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1. Introduction

Generalized geometry encompasses classical geometric structures (symplectic and 
complex structures are particular cases of generalized complex structures) but also of
fers genuinely new structures: there are closed manifolds that are neither complex nor 
symplectic but admit a stable generalized complex structure [2,3]. This is a very tight 
phenomenon, as a generalized complex manifold must be almost complex. The key for 
this small window to exist is the type change, which happens from dimension four on
wards. A stable generalized complex manifold is generically symplectic but degenerates 
in a complex way along a codimension-2 submanifold.

Generalized geometry of type Bn is an extension of generalized geometry that offers 
a whole new realm of structures. Bn-generalized complex structures are now possible 
in odd dimensions (having as particular cases cosymplectic and normal almost contact 
structures). Type change for stable Bn-generalized complex structures or simply Bn
structures, which are generically cosymplectic up to generalized diffeomorphism, occurs 
again in a codimension-2 submanifold and is already possible in dimension three. A 
natural question arises: does there exist a B3-generalized complex manifold that is neither 
cosymplectic nor normal almost contact?

We settle this question by proving the following general result.

Theorem 5.7. Any closed orientable 3-manifold admits a B3-structure with exactly two 
type-change curves.

The proof combines mainly two ideas. On the one hand, the introduction of a family of 
surgeries on a cosymplectic neighbourhood which always results in a twisted B3-structure 
(a larger class which is key to this work) together with a way to combine surgeries to 
cancel their twisting. On the other hand, a way of expressing any 3-manifold as the 
result of a surgery on a mapping torus of an area-preserving diffeomorphism that fixes an 
open set. This is a combination of the open-book decomposition, Moser’s argument, the 
transitivity of symplectomorphisms and the Dacorogna-Moser theorem. Technicalities 
aside, the way to prove Theorem 5.7 is to endow the corresponding mapping torus with 
a cosymplectic structure and perform two parallel surgeries, which cancel each other’s 
twisting and whose effect on the diffeomorphism type is that of one surgery. We thus 
recover the original manifold with a B3-structure. In a forthcoming work we will study 
the geometry and invariants associated to B3-structures.

An extra lesson to be drawn is that, in the case of odd-dimensions, Bn-generalized 
complex structures, expressed as a differential form (of possibly mixed degree) are some
how simpler than their involved classical counterparts (a normal almost contact structure 
consists of an endomorphism, a vector field and a 1-form satisfying compatibility and 
integrability conditions).

We begin in Section 2 with an account of generalized and Bn-generalized complex 
geometry from the viewpoint of differential forms. As far as we know, this is a novel way 
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of presenting the subject, first used in the talk [19]. In Section 3 we introduce the family 
of generalized surgeries that we will use. With these we produce the first interesting 
examples, which we describe in Section 4. The proof of Theorem 5.7 is in Section 5.

Notation: We work on the smooth category. For simplicity, when working over a manifold 
M we use Ωk for the k-forms and Ωk

cl for the closed k-forms, which may be defined locally. 
When a differential form, say ρ, is nowhere vanishing, we use the notation ρ ̸= 0.

Acknowledgments: R.R. would like to thank Nigel Hitchin for suggesting the study of 3
manifolds, Marco Gualtieri for helpful comments, and the Weizmann Institute of Science 
for its hospitality.

2. 𝑩𝒏-generalized complex structures

This section is a short introduction to Bn-generalized complex structures. For the 
standard viewpoint and more details, check [18] or, for usual generalized geometry, [12, 
13].

2.1. Generalized complex geometry through differential forms

Many geometric structures are or can be described through differential forms, for 
instance, symplectic and complex structures. Consider a 2m-dimensional manifold M . A 
symplectic structure is a 2-form ω that is non-degenerate (ωm ̸= 0) and closed (dω = 0). 
On the other hand, a complex structure J on M is equivalently described by a subbundle 
KJ ⊂ ∧mT ∗

CM admitting non-vanishing local sections ζ that are decomposable (ζ =
θ1 ∧ . . . ∧ θm for some local complex 1-forms θj), satisfy a non-degeneracy condition 
(ζ ∧ ζ ̸= 0) and are closed (dζ = 0). Note that ζ plays the role of an (m, 0)-form, whose 
annihilator is precisely the −i-eigenbundle of J .

Both symplectic and complex structures can be put on the same footing by taking 
advantage of the fact that ∧•T ∗

CM is a Clifford module for TCM ⊕ T ∗
CM , which we 

recall briefly. We fix the notation X + α (or Y + β) and ρ (or ψ) for the elements or 
local/global sections of TCM ⊕ T ∗

CM and ∧•T ∗
CM , respectively. Pointwise, the natural 

pairing on TCM⊕T ∗
CM is determined by ⟨X+α,X+α⟩ = α(X) and the Clifford action 

is

(X + α) · ρ := ιXρ + α ∧ ρ.

Since this is essentially the spinor representation, we refer to ρ (or ψ) as spinors. The 
annihilator of a spinor is isotropic for ⟨ , ⟩. The spinors having a maximally isotropic 
annihilator are called pure and are, pointwise, a nonzero multiple of the form

ρ = eB+iωθ1 ∧ . . . ∧ θk (1)
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for some B, ω ∈ ∧2T ∗M and θj ∈ ∧1T ∗
CM , where k = 0 is possible and by the action of 

eB+iω on any ψ we mean

eB+iωψ := eB+iω ∧ ψ. (2)

Motivated by this, for a symplectic form ω, we consider the differential form

eiω := 1 + iω − ω2/2! + . . . ,

which (globally) generates the subbundle Kω := ⟨eiω⟩. We thus have that both Kω,KJ ⊂
∧•T ∗

CM and that both eiω and any section of KJ are pure spinors.
Moreover, spinors come with an Spin0-invariant pairing with values in ∧topT ∗

CM given 
by

(ρ, ψ) := [ρ⊤ ∧ ψ]top, (3)

where ⊤ denotes the reversing antiautomorphism (α1 ∧ . . . ∧ αr)⊤ := αr ∧ . . . ∧ α1 for 
1-forms αj , and [ ]top the top-degree component. With respect to this pairing, we have 
that for any section ζ of KJ , (ζ, ζ) ̸= 0, and (eiω, e−iω) is a nonzero multiple of ωm ̸= 0.

Finally, since dω = 0 is equivalent to deiω = 0, we have that both eiω and any section 
of KJ are closed. However, we consider, to our benefit, a weaker integrability condition 
that involves the Clifford action: we say that ρ is integrable if there exists some complex 
X + α such that

dρ = (X + α) · ρ.

Generalized complex structures are the ‘greatest common divisor of symplectic and 
complex structures seen through the Clifford algebra glasses’.

Definition 2.1. A generalized complex structure on a manifold M is a subbundle K ⊂
∧•T ∗

CM admitting local sections ρ such that:

• ρ is pointwise pure, that is, ρ = eB+iωθ1 ∧ . . . ∧ θk as in (1).
• ρ has real index zero, that is, (ρ, ρ) ̸= 0 for the pairing in (3).
• ρ is integrable, that is, dρ = (X + α) · ρ for some complex section X + α.

We call k the type, which is an upper-semicontinuous integer function bounded by m.

Note that purity implies constant parity on ρ, which together with (ρ, ρ) ̸= 0 forces the 
dimension of M to be even. The existence of a generalized complex structure implies the 
existence of an almost complex structure [13, Sec. 3]. So generalized complex geometry 
interacts with the border between complex and almost complex structures: in fact, there 
are generalized complex compact 4-manifolds, like 3CP 2, that are neither complex nor 
symplectic [3].
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Remark 2.2. Our approach recovers the usual presentation of generalized complex ge
ometry in the same way that J was recovered by ζ above. The annihilator of ρ does not 
depend on the choice of section of K and gives a subbundle L ⊂ TCM ⊕T ∗

CM such that

• L is maximally isotropic, because of the purity of ρ.
• L ∩ L = {0}, because of (ρ, ρ) ̸= 0.
• L is involutive for the Dorfman bracket on Γ(TCM ⊕ T ∗

CM),

[X + α, Y + β] := [X,Y ] + LXβ − ιY dα.

The latter condition is equivalent to dρ = (X + α) · ρ for some complex X + α, which 
explains the weaker integrability condition we can afford. The subbundle L then plays the 
role of the +i-eigenbundle of a skew-symmetric endomorphism 𝒥 satisfying 𝒥 2 = − Id
[13, Def. 3.1].

2.2. Bn-generalized complex geometry through differential forms

For M an n-dimensional manifold, Bn-generalized complex geometry is an extension 
of generalized complex geometry based on the fact that ∧•T ∗

CM is a Clifford module also 
for TCM ⊕ 1C ⊕T ∗

CM (where 1C := M ×C, and whose elements or local/global sections 
we denote by X + f + α) with the pairing

⟨X + f + α,X + f + α⟩ := iXα + f2 (4)

and the Clifford action

(X + f + α) · ρ := ιXρ + fτρ + ξ ∧ ρ,

where τρ = τ(ρ+ + ρ−) := ρ+ − ρ− for ρ± the even/odd components of ρ. Being pure 
now corresponds, pointwise, to being a nonzero multiple of

ρ = eA+iσeB+iωθ1 ∧ . . . ∧ θk, (5)

for A, σ ∈ ∧1T ∗M , B,ω ∈ ∧2T ∗M and θj ∈ ∧1T ∗MC, with eB+iω acting as in (2) and 
eA+iσ acting, on an arbitrary ψ, by

eA+iσψ := ψ + (A + iσ) ∧ τψ. (6)

The pairing on spinors is (3) for n even and, for n odd, it is given by

(ρ, ψ) := [˜︁ρ ∧ ψ]top, (7)

where ˜︁ρ := (τρ)⊥ = ρ⊥+ − ρ⊥− is the Clifford conjugation.
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Remark 2.3. Since the pairing (4) is of signature (n+1, n), which is preserved by the Lie 
group O(n + 1, n), a real form of O(2n + 1,C) (of Lie type Bn), the prefix Bn is used.

By analogy with Definition 2.1, we introduce the relevant structures for this work.

Definition 2.4. A Bn-generalized complex structure on M is a subbundle K ⊂ ∧•T ∗
CM

admitting local sections ρ such that:

• ρ is pointwise pure, that is, ρ = eA+iσeB+iωθ1 ∧ . . . ∧ θk as in (5).
• ρ has real index zero, that is, (ρ, ρ) ̸= 0 for the pairing (7)/(3) for n odd/even.
• ρ is integrable, that is, dρ = (X + f + α) · ρ for some complex section X + f + α.

We call k the type, which is an upper-semicontinuous integer function bounded by ⌊n/2⌋.

Note that any generalized complex structure is, in particular, a Bn-generalized com
plex structure. However, Bn-generalized complex structures are much more flexible. To 
start with, they can be defined also in odd dimensions n = 2m + 1. To give examples, 
we first recall the analogues of symplectic and complex structures in odd dimensions.

Definition 2.5. A cosymplectic structure is a pair (σ, ω) consisting of global forms ω ∈
Ω2

cl(M) and σ ∈ Ω1
cl(M) with σ ∧ ωm ̸= 0.

Definition 2.6. An almost contact structure is a tuple (Y, η, J) consisting of a vector 
field Y , a 1-form η and J ∈ End(TM) satisfying ιY η = 1 and J2 = − Id+Y ⊗ η (as a 
consequence, J(Y ) = 0, η ◦ J = 0 and J defines a complex structure on the distribution 
ker η). It is said to be normal (nacs) when the almost complex structure ˜︁J defined on 
the manifold M ×R as the extension of J| ker η by ˜︁JY = ∂r, with r the R-coordinate, is 
integrable.

Example 2.7. A cosymplectic structure determines the Bn-generalized complex structure 
globally given by ei(σ+ω), whereas a nacs determines one, for any choice of an (m, 0)-form 
Ω on the annihilator Y ◦, given by ρ = Ω + iΩ ∧ η.

Example 2.8. In particular, the cosymplectic structure on S2 × S1 (or D2 × S1) given by 
(dθ, ω), with dθ the angle form of S1 and ω the area form of S2 (or D2) determines the 
spinor

1 + idθ + iω − dθ ∧ ω.

The examples most relevant to us are those with type change.

Example 2.9. On C × R with complex coordinate z and real coordinate t, the form 
ρ = z + dz + idz ∧ dt defines a B3-generalized complex structure (note that dρ = i∂t · ρ). 
Its type is 0 along {z ̸= 0} and 1 elsewhere.
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As we see, in practice, instead of giving K, we will consider a family of local differential 
forms ρ that, on the intersections, differ by a non-vanishing complex function.

2.3. Symmetries: A and Bfields

Let ρ be a Bn-generalized complex structure (possibly defined locally). For a diffeo
morphism f ∈ Diff(M), the pullback f∗ρ is again Bn-generalized complex.

We also look at the actions of eA and eB as in (2) and (6), but for real forms. Note 
that, for A,A′ ∈ Ω1, B,B′ ∈ Ω2, the action of eB commutes both with that of eB′ and 
eA, whereas, acting as endomorphisms,

eAeA
′
= eA+A′

e−A∧A′
. (8)

Hence, the actions of eA and eB preserve the purity condition. Also,

(eAeBρ, eAeBρ) = (eAeBρ, eAeBρ) = (ρ, ρ). (9)

Finally, we have

d(eBρ) = dB ∧ eBρ + eBdρ,

d(eAρ) = dA ∧ τρ + eAdρ

= dA ∧ τ(eAρ) + dA ∧A ∧ (eAρ) + eAdρ,

(10)

which we shall combine with the following result.

Lemma 2.10. For v := X + f + α, a spinor ρ, and forms B ∈ Ω2, A ∈ Ω1, we have

eB(v · ρ) = (e−Bv) · (eBρ), eA(v · ρ) = (e−Av) · (eAρ),

where, by definition,

e−Bv = e−B(X + f + α) := X + f + α− ιXB,

e−Av = e−A(X + f + α) := X + f − ιXA + α + 2fA.

Proof. It can be checked directly (see also [18, Ch. 1]). □
Remark 2.11. Identity (9) and Lemma 2.10 correspond to the fact that exp(A) and 
exp(B) are elements of Spin0 acting as e±A or e±B depending on whether they act on v
or ρ.

Thus, by (10) and Lemma 2.10, we have that eAeBρ is integrable for all ρ integrable if 
and only if dA = 0, dB = 0. For global A and B these are new symmetries joining the 
theory.



8 J. Porti, R. Rubio / Advances in Mathematics 500 (2026) 111062 

Definition 2.12. An Afield is an endomorphism eA, for A ∈ Ω1
cl(M), acting on Ω•

C as in 
(6), and a Bfield is an endomorphism eB, for B ∈ Ω2

cl(M), acting on Ω•
C as in (2).

We have proved in this section that diffeomorphisms, A and Bfields generate a group 
acting on Bn-generalized complex structures. This group is called the group of general
ized diffeomorphisms. For instance, any type 0 structure is equivalent by a generalized 
diffeomorphism to a cosymplectic structure as in Example 2.7.

2.4. The integrability condition revisited

Whereas in Examples 2.7 and 2.8 the forms are closed, in Example 2.9 it is not the 
case. However, wherever ρ0 ̸= 0 we can always find a closed representative.

Lemma 2.13. Consider a Bn-generalized complex structure locally given by some ρ. Wher
ever ρ0 ̸= 0, the equivalent description 1 + ρ1/ρ0 + . . . + ρn/ρ0 is a closed form.

Proof. By purity, the equivalent description can be written as ρ/ρ0 = eA+iσeB+iω. The 
integrability condition for some X + f + α is

(dA + idσ + dB + iω) ∧ ρ/ρ0 = (ιXA + iιXσ + ιXB + iιXω + α) ∧ ρ/ρ0 + fτ(ρ/ρ0).

By looking at degree 0 and using the condition in degree 1, we get

0 = ιXA + iιXσ + f, 0 = ιXB + iιXω + α− 2f(A + iσ).

Using these expressions in degrees 2 and degrees 3, we get, respectively,

dA + idσ = 0, dB + idω = 0,

so the left-hand side is clearly zero, that is, d(ρ/ρ0) = 0. □
For example, wherever z ̸= 0, the spinor 1 + dz

z + idzz ∧ dt coming from Example 2.9
is indeed closed.

Lemma 2.14. A necessary condition for the integrability of a Bn-generalized complex 
structure ρ = ρ0 + . . . + ρn is that, for all degrees j,

ρ0dρj = dρ0 ∧ ρj . (11)

Proof. Let p ∈ M . When ρ(p) ̸= 0, condition (11) follows from Lemma 2.13. If ρ0(p) = 0
and dρ0(p) = 0, it is trivially satisfied, and when ρ0(p) = 0 and dρ0(p) ̸= 0, then p is an 
isolated zero of ρ0 and it follows from the case ρ(p) ̸= 0 by continuity. □
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2.5. Twisted structures

Although our focus is on Bn-generalized complex structures, we will need to consider 
the larger class of twisted structures, for which we replace the integrability in Defini
tion 2.4 by:

• twisted integrable: there exist a 3-form H ∈ Ω3(M) and a closed 2-form F ∈ Ω2
cl(M)

satisfying dH + F 2 = 0 such that, locally for a spinor ρ, there exists some complex 
X + f + α satisfying

(d + F ∧ τ + H∧)ρ = (X + f + α) · ρ.

Note that H and F are global whereas ρ and X + f + α can be local.
We see next that acting on ρ by eA or eB, for A, B not necessarily closed, twists the 

integrability condition and justifies the definition.

Lemma 2.15. For a twisted Bn-generalized complex structure (with respect to F and H) 
locally given by ρ, and forms A ∈ Ω1 and B ∈ Ω2, we have that eAeBρ is twisted 
integrable with respect to

d + (F − dA) ∧ τ + (H − dB − (dA− 2F ) ∧A) ∧ .

Proof. It follows from (10), Lemma 2.10 and the properties that eB commutes with F ∧τ
and H, eA commutes with H, and

F ∧ τ(A ∧ τρ) = −F ∧A ∧ ρ = −A ∧ τ(F ∧ τρ). □
2.6. Stable structures

For a Bn-generalized complex structure given by K, any non-vanishing local section 
ρ ∈ Γ(K) gives via ρ0 a complex function on an open set. The preimage ρ−1

0 (0) is 
independent of the choice of ρ.

Lemma 2.16. If ρ0 vanishes transversely at p (that is, ρ0(p) = 0 and dρ0(p) ̸= 0), then, 
around p, the set ρ−1

0 (0) is a codimension-2 submanifold and ρ0 defines a complex coor
dinate transverse to it.

Proof. From (11), we have that dρ0(p) ∧ ρj(p) = 0, so ρj(p) = dρ0(p) ∧ αj for some 
j-form αj at p. Consequently (ρ, ρ)(p) = dρ0(p) ∧ dρ0(p) ∧ β for some (n − 2)-form β
at p. From the condition (ρ, ρ) ̸= 0, it follows that dρ0(p) ∧ dρ0(p) ̸= 0, from which we 
deduce Re dρ0(p) ∧ Im dρ0(p) ̸= 0. Hence, ρ−1

0 (0) is a codimension-2 submanifold (by 
the regular value theorem) and, around p, the function ρ0 defines a transverse complex 
coordinate. □
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The transverse vanishing of any local function ρ0 is equivalently expressed as the 
transverse vanishing of the (global) anticanonical section s ∈ Γ(K∗) induced by the 
projection from K to its degree-0 component. The first part of Lemma 2.16 motivates 
the following definition.

Definition 2.17. We say that a Bn-generalized complex structure given by K is stable 
when the anticanonical section s ∈ Γ(K∗) vanishes transversely. For simplicity, we refer 
to these structures as Bn-structures.

For a Bn-structure, the set s−1(0) is a codimension-2 manifold. For B3-structures, 
where the type only takes values 0 and 1, this is exactly the type-change locus.

From now on, we will focus on the class of stable structures. It is generic, has been the 
main focus of standard generalized geometry (see, for instance, the recent works [4,5]) 
and is connected to log or b-symplectic geometry [14]. Note that they are generically of 
type 0.

2.7. The main question

Generalized structures usually encompass classical structures and a natural question 
is whether there are manifolds admitting the generalized structure but not the classical 
ones, as we mentioned for generalized complex structures in Section 2.1.

Note that a manifold admitting a Bn-generalized complex structures must be ori
entable, as the nowhere vanishing top form (ρ, ρ) is defined up to a positive multiple. 
Type change is already possible for dimension 3, as in Example 2.9, so it is natural to 
ask whether there are closed orientable 3-manifolds that are neither cosymplectic nor 
nacs but admit a B3-structure.

Remark 2.18. Note that not every orientable 3-manifold is cosymplectic or nacs. Cosym
plectic manifolds are symplectic mapping tori (as explained, for instance, in [15]), whereas 
nacs closed 3-manifolds were characterized by Geiges [9] and, by comparing with [20], 
are equivalently described as orientable Seifert manifolds with orientable base.

In order to provide an answer to the question above, we first develop a family of 
surgeries.

3. Surgeries on a cosymplectic neighbourhood

Surgeries in four-dimensional generalized complex geometry combine a Dehn filling 
with a 𝒞∞-log transform in a structure-compatible way [2,3,21,11]. In three dimensions, 
however, we have one less ‘degree of freedom’ (one less variable) and one more degree 
component to take care of (we have both even and odd degrees). Still, we are able to find 
an analogous class of surgeries that will serve our purposes. We first fix some notation. 
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All the disks will be 2-dimensional disks. For a > b > 0, we denote by Da the open disk 
of radius a, and use the notation R(a, b) := Da \ Db for open rings. From now on, for 
the basics on 3-manifold topology we refer to [16].

3.1. The (p,±1)-surgery

Start with a closed manifold M endowed with a B3-structure. Assume there is a neigh
bourhood where the structure is cosymplectic, given by σ and ω (as in Example 2.7), 
containing a knot ı : S1 → M such that ı(S1) is transverse to kerσ. Restrict this neigh
bourhood to a tubular neighbourhood N → S1 in which the area of each fibre ȷ : L → N

is constant, 
∫︁
L
ȷ∗ω = πa2 for some a > 0. Let c ∈ R× be such that 

∫︁
S1 ı

∗σ = 2πc. By 
Moser’s trick we have a diffeomorphism of cosymplectic manifolds

(N, (σ, ω)) ∼ = (Da × S1, (cdt, sds ∧ dφ)), (12)

where sds∧ dφ denotes the area form of Da, written in polar coordinates (s, φ), and t is 
the angular coordinate for S1. We use this diffeomorphism as an identification from now 
on. The B3-structure is given, as in Example 2.8, by

ρ := 1 + icdt + isds ∧ dφ− cdt ∧ sds ∧ dφ. (13)

Restrict ρ to a ring R0 := R(a, b) times S1 for some b with a > b > 0, and pull it back 
to the ring R1 := R(ea2/2, eb

2/2) times S1 via the map

Ψ :R1 × S1−→R0 × S1

(r, θ, σ) ↦−→(
√︁

2 log r, pθ − qσ, qθ) = (s, φ, t), (14)

for some arbitrary integer p and q = ±1 (so that it induces a Dehn filling on ∂Ri × S1). 
The resulting structure is

1 + icd(qθ) + id log r ∧ d(pθ − qσ) − . . .

Act by the Afield A := cqd log r, as in (6), to get

1 + cq(d log r + idθ) + id log r ∧ d((p− c2)θ − qσ) − . . .

Act by the Bfield B := qdθ ∧ dσ, as in (2), to get

1 + cq(d log r + idθ) + i(d log r + idθ) ∧ d((p− c2)θ − qσ).

We introduce the variable z = reiθ so that the structure is written as

1 + cq
dz

z
+ i

dz

z
∧ d((p− c2)θ − qσ).
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Motivated by this, consider the structure on T := Dea2/2 × S1 given by

ρT := z + cqdz − iqdz ∧ dσ + iβ(r2)(p− c2)dz ∧ dθ,

where β : [0, ea2 ] → R is a smooth function such that β([0, x0]) = 0 and β([x1, b]) = 1
for some x0 < x1 < eb

2 . The form ρT defines a B3-structure on the open solid torus T :

• ρT (0) = cqdz−iqdz∧dσ is pure, whereas for z ̸= 0 we have that ρT = z exp(cqdz/z−
iq(dz/z) ∧ dσ + iβ(r2)(p− c2)(dz/z) ∧ dθ) is also pure.

• (ρT , ρT ) = −2icq2dz ∧ dz ∧ dσ ̸= 0.
• dρT = −iq∂σ · ρT (note that β(r2)(p− c2)dz ∧ dθ is closed).

We consider the closed manifold ˜︂M := (M \ Db × S1) ∪Ψ T , where we use Ψ to glue 
along R0 × S1 and R1 × S1. The relation between the B3-structures on R1 × S1 is given, 
for A and B as above, by

zeAeBΨ∗ρ = ρT . (15)

We see next that this defines a twisted B3-structure.

Remark 3.1. The underlying topological surgery is described by the coefficients (p,±1)
and the isomorphism (12). This isomorphism induces a peripheral system: two curves m
and l that are a basis for H1(∂N,Z), so that m is a meridian (that is, it bounds a disk in 
N). Thus, through (12), m corresponds to ∂D2

a and l to the factor S1. For this peripheral 
system, (p,±1) surgery means that p m± l is the filling meridian, which bounds a disk in 
the resulting manifold. Notice that different choices of the diffeomorphism (12) may have 
different peripheral systems, but the meridian does not change, so the (p,±1) surgery 
may be denoted by (p′,±1) in a new peripheral system. Namely, p may change by an 
integer but ±1 remains the same (in other words, the set of isotopy classes of orientation
preserving diffeomorphisms of the solid torus is Z, generated by Dehn twists).

3.2. The twisting

On ˜︂M as above, consider the open sets corresponding to M ′ := M \ Db × S1 and 
T , for which we keep the same notation, and consider spinors ρM and ρT , which on 
the intersection are related by zeAeBρM = ρT similarly as in (15). We consider some 
AM ∈ Ω1(M ′) and AT ∈ Ω1(T ) such that A = AM −AT on M ′ ∩ T . From (8),

eAeB = e−AT eAM eB−AT∧AM = e−AT eAM e−CT eCM

for some CM ∈ Ω2(M) and CT ∈ Ω2(T ) such that, on M ′ ∩ T ,

B −AT ∧AM = CM − CT . (16)
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Note that −dAT = −dAM defines a global closed 2-form F , whereas, by differentiating 
(16), −dCM − dAM ∧ AM = −dCT − dAT ∧ AT defines a global 3-form H satisfying 
dH + F 2 = 0.

Consider eAM eCMρM and eAT eCT ρT . By Lemma 2.15 they are twisted integrable for 
H and F as above. By (15), they differ on M ′ ∩ T by the non-vanishing function z, so 
they span a subbundle K ⊂ ∧•T ∗

C
˜︂M that gives a twisted B3-structure (purity and real 

index zero follow from the corresponding properties for ρM and ρT ).

Lemma 3.2. The surgery procedure just described introduces a twisting by an exact F .

Proof. We apply Stokes’ Theorem: let ξ be an arbitrary nonzero closed 1-form,∫︂
˜︂M

F ∧ ξ =
∫︂

˜︂M\T

F ∧ ξ +
∫︂
T

F ∧ ξ

= −
∫︂

−∂T

AM ∧ ξ −
∫︂
∂T

AT ∧ ξ =
∫︂
∂T

A ∧ ξ = 0,
(17)

where the last equality follows from the fact that A = cqd log r and ∂T involves only the 
coordinates θ and σ. As ˜︂M is closed, by Poincaré duality H1(˜︂M)∗ ∼ = H2(˜︂M), and we 
have that F is exact. □

Say F = dΛ in Lemma 3.2, for some Λ ∈ Ω1(M), and consider the structure eΛK. By 
Lemma 2.15, eΛK is twisted integrable for F ′ := 0 and H ′ := H + F ∧ Λ.

Lemma 3.3. The form H ′ as above is never exact, since it satisfies∫︂
˜︂M

H ′ = 4π2q ̸= 0

Proof. We apply Stokes’ Theorem again, now on H ′, using that dΛ = −dAM on ˜︂M \ T
and dΛ = −dAT on T . Note that∫︂
T

(−dCT − dAT ∧AT + F ∧ Λ) =
∫︂
T

(−dCT + F ∧ (AT + Λ))

=
∫︂
T

d(−CT + Λ ∧ (AT + Λ)) =
∫︂
∂T

(−CT + Λ ∧AT ) 

and analogously for ˜︂M \ T . Thus,∫︂
˜︂M

H ′ =
∫︂

−∂T

(−CM + Λ ∧AM ) +
∫︂
∂T

(−CT + Λ ∧AT )
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=
∫︂
∂T

(B −AM ∧AT − Λ ∧A) =
∫︂
∂T

B +
∫︂
∂T

((AM − Λ) ∧A)

=
∫︂
∂T

qdθ ∧ dσ = 4π2q ̸= 0,

since, just as in Lemma 3.2, the integral involving A vanishes and the one involving B
can be computed directly, recalling that ∂T = S1 × S1. Since ˜︂M is closed, we have that 
H ′ is never exact. □

Lemma 3.3 implies that, unlike for usual generalized complex structures [2,3], only 
one surgery will not be enough. Indeed, the situation is very different: in the usual case it 
suffices to have a 4-manifold with vanishing H3(M,R), but for B3-structures we always 
have that H3(M,R) ̸= {0} and the 3-form in the twisting is never closed.

Based on the proofs of Lemmas 3.2 and 3.3, we can perform several surgeries at the 
same time to obtain the following.

Proposition 3.4. Let M be a manifold endowed with a B3-structure with 2r disjoint 
cosymplectic neighbourhoods {Nj} equipped with diffeomorphisms as in (12). For any 
choice of pj ∈ Z, the manifold

M((p1,−1), . . . , (p2r,+1)),

resulting of performing (pj , (−1)j)-Dehn fillings, admits a B3-structure with 2r type
change curves more than M .

Proof. Let aj > 0 be such that Nj
∼ = Daj

× S1 (as cosymplectic manifolds) and let bj
satisfying aj > bj > 0. We can perform the surgeries of Section 3.1 simultaneously on 
each Nj with maps Ψr like in (14),

M((p1, q1), . . . , (p2r, q2r)}) ∼ = (M \ ∪2r
j=1(Dbj × S1)) ∪Ψ1 T1 . . . ∪Ψ2r T2r,

where qj = (−1)j . The resulting twisting is calculated as in Section 3.2: the analogue of 
(17) will have now 2r vanishing integrals, so the resulting F is exact F = dΛ. We can act 
by eΛ so that only the twisting by H remains. Its integral, as in the proof of Lemma 3.3, 
is

4π2
2r ∑︂
j=1 

qj = 4π2
2r ∑︂
j=1 

(−1)j = 0.

So it is exact, H = dY for a 2-form Y , and we can act by eY to get a B3-structure. The 
final claim follows from the fact that each surgery along Tj introduces a type-change 
curve. □
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By Remark 3.1, the diffeomorphism class of

M((p1,−1), . . . , (p2r,+1))

above depends on the choice of peripheral system for each cosymplectic neighbourhood.

4. First examples

We apply now Proposition 3.4 to generate new B3-structures. We shall work with 
products Σ× S1 for Σ a surface and do surgery on the S1 factor, so that the peripheral 
system or choice of product structure on the tubular neighbourhood is clear.

We start with an example in which we can compute everything explicitly. Consider 
the manifold S2 × S1 and the cosymplectic B3-structure of Example 2.8. Let N and S
be the north and south poles of S2. We can perform (1, 1) and (1,−1) surgeries along 
two non-intersecting cosymplectic neighbourhoods around {N}×S1 and {S}×S1. If we 
regard S2 × S1 as (D2 × S1) ∪∂ (D2 × S1), the first surgery gives the manifold

(D2 × S1) ∪∂ (S1 ×D2) = S3,

whereas the second surgery gives again

(S1 ×D2) ∪∂ (S1 ×D2) = S1 × S2.

By choosing neighbourhoods around N and S to be hemispheres, the resulting B3
structure is diffeomorphic to the one given on (C ∪ {∞}) × S1 by

{︄
z + idz + idz ∧ dθ, on C × S1,
1 
z − id( 1 

z ) − id 1 
z ∧ dθ, on (C× ∪ {∞}) × S1.

(18)

Remark 4.1. By doing surgeries (p1,−1), (p2, 1) on S2 × S1 we obtain the lens space 
L(p1 − p2, 1) by [16, Exercise 10.3.6].

We replace now the sphere by a closed genus-g oriented surface. We consider Σg × S1

with the usual cosymplectic structure, and two points P,Q ∈ Σg to perform a (0, 1) and 
a (0,−1)-surgery along disjoint neighbourhoods of {P}×S1 and {Q}×S1. The resulting 
manifold, M := (Σg × S1)((0, 1), (0,−1)), has a B3 structure with two type-changing 
curves. A quick way to determine the resulting manifold is to compute its fundamental 
group. Start with π1((Σg−{P,Q})×S1) ∼ = F2g+1×Z, where F2g+1 denotes the free group 
of rank 2g + 1. Then gluing the solid tori of surgery kills the factor Z, and the resulting 
fundamental group is F2g+1. By Thurston’s geometrization the resulting manifold must 
be #2g+1(S2 × S1).
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Proposition 4.2. The manifold #2g+1(S2×S1), for g ≥ 1, is a B3-manifold that is neither 
cosymplectic nor nacs.

Proof. We have defined a B3-structures on the manifold #2g+1(S2×S1), for g ≥ 1, which 
is a non-trivial connected sum, that is, not prime.

Cosymplectic manifolds are symplectic mapping tori (as mentioned in Remark 2.18). 
A mapping torus is prime, because either it is S2 × S1 or its universal cover is R3, the 
universal cover of the fibre times the universal cover of S1 [16, Sec. 9.2.6]. On the other 
hand, by [9, Thm. 2], nacs manifolds are Seifert manifolds, but are not diffeomorphic to 
RP 3#RP 3, hence they are prime [16, Sec. 10.3.12]. □

We can apply more pairs of surgeries to get that the family

#2(g+s)−1(S2 × S1),

for g ≥ 1 and s ≥ 1, is neither cosymplectic nor nacs but admits a B3-structure whose 
type-change locus consists of 2s circles. If we replace the (0,±1)-surgeries by (p,±1)
surgeries with all p ̸= 0, then the result is an orientable Seifert manifold [16, Sec. 10.3] 
with an orientable base, hence it is nacs by Remark 2.18. If any of the coefficients is 
(0,±1), then the result can be seen not to be prime, see [16, Cor. 10.3.43]. A natural 
question now is whether we can find a geometric manifold with a B3-structure that does 
admit neither nacs nor cosymplectic structures. We actually prove much more.

5. Every closed orientable 3-manifold admits a 𝑩3-structure

We can and do assume our manifold to be connected. We will give a constructive proof 
organized as follows. Every closed orientable 3-manifold has an open book decomposition 
with connected binding, so it is a (0, 1)-surgery on the mapping torus of a surface diffeo
morphism (Section 5.1). We will prove that it is the mapping torus of an area preserving 
diffeomorphism (Section 5.2) that fixes a disk (Section 5.3), and we will apply surgery 
to a pair of parallel curves in the mapping torus of this disk (Section 5.4).

5.1. Every closed orientable 3-manifold is obtained via surgery on a mapping torus with 
a fixed point

We review this fact for completeness. We recall the definition and properties of open 
book decompositions [8].

Definition 5.1. An open book decomposition of a closed 3-manifold M is given by a 1
dimensional submanifold B ⊂ M , called the binding, and a fibration π : M \ B → S1

such that π−1(θ), called an open page, is the interior of a compact surface Σθ ⊂ M with 
∂Σθ = B.
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The following is a key result.

Theorem 5.2 ([1,10,17]). A closed oriented 3-manifold admits an open book decomposi
tion with connected binding.

All open pages are diffeomorphic to the interior of a surface with boundary, say, Σ. 
The open book is diffeomorphic to the manifold obtained from the mapping torus Mφ of 
a diffeomorphism φ : Σ → Σ that is the identity around ∂Σ, by collapsing the S1 factor 
in the product ∂Mφ

∼ = ∂Σ × S1. Equivalently, assuming that the binding is connected, 
the initial M is the result of attaching a solid torus along ∂Mφ, so that the surgery 
meridian is the S1 factor (and the core of the solid torus is the binding). On the other 
hand, let N denote the result of attaching a solid torus along ∂Mφ but with surgery 
meridian ∂Σ. The S1 factor of the solid torus is compatible with the bundle structure, 
and thus N is the mapping torus of the diffeomorphism obtained by attaching a disk to 
∂Σ and extending φ as the identity on this disk. Furthermore, we can pass from N to the 
initial manifold M by Dehn surgery because both M and N are the result of attaching 
a solid torus D2 × S1 to ∂Mφ. The coefficient of this surgery is (0, 1) in the standard 
peripheral system, because the roles of ∂D2 and the factor S1 are switched. Thus we 
have proved the following corollary.

Corollary 5.3. Every 3-manifold is obtained via (0, 1)-surgery on a mapping torus (with 
a fixed point).

5.2. Existence of an invariant area form

We work now on the mapping torus Mφ of a diffeomorphism (with a fixed point) 
φ : Σ → Σ, which is orientation preserving as Mφ is orientable. Take any area form ω
on Σ. We have that φ∗ω has the same area as ω, so by Moser’s argument, there exists a 
family of diffeomorphisms {ft} isotopic to the identity such that f∗

t (tφ∗ω+(1−t)ω) = ω, 
so, for f := f1, we have f∗φ∗ω = ω. The map φ◦ f is an area preserving diffeomorphism 
such that Mφ◦f ∼ = Mφ (since φ◦ f and φ are isotopic), but it may not have a fixed point 
any more. For this, we deform the gluing diffeomorphism further.

Take any x ∈ Σ, consider a path to (φ ◦ f)(x) and a connected and simply connected 
neighbourhood V of this path. Cover the path with charts U0, . . . , Ur ⊂ V so that 
x0 := x ∈ U0, xr := (φ ◦ f)(x) ∈ Ur and choose points xj ∈ Uj−1 ∩Uj for 0 < j < r. We 
use now a standard argument of Hamiltonian flows.

Lemma 5.4. Symplectomorphisms act transitively on any two points of a chart.

Proof. Given two points of y, z ∈ U ⊂ Rn in a symplectic chart, consider two compact 
subsets C ⊂ C ′ ⊂ U containing them and a bump function ξ that is 1 on C and 0
outside C ′.
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Consider the function f(x) := ξ(x)ω(z − y, x) with associated Hamiltonian vector 
field Xf , i.e., such that df = ω(Xf , ). Since x ↦→ ω(z − y, x) is a linear map, on C we 
have that Xf = z − y. The one-parameter subgroup integrating Xf at time 1 gives a 
symplectomorphism sending y to z which is the identity outside C ′. □

We apply Lemma 5.4 to find symplectomorphisms φj sending xj to xj+1 for 0 ≤ j < r

and that are the identity outside Uj . The composition of these maps g := φr−1 ◦ . . . ◦φ0
sends x0 to xr and is the identity outside of V . It is isotopic to the identity (as it is a 
composition of maps isotopic to the identity) and we thus have that Mg−1◦φ◦f = Mφ

with g−1 ◦ φ ◦ f having a fixed point and leaving the area form ω invariant.

5.3. The gluing diffeomorphism can be chosen to be the identity around the fixed point

We use Dacorogna-Moser’s Theorem:

Theorem 5.5 ([7], [6, Thm. 10.11]). Let Ω be a bounded connected open set in Rn. Let 
f, g ∈ 𝒞∞(Ω) such that i) f, g > 0 in Ω, ii) 

∫︁
Ω f =

∫︁
Ω g and iii) supp(f − g) ⊂ Ω. Then 

there exists φ ∈ Diff(Ω) such that φ∗g = f and supp(φ− Id) ⊂ Ω.

With it we can prove the following.

Lemma 5.6. The mapping torus of an area-preserving diffeomorphism with a fixed point 
p is diffeomorphic to the mapping torus of an area-preserving diffeomorphism that is the 
identity around p.

Proof. Let h : Σ → Σ denote the diffeomorphism (where Σ is not necessarily a surface, 
although this will be the relevant case for us). Consider a chart around p ∈ Σ. Take 
an open set D2 around p and an open set D1 whose closure is strictly contained in 
D2 ∩ h(D2). Complete the family of subsets with D0 and D3 to have four nested open 
sets

p ∈ D0 ⊂ D1 ⊂ D2 ⊂ D3 ⊂ Σ.

We define two concentric ring-like sets R ⊂ Ω by

R := D2 \D1, Ω := D3 \D0.

By the choice of D1 and D2, we have h(Σ \D2) ∩D1 = ∅, so we can define a diffeo
morphism ψ : Σ → Σ such that

ψ|D1 = Id|D1 , ψ|M\D2
= h|M\D2

.

We now correct ψ to make it area-preserving. For this we apply Theorem 5.5, where we 
implicitly use the preimage via the chart. We consider Ω with the real-valued functions 
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f := 1 and g := Jacψ. The hypotheses are satisfied: i) fg > 0 as ψ is a diffeomorphism 
(g does not vanish) and g takes positive values, ii) 

∫︁
Ω f =

∫︁
Ω g, as 

∫︁
Σ g =

∫︁
Σ Jacψ =∫︁

ψ(Σ) 1 =
∫︁
Σ 1, and f = g on Σ \ Ω, and iii) supp(f − g) ⊂ Ω because f = g on Σ \ R. 

Consequently, there exists φ ∈ Diff(Ω) such that φ∗ Jacψ = 1 on Ω and supp(φ− Id) ⊂
R̄ ⊂ Ω. By the latter, we can extend the map φ by φ|Σ\Ω := Id and thus consider the 
map φ∗ψ = ψ ◦ φ−1, which satisfies Jacφ∗ψ = φ∗ Jacψ = 1.

As φ is the identity apart from a disk, φ∗ψ is isotopic to ψ, so their mapping torus 
are diffeomorphic,

Mh
∼ = Mψ

∼ = Mφ◦ψ,

and φ ◦ ψ|D0 = Id|D0 . □
5.4. Two surgeries to obtain a B3-structure

Let M be a closed orientable 3-manifold. By Section 5.1 it can be obtained by (0, 1)
surgery from a mapping torus Mφ, where, by Sections 5.2 and 5.3, φ : Σ → Σ fixes an 
open set around p and preserves an invariant form ω on Σ.

Consider the cosymplectic structure on Mφ given by 1 + idθ + iω − dθ ∧ ω. Take two 
fixed points p, q in the disk fixed by the diffeomorphism φ. Consider the corresponding 
curves Sp and Sq. Perform now two surgeries from Section 3.1: a (0, 1) surgery on Sp

and a (1,−1) surgery on Sq in Mφ. After the first surgery, the resulting manifold is M , 
by Corollary 5.3. We claim that the second surgery still yields M . To prove the claim, 
notice that Sp and Sq are parallel in Mφ (their union is the boundary of an embedded 
annulus [0, 1]× S1). Then after the first surgery, this annulus can be extended to a disk 
(by adding a meridian disk of the first surgery torus), so Sq bounds an embedded disk 
in M . A neighbourhood of this disk in M is homeomorphic to a ball, in which Sq is 
the unknot. This means that after the second surgery we obtain the connected sum of 
M with the (1,−1) surgery on the unknot in S3. The (1,−1) surgery on the unknot in 
S3 yields again S3 (this surgery is the lens space L(1,−1), by [16, Sec. 10.1.2], which 
is homeomorphic to L(1, 0) ∼ = S3 [16, Thm. 10.1.12, Prop. 10.1.6]). Hence the second 
surgery does not change the manifold M .

By the choice of the coefficients q and Proposition 3.4, we have thus proved:

Theorem 5.7. Any closed orientable 3-manifold admits a B3-structure with exactly two 
type-change curves.

A natural and interesting question arises: by analogy with the binding of an open-book 
decomposition in Theorem 5.2, can we find examples of B3-structures with a connected 
type-change locus? This and the study of the geometry and local invariants will be the 
subject of an upcoming work.
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