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 A B S T R A C T

In the present paper we show that the processes 𝑋𝑛 = {𝑋𝑛(𝑡)∶ 𝑡 ∈ [0, 1]}, 𝑛 ∈ N, defined by 
𝑋𝑛(𝑡) =

√

𝑛𝐶 ∫ 𝑡
0 (−1)

𝐿(𝑛𝑢)𝑑𝑢, where 𝐿 = {𝐿(𝑡)∶ 𝑡 ≥ 0} is a renewal process whose inter-arrival 
times satisfy some integrability conditions and 𝐶 > 0 is some normalizing constant, weakly 
converge, in the space of continuous functions over [0, 1], ([0, 1]), to the Brownian motion as 𝑛
approaches infinity. This result thus generalizes the well-known result of D. W. Stroock (1982), 
where 𝐿 is taken to be a standard Poisson process. In particular, we see that these results are 
a mere consequence of Donsker’s invariance principle.

1. Introduction

It is well known (see Stroock and Karmakar (1982)) that, if 𝑁 = {𝑁(𝑡)∶ 𝑡 ≥ 0} is a standard Poisson process, the processes 𝑋𝑛
defined by 

𝑋𝑛(𝑡) =
√

𝑛∫

𝑡

0
(−1)𝑁(𝑛𝑢)𝑑𝑢, 𝑡 ∈ [0, 1], (1)

which were introduced by M. Kac in Kac (1974) in order to solve the telegrapher’s equation, weakly converge, in the space of 
continuous functions over [0, 1] (from now on, ) towards the standard Brownian motion. Since then, several generalizations of this 
result have been seen. For instance:

1. By noting that −1 = 𝑒𝑖𝜃 with 𝜃 = 𝜋 and consider any other angle 𝜃 ∈ (0, 𝜋) ∪ (𝜋, 2𝜋), showing convergence towards the 
Brownian sheet (see Bardina (2001)).

2. Replacing the Poisson process 𝑁 for any other Lévy process, showing convergence towards the Brownian sheet (see Bardina 
and Rovira (2016)).

3. By considering the multiparameter analogs of the Poisson process and, more generally, of the Lévy Process and showing 
that the corresponding processes converge towards a Brownian sheet or a complex Brownian sheet (see Bardina et al. (2020, 
2000)).
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4. By considering integrals of functions with respect to such processes and showing convergence towards the stochastic integrals 
with respect to the Brownian motion or Brownian sheet (see Delgado and Jolis (2000), Bardina et al. (2003), Bardina and 
Boukfal (2026, 2025)).

5. By modifying the Poisson process or by considering a renewal–reward process (with a very specific reward) in such a way 
that the obtained convergence is in the strong sense (see Griego et al. (1971), Bardina and Rovira (2023)).

In order to show the weak convergence in the first four extensions, the authors show that the sequence of stochastic processes is 
tight and that the finite dimensional distributions, or any weak limit of any subsequence, converge as desired.

As for the strong convergence in the fifth point, the authors show that, via Skorokhod’s embedding theorem, there are some 
realizations of the processes converging almost surely towards the Brownian motion.

Inspired by the results exhibited in Bardina and Rovira (2023), in this paper we provide a further extension of the original 
theorem where the Poisson process 𝑁 is replaced by a general renewal process whose inter-arrival times verify some integrability 
condition. Hence, providing a larger class of processes which, unlike Brownian motion, are suitable for modeling transport and 
diffusion-like processes whose velocity of propagation is finite. Moreover, as done in Kac (1974) and Masoliver et al. (1989), these 
processes can be used to solve some PDEs by considering expected values of functionals of these.

As the proof of the main result of this paper shows, the obtained convergence (and thus, the convergence when a Poisson process 
is considered) can be seen as a mere consequence of Donsker’s invariance principle since, as we will see, these processes are closely 
related to the random walk.

2. Statement and proof of the main result

Let {𝑈𝑘 ∶ 𝑘 ∈ N} be a sequence of i.i.d. non-negative random variables such that P{𝑈1 = 0} < 1, Var(𝑈1) > 0 and E[𝑈 𝑝
1 ] < ∞ for 

some 𝑝 > 2. Define 𝑆0 = 0 and, for 𝑛 ∈ N and 𝑡 ≥ 0,

𝑆𝑛 =
𝑛
∑

𝑘=1
𝑈𝑘, 𝐿(𝑡) =

∞
∑

𝑛=1
I[0,𝑡](𝑆𝑛),

where I𝐴 is the indicator of the set 𝐴 (that is, I𝐴(𝑥) = 1 if 𝑥 ∈ 𝐴 and I𝐴(𝑥) = 0 otherwise). 𝐿 = {𝐿(𝑡)∶ 𝑡 ≥ 0} is usually called a 
renewal process with arrival times {𝑆𝑛 ∶ 𝑛 ∈ N} or, equivalently, with inter-arrival times 𝑈𝑛 = 𝑆𝑛 − 𝑆𝑛−1, 𝑛 ∈ N.

The main result of this paper reads as follows.

Theorem 2.1.  The processes 𝑋𝑛 = {𝑋𝑛(𝑡)∶ 𝑡 ∈ [0, 1]}, 𝑛 ∈ N, defined by 

𝑋𝑛(𝑡) = 𝐶
√

𝑛∫

𝑡

0
(−1)𝐿(𝑛𝑢)𝑑𝑢, (2)

where 𝐶2 = E[𝑈1]∕Var(𝑈1), weakly converge, in , towards a standard Brownian motion as 𝑛 approaches infinity.

Remark 2.1.  The hypotheses required for the proof of Theorem  2.1 are less restrictive than the ones seen in Bardina and Rovira 
(2023) since these are not enough (not a priori, at least) to show the strong convergence of these processes (or a slight modification 
of them by considering some specific reward) towards the Brownian motion.

Indeed, we start by noticing that, when P{𝑈1 = 0} = 0 (which is the case of the Poisson process, where 𝑈1 is taken to be 
exponentially distributed), the renewal process 𝐿 almost surely vanishes in a neighborhood of 0, meaning that the sample paths of 
the processes 𝑋𝑛 always start increasing. In order to avoid this, in Bardina and Rovira (2023) the authors introduce a sequence of 
i.i.d. Bernoulli random variables {𝜂𝑘 ∶ 𝑘 ∈ N ∪ 0} of parameter 1∕2 and define the renewal–reward process

𝑇 (𝑡) =
𝐿(𝑡)
∑

𝑘=0
𝜂𝑘,

which can take the value 1 at 𝑡 = 0 implying that the processes

𝑋̃𝑛(𝑡) =
𝐶

√

𝛽(𝑛) ∫

𝑡

0
(−1)𝑇 (𝑢∕𝛽(𝑛))𝑑𝑢, 𝑡 ∈ [0, 1],

where 𝛽 ∶N → R is some strictly positive sequence (in our case, 𝛽(𝑛) = 1∕𝑛) converging to 0 and 𝐶 is some normalizing constant 
different from the one in (2), need not be increasing at 𝑡 = 0.

In addition, one can see that the strong convergence displayed in Griego et al. (1971), Bardina and Rovira (2023) is a consequence 
of the Borel–Cantelli lemma, for which one needs to impose further conditions on the sequence {𝛽(𝑛)∶ 𝑛 ∈ N}. More precisely, one 
requires this sequence to be summable, this in particular implies that, contrary to what we will be seeing, the results seen in Bardina 
and Rovira (2023) need not be valid, for instance, for 𝛽(𝑛) = 1∕𝑛 or for some general 𝛽(𝑛) approaching 0 from above. Furthermore, 
in order to apply Borel–Cantelli’s lemma, the authors also need to make use of some of the bounds provided by the Skorokhod 
embedding theorem, for which one requires the random variables 𝑈𝑘 to have fourth order moments, whilst we only need them to 
have moments of order 𝑝 > 2.
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Proof of Theorem  2.1.  Without any loss of generality, we shall assume that 𝜇 = E[𝑈1] > 1, the general case is a matter of scaling the 
random variables 𝑈𝑘. Indeed, let us assume that we have shown the result for 𝜇 > 1, and consider a general sequence {𝑈𝑘 ∶ 𝑘 ∈ N}
verifying the hypotheses for which the theorem holds. For any 𝜌 ∈ (0, 1), the variables 𝑈̃𝑘 = 𝑈𝑘∕(𝜌𝜇) have mean 1∕𝜌 > 1, so that the 
theorem can be applied to the renewal process

𝐿̃(𝑡) =
∞
∑

𝑘=1
I[0,𝑡](𝑈̃1 +⋯ + 𝑈̃𝑘) = 𝐿(𝑡𝜌𝜇).

Hence, the processes

𝑋̃𝑛(𝑡) =

√

𝑛E[𝑈̃1]
Var(𝑈̃1) ∫

𝑡

0
(−1)𝐿̃(𝑛𝑢)𝑑𝑢 =

√

𝑛
𝜌Var(𝑈1) ∫

𝑡𝜌𝜇

0
(−1)𝐿(𝑛𝑢)𝑑𝑢, 𝑡 ∈ [0, 1],

will converge to a standard Brownian motion, meaning that

𝑋𝑛(𝑡) =

√

𝑛E[𝑈1]
Var(𝑈1) ∫

𝑡

0
(−1)𝐿(𝑛𝑢)𝑑𝑢 =

√

𝜌𝜇𝑋̃𝑛

(

𝑡
𝜌𝜇

)

, 𝑡 ∈ [0, 1],

will converge towards a standard Brownian motion as well.
In order to prove the result for 𝜇 > 1, we start by noticing that 𝑋𝑛 can be written as 

𝑋𝑛(𝑡) =
𝐶
√

𝑛

𝐿(𝑛𝑡)
∑

𝑗=1
(−1)𝑗−1𝑈𝑗 +

𝐶
√

𝑛
(−1)𝐿(𝑛𝑡)

(

𝑛𝑡 − 𝑆𝐿(𝑛𝑡)
)

. (3)

We will show that

𝑊𝑛(𝑡) =
𝐶
√

𝑛

𝐿(𝑛𝑡)
∑

𝑗=1
(−1)𝑗−1𝑈𝑗

and

𝑅𝑛(𝑡) =
𝐶
√

𝑛
(−1)𝐿(𝑛𝑡)

(

𝑛𝑡 − 𝑆𝐿(𝑛𝑡)
)

converge, respectively, towards a Brownian motion and the null process in the space of càdlàg functions over [0, 1] (which we denote 
by ) with respect to the Skorokhod topology (unless stated otherwise, weak convergence in  will mean convergence with respect 
to this topology). If we manage to show this, since 𝑅𝑛 will converge to 0, we will have that 𝑋𝑛 will converge towards the Brownian 
motion in . Since 𝑋𝑛 has continuous paths and the convergence in  relativized to  coincides with the weak convergence in 
(with the uniform topology), we will obtain the weak convergence in  of the processes 𝑋𝑛.

Now, in order to see that 𝑅𝑛 converges to 0 in , we first note that, for any 𝑡 ≥ 0 and 𝑛 ∈ N, 𝑆𝐿(𝑛𝑡) ≤ 𝑛𝑡 < 𝑆𝐿(𝑛𝑡)+1, so that

|𝑅𝑛(𝑡)| ≤ 𝑅̃𝑛(𝑡) ∶=
𝐶
√

𝑛
𝑈𝐿(𝑛𝑡)+1.

In particular, sup𝑡 |𝑅𝑛(𝑡)| ≤ sup𝑡 𝑅̃𝑛(𝑡). Observe that if we show that 𝑅̃𝑛 goes to 0 in , then so will 𝑅𝑛. Indeed, recall that the 
map  ∋ 𝑥 ↦ sup𝑡 |𝑥(𝑡)| is continuous with respect to the Skorokhod topology, meaning that, by the continuous mapping theorem, 
sup𝑡 𝑅̃𝑛(𝑡) will weakly converge (in R) towards 0 as well and thus, since 0 is a constant, we will have convergence in probability, 
giving us that, for any 𝜀 > 0

P
{

sup
0≤𝑡≤1

|𝑅𝑛(𝑡)| ≥ 𝜀
}

≤ P
{

sup
0≤𝑡≤1

𝑅̃𝑛(𝑡) ≥ 𝜀
}

𝑛→∞
←←←←←←←←←←←←←←←←←←←←←→ 0.

That is, 𝑅𝑛 will converge towards 0 in probability and in the space  with the uniform topology, which, in turn, will imply 
convergence in law in the same space with the same topology. However, in , the topology induced by the uniform metric is 
finer than the topology induced by the Skorokhod metric (see, for instance, Billingsley (1968), pp. 150–151), implying that 𝑅𝑛 will 
converge to 0 in  with the Skorokhod topology.

All in all, what we have seen is that it suffices to show that 𝑅̃𝑛 converges to 0 as a sequence of processes in  (with the uniform 
or the Skorokhod topology).

To do so, consider the processes {𝐷𝑛 ∶ 𝑛 ∈ N} defined by

𝐷𝑛(𝑡) =
𝐶
√

𝑛
𝑈[𝑛𝑡]+1

and note that
sup
0≤𝑡≤1

𝐷𝑛 =
𝐶
√

𝑛
max

1≤𝑖≤𝑛+1
𝑈𝑖.

Next, by Jensen’s inequality,

E
[

max
1≤𝑖≤𝑛+1

𝑈𝑖

]

= E
⎡

⎢

⎢

(

max
1≤𝑖≤𝑛+1

𝑈 𝑝
𝑖

)
1
𝑝 ⎤
⎥

⎥

≤
(

E
[

max
1≤𝑖≤𝑛+1

𝑈 𝑝
𝑖

])
1
𝑝

⎣ ⎦
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≤

(

E

[𝑛+1
∑

𝑖=1
𝑈 𝑝
𝑖

])

1
𝑝

=

(𝑛+1
∑

𝑖=1
E
[

𝑈 𝑝
𝑖
]

)

1
𝑝

= (𝑛 + 1)
1
𝑝
(

E[𝑈 𝑝
1 ]
)
1
𝑝 ,

where, in the last step, we have used that the random variables 𝑈𝑘 are identically distributed. Since 𝑝 > 2, this means that 𝐷𝑛
converges in 𝐿1 to 0 in  with the uniform topology. In particular, it will weakly converge in the same space with the same 
topology.

Now let us define 

𝛷𝑛(𝑡) =

{𝐿(𝑛𝑡)
𝑛 , if 𝐿(𝑛)𝑛 ≤ 1,

𝑡
𝜇 , otherwise.

(4)

As a consequence of the functional law of large numbers for the renewal process 𝐿, it can be shown, (see the proof of Theorem 17.3 
in Billingsley (1968), p. 149), that 

sup
0≤𝑡≤1

|

|

|

|

𝐿(𝑛𝑡)
𝑛

− 𝑡
𝜇
|

|

|

|

𝑛→∞
←←←←←←←←←←←←←←←←←←←←←→ 0

in probability and therefore, that 𝛷𝑛 weakly converges in 0 to 𝜙, where 𝜙(𝑡) = 𝑡∕𝜇 and where 0 ⊂  is the set of non-decreasing 
càdlàg functions whose image is contained in [0, 1] (in other words, the càdlàg changes of time of the unit interval) with the subspace 
topology. Under the event 𝐿(𝑛)∕𝑛 ≤ 1 (the probability of which goes to 1), we have that 𝑅̃𝑛 = 𝐷𝑛◦𝛷𝑛. Thus, both 𝑅̃𝑛 and 𝐷𝑛◦𝛷𝑛
have the same limit. Since the random time change mapping ×0 ∋ (𝑋,𝛷) ↦ 𝑋◦𝛷 is continuous (for more details, see Billingsley 
(1968, p. 145)) and, by Slutsky’s theorem, (𝐷𝑛, 𝛷𝑛) converges in distribution towards (0, 𝜙), 𝐷𝑛◦𝛷𝑛 will converge in  to 0◦𝜙 = 0, 
showing that 𝑅̃𝑛 converges to 0 in  and that so does 𝑅𝑛.

The only thing left to do is to show that 𝑊𝑛 converges to a standard Brownian motion. Again, this will be a consequence of the 
convergence in  of

𝑊̃𝑛(𝑡) =
𝐶
√

𝑛

[𝑛𝑡]
∑

𝑗=1
(−1)𝑗−1𝑈𝑗

towards the Brownian motion alongside the fact that 𝑊𝑛 and 𝑊̃𝑛◦𝛷𝑛 (where 𝛷𝑛 the same time change in (4)) have the same limit.
Even though the random variables (−1)𝑗−1𝑈𝑗 are independent, they are not, in general, identically distributed, so that we cannot 

apply directly the invariance principle. Nevertheless, observe that

𝑊̃𝑛(𝑡) =
𝐶
√

𝑛

[

[𝑛𝑡]
2

]

∑

𝑗=1

(

𝑈2𝑗−1 − 𝑈2𝑗
)

+ 𝐶
1 − (−1)[𝑛𝑡]

2
√

𝑛
𝑈[𝑛𝑡],

where the first sum is null if [𝑛𝑡] < 2. A similar reasoning to the one used to show that 𝐷𝑛 converges to 0 shows that the second 
term in the latter expression for 𝑊̃𝑛 converges to 0 in  as well. Thus, it remains to show that the processes 𝐵̃𝑛 defined by

𝐵̃𝑛(𝑡) =
1
√

𝑛

[

[𝑛𝑡]
2

]

∑

𝑗=1

(

𝑈2𝑗−1 − 𝑈2𝑗
)

, 𝑡 ∈ [0, 1],

converge towards a Brownian motion. But the latter is an (almost) immediate consequence of Donsker’s invariance principle. Indeed, 
we first note that the random variables {𝑈2𝑗−1 − 𝑈2𝑗 ∶ 𝑗 ∈ N} are i.i.d. 𝑈1 − 𝑈2 and that

E[𝑈1 − 𝑈2] = 0, E
[

(

𝑈1 − 𝑈2
)2
]

= 2Var(𝑈1).

Hence, the random walks

𝐵𝑛(𝑡) =
1
√

𝑛

[𝑛𝑡]
∑

𝑗=1
(𝑈2𝑗−1 − 𝑈2𝑗 )

will weakly converge in  towards a Brownian motion with variance 2Var(𝑈1). However, 𝐵̃𝑛 = 𝐵𝑛◦𝛹𝑛, where 𝛹𝑛(𝑡) = [𝑛𝑡]
2𝑛  verifies

sup
0≤𝑡≤1

|

|

𝛹𝑛(𝑡) − 𝜓(𝑡)|| ≤
1
2𝑛

𝑛→∞
←←←←←←←←←←←←←←←←←←←←←→ 0,

where 𝜓(𝑡) = 𝑡∕2. Therefore, by the same results in Billingsley (1968) previously employed and by Slutsky’s theorem, 𝐵̃𝑛 weakly 
converges in  towards a Brownian motion with variance Var(𝑈1) and hence, 𝑊̃𝑛 will converge to a Brownian motion with variance 
𝐶2Var(𝑈1). Since 𝑊𝑛 has the same limit as 𝑊̃𝑛◦𝛷𝑛 and the latter converges towards a Brownian motion with variance 𝐶2Var(𝑈1)∕𝜇, 
which by the definition of 𝐶, yields unit diffusion coefficient and hence, we obtain the convergence in distribution of 𝑊𝑛 in 
towards a standard Brownian motion and, all in all, that 𝑋𝑛 weakly converges, in  with the uniform topology, to the very same 
process, as was to be shown. □
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