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Abstract

We establish an analogue of Pitt’s inequality for Fourier series on T¢, extending the
range of parameters by employing averages of Fourier coefficients. We show that this
inequality is closely connected to sharp estimates for the L, norms of the Dirichlet
kernels over various subsets of Z<.
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1 Introduction

Classical Pitt’s inequality states that, for an integrable function f ~ 3", /4 apye' ™),
there holds

1/q
1/r
A+ kD 1] ( f | “ ool dx) (1.1)
keZd i
provided that

1 1 1 1
l<r<g<oo and max(O,—/——)éoz:—/———,B<—/, (1.2)

r q r q r

where |x| denotes the Euclidean norm of x € T¢.
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In the one-dimensional case, this is the classical result of Pitt and Stein [25, 28]. In
the multivariate case, the result follows from the well-known Fourier inequality in the
Lorentz spaces, namely, [lall, ¢ S [ fllpg. 1 < p < 2,0 < g < oo. Alternatively,
(1.1) can be obtained from the corresponding result for the Fourier transform using
the technique based on Plancherel-Polya—type inequalities for entire functions of
exponential type, see [13, (5.3)]. For the Fourier transform this inequality is well
known [3, 4]. See also [5, 12, 14-16, 21, 26] for the related results on T4 and R,
It is worth mentioning that a complete characterization of the weight pairs (u, v) for
which the weighted Pitt inequality ||Mkﬂk||[q(Zd) SO fOlL, ey 1 < r,g < oo,
holds has been recently obtained in [27].

The inequality (1.1) with 1 < r = ¢ < 2, in particular, recovers the Hardy-
Littlewood estimate

1/r

DA+ KD @l | SN gy - (1.3)
kezd

For 2 < r < oo, Nursultanov proved the following estimate [20]:

00 1/r
(Z K2 (@) ) dr) Sy, ey (1.4)

k=1

where M is the set of all parallelepipeds in Z¢ and

_ 1
ax(M) = sup m Zam .
‘llljleg( melU

Here |U| denotes the number of the points n € U N Z4.

Our goal in this paper is to obtain analogues of Pitt-type (in particular, Hardy-
Littlewood-type) which hold for the extended range of the parameter o namely, 0 <
a < % In this case the classical inequality (1.1) does not always hold. We will show
that, for some C(d) > 1, the right analogue of Pitt’s estimate is

a\ /g
00 1 1/r
Zkﬁdq+d—l - Z am ,S </ |x|ccdr|f(x)|r dx) , r gq’
k=1 Ukl 1, ™
(1.5)
provided that | <r < C(d) and 0 < o = % - 1_ B < %, where the sets Uy

satisfy certain properties. Note that for Uy, the ball (or cube) centered at O with radius
k, equation (1.1) implies (1.5). More precisely, the left-hand side of (1.5) can be
bounded by the left-hand side of (1.1) (see [6]).

It turns out that the key restriction 1 < r < C(d) is closely related to the suitable
bound of the L, norm of the Dirichlet kernel with respect to Uy; see Section 2. Recall
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that the Dirichlet kernel with respect to U C R is given by

Dyx)= Y Y.

meUNZ4d

Our main examples of Uy for which (1.5) holds include:

e balls with radii &, in this case C(d) = 2d/(d — 1);
e cubs with edges of the length k, C(d) = o0;
e more generally, convex polyhedrons such that |Uy| < k4, C(d) = oo.

Another interesting example is when Uy are hyperbolic crosses (see Section 4). In this
case C(d) = oo but (1.5) has a different form, namely,

g\ 1/q 1
) 5(/ 447 | £ ()| dx)
Td
1

provided that 0 < o = 7 — % —B < % holds. Note that this estimate and (1.5) are not

comparable; see Section 4.2. This paper develops the approach recently introduced in
[10].

1
G 2

meGy

00
Z kP9 Ik + 1)@—-D@—Ba—1
k=1

2 Pitt's Inequalities via Estimates of the Norm of Dirichlet Kernels

Let M be a fixed family of bounded subsets of R,

Definition 2.1 Let 0 < p < oo. For 0 < g < oo, the net space n, 4 (M) contains all
sequences {dy, },,c7z« for which the quasi-norm

1

Nalln,, i) = (Zk§1<ak<M>>4> < o0,

k=1
where
_ 1
ax(M) = sup m Zam .
\ngk meU

For ¢ = 0o, we define the space with the usual modification:

1_
lalln, ) = sup krap(M) < oo.
1<k<o0

For the main properties of these spaces, see [20, 24]. Now we introduce the Lorentz
spaces. The non-increasing rearrangement of a measurable function f is given by

fr@ =inf{p: {If] > p}l <1}
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For0 < p < 00,0 < g < 00, the Lorentz space L 4 (’H‘d ) consists of all measurable
functions f for which

1 dt 1/q
||f||Ll,q(1rd) = </ f*(l)qfq/p —> < Q.
i 0 t

Itis easy to see that L, ,(T¢) = L,(T%) and L), ,(T%) C L, 4(T9) for0 <r < g <
00.

The next result provides necessary and sufficient conditions for the Fourier inequal-
ity between Lorentz and net spaces, expressed in terms of the corresponding bounds
for the norms of the Dirichlet kernels.

Theorem2.2 Let 1 < g,r < o and 1 < C(d) < oo. The following conditions are
equivalent:

(i) Forany 1 < p < C(d) and for any U € M, we have
1DulL,ray S U1V Q.1
(ii) Forany 1 < p < C(d) and for any U € M, we have

< 1/p
”DU”Lp/,r(Td) SO

(iii) For any 1 < p < C(d) and for any f € Lp,q(?l‘d) such that f ~
Y mezd ame ™9, we have

lalln,, ,on < 1f11L, , o) 2.2)

In particular, if (i) holds, then, for 1 < p < C(d),

1

~ »
(Z kp—z(ak(MD”) S Il -

k=1
We note that the first-named author studied estimates of type (2.2) in [20].

Proof First, we show that (i) implies (iii). For U € M, by Holder’s inequality, we

obtain
> an

meU

1A, Dol e,

= V f@)Dy(x)| <

that is,

T

l/p ||f||LP(Td)

UM|U|
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Using this, we write

> an

melU

1
lalln, o on = Supk” sup —
' keN vem U]

U=k

meU

< sup

am| SNFlp, me 2.3)
vem 1U| " Lp (™)

N

for all p € (1, C(d)). Interpolating this estimate and noting that (see [20, 24])

1 1-6 6
My oy (M), 1y, (M)) Sy (M),  — = + 2 0<0<1,
( P1,91 P2,92 0.9 p.q p D1 P2
(2.4)

where 1 < p1 < pr < C(d), 1 < q,q1,q> < ooand M is any set in R?, we arrive at
(2.2).

Second, we show that (iii) implies (ii). Let U € M. By duality and an inequality
similar to (2.3), we conclude

IDully , (ray = sup /dDU(x)g(x)dx
P Hg”L /(Td)zl T

p.r

= s | ) &m)

Il oay=1 | et

1 ~ 1

S sup A8l o <IUIMPsup U@l o -

”g”Ll)’r/('H‘d)=l ”g”l‘p’r/(’]rd) 1

In light of (2.2), we have sup ||g||n (M) S < 1. Thus,
”g”LP )'/(Td) 1

1Dy, e < ClUIVP,

where C is a constant that depends only on p and the dimension d.
Third, (ii) always implies (i). O

Note that, for C(d) < 2, (2.1) always holds by the Hausdorff-Young inequality.
Thus, the only interesting case is C(d) > 2.

Theorem 2.3 Suppose that 1 < r < g < 00 and that there exists 1 < C(d) < o0
such that for any 1 < p < C(d) and for any U € M, we have

DU, ray S U1V (2.5)
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Let Uy € M such that |Uy| > k¢ for each k € N and let f ~ Z are' "™ such

meZd4
that, for some 0 < o < 00,
1/r
(/ X947 | £ (o) | dx) < o0. (2.6)
Td
(i) If
1 1 1
l<r<C(d) and O<a:—/———,3<—/,
r q r
then
0 1 1/r
Zkﬁd(]‘l’d*] Z am S (/ |x|adr |f(x)|r dx) .
k=1 U] k' meUy T
2.7
In particular, taking 1 <r =q < C(d), « =0and g =1—2/r, we have
r l/r
o0
> k= i > am Sz, ray- (2.8)
k=1 k méeUy
(ii) If
cW) < J 1 1 1 1 5 1
<r<oo n T T <e=—m——-=p <,
“ cd r * g r’
then (2.7) holds.

Proof We choose p such that o = % — % We claim that then p € (1, C(d)). Indeed,

since @ < 1/r’, we have that p > 1. In the first case, if | <r < C(d) and a > 0,
then 1 < p < r < C(d). In the second case, when C(d) < r < oo and ﬁ -1

-
a—;—— then 1 < p < C(d).
We observe that

and
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Further, we have

oo oo (k+1)?—1
lally , on = Z @) —Z S m @)
k=1 k=1 m= kd

23 @y M)+ D7
k=1

Together with ||a||n M) Z > (a1 (M))? and Theorem 2.2, this yields

. | q\ 1/ q\ /4

3 kpdatd-] wm;kam Zki_l — Y anm

=1 Ukl meU;

00 dq 1/q
< (Z@AM))W‘I)

k=1
< <
Sl on S IF1L, @

Due to the the facts that Lp,r('ﬂ‘d) C Lp,q(’]I‘d) for r < g and % — % > 0, condition
(2.6) implies

© 11 r I
10, xS IF N, eno =(/0 (17 o) dr)

- (/OOO )" dt)l/r
< (/T (Ix=1rcon)’ dx)]/r.

Here in the last estimate we have used the Hardy—Littlewood—Pélya inequality for
rearrangements (see, e.g., [3, p. 7])

00 1
< dx.
/0 g ()(l/fp)*(t) t /Rd gX)p(x)dx

This completes the proof. O

Note that we do not assume in this result that 0 € Uy C Ug41. Under certain
structural conditions on Uy, the converse of Theorem 2.3 also holds.

Remark 2.4 (i) Let Uy = Uys for 257! < k < 2% and |Ur| =< k9. Then (2.8) with
I <r < ooimplies | Dyl , ey < |U| V" for all k; cf. (2.5).
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(i1) If the parameter C(d) is sharp in (2.5), that is, if

IDullz,, (1e) 00, r=C),

SUp —— 1, —

vem  |UNT crad <00, 1<r<C(d),

then it is sharp in (2.7) and (2.8).

(iii) Estimate (2.8) is also sharp in the following sense. Let C(d) > 2. Take Uy C Ujy
and |Uy| = k< satisfying condition (2.5). Then there exists a function f € L,(T%)
such that

1/r
> am = fllp ey, C@ <r<C@. (29

meUyg

o0
Z kd(rfl)fl
k=1

|k|

Proof (i) Applying (2.8)to f ~ " ase' ™% f e L,(T¢), and taking into account
conditions on Uy, we have

o
1 d
Ll ey 2 D290 | —— " a > sup 2" > al.
e |Uan| ' ~ |Uan| '

seUym seUpm

Hence,
< 2*‘1,'" = U 1/r
as| 3 ||f||L,(Td) = |Upn| ||f||L,(11‘d)-
SEUzm

In light of this estimate, we conclude that

1
1Dy N g, cray = Z am| S U
HfHL (Td) mEUk

(ii) This follows from item (i).
(iii) To see the part 2 in (2.9), consider f = Dy, . Then, by (2.5), for C(d)’ < r <
C(d) we have || |l ) < |Un|""". Thus,

N r\ l/r
1
dir—1)—1
IS DR D3
k=1 meUy
. r\ 1/r
YR S
k=1 |Uk|meUk
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3 Estimates of L, Norms of Dirichlet Kernels and Examples

In this section, we first introduce several classes of sets in Z“ and then estimate the
corresponding Dirichlet kernels in the L, (T?)-norms.

3.1 L, Norms of Dirichlet Kernels

A bounded set U C R? is
e solid (written U € M) if x € U implies that

[min{xj, 0}, max{x;, 0}] cU.
1

d
]:

(Note that forx; > 0, j =1,--- ,d, thismeans [0, x1] x --- x [0, x4] C U.)
e dense (written U € Mp) if

IRyl < C|UI,

where Ry = ]_[‘;:1 [—nj, n;] denotes the smallest rectangle for which U C Ry .
e inthe class Mgp if

UEMSDZ{I+VZl€Zd,V€M5ﬂMD}.

(Note that Msp contains the sets of balls and rectangles in R9)
e in the class Mpp if U is a convex polyhedron such that U € Mp (written U €
Mpp).
(Note that {I + (Mp N My) : 1 € Z*} C Mpp, where Mp denotes the collection
of all convex polyhedra.)
First, observe that if 1 < p < 2, for any bounded set U, by Hausdorff-Young
inequality,
1Dl ray S1UTP.

The following result was proved by Dyachenko [8].
Lemma3.1 Let U € Ms. If 24 < p < oo, then

d—1
IDullL ey S 1UI2 (3.1
Ifl <p< %, then
1/p'
||DU||LPI(T!{) = <Z(1 + |n1|)17 -2 e (1 —|— |nd|)p 2) . (32)
nelU

Here, the constants depend only on p and the dimension d.
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For the class U € Mgp, this result can be formulated in the same terms.

Lemma3.2 LetU € Mgp and (0 < r goo.[f% < p < o0, then

d—1
1Dy, o SIUIF . (3.3)

If1<p<%,then

IDullL, ey S 1UIMP. (3.4)
Proof Let us prove (3.3). Let % < p1 < p < oo. Then from (3.1), we have

d—1
”DU”Lp/r(Td) S ||DU||LP/ rdy S U
’ 1
We now show (3.4). Since

I Drtullp, ey = 1DUllL, (1a) -

it is enough to prove the lemma for U € Mg N Mp.Foreach j =1, ..., d, denote by
N the largest |n ;| which occurs in the sum (3.2). Then Ry = ]_[;Ll [-N;, Nj] and
we obtain that

YA+ DP A+ naDP TS A INDP T (L INg P!
nelU

5 |11U| / S |L | / k]
]. ] ]
||Dl]|| d < |l/|1/p.
LP,(T ) ~

Finally, we use Theorem 2.2 to obtain the desired result. O

Remark3.3 If 2 < p < dz—fll, then (3.4) is not true without the condition U € Mp.

Indeed, take the hyperbolic cross Uy € Mg \ Mp (see Section 4 for more details).
Then |Uy| < N(In N)4~! (see e.g. [7, p. 22]) and, by Theorem 4.2, || Dy || L, (Td) <

1 d—1
N7 (InN) ¢ . This yields a contradiction to || Dy ”L,,/ () < |U|1/” for p’ < 2.

For Mpp-sets, Kolomoitsev and Lomako [17] generalized Lemma 3.2 (see the
previous results in [1, 2]) as follows:

Lemma3.4 IfU € Mpp and 1 < p < 0o, then

IDulL ey S |
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3.2 Examples

In this section, we summarize our results for the sets introduced in the previous section.
Using Lemma 3.4, we can apply Theorems 2.2 and 2.3 for M = Mgp withC(d) = %
and for M = M pp with C(d) = oo.

Corollary3.5 Lerl <r < g < oo.Letalso f ~ Y, 7 apme' "™ and f € L,,,q(']I‘d)
such that (2.6) holds. Assume that M = Msp or M = Mpp and define

2d ;
-1’ ifM = Msp,

C(d) = .
0o, ifM = Mpp.

(i) If1 < p < C(d), then

”a”np/vq(M) S ”f”vaq(Td), 3.5)
and, in particular,
00 1/p
(Z k‘”_zak(M)p) N ||f||Lp('ﬂ‘d)~ (3.6)
k=1
(ii) Assume that
1 1 1
l<r<C@d ad O0<a=———-—-f<-.
r q r

Then, for any Uy € M with |Ux| > k? for each k € N,

1/q

o] 1 a 1/r
gbdatd—1 | 1 < / wdr | F)) d 37
’; T 2 an S eir@rd) 3D

meUyg

and, in particular, (takingr = q,« =0and B =1—2/r),

0 r l/r
1
> k= T > am S, ray- (3.8)
k=1 K meuy
(iii) If
cw) < J 1 1 1 1 5 1
<r<oo —_———_-<a=————f< —,
an cd r * g r’

then, for any Uy € M with |U| 2 k? for each k € Ny, (3.7) holds.

@ Springer
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Typical examples of acceptable sets M in Corollary 3.5 are s-balls. For0 < s < 0o
and r > 0, we set
BS = {x eRY:|x|, <r}.

Note thatif0 < s < ooands # 1,then B{ € Mgp and thus, in this case, C(d) = dszl.

In the case s = 1, 0o, B} are convex polyhedrons and B € Mpp, hence C(d) = oo
(note that in this case part (iii) is empty).

Remark 3.6 (i) Both (3.5) and (3.6) hold for M = M, the class of all bounded sets,
with C(d) = 2.

(ii) The condition Mp is essential in Pitt-type estimates. For example, consider (3.8).
There is a function from L,(T¢) and there is a sequence U, € Mg \ Mp such that
(3.8) does not hold for 2 < r < 00. (For 1 < r < 2 it is true for all bounded sets.)
Indeed, let s € N be fixed and define the hyperbolic cross

d
G, = {n e Z¢: [ [ max(lnil. 1) < s}.

i=1

Taking into account that |G| = s(Ins)¢~! and using Theorem 4.2, for f(x) =
DG, (x) = Y e, €™, one has || £l () = sV (In5)@= D/,

Let so € N such that s(‘)’ = s(Ins)?~1 < |G| and G be a hyperbolic cross such
that G C Gy and |G| > k. Then

1/r

, 50 1/r
) > (de(r—l)—l) < S(z)i/r’.

k=1

> 1
de(r—l)—l<m’ Z a

k=1 meGy
Therefore, assuming that (3.8) holds,
Y7 ) @D <G S F Nl nay = s (ns) @I

which leads to a contradiction, since r > 2.

4 Hyperbolic Crosses

In Subsections 3.1 and 3.2, we considered dense sets U, that is, those satisfying
U € Mp.This condition clearly does not hold for such an important class as hyperbolic
crosses. In this section, we study this class in detail and obtain analogues of Pitt’s
inequalities.

For N € N, the hyperbolic cross Gy is defined by

d
Gy = {n ez : [ < N}, i = max{|n;], 1).
i=1

@ Springer
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Let M = {Gn}nen be the set of all hyperbolic crosses and
M, = {GN C 2l N < 2?}, reN,.
Let h = {hi}32,, be a sequence such that, for some § > 1, there holds

hicy1

ho=1, 1
0 < e

< 4.

Definition 4.1 Let 0 < p,g < oo. The net space n,, ,(M, h) contains all sequences
{am}neza for which

1

o0 q q
lalln, = D _h{ @M)?) < oo,

k=1

where

e

melU

1
ax(M) =sup sup — k>=1).

rekUeM, 2

For ¢ = 0o, we define the space with the usual modification:

1
lalln, oy = sup hy ax(M) < oo.
1<k<o0

Note that if U € M,, then |U| < 2"r?~" (see [7]).

4.1 Estimates for Dirichlet Kernels and Pitt’s Inequalities

The proof of the Pitt-type inequality for averages over hyperbolic crosses follows the
argument of Theorem 2.3 and relies on the following L ,-estimate for the Dirichlet
kernels corresponding to hyperbolic crosses. It is worth noting that these estimates are
of independent interest in several areas of harmonic analysis and have been investigated
mainly in the L|-setting; see the recent paper [18] and references therein.

Theorem 4.2 Let 1 < p < oo and Gy be a hyperbolic cross, then
D ~ NYP(nN)T
| DG ||L1,,(1rd) = (InN) 7.

We would like to stress that for step hyperbolic crosses a similar result is well known
(see e.g. [7, p- 22]) and it can be proved using embedding theorems for Besov classes.
The result for non-step crosses is new. In contrast to the Ly case [19], the L ,-norms
of the Dirichlet kernels associated with step and non-step hyperbolic crosses turn out
to be equivalent.

@ Springer
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Proof First, the lower bound

1/p'
’

d
)
||DGN “L,,/(’]Td) Z Z (l—[ﬁi>p , n:=max(|n|, 1),

neGy i=lI

always holds for all 1| < p < oo and for any Gy € Mg, see [9, Theorem 1].
Find m € N such that 2"~! < N < 2™. Define the step hyperbolic cross as in
Remark 3.6, i.e.,

Un=|J (reR: 127 <l <24,
ki+...+kg<m

where k; € N and |7] denotes the integer part of t € R. Then U,,,—» C Gy C Up+1
and therefore we have

(2 @) <z o) (2 )

nelpyyr  i=1

Noting that

1/p'
PR e R L
nelds
211 2k 1 /p'
Z > )T S (BT Lan OO S ) L
1=0 ki+...+kg=l ;= 2k1-1) ng=|2ka=1)
s l/p’ K l/l’,
- Zzl(l)/fl) Z 1 = <Zzl(p’l)ldl> - Zx/ps(dfl)/p”
1=0 ki tkg=l 1=0

we complete the lower bound. It is worth mentioning that this proof implies the required
resultfor1 < p < %, since Gy € Mg and Lemma 3.1 can be applied.
To prove the upper bound, we use Theorem 3 in [11], which claims that for f ~

Yo o=t @me" ™ and 1 < p < 0o, we have

o n

1715 < i P 67 (TTn)"-

J=1

where

S Y lAa

mi=ni mg=ngq
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n

and the operator A is defined by A := J[] A/ and Ala, = an —
j=1

Ay, mj_y,mj+1,mjs1,,m,- The rest of the proof is as follows:

||DGNH”,(W) Zﬁnl"[—” - Z > ﬂn]'[—” -2

neGy i=1 r=l Onl | Ti=r =
N

LYY pedY Y
r=0 [T mi=r r=0 [Ty mi=r

N
=Y P2t < NPT an Ny
r=0
[m}

Theorem 4.3 Let M be the set of all hyperbolic crosses and h = {Zk/kd_l}keN. If
l<p<oo0<qg<ooand f~Y, piame' ™, then

lalln,, S 1 F1le,, cro)-

In particular,
1

(Zhi‘l @(M))") SISl oy

k=1
Proof Let 1 < p < oo. First, we prove the weak inequality
lalln, o otm S NNz, - 4.1

Letr € Nand U C M,, then in light of Theorem 4.2, we have

r dl
”DU”L /(Td) <2rr 0 .

Therefore,

E am

meU

= ‘/ fx)Dy(x)dx| <

||f||Lp(’1rd) ||DU||L ,(’u‘d) S 2r/pr v ||f||L p(T?)»

or, equivalently,

L

meU

sup . dl

||f||L[,(11‘d)-
ueMr 2p
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Thus, we derive

i
lalln, . .m) =suph; sup sup —
’ k

LS

r>k UeM, mel
<sup sup ——— Z am| S I f NIz, cra)-
r UeM; 2” meU
Therefore, (4.1) is proved.
O

Second, using Lemma 4.4, we obtain the required result.

Lemma4.4 If0 < po < p1 <00, 0 <qg <ocoandb € (0, 1), then

1 0 1-6
M, ), M) CrpgM. ), = .
(mp00e (M. B mpy oM 1)) Comp M), =

Proof Leta = ap + a1 such that ag € npy 0o(M, h) and a; € np, oo(M, h). Then

1 1_ 1 1 €
hlax(M) <hl ™ (h,foa,?(M)+h,f°ak(M))

11

1 1
2 Y P 14
<hy ™ (”aO”nmm(M,h) +h0 " ay ||np0,oo(M,h)) .

Since the decomposition a = ag + a; is arbitrary, we obtain

1 1 1 1

h{ak(M) hY KB a5 n gy co(M, R), 1y oo(M, ).

Then
© [ _pdl_1y  1_1 q\
(Po pr) Po Pl
Nalln, ,rmy < | D (A KM " a5 npg,00(M, ), npy oo(M, )
k=0
1
%) q q
=X (ko))
k=0
where
0 Nk+1 hit1 7o L1
m=nh ", no=ho=1, | < &L ZEAL < &P Pr,
Nk hy
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On the other hand, we have

1/q
(Kt )’ ?)

@l n g 00 (M 1)1 py o0 (M 1)e g = <

1/q
(K (1, @))? ?)

0 1
= (Z (nk_eK(ﬂka a))q> q :
k

completing the proof. O

Remark 4.5 We note that, for d = 2, a result analogous to Theorem 4.3, concerning
step hyperbolic crosses, was obtained in [22, Theorem 3]. Moreover, when M is the
set of step hyperbolic crosses, inequality (4.1) was obtained for Fourier series and
transforms in [22] and [23], respectively.

Now we can prove a similar result to Corollary 3.5 for hyperbolic crosses.

L

r/

Corollary 4.6 Supposethat1 <r < g <00, 0 < a = —B < r—l/, and (2.6)

holds. Then

< =

1

@ Zam

o
(Z kB9 1n(k + 1) d—D@—Bg—D)

q\ 1/q 1
/r
) 5(/ le"‘drlf(x)lrdx) :
']rd

k=1 meGy
4.2)
In particular, takingr = q, « = 0and B =1 — 2/r, we have
r\ l/r
> 1
> K Itk + D! Gl > an Sl crey- (4.3)
k=1 Kl neGy

Proof The proof repeats the one of Theorem 2.3 with the same p, «, 8. Setting M to
be the set of all hyperbolic crosses and

M, :={Gy: 27" <k<27}, reN,,
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we only note that

2k \V
(kd_1> (ar(M))?

WK

q _
lla ”"p’,q(Mvh) =

~
Il

2V
K

Zam

)

ka/p'—1
-1 7 sup
In(k + 1)@=Da/p r>|'ln(k+1)'| UeM,

k=1 melU
oo 1 4
> qu/p’fl In(k + 1)@d=Da/p | ___ Z aml | .
k=1 |Gk| meGy
where [7] denotes the upper integer part of 7. O

4.2 Comparison of Corollaries and 3.5 and 4.6

For simplicity, we consider Pitt’s inequalities for d = 2 and & = 0. Let us recall (see
(3.8)) that, for any cube Uy = [1,k]¢ and 1 < r < oo,

r\ l/r

> am Sz, ray- 4.4)

meUyg

00
de(r—l)—l
k=1

|k|

For any hyperbolic crosses G, € M (see (4.3)),and 1 < r < oo,
r\ l/r

o0
> K Itk + 1)’]’—1 Z an S UF N, ray- 4.5)

k=1 mEG

We will show that (4.4) and (4.5) are not comparable. Indeed, for any sufficiently
large n, take f(x) = }_,cq, e'™¥) = Dg (x). First, we know that (4.5) becomes
an equivalence for this function. Indeed, from Theorem 4.2,

: -1
Iz, ey <" (nn) 7, 1 <r < oo.

On the one hand, (4.5) is sharp in this case:

n 1/r
£l (ray 2 (Zk"z In(k + 1)‘“) >0 (Inm)

k=1
On the other hand, (4.4) is not optimal for f since

1/r
’

</, (4.6)

~

Z kdr—D— 1‘
m
|Uk|meU

@ Springer



Journal of Fourier Analysis and Applications (2026) 32:56 Page 19 of 22 56

To see this inequality for d = 2,

nl/z n
.
:<Z+ Z +Z)kd(’ h- 1‘ 0 Zam‘ = Ji+ b+ J.
k=1 j=pl2 k=n | k|meU

For the first term,

nl2

I = Zkz(r—n—] < o
k=1

Rewriting the sum as an integral, we have

k2
‘ 3 1‘5;11117 4.7
meG,N[1,k]?
if n'/2 <k < n. Then
SN r
_ r—
h= Yk o 1
k=n!/2 meG,N[1,k]?
n k2 r n x2 r n
Z k3 nm=—) < / x 3 nn=—) dx <n! / x 2 (nx) dx <n' !
fe=n1/2 " n'/2 " 1

For the third term, we have
J3<Zk2(r D= 1 (nlnn)r<n -1

which shows (4.6).
Let us now consider, for any sufficiently large n, f(x) = >, (1 1pnz2 e! ¥ For
this function, (4.4) is sharp: in light of Lemma 3.4,

1/r
n
/ et | 1 r
w7 S (TR G X 1) S s
= me[l,k]4

On the contrary, estimate (4.5) is not optimal, since, for d = 2,

1/r

o0

1 r ’ ’

Ji= | K2 Inek+ 1)]— 3 am‘ <2 (nny V. (4.8)
k=1 |Gk| meGy
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Indeed, let

n n? 00
1 r
J = 2-4-2-1- Z K% In(k + 1)‘G— Z am‘ = Ji+ L+ /s
k=1 k=n k=n2 |Gl meGy
Then

n
Ji=Y K2 Intk+1) Sn'Hinn Sn¥ 2 (nn)'
k=1

Using (4.7), we conclude

2

n
_ 1
JzzszZIn(k-i-])‘m Z 1‘

k=n meGiN[1,n]?

r nz nz r
5/ X 2(nx)' " <ln —) dx
n x

n? 2N\" n
< (In n)'f"/ X2 <ln n—) dx < n¥2(In n)'f"/ x"In"xdx < n? 2(lnn)' ",
n X 1

r

klnT
kilnk

2
n
SY Kk +1)
k=n

Finally,

r
< n2r72(1n n)lfr’

~

[o.0]
Ji= ) K *In(k+1)

k=n?

n2
klnk

which completes the proof of (4.8).
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