2), all automorphisms of C are intransitive

100
of the form | O * * | . Moreover, Aut(C) fits into a short exact sequence | — N —
0 % %
Aut(C) — A(Aut(C)) — 1, where N = (62) by Remark 5.2, and A (Aut(C)) contains the
Klein 4-group (Z/2Z)2 that is generated by A (o) = diag(¢12, —¢12) and A(r) = [Z : Y]
Thus A (Aut(C)) should be (Z/ZZ)z, Ay, AsorSy. If A(Aut(C)) = Ay, As or Sy, then the
group structure of A4 implies that there must exist an automorphism n ¢ (o, ) of C such
that A(n) has order 3, A(DA(@)AM)~" = A()A(r) and AMAT)AM) ™" = Ao).

1 0 O 10 0
This impliesthat n = | 0 v £v Jornp=| 0 v +v | forsome v € K*, however, it
0 —iv £iv 0iv Fiv

does not preserve the defining equation for C. Consequently, no more automorphisms for C
appear in this case.

Secondly, assume that C is a descendant of . Notably, Aut(Fg) is generated by t, 12, 13,
and ny4 of orders 2, 3, 6, 6 respectively, satisfying relations such as

mn2)* = mn3)m3n) ™" = 3na) (an3) ™" = ninam (n3na) ™ = monans ' (n3na) = = 1.

These relations correspond to the group SmallGroup(216, 92) = (Z/6Z)> x S3, semidirect
products of (Z/6Z)% and S3 Under this assumption, ¢~ Aut(C) ¢ forms a subgroup of
Aut(Fg) for some ¢ € PGL3(K). It is reasonable to consider ¢_1 op =X :1¢Z :7Y]
because all automorphisms of Fg of order 12 are conjugates within Aut(Fg). This constraints
¢ to be of the form:

10 0
¢p=|0e el |,
0r —rpn
. _1—er(e4+r4) . . . . .
for some e, r € K* such that 33 = —( 5 . Since ¢~ t¢ is an involution for
er

both C and F, it follows that e* — r* = 0 (indicating r = ce for some ¢ such that =1
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and the transformed equation ¢ C is
X0+ ¥0 + 28+ 3 —16ce)ct, (Y224 + ¢hviz?) =0,
Thus ¢ C admits a larger automorphism group than ¢ ~! (o, 7)¢ if and only if 3—16ce® = 0,

which equivalently leads to Sy 3 = = ﬂ:?), as required to be shown. O

3c2

7 The automorphism group for Type 8, (1, 3): The stratum M;' (Z./87Z)

In this section, we describe the full automorphism group of smooth plane sextic curves C of
Type 8, (1, 3), defined by an equation of the form:

C: XS+ Y Z+YZ + BunX?’Y?Z? =0, (7.1)

for some B4 € K. Here, 0 = diag(l, g, ;‘g) is an element in Aut(C) of order 8, and we
assume that 84> # 0 to avoid C being of Type 24, (1, 19).
The proposition concerning Aut(C) is as follows:

Proposition 7.1 Let C be a non-singular plane sextic curves C of Type 8, (1, 3) as above
(Eq. 7.1). Then, Aut(C) = (o, t) = SDye, a quasidihedral group, where t = [X : Z : Y.

Proof The group (o, T : o =12 = 1,10t = 03 = SmallGroup(16,8) = SDy¢
is always a subgroup of automorphisms of order 16. This implies that Aut(C) does not
belong to the finite primitive subgroups list of PGL3(K) mentioned in Theorem 5.1-(5),
as it contains elements of order 8 > 7, and is not cyclic (since SD1g non-cyclic). Addi-
tionally, C is not a descendant of either the Klein curve /g or the Fermat curve Fg, since
16 1 | Aut(Ke)|, | Aut(Fs)|. Therefore, Aut(C) fixes the line £ : X = 0 in P,(K) and the
point (1 : O : 0) off this line, which does not lie on C. Moreover, there is a short exact sequence
1 - N — Aut(C) - A(Aut(C)) — 1, where N = (o%) (by Remark 5.2), and A (Aut(C))
contains the dihedral group Dg, generated by A(o) = diag(¢s, 4“83) and A(t) = [Z : Y].
Thus, if A(Aut(C)) is strictly bigger than Dg, it must be S4 according to Theorem 9.10-(2).
Since A(H) := (diag(¢4, —8a),[Z : Y]) = (Z/ZZ)2 is normal in S4, we need to consider
conditions under which C has an automorphism 7 such that A(») is of order 3 and belongs
to the normalizer of A(H). By [35, Lemma 2.2.3-(b)], we find

Ay = (&
1 g ’

for some v, v’ € {0, 1, 2, 3}. However, the polynomial Y3 Z4+YZ+ ,3472X2Y222 is not
invariant under the action of A (n). For example, the transformed equation for C would include
7%, which contradicts the form of C. Consequently, C does not admit automorphisms beyond
those discussed. O

8 The automorphism group for Type 7, (1, 3): The stratum MZ' (Z|77)

In this section, we explore the full automorphism group of smooth plane sextic curves C of
Type 7, (1, 3), defined by an equation of the form:

C:XY+YZ+XZ°+ BurX*Y?7? =0, 8.1)
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for some B4 € K. Here, o := diag(1, ¢7, §73) is an automorphism of maximal order 8. We
assume B2 # 0 to avoid C falling into Type 21, (1, 17).
The automorphism group Aut(C) is detailed by the following result:

Proposition 8.1 Let C be a smooth plane sextic curves C of Type 7, (1, 3) as above (Eq. 8.1).
Then, the full automorphism group Aut(C) is classified as follows:

1. If Bap # =5, then Aut(C) = (o, ) = Z/TZ x Z]3Z, the semidirect product of 7|77
and 7./3Z acting faithfully, where Tt = [Y : Z : X].
2. If Baa = =5, then Aut(C) = (o, 7, n) = PSL(2, 7), where n is the involution

-8 g -0
-0 —8 -0
-6 a-8d-8

Proof Since (0,7 : 0’ =13 =1, tot™! = o*) == SmallGroup(21, 1) = Z/7Z x Z./3Z
is a subgroup of automorphisms of order 21, Aut(C) is not cyclic. It does not fix any point
in P> (K) because o and t do not share any fixed points. Moreover, Aut(C) is not one of the
finite primitive subgroups of PGL3(K) except possibly the Klein group PSL(2, 7), and C
is not a descendant of the Fermat curve F¢. If C were a descendant of the Klein curve g,
then Aut(C) could not be a larger group unless C is K -isomorphic to the Klein curve itself,
because Z/77 x 7Z/3Z is a maximal subgroup of Aut(/Ce). This is prohibited because the
assumption is that automorphisms of C have orders < 7, while ¢ has automorphisms of
order 21.

Now, assume that Aut(C) is PGL3(K)-conjugate to PSL(2, 7) for certain specializations
of the parameter B4 7. Since the centralizer of () inside PSL(2, 7) is Z/3Z and its normalizer

abc
is S3, there must exist an involution  of C such that nty = t='. Write n = | d e f |,
ghr
cab ghr
then the condition ntn = t ' readsas | fde | = A | a b ¢ | for some A € K*. This
rgh de f

holds only if A3 = 1,

a b c
n=| &b &G LGa |,
532VC 4.32va é‘%va

for some v € {0, 1, 2}. Because > = 1, we further obtain ¢ = —ab(?”/({;a + b) such that
ab(§3" a + b) # 0 (otherwise, n would reduce to X <> Z which is never an automorphism
for C). Thus,

a b —abgiV/(¢Ya + b)
N = ¢3b —ab/(t3a +b) ags .
—abgy /(Za +b) t3'a 3'b

For invertibility, we need to impose a’+ {3ab+ {32”b2 # 0. If n = no, then the transformed
a>b* + b3 (a + b)* — a*(a + b)>
a’b3(a + b)3

equation " C would contain Z° unless Bap = . Moreover,
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we must eliminate the coefficients of X>Z, XY3, and Y2Z* in " C. Accordingly,
a® +a’b — 5a*h* — 5a°b® + 5a°b* 4 5ab® +b° = 0,
(@ —3ab® — b (@ + a’b — 2ab> — b*) =0,
(@® — @b — 12a*p* — 9a°b® 4 8a’b* + Tab® + b°)(a® + a*b — 2ab* — b*) = 0.
Using MATHEMATICA, we find that the above system is consistent only if 84, = —5. The

work by Klein [39] (also see [20]) assures that we can take a = ¢7 — {76 and b = {72 — ;75.
Similar considerations apply for "' C and 72C. O

9 The automorphism group that contain homologies of period > 3

In this section, we will analyze Aut(C) under the assumption that C admits an homology of
period > 3. According to Proposition 3.1, C falls into the types 6, (0, 1), , 5, (0, 1), 6, (1, 3)
or 3, (0, 1).

9.1 Type 5, (0, 1)

In this case, C is defined by an equation of the form:
C:2°Y +Lgz =0, 9.1)

where o = diag(1, 1, ¢5) is an automorphism of maximal order 5.

Since Aut(C) contains an homology of periodd — 1 =5 with center P = (0: 0 : 1) on
C. By Proposition 5.5, P € C is an inner Galois point, and it is the unique one for C as per
[60, Theorem 4]. Therefore, P must be invariant under the action of Aut(C). According to
[36, Lemma 11.44 and Theorem 11.49], it follows that Aut(C) is cyclic of order 5.

Thus, we state the following proposition:

Proposition 9.1 Let C be a smooth plane sextic curves C of Type 5, (0, 1) as above (Eq. 9.1).
Then, Aut(C) = (o) = Z/57.

9.2 Type 6, (0, 1)

In this scenario, C is defined by an equation of the form:
C: X%+ Lex=0, (9.2)

where 0 = diag(¢e, 1, 1) is an automorphism of maximal order 6.

Since o acts as an homology of period d = 6 with center P = (1 : 0 : 0) not on
C, and P is an outer Galois point by Proposition 5.5, it implies that Aut(C) cannot have
automorphisms of order greater than 6. Therefore, C cannot be K -isomorphic to the Fermat
curve Fg. According to [60, Theorem 4’, Proposition 5°], P is the unique outer Galois point
for C. Hence, P remains invariant under the action of Aut(C). As stated in Theorem 5.3-(1),
Aut(C) also fixes the axis £ : X = 0 of 0. Thus all automorphisms of C take the form

100
0% %
0% %
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By Theorem 5.1, either C is a descendant of the Fermat curve Fg, or Aut(C) fits into a short
exact sequence 1 — N = (o) — Aut(C) — A(Aut(C)) — 1, where A(Aut(C)) is a
cyclic group Z/mZ of order m < 5, a dihedral group Dy, of order 2m withm =1, 2, or 4,
one of the alternating groups A4, As, or the symmetric group Sy.

We will now explore these possibilities further.

9.2.1 When C is a descendant of F¢

In this scenario, there exists a ¢ € PGL3(K) such that ¢! Aut(C)¢ < Aut(Fg). We
can further assume that ¢~ 'o2¢p = o2, as homologies of order 3 within Aut(Fg) form
two non-conjugate classes represented by o2 and o 2. Consequently, ¢ exhibits the same
structure as the automorphisms of C, allowing us to assume without loss of generality that
Aut(C) < Aut(Fp).

The automorphisms of C are characterized by the following forms:

Aw(C) S XY 1 21 X5 Z g1 0 =m0 < 5]
According to [30, Lemma 6.5], Aut(C) fits into the short exact sequence:
1—-> Hx (o) = Aut(C) - G —> 1,
where H = 1, (diag(1, —1, 1)) or (diag(1, ¢3,1)),and G = lor {[X : Z : Y]).
Claim 9.2 If G = 1, then Aut(C) is isomorphic to 7./6Z or 7.]27. x 7.]67Z.

Proof If H = 1, then Aut(C) = (o) = Z/6Z, and C is defined by an equation of the form:
X0 + YO + Z% + lower order termsin Y, Z = 0.

If H = (diag(1, —1, 1)), then Aut(C) = (o, diag(1, —1, 1)) = Z/27 x Z/6Z, and C is
defined by: X0 + Y6 4 Z6 + B4 2Y*Z% + Br4Y?Z* = 0, where B4 # Po.4.

If H = (diag(1, ¢3, 1)), then Aut(C) = (o, diag(1, ¢3, 1)), and C is defined by an equation
of the form: X® + Y°® + z6 + B33 Y373 =0. We reject this case since [X : Z : Y] would be
an automorphism contradicting the assumption that G = 1. O

Claim9.3 IfG = ([X : Z : Y]), then Aut(C) is isomorphic to Z/27 x Z]6Z or 7|67 X S3.

Proof If H = 1, then Aut(C) = (0, [X : Z : Y]) £ Z/27Z x Z/6Z, and C is defined by an
equation involving terms like:

X0+ YO+ ZO 4 Bs 1 (Y Z4+YZ2) + Ban (Y Z2 4+ Y2 ZH + B33Y3 23 =0,

where 51 # 0 or B4 # 0.

It H = (diag(1, —1, 1)), this case is rejected since [{s X : —Z : Y] would be an automor-
phism of order 12 > 6, contradicting the assumption G = ([X : Z]).

If H = (diag(l, &3, 1)), then Aut(C) = (o, diag(1,¢3,1), [X : Z : Y]), and C is
described by an equation of the form: X0+ Y04+ 704 B33 Y373 = 0, for some B33 # 0.
It can be verified that

Aut(C) = (o, 1,1 : o0=12= r)3 =1,0on=no, 0t =10, TNT = 04n’l)
= SmallGroup(36, 12) = Z/6Z x S3 .

witht =[X : Z : Y] and n = diag(1, &3, 1). O
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9.2.2 When C is not a descendant of F

As previously mentioned, Aut(C) fits into a short exact sequence: 1 — (o) — Aut(C) —
A(Aut(C)) — 1, where A(Aut(C)) can take one of the following forms: (i) Z/mZ for some
m <5, (i) Dy, for some m | 4, (iii) A4, As, or S4.

Claim 9.4 A(Aut(C)) = 1 or Z/2Z.

Proof If A(Aut(C)) = Z/4Z, Dg, or S4, according to [35, Lemma 2.2.1, I], we can assume
(A(n) = diag(l, &4)) < A(Aut(C)) for some n € Aut(C). Since L¢ x is invariant under the
action of A(7n), C reduces up to K-isomorphism to X6 + B2, 4y27* = 0, which is singular
at the point (0 : 0 : 1), a contradiction.

If A(Aut(C)) = Z/3Z, a similar argument shows that C has an automorphism 7 with
A(n) = diag(l, ¢§3) leaving Lg x invariant. This reduces C, up to K-isomorphism, to X0 +
Yo+ 76+ ,83.4Y3Z3 = 0. Clearly, [Z : Y] is another element in A (Aut(C)) of order 2 1 3,
a contradiction.

If A(Aut(C)) = Z/5Z or As, then C would necessarily contain an automorphism of order
15 > 5, since N = (o) is a normal subgroup in Aut(C) and Aut(C) includes elements of
order 5 where gcd(|N|,5) = 1. However, this directly contradicts the assumption that all
automorphisms of C have orders < 6.

Finally, if A(Aut(C)) = D4 or A4, then we can assume, without loss of generality using
[35, Lemma 2.2.1, 1], that Lg x is invariant under the action of A(r) = diag(l, —1) and
A(m) =[Z : Y] for some 7, n € Aut(C). This reduction of C up to K-isomorphism implies
that C can be represented by the equation:

C:XO+ Y0+ 28+ poa (Y22 +Y*Z%) =0,

where v = diag(l,A, —X) and n = [X : uZ : uY], with A6 = /L6 = 1. Consequently,
Aut(C) would contain the subgroup

(o, diag(1, 1, —1),[X : Z : Y]) = SmallGroup(24, 10) = Z/37Z x Dg

Thus, C would possess automorphisms of order 12 > 6, which contradicts the initial assump-
tion. O

Claim 9.5 If A(Aut(C)) is Z/27Z, then Aut(C) should be 7./27 x Z]6Z.

Proof Utilizing [35, Lemma 2.2.1, 1], we can establish that L¢ x remains invariant under
the action of A(r) = diag(l, —1) for some t € Aut(C). This reduction of C, up to K-
isomorphism, simplifies to the equation:

C:XO YO+ 784 BoaY?Z* + Buny*z% =0,

where i = diag(1, A, —A) for some A € K satisfying A® = 1. Consequently, all automor-
phisms of C are diagonal, specifically,

Aut(C) = (0,1 : 0% =12 =1, 01 = r0) = SmallGroup(12, 5) = Z/27Z x Z/6Z,
where T := diag(1, 1, —1). O
Based on the preceding discussion, we can formulate the following proposition:

Proposition 9.6 Let C be a smooth plane sextic curve of Type 6, (0, 1) as described above (Eq.
9.2), andleto = diag(Le, 1, 1), T = diag(1, 1, —1), ¢/ = [X : Z : Y]andn = diag(1, 3, 1).
Then, Aut(C) is cyclic of order 6 generated by o unless one of the following situations holds:
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1. In the case where C is K -isomorphic to
XS4+ YO+ 70 4 BoaY? 2t 4 Bun¥? 72 =0
for some By 4 # Pa.o, the automorphism group Aut(C) = (o, 1) = Z/27 X Z/6Z.
2. In the case where C is K -isomorphic to
X4 YO+ Z0 4 Bs (Y Z+YZ) + Baa(YAZ2 + Y2 ZH + B33V 22 =0,

and assuming Bs,1 # 0 or B2 # 0, Aut(C) = {0, ') 2 Z/2Z x Z/6Z.
3. In the case where C is K -isomorphic to

X0+ yS 4+ 70+ B3av3Z3 =0,
where B33 # 0, the automorphism group Aut(C) = (o, t’, n) = Z/67 x Ss.

Remark 9.7 The families described in Proposition 9.6-(1) and (2) are related by a change of
variables in PGL3(K) of the form

=X nY+2):Y—-27],

where A, u € K such that 10 =1 and /,L4 + ,34,21142 + 2.4 = 0. This implies that any curve
belonging to either family can be K-isomorphic to a member of the other family, and vice
versa.

9.3 Type6, (1, 3)

In this scenario, the curve C is defined by an equation of the form:

C: X0+ YO+ 284+ B 0X* 2% + B03YV3Z° + X? (BaoZ* + ,34.3Y3Z) , 9.3)

where 0 = diag(l, ¢, —1) is an automorphism of maximal order 6. In particular, o =

diag(1, &3, 1) represents an homology of period 3 in Aut(C).

According to Theorem 5.3, Aut(C) either fixes a line and a point not on this line, fixes
a triangle, or is ither fixes a line and a point off this line, fixes a triangle, or Aut(C) is
PGL3(K)-conjugate to Hessz16.

Claim 9.8 If Aut(C), where C is given as Eq 9.3, fixes a triangle and and no line or point is
left invariant then Aut(C) is isomorphic to 7.]67, 7./]27. x 7|67, Z./3Z x Sz, Z/6Z x Ss,
or (Z/37)* x 7./6.

Proof If Aut(C) fixes a triangle and no line or point is left invariant, then C is a descendant of
either the Fermat curve F¢ or the Klein curve g. However, C cannot be a descendant of g
because 6 1 | Aut(Ks)| (= 63). On the other hand, if C is a descendant of Fg, then according to
Proposition 6.1, we can assert that ¢ T Aut(C)¢pisa subgroup of Aut(Fg) = (Z/67)?x S5 for
some ¢ € PGL3(K). Here, ¢~ 'o2¢ = o2 since o2 and o ~2 represent homologies of period
3 in Aut(Fg), forming two conjugacy classes in PGL3(K). If qb‘] o ¢ is an element of order
6 inside Aut(Fg), then ¢ can be expressed in one of the forms: diag(a, 1, b), [aZ : Y : bX],

c
or[aX +bZ :Y : cX — —Z]. In the following discussion, we address each of these cases.

a
Case ¢ = diag(a, 1,b)or[aZ : Y : bX]. Thus we have a®=b%=1land Cis K -isomorphic
to C’ of the form:

C' o XO 4+ YO+ 20+ B o X Z% + o sY 27 + X7 (ByoZ* + Bi3Y°Z) =0
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Let us revisit the automorphisms of Fg:
=XV 2, =1 Z: Y X, =X Z: 8V,
=Y X Zl, t5s=[5Y: 5 Z:X), t6=1[0 Z:X:5Y],
for0 <r <5.
Firstly, it’s evident that 74, 75 and t are never automorphisms of C’. Secondly, 73 €
Aut(C’) only if B o = B4 o = P43 = 0. In this case, C is K-isomorphic to X0 4+ y0 4+

Z°+ B, 3Y*Z3 = 0, hence Aut(C) = Z/6Z x S3 by Proposition 9.6. Thirdly, 75 € Aut(C’)

only if B 3 = B} 3 = 0and B, = ﬁé’og“g(r/_r). In such scenario, C is K -isomorphic, via

a transformation of the form diag(1, A, n), where AMu? = A2M4§62(r/7r) and A% = 1, to
X0 4+ Y04+ 76 4+ 52,0X222(X2 + Z%) = 0. However, in this case, [Z : LY 1 —X]is an
automorphism of order 12 > 6, which leads to a contradiction.
b
Case ¢ = [aX +bZ : Y : cX — —CZ]. For this to hold, we have, 0 =
a

1—ab—c0— g2t

a*c?
lowed by a rescaling Z +— ¢ " Z, to C” of the form:

, b =¢faand —2ac = {é'/. Therefore, C is K-equivalent via ¢, fol-

C": X0+ YO+ 20 + a|XZ (X* + Z%) + b X227 (X* + Z2%) + o X723
+o, (X + )V +axYZ(X - 2) =0,

where
L (=2a*Baocd 4324 +16a° — 1), (64a'* — 4a® + 1)
of = c LUy = e,
8a da
, @a*Baogd" +96a' —16a° —1)  ,  (4a*Baz + Pesc ¥
Ol3 = 3 N (X4 = - 3 5
4a 8a
, (4a*Bas — 3B63¢>" el
a5 = — 3 R
8a

Here [Z : ;617”7"/Y : X] must be an automorphism for C’ of order 6. This implies that
oy =0when2 | n+n"and ozg = 0 when 2 { n + n’. Moreover,

(i) Suppose that (], @b, @) = (0,0,0). If o) = 0, then Aut(C) is again Z/6Z x S3
according to Proposition 9.6-(3). But if ag # 0, then diag(l, ¢3, 1), diag(1, 1, &3),
[Z : Y : X] would be automprhisms for C”. This means that SmallGroup(18, 3) =
Z/3Z x S3 is always a subgroup of Aut(C”). On the other hand, 13, 74, 5, 76 dO
not qualify as automorphisms for C” if o = 0, implying that Aut(C”) exactly is
7/3ZxS3.Conversely, if oy # 0, thenitcan be verified easily that Aut(C") is contained
in (diag(1, ¢3, 1), diag(1,1,¢3),[Z : Y : X],[Z : X : Y]), which is isomprhic to
SmallGroup(54, 5) = (Z/3Z)?> x Z/6Z. Since Z/3Z x S3 is maximal in (Z/3Z)? x
7.)67Z, Aut(C") can either be Z/3Z x S3 or (Z/3Z)* x Z./6Z. More concretely, Aut(C”)
is (Z/’A‘Z)2 X 7/6Zif and only if [Z : X : Y] € Aut(C”), which occurs precisely when
oy = o).

(ii) Suppose that (o/l, o, ag) # (0,0, 0). Then, 13, 74, T5 and T are never automorphisms
for C”. Exploring different scenarios:

(@) If ay # 0 (so oz = 0), then Aut(C”) is contained within

(diag(1, ¢3, 1), diag(1, 1, 23), [Z : ¥ : X1) = Z/3Z x S3.
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Since Z/67Z is maximal in Z/3Z x S3, and diag(1,1,¢3), [Z : Y : X] are in
Aut(C”) only if o] = & = 0, we conclude

Aut(C") = ([Z : 3 : X]) = Z/6Z

in this situation.
(b) Secondly, if o # 0 (so y = 0), then the automrphisms of C” are elements of

{1, diag(1, ¢22. 1), [Z 1Y : X] 1 s = —1, &, —;62} —([Z: &Y : X))

Therefore, Aut(C”) is again Z/67Z generated by [Z : Y : X].
(c) Thirdly, if o) = ag = 0 and (af, @) # (0,0), then diag(1, &, 1) serves as an
additional automorphism for C”, that is,

Aut(C") = (diag(1, &6, 1), [Z : Y : X]) = Z/27 x 7.)6Z.

(d) Lastly, the case oy = oz = a} = aj = 0 leads to inconsistency since [Z : 6Y :
— X1 would be an automorphism of order 12 > 6.

Thus, the various possibilities for Aut(C”) have been elucidated, confirming Claim 9.8,
equivalently, Proposition 9.10-(2), (3) below. O

Claim 9.9 If Aut(C), where C is given as Eq. 9.3, fixes a line L and a point P not lying on
L, then Aut(Z) = Z/6Z.

Proof Since o is a non-homology inside Aut(C) in its canonical form, then £ must be one of
the reference lines B = 0 where B = X, Y or Z, and P must be one of the reference points
(1:0:0),(0:1:0),0r (0:0: 1) respectively. However, a projective permutation enables
us to confine B = X and P = (1 : 0 : 0). Consequently, all automorphisms of C fall into
the following form:

100
0% %
0 * %

Also, Aut(C) fits in a short exact sequence 1 — N — Aut(C) — A(Aut(C)) — 1 where
N = Z/nZ with n |6, and A(Aut(C)) is either (i) Z/mZ with m < 5, (ii) Dj,, such that
n=1orm|4,or (iii) Ag, A5 or Sy4.

‘We observe that (03) is a subgroup of N of order 2, and A(Aut(C)) includes A(o) =
[43_1 Y, Z] of order 3. Thus A(Aut(C)) cannot be Dy, since 3 t 2m when m|4. If
A(Aut(C)) = Z/mZ, then m = 3 and Aut(C) = (o) = Z/6Z, as previously claimed.
Moreover, if A(Aut(C)) = As, then Aut(C) would contain an automorphism of order
10 > 6, contradicting the maximality of the order of ¢ in Aut(C).

To conclude, we need to demonstrate that A(Aut(C)) cannot be S4 or Ay4.

Case A(Aut(C)) = S4. Specifically, A(Aut(C)) must include an element A(t) of order 2
that satisfies the relation A(t)A(c)A(t) = A(o)~ L. This is because the group Z /37 within
S4 is equal to its centralizer and has an S3 as its normalizer. Therefore, A(t) must be of the
form [cZ : bY] for some b, ¢ € K*, which occurs if and only if f20 = Ba.o = fs3 =0,
making C K -isomorphic to C : X + Y® 4+ 7% 4 By3Y3Z3 = 0 (in particular, with »® =
¢® = (be)® = 1). Additionally, the centralizer of (A (7)) in S4 is (Z/27)?, which necessitates
the existence of another element A(t’) ¢ (A (o), A(t)) of order 2 that commutes with A (7).
This implies A(t") = [Y : —Z], which leaves the polynomial Yo+ 270+ Bo.3 Y373 invariant
only if Bo 3 = 0. Consequently, C would be the Fermat curve Fg, leading to a contradiction.

@ Springer



The stratification by automorphism groups...

Case A(Aut(C)) = A4. In this situation, Aut(C) includes a subgroup G of order 24 that has
H = (0®) as a normal subgroup, with the quotient G/ H isomorphic to A4. Referring to the
list of Group of order 24, we find that G must be either SL; (IF'3) = SmallGroup(24, 3) or
7./27 x A4 = SmallGroup(24, 13).

(i) For G tobe Z/27 x Ay, there must be an involution 7 that commutes with o3, as any
7./27 subgroup in Z /27 x Ay is part of a (Z/27)*. Therefore, T must be of one of the
following forms: diag(1, =1, F1),[X : £Y : sY F Z],or [X : sY +¢Z : l_t—szY —tZ]
for some s,¢ € K. If t = diag(l, &1, F1) is an automorphism, then By 3 and f43
must be zero. In this case, Aut(C) would include Z/27Z x Z./6Z, not Z/27 x A,
according to Proposition 9.6, which is a contradiction. For t = [X : £Y : sY F Z]
to be an automorphism, s must be zero; otherwise, the term Y Z 5 would appear in the
transformed equation under the action of r. This leads us back to the scenario where
diag(1l, £1, F1) is in Aut(C). The case v = [X : sY +1Z : 1732 Y —tZ] is also

invalid. The transformed equation would include the term % (= DY +12Z )2 X4,
2 2
=1

implying B2 0 must be zero, or s = 1. However, the latter case is excluded
because removing ¥ Z> would also eliminate Z® from the transformed equation (both
terms appear with coefficient +=(8o 3 —2)). Thus, B2 o must be zero, and the coefficients
of YZ3 and Z% imply s # O and r = 1;—32 The action does not produce the monomial
Y373, 50 o3 = 0, and the transformed equation would have Y2Z* with a non-zero
coefficient, leading to a contradiction.

(i) For G to be SL,(IF3), C must have an automorphism 7 of order 4 such that 2 = o3,
This implies that T could be of the form diag(£¢4, 1, 1), [X : £&4Y : sY F &uZ], or
(X :sY +1tZ: —SZ%IY — tZ] for some s,t € K. However, neither diag(+¢4, 1, 1)
nor [X : +44Y : sY F £4Z] preserves the core polynomial X¢ + Y® 4+ Z6 of the
defining equation for C. On the other hand, t = [X : sY +tZ : —SZI—HY —tZ]

can be an automorphism of C only if s # 0 and t = —lt—sz (otherwise, Y Z> would
appear in the transformed equation). To eliminate the monomial X*Y?, we require
B2.0 = 0, and to eliminate X2y 73 and X2Z*, we need Ba,0 = Pa,3 = 0. Consequently,
according to Proposition 9.6, Aut(C) would include Z/6Z x S3, not SL,([F3), which
is a contradiction.

Thus A(Aut(C)) # A4 as well. O
Regarding the Hessian group Hessy1g, its representations within PGL 3(k) are unique up to

conjugation. For more information, refer to Mitchell [50, p. 217]. For instance, we can define
Hessy i as (S, T, U, V), where:

11 1
S = diag(1, &3, §3_1), U =diag(1,1,¢3), V=1|1 4“31 §3_l , T =1Y:Z:X].
1¢ &3

Additionally, we consider the primitive Hessian subgroups of orders 36 and 72 respectively:
Hess3g = (S, T, V) and Hess7p = (S, T, V, UVU’I).

Assume Aut(C) is conjugate to Hess 216. We can then assume ¢~ Aut(C)¢ = Hessos,
where ¢! ¢ is either [£3Z : ¥ : 53X] or [4“3_12 1Y §3_1X], since any group of order 6
within Hessy g is conjugate to ([{3Z : Y : ¢3X]). This implies

a0 —a
¢=1010
b0 b
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with ab # 0. The transformed equation under ¢ must be invariant under any permutation
of the variables X, Y, and Z, as the subgroup ([X : Z : Y],[Y : Z : X]) is part of
the automorphisms. For instance, the coefficients of 7% X°©, and XZ5 in the transformed

: . _ 1—-4a%42p° _ 142a°—4p°
equation C’ must be 1, 1, and 0, respectively. Thus, 82,0 = 2247}’2 and 4.0 6— ()ZZW
By comparing the coefficients of X373 and Y3Z3, we find that Ba3z = —W.

. 6_p6
To ensure that the coefficients of X Y372 and X2Z* are zero, we set o3 = —% and

require that 16a® + 166 = 1. This simplifies C’ to:
X0+ v04+ 2702320 — Y XY+ Y23+ 23X} =0.
To confirm that V € Aut(C’), we must have 16a® = 3 and 166° = —2. This yields:

;5 B _;15 B _i
263 P43 T a2 PO T Tea2ph

This supports Proposition 9.10-(1) below.
Summarizing, we obtain:

Boz = B2,0 =0.

Proposition 9.10 Let C be a smooth plane sextic curves C of Type 6, (1, 3) as described by
Eq. 9.3. Then, Aut(C) is classified as follows:

Lf pos = 33, Bas = 355 Ba0 = jaupr+ P20 = O with 164> =3 and 16b* = -2,
then C is K -isomorphic to

C:X0+vo+ 20— 10X’V + Y323+ 23X =0,
whose automorphism group is Hessj1e.
2. If B2.0 = Ba.o = Baz = 0, then C is defined by the equation:
X+ v8 + 28+ Bos¥3Z3 =0,
which is a descendant of the Fermat curve. In particular, Aut(C) is the group 7./67Z x S3
presented in Proposition 9.6.

—64a'? 4 60a’ — 1
30 =
If B2,0 628

C X+ YO+ 20+ XZ (X + 2% + o5 XP 27 (X2 + 2°) + o5 X° 2P
+ay (X +Z) VP +alXxYPZ (X - 2) =0.

, then C is K-isomorphic to

In this context, the classification of Aut(C’) is as follows:

(i) If(ot’l, o, ag) =(0,0,0) and ay = 0, then Aut(C'’) is ZL/6Z x S3, as described in
Proposition 9.6-(3).

(ii) If (ai,aé,ag) = (0,0,0), oy # 0, and o = 0 or o # 0 with oy # «, then
Aut(C") is Z/37Z x S3, generated by diag(1, ¢3, 1), diag(1, 1, &3), and [Z : Y : X].

(iii) If(ag,aé,ag) = (0,0,0) and o) = a # 0, then Aut(C’) is (Z)37)* % 7)6Z,
generated by diag(1, ¢3, 1), diag(1,1,83), [Z:Y : X]and[Z : X : Y].

(iv) If (o}, oy, af) # (0,0,0) and oy = af = 0, with (], &) # (0, 0), then Aut(C’)
is )27 x Z.]6Z, generated by diag(l, ¢, 1) and [Z : Y : X]. In this case, C is
K -isomorphic to a member of the family described in Proposition 9.6-(1).

(v) If (o), oy, &%) # (0,0,0) and either o # 0 or af # 0, then Aut(C') is Z/6Z,
generated by [Z : 3Y : X]ifay # 0 and by [Z : LY : X] if as # 0.

4. Otherwise, Aut(C) is Z/6Z, generated by diag(1, ¢, —1).
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Remark 9.11 Tt is known in the literature that the curve:
X0+ v+ 720 —10xX*Y + Y322+ Z3x%H =0
has Hess» e as its automorphism group (see [30, 2]). Our result, however, demonstrates that

this is the only smooth plane sextic curve with such a property.

9.4 Type 3, (0, 1)

In this case, C is defined by an equation of the form:
C:2°+Z°Ly 7+ Lez =0, (9.4)

where o = diag(1, 1, ¢3) is an automorphism of maximal order 3. In particular, L3 z # 0 or
diag(1, 1, &e) will be an automorphism of order 6 > 3. Moreover, due to the smoothness of
the curve, Lg,z must have a degree at least 5 in both X and Y.

The automorphism group of C is characterized by the following result, which directly
follows from [7, Theorem 2.4].

Proposition 9.12 Let C be a smooth plane sextic curve of Type 3, (0, 1) as described above
(Eq. 9.4). Then, Aut(C) is always cyclic and generated by o, except in the case where C is
K -isomorphic to C' of the form:

C X0+ YO+ 28+ 22 (B3.0X + BosY?) + B33X°Y =0,

with B3.0, Bo.3, and B3 3 being pairwise distinct modulo %1. In this specific case, Aut(C') is
(Z./3Z)%, generated by o and diag(1, &3, 1).

10 Remaining types

In this section, we explore the automorphism group of smooth plane curves C of the following
types: Type 6, (1, 2), Type 5, (1, 2), Type 5, (1, 4), Type 4, (1, 3), Type 3, (1, 2), and Type
2,(0,1).

10.1 Type 6, (1, 2)

In this situation, C is defined by an equation of the form:
C: X4+ YO+ 7%+ B30X3 2% 4 o X?Y2Z% 4 1uXY*Z =0, (10.1)

where o = diag(1, &, (62) is an automorphism of maximal order 6.

Itis clear that T = [Z : Y : X] is always an automorphism for C, implying that Aut(C)
can never be cyclic. Additionally, C is not a descendant of the Klein curve K¢ 6 does not
divide | Aut(Kg)| = 63. Moreover, Aut(C) cannot be PGL3(K)-conjugate to the Klein
group PSL(2, 7), which includes elements of order 7, exceeding 6. Similarly, Aut(C) is not
conjugate to A5, Ag, Hesszg, or Hess7, as none of these groups contain elements of order
6. Consequently, we conclude that Aut(C) either fixes a line and a point off this line, is
conjugate to Hess» ¢, or C is a descendant of the Fermat curve F.

Claim 10.1 Aut(C) can never be conjugate to Hess .
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Proof All copies of Z/6Z within Hessyj¢ are conjugate to each other (see Hessian group
of order 216). Consider a specific copy generated by to p = [X : Z : ¢3Y]. Notably, p>
is an homology of period 3. Hence, (o) can not be PGL3(K)-conjugate to (p), as o =

diag(l, ¢3, &5 Disa non-homology. O

Claim 10.2 Assume that C is a descendant of the Fermat curF¢. Then, Aut(C) is D1, Z./37x
S4, or Z/6Z X S3.

Proof We can assume that d)_l Aut(C)¢p < Aut(Fg) for some ¢ € PGL3(K) such that
¢~ 'o%¢ = o2, given that non-homologies of period 3 derived from an automorphism of
order 6 inside Aut(Fg) form a single conjugacy class represented by o2, Thus, ¢ can be of
the form diag(1, a, b), [bZ : X : aY], or [aY : bZ : X] with a® = b = 1. In all these
cases, C is K-isomorphic to:

C o XO+ YO+ 28+ By o X2 Z° + L, X2 Y222 + B4 XY*Z =0,

where (/%,07 ﬂé’z, /3{’4> = (ﬂ3,0b3, B2.2(ab)?, /31,4a4b). Next, we use the notations from

Sect. 9.3 to examine when C” might have a larger automorphism group within Aut(Fg) than

(o, ) = SmallGroup(12,4) = Dy».

Case /32 0= ﬂl 4 = 0 and 52 5 # 0. In this scenario, 75 and ¢ are automrphisms for

c, 1mply1ng that Aut(C ) is the semidirect product SmallGroup(72, 43) of Z/3Z and S4,

generated by o, 7, t/ = diag(1,1, —1),and n:=[Y : Z : X]

Case ,33 o # 0or ﬂl 4 # 0. In this scenario, 13, 74 75 and 7 cannot be automorphism for

C'. Spemﬁcally, if B3y # 0 and ﬁl 4= ﬂz , = 0, then C becomes K -isomorphic, through a

permutation X <> Y, toacurve within the farmly described in Proposition 9.6-(3) (so Aut(C)

is the group Z/6Z x S3). Otherwise, if /3{’4 #0or B, #0, then Aut(C) = (0, 1) = Dy.
O

Claim 10.3 If Aut(C) fixes a line L and a point P not on L, then Aut(C) must be either D1,
or /37 % Sy .

Proof Since o, t € Aut(C), the line £ can be taken as ¥ = 0 and the point P as (0 : 1 : 0).
Consequently, all automorphisms of C are of the form:

* 0 %
010
* 0 %

Also, we can describe Aut(C) in terms of a short exact sequence:
1—-> N — Aut(C) - A(Aut(C)) — 1,

where N is a cyclic group of order dividing 6, and A (Aut(C)) can be one of the following:
(i) A cyclic group Z/mZ of order m < d — 1, (ii) A Dihedral group D»,, of order 2m, where
IN| =1orm =1, 2 or 4, (iii) one of the groups A4, As and S4.

Given that (03) < N has order 2, and A(Aut(C)) contains an S3 generated by A(c) =
[63X, ;;1 Z] of order 3 and A(t) = [Z : X] of order 2, we we analyze the possible cases
for A(Aut(C)).

Clearly, A(Aut(C)) # Z/mZ since S3 is not cyclic, A(Aut(C)) # Doy, as 3 t 2m if
m|4, A(Aut(C)) # A4 as A4 doesn’t contain S3 as a subgroup, A (Aut(C)) # As as Aut(C)
would otherwise include an automorphism of order 10, which exceeds 6. On the other hand,
if A(Aut(C)) = Sy, then A(Aut(C)) must include an element A(t’) ¢ (A(o), A(t)) of
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order 2 that commutes with A(t), since (A(t)) = Z/2Z in S4 has centralizer (Z/27)? in
S4. This element must be A(t") = [X : —Z], which corresponds to T/ = diag(A, 1, —A).
Such an automorphism exists if and only if 83 0 = B1,4 = 0. In this case, Aut(C) reduces to
the previously considered scenario where it is a semidirect product of Z/37Z and S4. O

Based on the preceding analysis, we can summarize the classification of the automorphism
groups of smooth plane sextic curves of Type 6, (1, 2) as follows:

Proposition 10.4 Let C be a smooth plane sextic curves C of Type 6, (1,2) as described
above (Eq. 10.1). Then,

1. If B30 = B1.4 = O, then C is given by X0+ Y0+ 70+ ﬂ2,2X2Y222 = 0 for some
B2 # 0, which is a descendant of the Fermat curve. In this case, Aut(C) = (o, 7, 7/, n)
is isomorphic to Z.J37 x Sy, where t’ = diag(1, 1, —=1) andn =[Y : Z : X].

2. If B30 #0,B1.4 = Pr2 =0, then Aut(C) = Z/6Z x S3, as described in Proposition
9.6-(3).

3. Otherwise, Aut(C) = (o, t) = Dy».

10.2 Type 5, (1, 4)

In this situation, C is defined by an equation of the form:
C: XS+ XZ+ XY 4+ By XY Z + Bon X2 Y2722 + BosY3Z3 =0,  (10.2)

where o = diag(1, ¢s, (5_1) is an automorphism of maximal order 5.

Clearly, (o, 7) = Djg, with T := [X : Z : Y], is always a subgroup of automorphisms for
C, which means that Aut(C) is never cyclic. Additionally, C is neither a descendant of the
Fermat curve F¢ nor the Klein curve KCg, as 10 does not divide | Aut(Fg)| = 216 and 10 does
not divide | Aut(XC6)| = 63. For the same reasons, Aut(C) cannot be conjugate to Hess for
€ 36, 72,216 or to PSL(2, 7). Thus, Aut(C) either fixes a line and a point not on this line or
it is PGL3 (K )-conjugate to As or Ag.

Claim 10.5 If Aut(C) fixes a line L and a point P off this line, then Aut(C) is exactly (o, T).

Proof Since o and 7 are in Aut(C), wecanfix £L: X = 0and P = (1 : 0 : 0). Consequently,
all automorphisms of C must be intransitive and of the form:

100
0 * %
0% %

Also, Aut(C) fits into a short exact sequence:
1> N=1— Aut(C) - A(Aut(C)) — 1,

where A (Aut(C)) could be Z/mZ withm < d — 1, Dy, A4, As, or S4.

Since A(Aut(C)) includes (A(c), A(t)) = Djo, it follows that A(Aut(C)) cannot be
Z/mZ, Ag,or S4. Additionally, if A (Aut(C)) were As, then there would need to be an element
A(t) ¢ (A(0), A()) of order 2 that commutes with A(t), as every copy of Z/27 in As has
a centralizer isomorphic to (Z/ 27)%. This implies that A(t’) = [Y : —Z], or equivalently,
7/ = diag(1, A, —A) for some A € K*. However, the presence of monomials like X Z> and
XY rules out such an automorphism, so A (Aut(C)) # As. Finally, if A(Aut(C)) = Da,,,
then m = 5 due to the maximal order of o. ]
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Now, it remains to consider C described above (Eq. 10.2), where Aut(C) is conjugate to
either As or Ag. In this case, Aut(C) must include an additional involution T’ that commutes
with 7, since any Z/27 subgroup within As or Ag is part of a (Z/27)? structure. According
to [18, Lemma 2.16], this involution v’ must have the form:

1 2/y 2/y
=y (1+V5/2(1-V5/2 ],
y (=1 =v5)/2 (=1 ++5)/2

12 — 93 48 + 3 64 — 29°

where B4 = , P2 = y and Bp 3 = 767/ for some y € K*. As a
v
consequence, C is K-isomorphic to:
12—y 48 64 — 2
Cy XS+ X+ 20+ L xtvz 4 + BEY o2 n 7”1/323 0,

Assume Aut(C) is Ag. According to [18, Theorem 2.1], C must be K-equivalent to the
Wiman sextic curve We, given by:
We 1 27X% +9XZ7° +9XY3 — 135X*YZ — 45X%Y* 7> + 10Y3Z3 = 0.

All instances of D1 within Ag are conjugate. Therefore, without loss of generality, we can
assume that ¢ Cy is the Wiman sextic curve, where ¢ € PGL3(K) and o Yo, 'T)qﬁ = (o, T)
because (o, ) < Aut(Wg). This implies that ¢ can be of the form diag(2, 4“51, 1) or [AX :

{5’ Z :Y]forsome j =0, 1, 2, 3, 4. In either case, the transformed equation of C;, becomes

_5
20X 1 axz5 +axyS + 1272VA4§5/X4YZ + 8 + v’ BV 22Xy 22 4 u% Y373 =o.
y y©
In particular, we obtain:
-2 4 64 —2y° 3; 48
26 = 27w, 0= v, Vbl = —135w, =3 gn, BF A 2262 = _asv,
Y y4
for some v € K*. Equivalently,
12—y =15 _givj) B+y7 =5 iy 64-2p7 10«5@873]'
2 (V3)3 7 Loyt 33 Ty 9

fori, j =0,1,2,3,4. So the automorphism group is given by R7! (T, Th, T3, Ty) R, as
detailed in Appendix 11.1.2. Lastly, we remark that

1 1 1
t’::qﬁ’lt)’,¢>= 2(-1+V5/2(-1-+5)/2],
2 (=1=3)/2 (-1++5))2

with ¢ = diag(2/y, 1, 1). Moreover, that ¢ is in the normalizer of (o, ) in PGL3(K). In
this case, C is K-isomorphic to:

Cy :32X0 43X (V3 + 2%) + 8012 — )XY Z 4248 + D) X2Y2 22 + 32 — Y323 =0,

where (o, 7, T’) is a subgroup of Aut(C, ). Since As is the only proper subgroup of Ag that
contains Dy, it follows that (o, T, /) = As.
From this, we conclude:
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Proposition 10.6 Let C be a smooth plane sextic curves C of Type 5, (1, 4), as defined by
Eq. (10.2). Then,

_ 15 _Gi+)) —+2)) 10/3 -3, .
L If a1 = «/§)3§ , B2 §5 , Bo.3 7(5 for some i, j €

{0,1,2,3,4}, then C is K -isomorphzc to the Wiman sextic curve given by
27X% +9X2Z° +9XY° —135X*YZ — 45X%Y? 7> + 10Y3Z3 = 0.

In this case, the automorphism group Aut(C) is PGL3(K)-conjugate to Ag and is repre-
sented as R™'(Ty, Ty, T3, Ty)R.

12 — 93 48 + 3 64 — 297
2. If Bag = v » B2 = +4y , Bos = 7yfor some y € K* such that
)/ Y
1093 ;3 o
/321 # \/~ %;-5 Bi+)) ﬁ # f (l+2]) 13 # 7§_§ 3j for some i, ] €

{0, 1,2, 3 4}, then C is K -isomorphic to
32X0 + 12X (Y + 2°) +8(12 — y )XY Z + 248 + )XY 22 + 32 — ) V3 Z3 =0,

where the automorphism group Aut(C) is isomorphic to As and is represented as (o, T, T').
3. Otherwise, Aut(C) is precisely D1y and is represented as (o, T).

10.3 Type 5, (1, 2)

In this situation, C is defined by an equation of the form:
C: X0+ XZ° + XVY3 + 31 X3V Z2 + BosX2Y3Z + B2 Y224 =0, (10.3)

where o = diag(l, ¢s, {52) is an automorphism of maximal order 5.

First, we observe that 5 does not divide 216 and 63, the curve C cannot be a descendant
of either the Fermat curve F¢ or the Klein curve Kg. Second, if Aut(C) is conjugate to one
of the finite primitive subgroups of PGL3(K), then it must be As or Ag, as these are the only
subgroups containing elements of order 5. Thus, the normalizer of (o) within Aut(C) would
be Ds, implying the existence of an automorphism t for C of order 2 such that tot lies in
(o). However, it is straightforward to verify that such an involution does not exist. Therefore,
Aut(C) cannot be one of the primitive subgroups of PGL3(K).

Now, suppose that Aut(C) fixes a line £ and a point P not lying on £. Without loss of
generality, we can take £ : X = O and P = (1 : 0 : 0), given that o is a non-homology in
its canonical form inside Aut(C). Consequently, all automorphisms of C are intransitive and
have the forms:

100
0 % %
0% %

Following the notations of Theorem 5.1, we obtain that N = 1 and the image A (Aut(C)) of
Aut(C) in PGL;,(K) includes a cyclic group Z/57 generated by A(o) = [¢{5Y : {522]. This
implies that A (Aut(C)) cannotbe A4 or S4. Therefore, A (Aut(C)) must be either Z/5Z, Do,
or As (noting that if A(Aut)(C) = Dy,,, then m = 5 due to the maximal order of o). If
A(Aut(C)) # Z/5Z, then there must be an element A(7) of order two in the normalizer of
(A(0)), as any copy of Z/5Z inside Do or As has D¢ as its normalizer. According to [35,
Lemma 2.2.3-(a)], A(t) = [AZ : Y] for some A € K*, which translates to 7 = [X : AuZ :
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wY] € Aut(C) for some A, u € K*. This holds only when 831 = B4.3 = Bs.2 = 0, which
contradicts the smoothness of C. Therefore, Aut(C) must be Z/57Z in this scenario.
As a result of the above discussion, we obtain:

Proposition 10.7 Let C be a smooth plane sextic curves C of Type 5, (1, 2), as defined by
Eq. (10.3). Then, Aut(C) is always cyclic of order 5, generated by o = diag(1, s, {52).

10.4 Type 4, (1, 3)

In this situation, C is defined by an equation of the form:

C:XO4+YZ4+YZ 4+ Bos¥V3Z3 + By XY Z + X2 (,32_024 +Bra¥27% 4+ /32,41/4) =0,
(10.4)

where o = diag(1, ¢4, ¢, l) is an automorphism of maximal order 4.
We notice the following properties of the curve C:

(1) C cannot be a descendant of the Klein curve Ke, as 4 { | Aut(K¢)| = 63.

(2) Assuming that C is a descendant of the Fermat curve F¢ with an automorphism group
larger than (o), it follows that Aut(C) must be either Dg or S4. This is because these
are the only subgroups of Aut(Fe) that contain Z /47 as a subgroup and have elements
are of orders at most 4. In either case, C has an involution 7 such that ot = o~ 1.

A straightforward calculation shows that t can be represented as t = [X : g“jZ :

g4_i Y] for some i € {0, 1, 2, 3}, requiring that 82 o = B2.4. Thus, if f2.0 = B2.4, then

Dg is a subgroup of automorphisms for C, generated by 0 and v = [X : Z : Y].

Furthermore, if if Aut(C) is exactly S4, the Subgroups Lattice of S4 ensures that any

7./47 inside Aut(Fg) is Aut(Fg)-conjugate to ([X : Z : —Y]). Therefore, there exists

a change of variables ¢ € PGL3(K) that transforms C (with $2 o = B2 4) to the form:

X4+ Y%+ 7%+ ..., such that ¢ lop = [X : Z : —Y]. This results in two possible

forms for ¢:
1 0 O s 1 —1
$r=10 s s | orgp=|0 G5 s
0¢, 't e 0¢ 't ¢

Case ¢ = ¢,. It can be shown that ¢, ! T¢1 is an order 2 automorphism for Fg only if s = ct
for some ¢ such that ¢* = 1. Additionally, to obtain the core equation X 64 Y%+ 7% we need
1 —2ct®

toset Bp3 = ;

. Under these conditions, the transformed equation for C becomes

X0+ ¥0 4 20 4 4 (2800 £ o2) X2 (Y4 + 24) + (3 - 16ct6) (Y422 + YZZ4)
+ cr?By x4 (Y2 + 22) 2% (20 — 6p2.0) X2¥222 =0

where ([X : Z : —Y], diag(1,1, —1)) = Dg is a subgroup of automorphisms inside
Aut(Fg). To achieve an Sy, it is sufficient to have an additional automorphism of order 3
from Aut(Fg), since Dg is maximal in S4. Without loss of generality, we can assume such
an element to be [Y : Z : X], as any S4 subgroup inside Aut(Fg) is conjugated to the one
generated by diag(1, —1, 1), diag(1, 1, —1), [X : Z : Y], and [Y : Z : X]. This condition

1 6 -1 6
holds only if a1 = o and frg = GF/2Pa2 + o

ct 2t

must be K -isomorphic to

, which means that C
X0+ ¥+ 20 + B X2yt + Y224 + XY 22 + X224+ XY 4 v 23 + g xPY2z2 = 0.
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for some B, B2 € K.
Case ¢ = ¢». It can be observed that

| A+ +s) —&as) (14 8)(s —1)(s 4 Lar)

/ /
22Yl‘S ) %sis 5
1 sT+t s t
¢ 12=10 st ¢ 2st ’
0 ] 52— 2 s2 12
4 25t 2st
and to ensure that ¢, 1t¢2 € Aut(Fg), we need to set s = —¢4¢. Under this condition,

¢{lr¢2 simplifies to [X : Z : Y]. To achieve the core form X0 + Y° + Z° we need to set
Bos=(s"/ 1)%¢4 + 2. Under these restrictions, the transformed equation of C would be

X0+ YO+ Z% 4 (¢/5)* (2820 — Bo2) X2 (Y + Z%) + (3 + 16(1/5)°%) (Y42 + Y2 Z*)
= Ca(t/s"Y Baa X (Y2 + Z%) = 2t/ (Bo2 + 6B2.0) X*Y?Z2 =0

where ([X : Z : —Y], diag(1,1, —1)) = Dg is a subgroup of automorphisms inside
Aut(Fg). A similar argument can be used to reach an S4 by forcing [Y : Z : X] to be an

. . . - . 4 3is?
additional automorphism. This condition holds only if 841 = —13% + % and Bro =
1
1 ﬁ 16i12 . . . . .
s\ B2+ 4+ rall B which equivalently means that C is K -isomorphic to
1

XO4¥O 4 20 4 B (X2v* + Y224 + XA 22 + X224 + XPYP + Y4 ZP) + B x?Y2 2% =0
for some B1, B2 € K as before.

(3) Now, suppose that Aut(C) fixes a line £ and a point P ¢ C that is off this line £, as
in Theorem 5.1-(2). In this scenario, let £ be X = 0 and P be the point (1 : 0 : 0),
given that ¢ € Aut(C) is a non-homology in its canonical form. Consequently, all
automorphisms of C are intransitive of the form:

100
0% *
0% %

This allows us to represent Aut(C) in a short exact sequence:
1 > N = (6%) = Z/2Z — Aut(C) — A(Aut(C)) — 1,

where A(Aut(C)) includes a Z/2Z subgroup generated by A(o) = [{4Y 54712].
Thus, according to Theorem 5.1, A(Aut(C)) could be Z/mZ, D> ,,, withm = 2 or 4,
or it could be A4, As, or S4.

(i) First, we exclude the possibilities where Aut(C) is A4, As, or S4. This is because
such groups would have an order divisible by 3 and would include a normal subgroup
Z/27Z = N. Consequently, they would contain elements of order 6, which exceeds
4, leading to a contradiction.

(i) Next, if A(Aut(C)) = D, with m = 2 or 4, then there exists an element A(t) ¢
(A(0)) such that A(t) is an order 2 automorphism that commutes with A (o).
According to [35, Lemma 2.2.3-(a)], A(t) = [AZ : Y] for some A € K*. In
this case, T can be expressed as [X : AuZ : uY] for some A, u € K*. This is
only valid if 82,0 = B2.4, and k,uz must be &1 to ensure that t has an order of
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(iii)

at most 4. Therefore, t simplifies to [X : +1/uZ : uY] where u* = 1. In this
scenario, Aut(C) contains a Dg subgroup generated by o and [X : Z : Y] if and
only if B2, 0 = B2,4. Moreover, if A(Aut(C)) = Dg, then Aut(C) must be either
SmallGroup(16, 11) = Z/27Z x Dg or SmallGroup(16, 13) = Z/47 o Dg. These
are the only subgroups of order 16 containing a normal Z/2Z, a Dg, and elements
of order at most 4. For further details, see Groups of order 16. In these cases,
every copy of Z /47 in Aut(C) (such as (o)) is contained within a Z /27 x Z/4Z.
Therefore, there exists an involution 7/ ¢ (o, ) that commutes with o. Simple
calculations show that t/ = diag(1, —1, 1) or diag(1, 1, —1), but neither of these
can define an automorphism for C due to the presence of the monomial X° in the
defining equation of C.

Finally, if A(Aut(C)) = Z/4Z, then Aut(C) must be one of the following groups:
Qg, Dg, or Z/27 x 7/4Z. These are the only groups of order 8 with a normal
Z./27 and elements of order at most 4. As previously discussed, Aut(C) = Dg
if and only if B2,0 = f2.4. On the other hand, Aut(C) = Z/27Z x Z/4Z only if
Aut(C) includes diag(1, —1, 1) or diag(1, 1, —1), which is not possible for any
specialization of the parameters. If Aut(C) is the quaternion group Qg, it must
contain an element o’ of order 4 such that 0> = 62 and o’00’~! = oL, This
implies 6’ = [X : AZ : —1/0Y] for some A € K*. Furthermore, such an element
o’ lies in Aut(C) only if A =1 (contributing to the monomials Y3Z and Y Z°),
Bs1 = Po3 = O (related to the monomials Y373 and YZ), and Bo4s = —Poo
(involving the monomials Z* and Y*).

(4) If Aut(C) is conjugate to one of the finite primitive subgroups of PGL3(K), then it

must be either Hess3g or Hess7,. These are the only subgroups that include elements
of order 4 and do not have elements of order greater than 4.

Using the notation from Sect. 9.3, we can assume that ¢~ Aut(C)¢ contains (S, T, V) =
Hess3g for some ¢ € PGL3(K). Since all elements of order 2 within Hess3g are conjugate,
we can force ¢ 'o2¢p = V2 = [X : Z : Y]. Thus, we can choose ¢ to be of the form:

01 -1
p=|2rv v
nwv v

We may further assume that ¢ ~'o¢ = V or V!, as all groups of order 4 within Hess3g are
conjugate to (V). Hence, ¢ can be reduced to one of the following forms:

0 1 -1
s =|a—a(l £/3)/2 —a(1 £/3))2
b —b(1F+/3)/2 —=b(1 F V/3)/2

In this context, the monomials XY, X>Z, X*Y2, X472, x3v%7, X3y 72, X?y*, x*74,
X2y 73,

YZ3, and Z°Y should not appear in the defining equation for #+C since S €
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Aut(?=C). Therefore, with respect to ¢+, we must have

L@V3FH — V3£ 3! P (9(12 +7v3)at £ ﬁb“)
= s P2,0 =

Po3 3a2b2 0= 8b3 ’
b (9025 7V3)* F V3a*) 715 (W35 2b* - (V3£ 2at)
B24 = e s B = Aab ;

a1 = i%((zﬁ +3)a* — (V3 F 3)bY), 3ab ((ﬁ £2)a* — (V3 F 2)b4) = 18,

implying that = C is defined by
—2(fala, b) +5)(X3 YV} + X323 + ¥37% =0,

12 ((ﬁ +2)a* + (V3 F 2)b4)
with fi(a,b) = £ oy
Finally, UVU —l ¢ Aut(?+C) if and only if f4(a,b) = 0 or —6. However, Proposition
9.10-(2) tells us that Aut(?*C) = (S, T, U, V) = Hessa1¢ when fi(a, b) = 0, so this case
is not possible. On the other hand, when f4(a, b) = —6, the curve ?*C has a singularity at
the point (1 : —1 : 0). Therefore, we conclude that Aut(C) cannot be conjugate to Hess7,.
As a consequence of the previous discussion:

Proposition 10.8 Let C be a smooth plane sextic curves C of type 4, (1, 3), as defined by Eq.
10.4. Then, Aut(C) is classified as follows.

1. If Boo = Poa, then Aut(C) = (0, t) = Dg, where o = diag(1, ¢4, ¢, ") and v = [X :
Z : Y], except in the following cases:
1 —2ct8 3 — 16¢ct° 3 — 16¢t°
] == r— = —_— = 2 —_—
(i) Bo3 o6 4,1 o2 Pro = F/Db22+ —73
t € K* such that ¢* = 1.

v 4 N2
(i) Bos = (/0084 +2, Bat = 3Cu(s' /D) — (2 /s'), Pog = L2230 Hlit)s)
for some s',t € K*

for some

In these cases, C is K -isomorphic to
XO4 v+ Z0 4+ (XY + Y22+ XA 22+ X220+ XY 4+ Y2 + o n XY 22 = 0.

where oz 4,002 € K*. In particular, Aut(C) is conjugate to Sa, generated by
diag(1, —1, 1), diag(1,1,—1), [X: Z:Y]and Y : Z : X].
2. If Bra = —PBaroand Bs1 = Bosz = 0, then Aut(C) = (o, 0') = Qg, where o’ = [X :
. —1
ISV —8g Y]
3. If there exist a and b satisfying 3ab ((ﬁ +2a* — (V3 F 2)b4) = &8, such that

LCVEFEI - @V3Eat T (902£7V3)a* £ /30*)
= > P2,0 =

Pos 3a2b? 0= 853 ’
b (9025 7V3* F V3a*) 715 (W35 2b* - (V3£ 2at)
Bra = e s Pop = )
a- 4ab
3V3(2 £ V3)a* — 2 F V3)b%)
Ba1 = =* 3 ,
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then C is K -isomorphic to
X0+ YO+ 7% + fua, )XYZ(XP + Y3 + Z%) + 3 fa(a, b)X?Y?Z?
—2(fala, b) + 35XV + X322+ Y37} =0,

12 ((ﬁ +2)a* + (V3 F 2)b4)

b* —a*

where fy(a,b) = =+

conjugate to Hesszg = (S, T, V).
4. Otherwise, the automorphism group Aut(C) is precisely 7./47Z, generated by o.

. In this case, Aut(C) would be

10.5 Type 3, (1, 2)
In this situation, C belongs to one of the following families:

Ci - XC+vY°+2°+XxYZ (/34,1?(3 + BraY3 + ﬂ1,223) + Ba2XY% 272
+ B33 XY 4 30X 27 + oY 2 =0
C ot XY +YZ+XZ+XYZ (B32X°Y + Bi3Y?Z + o1 XZ7)
+ BoaX?Y* + oY ?Z* + BoX?ZP =0,
where o = diag(1, 3, &5 l) is an automorphism of maximal order 3.

The automorphism group of C;, for i = 1,2, was analyzed in [7, Theorem 2.5]. For
reference, we provide a summary of the classification here.

Proposition 10.9 The classification of the automorphism group of Aut(C;) fori = 1,2 is as
follows:

(1) The automorphism group Aut(Cy) is generally cyclic and is generated by o, except in
the following cases:

(i) If Ba1 = B1.a = P12 = P22 = 0, then the curve C; simplifies to
XO+ Y0+ 28+ X3 (B33Y3 + B3.02°) + oY 23 =0,

where Aut(Cy) is isomorphic to (Z/?»Z)2 and is generated by diag(1, ¢3, 1) and
diag(1, 1, &3).
(ii) If any of the following conditions holds:

(a) Ba,1 = xP14 and B30 = £Po 3,
(b) B1,a ==xP12 and B33 = £P30,
(¢) Ba1 = EP12 and B33 = £Po3,

then the curve Cy is K -isomorphic to

ClXO 4+ YO+ 20+ By XY Z + By X3V + Z%) + By, XY 22
+ B XYZ(Y? + Z°) + By 5Y°Z° =0,

where Aut(Cy) is S3 generated by o and [X : Z : Y1if By | # Bj, or B33 # By -
Otherwise, Aut(Ci) is Z)37Z x S3 generated by o, [ X : Z :Y]and|Y : Z : X].
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(iii) If there exists £ # 0 or 3 mod 6, such that B4,1 = {éﬁm ,Bla= :I:{geﬁm, B33 =
:i:(—l)[,B3,0, Bo,3 = £P3.0, then the curve Cy is K -isomorphic to

Ci/ . X6+é_6ﬂy6+§6—22Z6 + ,B{JXYZ(X3 +§62€Y3 +g.6—2KZ3)
+ ,Bé,()(XSY3 + {'672[)(323 + fGZZY3ZS) =0.

In this case, Aut(CY) is isomorphic to (Z./3Z)?, with the group generated by o and
Y :Z:X].

(iv) If (a) (Ba,1, P12, B1,4), (B1.4, Ba,1, B1,2), or (B1,2, B1.4, Pa,1) equals

2(29 — 5405 — 54u5)  2(27u8 — 5418 —52) 2 (2716 — 545 — 52)
27\ ’ 27t ’ 27041 ’

(b) (B3,0, B3.3, Bo.3). (B3,3, Bo,3, B3,0), or (Bo,3, B3,0, B3,3) equals

2(8128 —27u8 —26) 2(81u8 —272° —26) 2 (82— 2715 —27,°)
27u3 ’ 2713 ’ 272313 ’

9% + 9,0 + 10
d = —_—
and (c) pa. 2,0

isomorphic to Cy ., defined by

for some A, u € K*, then the curve Cy is K-

X0+ YO+ 20+ £, X2V Z% + g (XA Y2+ X220 + Y427
+ gua (X122 + XY+ 72 Zh =0,
where
Frp = 3(80 4 812° + 81u%),
g =81 (1462457 uf).
In this case, Aut(Cy . ) is isomorphic to A4, with the group generated by
diag(1, —1, 1) and diag(1, 1, —1), and [Y : Z : X].

(2) The automorphism group Aut(C») is generally cyclic and is generated by o, except
in the following cases:

(i) If Boo = o1 2 Bao, Boa = &3 Baos Bis = & B3as Pai = &3 Bao for

some integer r, then Cy is K -isomorphic to
Cy XY +YZ + XZ5 + Baots] (X222 + X?v* +¥2Z%)
+ B3ty XYZ (XY + XZ* +Y?Z) =0,

where Aut(C}) is (Z./3Z)?, generated by o and [Y : Z : X].
(ii) If (a) (B2.4, 4.0, Bo.2), (Bo.2: B2.4, B4.0), or (Ba0. Po,2, B2.4) equals

(xm LA A4S Ah+ ;ﬁ)

A 2ur gt

and (b) (B1,3, B3,2, B2,1), (B2.1, B1,3, B3,2) or (B3,2, P2,1, B1,3) equals

20200+ 20+ 1) 205w 4 dh 44 2200+ A +2u5)
}n3,lL2 ’ KZM ? )\M3 ?
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then the curve Cy is K -isomorphic to Cy ;. ;,, defined by
X0+ YO+ Z8 + hy (e XA Y2+ X224+ Y422
+ s, (X 22+ XY+ Y?ZY =0,
where

V38 (¢4’ 1+ Cioh + EH°)

hy . = ,
Aot A+ A+ S

o V3o (@2 i+ bkt gur’)
o = A+ A+’ ‘

In this case, Aut(Cy 5., ;) is A4, with the group generated by diag(l, —1, 1),
diag(1, 1, —1), and [¢5 'Y = Z = X].

Remark 10.10 Trreducibility of the stratum Mll)(l) (Z/37Z), including the existence of the two
components MY (0(0,1)(Z/3Z)) and M} (0(1,2)(Z/31Z)), was initially addressed in [4].
Additionally, for Proposition 10.9 (1)-(ii), (,3§_3, ,B{’z) must not be (0, 0) or the curve

will have automorphisms of order > 3 like diag(1, ¢, ¢¢ 1). Similarly, in Proposition 10.9
2)-(), (ﬂ2,4, ﬂ173) # (0, 0) (Otherwise, diag(1, 21, {2_]4) will be an automorphism of order
> 3).

10.6 Type 2, (0, 1)
In this case, C is defined by an equation of the form:
C:2%4+ 7% 7+ Z°Laz+ L6z =0

where o = diag(1, 1, —1) is an automorphism of maximal order 2.

Clearly, either Ly z # 0 or Ls4,z # 0, otherwise diag(1, 1, £4) would act as an automor-
phism of order 4 > 2. Also, due to smoothness, Lg z must be of degree > 5 in both X and
Y.

The full automorphism group of such a curve C was investigated in [7]. According to [7,
Theorem 2.1], we have the following result:

Proposition 10.11 Let C be a smooth plane sextic curves C of Type 2, (0, 1) as above. Then,
Aut(C) is always cyclic of order 2, unless Ly 7z, La 7z and Le 7z are elements of the ring
K[X2, Y2\. In that case, Aut(C) is (Z/ZZ)z, generated by o and diag(1, —1, 1).
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11.1 Appendix
11.1.1 S3 and A4 inside Aut(Fg)

WWe have established in Proposition 6.1 that Aut(Fg) is isomorphic to (Z/ 67)% x S3.
Consider the following subgroups of Aut(Fg):

S3.1 = (diag(1, 23,2571, [X : Z: ¥])
Sz3p=(Y:Z:X],[X:Z:Y])
Clearly each of these subgroups is isomorphic to S3 = (a,b : a*> = b> = (ab)? = 1)
witha =[X : Z :Y]anda = diag(l,;‘3,§3_1), [Y : Z : X] respectively. Moreover,
(diag(1, &3, {;1)) and ([Y : Z : X]) are not conjugate inside Aut(Fg). Thus, any copy of S3
inside Aut(Fe) is Aut(Fg)-conjugate to either S3 1 or S3 >, since Aut(Fg) contains exactly

two conjugacy classes of Sz as illustrated in the subgroups lattice of Aut(Fg).
Similarly, any copy of A4 inside Aut(Fe) is Aut(Fe)-conjugate to A4 1 or Ay 2, where

Agq = ([Y:Z:X], diag(1, 1, —1), diag(1l, —1, 1)),
Agn = ([Y : &6Z : {6 X], diag(l, 1, —1), diag(l, —1, 1)).
Each of these groups is isomorphic to
Ags=(a,b,c: === 1, cac ' =ab = ba, che™! = a,

where a = diag(1l, —1,1), b = diag(1,1,—1),andc =[Y : Z : X] or [Cé_lY 7 X]
respectively. Moreover, if ¢>’1 Ay2 ¢ = Ay for some ¢ € Aut(Fg), then ¢ must lie in the
normalizer of (diag(1, 1, —1), diag(1, —1, 1)) = Z/27 x 7Z/27. Hence ¢ can be expressed
as:

1 =[aX:bY :Z], ¢ =[aY : bX : Z], ¢3 = [aX : Z : bY],
¢y =[aY : Z :bX], ¢s =[Z :aX : DY), ¢pg =[aZ : Y : bX],
for some a, b such that a® = % = 1. This yields the 24 Aut(Fg)-conjugates of [Y : Z : X]

namely, {¢;[Y : Z : X]qblfl 1i=1,2,3,4,5, 6} More precisely, the Aut(Fg)-conjugates of
[Y : Z : X] are given by the following sets:

(1Y 27 2 &8 XN 0.0)e0(0.0),0.3),3.0),(1,2),2. 1),(2.4),(4.2).3.3).(4.5).(5.4).(5. 1))
(UZ 28X 1 e Y1009 €1(0.0).0.3).3.0).(1.1). (1.4). (4.1).(2.2).2.5).(5.2). (3.3).(4.4).(5.5)]

Because non of these conjugates lie in A4 2, we deduce that A4 and A4 > are non-conjugated
inside Aut(Fg). However, it is important to note that both groups are PGL3(K) conjugated

via a rescaling of the variables in the normalizer of Aut(Fg), specifically through X —

2
VXY o 1y, 7 zwih P =
’ ’ b )»/2 6-
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11.1.2 The Wiman’s sextic curve
The most symmetric smooth plane sextic curve is known to be the Wiman’s sextic W, defined
by
We : 27X% +9XZ° +9XY> — 135X*YZ — 45X%Y*Z> + 10Y3Z® = 0.
Further details can be found in [18]. According to [59, Appendix A], Aut(Wg) is given by
R=UTy, Tr, T3, Ts) R, where
1
a(l—>b) a(l —-0>b) E(l—i—Zc—f—bc)
R:=\]|avb—-3—-avb-3 0
—1
a a 7(1 +c+b)+ bc
Ty = diag(1, —1, 1),
T, =[Z:X:Y]
Ty = [X:¢4'Z: 537

1 1/b —b
=15 b 1
b —11/b

145 —1++/-3
,C= .
2

1
witha=8(1+2c—|—2b+bc),b= >
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