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Abstract—Current synthesis techniques rely on either the low-
pass prototype (LP) or direct bandpass (DB) representations to
analyze filtering responses, each offering its own advantages.
However, all these synthesis methods are carried out under
the assumption that both the source and load terminations are
constant impedances. This assumption is unrealistic for most RF
filter designs, as they are often required to be matched to real
devices with frequency-dependent impedances [ZL( f )]. The prob-
lem can be interpreted as the interaction between two networks:
SA, representing the filter, and SB, representing the ZL( f ). When
cascaded, these networks produce an overall response ST . This
article presents a direct synthesis approach for designing general
Chebyshev filters terminated with a ZL( f ) at one port. The
proposed approach employs a Remez-like algorithm to determine
the characteristic polynomials of SA such that, when cascaded
with SB, the overall response ST exhibits an in-band quasi-
equiripple behavior. Moreover, the proposed approach provides
flexibility in controlling the return loss level (RLT) of ST , which is
particularly useful for adjusting the out-of-band (OoB) rejection
level and accommodating technological constraints in certain RF
filters. The proposed method is validated through two examples
with different optimality criteria: 1) an all-pole filter matched to
an antenna booster, designed to approach the Bode–Fano limit
by including the antenna’s reflection zero (RZ) within the quasi-
equiripple response of ST , thereby achieving the most optimal
solution; and 2) a ladder filter matched to a real switch, designed
excluding its RZs from ST to obtain a suboptimal solution.

Index Terms—Acoustic wave (AW) ladder filters, Bode–Fano
limit, cascaded filter, Chebyshev polynomials, equiripple behav-
ior, frequency-dependent load impedance, matching network.

I. INTRODUCTION

IN RECENT decades, the demand for radio frequency (RF)
filters in mobile devices has grown significantly [1], [2],

[3], [4]. Consequently, the research community has extensively
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demonstrated that synthesis techniques enable a much faster
exploration of different filtering functions and topologies com-
pared to traditional optimization processes, thereby assisting
designers in identifying the most suitable filter for a given
technology and set of specifications.

The synthesis of filters is commonly carried out using
lowpass prototype (LP) techniques, which offer an excellent
tradeoff between effectiveness and simplicity for addressing
narrowband filter designs [5], [6], [7]. These methods employ
reduced-order filtering polynomials and enable asymmetric
responses by introducing frequency-invariant reactance (FIR)
elements. However, they inherently neglect the behavior at
extreme frequencies, limiting their applicability in wideband
scenarios. Another alternative is the direct bandpass (DB)
synthesis techniques [8], [9], [10], which allow modeling the
behavior of the filter across the entire frequency spectrum,
but are more complex and require polynomials with twice
the order of those used in LP approaches. Both LP and
DB techniques involve a sequence of analytical steps that
do not require any optimization. First, a set of characteristic
polynomials is derived based on the prescribed specifications,
typically defining a generalized Chebyshev filtering function
with equiripple behavior in the passband to ensure optimal
out-of-band (OoB) rejection [11]. Then, through a fully deter-
ministic procedure, these polynomials are translated into the
circuit elements that implement the desired filtering function
in the filter. This translation can be carried out using the
extracted-pole technique, typically applied in the LP case as
described in [5] and [12] and extended to the DB case in [8],
or alternatively using the coupling matrix approach [11], [13],
also applied in the LP and extended to the DB in [9].

However, a fundamental limitation of current LP and
DB techniques lies in the assumption that the filter is
matched to a constant load impedance (ZL). This assump-
tion is valid only when the filter operates over a very
narrow fractional bandwidth (FBW) and the actual frequency-
dependent load impedance [ZL( f )] exhibits minimal dispersion
around this assumed constant ZL. Otherwise, when cas-
cading the synthesized filter with the ZL( f ), the expected
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response deteriorates significantly, sometimes even preventing
compliance with specifications. Matching the filter directly
to a ZL( f ) is a critical step in the successful design of
RF front-end modules, where different components, such
as antennas, switches, power amplifiers, low-noise ampli-
fiers, and other RF front-end elements must be intercon-
nected with stand-alone filters, notch filters, duplexers, or
multiplexers [4].

Research efforts have been dedicated to the synthesis of
filters matched to complex ZL( f ). The matching problem dates
back to the foundational work of Fano [14], who developed
a synthesis procedure for matching networks based on the
derivation of a lossless two-port scattering matrix representing
the filter connected to the antenna. However, it does not
guarantee an equiripple optimal solution and relies on non-
convex optimizations, which result in multiple local minima
that do not guarantee a closed-form solution. Carlin and
Civalleri [15] introduced a nonconvex optimization method
that works directly with real frequency functions, aiming to
synthesize a matching network based on a given reflection or
scattering function. Nevertheless, equiripple solutions cannot
be obtained, and the global optimality of the solution is
not guaranteed. Helton [16] reformulated the problem as a
quasi-convex optimization minimizing the pseudohyperbolic
distance, which allows achieving a globally optimal response
at the cost of requiring an infinite-dimensional matching
network, something that cannot be physically realized. More
recently, Martinez [17] and Bose et al. [18] proposed a
practical way to apply Helton’s method using Nehari’s theory
to convert nonrealizable functions into realizable approxima-
tions in H∞, allowing the computation of the best possible
approximation for a realizable filter.

These prior works rely on pure optimization methods rather
than finding a numerical solution to the problem. To the best
of the author’s knowledge, a numerical approach for synthe-
sizing filters matched to a ZL( f ) has not yet been addressed
within the filter design community. This work introduces a
novel numerical method for synthesizing filters with quasi-
equiripple behavior in the presence of a ZL( f ), as long as
it can be represented as a rational function. Throughout this
work, the ZL( f ) of all examples is modeled using the vector
fitting technique proposed by Bose et al. [19], Gustavsen
and Semlyen [20], Gustavsen [21], and Deschrijver et al.
[22], which fits measured or simulated frequency-domain
responses with rational function approximations. Instead of
using the LP approximation of [5] to synthesize the RF
filters, this work utilizes the DB approach proposed in [8],
because the fit Touchstone files that contain the information
of the actual ZL( f ) are always defined in the DB domain.
Due to the author’s interest, the method is derived, without
loss of generality, for ladder networks under the acoustic
wave (AW) technological constraints imposed by piezoelectric
resonators. Nevertheless, the proposed methodology remains
applicable to any other filter technology or topology, since
it is based on the polynomial formulation of the filtering
function.

Fig. 1 depicts the cascade of two lossless two-port net-
works, S A and S B, whose cascade results in the total network

Fig. 1. Block diagram illustrating the cascaded S parameters of two lossless
two-port networks, S A and S B, resulting in the total network S T .

Fig. 2. Cascading between a synthesized fifth-order ladder filter S A and
a second-order S B. (a) Individual responses of S A and S B, both matched to
a constant ZS = ZL = 50 Ω. (b) Response of the cascaded network S T .

S T . Throughout this work, S A denotes the filter, S B mod-
els the ZL( f ) network, and S T corresponds to their whole
and cascaded response, all referenced to 50-Ω source and
load impedances. The proposed methodology avoids compu-
tationally intensive optimization procedures by leveraging a
Remez-like algorithm to compute the distorted polynomials
of S A such that, once cascaded with those of S B, the resulting
S T exhibits a quasi-equiripple response. Fig. 2(a) illustrates
this behavior cascading a fifth order ladder filter network
S 11,A with a second order S 11,B. When setting a total return
loss (RLT ) level of 12 dB, the reflection coefficient S 11,A is
distorted when referenced to a ZL = 50 Ω. However, when
cascaded with S 11,B, the resulting S 11,T shown in Fig. 2(b)
exhibits a quasi-equiripple response at the desired RLT level.
This behavior is observed from an impedance perspective in
Fig. 3(a) and (b), where both the real and imaginary parts
of Zout,A( f ) oscillate around the complex conjugate dispersive
impedance Z∗in,B( f ) to obtain the desired equiripple level. In
addition, this methodology offers the advantage of flexibil-
ity in selecting the RLT level, which is particularly useful
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Fig. 3. Output Zout,A and input Z∗in,B impedances of S A and S B, respectively.
(a) Real parts. (b) Imaginary parts.

for controlling the OoB rejection and for accommodating
technological constraints, such as the electromechanical cou-
pling coefficient k2

t in AW technology [5], [23].
This work proposes two different approaches in terms of

optimality when matching the filter to a ZL( f ). The first
approach corresponds to the optimal solution [17] and consists
of including the reflection zeros (RZs) of ZL( f ) in S T , as
illustrated in Fig. 2. This approach allows S T to behave as
a higher-order filter, since it accounts not only for the RZs
of S A but also for those of S B. As a result, the RLT and the
OoB rejection are the best. Certainly, this represents the best
possible solution. However, there are situations in which ZL( f )
is too complex to be accurately modeled, or its RZs cannot
appear in the quasi-equiripple response of S T because they
lie outside the passband. For this reason, the second approach
consists of matching the filter to ZL( f ) while excluding its
RZs. In this case, S T behaves as a filter of the same order as
S A. Consequently, the achievable RLT is reduced, and the OoB
rejection is worse because the RZ of S B are located somewhere
in the complex plane outside the passband of S T . To evaluate
the effectiveness of the two proposed approaches for different
filter topologies and technologies, two representative examples
are presented. In the first case, a third-order all-pole filter
matched to an antenna booster is designed to approach the
Bode–Fano limit by including the antenna RZ in the overall
response S T . The second example considers a fifth-order AW
ladder filter matched to a real switch, synthesized by excluding
the RZs of S B from S T . This results in a suboptimal response
that nevertheless preserves an in-band quasi-equiripple behav-
ior by relying exclusively on the RZs of S A.

Fig. 4. Characteristic function C(Ω) of the positive frequency passband of a
NM th-order Chebyshev filter in the DB domain.

II. SYNTHESIS OF FILTERS CONSIDERING CONSTANT ZL

IN THE DB DOMAIN

For completeness, this section first introduces the Remez-
like algorithm used to generate the ideal DB Chebyshev
function for ladder filters matched to constant source and
load impedances. Let us start by defining the S parameters
by means of the characteristic polynomials P(s), F(s), and
E(s) of a filter function [11, ch. 6] in the normalized domain
s = Σ + jΩ�

S 11 (s) S 12 (s)
S 21 (s) S 22 (s)

�
=

1
E (s)

�
F (s) P (s) /ε

P (s) /ε (−1)N F (s)∗

�
(1)

where ε is the normalization constant that ensures P(s) is
a monic polynomial, and the roots of P(s), F(s), and E(s)
correspond to the transmission zeros (ΩTZ), RZs, and poles
of the ladder topology, respectively. As detailed in [8], the
DB approach oriented to ladder filters requires the use of
a not-fully canonical filtering function, where the computed
characteristic polynomials form a dual-band response symmet-
ric about zero, and that can be asymmetric with respect to the
center frequency. Accordingly, the negative and positive fre-
quency passbands span Ω ∈ {−1,−ω1/ω2} and Ω ∈ {ω1/ω2, 1},
respectively. To construct the proposed filtering function, the
Remez-like algorithm requires defining a filter order of NDB =

2N + 2. For a ladder topology, polynomial P(s) contains N
positive ΩTZ and their N negative symmetric counterparts, one
ΩTZ at the origin and one at infinity. In contrast, polynomial
F(s) contains N positive RZs and their N negative symmetric
counterparts, which shape the two equiripple passbands, as
well as a pair of imaginary RZs ( jΩRZ) that model the
frequency-dependent input and output phase behavior. Note
that the prescribed ΩTZ and jΩRZ have been defined for
a ladder network with input and output capacitors, but the
definition of the filtering function may be different depending
on the network.

A. Interpretation of the Remez Algorithm in the DB Domain

According to the formulation in [24], the polynomial F(Ω)
is defined such that NM = NDB − N jΩRZ represents the total
in-band order, N1 = N2 = NM/2 represents the order of each

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 



4 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES

passband, and N jΩRZ represents the number of prescribed jΩRZ

that accommodate the frequency-dependent input and output
phases. The FBW of both passbands is determined by the
desired cut-off frequencies, with Ω = ±1 being the furthest
from zero and Ω = ±ω1/ω2 being the closest to zero for
both passbands. Let F0 be the monic polynomial whose roots
define the RZs of each passband. Its NM unknown coefficients
{ fk} describe the equiripple characteristic function C(Ω) in
each passband, which, as illustrated in Fig. 4, oscillates with
constant amplitude ±∆ and can be expressed as

C (Ω) = |FC ( jΩ)| · F0 (Ω) /P (Ω) (2)

where FC( jΩ) is the monic polynomial of degree N jΩRZ

containing the assigned jΩRZ .
The monic polynomial F0(Ω) is commonly found by itera-

tively solving a linear system at the extrema points Ωk,i, where
|∆k | becomes maximum or minimum

C
�
Ωk,i

�
=

ˇ̌
FC
�

jΩk,i
�ˇ̌
· F0

�
Ωk,i

�
P
�
Ωk,i

� = (−1)i−1 |∆k | (3)

where k = 1, 2 and i = 1, 2, . . . ,NM + 2. Expressing F0(Ωk,i)
in terms of its coefficients { f1, f2, . . . , fNM }, (3) can be refor-
mulated as

f2Ω
NM−1
k,i + · · ·+ fNM −

(−1)i−1 |∆k | P
�
Ωk,i

�ˇ̌
FC
�
Ωk,i

�ˇ̌ = − f1Ω
NM
k,i (4)

where f1 = 1 is the coefficient of the highest-degree term, and
fNM is the constant term associated with degree zero.

Then, the iterative process is described in five steps.
1) Step 1: Initialize the NM + 2 symmetric frequency

sample points Ωk,i = {Ω1,i} ∪ {Ω2,i}, evenly distributed
in each passband.

2) Step 2: Solve the NM + 2 linear system of equations at
Ωk,i to obtain the NM unknown coefficients of F0(Ω) and
the two equal amplitudes ∆k of both in-band ripples of
C(Ω). Therefore, the linear system is stated by isolating
F0(Ωk,i) from |FC( jΩk,i)| · F0(Ωk,i)/P(Ωk,i) = (−1)i−1∆k

as
A · x = v. (5)

Equation (5) can also be written as in (6), shown at the
bottom of the page.

3) Step 3: Update the frequency sample points Ω′i comput-
ing the zeros of the derivative of C(Ω)

∂C (Ω)
∂Ω

= 0. (7)

The in-band roots of each passband and their respective
band limits [−1,−ω1/ω2] and [ω1/ω2, 1] rad/s will be
the NM + 2 updated frequency sample points Ω′i once
the OoB turning points are removed.

4) Step 4: Repeat steps 2 and 3 until convergence consider-
ing max|Ωi − Ω′i | is small enough (e.g., less than 10−5).

5) Step 5: After the iterations, F(s) and P(s) can be derived
from F(Ω) and P(Ω) using s = jΩ and E(s) can be
obtained using the Feldtkeller’s equation [11]

E (s) E∗ (s) = F (s) F∗ (s) +
P (s) P∗ (s)

ε2 (8)

where the notation “*” denotes the paraconjugate of the
polynomial.

III. SYNTHESIS OF FILTERS CONSIDERING
FREQUENCY-DEPENDENT ZL( f ) IN THE DB DOMAIN

In the iterative polynomial synthesis procedure with con-
stant ZL introduced in Section II, the roots of F0,A(Ω) are
constrained to lie on the real axis of Ω, and the equiripple
condition is strictly enforced.

However, when the ZL becomes ZL( f ), the filter network
S A will no longer exhibit an equiripple response, as the goal
now is to achieve this behavior in S T . As illustrated in Fig. 5,
the in-band RZs of S A must move off the real axis into the
complex plane to preserve a quasi-equiripple match in S T once
S B is cascaded.

Before delving into the extended Remez-like algorithm to
account for the ZL( f ), it is necessary to first define how the
S parameters of two passive reciprocal cascaded networks,
S A and S B, interact with each other. To begin with, the
transmission parameter of the total response S 21,T is defined
in terms of the characteristic polynomials of each network as

S 21,T (Ω) =
S 21,A (Ω) S 21,B (Ω)

1 − S 22,A (Ω) S 11,B (Ω)
(9)

PT (Ω)
εT ET (Ω)

=
PA (Ω) PB (Ω)

εAεB

�
EA (Ω) EB (Ω) −

F∗A (Ω) FB (Ω)
εr,Aεr,B

� (10)

26666666666666666666664

Ω
NM−1
1,1 Ω

NM−2
1,1 · · · 1 (−1)1P(Ω1,1)

|FC(Ω1,1)| 0

Ω
NM−1
1,2 Ω

NM−2
1,2 · · · 1 (−1)2P(Ω1,2)

|FC(Ω1,2)| 0
...

...
...

...
...

...

Ω
NM−1
1,N1+1 Ω

NM−2
1,N1+1 · · · 1 (−1)N1+1P(Ω1,N1+1)

|FC(Ω1,N1+1)| 0

Ω
NM−1
2,1 Ω

NM−2
2,1 · · · 1 0 (−1)1P(Ω2,1)

|FC(Ω2,1)|
Ω

NM−1
2,2 Ω

NM−2
2,2 · · · 1 0 (−1)2P(Ω2,2)

|FC(Ω2,2)|
...

...
...

...
...

...

Ω
NM−1
2,N2+1 Ω

NM−2
2,N2+1 · · · 1 0 (−1)N2+1P(Ω2,N2+1)

|FC(Ω2,N2+1)|

37777777777777777777775

266666664

f2
f3
...

fNM

∆1
∆2

377777775 =

2666666666666666664

−Ω
NM
1,1

−Ω
NM
1,2

...

−Ω
NM
1,N1+1

−Ω
NM
2,1

−Ω
NM
2,2

...

−Ω
NM
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(6)

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 



CANO et al.: FREQUENCY-DEPENDENT IMPEDANCE MATCHING SYNTHESIS METHODOLOGY 5

Fig. 5. Roots diagram of FA(Ω).

whereas the input reflection parameter S 11,T is defined as

S 11,T (Ω) = S 11,A (Ω) +
S 2

21,A (Ω) S 11,B (Ω)
1 − S 22,A (Ω) S 11,B (Ω)

(11)

FT (Ω)
ET (Ω)

=

FA (Ω) EB (Ω) −
εr,AFB (Ω) E∗A (Ω)

εr,B

EA (Ω) EB (Ω) −
F∗A (Ω) FB (Ω)

εr,Aεr,B

(12)

and the output reflection parameter S 22,T as

S 22,T (Ω) = S 22,B (Ω) +
S 2

21,B (Ω) S 22,A (Ω)
1 − S 22,A (Ω) S 11,B (Ω)

(13)

F∗T (Ω)
ET (Ω)

=

F∗B (Ω) EA (Ω) −
εr,AF∗A (Ω) E∗B (Ω)

εr,B

EA (Ω) EB (Ω) −
F∗A (Ω) FB (Ω)

εr,Aεr,B

. (14)

Notice in (12) and (14) that since both networks must
satisfy the Feldtkeller equation, the order of the resulting
cascaded network, NDB,T , is not NDB,A + NDB,B, but rather
NDB,A + NDB,B − 2. This reduction by two occurs because:
1) the numerators and denominators in (12) and (14) involve
subtractions between monic polynomials, which cancel the
highest-order terms; and 2) their independent coefficients are
also identical, resulting in a common root at s = 0 after
subtraction that cancels out during division.

A. Remez-Like Algorithm Including the RZs of S B in S T

Knowing the relationship between the cascaded network S T

and the characteristic polynomials of the individual networks
S A and S B, the Remez-like algorithm presented in Section II
can be reformulated accordingly. The objective is to determine
the NM,A unknown coefficients of F0,A(Ω), which represent
the NA in-band complex RZs of S A required to achieve
a quasi-equiripple when considering S B. Consequently, the
characteristic function of the cascaded response CT (Ω) must
oscillate with a constant amplitude ±∆T , and thus (3) can be

rewritten taking into account the characteristic polynomials of
S A and S B as

CT (Ω) =
F0,A (Ω) FC,A (Ω) EB (Ω) − εr,AFB(Ω)E∗A(Ω)

εr,B

PA (Ω) PB (Ω)
(15)

where FC,A( jΩ) contains the assigned jΩRZ,A of S A.
Expressing F0,A(Ω) in terms of its coefficients, (15) can be

reformulated as

f2,AΩ
NM,A−1
k,i + . . .+ fNM,A −

(−1)i−1 |∆k,T |PA(Ωk,i)PB(Ωk,i)
FC,A(Ωk,i)EB(Ωk,i)

= −Ω
NM,A
k,i + (−1)NM,A εr,AFB(Ωk,i)E∗A(Ωk,i)

εr,BFC,A(Ωk,i)EB(Ωk,i) (16)

where k = [1, 2] and i = [1, 2, . . . ,NM,T + 2]. Let us highlight
that (16) accounts only for the NM,A + 2 extrema points
associated with F0,A(Ωk,i). However, to achieve the quasi-
equiripple behavior with all the RZs, the contribution of
F0,B(Ωk,i) must also be considered. This requires a total in-
band order of NM,T = NM,A + NM,B (or N1,T = N2,T = NM,T /2
for each passband), and consequently, NM,T + 2 extrema points
should be contemplated when solving for F0,A(Ωk,i), leading
to an overdetermined system of equations.

Then, the iterative process is described in six steps.
1) Step 1: Compute FA(s) and EA(s) as explained in

Section II. These conventional polynomials will be used
as a starting point for the iterative procedure.

2) Step 2: Initialize the NM,T + 2 symmetric frequency
sample points Ωk,i = {Ω1,i} ∪ {Ω2,i}, evenly distributed
in each passband.

3) Step 3: Solve the NM,A + 2 linear system of equations
at Ωk,i to determine the NM,T unknown coefficients of
F0,A(Ωk,i), along with the two equal amplitudes ∆k that
define in-band ripples of CT (Ωk,i) at the upper band
edges. The linear equations can be written in matrix
form, similar to (5), as

A′ · x = v′. (17)

Equation (17) can also be written as in (18), shown
at the bottom of the next page. Different from (5),
(17) and (18) are overdetermined equations, and an
exact solution does not exist. Nevertheless, an optimal
approximate solution can be obtained through the least
squares criteria, yielding a quasi-equiripple behavior
when cascading S A with S B. The accuracy of this
approximation depends on the order of S B, with the
solution becoming less precise as more RZs from S B

are taken into account.
4) Step 4: Having obtained F′A(Ω) = F′0,A(Ω)FC,A(Ω) from

(17), and using the EA(Ω) from the previous iteration,
provisional polynomials PT (Ω) and FT (Ω) can be com-
puted using (10) and (12). These are used to evaluate
the amplitude |∆| at the extrema points Ωi to identify
the one that results in a S 11,T lower than the required
RLT level, as follows:

Ωi max = arg max
Ωi

�
|FT (Ω)|
|PT (Ω)|

�ˇ̌̌̌
Ω=Ωi

. (19)

This Ωi max allows the calculation of the normalization
constant ε′T that achieves the minimum RLT , ensuring
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that the resulting quasi-equiripple behavior satisfies the
specified RLT level throughout the entire passband

ε′T =
1

√
10RLT /10 − 1

ˇ̌̌̌
PT (Ω)
FT (Ω)

||Ω=Ωi max . (20)

Then, the new polynomial E′A(s) can be computed
through the Feldtkeller equation as

E′A (s) E′∗A (s) = F′A (s) F′∗A (s) +
PA (s) P∗A (s)

ε′2A
(21)

where s = jΩ and

ε′A = ε′T /εB. (22)

5) Step 5: From (10) and (12), compute the updated char-
acteristic polynomials of the cascaded response PT (s),
F′T (s), and E′T (s), this time considering the updated
E′A(s) of (21). Since the zeros of F′T (s) may lie in
the complex plane, the updated extrema points Ω′i can
no longer be directly obtained by differentiating the
characteristic function, as in (7). Instead, all new extrema
points Ω′i must be determined by differentiating the
power characteristic within the passband [11]

∂(S 21(s)S ∗21(s))
∂s =

∂

�
PT (s)P∗T (s)

PT (s)P∗T (s)+ F′T (s)F′∗T (s)

�
∂s = 0. (23)

By expanding the numerator polynomial of (23), the
solutions are obtained as follows:h�

∂PT (s)
∂s P∗T (s) + PT (s) ∂P∗T (s)

∂s

�
F′T (s) F′∗T (s)

− PT (s) P∗T (s)
�
∂F′T (s)
∂s F′∗T (s) + F′T (s) ∂F′∗T (s)

∂s

�i
= 0.
(24)

The roots of (24) represent both in-band and OoB
turning points, including off-axis RZs. Since some RZs
may fall outside the passband, the updated extrema
points Ω′i = − js′i must be selected alternately from
the 2 · (NM,T − 1) closest in-band solutions, while also
including the band edges at [±ω1/ω2,±1] rad/s.

6) Step 6: Repeat steps 3–5 until convergence considering
max|Ωi − Ω′i | is small enough (e.g., less than 10−4).

After convergence of the iterative procedure, the resulting
characteristic polynomials PA, F′A, and E′A define a distorted
filter response S A similar to that of Fig. 2(a). When cascading
this S A response with the ZL( f ) associated with S B, the
resulting response S T will exhibit a quasi-equiripple behavior
that meets the prescribed RLT level, as in Fig. 2(b).

B. Remez-Like Algorithm Excluding the RZs of S B From S T

The computation of the characteristic polynomials of
S A that produce a suboptimal quasi-equiripple response
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Fig. 6. Reference ZL( f ) used throughout Sections IV and V.

considering only the RZs of S A in S T follows a procedure
similar to that outlined in Section III-A. In this case, (18)
is modified so that the algorithm searches for NM,A in-band
RZs in the S T response, rather than the actual NM,T RZs.
This is achieved by reducing the number of rows in (18) from
NM,T + 2 to NM,A + 2, resulting in a system of equations
that is no longer overdetermined. In addition, step 6 from
Section III-A must be carefully revised, since there are still
NM,T + 2 extrema points, but NM,T − NM,A of them should be
removed. The extrema points to be removed are those located
outside the passband.

C. Convergence of the Algorithm

The Remez-like algorithms presented in Sections III-A and
III-B typically converge to a stable solution in less than ten
iterations. However, as explained in [8], DB coefficient-based
approaches tend to generate highly clustered RZs, leading
to excessively large coefficients and numerical inaccuracies
for FBW < 4% or N > 7, due to the limited preci-
sion of double-precision arithmetic. These limitations can be
addressed using extended-precision tools, such as Advanpix
[25], at the expense of increased computational time, or by
root-finding techniques, which iteratively compute the roots
of the polynomial equations while keeping numerical values
within a manageable range, enabling filter orders up to 18
regardless of the FBW [8], [9], [26].

IV. FILTER BEHAVIOR WHEN ZL( f ) AND ITS
RZS ARE INCLUDED IN S T

This section addresses several key aspects involved in
matching a filter to a ZL( f ), including its RZs in S T . The
flexibility of the proposed method is analyzed in terms of
the achievable RL level, considering that, as established by
Fano [14] and Martinez [17], not all filtering functions can
be perfectly matched to arbitrary impedances. As expected,
evaluating the method for the infinite variety of possible ZL( f )
cases is unfeasible. Therefore, a single representative example
is used throughout this section to discuss the different synthesis
aspects related to the RL level. Fig. 6 presents the response
and circuit of the ZL( f ), whose rational function S B is obtained
by means of vector fitting [19]. A fifth-order ladder filter
synthesized for the 1810–1870-MHz band is used for the
analysis.

Fig. 7. Fifth-order ladder filter designed for different RLT levels up to the
RLT ,max. (a) S 11,T response for the different RLT levels. (b) Smith chart
representation of S 22,A and S ∗11,B.

A. Flexibility in Setting the RLT Level

The method proposed in this work offers flexibility in setting
the RLT level of the cascaded response S T . This introduces an
additional degree of freedom in the design process, since the
solution with the best RL is not always the most optimal in
terms of technological feasibility or OoB rejection [5]. For
instance, in the design of AW ladder filters, it is common
to seek evenly distributed k2

t values across all AW resonators,
enabling their fabrication on a single die using the same piezo-
electric material without external elements. As demonstrated
in [5] and [23], it is possible to identify an RL level that allows
convergence to a solution where all resonators share the same
k2

t . Therefore, having the freedom to control RL during the
synthesis significantly facilitates the fulfillment of stringent
OoB rejection specifications and technological constraints.

Fig. 7(a) demonstrates how the response S T of four different
filters designed to cover the 1810–1870-MHz frequency span
is obtained with different RLT levels. Furthermore, Fig. 7(b)
shows how the reflection coefficient S 11,A oscillates around
the complex conjugated S ∗11,B network with different ampli-
tudes depending on the target RLT level. Unlike the classical
generalized Chebyshev response, where the impedance locus
crosses 50 Ω at each RZ, in this case, the impedance locus of
S 11,A does not necessarily cross S ∗11,B at the RZ frequencies,
since they are now complex. This occurs for all RZs except
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Fig. 8. Influence of the FBW on the RLT ,max. (a) FBW as a function of
RLT ,max. (b) Representation of ZL( f ) and the resulting S 11,T for three different
FBWs synthesized with the RLT ,max.

the first and the last, because, as shown in Fig. 7(b), S 11,A
always intersects S ∗11,B at both the beginning and the end of
the passband, which makes these particular RZs purely real,
as illustrated in Fig. 7(a).

Each S T is obtained by cascading the synthesized fifth-order
ladder filter S A with the fixed second-order S B of Fig. 6 to
obtain the four RLT levels. Note how, as the RLT increases,
the S T response tends to exhibit a behavior closely resembling
that of a bounded Chebyshev filter [17], [18], which indicates
proximity to the Bode–Fano limit. In this case, the maximum
achievable return loss (RLT ,max) is around 10 dB, and beyond
this physical limit, the proposed Remez-like algorithm will no
longer converge.

B. Influence of the FBW in the Achievable RLT ,Max

When part of the filtering function must remain fixed, a
significant constraint is introduced during the synthesis of
the characteristic polynomials. This is the case for S A filters
that aim to construct an equiripple overall response S T while
targeting a ZL( f ). In such scenarios, only S A is under design
control, meaning that the achievable performance of S T is
significantly more limited. As demonstrated by Fano [14],
the load network ZL( f ), together with the FBW, imposes a
fundamental limit on the RLT ,max level. In particular, the higher
the FBW, the lower the achievable RLT ,max. To validate this
assumption using the methodology proposed in Section III-A,
Fig. 8(a) shows the achievable RLT ,max of S T as a function of
FBW, using the same S B in all cases. In addition, Fig. 8(b)
illustrates three of these filters in which S A is synthesized

Fig. 9. RLT ,max for a ladder filter designed with different filter orders N.

to achieve RLT ,max in S T . As expected, as the FBW of S A

increases, the RLT ,max of S T decreases.

C. Influence of the S A Filter Order in the Achievable RLT ,Max

Apart from the FBW and the ZL( f ) network, another param-
eter that influences the achievable RLT ,max level is the order of
S A. As demonstrated in [17], the higher the filter order of S A,
the higher the achievable RLT ,max. However, this relationship
is not linear, since RLT ,max approaches a horizontal asymptote
as the order of S A increases.

This behavior is validated in Fig. 9, where ladder filters
of different orders are synthesized using the methodology
proposed in Section III-A. It can be observed that the RLT ,max
values required to achieve a quasi-equiripple response increase
with the filter order. However, beyond approximately order 6,
this improvement starts to slow down exponentially. Let us
highlight that the order N that appears in Fig. 9 refers
to the number of resonators, rather than the order NDB,A,
which defines the order of the DB filtering function of S A.
This observation is consistent with the results reported by
Helton [16], which demonstrated that achieving a filter whose
impedance is exactly the complex conjugate of ZL( f ) over the
entire passband would require characteristic polynomials of
infinite order, or equivalently, an infinite number of resonators.
In such a case, a perfectly flat RLT with a level approaching
∞ dB could be obtained. However, this situation represents a
purely theoretical limit and is not physically realizable.

D. Impact of the Imaginary RZs of S A on S T

As explained in [8], the two jΩRZ,A that model the
frequency-dependent input and output phases also determine
the values of the first and last elements in the ladder filter.
In contrast to [8], where the jΩRZ must appear in complex-
conjugate pairs due to the symmetry properties imposed by
the logarithmic mapping function, the formulation presented
in Sections II and III-A allows for the asymmetric placement
of the two jΩRZ,A, introducing an additional degree of freedom
for the ladder filter design, as shown in Fig. 5. In fact, this
asymmetry becomes essential when matching the filter to a
given ZL( f ), since the two jΩRZ,A play a distinct role in the
cascaded response S T .

On one hand, the negative − jΩRZ,A is responsible for
modeling the input phase of S 11,A and S 11,T . As illustrated
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Fig. 10. Influence of the negative jΩRZ,A on the input phase orientation of
the S T locus impedance.

Fig. 11. Influence of the positive jΩRZ,A on RLT ,max.

in Fig. 10, varying the position of this − jΩRZ,A produces a
rotation of the Chebyshev-like ripple pattern of S 11,T around
the source impedance at 50 Ω without affecting the magnitude,
neither the RLT ,max level. This behavior is also expected to
occur from the perspective of the load of S 22,B and S 22,T ,
where this time, the positive + jΩRZ,B would play an anal-
ogous role. However, in this work, S B is considered fixed
and therefore cannot be tuned. Furthermore, the − jΩRZ,A is
particularly useful for ensuring that the filtering function of
S A can be embedded inside the ladder filter topology, thereby
preserving the expected S A response with ZS = ZL = 50 Ω.
As discussed in [8], when the filtering function is asymmetric
(∠S 11,A , ∠S 22,A), it may not always be possible to achieve a
ZL of 50 Ω when extracting the ladder topology from S A, since
the admittance after the last partial extraction might differ from
unity.

On the other hand, the positive + jΩRZ,A models the output
phase of S 22,A. In addition, this parameter is also responsible
for controlling the optimum RLT ,max of the S T response. In
other words, it determines the rotation of the ripple pattern of
S 22,A around S 11,B, and this orientation should be the complex
conjugate of S 11,B. Fig. 11 illustrates how RLT ,max varies
with the position of the + jΩRZ,A in a fifth-order ladder filter.
The optimal value occurs at jΩRZ,A,Optim = 1.5, where RLT

reaches the minimum level for this ZL( f ). Consequently, the
position of + jΩRZ,A, together with the RL level, is of critical

Fig. 12. Differences between including and neglecting the contribution of
the RZs of SB in the synthesized ST . (a) Maximum achievable RLT ,max.
(b) Transmission responses.

importance, as it determines how far the Bode–Fano limit can
be approached.

V. FILTER BEHAVIOR WHEN ZL( f ) IS INCLUDED IN ST BUT
ITS RZS ARE EXCLUDED FROM THE EQUIRIPPLE

Up to this point, this work has considered cases in which
the RZs of ZL( f ) lie within the passband of ST . This section
compares how the RLT ,max of a suboptimal solution is reduced
when SA only oscillates around SB without involving its RZs
in the quasi-equiripple of ST .

A. Differences Between Including and Neglecting the
Contribution of the RZs of SB in the Synthesized ST

Fig. 12 reproduces the same example as Fig. 7(a), but using
the methodology described in Section III-B to exclude the RZ
of S B from S T . Interestingly, the differences between including
and neglecting the contribution of the RZs of S B in the
synthesized S T resemble that of a reduced Chebyshev filtering
function with one or more RZs shifted into the complex plane
[27]. As explained in [27], for each RZ moved to the complex
plane, the OoB rejection of the filter behaves as that of a lower-
order network [see Fig. 12(b)]. In this case, the RZ lying in the
complex plane corresponds to one of the S B that is not being
considered. For this reason, the RLT ,max is always lower than
when the RZs of S B are included in S T , since the Bode–Fano
limit cannot be reached without them.

Nevertheless, neglecting the RZs of SB offers the possibility
of achieving a suboptimal response when the ZL( f ) cannot be
tuned, and its RZs lie outside the passband.
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Fig. 13. Fifth-order ladder filter synthesized excluding the far-band RZ of
SB, leading to undesired spikes that can be controlled adjusting + jΩRZ,A.

B. Matching the Filter Neglecting the RZs of SB:
Appearance of Spurious Spikes in the
Transmission Response of ST

As explained in [28] and [29], cascading different networks
can trigger the appearance of spurious resonances, observed
as sharp spikes in the transmission response. This undesired
behavior is understood as a strong mismatch that occurs when
∠S 22,A = ∠ − S 11,B is satisfied in the OoB region, that is,
when the denominator of (10), (12), and (14) becomes zero.
Moreover, Acosta et al. [29] demonstrated that the position of
the spike can be relocated to a region where it is suppressed
by adjusting the input phase of F(s) in the LP domain.

The appearance of these spikes can also be understood
from another perspective: when not considering ZL( f ) in the
cascaded response S T , the RZs associated with SB shift in
frequency in an uncontrolled manner, causing the appearance
of spurious transmission spikes. Fig. 13 shows the response
of a fifth-order ladder filter that, instead of being synthesized
from 1810 to 1870 MHz, that is, around the RZ of S B located
at 1837 MHz, is designed for the 1750–1800-MHz band using
the methodology described in Section III-B. In this situation,
a spurious spike appears at 1925.7 MHz. Similar to [29], this
spike can be relocated by adjusting the positive + jΩRZ,A of
S A, as represented in Fig. 13. This demonstrates that + jΩRZ,A

also controls the spike position when the RZ of SB is located
outside the passband by controlling the output phase.

VI. VALIDATION EXAMPLES

To validate the effectiveness of the proposed methodology,
two case studies with distinct filter topologies and ZL( f ) are
presented. In the first case, a wideband third-order all-pole
filter is synthesized and compared with a fabricated prototype,
where a real antenna serves as ZL( f ), characterized by a strong
impedance variation. The RZ of this ZL( f ) is included in the
S T response. In the second case, a narrowband fifth-order
AW ladder filter is synthesized using the Menlo Microsystems
MM5140 switch [30] as ZL( f ), which exhibits a smooth
impedance variation. The RZs of this ZL( f ) are neglected in
the S T response.

A. Third-Order All-Pole Filter Matched to an Antenna
Booster

This example aims to demonstrate the validity of the
proposed methodology for all-pole topologies. In this case,

Fig. 14. Reflection response comparison of the antenna booster without the
series inductor, with the series inductor, and with the fitted model of the latter
configuration.

an all-pole filter is selected for experimental validation over
the 700–960-MHz frequency range. The filter is designed
to be matched to an antenna booster [31], [32] with the
objective of approaching the Bode–Fano limit. The antenna
booster consists of an electrically small, nonresonant element
in which the operating frequencies can be tuned by adjust-
ing the matching network and by properly positioning the
antenna booster on the printed circuit board (PCB), rather than
modifying the antenna geometry. In the proposed experiment,
the matching network is interpreted as a third-order all-pole
filter synthesized considering the contribution of the antenna
booster’s RZ.

First, the S 11,B parameter of the antenna booster is measured
without the matching network, and depicted in Fig. 14. Since
the antenna booster has its RZ at 1.75 GHz, a 33.829-nH
inductor is used to shift it down into the passband, from
700 to 960 MHz. At this point, the vector fitting technique
of [19] is used for modeling this ZL( f ) using a second-
order filtering function. However, it must be noted that the
proposed methodology relies on cascading two-port networks,
whereas antennas are typically measured as one-port devices.
This discrepancy can be addressed by defining a fictitious
transmission parameter S 12,B = S 21,B based on the S -parameter
formulation introduced by Kurokawa [33], such that

[S B](2-port) =

�
S 11,B ( f ) S 12,B ( f )
S 21,B ( f ) S 22,B ( f )

�
(25)

=

264 ZL( f )−ZS
Z∗S +ZL( f )

2
√
<{ZS }<{ZL( f )}
ZS +ZL( f )

2
√
<{ZS }<{ZL( f )}
ZS +ZL( f )

ZS −Z∗L( f )
ZS +ZL( f )

375 (26)

where ZS = 50 Ω and

ZL ( f ) = Z0 ·
1 + S (1-port)

11,B

1 − S (1-port)
11,B

. (27)

The resulting SB polynomials, normalized to fc2 = 960 MHz,
are the following ones:

PB (s) = s2 + 25.116s + 0.6859

FB (s) = −s2 + 0.1948s − 0.6213

EB (s) = s2 + 0.4242s + 0.6213
εB = 59.2117
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Fig. 15. S parameters of (a) synthesized S A magnitude, (b) synthesized S A
phase, and (c) cascaded S T , including simulated and fabricated responses.

εr,B = 1.0001.

In addition, Fig. 14 compares the obtained S B polynomials
with the original response. Note that the fit response is
not exact when using this second-order function, because
the antenna’s Touchstone file includes parasitic effects that
increase the actual order of the filtering function. Although
the fit is not exact, the model is sufficiently accurate to obtain
a set of characteristic polynomials of ZL( f ) very close to the
real ones, without excessively overdetermining the system of
equations in (18).

To achieve a quasi-equiripple S T response at the Bode–Fano
limit using a third-order all-pole filter (NDB,A = 8) with ΩTZ =

[0, 0, 0], a target RLT = 8 dB, and a + jΩRZ,A = 0.36 rad/s
are required. In addition, as explained in Section IV-D, a
value of − jΩRZ,A = 0.39 rad/s is chosen to extract the ladder
topology from S A without altering the 50-Ω load termination.
After solving the system of equations of (18) using the Remez-
like algorithm explained in Section III-A, the resulting S A

distorted polynomials are

PA (s) = s3

FA (s) = s8 − 0.1343s7 + 2.091s6 − 0.2022s5 + 1.3134s4

− 0.0803s3 − 0.1599s2 − 0.0042s − 0.0542

EA (s) = s8 + 1.0548s7 + 2.6383s6 + 2.2020s5 + 2.3148s4

TABLE I
EXTRACTED ELEMENTS OF THE THIRD-ORDER ALL-POLE

FILTER MATCHED TO THE ANTENNA BOOSTER

Fig. 16. Picture of the third-order all-pole filter matched to the antenna
booster.

+ 1.4668s3 + 0.7416s2 + 0.3126s + 0.0542
εA = 126.6794
εr,A = 1.

Fig. 15(a) shows the corresponding S A response. These S A

polynomials are used to extract the elements of the all-pole
filter topology, which are represented in Table I. Notice that
when a ZL( f ) is considered, the RZs are shifted into the
complex plane, which causes the phases of S 11,A and S 22,A
to differ in Fig. 15(b) and, consequently, makes the elements
of the all-pole filter asymmetric.

Fig. 15(c) shows the S T response obtained after cascading
S A and S B, compared with simulated and fabricated prototype.
Since S B was approximated as a second-order function, it
does not perfectly represent the actual ZL( f ), leading to a
slight degradation of the quasi-equiripple response from the
expected RLT = 8 dB to RLT = 7.3 dB. Nevertheless, despite
the inherent modeling limitations of the real ZL( f ), the all-pole
filter was synthesized very close to the Bode–Fano limit. These
results demonstrate that the proposed methodology allows
for a much faster exploration of different filtering functions
and topologies compared to traditional optimization processes,
even when real ZL( f ) devices are considered.

Fig. 16 shows the fabricated antenna booster, which mea-
sures 12 × 3 × 2.4 mm3 (height) and is mounted on a
120 × 60 mm2 ground plane printed on an FR4 substrate
with a thickness of 1 mm, relative permittivity εr = 4.15,
and loss tangent tan δ = 0.017. The overall PCB dimensions
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Fig. 17. Schematic of the proposed fictitious setup used to synthesize a Band
40 fifth-order AW ladder filter matched to an MM5140 switch, including a
Band 7 duplexer connected through another switch port.

are 131 × 60 mm. The all-pole filter is implemented using
surface-mount device (SMD) inductors and capacitors. Let us
highlight that the main cause of the bandwidth widening in
Fig. 15(c) is the use of SMD components whose nominal
values are selected to achieve the desired response at the
passband center frequency. However, since the filter operates
over a broadband range, the nominal values of the SMDs
vary, particularly near the band edges. This issue could be
mitigated by using a different technology with better tolerances
or simply by employing higher-quality SMD components.

B. Fifth-Order AW Ladder Filter Matched to an MM5140
Switch

In this example, a fifth-order AW ladder filter is synthesized
to match a real Menlo Microsystems MM5140 switch device
over the Band 40 (2300–2400 MHz) frequency range. The
corresponding Touchstone files were obtained from [30] and
it should be noted that the authors of this work do not
know anything about its reactive model. To create a more
realistic experimental setup, a fictitious Band 7 duplexer
(2500–2570 MHz uplink and 2620–2690 MHz downlink) is
connected through one of the two switch ports set to the ON
state, as represented in Fig. 17. In this configuration, port 1
corresponds to the antenna port, port 2 to the AW ladder filter
input, and port 3 to the duplexer, which is included only to
reproduce the loading effects that are usually present in real
front-end modules. To highlight the purpose of this work, the
duplexer has been intentionally designed without accounting
for any loading effects, whereas the AW ladder filter has been
synthesized while fully considering them.

Fig. 18(a) shows the S parameters of the synthesized
Band 7 duplexer with RL = 15 dB using the methodology
of [34], which is constrained to 50-Ω source and load termi-
nations. Then, Fig. 18(b) shows the same duplexer connected
to the actual switch device, with port 2 in state OFF. At this
point, it can be observed that the switch impedance, which
deviates from a constant 50 Ω, slightly degrades the expected
behavior of the duplexer from RL = 15 dB to RL = 11 dB due
to impedance mismatch.

Fig. 18(c) depicts the S 11,B, S 22,B, and S 21,B parameters,
taking into account the loading effects introduced by both
the switch and the duplexer. This figure also shows the fit
response obtained using a sixth-order filtering function. As
expected, this order is insufficient to accurately model the
entire frequency spectrum of such a complex impedance.

Fig. 18. S parameters of (a) synthesized duplexer matched to 50-Ω source
and load terminations, (b) same duplexer when switch port 2 is set to off, and
(c) real ZL( f ) response evaluated with ports 2 and 3 set to on, compared with
the fit S B response.

However, by applying weighting to the passband, the S 22,B fit
model achieves adequate accuracy within the frequency range
of interest. Note that S 11,B is not accurately modeled within the
frequency range of interest because its magnitude differs from
that of S 22,B due to the dissipative losses. As a result, the vector
fitting procedure requires different normalization constants for
S 11,B and S 22,B to ensure a common denominator polynomial.
Consequently, just one of these two normalization constants
is selected. As a result, the system of equations in (18) is
no longer suitable for solving F(s) and F∗(s) simultaneously,
ensuring a quasi-equiripple response only in one of them. In
this example, S 22,B is selected for accurate fitting, obtaining
the following S B polynomials:

PB (s) = s6 − 4.616s5 + 7.107s4 − 33.612s3 + 6.185s2

− 31.569s − 0.202

FB (s) = s6 − 7.859s5 + 20.584s4 − 14.620s3 + 35.511s2

− 6.465s + 14.791

EB (s) = s6 + 7.009s5 + 18.559s4 + 32.886s3 + 27.766s2
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Fig. 19. S parameters of (a) fifth-order AW ladder filter magnitude, (b) fifth-
order AW ladder filter phase, and (c) overall response S T .

TABLE II
AW ELEMENTS OF THE SYNTHESIZED FIFTH-ORDER LADDER FILTER

+ 27.644s + 8.922
εB = 1.2536
εr,B = 1.6583.

To synthesize the fifth-order AW ladder filter S A,
corresponding to a filter order of NDB,A = 12 in the DB
domain, the following configuration of normalized TZs and

jΩRZ,A is chosen: ΩTZ = [1.0105,−1.0105, 0.9397,−0.9397,
1.0155,−1.01550.9402,−0.9402, 1.0250,−1.0250, 0], and
jΩRZ,A = [−1.05,+1.8] designed for an RLT = 15 dB.
After applying the Remez-like algorithm of Section III-B for
solving (18), the resulting S A polynomials are

PA (s) = s12 + 4.8700s10 + 9.4728s8 + 9.19936

+ 4.4600s4 + 0.8636s2

FA (s) = s12 − 0.7772s11 + 2.9420s10 − 3.6619s9 + 0.2436s8

− 6.8972s7 − 8.4791s6 − 6.4919s5 − 12.4784s4

− 3.0534s3 − 7.2548s2 − 0.5741s − 1.5572

EA (s) = s12 + 2.9449s11 + 6.9703s10 + 14.2672s9

+ 19.3916s8 + 27.6324s7 + 27.9117s6

+ 26.7430s5 + 22.0870s4 + 12.9335s3

+ 9.1538s2 + 2.5005s + 1.5572
εA = 9.3022
εr,A = 1.

Fig. 19(a) and (b) illustrates the S A response corresponding
to the obtained characteristic polynomials. Table II summa-
rizes the circuit elements extracted from S A using the DB
methodology presented in [8]. In addition, Fig. 19(c) shows the
S T response obtained after cascading S A with the real ZS ( f ),
demonstrating that the proposed methodology achieves the
expected in-band quasi-equiripple response at RLT = 15 dB.
In contrast, the duplexer synthesized with 50-Ω terminations
is now degraded not only by the mismatch with the switch, as
already observed in Fig. 18(a), but also by the loading effects
introduced by the AW ladder filter when port 2 is on. This
poor performance in the duplexer arises because the ladder
filter does not enforce an open circuit across the frequency
span of the duplexer bands, as shown in Fig. 19(b). Although
Giménez et al. [5] demonstrated that it is possible to impose
an open circuit by adjusting the phase of the polynomial
F(s) using the − jΩRZ,A, this result assumes that the filter is
synthesized with constant source and load impedances. When
the filter must be synthesized considering a fixed ZS ( f ), an
additional constraint is introduced that also depends on the
input phase of the filter. To match the filter to the ZS ( f ), the
input phase must simultaneously satisfy two conditions: rotate
the Chebyshev-like ripple pattern of the filter to align it with
the Z∗S ( f ) and create an open circuit at the tail of the phase
on the Smith chart. Achieving both conditions simultaneously
with the same − jΩRZ,A is extremely challenging, resulting in
a tradeoff that the designer must consider: either allow some
mismatch to improve the open-circuit behavior in the duplexer
bands, or accept a less ideal open circuit to preserve the
equiripple.

VII. CONCLUSION

This work has presented a numerical Remez-based method-
ology for synthesizing filters or matching networks to any
ZL( f ) while directly controlling the RL level of the cascaded
response S T . This approach not only enables the synthesis
of the most optimal response by accounting for the RZs of
ZL( f ), but also supports the design of suboptimal responses

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 



14 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES

when those RZs lie outside the passband and the ZL( f ) cannot
be tuned. The study analyzes both cases in depth, providing a
comprehensive view of the parameters that determine the max-
imum achievable return loss in S T . This study has highlighted
how bandwidth, phase, filter order, and load characteristics
fundamentally limit the maximum achievable RLT ,max in S T .
Two case studies involving real devices have confirmed the
effectiveness and generality of the approach: a wideband third-
order filter matched to an antenna booster, and a fifth-order
AW ladder filter matched to a Menlo Microsystems MM5140
switch. Together, these results demonstrate that the proposed
methodology provides a robust and systematic framework for
early-stage RF front-end design under realistic, frequency-
dependent loading conditions.
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