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Abstract: In this paper we provide sufficient conditions for sequences of stochastic processes of the form
/ 0.1 frWo,(wdu, to weakly converge, in the space of continuous functions over a closed interval, to inte-
grals with respect to the Brownian motion, / 0./ WW(du), where { f, }, is a sequence of functions converging
to f which verify some integrability conditions and {6, }, is a sequence of stochastic processes whose inte-
grals f [O’tlen(u)du converge in law to the Brownian motion (in the sense of the finite dimensional distribution
convergence), in the multiparameter case.
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1 Introduction

In the literature one can find several examples of processes that approximate the Brownian motion (when
dealing with one parameter processes) or the Brownian sheet (when dealing with several parameters). Among
these examples, there are very well-known processes like the random walk or the Kac-Stroock process (see, for
instance, Corollary 1 in refs. [1] or [2]), which have the characteristic that they are processes of bounded varia-
tion and thus, it makes sense to talk about integrals with respect to such processes in a pathwise sense by using
the usual Lebesgue-Stieltjes theory of integration. This naturally raises the question of whether these integrals
approximate the stochastic integral with respect to the Brownian motion/sheet defined in the It6 sense (for the
one parameter case) or as in (2.1) (for the multidimensional parameter set case).

More precisely, for fixed T > 0,let {{, }eny $n = {£,(0) : t € [0, T1}, be a sequence of continuous processes
weakly converging to a Brownian motion W = {W(t) : t € [0, T]} in the space of continuous functions over
[0, T], ([0, T]), and whose sample paths are of bounded variation and let {Y,},c\, ¥, = {Y,(® :t € [0, T]},
be a sequence of processes converging in some sense to another process Y = {Y(¢t) : t € [0, T1}. Is it then true

that the processes
t

X,:={X(0) = / Y, (wdZ,w): t €[0,T1%,
0

converge (in some sense) to

*Corresponding author: Xavier Bardina, Departament de Matematiques, Edifici C, Universitat Autonoma de Barcelona, 08193, Bellaterra,
Spain, E-mail: xavier.bardina@uab.cat. https://orcid.org/0000-0003-1803-3401

Salim Boukfal, Departament de Matematiques, Edifici C, Universitat Autonoma de Barcelona, 08193, Bellaterra, Spain,

E-mail: salim.boukfal@uab.cat. https://orcid.org/0009-0007-5296-7087

3 Open Access. © 2026 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0 International
License.


https://doi.org/10.1515/math-2025-0234
mailto:xavier.bardina@uab.cat
https://orcid.org/0000-0003-1803-3401
mailto:salim.boukfal@uab.cat
https://orcid.org/0009-0007-5296-7087

2 = X Bardinaand S. Boukfal: On the weak convergence of multiparameter stochastic integrals DE GRUYTER

t

X:=4X(t) = / Y(wdW(u): t € [0, T]
0

as n approaches infinity?

This problem has already been addressed (in the one-parameter case) in, for instance [3], and [4] by consid-
ering cadlag processes Y,,, Y and with {{, },,cy @ sequence of cadlag semimartingales such that the joint law of
(Y, ) weakly converges, in the space of cadlag functions, to (Y, {), where { = {{(¢) : t € [0, T1} is some cadlag
process (ultimately, a semimartingale) for which the stochastic integral of Y with respect to { is well defined.

One can find some results in this direction as well, when the parameter set is of dimension 2, in ref. [5],
where the problem of convergence of stochastic integrals is used to give approximations to solutions of the
stochastic heat equation when the driving noise is approximated in distribution.

Mostly motivated by the results seen in the latter, the purpose of this paper will be to provide similar results
in the multidimensional parameter set case by considering the random walk and the Kac-Stroock processes
as approximating sequences, for which we have explicit expressions of {,,, and by replacing the processes Y,
n € N, by functions satisfying some integrability condition, which we shall denote by f,, converging to some
other function f.

The article is organized in the following way, in Section 2 we introduce the involved processes and some
preliminary results. In Section 3 we state and prove the main result. Finally, subsections 3.1 and 3.2 provide a
couple of families of processes verifying the hypotheses of the main result.

2 Preliminaries

In this section we shall provide the main definitions and tools we will be working with.

Let d > 1 and consider D = [0, T] = H?zl[o, T1CRY, T=(Ty,...,T,) €RY, with the usual partial order
(total in the case d =1). For s = (s, ...,85), t = (&, ..., ty) € R% s < t, we write (s, t] = Hle(sl-, t;] (and anal-
ogously for open and closed rectangles) and denote by A X(t) the increment of the process over the rectangle
(s, t].

Let (€2, %, Q) be a complete probability space and let {.%,: t € D} be a family of sub-c-fields of .% such

.....

To define the Brownian sheet and the stochastic integral with respect to such process, we will make use of
the isonormal Gaussian process over a real separable Hilbert space H with inner product (-, -).

Definition 2.1. We say that a stochastic process W = {W(h) : h € H} defined in a complete probability space is
an isonormal Gaussian process if it is a centered Gaussian process with covariance function Cov(W(f), W(g)) =

(f,g)pforall f,g € H.

From now on, we shall take H = L*(D) with the usual inner product. A Brownian sheet (or d-parameter Wiener
process) is then defined as the process W = {W(t): t € D} with

w(t) = W(”[O,t])’

where [, is the indicator function of the set A C R%.
For a given function f € L*(D) and t € D, we then define the Wiener integral of f with respect to the
Brownian sheet over [0, ] as W(f1, ) and denote it by

W(flyq) = / FW(duw). @1
[0,1]

To simplify the notation, we will write /|, . f(WW(du) instead of /, , f (wW(du).
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One can easily check (via Kolmogorov’s continuity Theorem), that the Brownian sheet and the integral of
an L*(D) function with respect to it have a continuous version, so, when talking about these objects, we will be
talking about the continuous versions.

We now introduce the two approximating sequences for the Brownian sheet, the random walk and the
Kac-Stroock process, which will be defined via the Donsker kernels and the Kac-Stroock kernels, respectively.

From now on, for simplicity, we will consider the case T = (T4, ..., Ty = (1, ..., 1), so that D = [0, 1]4.

Definition 2.2. Let {Z,: k € N?} be a sequence of independent and identically distributed centered random
variables with unit variance, the Donsker kernels are the processes {0, },cy defined by

d
0 0=n: Y Zdyu), teD, 2.2)
k=(ky,....kg)EN?

wherek—1=(k—1,...,k; = D.

The approximating sequence of random walks is then defined as the sequence of processes

d d
L= [ 6,wdu=n"2 Y Z +n7: Y 7 / I (du |, 2.3)
(0.4 k<in] KENT | jo,n\[0,nel

where [s] = ([s,], ..., [sg]) fors € Ri and [x] is the integer part of x € R, . The reader might note that this is not
exactly a random walk, but the multiparameter analogous to the corresponding linear interpolation in the one
parameter case.

As stated in the introduction, in ref. [1], Corollary 1, it is shown that the sums n‘g >k <%k weakly converge
towards a Brownian sheet in the space of cadlag functions as n approaches infinity. For the sake of completeness,
we will show in the Appendix that the processes ¢, as defined in (2.3), converge towards the same process in
the space of continuous functions over D, which we will denote by C(D).

Remark 2.3. Note that, if W = {W(t) :t € D} is a Brownian sheet on D =[0,1]? and T = (T}, ..., T,) € R‘}r is
fixed (T not necessarily being the point (1, ..., 1)), then

i \:
t
(g Ti> W(T>, te 0,11,

where % =(t/T,,...,t;/T,), defines a Brownian sheet over [0, T]. Hence, the processes {Z’ .. €N} defined
by

Z,(0) = <]£[T>C(;) te0,1]
i=1

constitute an approximating sequence for the Brownian sheet on [0, T]. A simple change of variables shows that

Zn(t)=/( : Ti>_29n<;>du.
AN

Hence, the Donsker kernels on [0, T] are given by

d 1
0,0 =] <;> y Zkﬂ[k_lyk)<n%>, t€[0,7).

i=1 L kenNd
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Definition 2.4. A d-parameter cadlag process N, = {N,(¢) :t > 0} is an % -Poisson process with intensity u >
0 if it is null on the axes, adapted to {.%,: t > 0} and, forall0 < s < t, AN ”(t) is independent of ﬂsT and has a

Poisson law of parameter ,uH;i:l(ti —5;).

If we do not specify the filtration, it will be the one generated by the process itself, completed with the necessary
null sets.

The Poisson process defined above can be regarded as a Poisson random measure whose intensity measure
is u - A (being A the Lebesgue measure on Ri) restricted to rectangular sets of the form (0, t]. Hence, the existence
of such processes can be seen as a consequence of the existence of Poisson random measures, which is proven,
for instance, in ref. [6, Proposition 19.4].

Definition 2.5. The Kac-Stroock kernels are the processes {6, : n € N} defined by

d-1
d 2
9n(t)=n§(Hti> (=DMO, t=(t,...,t;) €D,
i=1

where N, is a Poisson process of intensity n.

Similarly to the case of the random walks, the Kac-Stroock processes will be given by ¢, () = / [o’tlen(u)du. It
is shown, in ref. [2], that these processes weakly converge, in the space C(D), towards a Brownian sheet as n
approaches infinity.

At this point, we observe that both approximating sequences treated in this paper (the random walk and the
Kac-Stroock process), have a very specific form which allows us to easily formulate the multiparameter analogue
of the weak convergence already studied in refs. [3] and [4] and mentioned in the introduction.

More precisely, the aim of this paper will be to establish the weak convergence of the processes

X,:=3X,(t)= /fn(u)0n(u)du: tebD (24)
[0.1
towards the process
X:=4X() = /f(u)W(du): teD 2.5

[0,t]

in the space C(D) as n approaches infinity, where ¢, weakly converges towards a Brownian sheet in C(D) and
f, = fin L*(D).

Finally, we end this section by introducing the main tools used in order to prove the desired convergence in
law. Asitis customary, to prove such convergence, one needs to prove that the sequence of laws associated to the
sequence of processes X, is tight in C(D) and that their finite dimensional distributions converge towards the
ones of X. The first result (Theorem 2.6) is a tightness criteria which is an immediate consequence of Theorem 3
in ref. [7] and the discussion after its proof. The second one (Lemma 2.7) is a general result that will be used to
prove the convergence of the finite dimensional distributions.

Theorem 2.6. Let {Y, },cn be asequence of real valued continuous processes over D vanishing along the axes. Sup-
pose that there exist f > 1, y > 0 and finite nonnegative measures y and { u, } ,en 01 D with continuous marginals
such that p, weakly converges to u and, foreach0 <s<t<T,n €N,

E[[ATOf] < (unl(s. D)

Then the sequence of laws associated to the processes {Y, },cy is tight.
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In the theorem above, continuity of the marginals of x (and similarly, of those of y,) is understood as continuity
of the map t — 4,((0, t]), where y,, is the marginal of 4 on the pth edge of D.

Lemma 2.7. Let (F, || - ||) be a normed vector space and { J"},cy and J be linear maps from F to L'(Q). Assume
there exists a positive constant C such that, forany f € F

SliIIJ[EH]"(f)H <Clfll, E[TO] < Clfll, (2.6)

and that, for some dense subspace D of F, it holds that J"(f) converges in law to J(f), as n tends to infinity, for all
f € D. Then, the sequence of random variables { J"(f)},ex converges in law to J(f) for any f € F.
If, in addition, we have { f,,},e C F and f € F such that f, — fin (F, || - ||) and

E[|]"f, = D] < clf, - fIl,

where C > 0 is independent of n, { f,,} ,eny and f, then the sequence { J"(f,,)},en converges in law to J(f).

Proof. For the first part, recall that a sequence of random variables {X, },cy converges in law to a random
variable X if, and only if, for any bounded Lipschitz function g: R - R,

n—-oo
E[g(X,)] ——E[g(X)],
(see, for instance, [8, Theorem 18.7]). Thus, we shall see that, for any € > 0, there is n € Nlarge enough such that

[Elg(7"D)] - Elg(J(N)]| <. @7)

_£

where g is any Lipschitz function as before. Consider any h € D such that || f — h|| < T
g

where L, > 0is the
Lipschitz constant of g, and apply the triangle inequality to obtain

E[e()] - E[gUP)]| < [Ele"D)] - Elg(®)]| + [Elg(1"m)] ~ Elg(/m)]|
+ [Elg )] - E[g (7))
Now observe that
[Elgr)] - el (o] < e [stron) - st
<LE[|J"(f —h)]
<LyCIlf —hll < .

Similarly,
[Elg(U/(N)] ~E[g(UW)]| < LyCllf = hil < 5.

Finally, given that J"(h) converges in law to J(h) for h € D, we have that, for n large enough,
[Elg(J")] - E[g(Jm)]| < g

Thus, for n large enough, we obtain (2.7) as desired.

For the second part, it suffices to show that the sequences { J"(f,) },,en and {J"(f) } ey have the same limit
in L1(Q) (and thus, the same limit in law) since, by the previous part, J*(f) converges in law to J(f). But this is
immediate from the additional hypothesis, since

E["U) = "Dl = E[]"G = D] < Cllfy = fl—=0. O
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3 Statement and proof of the main result

This section is devoted to proving the convergence in distribution of the processes X, defined in (2.4) towards
the process X defined by (2.5). As shown by the main result of this paper (Theorem 3.1), it turns out that this
problem can be reduced to computing the moments of the increments over rectangles of the processes X,,.

Theorem 3.1. Let1 < g < oo and suppose there is m > 2q and a positive constant C independent of n such that

m m
2q

E / g wo,wdu| | <] / g, (wXdu]| , 3.)
D D

for any sequence of functions {g,},en C L¥(D). Then, the processes X, defined by (2.4) converge in law, as n
approaches infinity, towards the process X defined by (2.5) in C(D) whenever the sequence { f,},en C L¥(D)
converges in L*(D) to f € L*(D).

Before we start with the proof, we shall make some remarks.

Remark 3.2. The introduction of the parameter g is due to the fact that, in the case of the Kac-Stroock kernels,
when d > 2, we have only been able to check condition (3.1) for sequences in L?4(D) with q > 1.

Remark 3.3. As the proof shows, it turns out that, as long as condition (3.1) holds, it is only required that the
finite dimensional distributions of the processes ¢, converge to those of the Brownian sheet. There is no need
for the convergence in law of the processes ¢, to the Brownian sheet in the space C(D) (this convergence will be
a consequence of Theorem 3.1).

Remark 3.4. By inspecting the proofs of the results in Sections 3.1 and 3.2, one can see that, if m is an even
integer and the Donsker or Kac-Stroock kernels are considered, condition (3.1) only needs to be checked for
constant sequences of functions {g, },en C L*(D) (that is, g, = g for some g € L*(D) and for all n € N), since
the former is implied by the latter in this case.

Remark 3.5. One might note that, by taking f, = f € L*(D) for all n € N, the integrals [fW8,(wdu converge
to the integral /f(u)W(du).

Remark 3.6. Given that g > 1 and m > 2¢, condition (3.1) implies that, for each 0 < s <t < T, the moments
[E[|A3Xn(t)|r] are uniformly bounded in n € N (because f, converges in L*(D), implying that the sequence
of L*(D)-norms is bounded) for r < m. Thus, for each 0 < s <t < T, r < m, the sequence {|AX,(t)]"} ey iS
uniformly integrable. On the other hand, since |AX,(¢)|" is a continuous transformation of X, and the latter
converges in law towards X in C(D), we have that |A X, (t)|" converges in law towards |A X (¢)|". This, alongside
the uniform integrability of the sequence of random variables, implies the convergence of the expected values.
That is,
limEfla,x, 0] = E[z2r]] [ Faod|
(s,t]

where Z is a standard Gaussian random variable (recall that A X(¢) is normally distributed with zero mean and
variance [, FAudu).
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In particular, for any even integer 0 <r < m,

E

/fz(u)du

2 ! [s,t]

lim E[(AX,(0)] =

and lim,_  E[(AX,(1))"] = 0 for any odd integer 0 < r < m.

n—oo

Proof of Theorem 3.1. As mentioned in the previous section, it suffices to show that the sequence is tight and that
the finite dimensional distributions of X, converge towards the ones of X.

Tightness

This is an immediate consequence of Theorem 2.6 by taking, up to some positive factor,

,un(A):z/lfn(u)lzqdu, ,u(A):=/|f(u)|2qdu,
A A

for all measurable sets A C D and noticing that, forany0 <s <t < T,

AKX, (1) = /fn(u)e (wdu = /fn(u) (s.0(WO, (w)du.

(s,t]

Indeed, u,, n € N, and u defined as above are nonnegative finite measures with continuous marginals and,
since f, — f in L*(D), we have that u, converges weakly towards u. To see this, take any bounded continuous
function g: D - R,

fro]* = | fw)]*|du

/g(u)un(du)—/g(u)u(du) < suplg(u)l/
D D ueD D

If we show that this last integral converges to 0 as n approaches infinity then we are done. To show this, we will
show that the functions g,(u) = || f,(w)|* — | f(u)|*| converge to 0 in probability and that they are uniformly
integrable (all with respect to the Lebesgue measure on D = [0, 1]9).

To see the convergence in probability, we first note that, since f, — f in L*(D), we have convergence in
probability. Since convergence in probability is preserved by continuous transformations, we will have that g,
converges to 0 in probability. To see that the g, are uniformly integrable, we first note that

g (W < | fuW* + | fw)]™,

so it suffices to show that the |f, (1)|% are uniformly integrable, but this follows from the fact that the sequence
converges in L¥(D).

Convergence of the finite dimensional distributions

To show that the finite dimensional distributions converge as desired, it suffices to show that, for any, k € N,
a,...,a; € Rand any t, ..., t €D, the sums Z a;X,(¢;) converge in law towards 2] 14 X(4;). In order to
prove this, we first note that,

k k
Y ax,(t) =] <fn2 [0t]) Y ax() = < Z [0t]>
j=1 =1

where J", J are the linear maps defined by

}1]

]”(g):=/g(u)9n(u)du, ](g):=/g(u)W(du), g € LX(D).

D D
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Since f,, f € L*(D), the elements fn2§:1aju[0,tj] and lejzlaj”[o,g] are in the same space as well, so the
maps can be defined in (L%(D), || - ll2q), Where || - ||, is the standard norm in this space. By Holder’s inequality
and (3.1), we have

supEE[|"(9)] < sgla([EUJ"(gn'"])% < Cliglhy

Similarly, by Hélder’s inequality again and the isometry property of the Wiener integral,

el < (E[U@F])" = el < gl

for some positive constant C’ which might be different from the one seen in the previous inequality. Hence, (2.6)
is satisfied with C = max{C’, C"’}. This in particular means that the maps J" and J take values in L}(€). Thus, it
only remains to show that J"(g) converges in law towards J(g) for simple functions g of the form

l
gu) = Z gjl](sj_l,sj](u)’

j=1
withl>1, ggeRand 0 =5, <s; < ... <§=(1,...,1), which are dense in L*(D). Indeed, if we manage to
show this, then, by the first part of Lemma 2.7, we will have that J" ( f Z =1%o, t]) converges in law towards

(le _1G; [oz]) and, by the second part and the fact that fnZ] S fzj 10,y I L*(D), we will have

that ]"( 3k =1%o ]) will converge in law towards J ( 3k =14 [o,g]) as well.
To show the convergence in law for simple functions, we only need to notice that

J(g) = /(Z gilis, 1s](u)>9 (wdu = Zg] / 0,(w)du
D

= (5]_1 ,Sj]
and that this last sum converges in law towards

l

l
Zg] / W(du) = /(Z gjﬂ(s“,sj](u)>W(du) =](g)
p N

=1
J (31;1,3]']

because the finite dimensional distributions of {, (the Lebesgue integral of ,) converge to those of the Brownian
sheet. O

3.1 Convergence for the Donsker kernels

This section, and the following one, is devoted to proving that condition (3.1) is satisfied for the Donsker kernels.
This is the content of Proposition 3.7.

Proposition 3.7. Let {6,},cn De the Donsker kernels defined in (2.2). Then, for any even integer m € N and for
any sequence of functions { g, } nen C L%(D), if the random variables {Z, },cne have finite moments of order m, we
have that

m
m B

/ g,wo,wdu| [<C / giwdu|
D D

for some positive constant C independent of n and { g, } ,en-

Proof. We start by observing that
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m

m m
/ g, (wo,wdu| |= / (H gn(ui)>[E [H Hn(ui)] du'
" S \i=1 i=1
where u' = (u, ... ,uﬁi) € Dand
m . d m .
[E [H Qn(ul)] = nmE Z [E[Zkl ees ka]H[l[ki_l’ki)(nul).
i=1 K,... kmeNd i=1

Since the random variables {Z, }, are independent and identically distributed with zero means, we have that
[E[Zkl . ‘ka] = O
whenever there is some j € {1, ...,m} such that K # Kk forallie {1,..., m}\{j}. Thus,
mn . d mn .
[E lH Hn(ul)] = nmE Z [E [Zkl S ees * ka] H I][ki_l,ki)(nul),
i=1 (k... .km)eAm i=1

where A™ C (Nd)m is the set of points (k',...,k% such that for all I € {1,...,m} there is some j &
{1,...,m}\ {1} such that k! = k. Given that the random variables Z « have finite moments of order m, we have

that
mn . d m .
[ElHQn(ul)] <cn™ Y ] e (ud)
i=1

(K,....kmeam i=1
for some positive constant C independent of n. Now let us assume that in this last sum there is a non-zero
summand. That is, there is some (kl, ..., kK™ € A™ such that

m
H ”[ki_lyki)(nul) 56 0,
i=1
which, in particular, implies that each factor in this product is non-zero and hence,
lipi i nu? 0
[kj_l’kj)( ]) ?é

for all i€ {1,...,m} and j € {1,...,d} or, equivalently, nu; € [k;'. -1, k;'.) for all i€ {1,...,m} and j €
{1,...,d}. Given that we are in A™, for each i € {1,...,m} there will be some [ € {1,...,m}\{i} such that
k'=k'=k = (ky, ..., k). For this pair of indices, we will have nui, nu, € [k; — 1, k;) for all jE{1,...,d} and
therefore, |u’ — ui| < 1 forallj€ {1,...,d}. It can happen as well that there is some r € {1, ..., m}\{l, 1}
for which k" = kl Kt and thus, verifying that |u Wl <. and ) — u§.| < % forall j € {1, ...,d} as well. Of
course there might be cases where there are four or more varlables nu' whose components are not apart more
than % but this kind of situations can be reduced to the two previous ones. Bearing this in mind, we have

el m
Z H [kiz 1kl)(nu)< Bm(ul, e s U5 e S U e, UG,

(K,... .kmeAm i=1

where B™ is the set of points

d
(u},uf,...,u;";...;u}i,...,uy)en(sj,tj]m

suchthatforeachl € {1,...,m} thereissomej € {1, .. m}\{l}verifyinglul ujl < 1foreveryi e{1,...,d}

and that, if additionally, there is some r € {1,...,m}\{j, 1} with |u] — u| <2 1 for all i € {1, d} then

W —u| < Lforallie {1,....d}.
However, the indicator Iz« can be bounded by a finite sum (wWhose number of summands depends only on m) of
products of indicators of the form
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i i
lope(ul —uil, ..., |u(’i —ul)
and

J

Dot —wl, .., |uh = ub]) - Doyl = W, .ty = W) - g pega (] — W], .., 2

—uy)).

Moreover, in each of the products of indicators conforming each summand, all the variables u{ ,ie{1,...,d},
j€{1,...,m}, appear in only one of the two types of indicators specified above. All in all, we have that

E [(Aan(t))m] can be bounded (modulo some positive constant independent of n) by a finite sum of finite
products of factors of the form
n’ / |8 (W) gu () g el — W], ... |, — uDduldud ... duldud,
f[[O,llz

and

nt / 18, D& )N 8, WD g orge () = Ul .. | = ud])

a
10013

i=1
1 r 1 r Jj r j r T34l ArT T 34l Ay,
Xl ey = Wyl ooy [ug = ugl) - Uy praCuy — iyl -, uy — upDdugdudug ... du,du,duy,.
Where the number of factors of each summand, say N, is such that

a a a
n%: ... .n"2 =n"2, a; €{2,3}.

So it only remains to show that the first kind of factors can be bounded, modulo some positive constant, by

3
/p&2(w)du and that the last type of factors can be bounded by ( /,g2(u)du)?.
Using that 2ab < a® + b* with a = |g,W)|, b = |g,))|, we have that

/ |gn(u7)||gn(u’)|[l[0’,l_1).z(|u{ —ul, ..., |u£ - ufil)du{dui duéduii

d
100,12
=1

<5 / 2Ny (] —uif], .., [y = Ddu dur] ... dujdud

d
[100,1%
i=1
+5 / 2Oy (] — |, ..., |y — ubDduldug ... dudud

d
110,12

i=1
— 2(1,l ) ! J l J 3,1 J 5,
= /gn(u)I][O’,rl)d(|u1—u1|,...,|ud—ud|)du1du1...duddud

d
[100.1

i=1
20,11 i BRIV
:/gn(u) /[I[Oanfl,d(lu{—u1|,...,|u(]i—ud|)du/ du
D D

<n4 / gA(wdu. (3.2)
D
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As for the last type of integrals, we will use the estimate 2abc < ab® + ac? with a = |g,@))], b = |g,)]
and ¢ = | g,(")|, which leads to

/ 182118, W18 (UNNg potya () = W, ..., U, — )

a
[T

i=1
l r l r j r Jj Jqy,l T35l 34,7
X Do pny(luy — Wil oo Jug — ug ) - I pnyeCJug — ugl, -, luy — ugDdugduwydug .. dugdu,dug,
d
2(1,] I il ! j
< / gn(u1)|gn(u )|<H I][O,n‘l)(lu{ - ui|)”[o,n—1)(|ui - u;|)”[0,n-1)(|ui - u”))
A i=1
1015

i=1

39, 39,7 J 39l A9,7
X dulduldu1 dudduddud

d

< / g,z,(uf)|gn(ul)|<H o (1] = Ul oo (Ul — u;’|))du{duidu§ ... dul dul,dud]
i=1

Tl

i=1

d
= / gi(uf)lg,,(ul)|< Do) = u§|)) /H[O’n—l)d”ui —ufl, ..., Jul —u)du’
d =1 D
10017
i=1

J 34,0 Jqq,l
><duldu1 duddud

< n‘d/Ig,,(ul)l /gﬁ(uf)ﬂm,nfl)d(lu{—uﬁl, e I = uddw Jdu!
D D

<nd [ grdad | @,
D

where in the first inequality a single term appears (instead of the two we should expect from the inequality
2abc < ab* + ac?) due to the fact that, similarly to (3.2), the resulting integrals are the same, in the last step we
have used Cauchy-Schwarz’s inequality and where

2

0= / /gfl(uj)ﬂ[ogn_l)mu{ —ull, ..., |u£ — ub))du’ | du'
D D

d
= / gﬁ(uj)gfl(up)(H o (1) — u§|)ﬂ[o’n_1,(|uip - uﬁl))du{dulpdui dufidugdufi
i=1
f[[0.113
d . . .
< / gfl(uf)gfl(up)< o (U] — u§|)>du{du1”dui .. dujduldu,
i=1
ﬁ[0,1]3
i=1
d Ti . . .
= / gHw)giP) /H[O,n_l,ﬂu{—uﬂ)duﬁ dujdu; ... dujduf
A

d
100,12
=1
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<n™ / gfl(uj)gfl(u”)du{duf...duédu(’;

a4
[110.1?

i=1

2
=n /gi(u)du .
D
Obtaining the desired result. O

Hence, in particular, condition (3.1) is satisfied with ¢ = 1 and m = 4 (by requiring that the random variables Z,
have finite moments of order m).

3.2 Convergence for the Kac-Stroock kernels

The last section of this paper is devoted to verifying that condition (3.1) also holds for the Kac-Stroock kernels.
As mentioned in Section 3, we have only been able to verify it for sequences in L?/(D) with q¢ > 1 when d > 2.
Moreover, and as we will see, the proof for these kernels is a bit more involved in the sense that we were not
able to follow a direct approach as in the Donsker case. More precisely, we will check condition (3.1) for simple
functions supported on rectangles [s, t] C D such that 0 < s < t < 2s and then, by using Lemma 3.8 (which we
state below without proof since it is a generalization of Lemma 3.2 in ref. [9] and a density argument, we will
obtain the result for general sequences).

Lemma 3.8. Let Z = {Z(t) :t € D} be a continuous process. Assume that for a fixed even m € N and some
015 ... ,04 € (0,1) there exists C > 0 such that

d
[E[(ASZ(t))m] < ] & - som 33)

i=1

for any 0 < s < t < 2s. Then there exists a constant C > 0 that only depends onm, 6, ..., 5, such that Z enjoys
(3.3) forany 0 < s < t < T, with C - C instead of C.

Lemma 3.9. Ifinequality
m m
2q

E /g(u)ﬁn(u)du sC/lg(u)lzqdu , (3.4)
D D

holds for any simple function g, some positive constant C independent of n and g and some even integer m € N,
then it also holds for any sequence of functions {g,},en C L?4(D) with the same values of m and C (that is, by

replacing g by g,).

Proof. Forany g, € L*(D), there is a sequence of simple functions { 8n,p} pen CONVErging to gin L*(D). For each
of these functions, inequality (3.4) holds, so we only need to show that

m m

!}irglo[E /gn,p(u)Hn(u)du =E /gn(u)Hn(u)du
D D

and that

m

2q

lim / |8 p(du| = / | ) Mdu
D D
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The second limit is an immediate consequence of the fact that convergence in L(D) implies convergence of the
norms.
As for the first limit, we have that

m m

E /gn,p(u)en(u)du —E /gn(u)en(u)du
D D

=|E /ngn,p(uj)_Hgn(uj)]HH,l(uj)dul...dum
m LJj=1 j=1 j=1

m m m
: / [T 8npw) =TT 8nw)| - |E lH 9n(u,-)] du, ... du,,
Dm j=1 Jj=1 j=1
m m
SC‘\/ Hgnsp(u])_Hgn(u]) dul"'dum
pm j:l j:l

1

m m 2 2
<( /<H gn,p(u/‘) - Hgn(u/)) du1 dum , (3.5)
j=1 j=1

being C some constant depending on n, m, T and d, but independent of p. In the last step we have used Cauchy-
Schwarz’s inequality. Now observe that

m m 2 m
/(Hgn,p(uj) —Hgn(uj)) duy, ... du, = /l_lé,ffw(uj)du1 ... duy,
o \ =1 =t '

pm j=1

m m
+/Hg,2,(uj)du1...dum—Z/Hgn,p(uj)gn(uj)dul...dum

pm j=1 pm j=1

m m

- / g2 (wdu| + / gwdu| -2 / 2,0, (du |
D D D

and that

[ gnpwgwan= [ g < [ g, - gwl- gl
D D D

1
2

< /(gn,p(u)—gn(u))zdu /gfl(u)du
D D

Given that the inclusion L?(D) C L*(D) is continuous (that is, convergent sequences in L*(D) will also converge
to the same limit in L2(D)), this last quantity goes to 0 as p approaches infinity and hence, since this convergence
implies convergence of the L?(D) norms as well, we have that (3.5) converges to 0 as p approaches infinity as
well. O

As the proof shows, the content of Lemma 3.9 remains true as long as < C for some positive

E [T} 0w

constant C which might depend on m, n, T and d.



14 = X.Bardina and S. Boukfal: On the weak convergence of multiparameter stochastic integrals DE GRUYTER

With all this, it only remains to show that (3.4) holds for any simple function g.
Proposition 3.10. Inequality (3.4) holds for any simple function g and for any q > 1.
Proof. Let g(u) = Zl;zlakﬂA]_(u) withay,...,a € Rand Ay, ...,A; C D are disjoint rectangles
= (s{,t{] XX (s‘{l, til], s{ < tl’

Observethatifweﬁxuf=(u e U )eD]—l

Hg(uf)— Z @y by W)y W),

.....

where, in the last sum, 1 < j; < kforeach ! € {1, ...,m}. Moreover, for each (j;, ..., j,) € {1,...,k}™ we have
L, @) by @)= (G g @) g @) - (B ) - B gy @) )
= (g gD o B @) - (B iy O g D)), (36)

where in the last step we have rearranged the factors by components.
Now let us assume that 0 < s < ¢ < 2s, then we have that, by recalling that the kernels 6, are given by (2.5),

m

m m
/ gwo,wdu| |= / Hg(uf)[ElHQ,l(uf)]dul...dum
(5.1 .aqnt=t =
d-1
2 m
n .
. . Y N, (W)
?/H W) IT &| El-n=" |aut ... dum
m J=1 1<j<m
(5.1 1<i<d
a1
2 [ m
a m ) 3 N, ()
=n" Z al'l"‘a/'m/HﬂAj,(ul) H u{ E[ (—1)= du! ... du™
oo eriim G = 1<j<m
> 1<i<d -
-1
2 m
. 3 N, (w)
<n": Z la ...q; |/HuA )| [T | [g D= du'...du™  (3.7)
Gam 1<j<m
1<i<d

As shown in the proof of Lemma 3.2 in ref. [2], one has the following estimate for the expected value inside the
integral

i=1 I#i

m ) d
. (_1)jZ:=an(u]) < H exp{ 2nsz< @) _ (21 1))}’ S = Hsl’

where, foreachi € {1, ..., d}, the variables ugj ), j € {1,...,m} are the variables u{ ordered increasingly. On the
other hand, and due to the specific factorization shown in (3.6), one has that, for each (j;, ..., j,) € {1,..., k}™,

=
2

m d m/2
/H (uh) H uj Hexp{ 2n82( u® — (2’ 1’)}dul...du’"

=1 1<j<m i=1
(s.0™ 1<i<d
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-1
) ’ d m/2 ;
mv)d/HuA () Hu HeXp{ 2n32< 21 1)}
m =1 1<j<m i=1
(s 1<i<d
d
XHﬂ{u[}S“_Su:n}dul...dum.
i=1
So, all in all, (3.7) can be bounded by
d-1
2
p m ] d m/2 ) yit
n"z(m!)! Z |a]-1...ajm|/H|]Ah(ul) H u Hexp{—ZnSi (uil_ui/ >}
Jiseosm G = 1<j<m i=1 =i
’ 1<i<d
d
XH”{mS”_Sum}dul...dum
i=1
d-1
2
a m . d m/2 j_
=wetonr [ (3 [T ) I | Ten{-as3 (0 -7)}
m o =1 1<j<m i=1
s 1<i<d
d
XHH{M;S___Sum}dul...dum
i=1
d-1
2
‘ moo 1 me
="m5(m!)d/Hg(u]) H u/ H exp{—ZnSl- (uf’—uf’*)}
@I 1gjsm =1 j=1
’ 1<i<d
d
X {ul< <um}du dum, (3.8
i=1

where g(u) = Z;‘:1|al|[lAl(u).
The following step is to observe that

d m/2 m/2
H exp{ ZnSZ(uZJ 2’ ) } = H exp{ ZnZS(uZJ 2’ D! }
i=1 j=1

m/2
H gl = [T 1 ™nzw),
j=1
ks 2j-1 Z
J=1,.4]
fgd H(Hu 4 )
<j<m

m/2 d

i=1

So (3.8) can be bounded by



16 = X.Bardina andS. Boukfal: On the weak convergence of multiparameter stochastic integrals

d
n™z(m!) / IE’(X)IIE’()’)IH [u{xisyi}(xiyi)% exp{—2nS;(y; _Xi)}]d—Xdy
i=1
f[l(si,ti]z

<n z(ml)d / g(x)H[ x<y}(xLyl)z exp{—2nS,(y; — x)}]dxdy

H(s 4

JE]

w5/ g(y)]‘[[ e 000 T exp(=218,(3, = 3} [ ety |
1'[(st]2

where in the last step we have used that 2ab < a? + b%.
Now observe that

/ g(x)]‘[[{x<y ()T exp(~2nS(y; — x)} | axdy
I'[(st]2

d
= [£00 [ TT tnesn 00" exp(=2n5 = x0)ay o

(5.1 (.1 =1

d

= / 20| / S exp(—2nS,0y, — x)}dy, [ax.

i=1

and that, for eachi € {1,...,m}

5

d-1
/(Xiyi)Te—ZnSi(yi—xi)dyi < zd—ls;i—lf e—ZnSi(yi—xl-)dyi
X;

Xi
20-1gd-1
2nS;
Zd ZSd

nHl_ sl

where we have used that 0 <'s; < x;,y; < t; < 2s; < 2x;,2y; for alli € {1,

(1 _ e—ZnSi(tl-—xl-))

,d}. Hence,

DE GRUYTER

/ g(x)H[ (xi<) J0y)T exp{—2nS(y; — x)} |dxdy < n-dgad- 2>H / F00)dx
1—1 5

(s,t]
H(s AL

=n_d2d(d_2)/f2(x)dx.

(s,t]
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Similarly,
2d(d-2)

/ Z(y)dy.

(s,t]

d
| EO [tgesy 000 expt=2ns0=x0)Joxty < 2

d
H (Sisti]Z
=1

But, since the A; in g (and g) are disjoint, we have that g% = g2, giving us the desired result over rectangles [s, t]
with 0 < s < t < 2s. Now, from Holder’s inequality, we will have that

m 2
E /g(u)@,,(u)du <C /gz(u)du
(s,t] (s,t]
% d m(q-1)
<C /lg(u)lzqdu H(ti —s;)
i=1
(s,t]
% d m(q-1)
<( /|g(u)|2qdu H(t,- —5) u
D i=1
forall0 < s <t < 2s.Since 0 < qz—;l < 1forall g > 1, we can apply Lemma 3.8 to get the desired result. O

The reader might think that this can be extended to g = 1 by taking the limit g approaches to 1 from above.
However, this fails due to the presence of the constant C in Lemma 3.8, which diverges as g — 1*.

The proof shown above holds for any g > 1, d > 1. However, for d = 1, we can go a step further and see that
condition (3.1) is verified for the Kac-Stroock kernels for any sequence { g, },en C L*(D) using a direct approach
like in the Donsker case.

Proposition 3.11. Ifd =1, then condition (3.1) holds for any even integer m € N and for any sequence of functions
{8n}nen C LAD).

Proof. As in the multiparameter case, we first note that

t m m
m ZNn(”j)
E /gn(u)Hn(u)du =n?m!/gn(u1)- v By < <y y E[ (=D duy, ... du,. (3.9)

(s,e]™
Noticing that
N (u
(_1)]51 () _ (_1)(Nn(um)—Nn(um_1))+...+(N,l(uz)—Nn(u1))

and using that E [(—1)?| = e~2* if Z is a Poisson random variable of parameter A, we obtain that

%Nn(uj) m/2

E| (-1~ = exp{ —ZnZ (Uyj — Upjq) ¢,
j=1

whenever u; < ... < u,. Moreover, if we use the estimate

m/2

”{”15---§um} < U{V1Su2} T I]{um—lsum} = H”{Uz]qﬁuz]'}’
j=1



18 = X.Bardina andS. Boukfal: On the weak convergence of multiparameter stochastic integrals DE GRUYTER

we can see that, all in all, (3.9) can be bounded by

m/2

m (o —1 -
n>m! / H [lgn(u2j—1)||gn(u2f)|I]{uzj—lﬁuzj}e e uz]_l)] dul dum
(s,t]mjzl

=nzm! / 18,00l gD <y 20 dxdy
(s,t1?
%

m
2

<nzm! %/grzz(X)”{xSy}e_Z”(y"‘)dxdy+%/gfl(y)ll{xsy}e‘z”(y"‘)dxdy ,

(s, (s,

where, in the last step, we have used that 2ab < a* + b
Finally, we see that

t t
/grzl(x)[l{xsy}e—zn(y—x)dxdy=/grzl(x) /ﬂ{xsy}e—Zn(y—x)dy d.X
(s,t1? s s

t

t
=/grzl(x) /e—Zn(y—x)dy dx

X

t
= %/gﬁ(x)(l — 720 gy
N

t
1/
sm/&mm

and, similarly,

t y
/gﬁ(y)l]{xsy}e‘z"(y"”dxdy=/gﬁ(y) /eZn(x—y)dx dy
s

(s, s

t
N

which finishes the proof. 1
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A Appendix

In this appendix, we give a proof of the convergence in law of the processes ¢, defined as in (2.3) towards the
Brownian sheet in the space C(D) when the random variables {Z, }, .\« are centered with unitary variances and
have finite moments of order 4.

Theorem A.1. Ifthe centered random variables {Z, },c\« are independent and identically distributed with unitary
variances and finite moments of order 4, then the processes {, defined as in (2.3) converge towards the Brownian
sheet in C(D) as n approaches infinity.

Proof. Inspection of the proof of Theorem (3.1) shows that the sequence is tight by taking f, =1foralln € N,
q = land m = 4.So it only remains to show that the finite dimensional distributions of the processes ¢, converge
to the ones of the Brownian sheet. To this purpose, for each t € D, let

Rn(t) = n_g 2 Zk / I][k_l’k)(u)du

d
keN® | jo,ne\[0,[ne1]

and note that E [Rfl(t)] converges to 0 as n approaches infinity. Indeed, if t; = 0 for some i € {1, ...,d}, then the
result follows immediately. If ¢ > 0, then we have that

E[RA(t)] =n™ Z / D110 (w)du

d
kENY 10, nel\ [0, [ne1]

<nty / s o (W)

KEAN 10, nei\ [0, [ne]]
<n™ Z 1
kel

—d
= n"4A,l,

where A, C N is the set of points k € N such that [k — 1, k) C [0, [nt] + 11\ [0, [nt]], |A,,| is the number of
elements in A, and have used that [k — 1, k) has unitary Lebesgue measure. By definition of A,, we have

d
1A, =] (g1 +1) - H[nt]
j=1

so, for n large enough so that nt; > 1foreachj € {1, ..., d},

d d
E[RA(1)] < n‘d<H [ng] +1) H[nt]>
j=1

j=1
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d d
[nt]+1
= —d . iy -1
n H[nt]]<g [n] )

where we have used that [ntj] <nt < nforeachj € {1,...,d}.Sincex "7“ decreases for x € (0, 00), it follows
that

[n] +1 o nmin ] +1 _ nmin §;  noe

. < - 1,
[nt/-] ~  [nmin; t] nmin;t; —1
since x — 1 < [x] < x per a tot x > 0. Thus,
d nmin, ¢; d n—oo
E[RE(D)] < () —1——0.
= nmin; t; — 1

Hence, ifwe set S, (t) = n Y k< Zr Chebyshev’s inequality will imply that the finite dimensional distributions
of ¢, and S, have the same limit. So it only remains to show that the finite dimensional distributions of S,
converge to the ones of the Brownian sheet.

By the Cramér-Wold device, we only need to show that, for each m € N, ¢,...,t" € D and each a, ..., a,, €
R, the sums ¥, = 3 i=1%Sn (/) converge in law to the sum Y i1 ]W(tf ). leen that W is a centered Gau531an

process with covariance function C(s, t) = Hizl(tl- A s;), we have that the latter is a centered Gaussian random
variable with variance

m 2 m
E (Z a]»W(tj)> =) aaE[WW(H)] = Z ala}H(tl A, (AD
j=1 i,j=1 i,j=1

Now let a,(s) = Z] 1%l e (8), S € N4, and observe that

sup sup|a,(s)| < Z la;| < oo,

n>1 send j=1

and that

m
—d 2(e) — p—d
n 2 a,(s)=n < ;0o e ($)0o, [m]]](s))

s<[n] s<[n] \ i,j=1

m

= Zal ]< [O[mf]A[ntf]](S))
ij=1 s<inl
m
2@ H > ol )|
=) =1 ’ [nt;]/\[nt{]

sl<[nt’]/\[nt’]

Since, foreach i,j € {1,...,m}andl € {1,...,d},

ing)
tl/\tl

1 S n—co . ;
= I L / du=t At
n Z .[0’1]<[nt;]/\[nt{]> A ot

si<[nti]Alnt]]

we can conclude, by Lemma 4.2.2 in ref. [10], that the finite dimensional distributions of S,, converge to the ones
of the Brownian motion, finishing the proof. O
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