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Abstract Simulating physical systems with variational
quantum algorithms is a well-studied approach, but it is chal-
lenging to implement in current devices due to demands in
qubit number and circuit depth. However, limited knowl-
edge of a system can reduce the cost of these algorithms.
We demonstrate that the computational overhead in simulat-
ing many-body systems can be systematically decreased by
leveraging the system’s symmetries, which guide the choice
of iterative entanglement forging partitions aligned with the
underlying entropy structure. To do so, we simulate a Fermi-
Hubbard one-dimensional chain with a parametrized hop-
ping term, as well as atomic nuclei >®Ne and ®Ti with the
nuclear shell model. Within an adaptive variational quantum
eigensolver setting, we propose an algorithm that employs
partitions and subpartitions of the quantum circuit to reduce
significantly the quantum resources compared to a fully-
fledged simulation. Entropy-driven entanglement forging
(EDEF) does not require access to the full statevector or
exact entropies; in hardware it is implemented via standard
EF expectation-reconstruction rules with crossed statistics,
while statevector access is used here only as a classical simu-
lation shortcut. We find that the maximum number of qubits
can be reduced by up to a factor of four and we observe
an order of magnitude decrease in the number of two-qubit
gates compared to regular simulations. Our findings indicate
that our method, entropy-driven entanglement forging, can
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be used to adjust quantum simulations to the limitations of
noisy intermediate-scale quantum devices.

1 Introduction

In modern quantum devices, the number of available qubits
and low-error quantum gates imposes a strong limitation in
the accuracy of the final results not only in fault-tolerant
schemes but also in current noisy simulations. Since quantum
algorithms are applied to complex quantum many-body prob-
lems [1,2], including quantum chemistry [3-5], condensed
matter [6-8] and nuclear physics [9-15], this constraint has
been the source of many techniques that aim to simulate
large systems with smaller but equivalent ones needing fewer
quantum resources. Some encoding methods aim to reduce
the dimension of the input data, like quantum autoencod-
ing [16] or other physically-inspired frameworks [17-21].
On the other hand, other approaches focus directly on cir-
cuits to run equivalent simulations using fewer qubits. The
best-known of them, circuit knitting [22,23], takes advan-
tage of circuits with sparsely-connected subsections in order
to break them apart into smaller ones. More recently, an alter-
native approach has also been explored: one can train small
circuits to prepare local states, and then recover the global
solution with post-processing. Both types of techniques are
commonly used on variational quantum algorithms (VQA)
[1,2,24].

Entanglement forging (EF) [25] is an example of the lat-
ter approach. However, a challenge faced by this frame-
work is to find which terms and corresponding weights are
more relevant in the entanglement-forging decomposition.
Recently, a solution was proposed using a generative neu-
ral network [26]. Instead, in this work we argue in favour
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Fig. 1 Schematic application of the Entropy-Driven Entanglement
Forging (EDEF) method to two physical systems: the Fermi-Hubbard
and the nuclear shell model. In the middle, the initial configuration is
encoded into a qubit quantum state. Then—left panel—a variational
quantum algorithm (VQA) can be used to obtain the system’s ground-

of a physically-motivated approach. In particular, we aim
to exploit information about the entanglement structure of
the target system [27] or, more generally, the entropy of
its subsystems and certain symmetries of the Hamiltonian.
These properties can indicate how to apply the decomposi-
tion, which can be applied iteratively, and guide the weight
distribution of the product states needed for this method.

We call this novel approach Entropy-Driven Entanglement
Forging (EDEF). Figure 1 illustrates the EDEF algorithm,
which can be applied to a physical system (middle panel)
that, once encoded into qubits, can be solved with a VQA
(left panel), involving a set of qubits and quantum gates, rep-
resented here arbitrarily by 7; and parameters 6;. When two
low-entanglement subsystems A and B can be identified, they
define a bipartition of the system where EF can be applied
efficiently (right panel). In this EDEF approach, the VQA is
simplified into smaller circuits with fewer qubits that output
local states for the A and B subsystems after optimization.
Finally, we recover the energy of the ground state of the entire
system with a linear combination of these local states.

We showcase our proposal studying two many-body sys-
tems. First, we use the one-dimensional (1D) Fermi-Hubbard
(FH) model. Variational [6,8,28-30] and adiabatic [7] quan-
tum algorithms have been devised and tested to find ground
states of the FH Hamiltonian. These algorithms have focused
mainly on optimizing circuit depths and on simulations of
small FH lattices given the current limitations on the number
of qubits per chip. Here we explore the performance of the
EDEF algorithm across a range of values for the different
parameters of the Hamiltonian, which lets us identify par-
titions with varying levels of entropy. Second, we simulate
the ground states of atomic nuclei using the nuclear shell
model (NSM). This approach has already been the subject of
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several works using quantum computing tools [26,31-40],
which point out the need for a significant amount of quantum-
computing resources to simulate medium-mass nuclei [37,
41]. For both systems, we show how the system symmetries
can guide the choice of low entropy partitions, and imple-
ment EDEF onto an Adaptive Derivative-Assembled Pseudo-
Trotter ansatz-Variational Quantum Eigensolver (ADAPT-
VQE), which has previously shown to be effective both for
the FH model [30] and the NSM [31,41]. Nonetheless, our
approach can be integrated with other VQAs in a straightfor-
ward way. As demonstrated in the following sections, the use
of EDEEF, instead of standard VQAs, effectively reduces both
the number of qubits and the circuit depth in our FH and NSM
many-body simulations, resulting in a hybrid approach that
optimizes the combination of quantum computations with
classical processing tools. This is particularly beneficial for
noisy intermediate-scale quantum devices and holds promise
for advancing the broader challenge of simulating quantum
many-body systems.

2 Entropy-driven entanglement forging

For any possible bipartition of a quantum system, bipartite
entanglement [42] quantifies how correlated the two parts
are — albeit with some subtleties that distinguish quantum
effects from classical correlations [43]. In a pure quantum
state, |y), with density matrix, p = |¥)(¥|, subsystems A
and B of p are not entangled when they can be written down
as a tensor product, p = p4 ® pp. Otherwise, one can use
the von Neumann entropy, S, defined as
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where p; are the eigenvalues of p. Specifically, for a pure
state, S(|Y)(¢¥|) = 0, while for a reduced matrix pg =
Trp(p), S(pa) = S(pp) = S(Tra(p)) quantifies the entan-
glement between A and B.

The Schmidt decomposition of a quantum state [44] for
the same bipartition A, B,

X
W) = Ailvi)a ® [¥i) g, )

is useful to calculate the entropy because p; = )\1.2, where the
coefficients A; are called the singular values of the Schmidt
decomposition. More importantly, it also describes exactly
how to assemble in EF the subcircuits that describe the two
parts, ;) 4 and |v;) g, into the full state, |i/). For an exact
simulation, the amount of subcircuits needed corresponds to
the Schmidt number y, which is bound by the amount of
basis elements in the smallest partition. On the other hand, x
is the number of terms in the sum of Eq. (1), which maximizes
the entropy when all p; are equal and Tr(p) = 1, with S =
log, (). Therefore, for an equipartite N,-qubit system such
as the ones we consider in this work, we have

25 < x <2MNa/2, )

Quantum systems that are fully separable on a bipartition
only need one state for each part, therefore, EF is simplest for
these systems. For low entanglement between the two parts,
only a few instances x.u of each subsystem are necessary to
simulate it accurately, since there is a tail of terms with very
small coefficients A; that contribute negligibly. In contrast,
for strongly-entangled subsystems one needs exponentially
many states with the smallest number of qubits in one of the
subsystems. An alternative to the Von Neumann entropy is
the Renyi—% entropy,

S) =2log, <ZA,~> , (4)

which also serves as a measure of entanglement and can
be directly related to the sampling complexity of the EF
approach [25]. We use the former throughout the article
for consistency with previous studies of entropy in atomic
nuclei [45,46].

Thus, in a general setting of EF, one must (a) find a
favourable bipartition, (b) decide how many subcircuits to
run, (c) choose how to initialize them with the appropriate
quantum numbers such that the product states |;) 4 ® |¥i) p
have the same quantum numbers as the complete state [1/),

and (d) optimize the coefficients for each subcircuit to recover
the energy of the full quantum state. Since the number of pos-
sible bipartitions in a system scales exponentially with the
number of qubits N, EF is best suited when it is physically
driven.

EDEF leverages physics of the quantum many-body sys-
tem in two ways. First, differences between energy scales,
or small ratios of couplings appearing in the Hamiltonian,
indicate low entanglement across specific sectors. Second,
given a low-entropy bipartition, the symmetries of the Hamil-
tonian, also known a priori, further constrain the possible
states within each partition. They set the quantum numbers
of the most relevant product states, that is, those with largest
coefficients, and also the degeneracies of these coefficients.
In EDEF, we assign each partition with a different circuit,
which we call subcircuit to avoid confusion. Setting different
good quantum numbers for different product states ensures
that the different parts of the decomposition are orthogo-
nal, which facilitates the sampling analysis. We can perform
measurements of the Hamiltonian expectation value of the
total system as in regular VQAs, except that now a Hamil-
tonian term may involve different subcircuits. The general
behaviour of the Hamiltonian or other observables can be
recovered from the crossed statistics, see for example the
procedure in Ref. [25]. However, in this work we do not
simulate measurements but use a circuit simulator to extract
the statevector from each subcircuit; then we build the full
ground state from the subcircuits and compute the ground-
state energy. This allows us to reach stronger conclusions
regarding the EDEF accuracy, even though the state recon-
struction should not be pursued in practical applications as it
is more expensive than reconstructing the expectation value.
The latter remains feasible under the same conditions as the
original EF approach [25].

In EDEEF, each part of the product state, eg. |;) 4, can
be further decomposed into a sum of product states, again
constrained by the symmetries of the physical system. This
sub-subcircuit would need one fourth of the total number
of qubits of the original state. This process can be iterated,
with each iteration requiring subcircuits with half the size,
and an increasing total number of circuits which depends
on the cutoff chosen in each iteration. We call “layer” each
iteration of EDEF and decompose each |Y;) 4, |¥;) g into the
same number of subcircuits or cutoff x . This cutoff, however,
might vary between different layers, its value depending on
the Hamiltonian symmetries and singular-value degenera-
cies. The optimal number of layers depends on the avail-
able symmetries of the Hamiltonian and hardware limita-
tions, although in general we should expect to be able to
iterate an O (1) number of times with respect to system size
n. The purpose of EDEF is to enhance variational algorithms
by extracting the maximal amount of classical correlations,
producing subcircuits that need quantum devices. In contrast,
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Fig. 2 Normalized entropy S/S;4x (black solid line) and infideli-
ties [, corresponding to normalized Schmidt decompositions with
n = 1,---,8 product states (dashed lines, from top to bottom) as a
function of the hopping #,, between the two middle sites for a FH model
with Ny =4 sitesand U = ¢

alog(n) number of layers would completely break down the
circuit into components of simulable size. For such systems,
full classical simulation with tensor network methods [47]
would likely be more suitable. In all numerical examples
below we employ at most two layers. Parts at the second layer
are chosen independently of first-layer Schmidt components
(except for quantum number constraints fixed by the original
partition), the parts are disjoint, and we do not merge state
families across branches nor introduce separately optimized
non-orthogonal sets at deeper levels.

We would like to highlight that fewer iterations by a given
subcircuit also imply fewer gates per subcircuit, because
building a unitary requires fewer gates as circuits become
more local. Therefore, in spite of involving additional total
number of circuits and parameters, we expect that that the
shallower circuits associated with EDEF make this method
overall less prone to unavoidable gate-errors than conven-
tional VQA:s.

In this work, we illustrate EDEF by studying the 1D FH
model with a tunable hopping term between the two central
sites. This model allows us to test different levels of entropy
and their impact on the quality of the results after apply-
ing one layer of EDEF. In addition, the low entanglement
between protons and neutrons in atomic nuclei, as demon-
strated with the NSM in Refs. [45,46], provides an ideal
practical testbed for EDEF. While we focus on the ADAPT-
VQE algorithm, other VQAS can also be applied to the local
circuits. We therefore expect EDEF to be algorithm-agnostic.

For a general physical system, we define Entropy-Driven
Entanglement Forging as the procedure below, which involves
different preparation steps than other EF approaches. The
splitting of the initial states is then followed by a training
procedure, whose particular steps are particular to the cho-
sen VQA, so we only indicate the high-level interaction of the
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VQA with the EDEF preparation. In section 4 we illustrate
the training steps with our implementation of an ADAPT-
VQE.

Algorithm 1 Entropy-driven entanglement forging

1: procedure PREPARATION

2:  Fix number of layers / given available resources

3:  Set initial set of basis states ¥ = {|)},
coefficients A = {1}, trainable coefficients A = {}
and partitions P = {X} (with X the entire space)

4:  for each layer d from 1 to [ total EDEF layers do

5: Find low entropy bipartition Ay,B, from the

physics of the system (eg. small coupling) and

replace partitions p € P affected by d with pA¢, pBd
6: Set cutoff number of product states x&, (Eq. 2)
7: for each state |°) in ¥ do
8: Replace |¢°) in ¥ with |¢0)}‘", |w°>f” chosen

to minimize energy (eg. low angular momen-
tum, or particles maximally equidistributed for
repulsive interactions) for j € {1, Xfm}

d
9: Set {A j}f““ and tie degenerate coefficients us-
ing symmetry (eg invariance under spins or an-
gular momentum projections of product states),

adding the remaining free Aéff to Aefr
10: Replace each affected A € A with {A - A j};i"l"
11: Output: ¥, A, Agy, P
12: procedure TRAINING
13: Set unitaries Uy, (@) and initial parameters © accor-

ding to chosen VQA
14:  while Cost function ¢ > threshold do
15: Compute L{,],,. (®) for each p; and subcircuit j.
16: Sample &), Uy, — Uy o4 following EF rules
17: Compute ¢’ Uy ga, |1/Il»(?j>, A?fjf.) — ¢
18: Update ® and Afff

19:  Output: Optimized ¥, Uy g4

The procedure is prepared by choosing a number of partition
layers /, which is a balance between the available quantum
resources and the separability of the system. In Fig. 1 we
illustrate the simple d = 1 case. Starting with a representa-
tion of the target state |°) in the complete space X, with
an associated coefficient of 1, no trainable coefficients and
a trivial set of partitions P = {X}, we begin a loop over
the layers d € {1, ..., [} that designs the set of partitions to
use in the deconstructed VQA. For each step d of the loop,
we find a low entropy bipartition A4, By based on the prop-
erties of the system, and replace each partition p in the set
P of partitions (which initially contains just the full system
X) with pAd, pBa_ Although we could do this for each state
separately, as the way to put together split states does not the
depend on the rest, usually the properties of the system will
be such that there is a particularly appropriate cut regard-
less of the state. If the initial states were close enough to the
result, we could also exploit information from them to drive
the decision, although we usually expect any interesting and
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subtle behaviour of the ground state to not be present in the
initial approximation yet. Hence, to simplify matters we fix
the partition for all states. Then we identify a good cutoff Xgut
for the number of states associated to that partition. With the
split determined, we replace each state in the set ¥ (which at
the starting point is just |1ﬂ0)) with |1//0);‘d, |1p0)fd, chosen
to minimize energy (eg. low angular momentum, or particles
maximally equidistributed for repulsive interactions, etc.) for
each j e {1, x4}, which will correspond to the different
states that we will construct in the ing{iividual circuits. Each
of these states get a coefficient {1 j}f”“ assigned that corre-
spond to their weight in the larger state they constitute (see
Eq. (2)). Symmetries of the system can be used to constrain
them, meaning that only a few of them need to be optimized,
which are the ones that we add to our list of trainable coeffi-
cients Acfr (at worst, all but one need to be optimized as they
have to add up to 1). This list of weights needs to be multi-
plied by A corresponding to the state |/°) that they belong to.
One way of doing this efficiently is to establish a binary tree
structure associated to the coefficients instead of a list that
needs to be updated with dependencies. This structure can
also be applied to the partitions conceptually, but has no ben-
efit computationally. Notice that, in the end, the only states

that need to be well defined are the ones in the last layer. This

Ag 0\Ba -
. [¥);° in the

means that we can skip the choice of |y°) j

first layers and keep them symbolic.

The procedure is finished by the training phase, which
sets up a VQA composed of unitaries Z/llj,i (®) and its cor-
responding set of parameters @. Each of these unitaries act
on separate subcircuits associated to the final list of parti-
tions, labeled with p;, and cuts per partition, as numbered
with j. Then we perform the corresponding update method
for the VQA for each subcircuit. The usual EF rules are used
layer by layer to reconstruct the sampling of the full state,
for which a cost function € exists, which is used to update
variationally the set of parameters and the coefficients used
in the reconstruction (with the actual variables being only
the effective ones Aefr, and A being computed from them).
This is repeated until convergence is reached, which gives us
optimized subcircuits, together with the coefficients A that
must be used when evaluating any desired sampling related
to the full state.

An illustrative example of how to follow the steps in
the preparation for multiple layers can be found in Sect. 4,
where our application of the algorithm in the FH and NSM,
explained in Sects. 3.1 and 3.2, showcases specifically how
the process works with more than one layer. The code
to implement the algorithm above is publicly available in
Ref. [48].

3 Entanglement patterns and physical models
3.1 Fermi-Hubbard model

The FH model describes fermions on a lattice and serves as
a simplified model to simulate valence electrons on a crystal
[49] and fermionic ultracold gases in optical lattices [50]. In
its simplest 1D form, the FH Hamiltonian includes a hopping
term, ¢, accounting for the tunneling of fermions between
adjacent sites, and an interaction term, U, which adds energy
whenever a spin-up and a spin-down fermion occupy the
same site. Here we consider a 1D lattice with an even number
of sites, labeled i = 1, ---, Ny, and a tunable hopping, t,,,
between the two central sites, i,, = N;/2 and j,, = i, + 1.
The Hamiltonian reads,

Hy=—1t Z (a;faaja —i—a;aaia) + UZ”I’T”!’L
(i,j),0o i

%)
- (tm - t) Z (al:tnUaij + a}-mgaimg> ’
o

where a;, (aj'o) are the annihilation (creation) operators for a
fermionatsitei andspino, withi =1, --- , Nyando =1, |;
Nig = a;aia is the number operator, while (i, j) indicates
pairs of first-neighbor sites. We consider repulsive interac-
tions, U > 0, with ¢t > 0, t,, > 0. Here, we set ¢ as our
energy unit and vary f,, and U, while fixing the number of
particles for each spin, N,.

The regular FH Hamiltonian corresponds to #,,, = ¢, while
smaller (larger) values of #,, couple more weakly (strongly)
the left and right partitions of the lattice, thus reducing
(enhancing) their entanglement. In a standard Jordan-Wigner
mapping [51] with N, = 2N, qubits, odd qubits (i =
1,3,--- ,2Ny — 1) correspond to spin-up sites and even
qubits (i = 2,4, --- , 2N;) to spin-down sites. The entangle-
ment is then given by the von Neumann entropy in Eq. (1), S,
between the first and second halves of qubits, and following
Eq. (3) it is upper bounded by S,,4x = Ns.

Figure 2 shows S/S;qx as a function of ¢, for a lattice
with Ny = 4 sites, U = ¢, and half-filling, Ny = N| = 2.
The entropy at #,, = O vanishes as the Hamiltonian can be
written as a tensor product of two parts involving only the
left or right partitions with Ny /2 sites each. As f,, increases,
the entropy grows up to S/S;.c = 0.60 at #,, = 2¢. For
larger #,, (not shown in Fig. 2), the entropy keeps growing
and then slightly decreases, converging to S/ S, = 0.75 as
tm — 00. Note that here we compute the exact (full) ground
states and their entropy only to demonstrate its relation to
physical quantitites, but that in EDEF, the full statevector or
its entropy are not needed.

@ Springer
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The entropy can also be written in terms of Schmidt coef-
ficients A; as in Eq. (2),

S == »log(). ©6)

Related to this expression, we can compute the infidelity, /,,,
of a Schmidt decomposition cut off at the n-th singular value
and normalized to one, |1;,), when compared to the exact
ground state, [ ),

I =1 — [y lY) P = 1= D27 (7)

This infidelity allows us to quantify the similarity between
a state that has been cut at the n-th singular value and the
complete, uncut state. It thus provides a useful proxy for the
quality of the Schmidt decomposition of a given state into
partitions. If only a few states from each partition are relevant,
the infidelity should tend to zero rapidly as a function of n.
In fact, 1,, always decreases as n increases, since the singular
values A? are non-negative real numbers sorted in decreasing
order. The rate of decrease as a function of n is expected to
depend on the entanglement structure of the system.

Figure 2 shows the infidelities forn = 1, --- , 8 (dashed
lines) as a function of #,,, for the FH model described above.
For t,, = 0, there is only one singular value, so that A; = 1
and I, = O for all values of n. As t, increases, the dif-
ferent infidelities I,, grow at different rates. This indicates
that, depending on the target infidelity and ¢, value, a dif-
ferent cutoff xcu« = n is needed to achieve a good quality
description of the complete state |1, ). If a given value of I,
is good enough for our purpose, the figure indicates which
EDEF with n = yy provides a suitable approximation. For
instance, in the physical case where #,, = 1, a 1% infidelity
is reached with x.,« = 5. We note, in fact, that there is a
large gap between 14 and /5 for values of the central hopping
tm S t. In fact, this gap guarantees that for yo, = 5 the
infidelity is lower than 10% across all values of 1,,.

The presence of a gap in the infidelities reflects a signif-
icant level of structure in the entanglement properties the
system. For the FH model, the appearance of the gap can
be understood in terms of the spin and parity symmetries
of the FH Hamiltonian. Equation (5) is invariant under the
exchange of spin-up and spin-down operators, o <> &, and
under the exchange of each operator acting on site i by the
mirror operator withi <> Ny+1—i. Therefore, product states
in the Schmidt decomposition related by these transforma-
tions have degenerate singular values. Figure 3 illustrates this
degeneracy by showing the first eight singular values for three
different central hopping values, #,, = /2, t, 2¢, and two dif-
ferent interactions, U = ¢, 3¢. In all cases, a first large, non-
degenerate, singular value is followed by four small degen-
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Fig. 3 First eight singular values, A;, of the Schmidt decomposition
into left and right partitions of the ground state of the FH model with
4 particles, for different interaction strengths, U, and central hopping
terms, t,, labeled (f,,, U). Empty (solid) symbols indicate singular
values for an interaction strength U = ¢ (U = 3t). As the central
hopping is reduced, the values i > 2 get smaller

erate ones, while the sixth singular value is very suppressed.
The first singular value corresponds to an even distribution of
particles and spins between the left and right partitions, which
we label (1, 11). For this symmetric distribution, interac-
tions minimize the double occupation of the same site, and the
hopping term delocalizes fermions. The next four degenerate
singular values correspond to the partitions related by spin
and parity transformations: (114, }), (3, T14), 41T, 1),
and (1, || 1). Degenerate Schmidt coefficients decrease the
infidelity by a more or less constant amount associated to
the degenerate eigenvalues A_s5. The gap between /4 and
Is in Fig. 2 appears because once the fifth product state is
added, the sum of singular values suddenly approaches unity.
This indicates that n = 5 Schmidt vectors describe the vast
majority of the target state. The following singular values
are much smaller, making the corresponding infidelities rel-
atively close to Is.

Figure 2 indicates that the appearance of a gap in the infi-
delity is more prominent as #,, decreases. This is somewhat
natural, in that a weaker central hopping leads to a lower
entanglement between left and right partitions and makes the
n = 5 cutoff more efficient. This is also clearly illustrated in
the Schmidt coefficients shown in Fig. 3: the lower the value
of t,,, the smaller the Schmidt coefficients are with i > 2.
While the infidelity results in Fig. 2 are shown for U = t,
different values of U do not change notably the picture, as
can be already anticipated from the structure of the singular
values shown in Fig. 3. We find indeed that there is only a
small difference in the Schmidt coefficients of systems with
different values of U, corresponding to either empty (U = t)
or solid (U = 3¢) symbols.

In the following, we fix the number of sites to N; = 4 and
use the same set of central hopping terms #,,, and interactions
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Fig. 4 Partitions used in the first and second layers of EDEF (labelled
as 15" and 2™ cut) for the nuclear shell model in the sd (bottom panels)
and pf (top panels) valence spaces. Single-particle states are ordered
according to their single-particle energy, with more deeply bound states
at the bottom. The number on top of each state labels the qubit in our

U of Fig. 3 to illustrate the performance of EDEF in dif-
ferent settings. Nonetheless, the distribution of spin-up and
spin-down fermions discussed in this section, N4+ and N,
can be generalized to lattices with more sites (eg Ny = 6,
N = 8, etc) and particles, as long as interactions U are not
large (eg U = t) and Ny = N is even. In these cases, the
Schmidt decomposition has the same structure as the one pre-
sented here. A first product state consists of N4 /2 and N /2
spins in each side. The following four product states are four-
fold degenerate, corresponding to N4+/2 — 1 and N /2 + 1
on the left, and the corresponding degenerate product states
obtained by left/right and spin-up/spin-down exchanges.

This partition choice and corresponding basis of product
states is directly related to the ratio of couplings IT'", with the
limit tTm — 0 implying no entanglement between left and
right parts of the lattice. Other small ratios between energy
scales may require different partitions or bases. For example,
for a system with large tunneling rates ¢ in comparison to
fermion interactions U, that is 5 > 1, there are other bases
which match better the corresponding entanglement struc-
ture. A possible example is the momentum basis, because
in the limit 5 — oo the ground state is the lowest-energy
momentum eigenstate, which is not entangled with the rest
of the momentum-basis states. Another possibility, for large
values of 5, is a partition between spin up and down states
and an ordering of qubits such that, in the limit U — 0, both
parts are independent and therefore completely unentangled.
In practice, the most appropriate basis will depend on the
identified low-entropy partition and on heuristics.

implementation of ADAPT-VQE under a Jordan—Wigner mapping. The
first EDEF cut always separates the proton and neutron sectors, while
the second cut aims to separate orbitals according to their single-particle
energies

We stress, however, that the relation between coupling
strengths and entanglement observed in this nearest-neighbor
FH model is not general. In systems with nonlocal interac-
tions, strong couplings do not necessarily imply large entan-
glement. For instance, mean-field-like interactions can be
sizeable while the many-body state remains close to a prod-
uct state [45,46], a feature we exploit in Sec. 3.2 for atomic
nuclei. Therefore, the relevant criterion for EDEF is not the
magnitude of the interaction itself, but whether it generates
entanglement across the chosen partition in a given basis. In
this sense, we expect the conclusions that we draw with our
setup to be relatively general.

3.2 Nuclear shell model

The nuclear shell model (NSM), or configuration-interaction
method, is one of the most successful frameworks to study
nuclear structure [52-57]. Much alike its atomic counterpart,
the NSM characterizes nuclear dynamics in a restricted con-
figuration space, also called valence space, where nucleons
effectively interact. The valence space is bounded by single-
particle states which, if completely filled with nucleons, lead
to magic numbers that characterize especially stable config-
urations associated with large single-particle energy gaps.
As the nuclear interaction is rotationally invariant and nucle-
ons are fermions, the single-particle basis states are labelled
by the quantum numbers pl; and m, where p is the prin-
cipal quantum number; /, the orbital angular momentum —
usually given in spectroscopic notation —; and j, the total
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angular momentum with third-component projection m. As
illustrated in Fig. 4, single-particle states with the same pl;
and different m are degenerate in energy.

The effective Hamiltonian in the valence space is

1 4
Hegf = E Siajai + 1 E Vijkia; a;azak, 3
i ijkl

where the operators a; (aj') annihilate (create) a nucleon
in the single-particle state i with energy ¢;. The antisym-
metrized two-body matrix elements v;jx; = v;jx — vjjix can
be obtained from the full-space nucleon-nucleon interaction,
but are customarily fit to specific nuclear shells. In this work,
we use the standard USDB interaction [58] in the sd shell
for neon, and KB3G [59] in the pf shell for titanium. Fig-
ure 4 shows the orbitals comprising these valence spaces.
The bottom panels show the Ods/>, 1s1/2 and Ods ;> states
for the sd shell for protons (left) and neutrons (right). The
top panels display the 0 f7,2, 1p3/2, 1p1,2 and O f5,> states
for the pf shell. The vertical spacing provides an indication
of the different ¢; values. The numbers correspond to the
Jordan-Wigner mapping of the different states [41,46].

For a nucleus with Z protons and N neutrons, one can
expand the nuclear states in the many-body basis of the M-
scheme, or Slater determinants,

JILTT.) = cyles J.T2), ©)
o

where J; is the projection of the total angular momentum of
the nucleus, J, and T, = (N — Z)/2 is the projection of the
total nuclear isospin, 7. The coefficients ¢, are obtained by
diagonalizing the Hamiltonian in the many-body basis and
guarantee that nuclear states have good J and 7 quantum
numbers. State-of-the-art nuclear shell-model codes [60—
63] face a significant challenge to build and diagonalize the
Hamiltonian matrix for heavy nuclei. This is because the
many-body basis, formed by the exponentially-growing set
of all possible configurations for protons and neutrons in
the valence space, becomes untractable for classical comput-
ers when nucleons fill about half the valence-space single-
particle states. While this is not an issue in small configu-
rations spaces like the p or the sd shells, current classical
simulations are significantly limited in regions of the nuclide
chart with higher mass numbers.

With the advent of quantum computers, alternative quan-
tum algorithms have been proposed to find ground states
within a NSM framework [26,31-37,41]. In parallel, recent
works have provided relevant nuclear structure insights by
analyzing nuclei in terms of quantum information measures
such as the von Neumann entropy [33,64—68] or the quantum
magic [69]. A remarkable finding associated to this line of
research is the observation that, among all possible biparti-
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tions, the separation of a nuclear model space into proton and
neutron orbitals has the lowest von Neumann entropy [46].
Moreover, proton-neutron entanglement decreases for more
neutron-rich systems [45]. These properties have been used to
improve nuclear-structure calculations using classical meth-
ods [70,71].

Here, we apply these insights into the Schmidt decompo-
sition of Eq. (2) with the aim of improving quantum simula-
tions of nuclear structure. Figure 5 shows the first eight sin-
gular values for various beryllium ,! neon, and titanium iso-
topes. In all nuclei, the singular values become smaller expo-
nentially, especially for the most neutron-rich isotopes 2*Ne
and ®OTi. The Schmidt decomposition consists of a first large
non-degenerate value, with A.| close to unity, followed by five
degenerate vectors with coefficients 1072 < A%_G <1071
This picture is qualitatively similar to that found in the FH
model in Fig. 3, except that the second set of states has 5
rather than 4 degenerate states.

The degeneracy in the NSM can be associated with five
product states with opposite M in the proton and neutron
states, which we denote |Jz(p)) ® |JZ(")): | £2) ® | F 2),
| £ 1) ® | F 1), and |0) ® |0). This degeneracy arises from
the J, = J, = 2 angular momentum sectors, which couple
to total J = 0 yielding 2J, +1 = 5 M-scheme components.
Likewise, the first, dominant singular value, is the expansion
in the M-scheme of J, = J, = 0 states coupled to J =
0, which only has one element. Our results suggests that
nuclear ground states, especially for neutron-rich isotopes,
can be well approximated by six separate product states of
only protons and neutrons. As a consequence, and due to
this degeneracy and the overall normalization of the state, a
single coefficient is needed to describe the full state in terms
of very few Schmidt vectors.

The Schmidt coefficients beyond i > 6 in Fig. 5 are rela-
tively small compared to the first 6 eigenvalues. For the Ne
and Ti isotopes shown in the figure, we find that as the sys-
tems become more neutron rich, the corresponding Schmidt
coefficients for i > 6 become smaller. Whereas A% ~ 1072
for 29Ne, the same coefficient for 28Ne is two orders of mag-
nitude smaller, A% ~ 1074, A similar pattern is observed in
titanium, between **Ti and °°Ti. In the following, we choose
28Ne and % Ti as our reference isotopes for the EDEF analy-
sis, since we expect these to be best suited for the approach.

In addition, nuclear entanglement can also be partly under-
stood in terms of subshell closures and occupation numbers.
Nuclei with proton or neutron orbitals that are mostly empty
or fully-occupied present very low entanglement between
these orbitals and the rest of states [46]. This feature moti-
vates us to apply the EDEF approach in an iterative fash-

1 We calculate beryllium isotopes employing the Cohen-Kurath inter-
action [72] in the p shell. We do not show the equivalent to Fig. 4 in
this configuration space for brevity.
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Fig. 5 First eight singular values, A;, of the Schmidt decomposition
into protons and neutrons for the NSM ground state of different beryl-
lium (p shell, solid circles and squares), neon (sd shell, empty symbols)
and titanium (pf shell, solid diamond and triangle) nuclei. In all cases, a
first large singular value is followed by much smaller, five-fold degen-
erate second to seventh singular values. The Schmidt coefficients for
these degenerate singular values are smaller in neutron-rich isotopes

ion. Firstly, we shall use a proton-neutron partition in the
EDEF first layer. In the second layer, we employ an additional
subpartition based on single-particle energies, separating the
higher- and lower-energy states within each proton and neu-
tron subsystem. Figure 4 illustrates the two partitions and the
corresponding cuts used for 2Ne and ®Ti, which are the two
isotopes of reference discussed in the following Section. For
the latter nucleus, a bipartition into subsystems of the same
size requires separating the energy-degenerate single-particle
states of the 1p3,, orbital.

4 Entropy-driven entanglement forging with
ADAPT-VQE

ADAPT-VQE [73-77] is a variational quantum algorithm
which updates iteratively a user-defined ansatz, rather than
optimizing a fixed number of parameters as the UCC-
VQE [3,32,33]. Each iteration k adds a new unitary oper-
ator, Ay = e'%T o the ansatz, with a new parameter, 6,
and an Hermitian operator 7; from a predefined operator
pool. Then, all parameters, @ = {6y, - - - , 6}, are optimized
simultaneously to minimize the energy,

0)|H, 0
Exoapros = min (VO Herl ¥ ©)) (10,

o (Y(@)v())

For iteration k, the optimization starts with the parameters
values 61, - - - , x—1 obtained in the minimization of the pre-
vious iteration, k — 1, and with the new parameter set to
zero, O = 0. The operator T} is chosen such that the energy

ADAPT-VQE was originally proposed to solve the elec-
tronic structure of the ground state of molecules [78,79],
and since then it has been applied to a broad variety of quan-
tum many-body systems, including lattice quantum electro-
dynamics [80,81], the NSM [31,41], algebraic nuclear mod-
els [31,82] and nuclear pairing [83]. In addition to the novel
FH simulations, we build on our previous work [41,46] and
optimize the ADAPT-VQE algorithm to solve NSM ground
states with fewer quantum resources by exploiting EDEF.
Thus, the steps outlined above illustrate the training pro-
cedure described in steps 13 to 18 of Algorithm 1 in our
particular implementation of EDEF.

ADAPT-VQE requires a choice of reference state and a
pool of operators. For the latter, we take all the two-body
hopping operators,

Th = i(a;a;aras - a;a;apaq), (12)

with the restriction that they conserve the Hamiltonian sym-
metries: the spin for the FH and J;, T for the NSM. For the
FH, in addition, we also include one-body operators,

T =i(a)as —alay), (13)

to the operator pool.

As a reference state, with the standard ADAPT-VQE we
choose the lowest-energy Slater determinant in the Fock basis
of the particular FH lattice or nucleus. This can be imple-
mented with one-qubit gates under the Jordan-Wigner map-
ping [84]. With EDEF, however, we can exploit other physical
arguments to choose a more convenient reference state, such
as degeneracies in the Schmidt decomposition that strongly
suggest specific symmetries. In the case of the FH model,
for instance, the best choice is a symmetric distribution of up
and down spins between the left (/) and right (r) partitions
of the lattice (corresponding to step 7 of Algorithm 1),

[¥) =)\.0|1N,) ® |V¢¢) + Al ('lTTi> X |r¢> + |l¢> ® |rTN/)
+|1Tw>®|r¢)+|l¢)®|rN¢>>. (14)

This particular choice of inital states (step 8 of Algorithm 1)
and link between coefficients (A = Ay = A3 = A4, step
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infidelity
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num. iterations

Fig. 6 Infidelity as a function of the number of ADAPT-VQE iterations
for the same FH model parameters (middle hopping #,,, interaction U,
four sites, Ny = 4, and half-filling, Ny = N, = %) as in Fig. 3.

9 of Algorithm 1) is supported by the Schmidt decomposi-
tion of the full state presented in Fig. 3. Indeed, the analysis
of the associated quantum numbers of each Schmidt vector
indicates that this choice should provide an excellent recon-
struction of the full state as measured by the infidelities of
Fig. 2.

In turn, for the NSM we use eigenstates of the J, oper-
ator in the proton (py,) and neutron (nz,) sectors (step 7 of
Algorithm 1 for layer 1). The pattern for the Schmidt decom-
position described in Sect. 3.2 and shown in Fig. 5 suggests
the following choice of reference state and coefficient bind-
ings (steps 8 and 9 of Algorithm 1 for layer 1),

[¥) =Xolpo) ® |io) +?»1(|P2> ® |n2) + Ip-1) ® |n1)

+1po) ® no) + [p1) ® [n—1) + [p2) ® In—z))~
15)

We note that for both FH and NSM applications, we employ
reference states that only involve two coefficients, Ao and
A1, which we fix to the corresponding values of the Schmidt
decomposition (see Appendix A for more details and [48]
for the main codes used in this work).

In order to ensure orthogonality in the NSM for the states
with the same J,”) and J,"”, we start from two orthogo-
nal Slater determinants and use the same choice of opera-
tors for both states. Since the operator pool preserves the
quantum numbers for each subsystem, orthogonality will be
maintained through the iterations. The second layer of EDEF
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ADAPT-VQE without EF (solid red lines) is compared with one layer
of EDEF (labelled “1 cut”, dashed blue lines). Horizontal lines indicate
the infidelity minimum set by the Schmidt-decomposition cutoff

splits the proton (neutron) nuclear ground state into symmet-
ric distributions of protons (neutrons) and proton holes (neu-
tron holes) (step 7 of Algorithm 1 for layer 1). Appendix A
gives further details on the properties of these states and their
corresponding coefficients (including steps 8 and 9 of Algo-
rithm 1 for layer 2), illustrated with the specific examples
used in our optimization. Having defined the operator pools
and reference states of our EDEF-accelerated ADAPT-VQE,
we proceed to discuss the results of this approach for both
the FH and the NSM.

5 Results
5.1 Fermi-Hubbard model

In the FH model, we can access systems with a wide range
of entanglement across left and right partitions by tuning the
parameter #,,. This allows us to analyze the quality of the
EDEF method depending on the entanglement structure of
the system. For this purpose, like in Sect. 3.1 and Fig. 3, we
simulate systems with three different central hopping values,
tm = 0.25¢, t, 2t, and two interactions, U = t, 3¢. We obtain
the ground state of these systems using two methods. First,
we employ the full, regular ADAPT-VQE to solve for the
system ground state. Second, we use an optimization based
on EDEF, as described in Sect. 4. To compare the efficiency
of the two approaches, we focus on the infidelities of each
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approach with respect to the exact ground state,

I =1~ (Ve Vexact)* (16)

where & can correspond to either the full ADAPT-VQE
approach or to an approximate EDEF with 1 or 2 cuts. An
alternative analysis using the ground-state energy relative
error,

EE - Eexact

Eexact

, a7

e =|

gives very similar results.

Figure 6 compares the infidelities obtained with the regu-
lar ADAPT-VQE without EF (solid red lines) and with EDEF
with one layer, or “I1-cut” (dashed blue lines). This approach
corresponds to a reference state involving five singular val-
ues, as described in Sect. 3.1. The central hopping strength
increases from left to right panels. Top panels show results
for U = ¢, and bottom panels correspond to a stronger inter-
action U = 3t. The infidelity in logarithmic scale is shown
as a function of the iteration number for both ADAPT-VQE
and EDEEF. In practical terms, the ADAPT-VQE simulation
corresponds to a single circuit and each iteration k involves
the addition of a new operator Aj and the optimization of k
parameters, 01, - - - , . We define one iteration in the 1-cut
EDEEF to the addition of a single new operator in either of
the different subcircuits which we employ to describe the full
system (see Appendix A for details on the nature and number
of subcircuits). Horizontal lines mark the lower bound for our
ansatz infidelities. This is given by the infidelity associated
to the corresponding Schmidt decomposition of the ground
state with cutoff at the fifth product state, xcuc = 5inEq. (14).
With the degeneracy, only two different Schmidt coefficients
are involved.

Even though there is no variational bound on the decrease
of infidelities as there is for the energy, we find that both
ADAPT-VQE and 1-cut EDEEF results reduce the infidelity
as the number of iterations increase. Regular ADAPT-VQE
converges to I < 1% within 20 iterations for all cases.
The convergence is however relatively slower for strongly-
interacting systems (U = 3¢, bottom panels) compared to
less correlated systems (U = ¢, top panels). In contrast,
the interaction strength U makes no difference for the 1-
cut EDEF results. For the more physical case of t,, = ¢, for
instance, the 1-cut EDEF results converge to the lower bound
within 14 iterations. We stress that almost all 1-cut EDEF
simulations converge to this lower bound, which highlights
the good performance of the variational optimization. The
exception corresponds to the extreme case of #,, = 2¢ and
U = 3t (lowest right panel), which has the largest interaction
values across all panels. In this case, the ansatz has a hard

Table 1 Number of qubits (N, ) per circuit used to simulate the system
with regular (0 cuts) and EDEF optimized (1 or 2 cuts) ADAPT-VQE, as
well as the number of iterations (Nj), relative error in the energy (eg),
infidelity (/conv) and convergence rate () once the algorithm has either
converged (Icony < 1075 for ADAPT-VQE) or reached the maximum
number of iterations imposed. Top: Results for FH lattices labeled as
(tm, U). Bottom: Results for the NSM simulations of 28Ne and %0Ti

cuts N, Ny €g Ieony r
0.251) 0 8 16 74x107% 56x107° 0.74
1 4 14 L1x107% 9.9x1073 061
1,1) 0 8 24 1.4 %107 8.0x 107 047
1 4 14 19%x1072 19x1072 026
2,1 0 8 19  1.6x107° 95x107% 058
1 4 14 12x107" 13 x107! 0.3
0.253) 0 8 24 1.8x 1075 94x107° 046
1 4 14 15x107% 14x107* 059
(1,3) 0 8 31 20x107° 54x107% 035
1 4 14 32x107%2 35x107%2 022
2,3) 0 8 34 32x107% 37x107% 037
1 4 14 38x107! 56x107! 0.039
28Ne 0 24100 62x1073 1Ox 107" 0.023
1 12 85 6.0x107* 29x1073  0.069
2 6 48 98 x 1073 51x107% 0.062
60 1 12 57 1.7x 107" 25%x 107" 0.024
2 6 42 1.6x 107" 82x1072 0.059

time converging to the exact wavefunction even for the full
ADAPT-VQE simulation.

The left panels of Fig. 6 show that for weakly linked
FH lattices, #,, = 0.25¢, one layer of EDEF offers a clear
advantage for U = 3¢ and target infidelities ez > 107%.
For a weaker interaction U = t, the 1-cut EDEF infidelities
also improve over regular ADAPT-VQE up to  ~ 1072 (or
seven iterations). Beyond this point, ADAPT-VQE converges
faster. For the canonical FH lattice, #,, = ¢ (central panels),
the entropy is still low — see Figs. 2 and 6 indicates that
1-cut EDEF reaches almost / ~ 1072, although converg-
ing more slowly than the regular ADAPT-VQE. Figure 6
also shows that, when #,,, > ¢ (right panels), EDEF starts to
underperform substantially compared to ADAPT-VQE. This
can be associated to a larger entanglement entropy. For these
systems, reaching / < 1073 may require to train more than
eight copies of the circuit which, at this system size, does
not provide a clear performance advantage over using all the
qubits like in the regular ADAPT-VQE — although the local
optimization could still provide some benefits. We postpone
a thorough analysis of these issues for further work.

Table 1 (top rows) quantifies the resources and perfor-
mance of the FH simulations using regular ADAPT-VQE
and the EDEF optimization. It lists the number of iterations,
Njt, the infidelity, I.ony, and energy relative error, € g, once the
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optimization has converged. As a convergence criterion, we
stop our ADAPT-VQE simulations when the infidelity falls
below I < 107>, For EDEF, convergence is often found
above this threshold value, when gradients reach very small
values and updates do not improve the energy any further. In
other cases, particularly for the more demanding NSM sim-
ulations, we stop the simulations arbitrarily after 100 itera-
tions.

Table 1 presents a proxy for the state of the convergence
procedure, the so-called convergence rate, which we define
as

—log(Icony)

N; (18)

r

Consistently with Fig. 6, the 1-cut EDEF convergence rates
are higher for weaker central hopping values, but in general
they are lower than for the regular ADAPT-VQE. Nonethe-
less, Table 1 also highlights that all 1-cut simulations require
4 qubits and converge with just 14 iterations, while all regular
ADAPT-VQE optimizations need all 8 qubits and 16 or more
iterations. In contrast, the infidelity of the converged results
reaches a high quality for ADAPT-VQE, with I < 107
across different values of #,, and U. The best EDEF sim-
ulations reach at most I ~ 10_4, and often reach worse
values. Having said that, circuits with half as many qubits
also constrain fermion operators to be more local. Therefore,
in addition to reducing the amount of qubits needed, these
require fewer quantum gates, which is another advantage of
the EDEF implementation, as we analyse in Sec. 5.3.

5.2 Nuclear shell model

We now apply the EDEF method to study neutron-rich iso-
topes 28Ne and °Ti within the NSM. These are ideal systems
for EDEF, because of the low entanglement between the neu-
tron and proton partitions, as shown in Fig. 5. Moreover, these
are challenging isotopes from the regular ADAPT-VQE per-
spective, because they involve a relatively large number of
nucleons and single-particle states. In fact, in our previous
work [41] we were not able to simulate °Ti with ADAPT-
VQE because of the large memory required to encode the
corresponding state vectors. Nonetheless, in practice, these
nuclei are described as two valence particles or holes outside
a closed core, resulting in a relatively small Hilbert-space
size within the valence space.

We explore the performance of EDEF using various lay-
ers. In particular, we use ADAPT-VQE with circuits with
N4 (regular ADAPT-VQE), N, /2 (EDEF with one cut), and
N4 /4 (EDEF with two cuts) qubits. N, is the number of
single-particle states in the valence space, which in the map-
ping described in Fig. 4 also corresponds to the number of
qubits. In the sd shell, we require N, = 24 qubits to simulate
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28Ne, whereas for ®Ti in the pf shell, N, = 40 qubits are
needed. Similarly to Sect. 5.1, we quantify the quality of both
the full ADAPT-VQE and the EDEF approach in terms of the
infidelity with respect to the exact ground state obtained with
each approach.

The top panel of Fig. 7 presents the evolution of the
infidelity of the ground-state wave function of 28Ne as a
function of the number of ADAPT-VQE iterations for the
regular ADAPT-VQE (solid red line), 1-cut EDEF (dashed
blue line) and 2-cut EDEF (dashed-dotted yellow line). As
for the FH model, the infidelities for one and two layers of
EDEEF converge very close to the lower bounds defined by the
Schmidt decomposition (horizontal lines of the correspond-
ing color). The two EDEF variants converge faster than the
regular ADAPT-VQE, meaning that with the same number
of parameters, and half or one quarter of the qubits per cir-
cuit, EDEF outperforms ADAPT-VQE. We note that the full
ADAPT-VQE simulations increase the infidelity with respect
to the exact ground state between iterations 15 and 60, where
a sudden drop occurs and the decline of infidelity resumes.
This is possible because ADAPT-VQE is a variational opti-
misation process based on the minimization of energies, so
the infidelity can increase when not too close to the target
energy — unless the ground state space is degenerate or the
energy spectrum is gapless, the infidelity must eventually
decrease as the error in energy approaches zero. The 1-cut
EDEF shows a much milder increase of infidelity between
iterations 15 and 25. It also converges to much lower infi-
delities, I =~ 1073, than the overall 2-cut EDEF simulation.
This happens, however, after a significantly larger number
of iterations. Indeed, the results in Table 1 indicate that the
convergence rate is similar in both cases.

The bottom panel of Fig. 7 shows the results for °OTi with
one and two layers of EDEF, with the same line and color
code as the top panel. For this nucleus, standard ADAPT-
VQE with no cuts exceeds our computational capabilities
and is thus not shown here. The infidelity for 1-cut EDEF
shows good convergence up to ~ 50 iterations. At this point,
when [ is still well above the limit set by the Schmidt decom-
position, the computation becomes too slow for our current
computational resources and we stop it. In contrast, the 2-cut
EDEF requires significantly less resources. We find that this
2-cut EDEF simulation is able to converge to a high-quality
local minimum at the 42" iteration, with an infidelity of
I = 0.082. The corresponding relative error in the energy is
erg = 0.16. Consistently, Table 1 indicates a better conver-
gence in terms of infidelities, energies and rates for the 2-cut
simulation as opposed to the 1-cut approach for this isotope.

In principle, nothing precludes the application of EDEF
to less neutron-rich nuclei. However, in general we expect
these to have larger proton-neutron entanglement and thus
the EDEF approach to work less efficiently. For instance,
Fig. 5 shows that 2°Ne has a more complex structure in terms
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Fig. 7 Infidelities as a function of the number of ADAPT-VQE itera-
tions for NSM simulations of 28Ne (top panel) and 60T} (bottom panel),
using the regular ADAPT-VQE (O cuts, solid red line) and the optimized
EDEF with one (1 cut, dashed blue lines) or two (2 cuts, dashed-dotted
yellow lines) cuts. Horizontal lines with the same colour code indicate
the infidelities set by the Schmidt decompositions cut off consistently
with each EDEF simulation

of product states than *Ne, with significantly larger i = 7
and 8 Schmidt coefficients. Nonetheless, the one-layer EDEF
achieves only marginally poorer infidelity and relative energy
error than the regular ADAPT-VQE, but using half as many
qubits and fewer resources. We provide the ADAPT-VQE
and EDEF results for 2°Ne in Appendix Appendix C.

5.3 Number of CNOT gates in EDEF NSM simulations

An important factor for the implementation of the current
algorithm in quantum computers is the depth of the cir-
cuit, which is largely dependent on the number of two-qubit
gates needed. This is specially relevant for NSM simula-
tions, which already for medium-mass nuclei require a very
significant amount of resources well beyond current capabil-
ities [37,41].

Figure 8 compares the number of CNOT gates, NcNor,
required in the NSM simulation of 2Ne and %°Ti in the case
of regular ADAPT-VQE and EDEF with one or two layers.
Since EDEF involves more than one circuit, we select the
circuit with the maximum number of CNOT gates to plot
Fig. 8. The top panel shows that, for 28Ne, the number of
CNOTs in the 24-qubit circuit (ADAPT-VQE, solid red line)

increases drastically with the number of iterations. By the
100™ iteration, more than 10* CNOT gates are required. This
number is however drastically reduced by one order of mag-
nitude throughout the whole optimization when we employ
EDEF with one layer, using 12 qubits (1-cut EDEF, dashed
blue line). Moreover, the 6-qubit EDEF with two layers (2-
cut EDEF, dotted-dashed yellow line) reduces the number of
CNOTs by an additional order of magnitude. Consistently,
the bottom panel of Fig. 8 indicates that for ®*Ti the num-
ber of CNOTs is smaller in the 2-cut EDEF, which uses 10-
qubit circuits, than in the 1-cut EDEF, involving 20 qubits.
These results highlight that our EDEF approach, in addi-
tion to having better performance than the regular ADAPT-
VQE as shown in Sect. 5.2, also requires substantially fewer
quantum resources for these systems. As a consequence, the
method is specially suited for near-future quantum device
implementations.

The reasons underlying the significant reduction of CNOT
gates within the EDEF approach are twofold. First, each
EDEEF cut makes circuits considerably shallower because at
each iteration an operator is added to a single circuit. This dis-
tributes the CNOT gates among all circuits, rather than accu-
mulating them in a single one. Second, circuits with fewer
qubits constrain the fermionic operators in the ADAPT-VQE
pool. Because of the cuts, these operators are more local (eg
connecting nearby qubits). This requires less CNOT gates
in the corresponding Jordan-Wigner mapping, reducing the
overall costs.

Among all the EDEF subcircuits describing both %OTi and
28Ne, the ones with most CNOT gates are those simulat-
ing the first, non-degenerate product state in the Schmidt
decomposition, Ag|po) ® |7p) in Eq. (15). This is because
the ADAPT-VQE algorithm finds, in most iterations, largest
gradients for operators added to the first (J;) = O proton-
neutron product state. This is expected from the Schmidt
decomposition, as the first singular value is much larger than
the rest and should therefore contribute most to lowering the
ground-state energy, at least in the initial iterations. More-
over, we also find that ADAPT-VQE chooses the same circuit
for many contiguous iterations, showing plateaus that indi-
cate a constant number of CNOTs in all but one circuit during
various iterations. We provide more details on the specifics
of the ADAPT-VQE optimization with EDEF in Appendix
Appendix D, as well as a more explicit breakdown of the
number of CNOT gates for each of the circuits that appear in
the EDEF approach in Appendix Appendix B.

6 Summary and outlook
We present a novel procedure, entropy-driven entanglement

forging (EDEF), that optimizes the solution of many-body
problems in quantum computers using VQAs. Our approach

@ Springer



87 Page 14 of 23

Eur. Phys. J. A (2026) 62:87

10"}
. I
3
% 10 :
=
10°} ?
103 O |
[ I
= 4
>
ZO _ ,' — 0 cuts
=== lcut
107 3 2 cuts E
0 20 40 60 80 100

num. iterations

Fig. 8 Number of CNOT gates for the circuit with maximum number of
them for the simulation of 2Ne (top) and 0T} (bottom) as a function of
the ADAPT-VQE iterations. The results compare the regular ADAPT-
VQE (0 cuts, solid red line) with EDEF with one layer (1 cut, blue
dashed line) and two layers (2 cuts, dashed-dotted yellow lines)

is based on EF, which reduces the number of qubits and quan-
tum gates needed to solve the problem. Crucially, in order
to decide on the corresponding partitions and coefficients,
we advocate for physical criteria associated to the entropy
between partitions of the system. To this end, we are guided
by the energy scales and symmetries of the system, that allow
us to identify low-entropy partitions and degeneracies in sin-
gular values and employ the Schmidt decomposition as a tool
to characterize these partitions through their different quan-
tum numbers. We build reference states that are linear com-
binations of smaller circuits with the quantum numbers asso-
ciated to the Schmidt decomposition. Moreover, we exploit
degeneracy in the lowest-lying Schmidt vectors to employ a
very small number of subcircuits and coefficients, requiring
fewer and more local resources.

With this technique, we have successfully simulated
ground states of FH lattices with various central hoppings
and interactions, and of the isotopes 28Ne and ®°Ti calcu-
lated with the NSM. In both cases, we compare optimizations
using ADAPT-VQE with and without EDEF. For both types
of systems, EDEF exploits the low entanglement between
different partitions of the system. In the FH model, we can
tune the entanglement between left and right parts of the lat-
tice through a central hopping term with variable strength,

@ Springer

displaying the power of the technique on different settings.
In contrast, we exploit the recently observed small entangle-
ment between protons and neutrons in the NSM to improve
upon previous simulation attempts. This knowledge is com-
bined with the singular-value degeneracy in the Schmidt
decomposition of the ground states. Our EDEF simulations
with one layer of EDEF — separating the system in two
unique partitions — only need half as many qubits as the
regular ADAPT-VQE, and they describe nuclei with an order
of magnitude fewer CNOT gates. Nuclei simulated with two
EDEF layers, with each bipartition additionally separated
into two parts corresponding to higher- and lower-energy
single-particle states, need a quarter of the regular ADAPT-
VQE qubits and an additional order of magnitude fewer
CNOTs.

In terms of performance, in FH lattices, we find that EDEF
converges better than regular ADAPT-VQE for weak central
hopping. The approach is also more efficient in terms of iter-
ations as long as the central hopping is close to the other
hoppings, #,, & t. In the NSM, for 2 Ne, one layer of EDEF
using 8 circuits is more efficient than the regular ADAPT-
VQE. Furthermore, EDEF allows us to simulate 60Ti, which
is beyond our capabilities with the standard ADAPT-VQE.
For this nucleus, the two layer EDEF reaches a lower infi-
delity than the 1-cut EDEF.

In summary, EDEF is an approach ideally suited to accom-
modate the qubit and CNOT gate number limitations present
in current intermediate-scale noisy devices. In particular,
EDEEF allows one to adjust the hybrid algorithm, leading to
an optimized separation between the quantum computation
and the one performed classically. This produces shallower
circuits, mitigating the impact of errors. This reduction can
be further improved by the adaptability of the trained param-
eters expected for a variational algorithm. Optimization in
a reduced space, constrained by EDEF through the symme-
tries of the system, is also expected to perform more effi-
ciently as the system size increases. Furthermore, by decreas-
ing the number of qubits, EDEF allows one to use smaller
devices with lower error rates. In principle, we have shown
that these advantages can be exploited further by identify-
ing low-entanglement partitions in successive EDEF layers.
Beyond the first applications studied in this work, EDEF
can be used to study other many-body systems for which
symmetries allow one to identify low-entropy subsystems.
More generally, EDEF can potentially be used to optimize
other types of VQAs for different applications, including for
instance quantum machine learning settings.
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Appendix A: Initial states and coefficients of EDEF

In the main text we outlined the initial states needed for
EDEEF. In this section we give extended detail and a few
examples for both the first layer and second layer of EDEF.

Appendix A.1: First layer of entanglement forging

For a FH lattice of four sites, we use five pairs of circuits
with four qubits, instead of a single circuit with eight qubits.
Each circuit simulates a quantum state term in the product of
the truncated (and renormalized) Schmidt decomposition:

W) =hollyy) ® [rey) + A(1pry) @ Iry) +11)) ® [rpqy)

Fllpgy) ® 1r4) + 1) ® Irpy)).-
(A1)

A single circuit of four qubits, for example, simulates the
state |/4) in the first product state, which simulates the left
part of the lattice, labeled with /, and which has one spin
up fermion and one with spin down, labeled in the subindex
as 1. Note that all states are naturally orthogonal as they
involve different distributions of particles and spins. This
orthogonality is maintained as operators from the pool, which
conserve spin and particle number, are added to each circuit.

For the nuclear shell model and for all isotopes consid-
ered, with one layer of EF we separate the proton and neu-

trons degrees of freedom as shown in Fig. 4 and thus reduce
by half the number of qubits of the simulating circuits. As
observed in Fig. 5, the nuclear state can be very accurately
approximated using the following truncation in the Schmidt
decomposition

1Y) =holpo) ® |fig) + A1 (lp=2) ® [n2) + [p—1) ® In1)

+ 1po) ® no) + |p1) ® [n—1) + |p2) ® [n_2)).
(A.2)

With one circuit, for example, we simulate the state |p_>),
which corresponds to a superposition of Slater determinants
containing only proton orbitals and with expected third com-
ponent of total angular momentum (p_j|J;|p_2) = —2. We
need to ensure these states are orthogonal. All states that
have different (J;) in each partition are already orthogonal,
and will continue to be considering the operators in our pool.
This is however not the case for the two states with (J;) = 0,
|Po) ® |no) and | po) ® |ng). For these, we start with different
(orthogonal) Slater determinants, |y), |1}0), and then apply
the same unitaries to both states to keep them orthogonal,
that is, (Yole™"*" T [y0) = (Yolvro) = 0.

Ateach iteration the gradients are computed for each of the
terms in Egs. (14) and (15) separately, except for | pg) ® |71¢)
and | po) ®|no), as they both have the same parameters. In this
case [) in Eq. (11) represents Ag| po) ® |720) +A1] po) ® [no).
Once all the gradients are computed, the largest one deter-
mines which operator from the pool is chosen and in which
circuit is implemented. To compute the energy, we extract the
statevector from each circuit, make the corresponding tensor
products between proton and neutron states, add them up as
in Eq. (15), and compute the expected value of the Hamilto-
nian with the obtained statevector. The energy computation
in an actual quantum computer could be implemented as pro-
posed in [41], with the exception of matrix elements of the
Hamiltonian involving different product states.

We also notice that, considering the normalization of the
truncated state, we only have one free parameter A. We can
include A as another parameter in the optimizer when clas-
sically finding the minimum of the energy surface. In this
work, we fix A to the value given by the Schmidt decom-
position, to speed up testing of EF and focus on the VQE
part. Degenerate states are also related by symmetry. For the
FH decomposition, Eq. (14), the four degenerate states are
related by spin and parity transformations. Therefore, only
two independent product states and four circuits need to be
optimized, for example |/1) ® [r4y) and |I44) ®|r| ). Simi-
larly, the five degenerate product states in Eq. (15) are related
by parity. Slater determinants with same angular momentum
j and opposite m satisfy |j, m) = (—1)/=™|j, —m), with
lj, m) = a;’m|0). We can then simulate only |p_2) ® |n2),
|p—1)®In1), | po)®|no), and obtain | p1)®|n_1), | p2)®|n_2)
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through a parity transformation. Thus we need a total of four
product states and eight circuits.

Appendix A.2: Second layer of entanglement forging

For the FH model, we do not consider a second layer of EF as
there is no clear partition to take advantage of, and the effects
of the barrier can be properly studied with just the first layer.

We can apply the same procedure to each of the circuits
simulating states with only proton or neutron orbitals, and
consequently use circuits with one fourth as many qubits as
orbitals there are in the shell. As a second decomposition we
choose to split each proton and neutron partition into low and
high energy subshells. In the case of the sd-shell, the bottom
half consists of the lowest subshell, Ods,>, while the upper
half includes subshells 1s; /2 and Od3 2. For the pf-shell, this
second cut involves splitting the subshell 1p3,7 in half, as
shown in Fig. 4.

This division is useful to test our approach beyond one-cut,
but it is not as good as the proton-neutron separation in terms
of entropy. Ideally, physical systems that exhibit more sec-
tors with low entanglement would be better suited for a larger
amount of cuts, including divisions into ¢ circuits instead of
successive cuts in 2. Also, in contrast to the first decompo-
sition, where we have degenerate Schmidt coefficients for
product states with well defined spin J, and isospin 77, in
this second decomposition we are free to choose the particu-
lar distribution of product states. In this case we decompose
each product state into states with a different particle number
distribution between the bottom and top orbitals. For exam-
ple, if we have two valence protons, we can have both pro-
tons in the bottom subshells and none in the others, labeled
as (2,0), one in each partition, (1,1), or both protons in the
upper subshells, (0,2). These are all the possibilities to dis-
tribute the protons in all the neon and titanium isotopes. For
28Ne and °°Ti we have 10 and 18 valence neutrons respec-
tively, implying two holes in both nuclei. We can distribute
these holes as (0,2), (1,1) and (2,0).

To add only few more parameters to the ansatz we decom-
pose each of the previous statevectors with well defined spin
and isospin into only two terms with different particle distri-
butions. For the first term in Eq. (15), with Jz(p) = JZ(") =0
and labeled |v0), we consider two terms with a symmet-
ric distribution of protons in the lower and higher energy
orbitals, of (2, 0) and (0, 2). For the corresponding neutron
states, the distribution of neutron holes is (0, 2) and (2, 0),

[¥00) = Aolpo) ® |7ig)
= (b1|p20) + b2l po2)) ® (b]|n20) + bslne2))
= (b11p$) @ 1p§") + b2lp”) @ 1p5))

® (bi1ng") @10 + ByInd") @ In ) ).

(A.3)
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In the other five states, we assume a distribution of (2, 0),
(1, 1) for protons, and (0, 2), (1, 1) for neutron holes. That
is, the most energetically favorable one.

Considering two terms also allows to not have to impose a
normalization condition, since one of the coefficients is deter-
mined by the other. We only impose bounds on b1, b, such
that these coefficients can be normalized to Ao or A1, which
are again fixed to the values given by the Schmidt decom-

position. For example, ,/b% + b% = /Ap, and the same for

the normalization of |ng), +/ b/12 + b’z2 = /Ag such that their
product is normalized to A¢. This also displays the training
procedure for the coefficients that we propose for general
use.

In Appendix Appendix D we show other more technical
improvements in the optimization of ®Ti, which go beyond
splitting the circuits into halves and fourths and which allow
to speed up the simulation.

Appendix B: Further details on the convergence of EDEF

In the main text, we show the convergence of the infidelity
in two physical systems. This is an appropriate metric to test
the method since the infidelity ties directly to the Schmidt
decomposition. The training of the circuit, however, is based
on an energy minimisation. For this reason, we also include
and discuss here the relative errors in the energy, €g, as the
iterations of the optimization progress. Namely, in Fig. 9 we
show the counterpart to Fig. 6 for the FH in terms of energy.
We also show in Fig. 10 the counterpart to Fig. 7 for the
NSM. The notation of the figures follows that of the main
text.

The two figures indicate that, in both systems, the
behaviour of the relative energy error is qualitatively similar
to that of the infidelity, already described in the main text.
For the FH model, in particular, Fig. 9 is also quantitatively
similar to Fig. 6. We find that EDEF outperforms standard
ADAPT-VQE with the system settings of panel (d), with mild
entanglement between the partitions. In all other cases, the
EDEF minimisation saturates an energy bound calculated
indirectly from the Schmidt decomposition within about 15
iterations. This bound is not however a strict lower bound
for the EDEF simulations. Indeed, panels (¢) and (e) show
examples where the bound is mildly improved by EDEF.

For the NSM, the relative energy analysis in Fig. 10 also
shows qualitative agreement to the infidelity results presented
in Fig. 7 for 28Ne and °Ti. Here, however, the quantitative
discrepancies are more visible. First, the ADAPT-VQE ener-
gies for 28Ne decrease steadily with iterations, unlike the
corresponding infidelities of Fig. 7, which increase at times.
The rate of energy decrease for the full ADAPT-VQE simu-
lation, however, is relatively slow: we require 100 iterations
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Fig. 10 Relative errors in ground state energy for 2Ne (top) and °°Ti
(bottom) as a function of the number of ADAPT-VQE iterations for 0-,
1-, and 2-cuts EDEF simulations

to achieve a relative energy error of ez &~ 6 x 1073, In con-
trast, the 1-cut EDEF reaches a relative energy error which is
about an order of magnitude smaller with only 80 iterations

num.

10 15 20 5 10 15 20

iterations num. iterations

Schmidt decompositions of the given layer (lower blue line). These
errors decrease substantially as #,, and thus entanglement, diminish
from right to left

(and far fewer resources). We stress again that relative energy
errors given by the corresponding Schmidt decompositions,
marked with horizontal lines, do not define a lower bound. In
fact, for the 28Ne 1-cut EDEF simulation, the converged € is
slightly lower than its corresponding Schmidt decomposition
€g. In contrast, the 2-cut EDEF simulation reaches an error
ofoonly e ~ 1072, but does so within less than 20 iterations.
This error is somewhat larger than the bound suggested by the
Schmidt decomposition, a result that is commensurate with
the infidelity analysis of Fig. 7. We take this as an indication
of the limitation of the 2-cut approach, that cannot capture
the residual entanglement of the second cut.

The results for ®Ti presented in the bottom panel of
Fig. 10 show a similar picture, although at a different level
of quality (note the difference in y—axis between the two
panels). As discussed in the main text, memory limitations
preclude us from simulating the statevector for this isotope
with full ADAPT-VQE. The 1- and 2-cut EDEF simulations
start relatively far away from the final result (with ez =~ 1).
They subsequently decrease in energy steadily, at a rate that
is comparable for the two simulations. This is at odds with
the infidelity results of Fig. 7, which indicates that the 2-cut
infidelity decreases much faster than the 1-cut simulation. We
note however that the minimisation process is such that the
infidelity and the energy lie relatively far from the Schmidt
bounds.

We also extend the amount of detail in the CNOT counts,
Ncnor, by taking into account the effect of each subcircuit
for 1-cut (Fig. 11) and 2-cut (Fig. 12) EDEF. We perform this
analysis for the NSM only in the interest of brevity. Figure 11
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Fig. 11 CNOT count in each circuit for the simulation of 28Ne as
function of iteration number. Full ADAPT-VQE results (black solid
line) are compared to the Ncnor for each subcircuit of 1-cut EDEF
simulation. We distinguish circuits with different third component J_,
see Eq. (A.2)

shows the number of CNOTs for regular ADAPT-VQE (solid
black line), together with Ncnor for each of the circuits in
the simulation of 28Ne with one layer of entanglement forg-
ing. First of all, we stress the fact that Ncnor for all 1-cut
EDEF circuits are notably lower throughout all the evolution.
We find substantially different Ncnor values depending on
the state represented by the different circuits. The subcircuits
associated to the first product states, |po) and |ng), and the
equivalent circuits for | pg) and |71g), that start from a different
state but are otherwise identical, have a much larger Ncnor
count, as shown in the red and puple solid lines in Fig. 11. In
contrast, the states |p1), |p2), [n1) and |n3) are represented
by much shallower circuits. In particular, these circuits are
never selected by the VQA before the tenth iteration. The
evolution of the CNOT count for these states is much more
staggered. Each time an operator in the circuit is selected,
the Ncnot count raises substantially with a single, relatively
large step. The different staggering for each subcircuit sug-
gests that each circuit is only picked up in the minimisation
process at different stages. Clearly, in the initial stages of the
minimisation the dominant product states with (J;) = 0 are
picked up, whereas states with lower Schmidt coefficients
are only selected later in the minimisation process. In terms
of total counts, within single-cut EDEF, we distinguish two
scales: Nenot =~ 2 x 103 for subcircuits simulating the first
product state, with largest singular value, and Nenor < 103
for the rest of subcircuit.

We provide a similar analysis for the CNOT counts for
all subcircuits with 2-cut EDEF for 2Ne in Fig. 12. Here,
we focus on the eight subcircuits which contain CNOT gates
with different Schmidt coefficients, belonging to proton and
neutron partitions at the top or bottom of the single-particle
spectrum. The number of CNOT gates in these 2-cut simula-
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Fig. 12 CNOT count in each circuit for the simulation of 2®Ne as
function of iteration number. We show Ncnot for each subcircuit of a
2-cut EDEF simulation

tions is much smaller than the corresponding values of 1-cut
simulations. The maximum number is well below 400 across
all the iterations, and corresponds to the dominant state in
the neutron partition with single-particle energies at the top
of the spectrum (eg 1s1,2 and 0d3/2). This leading circuit has
(Jz) = 0 and is shown in a purple dotted line. The corre-
sponding proton subcircuit (dash-dotted orange line) is the
second most CNOT intensive circuit, reaching Ncnot =~ 200
at the end of the simulation. Neutron and proton bottom par-
titions (with Ods/, configurations) end up the minimization
with about Ncnot & 100 — 150. The remaining circuits cor-
respond to smaller Schmidt coefficients and have less than
100 CNOT gates by the time the simulation finishes. Overall,
this bodes well with the idea that the subcircuits with largest
Schmidt coefficients are picked up first, and more often, in
the minimisation process.

The simulations of %°Ti show similar results to **Ne in
terms of number of CNOTs for each subcircuit. We show in
Fig. 13 the evolution of different subcircuit Ncnot counts for
the 1-cut simulation of ®°Ti. OTi with one cut also shows a
large difference between Ncnot for (J;) = Oand (J;) = 1,2
circuits. This is similar to the neon isotopes, where ADAPT-
VQE chooses in most of the iterations to apply an operator to
one of the circuits corresponding to the first product state. In
fact, an operator is not applied to the second product states
until the 20" iteration. By the point that the simulation is
converged, at iteration 50, the proton and neutron circuits for
the first product state have about 10> CNOT gates each. For
this neutron-rich isotope, however, the circuits associated to
neutrons with (J;) = 1 and 2 have a similar number of gates,
in spite of the relatively smaller Schmidt coefficient. The
remaining proton subcircuits require about 500 gates each.

CNOT counts for °*Ti with two cuts are plotted in Fig. 14.
The circuits with most CNOTs are much shallower than 1-
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Fig. 13 CNOT count in each circuit for the simulation of ®Ti as func-
tion of iteration number. We show Ncnor for each subcircuit of a 1-cut
EDEF simulation
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Fig. 14 CNOT count in each circuit for the simulation of ®Ti as func-
tion of iteration number. We show Ncnor for each subcircuit of a 2-cut
EDEF simulation

cut ADAPT-VQE with the same number of iterations. In this
case, the circuit with the largest Ncy o7 is the one for neu-
trons with (J;) = 0 corresponding to the top subshells, which
contains 660 CNOTs. This is followed by the corresponding
(J;) = 0 proton circuit for the bottom partition, with over
400 gates. Whereas for ®Ne, the (J,) = 0 proton state for
the top single-particle partition was the second subcircuit in
terms of CNOTs, for %9Ti the same state ranks sixth in terms
of CNOT counts. This is indicative of the individual complex
pathways in the minimization process for different isotopes.

Appendix C: Results for a different isotope

In the main text, we briefly mentioned how results of 28Ne
compare to those of *°Ne. This isotope is an example with

less particle/hole symmetry than the simulations in the main
text, but for which the first layer of EF also performs well. We
include here the details of such simulation for completeness.

We summarize the EDEF results for 2°Ne in Fig. 15. The
top panel shows the relative energy energy as a function of
the iteration number, in line with the results presented in
Fig. 10 for 28Ne. We plot results for 0- and 1-cut simulations
with solid red and dashed blue lines, respectively. In this
case, both lines have a very similar behaviour, decreasing
gradually down to eg = 0.013 for full ADAPT-VQE and to
€g = 0.016 for the 1-cut case. In terms of energy, ADAPT-
VQE has not converged into a local minimum at the 100"
iteration. The 1-cut simulation follows a very similar trend
and has not yet reached the bound associated to the Schmidt
decomposition.

The bottom panels focus on the evolution of the infidelity
for the two methods. These should be compared to Fig. 7
in the main text. ADAPT-VQE here performs rather well,
and the infidelity with respect to the ground state improves
quickly between iterations 15 and 20, followed by a steady
decrease afterwards. The infidelity reaches a value of I =
0.11 atiteration 100. In contrast, the evolution of the infidelity
for the 1-cut simulation is somewhat more erratic. After an
initial decrease, the infidelity increases between iterations 10
and 30, only to decrease later on at a rate that is more or less
commensurate with the ADAPT-VQE results. The infidelity
at the final step is I = 0.16, a value that is still well above
the corresponding Schmidt decomposition, 7V = 0.044.
Overall, the two pictures indicate that more iterations are
required to reach a good representation of the ground state
of 2°Ne. The 1-cut EDEF approach may be able to reach this
state with far fewer resources than the associated ADAPT-
VQE simulation.

Appendix D: Optimization improvements

The implementation of a variational algorithm such as
ADAPT-VQE can fall short even when the ansatz and oper-
ator pool are adequate for the physical problem due to the
necessity of training the parameters. Different implementa-
tions of the gradient descent work better for specific prob-
lems, but in general they may all run into resource problems
as we try to deal with bigger systems. In this section, we
present some optimization techniques that we implemented
to increase the size of simulatable systems given a specific
resource budget, which were specially useful to extend the
simulation of the %OTi nucleus into more layers.

First, we note that the more expensive step in our sim-
ulations is often the parameter tuning. However, we have
heuristically found that the parameters after an update k are
in general quite close to those of the previous step, kK — 1.
Instead of optimizing over all parameters each time, one can
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Fig. 15 €g (top) and I (bottom panel) for 26Ne as a function of the
number iterations for ADAPT-VQE simulation (solid line) and 1-cut
EDEF

find the optimal parameter only for the last operator that was
added, 6. We can then perform a complete update of all the
parameters every [ rounds. Because now the operator with
the biggest gradient is found with different parameters than
the standard minimisation (equivalent to / = 1), the list of
chosen operators may change from the usual approach. This
turns / into a hyperparameter that may require tuning. In spite
of these differences, we find that the precision of the training
after the same number of steps is close with high probability,
with very little dependence on the value of /. This is true
even when the minimization employs a different set of cho-
sen operators, consistent with the fact that the same ground
state can be reached with different compositions of unitaries
(due to the non-uniqueness of the unitary decomposition).
While in general performance increases with /, one cannot
make it too large because with fixed parameters the error can
only be decreased by adding extra operators, and a deep cir-
cuit becomes exponentially expensive to simulate. Here, we
choose I = 10 for our %°Ti simulations.

In our EF approach to ADAPT-VQE, we find that the main
circuit, the one with the leading coefficient on the Schmidt
decomposition, is often prioritized by the operator choice. As
we have mentioned, deep circuits are harder to simulate, so
one can exhaust the resources available by always choosing
the optimal operator even if some of the subleading circuits

@ Springer

are almost empty. If we sometimes choose to place an oper-
ator in a circuit that is shallow (and therefore easy to com-
pute), we can improve our error with a relatively inexpensive
step (specifically, relative to the progress in the algorithm).
In addition, since gradients are evaluated at a fixed point
and the optimization happens over all parameter space, the
error can decrease more on a single step by adding operators
that have a non-optimal gradient. This makes this technique
have an even bigger impact, as some of these steps will be
more efficient and also more effective. We implemented this
idea by excluding the “full” circuit from the choice of oper-
ators. While this was done with an ad-hoc heuristic based on
the optimisation duration in our specific setup, the approach
could potentially be generalized by introducing a new hyper-
parameter ¢.
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