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ARTICLE INFO ABSTRACT

Keywords: We study the statistical properties of the area and the absolute area under the trajectories
Stochastic functionals of subdiffusive random walks. Using different frameworks to describe subdiffusion (as the
Subdiffusion

scaled Brownian motion, fractional Brownian motion, the continuous-time random walk or the
Brownian motion in heterogeneous media), we compute the first two moments, the ergodicity
breaking parameter for the absolute area and infer a general scaling for the probability density
functions of these functionals. We discuss the differences between the statistical properties of the
area and the absolute area for the different subdiffusion models and illustrate the experimental
interest of our results. Our theoretical findings are supported by Monte Carlo simulations
showing an excellent agreement.

Ergodicity breaking

1. Introduction

Anomalous transport with sublinear mean-squared displacement (MSD ~ , 0 < y < 1) is a hallmark of complex media, from
crowded intracellular environments to porous and fractal substrates [1-6]. In living cells, macromolecular crowding, transient
binding, and viscoelastic response yield subdiffusive motion of proteins, chromatin loci, and vesicles; at interfaces and boundaries
these dynamics can produce nontrivial spatial organization (e.g., depletion layers) with functional consequences for signaling and
reaction kinetics [1,2]. In porous or fractal media, tortuosity and multiscale geometry likewise lead to subdiffusive transport and
modified effective parameters that are crucial to interpretation and upscaling [4-6].

A variety of stochastic models have been proposed to describe these observations. On the one hand, one can consider the
mesoscopic description of continuous-time random walks (CTRWs) with heavy-tailed waiting times, which exhibits aging and weak
ergodicity breaking [7]; their scaling limits connect to fractional diffusion equations and admit both subordination and Langevin
formulations in physical time [8]. On the other hand, one can also consider the microscopic description based on the Langevin
equation as the scaled Brownian motion (SBM), and the fractional Brownian motion (fBM). Both are Gaussian yet nonergodic
and nonstationary processes widely employed to model a huge variety of physical and biological phenomena. For example, SBM
was used to describe fluorescence recovery after photobleaching in various settings [9] as well as anomalous diffusion in various
biophysical contexts [10-12]. In other branches of physics SBM was used to study the scaled voter model [13] and to model turbulent
flows observed by Richardson [14]. Moreover, the diffusion of particles in granular gases with relative speed dependent restitution
coefficients follow SBM [15]. The fBM in the subdiffusive regime (0 < H < 1/2) has been observed in various tracers in complex
environments both in vivo and in vitro [16-20], but also for completely different stochastic processes such as electronic network
traffic [21] or financial time series [22,23]. In the superdiffusive regime (1/2 < H < 1), positive increment correlations and
single trajectory powerspectra consistent with fBM were observed for the actively driven motion of endogenous granules inside
amoeba cells as well as for the motion of the amoeba themselves [24,25]. Another relevant microscopic description of subdiffusion
based on the Langevin equation is the heterogeneous diffusion process (HDP) with space-dependent diffusion coefficients. It has
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been used successfully in several contexts, such as Richardson diffusion in turbulence [14], mesoscopic transport in disordered
porous media [26], and diffusion on random fractal structures [27], random walks in an inhomogeneous medium [28-30], chemical
reactions [31], diffusion (in momentum space) in laser cooling processes [32], dissipative particle dynamics [33], vortex-antivortex
annihilations [34], biophysics [35-37] e.g. measurements of proteins’ diffusivity in mammalian cells [37], and modeling of 1/f
noise [38].

To characterize these movement models beyond kinematic quantities (MSD and propagators), stochastic functionals of random
walks sharpen inference by linking trajectories to time-averaged observables, first-passage, and occupation statistics for example,
and have been intensively studied, especially when the random walk is a Brownian motion [39]. Recently, the study of stochastic
functionals of anomalous diffusion gained interest [40-43]. Among the variety of stochastic functionals of physical significance,
the area and the absolute area under the trajectory as a function of observation time have been widely studied, particularly for
the standard Brownian motion [44-47]. The area has also been studied when the random walk is a Brownian motion under a
potential [48] or under resetting [49]. The area can be related to the random acceleration process [50,51]: if the acceleration of a
particle is a white Gaussian process, then the particle’s position is equivalent to the area of a Brownian motion in the overdamped
limit.

In this context, experimental techniques based on nuclear magnetic resonance (NMR) have often been used to study atomic
or molecular motion, and the application of inhomogeneous magnetic fields has allowed the characterization of the trajectories
of spin-bearing particles [52]. The macroscopic measured signal £ in NMR experiments can be written as E(f) = <ei‘/’> where
p=g /0’ B[x(7)]dt is the phase accumulated by each spin, g is the gyromagnetic ratio, B(x) is a spatially-inhomogeneous external
magnetic field, and x(z) is the trajectory of each particle. So that E(¢) encodes information regarding the motion of the particles.
Common choices of the magnetic field are B ~ x or B ~ x? (see Eqs. (62) and (64) in Ref. [52]). For the first case, the measured
signal E(f) corresponds to the area under the trajectory. As mentioned above, these trajectories are often subdiffusive in nature, and
the theoretical prediction for the measured signal may be useful to characterize the motion of the particles.

In this work, we study the statistical properties of two functionals of subdiffusive random walks: the area and the absolute area.
To do this, we consider the different approaches to subdiffusion mentioned above: the subdiffusive-CTRW with heavy-tailed waiting
times, SBM, fBM, and HDP with power-law spatially dependent diffusion coefficient. For the area, we compute the probability
density function (PDF) and the first two moments while for the absolute area, we compute the first two moments, the ergodicity
breaking parameter, and the scaling form of the PDF. Our analytical results have been tested with numerical simulations.

The paper is structured as follows: In Section 2 we introduce the concept of stochastic functional, how to find the first two
moments from the one-time and two-time PDFs, and how to compute the ergodicity breaking parameter from these moments. In
Section 3, we study the area under subdiffusive trajectories. We begin by finding general expressions for the first two moments in
terms of the autocorrelation function. Then, we specify these results to subdiffusive-CTRW, SBM, fBM, and HDP. In Section 4, we
do the same for the absolute area, and we further compute the ergodicity breaking parameter, and compare the results obtained
from the different models. We include some appendices to detail calculations. In Section 5 we find the scaling form of the PDFs of
the area and the absolute area and, moreover, for the area under Gaussian process we find the exact PDF. Our theoretical results
are checked with numerical simulations and compared with previous results. Finally, the conclusions are presented in Section 6.

2. Stochastic functionals and ergodic properties

Consider the stochastic functional
1
Z(1) = / Ulx(7))dz 1)
0

where U[x(7)] is function of the stochastic trajectory {x(z);0 < z <t} of a particle which is initially at x, this is, x(r = 0) = x,. The
mean value of the process Z(¢) if the motion started at x = x is

1
(Z(tIx) = /0 (Ulx(o)]) dr

- / dT/oo dxU(x)P(x, 7|x), @
0 —00

where P(x,1|x) is the probability of finding the particle at position x at time ¢ if it was initially at x,. Analogously, the mean square
values of the process Z(¢) is

t 2 t T
<</0 U[x(r)]dr) >=2!/ drz/o dzry (Ulx(z))]U[x(1)])
0

t (3 o 00
2!/ d12/ d'r]/ dxz/ dx U (x)U (x2) P(x5, 755 X1, 71| %) 3)
0 0 —o0 —o0

From these two mean values we can derive an expression for the ergodicity breaking parameter which will be useful to study the
ergodic properties of Z(r). Consider an observable O[x(r)], a function of the trajectory {x(z);0 < r < r}. Since x(z) is stochastic in
nature, the observable O[x(z)] will also be fluctuating between the realizations. An observable of the random walk is said to be
ergodic if the ensemble average equals the time average (@) = O in the long time limit. This means that if O[x(r)] is ergodic, then
its time average O is not a random variable. As a consequence, the limiting PDF of O, namely P(O, 1), is a Dirac delta function:

P(5,1—>oo)=5<5—<5>). )

(Z(t]x)*)
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Fig. 1. Schematic picture of the area and absolute area under a random path up to time 7.

If the observable is integrable with respect to the density P(x,|x,), then the ensemble average is given by

(O[x(t)]):/ O[x]P(x, t|xy)dx. 5)

00

The time average of O[x(#)] is defined as

0mm=%A0mmw‘ )

For non-ergodic observables, since 0 is random, its variance Var(©®) is non-zero in the long time limit. Otherwise, for an ergodic
observable Var(©) = 0 in the long time limit. Keeping this in mind, the ergodicity breaking parameter EB is defined as

— = ) 2
EB = lim VL((Z) = lim M @
e )

For ergodic observables, one should have EB = 0.
In the examples below we consider the observable O[x(7)] = U[x(¢)] so that the time average of the observable is from (6)

- 1
Omm=1/Ummw=£Q, ®)
t Jo t
and so
=\ _{(zw) =\ _ (Z0?)
@)= (@)="F— ©
Finally, from (7) we can find the EB in terms of the first two moments of the functional
Z(1)?
B= {z® 2> -1 (10)
(Z@®)

as t — oo. In this work we are interested in two specific functionals, the area and the absolute area under a random path. In Fig. 1 we
illustrate the concepts of both areas. Both functionals, when the underlying random walk is a Brownian motion, have been the subject
of study for decades. Note from (7) that to study the ergodic properties of a random walk using the ergodicity breaking parameter, it
is necessary to choose a specific observable © [53-57]. Traditionally, the time average mean square displacement (TAMSD) has been
used as functional to study ergodic properties. While the MSD and TAMSD are valuable observables, and certainly relevant, they
do not necessarily allow for distinguishing between the different underlying mechanisms that give rise to the observed movement,
thus complementary metrics are needed [58-61]. As we show below, computing the area underneath the trajectory of individual
particle tracers provides a complementary measure of how to discriminate between different microscopic models of subdiffusion.
This is directly relevant, as an example, to single-particle tracking in complex media (cells, gels, crowded fluids), where identifying
the appropriate diffusion model is required to infer viscoelasticity or structural heterogeneity.
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3. Area

In this section we find the first two moments of the area swept by a subdiffusive random walker, while in Section 5 we will
analyze its PDFs. By definition, the area under the trajectory {x(z);x(0) = 0,0 < = < 1} of the particle is a stochastic process defined
by

t
Alt) = / x(r)d. (11)
0

It is then a stochastic functional of the process x(z) with U(x) = x. We consider that the random walk is isotropic, so that (x(z)) =0
and in consequence the first moment is

(A@®) =0. (12)

The second moment of the area can be written in general, from Eq. (3), as

t t t 1
(A(t)2)=/ dtl/ dt, (x(tl)x(tz))=2/ dtl/ dt,C(1), 1) (13)
0 0 0 0

where C(t,1,) = (x(t)x(#;)). The second moment can be found from the autocorrelation function of the particle’s position C(z,,1,).
Since in this case the mean value of the area is zero, it makes no sense to compute here the ergodicity breaking for this observable.
In what follows, we present the expression for the second moment of the area (13) for the specific examples of subdiffusion studied
in this work.

3.1. Area under the trajectory of a Brownian motion

For the standard Brownian motion the autocorrelation of the particle’s position is given by C(t,,¢,) = 2D min(t,, ;). From Eq. (13)

one has
t 1 t
(AW?*) = ZD/ dt, [/ min(tl,tz)dt2+/ min(tl,tz)dtz]
0 0 1
! [’f ] 2D
= 2D/ dt, | = +t,t—1)| = —. 1
o 2 3

This result was originally derived by Lévy [62] and has been found as the solution of the Obukhov model for turbulent flows [51,63].
3.2. Area under the trajectory of a Brownian motion with time-dependent diffusivity

Consider now that the trajectory {x(z);x(0) =0,0 < r <t} obeys the Langevin equation with time-dependent diffusivity

&0 _ \abwen (15)

where &(f) is white Gaussian noise with zero mean and unit amplitude (£(7)é(¢')) = 6(t — ¢’). Different temporal dependencies of the
diffusion coefficient have been considered in the physical literature [64-66]. Since &(¢) is Gaussian, so is x(f) and its autocorrelation
reads

1 1) min(ty,tp)
C@y,1) = 2/ VD(zy)dr / VD(5y) (§(r)é(zp)) dry = 2/ D(z)dr, 16)
0 0 0

i.e, the MSD reads

t
(x@?) =2 / D(r)dr. 17)
0

From (13) and (16) we find, after some calculations,

t ' t
(AD*) =4/ dt’(t—t’)/ D(@"dt" =2/ (t=1"2D("dr', (18)
0 0 0

where we have interchanged the order of integration in the last equality. Eq. (18) is interesting because it allows to compute the
variance of the area under the trajectory of a Brownian particle with time-dependent diffusivity just in terms of the diffusivity. A
particularly relevant example of time-dependent diffusivity consists in assuming the dependence

D(t) = aK1*! (19)
with a € (0,2), which corresponds to the Scaled Brownian Motion (SBM), for which the MSD is given by

(x(1)*) = 2K1". (20
In this case, the autocorrelation function of x(¢) reads

C(t), 1) = 2K [min(t;,1,)]", (21)
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Fig. 2. Second moment of the area (A%(r)) as a function of the observation time t. (a) Scaled Brownian motion. The lines correspond to the
theoretical prediction given by Eq. (22). (b) Fractional Brownian motion. The lines correspond to the theoretical prediction given by Eq. (24).
(c) Continuous Time Random Walk. The lines correspond to the theoretical prediction given by Eq. (26). (d) Heterogeneous diffusion process.
The lines correspond to the theoretical prediction given by Eq. (33). The parameters used in the simulations are listed in Appendix F.

which can be derived integrating (15) with (19). Combining Egs. (16) and (19), we find
4 Kta+2
(a+ D(a+2)

Note that for « = 1 Eq. (22) reduces to (14) as expected.
In Fig. 2(a) we verify the analytical results for (A%(r)) with numerical simulations (details of the simulation algorithm can be
found in Appendix F).

t
(A®?) = 20K / (t =2 d = (22)
0

3.3. Area under the trajectory of a fractional Brownian motion

Next we consider that the trajectory {x(r);x(0) = 0,0 < r < ¢} follows a fractional Brownian motion (fBM). It is a self-similar
Gaussian process with zero mean and autocorrelation

Ity — 1)

with H € (0, 1), so that (x(t)*) = 2Dy *". The fBM was first introduced by Kolmogorov [67] and later studied by Mandelbrot and
van Ness [68]. From the definition (23) and Eq. (13), the variance of the area is

Ct),t)) =Dy (PH + 2 — (23)

t t
(A®?) = /0 dt]/o dty Dy (37 425 — |1, — 1,21
2Dy o ! " Y L
= 1 202 _»Hp dt diy(t, —t)?H = L 24
2H +1 L 2h = 1) H+1 24

In Fig. 2(b) we verify the analytical results for (A%(r)) with numerical simulations (details of the simulation algorithm can be found
in Appendix F).

3.4. Area under the trajectory of a subdiffusive-CTRW

Consider a CTRW in which the particle performs instantaneous jumps. Each jump is followed by a rest of duration = drawn from
the waiting time PDF ¢(7). If we consider the waiting time PDF

Fua (- 55):
where E, ;(-) is the Mittag-Leffler function, in the continuum limit the motion of the particle is subdiffusive [7]. The second moment
of the area under a trajectory of a subdiffusive-CTRW is (see Appendix A for detailed calculations)

4K,
I'G+a)

la—l

o = (25)

Ta

t2+a

(A@y)y = (26)
where K, = D/z%"!. This result has been also obtained in Ref. [42] by projecting the fractional Feynman-Kac equation and solving
the resulting equation for the second moment. In Fig. 2(c) we verify the analytical results for (A%(f)) with numerical simulations
(details of the simulation algorithm can be found in Appendix F).
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3.5. Area under the trajectory of a HDP

Let x(¢) be the position of a Brownian particle moving in a one-dimensional heterogeneous media. It is a stochastic process
evolving according the overdamped Langevin equation with a space-dependent diffusion coefficient, namely,

dx(t)

T V2D(x)&() (27)
where £(r) is a Gaussian noise with zero mean and autocorrelation (¢()é(r")) = 6(r — ). We assume the power law dependence
D(x) = Dy|x|* with & < 2 [43,69-73]. Hence, the Langevin equation for a Brownian particle with a diffusion coefficient with
power-law dependence on space is

dx(t

20— VDI e, (28)
To integrate (28) we need to consider the appropriate interpretation of the stochastic calculus. The simplest option consists in
considering the Stratonovich interpretation. In this interpretation it is possible to perform a change of variables which transforms
the Langevin Eq. (28) into the Langevin equation for Brownian motion. Introducing the new variable

_ dx V2/Dy 2
y(x) =

= |x| 2 sign(x), (29)

\V2D(x) 2-«

the Langevin Eq. (27) becomes dy(t)/dt = £(t) so that y(¢) is a Wiener process with the known Gaussian PDF for the initial condition

¥(0) = 0, namely,
2
! exp <_y_) . (30)
\V2xt

Returning to the x-variable, the one time PDF reads

P(y,1) =

2—a
P = — e <_L> 3D
2|x|#/24/z Dyt (2 =)Dyt
from which the MSD follows as
4
oo [T Q- 6-a =
(x*(0) —wa P(x,dx = = F(Z(Z—a)) (Dyt)? (32)

which had been reported in [70]. Thus, for « < 0 we find subdiffusion, and superdiffusion for « > 0. Brownian motion emerges for
a =0, and « = 1 produces ballistic motion. The diffusion becomes increasingly fast when « tends to 2. Again, the second moment
of the area can be computed from Eq. (13) where we refer to Appendix B for the details on the calculations. We finally obtain

2 2(3-a)

2
2-a B(a)tﬁ (33)

(AW?*) =2D;

where

6—a 8-3a 10-3a
_C-a)r r(3—a)2 F(Ha) (4—2a ) (3—a 3-—a 8-3a 3 9—3a,1)
(3—a)r(ﬂ) 2\2-a’2-a"4-2a"2"2-0a /)’
2—a
Notice that by setting « = 0 we recover (14). It is important to highlight that the previous result depends on the interpretation
chosen for the stochastic calculus. In the It6 interpretation the results (even the exponent of time) would be different. In Fig. 2(d)

we compare this result with numerical simulations showing a good agreement. Details of the simulation algorithm can be found in
Appendix F.

4. Absolute area

In this section we find the first two moments of the absolute area swept by a subdiffusive random walker. It is defined as the
area below the absolute value of the trajectory, i.e., it is a stochastic functional with U(x) = |x|:

I3
Alt) = / Ix(0)|dx. 34)
0

It was first studied in the context of economics [74] and later extensively in probability [44,46]. The same functional was also
studied in the context of electron—electron and phase coherence in one dimensional weakly disordered quantum wire [75]. In this
case our method to compute the first two moments from (2) and (3) is specially useful since the solution of the corresponding FK
equation is extremely difficult, and one cannot get a closed form equation for the moments from it. To compute the mean value of
A(t), we need the expression for P(x,t). From (2) and (34), since the underlying random walk is isotropic,

t t 00 t [y
(.A(t)):/ (|x(r)|)d1:/ dr/ |x|P(x,T)dx:2/ dT/ xP(x,7)dx. (35)
0 0 —o0 0 0

6
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For the second moment, from (3) and (34) it follows that

t T e [
(.Az(t)>:8/0 drz/o drl/o xzdx2/0 x1dxy P(xy, 73 X1, T1). (36)

Below, we apply these general formulas to the specific examples of subdiffusion considered above for the area.
4.1. Absolute area under Gaussian processes

Consider that the particle’s position follows a Gaussian process. The expression for P(x,) can be derived from the characteristic
functional of x(¢), which for a Gaussian process is given by [76]

<ei/—°:o f(‘r)x(r)d‘r> =exp [—% /oo dr, /oo dt, f(1) f(#,)C(t),1,) 37)

where f(7) is an arbitrary integrable function. Specifically, by taking f(z) = ké(r —1) to get P(k,1) = {/™*®) = exp[-k>C(1,1)/2] after
Fourier inversion yields
o T

P(x,1) = ———. (38)

\V2xC(t,1)

Inserting this into (35) and integrating over x we find

' '
(A@D) = \/g_/o C(zr,7)dt = \/%/O \/ (x*(2))dr. (39)

This is an interesting result because it is an expression for the mean absolute area under a Gaussian process in terms of its
MSD. To compute the mean value of A%(f) we need the two-time PDF P(x,,7,;x,,7,) for a Gaussian process. To get it we plug
f(@)=k6(r —1]) + k,6(z — 1,) into (37) and obtain

K2 k2
Plky, 1y ky,ty) = (eF1Xt0Hkax(1)y — exp [—Tlcal,rl) - EZC(Q,IZ) — kykyClty. 1)

which after a double Fourier inversion yields

_ Clt1,1)X5+C(12,17)x2 =2C (11 1)x1 X
exp 20(t,1,)
P(xy,ty5xq,1;) = 40)

7201, 1)

where
D(11.1) = Clt),1)C1p, 1) = Clty.1)°.
Now we are in position to compute the second moment from (36). Using (40) and performing the integrals over x, and x,; we find
9 ! 1y
(A*(0) = p / dt2/ dt;C(ty, 1)V (ty, 1)) (41)
0 0

where

C(ty,1,)C(t,t C(ty,1,)C(t,t
¥(1y,1,) = & — 2arctan Cla)CL0) ), [CB)CE
C(ty,1))? C(ty,1))?

This is also an interesting result because it is an expression for the mean square absolute area under a Gaussian process in terms
of its autocorrelation function. Let us specify these general expressions for the same particular examples of Gaussian processes we
studied for the area, for which the autocorrelation function of the particle’s position can be found.

4.1.1. Absolute area under a Brownian motion
Regarding the absolute area of a Brownian motion, the mean values follows from (39) and (41) which yield

4 [D 3 N 3D
Y= =1/ =12, 1y ="—"—. 42
(W) =31/ Ziz (L) == (42)
The characteristic function of A(f) and their moments were derived in [44,46] but the exact Laplace inversion to find P(A,t)gy is
not known. However, using the large deviation theory it has been possible to obtain some scaling properties of P(A,)gy [47]. The

EB parameter can be readily found from and (10) and (42):

3 3
EBgy = 7 (Z) —1=0325.... (43)

Since EB is always positive, the observable |x(7)| is then non-ergodic.
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Fig. 3. Scaled Brownian Motion. (a) First moment of the absolute area (.A(r)) as a function of time 7. The lines correspond to the theoretical
prediction given by Eq. (44). (b) Second moment of the area (A%(r)) as a function of time ¢. The lines correspond to the theoretical prediction
given by Eq. (44). (c) Ergodicity breaking parameter EB as a function of the parameter a. The line corresponds to the theoretical prediction
given by Eq. (45). The simulations details are provided in Appendix F.

4.1.2. Absolute area under SBM

To compute the first two moments of the absolute area we employ the formulas provided by Egs. (39) and (41). The first moment
can be readily found from Eq. (21) but the second moment needs some care. We detail the calculations in Appendix C. The final
results are:

I l + l)
4 K 142 2 4K 1o+2 1 (2 a
AWD) = ——/=t'72, (AO)=— |1+ ——"]|. (44)
(AD) 24+aV =z {(40) (a+ (@ +2) 2\/;1"(24.1)
The EB parameter follows easily from (10) as
r{is!
EBgpy = 012 L ) Y (45)

dat D) +Er<2+3:)

Note that setting « = 1, Eq. (45) reduces to (43). EB decreases monotonically as a increases from 0 to 2. In Fig. 3 we show a
comparison between the theoretical values. The agreement is excellent. In the numerical calculation of EB we can see how the
convergence towards the asymptotic value in the long time limit is fast.

4.1.3. Absolute area under fBM
The mean value of the absolute area for a fBM follows easily from introducing the autocorrelation (23) into (39). Inserting (23)
into (41) and introducing the new variables u = 7, /7, and v = , /tr we write, after integrating over v,

__2 Dh 1+n 20\ = LA ppom
Ay =1z V =" (A*0) = s (46)
where the constant A is
1 1
(D(u)] /
Ay=m-2 arctan | —— [ du +2 D(u)d
H=T /0 (u) [ o | A (u)du

with
o) =1+ — (1 —w?H, ®W) = VauRH — p(u)?.

The ergodicity breaking parameter is obtained from (46)

1+H
BBy = —— 4 — 1. 47)

In Fig. 4 we compare the above results with numerical simulations showing an excellent agreement. The discussion of why EB
behaves differently for SBM than for fBM is covered in Section 4.3.

4.2. Absolute area under the trajectory of non-Gaussian process

In this section we obtain the first two moment for the absolute area when the underlying random walk is not Gaussian. In
consequence, we cannot make use of Egs. (39) and (41); instead, we must use directly Egs. (35) and (36).
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Fig. 4. Fractional Brownian Motion. (a) First moment of the absolute area (.A(#)) as a function of time 7. The lines correspond to the theoretical
prediction given by Eq. (46). (b) Second moment of the area (A4%(r)) as a function of time t. The lines correspond to the theoretical prediction
given by Eq. (46). (c) Ergodicity breaking parameter EB as a function of the parameter H. The line corresponds to the theoretical prediction
given by Eq. (47). The simulations details are provided in Appendix F.
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Fig. 5. Continuous Time Random Walk. (a) First moment of the absolute area (.A(¢)) as a function of time 7. The lines correspond to the theoretical
prediction given by Eq. (48). (b) Second moment of the area (A%(r)) as a function of time ¢. The lines correspond to the theoretical prediction
given by Eq. (48). (c) Ergodicity breaking parameter EB as a function of the parameter a. The line corresponds to the theoretical prediction
given by Eq. (49). The simulations details are provided in Appendix F.

4.2.1. Absolute area under a subdiffusive-CTRW

Here we proceed as for the area, using the subordination between processes to find the one-time and two-time PDF of the
subdiffusive-CTRW process. In Appendix D we detail the calculations to obtain the first two moments of the absolute area. We
obtain the following results:

_ \/K_" 1+2 2 _ 4K, A\ 2+q
<A<t>>—mr LAR0) = s (145 “8)
2

and the EB parameter
E+ar’(2+%)
EBerpy = ——=——————-
CTRW 2IrG+a)

As for SBM the EB parameter decreases with a. In Fig. 5 we compare the above results with simulations. It is observed that the
numerical convergence towards the actual value of EB is slower than for SBM or fBM.

- 1. (49)

4.2.2. Absolute area under HDP
Again, we find the first two moments for the absolute area by employing (35) and (36) together with the one-time and two-time
PDF for the BM in heterogeneous media. In Appendix E we detail the calculations. We find,
4-a
2—a)a s - 3-a
(A(t)):LﬁDg‘“F(A‘—a)tz—a (50)

\/; 3—-a 4 —2a
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Fig. 6. Heterogeneous diffusion process. (a) First moment of the absolute area (.A(7)) as a function of time . The lines correspond to the theoretical
prediction given by Eq. (35). (b) Second moment of the area (A>(?) as a function of time . The lines correspond to the theoretical prediction
given by Eq. (35). (¢) Ergodicity breaking parameter EB as a function of the parameter a/H. The line corresponds to the theoretical prediction
given by Eq. (52). The simulations details are provided in Appendix F.

and
6—

2 1 (2 az 2 4—q 4 2(3:)
()= =57 (2 (38 (5= )>C(a)rz (51)

where

C(a) =

(10—3a)

4-2a F 4—a 4—a 3-a l 16 — S5a

F(16—5a)3 0-a0)'20-a)2-a'2 4-2a°
4-2a

The ergodicity breaking parameter computed from (50) and (51) is

EBypp = C(a)T (52‘_2:) -1 (52)

In Fig. 6 we compare the above theoretical results with numerical simulations. The EB parameter increases with a.
4.3. EB parameter discussion

We now examine and compare the behavior of the EB parameter for .4 across the models presented in this work. In Fig. 3(c) we
can see that for the SBM the EB parameter decreases with a. Since EB is a measure of the variability between trajectories regarding
a certain observable this means that the lower the « the higher fluctuations of A for each trajectory. For the SBM, since « € (0, 1),
D(r) decreases with time, making escaping from a given region progressively harder, and thus enhancing differences in .4 between
trajectories. This effect is more pronounced at lower values of a, and hence the increase in EB. We get the same result for the
subdiffusive-CTRW, as plotted in Fig. 5(c). In this case, lower values of « mean larger waiting times in a given region, and therefore
a higher fluctuations in the contributions to .A.

However, for the fBM we can see in Fig. 4(c) that the EB of A increases with H. This result is in line with the previous two, since
the persistence of the fBM increases with H, and thus EB increases too. Lastly, we look at the EB value for the HDP. In this case,
see Fig. 6(c), EB increases with a and vanishes at « - —co0. For a < 0, D(x) decreases with x and is maximum at x = 0, therefore the
walker escapes fast from the origin and as x increases gets progressively slowed, acting as an effective binding potential. Indeed, the
PDF P(x,1) in the subdiffusive regime, a < 0, is zero at x = 0 and decays in space as P(x,) ~ |x|!?1/2 exp (= A|x|**1el /1), where A > 0
is a parameter (see Eq. (31)). Thus, as |x| — oo, the diffusion coefficient vanishes and trajectories become effectively trapped at the
system boundaries. The more negative «a is, the fewer steps are required to reach this limiting regime. Since we consider the absolute
value of the area, left- and right-moving trajectories contribute identically to the observable. Consequently, for increasingly negative
a, trajectories need to explore less space before reaching this boundary, leading to very similar absolute areas across realizations and,
therefore, to a reduction of EB. In Appendix G we include Fig. G.9 where we have plotted all theoretical EB parameter predictions
in the same plot for easier comparison.

Finally, it is worth comparing these results to the EB parameter previously obtained for other functionals of the random walk, for
example, the half occupation time T, which is the time that the walker spends on the positive half-space x > 0. We have studied
this functional in [77] for the subdiffusive-CTRW, in [78] for the fBM and SBM, and in [79] for the HDP. Remarkably, we find
that for the SBM, fBM, and subdiffusive-CTRW, the EB of T+ have the same qualitative behavior with a (or H) as for the EB of
A. However, this is not the case for the HDP: the EB parameter for T+ increases with «, instead of decreasing. The key difference
is that, in the case of spatial heterogeneity, all trajectories are confined to the same spatial range, whereas in the other processes,

10
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the differences between trajectories are of temporal origin. For example, in SBM the diffusion coefficient vanishes, but at spatial
positions that differ from trajectory to trajectory; the resulting immobilization thus increases EB, as the locations where trapping
occurs, and hence the contributions to the area and occupation times, are highly heterogeneous. A similar argument applies to
subdiffusive-CTRW and fBM. This comparison highlights the role of the functional of study, and how the same underlying random
walk gives rise to different ergodic behaviors depending on the observable.

5. PDF

In Sections 3 and 4, we have derived the first two moments of A and A for two Gaussian processes, the SBM and the fBM, and
two non-Gaussian processes, a subdiffusive-CTRW and a HDP. In this section we will study the general properties of the PDFs of
A and A for all these models. To do so we begin by connecting the MSD of the random walk with the second moment of A and
A. Suppose that y is the exponent of the MSD: (x(t)2> ~ 1. Rewriting the second moment of the area (or absolute area), for all
processes studied in this work, in terms of their corresponding y we find that the scaling is as

(Z@)?) ~ 1, (53)

where Z is either A or .A. To understand this result, recall that by the definition of y we have x ~ /2, and then Z ~ S Ter2dr ~
114172 yielding the t>*" scaling for the second moment. Note that the second moment of both the area and the absolute area have the
same temporal scaling. In the case of the absolute area, we can follow the same reasoning to find that the scaling of the first moment
goes as (A(1)) ~ 1'+7/2. Then, we see that for the absolute are the first two moments obey the simple scaling (.A%(1)) ~ (A(1))*. As
shown by Eq. (53), a suitable relationship emerges between the MSD exponent y and the moments of the area and absolute area.
Then, in Appendix G we summarize and rewrite all of our results in terms of y, so that one can compare between the different
models.

Once we have found a general scaling for the moments of A and .4, we can compute the scaling of the P(Z, ). Assume that in the
long time limit the PDF of Z(r) has the scaling form P(Z,t) ~ t~g(Z /t”) where g(-) is the scaling function and the exponents »# and
p have to be found. Since the integral [ P(Z,1)dZ = 17" [% h(u)du must be time-independent (and equal to 1) both exponents
must be equal, and therefore p = . We can determine the remaining exponent through the scaling of the second moment, which we
know. The second moment is ( Z(?) = [ Z2P(Z,1)dZ ~ " [ u*h(u)du. Comparing this scaling with (53) we have n = 1+y/2.
Thus, we have obtained a general scaling for both the PDF of A and A,

Pz~ gL (54)
IHE IHE

in terms of the scaling exponent of the MSD of the random walk y. Note that g,(-) is different for the different models as well as
observables, and, in general, depends on y. The specific values of y for the models discussed in this work are: yz,, = 1, ygprp = @,
Yrem =2H, vyerrw = @, and ygpp = 2/(2 — a).

For the area A under a Gaussian process, we can go beyond the scaling and derive a closed form expression for P(A,1). If x(z)
follows a Gaussian process with zero mean and autocorrelation C(#,,1,), the characteristic functional of x(r) is given by [76] and is
written in Eq. (37). On the other hand, the characteristic function of A(?) is its Fourier transform

P(k,t) = F5_;[P(A,0)] = / B e*AP(A,NdA = (40 (55)

—0
Eq. (55) can be linked to the characteristic functional of x(¢) by considering f(z) = k1o, (z) in (37), where 1|, ;(x) is the indicator
function,

N ot K2 2
Pl = (A0 = (i3 = =3 (07, (56)
Performing the inverse Fourier transform we finally find
A2
P(A, = ————¢ X", (57)

/27 (A?)

This result is expected: since A(z) is the sum of Gaussian processes x(¢) then A(7) is also a Gaussian process. In consequence, the PDF
of A must be a Gaussian distribution. Notice that indeed Eq. (57) follows the scaling derived in Eq. (54). For the models discussed
in this work, we get

1 _ 342
P(A, )y = ——¢ 43, (58)
4z D13 /3
_ [+ )(a+2) (a+D)(a+2) ,
P =\ e |- . ©

Xp
[ H+1 (H+1)A?
P(A,Dgm = 22Dy 22 exp [_ 2Dy t2H+2] : (60)

11
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Fig.7. P(A,1) vs A at different times 7. (a) Scaled Brownian motion (SBM). The line corresponds to the theoretical prediction given by Eq. (59).

(b) Continuous Time Random Walk (CTRW). The dotted line corresponds to the prediction given if the functional was Gaussian. The simulations
details are provided in Appendix F.
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Fig. 8. P(A,1) vs A at different times 7. (a) Scaled Brownian motion (SBM). The vertical line corresponds to the mean value predicted by
Eq. (44). (b) Continuous Time Random Walk (CTRW). The vertical line corresponds to the mean value predicted by Eq. (48). The simulations
details are provided in Appendix F.

The results for the area under a BM connect to the random acceleration process (when the particle’s velocity is a Wiener process
or the acceleration is a white Gaussian noise) [50], where the particle position follows the same distribution as (58). In Fig. 7 we
study the scaling of the P(A,r) at different simulation times for both a Gaussian -SBM in panel (a)-, and a non-Gaussian model
-CTRW in panel (b). In both cases, we see that the scaling derived in Eq. (54) is satisfied. Moreover, in both panels we compare
the data to a corresponding Gaussian PDF, Eq. (57). For the SBM, we see that the data indeed follows a Gaussian distribution, as
discussed above. This is not the case for the CTRW. In this case, we can see that the probability around A = 0 is larger than the
corresponding to a Gaussian PDF, and that the decay is slower at the tails, as can be appreciated in the inset, this deviation is in
agreement with [80]. Finally, in Fig. 8 we plot the PDF for the absolute area .4, and again we can see that the scaling predicted by
Eq. (54) is fulfilled. The peak near zero for the CTRW -panel (b)- comes from the trajectories that at the end of the simulation time

have not jumped for the first time yet, and is in agreement with the predicted value of (A(7)). In Appendix H we include the same
analysis for the fBM and HDP.

6. Conclusions

In this paper, we investigate the statistical properties of the area and absolute area under trajectories of subdiffusive random
walks considering different models such as the scaled Brownian motion, fractional Brownian motion, subdiffusive-continuous-time
random walks, and Brownian motion in heterogeneous media. We compute the first two moments for both functionals, the ergodicity-
breaking parameter for the absolute area, and the scaling forms of the associated probability density functions for both functionals.
Although the temporal scaling of these functionals is universal across the models considered, the prefactors of the moments, the
behavior of the ergodicity breaking parameter with the anomalous exponents, and the nature of the tails of the probability density
function differ, allowing one to discriminate between the underlying mechanisms of subdiffusion. These findings suggest that
measurements of such functionals, for example in NMR experiments, can provide insight into the microscopic origin of subdiffusive
motion of spin-bearing particles. Additionally, the absolute area and other functionals like the occupation time of HDP [79] could

be of potential interest to study inter/outer burst duration in financial time series [81]. This may be a promising direction for future
research.

12
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Appendix A. Derivation of Eq. (26)

Let us start from the autocorrelation function of the area
n L5}
A = [ an [7an ). 7%
0 0

We introduce the double Laplace transform with respect to 7, and ¢, with Laplace variables 4, and 4, as
(AGADAGY) = £, 4 L1ymsy (AUDA(L)) = /00o e Mgy, /000 ety (A(t))A(1y)) .
Transforming (A.1) one finds
(A A = 72 ()%0) a2)

where the tilde symbol means Laplace transformed function. Here, the trajectory {x(z);0 < r < ¢} is the corresponding to a
particle moving according to a subdiffusive-CTRW. To find the autocorrelation in the Laplace space (%(4,)%(4,)) in terms of the
autocorrelation corresponding to a Brownian particle we make use of the subordination between both processes [82]:

((4)%(42)) = /000 ds /O°° dsy (x(s1)x(s2))gm A(s25 435 51, A) (A.3)
where A(s,, 4,5, 4,;) is the two-point PDF of subordination and is given by [82]
h(sy. Ay 51. A1) = Mg, Ae™1 P4t R)5(s, — )
+ Ly(hy, Ap)e 101 +R)=(2=50@U) g (5, — 5
+ Ly(Ay, A )e 2P R)=(1=2)®UDg (g — 5) (A.4)

where 4(-) and 6(-) are the Dirac delta and Heaviside step functions respectively, and
D(4)) + D(Ay) — D(A + 4y)

My, 2y) =

)'l}'Z
D(4y) [@(4, + 4y) — DA
Ly = 2 D) [ 11:122) ()]
D(Ay) @A + Ay) — P(4
Ly(2,41) = ( 2)[ ( 1/1;22) ( 1)]A

The function @(4) is related to the waiting time PDF in the Laplace space and when the later is given by (25) then the former
is @(4) = A%z%~! [82]. Taking into account that (x(s;)x(s,))py = 2D min(s;, s,) the integrals in Eq. (A.3) can be straightforwardly
calculated and from Eq. (A.2) we get

- PY 2D

(AGDAG) T ARy + )

The task now is to perform the double Laplace inversion to this correlation. We perform first the inverse Laplace transform with
respect to 1, considering E;zl% N [43%] =12, using the shifting property

-1 1 _ehn
Ay—ty a| T -« ’
(4 + 4y) 1,7 T(@)

and the convolution

- 1 1 /tz d e hn « )
_— = —_— T — T
| (k) 2] T@ g e
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we get
- _ - ~ 2D h e~hn
AADA@Y) = £31 [(AGDAG) =—/ dryS——(t, — 7).
(i) =650, [(Runio)] = 22 [ ant i -
Inverting now with respect to #,,
_ el 7 __ 2D 2o ehm
(AeDAM) = 3, [(ADAmR))] = =@ )y dr, e ol —
2 1
2 t, — )t —
- _2D Tzwg(tl —1)).
T"’ll"(a) 0 rl-a

2
Finally, performing the integral we obtain the auto-correlation of the area

. ., ‘ )
(A(t)A(y)) = 2Dmin(t), 1,)* [ﬂ _hth min(t,, 1) ]

min(t;,1,) +
1 (@) a a+1 (t1.12) a+2

Replacing 7, = t, =t we finally find Eq. (26).
Appendix B. Derivation of eq. (33)

To compute (A(t)z) we need the two-time PDF P(x,,t,; x,,t;) but it is very difficult to obtain from (28). However, performing
the transformation in Eq. (29) we can integrate over the variable y. Hence, from (13)

t T e <]
(A®?) = 2/0 drz/o d'rl/ xzdxz/ x,dx; P(xp, 75| X1, 7)) P(x1, 7))
—0o0 —0o0

t T e 0
2/ de/ d‘l'l/ Xz()’z)dh/ xl(yl)dJ’1P(J’27T2|y1,T1)P(Y1,71)~ (B.1)
0 0 —o0 —c0
Inverting (29) to get x(y) we find
4
2 2—a et n © 2 .
(An?) =2 7 VDy / dr, / dr; / |21 755 sign(y,)dy,
2 0 0 —c0

o 2
X / |y112=a sign(y))dy, P(y,, 721y1, 7)) P(y15 71)- (B.2)

0

From (30) and the two-time PDF of y(¢)
1 0 =)
P(yy, 1|y, 7)) = —=exp -2
\27(ty — 71) 2ty —71)

we can perform the integration over y, in Eq. (B.2) to get

*© 2 .
/|YZ|2*“Slgn()’z)P(st72|Y1J'1)dYZ

)

co _ 2 co 2
N S {/ zﬁ exp [——(Z ) ]dz—/ zﬁ exp [——(Z+yl) ]dz}
V27(ry — 1) LJo 2z —71) 0 2y —71)
Each of the above integrals can be expressed in terms of parabolic cylinder functions D, (z) using Eq. 3.462.1 of Ref. [83]. Therefore,

© 2 .
/|yZ|2*“Slgn()’z)P(Yz,72|Y1J'1)dYZ

)

L 2
ST ey el [ () (2]
\/E 2-a = AT — 1 Td \ 4/Ty — 7

On the other hand, parabolic cylinder functions can be related to confluent hypergeometric functions using the property (see Eq.
9.240 of Ref. [83])
3-a

2
3-a « N _ 2
27 (3 —a) (1= 7,) 3 yje T M 3_0‘, § _h
\2r 2—-a 2—a 3 2ty —1)
where M (a, b, z) is the Kummer M function (see Chapter 13 in Ref. [84]). Now, performing the integration over y, using Eq. 7.621.4
of Ref. [83] we find

>

27 2
D_,(~2)-D_,(2) = [?V—/ZZ)ZETM (VJZF L

[\SFRON)
N,

) 2 ) 2
/ |YZ|2‘“51gn(J’2)dY2/ |y112=a sign(y))dy; P(y,, 721 y1, 7)) Py, 71)

o —00
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4—a 6—a
2a —a\2 71\ 200 T i - - T
2 F(3 (1) -4 ‘ —1('[,12)2*“21‘"] 3 a,3 (1;2’_1
T 2—-a T, T, 2—a 2—a T,
where , F|(-) is the hypergeometric function. Next, we have to integrate over 7, and ;. To do this we introduce the new variable
u = 1,/7, to integrate first over r; and find

b-a
2Q2—-a)r«
T 3-a

2 —_a\2 203-a
(AGR) = DI r (g —) By = (B.3)

with

B(a)

1 4—a 6—a _ _
/uma-u)mzﬂ(3 23203 0 du
0 2—-a 2-a

_ F(Z:;:) (I“O—_;:) (3—(1 3—a 8-3a 3 9—301‘1)

- 9_3a 0w 2—a’4-2¢’2"2-a "
I'\=

where we have used Eq. 7.512.5 of Ref. [83].
Appendix C. Derivation of Eq. (44)

The first moment can be readily found inserting (21) into (39). We detail here the derivation of the second moment for the
absolute area. Inserting the autocorrelation (21) into Eq. (41) and introducing the new variables u = 7, /7, and v = 7, /t we write

2 4K 42 ! a+1 2 ! a 1 ! a/2
(A*) = —1 v Hdu -2 [ warctan /= -1 )du+2 [ w*>V1-uvdul.
VA 0 a+1 0 u% 0

The integral over v can be easily performed. The first integral inside the parenthesis can be evaluated as follows. First we introduce
the new variable y = v/u=* — 1 to get

1 (S
/ u®arctan | 4/ 1 1)du= 2 / yarctan(y) dy.
0 u* a Jo (1 +y2)2+l/a

now integrating by parts

2 /°° yarctan(y) 4 1 /°° dy
= —_—dy = —— _—
a Jo (1+y2)2+1/a a+1 0 (1+y2)2+1/a

Making use of the definition of the beta function (see Eq. 3.194.3 in Ref. [83])

L -1 r _
y WI'(v—p)
< dy=B(u,v—p)= "2, 0.
L Gty y (1, v —p) o) V> >

Again, using this integral we find for the second integral inside parenthesis

1,1
/lu“/z\/l—u“du= v M
0

2(a+l)r<i+é>

Finally, using the property I'(1 + z) = zI'(z) and simplifying we get Eq. (44).

Appendix D. Derivation of Eq. (48)

The Montroll-Weiss equation of the CTRW is the expression for the one-time PDF of x(¢) in the Fourier-Laplace space. For
subdiffusion in the continuum limit it is given by Eq. 31 in Ref. [7]). In the Laplace space it reads

1 _ |X|Aa/2
P(x,s) = e VK«
2K, s*«

On the other hand, Laplace transforming Eq. (39) we have

N

i
e

(A()) = L, [(.A(t))] = %/0 xP(x,s)dx =

which after Laplace inversion yields the first equation in Eq. (48). We compute the second moment making use of subordination as
in Appendix A. Performing the double Laplace transform of the autocorrelation function of the absolute area

1 1)
(A A1) =/ dTl/ dry (|x(z)lx(z)]) (D.1)
0 0

15



V. Méndez et al. Physica A: Statistical Mechanics and its Applications 697 (2026) 131719
we find
Y - 1 - -
(AUDAY)) = T (IRADIE(A)I) - (D.2)
142

On the other hand, the autocorrelation of the subdiffusive-CTRW in the double Laplace space (|%(4,)||%(4,)|) is found from Eq. (A.3)
as

<|5‘(}»1)||?~€(}~2)|)=/ dsl/o dsy ([x(s)lx(s2) [ pm 7525 425 515 41) (D.3)
0

in terms of the autocorrelation of the absolute position of BM in real time space (|x(s;)||x(s;)|)gy Which is given by

[s+] [s+]
<|x(s1)||x(s2)|>BM:4/ xzde/ x1dx; P(xy,575x1,581)
0 0

= 22 inGsy. s,) [lr—Zarctan< _S1—322—1>+2 Lzz—lJ (D.4)
T min(sy, s,) min(sy, s,)

where the two-time PDF is given by (40). Plugging (D.4) into (D.3) using (A.4) we find

(XADIEA)]) = 2DM(Ay, Ay) / e 1®hathg ds)
0

© oo
+ L](/lz,j])/ e*S1¢(/12+/11)+51€D(/12)d31 / v, (Sl’sz)e—szcb(iz)dsz
0

S1

+

(o] Sl
Ly(Ay, A1) / e1PU gy, / Wy (51, 8y)e 2Pl @ g, (D.5)
0 0

where

2Ds, Sy Sy
v (81,8,) = 7 —2arctan ——1)+24/=-1
7

51 S1
2Ds, Sy S
Wy (81, 8,) = 7 —2arctan —=—1)+24/—=-1f.
n 52 S2 ]
Now we compute the integrals in the above expression. The first integral is trivial:
® 1
/ P R AL D P S —
0 D(Ay + Ap)?

Then inner integral of the second term can be found integrating y, (s;, s,) term by term. To this end we need the following integral

o0 [s+]
/ e aIctan(\/;)dx = 2/ ye_“y2 arctan(y)dy = 1 / ¢
0 0 aljo 1+y

where we have integrated by parts in the second equality and made use of Eq. 3.466.1 in Ref. [83] in the third equality. Finally we
obtain

© _ay?

me?
dy = Zerfc( \/E)

®© 2Ds 2Ds
—PU) g = 2251 100y _ 205 e (SO )
/A,1 vi(si, s2)e 27 a0y° ®(y) (Voo

_2D /51 500y
+ o2\ e . (D.6)

Computing the integral over s; of the above expression, the second term of (D.5) is

0 s
Ll(}»z»/ll)/ e—sl<1>(/12+/11>+x1¢(/12)dsl/ wi(sy, s)e 2P Rdss,
0

S1

2DD(4,) 2 + D(4y) 4 VO (4, + A1)

T ik [@(4; + 1)) = D(4,)] {_4>(12+/11> Dy + 4 20(4,)?

1
24/ D(A)D(4; + A1) }
The third term of (D.5) is exactly equal to the above term but doing the permutation of indexes 1 « 2. Gathering the above results
and introducing them into (D.5) we can express (D.2) as

2D 1 1 1

AGDAGY) = + *
(A ) e idy | ddy (i + )" 2228 (a4 1) 20 A (g 4 1)

1 1 1 1
Ay (g 4 20) 2 2P (y + ) Ay (A + 40) 2 2P 4 (4 + 1)

D.7)
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Now we have to compute the double Laplace inversion to (D.7). To do this we need to use the following Laplace inversion properties:

. . p-1
L G ral =L, [fo] =0, L[5 = 15
- ~ f(A !
e e =oa-acrt (ra). et [B2] = [
0
and the convolution property, we can show that

1 1 1 mint) 5 1 1
PRI o7y — 1) - )Pl

L L = ! /
A=ty Tyt Wﬁ (4 + /12)6 I(@IrBra) Jo

The inverse Laplace transform of the three first terms of the right hand side follows easily using the above formula. The last two
terms are equal under the permutation 1 < 2. The Laplace inversion of one of these terms is

1 1

;' !
22 (A + 29) " 2 4 (4 + 4y)

A=t T A=t

a2

1

+ (4 + /12)”/2

15}
_ p-l 1 o \,—Aizy el
= Kﬂl—’fl /12‘/0 dty(t, — 15)e £/12—>Tz r
1 1

To compute the inner inverse Laplace transform we make use of the Laplace transform of the two-parametric Mittag-Leffler function
(see Eq. 4.9.3 in [85])
A

A° —a

L, [tﬂ_lEa,ﬁ (ma)] =
so that
1 1 1 1

A=t T h=t [y s a/2 a2 a/2
A (A + )" 277+ (A + 4)

f2 _ _ 1 2 _a/2
- /O doy(t, - e~ 0 - e, [EE;J‘ (—,17/ s/ )] .
1

To perform the inverse Laplace transform with respect to A; we make use of Eq. 1.50 in [86] which relates the Mittag-Leffler function
to the Fox function. Using now Eq. 2.21 in [86] to compute the inverse Laplace transform of the Fox function we find

_ _ 1 1
cotoope!
A= Ay—
TR 200 Gy 4 2) P A 4 (a4 4y)
miny12) = 2o, (2,2)
= dr,(ty — 1)t — 7o)r" L H V! < 2 > 2 . (D.8)
/0 A 2\ 2)T 22 -1 . 1), (1_%%)

Introducing the above results into (D.7) and using Eq. 2.51 in [86] to compute the integrals of the Fox functions we finally find,
after doing 1, =1, =1t

(A2()) = 22 2] _Bra /°° dy ul s | @D, (2,5>
T 1 0

— . S— i
G +a) a1+ gy 22 ©, 1), (1—a,§

. (D.9)
)

To compute the integral of the Fox function we note that it can be regarded as the Mellin transform of the product of two Fox
functions if convert the factor (1 + y)~3~ into a Fox function. Using Eq. 2.9.6 in Ref. [87] we can write

(=2—a,1) ]

0,1

1 _ 1 1,1
O+ TIG+a 1|7

and from Eq. 2.8.12 in Ref. [87] we find

o d .| o, (2,2
[ o4 :
o xe 4y 2 o, 1), (1 e

1 ® wet ] 2| @D (2’ 3 11 (-2-a,1)
= — d HE H"
F(3+a)/() L] LA I (1-e2) | I o
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_ 1 22| ©.1), (1—0{,5) (2
T I'G+a) 33 0, 1), (3%) (1

a
2
a, =

2

. (D.10)
:)

To compute (D.10) we convert the Fox function into a power series using Eq. 1.3.7 in Ref. [87]. For a general argument 0 < y < 1

| O (-ed) (23) =St (2-18) = 1 (20 515

on  (3%). (1-«%) T\ 2T,

so that the evaluation at y = 1 is an analytical continuation and the sum must be interpreted as an Abel sum. Then,

—a 2 a
w05 (0 s

and from (D.10) Eq. (D.9) turns into

2 — &\ 2+a
(L) = F(3+a) <1+ )’+

Appendix E. Derivation of Egs. (50) and (51)

The first moment of the absolute area can be found from (35) using the change of variables (29). So that,

(A2(1)>—2/ d‘r/ xP(x,7)dx =2 ((2—0{)\/ > /d‘L’/ = P(y, 7)dy

where P(y, ) is given in (30). Performing the integrals one readily finds (50). Analogously, for the second moment we make use of

(36) to write
(A2(®) —2( ) / dT2/ dTl/ [y]2-« ”dh/ [y1]2-a "dY1P(Y2’Tz|Y1’T1)P(J’1s’fl)

The integral over y, can be performed following the sames steps as in Appendix B. We find

© 2
/ [¥21 7=« P(yp, 75 |y1, 71)d Yy,
—00
(TZ‘Tl)ﬁ 4 - y y
T ey et [ () (2 )]
V2r 2-a i =T IRV

R

v 1z
D=2+ D@ = 1 ¢ M<5’5’7>

and again Eq. 7.621.4 of Ref. [83] we find

Using

A‘NN
©

o 2 s 2
/ |Y2|2"‘dY2/ [yi|2=ady P(y2, 72|y1, 7)) P(y1, 71)

o ©

B 2-a'2-a'2’7,

3—a
veor(2)
Now we have to integrate the above expression over 7; and 7, to compute the second moment. Using again Eq. 7.512.5 of Ref. [83]
we finally find (51).

T

M) (E)
1 s 42 7\ 209 L 3—a 3—a 3 7
 TEIE) (o) e (32 30 )

Appendix F. Numerical simulations methods

In this Appendix, we describe the numerical algorithms employed to obtain the simulation results presented in the main text.
All numerical data are generated from Monte Carlo simulations of ensembles comprising N independent particle trajectories.

SBM trajectories are generated using the Euler-Maruyama discretization scheme. Within this, a single step of the stochastic
trajectory is characterized by a time increment z; and a spatial increment 4;,. We fix r; = dr and define

=V2Ddre, (F.1)

where ¢ is a Gaussian random variable drawn from a normal distribution N'(0,1). The diffusion coefficient is explicitly time-
dependent and given by Eq. (19). HDP trajectories are generated using an implicit midpoint iterative scheme for the particle
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displacement (see [88]). At step i + 1, the position update is given by

Xip1 T X;
Xig1 =X = 2D<%> Yig1 = Vs (F.2)

where the increments y;,; — y; of the Wiener process correspond to §-correlated Gaussian noise with zero mean and unit variance.
FBM trajectories are generated using the circulant embedding method (a detailed description of this algorithm can be found in
Ref. [89]). Subdiffusive-CTRW trajectories are generated from a sequence of independent waiting times #; and spatial jumps x;.
During each waiting time 7;, the particle remains at a fixed position, after which it performs a spatial jump. The jump lengths are
chosen as x; = =/ (with equal probability). The waiting times are sampled from a Mittag-Leffler PDF, as defined in Eq. (25) of the
main text. The diffusion coefficient is D = 1?/2z.

Throughout the main text numerical simulations, the model parameters were fixed as follows. For the SBM, we used dt = 0.1,
K =1, and N = 2 x 10*. For the fBM, the parameters were dt = 1, D;; = 1 and N = 10*. For the subdiffusive-CTRW, the jump
length was set to / = 1, 7 = 100 (so that D = 1/200), and N = 10°. Finally, for the HDP, we fixed dt = 0.1, Dy = 1, ¢ = 1073, and
N =3x10%

The quantities A(r) and A(r) are computed from the corresponding discrete increments. Whenever possible, these observables are
evaluated at times that are integer multiples of the simulation time step. Otherwise, we assume that the particle position evolves
at constant velocity within each time interval d7, and we retain the appropriate fraction of the step required to reach the desired
observation time.

The probability density functions (PDFs) are constructed from the values of A(f) and .A(¢) obtained in this manner. The binning
procedure is chosen such that each bin contains sufficient statistics to enable a meaningful comparison with the corresponding
continuous distributions.

Appendix G. Results in terms of the MSD exponent y

In the spirit of an easier comparison between the results of the different models, in this section, we rewrite all our results for
the SBM, fBM, CTRW, and HDP in terms of the MSD exponent y.

G.1. SBM

For the SBM, the MSD is given by (x(t)?) = 2Kt%, which implies that y = a, and then the second moment of the area, Eq. (22),
becomes

4K 12T

AN?y = —————, (G.1)
(407) + D@ +2)
The absolute area, Egs. (44) and (45), are
r(l+ l)
4 K 1+% 2 4KIZ+V 1 (2 Y
A()) = ——/ —t 72, At))y) = —|[1+ ———|, (G.2)
(Am) 24y V= {(4m) (r+D(r+2) 2\/7:1-(2+1)
v
r{isl
EBgpy = ~ 2|1 4 LM Y G.3)
4r+1) 2\/Zr(2+l)
v
G.2. fBM
In the case of the fBM, the MSD is given by (x(t)?) = 2Dy t*!, thus y = 2H and (A(?)?), Eq. (24), becomes
2D 12
AWy = ——. G.4
< @) ) y+2 (G4
The absolute area results Egs. (46), and (47) in terms of y are
_ 4 Dy 141 2 _ 2DH}“V 2+y
(A@) = 2”\/ —1, (A*0) = o (G.5)
where the constant 4, is
1 1
D(u)
A, =x—2 u) arctan [ ] du+2/ D(u)du
P ./o "’( ) 0
with
dw)y=1+u" —(1—-uy, @u) =i — pu)?.
The EB parameter reads
24y
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Fig. G.9. Ergodicity breaking parameter EB of the absolute area .A as a function of the MSD exponent y. The lines correspond to Egs. (G.3)
(SBM), (G.6) (fBM), (G.9) (CTRW) and (G.13) (HDP).

G.3. CTRW

The MSD for the CTRW scales as (x(f)?) ~ 1, for a € (0, 1), then, y = a and the second moment of the area, Eq. (26), becomes

4K,
2\ _ 4 2+
(A@*) = o) v G.7)

with K, = D/7"~!. The absolute area results Egs. (48), and (49), become

_ \/Fy 1+% 2 _ 4K, Y\ 2+
<.A(t)> = mt 2, <A (t)) = m (1 + g)l 4 (G.8)
2
@+nr(2+1)
EBcrrw = TarGen L. (G.9)
G.4. HDP

2
For the HDP the MSD is given by Eq. (32), so that (x(t)?) ~ t7-«, then y = ﬁ Thus rewriting (A(t)?), Eq. (33), in terms of y we
get

(A@?) = 2D} Bt (G.10)
where
743 2y+3
o= T N 42 2F(T>F<T> Y+2 y+2 y+3 3 3y+6
(y) = = ' ——,/ 1 ———sbh|—— ———: 5 1.
iy +2) \r 2 2 2 2 2 2

3y+6
r 2

Similarly, for the absolute area, Egs. (50) to (52), in terms of y we get

1+y y y
- () i ()
Y+ /4
1+2y ¥
(Az(z)>=4<3) (&> r(y+1>r<ﬂ>cmﬂ+y, (G.12)
(7 +2y/x \7¥ 2 2
where
27+3
N o) T RIS SO P
= 2 02 T2 T2 )

342
3y+5
r(%42)

and the ergodicity breaking parameter is

EBypp = CO)T <%‘> -1 (G.13)

As a summary, Fig. G.9 compares the EB parameter for the four processes discussed above.
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Fig. H.10. P(A,1) vs A at different times . (a) Fractional Brownian Motion. The dotted line corresponds to the prediction given if the functional

was Gaussian. (b) Heterogeneous diffusion process (HDP). The dotted line corresponds to the prediction given if the functional was Gaussian.
The simulations details are provided in Appendix F.
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Fig. H.11. Probability distribution of P(A,) vs A at different times ¢. (a) Fractional Brownian Motion. The vertical line corresponds to the mean

value predicted by Eq. (46). (b) Heterogeneous diffusion process. The vertical line corresponds to the mean value predicted by Eq. (50). The
simulations details are provided in Appendix F.

Appendix H. PDFs for fBM and HDP

For completeness, we present here the PDFs of the area A (Fig. H.10) and of the absolute area .A (Fig. H.11) for both the fBM

and HDP. Again, we find that the scaling Eq. (54) is fulfilled. Moreover, since the fBM is a Gaussian process, we also see that P(A,1)
is a Gaussian, and follows Eq. (60), as expected.

Data availability

Data will be made available on request.
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