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ARTICLE INFO ABSTRACT

Keywords: Antimicrobial resistance (AMR) remains one of the most pressing global health challenges, with
Antimicrobial resistance (AMR) significant implications for human, animal, and environmental health. While numerous math-
Intra-host dynamics ematical models have been developed to describe the dynamics of AMR, most are formulated

Discrete-time models

Non-Standard Finite Difference (NSFD)
schemes

Computer simulation

in continuous time. In contrast, discrete-time models, particularly those based on Non-Standard
Finite Difference (NSFD) schemes, offer important advantages, such as preserving key dynamical
properties including nonnegativity, equilibrium points, and stability for arbitrary time steps.
In this work, we analyze a family of discrete-time models for intra-host AMR dynamics,
derived from continuous-time formulations via NSFD discretization. In particular, we consider
four NSFD-based numerical schemes and investigate their qualitative properties. Moreover, we
evaluate the performance of the discrete-time models through numerical simulations under
various scenarios and conduct a comparative analysis of the four schemes from a numerical
perspective. Additionally, we use one of the proposed schemes to construct a discrete-time
representation of a more complex AMR model, which incorporates both mutation and horizontal
gene transfer via plasmids. This modeling framework not only fills a methodological gap in the
study of AMR dynamics, but also provides a foundation for computer simulations in several
contexts where discrete-time analysis is more suitable.

1. Introduction

Antimicrobial resistance (AMR) refers to the phenomenon by which certain microorganisms, such as bacteria, viruses, or fungi,
develop resistance to chemical compounds designed either to kill them or inhibit their growth. As a result, the uncontrolled spread
of resistant microbial populations can lead to severe medical complications and diseases that are extremely difficult to treat.
For instance, resistant strains of Mycobacterium tuberculosis [1], Plasmodium falciparum (malaria) [2], Helicobacter pylori [3], and
Staphylococcus aureus [4,5] have been well documented. AMR is not limited to human medicine; it also extends to animals [6],
and its community-wide implications have placed it within the scope of the One Health framework [7]. The continued misuse
and overuse of antibiotics in both human medicine and the livestock and food production sectors constitute a major driver of
AMR [8]. In 2019, it was estimated that AMR was directly responsible for 1.27 million deaths and contributed to an additional 4.95
million deaths [9]. The outlook for the coming decades is no better: by 2050, the number of direct deaths is projected to reach 1.9
million, with AMR-related deaths rising to 8.2 million [10], making it one of the leading causes of mortality worldwide. Beyond the
intrinsic health challenge, AMR also places a significant economic burden on healthcare systems, due to the need for more expensive,
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prolonged treatments and extended hospital stays. The World Bank estimates that AMR could generate a global economic cost of up
to 2 trillion USD by 2050 [11]. For these reasons, combating AMR has become a priority for governments, with the development of
dedicated national programs (e.g., US National Action Plan for Combating Antibiotic-Resistant Bacteria [12], UK Five-Year National
Action Plan on Tackling Antimicrobial Resistance [13], Australia’s National Antimicrobial Resistance Strategy [14], Singapore’s
National Strategic Action Plan (NSAP) on AMR [15], European One Health Action Plan against AMR [16], among others). A
multifaceted approach is essential to address the challenge of AMR: the development of new antibiotics, improved usage of the
current antimicrobial arsenal, and a deeper understanding of the emergence and transmission of resistance.

Mathematical modeling has become, in recent decades, a valuable tool in the understanding and mitigation of AMR [17].
Modeling allows us to explore the underlying mechanisms of resistance emergence and spread, identify knowledge gaps, design
intervention strategies, and serve as a testing ground for policies, thus supporting decision-makers in the effective fight against
AMR [18]. In this regard, mathematical models have been used to estimate and forecast the burden of resistant strains (for
surveillance and prevention), to determine the community-level spread of resistant infections, to design efficient drug administration
strategies, and to understand mechanisms of resistance emergence and bacterial transmission. For example, [19] uses a statistical
model to estimate latent tuberculosis cases caused by multidrug-resistant strains, and [20] provides a review of models for AMR
burden prediction. A continuous deterministic model is used in [5] to describe the spread of methicillin-resistant Staphylococcus
aureus in a population. In [21], a transmission model for resistant Neisseria gonorrhoeae is analyzed, while [22] employs an agent-
based stochastic model to study the spread of colistin-resistant Acinetobacter baumannii in Valencia, Spain. The work in [23] applies
a Markov model to describe the spread of antibiotic resistance in a small hospital population. A deterministic compartmental model
is used in [24] to study the propagation of Influenza A in the presence of antiviral resistance, and [25] investigates resistant
meningitis. In addition, some works focus on optimal drug administration to enhance treatment efficacy under AMR conditions.
For instance, [26] proposes optimal dosing strategies, while [27] explores drug cycling approaches. Additionally, [28] introduces a
model that integrates antibiotics, debridement, and an anti-adhesion therapy to block bacterial tissue adherence.

Intra-host emergence of AMR can occur either via person-to-person transmission of resistant bacteria (a community-level process,
as modeled by the works cited above), or within an individual due to mutations or selective pressure induced by antibiotic
usage. Resistance genes may be acquired via mutation or horizontal gene transfer (HGT), the latter being the process by which
microorganisms acquire genetic material from others. HGT involves plasmids, transposons, or integrons and operates via three
primary mechanisms: transformation, transduction, and conjugation. Among these, conjugation is the most relevant for the spread
of resistance genes in hospital settings under antibiotic pressure [29].

There is a substantial body of literature on mathematical models describing AMR emergence through mutation and HGT. A
comprehensive review is provided in [30]. The work [31] analyzes a model for the growth, resistance acquisition, and immune
response of Helicobacter pylori, determining the conditions under which sensitive and resistant populations are cleared or persist.
In [32], a continuous-time logistic model describes resistant bacterial dynamics due to mutation and plasmid-mediated HGT.
In [33], the focus shifts to bacteria concurrently exposed to multiple antibiotics, with resistance acquired through mutation.
Similar phenomena are studied in [34] for Mycobacterium tuberculosis and Pseudomonas aeruginosa. A fractional model is introduced
in [35], accounting for antibiotic exposure, immune response, and mutation-driven resistance emergence. [36] develops a continuous
deterministic model with mutation and HGT in the presence of antibiotics, with optimal control strategies to combat AMR. In [37],
a model for the temporal evolution of AMR in microbial communities is proposed, incorporating competition between two bacterial
strains, antibiotic-driven mutation, and host immune dynamics. [38,39] introduce a model with a continuous resistance spectrum,
which differs from the common binary approach, and is described by integro-differential equations. [40] explores a Darwinian
evolution model of resistance using a continuous compartmental framework. [41] analyzes resistant and susceptible bacterial
populations in agricultural waste with HGT while [42] studies similar dynamics in wastewater. Furthermore, the loss of resistance
due to selective pressures (AMR reversal) has also been modeled. In [43], deterministic, stochastic, and fractional models are
introduced to study AMR reversal caused by fitness disadvantages in resistant Escherichia coli strains.

Although the literature on the topic is extensive, the majority of existing models have been formulated in continuous time.
However, discrete-time models offer notable advantages. They can represent a wide variety of dynamic behaviors, are easier
to simulate computationally, have greater numerical efficiency, and allow for more straightforward parameter estimation from
experimental data. Therefore, the development of discrete-time models to capture intra-host AMR emergence is of significant value,
particularly for the design of simulation platforms to support understanding, control strategy testing, and decision-making. Thus,
the aim of this work is to introduce and analyze systematic procedures for constructing such discrete models. Two approaches are
available: direct discrete-time modeling or discretization of existing continuous models. While direct discrete modeling has been
extensively applied in the study of epidemic spread [44-48], its application to intra-host AMR dynamics appears, to the best of the
authors’ knowledge, to remain largely unexplored. Given the vast number of existing continuous-time models, this work adopts a
discretization-based approach, transforming existing continuous-time intra-host AMR models into discrete-time formulations.

Discretization methods provide a way to transform continuous models into discrete ones. The resulting discrete system should
preserve both the qualitative and quantitative features of the original model. Ideally, if the continuous system possesses properties
such as positivity or stability of solutions, the discrete counterpart should also exhibit them regardless of the integration step size
(also referred to as sampling period). Likewise, the discrete solutions are expected to approximate the continuous ones uniformly
with respect to step size. This has motivated extensive research into discretization schemes possessing these properties, among
which Non-Standard Finite Difference (NSFD) methods, introduced by Mickens in the 1980s [49,50], stand out. NSFD methods use
non-local approximations for nonlinear terms, enabling the construction of discrete schemes that preserve the dynamic properties
of the continuous system independently of the integration step. For this reason, NSFD schemes have been widely applied to

396



A. Ibeas and N. Chitnis Mathematics and Computers in Simulation 250 (2026) 395-422

derive discrete models from continuous biological systems. They have demonstrated excellent performance in preserving key
features of epidemic models. Several studies have applied NSFD methods to compartmental-type epidemic models for typhoid [511,
HIV [52], dengue [53], Zika [54], malaria [55,56] and COVID-19 [57], showing that such schemes maintain positivity, stability,
and boundedness of solutions for arbitrary step sizes. Other works, such as [58-60] apply NSFD to species interaction and predator—
prey models, confirming the preservation of qualitative properties under different modeling scenarios. Comparisons with other
discretization techniques, such as Euler or Runge-Kutta methods, reveal the superiority of NSFD schemes in terms of structural
preservation and numerical stability [51,53,55,60,61]. Some studies have also extended NSFD techniques to fractional epidemic
models (e.g., Ebola and Zika) [62,63], and to control and optimization strategies [54,64]. Altogether, this body of work highlights
the robustness and flexibility of NSFD methods in modeling a wide variety of biological systems [57,65-69].

This work applies NSFD techniques to derive discrete models for intra-host AMR emergence that retain most of the qualitative
properties of the underlying continuous models and are consistent with the continuous-time solution, providing a good numerical
performance for a wide range of step sizes. The main contributions are:

+ Derivation of discrete models describing intra-host AMR emergence due to mutations in the presence of antibiotics using
various NSFD schemes.

* Qualitative analysis of the proposed models, including nonnegativity, existence and stability of equilibrium points.

» Comparative assessment of the NSFD schemes in terms of numerical accuracy and structural properties.

» Application of one NFSD scheme to a model incorporating human immunity and AMR emergence due to both mutation and
through HGT via plasmids.

The proposed discrete models serve as efficient computational tools for simulating AMR emergence processes, offering insight
into underlying mechanisms and potential mitigation strategies. Although NSFD methods have been extensively used in modeling
epidemic spread, most studies have focused on comparing them with classical schemes such as Euler or Runge-Kutta [53,55,70,711,
while fewer works have compared different NSFD approaches directly [61,72].

The remainder of this paper is structured as follows. Section 2 presents the continuous intra-host AMR model that forms the
basis for discretization. Section 3 introduces the NSFD discretization approach and the proposed schemes. Section 4 establishes the
qualitative properties of the discrete models and their correspondence with the continuous model. Section 5 presents numerical
simulations while Section 6 applies one numerical scheme to a model incorporating human immunity, horizontal gene transmission
and mutation. Finally, Section 7 provides the conclusions.

2. Model description and problem formulation

The starting point is the bacterial resistance model given by Egs. (2.1)-(2.3) [73] where, for the sake of clarity, the temporal
dependence of the variables has been omitted. This model has been chosen in contrast to more complex formulations [4,32], in
order to keep the presentation and core ideas transparent. Moreover, the methods introduced in this section are extendable to more
comprehensive models capable of capturing additional types of phenomena. The model describes the temporal evolution of the
population of bacteria sensitive to an antibiotic, denoted by S(¢), and its resistant variant, R(7), in the presence of an antibiotic
concentration represented by C(¢). Both the sensitive and resistant bacterial populations grow logistically with a constant carrying
capacity K, and respective reproduction rates f, and g,, with g, < ;. The sensitive bacteria have a constant mortality rate denoted
by u,, while the resistant bacteria die at a rate given by u,. In addition, sensitive bacteria are killed by the antibiotic at a rate
proportional to the product of .S and C, with proportionality constant ag. Furthermore, a fraction of resistant bacteria emerges due
to mutations of sensitive bacteria in the presence of the antibiotic. This fraction is represented by ga¢CS. Finally, the antibiotic is
administered at a constant rate A and degrades at a rate given by u,.

ds S+ R

£ - ﬂSS<1— + )—aSCS—ySS @1
dR S+ R

22 - ﬁ,R(1 - )+anCS—,4,R (2.2)
‘Z_f = A-pu,C (2.3)

In order to reduce the number of parameters and simplify both the structure of the equations and that of the corresponding discrete
counterparts to be derived, the following change of variables is introduced:

S R C A

R P <E L 24

sKrKcA/ﬂcasaSﬂc (2.4)
which leads to the system of Egs. (2.5)-(2.7) in the normalized variables,

ds
i Pes(1 —(s+7r) —ases — pgs, (2.5)
% = fr(1 —(s+r)) +qascs — u,r, (2.6)
dc
i He — HeC. 2.7)
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Since the Egs. (2.5)—(2.7) biologically represent a population of bacteria, the variables s and r must be nonnegative, and their sum
must not exceed the carrying capacity of the environment. Additionally, the antibiotic concentration, ¢, must neither be negative
nor exceed the administered amount. Therefore, the set of interest, £2, is given by (2.8):

Q={sr0€R :0<s+r<1,0<c <1} (2.8)

The constraint 0 < s+r < 1 will be referred to in the following as the biological property. Moreover, Assumption 1 is made regarding
the model parameters:

Assumption 1. The model parameters satisfy:

1. ag, B, Bys Hys Hys e, K, A >0
2. 0<g<1

3. B, <5

In [73], the following properties of the system (2.5)-(2.7) are proven.
Theorem 2.1 (Nonnegativity of Solutions). The set €2 defined by (2.8) is a positively invariant set for the system of Egs. (2.5)—(2.7).

Theorem 2.2 (Existence of Equilibrium Points). The system (2.5)—(2.7) always has the trivial equilibrium point E, = (0,0,1). If
R, = 5 5 1, in addition to E,, there exists the equilibrium point E; = (O, R;;l,l). If S, := aﬁ—:y > 1 and S, > R,, there also
exists therequilibrium point E, = (s*,r*, 1) where: " o

R,

= (2.9)
S R,
O aastp (1 B S_u)
P o= 995(So = 1) (2.10)
Hy
(o + pp) (SO T e R’)

Theorem 2.3 (Stability of Equilibrium Points). The following items hold:

(@ If Sy <1 and R, < 1, then the trivial equilibrium E, is globally asymptotically stable in Q. If S, > 1 or R, > 1, then E is unstable.
(i) If Sy < R, and R, > 1, then the equilibrium E, is locally asymptotically stable in Q. If S, > R,, then E, is unstable.
(iid) If Sy > 1 and S, > R,, then E, is locally asymptotically stable in €.

Theorems 2.1-2.3 prove the main qualitative properties of the system, which are the nonnegativity of the solutions (for any
nonnegative initial condition), the conditions under which the equilibrium points exist, and their stability. This work aims to study
and compare different NSFD-based discretization schemes by examining their ability to preserve the qualitative dynamics of the
continuous model and assessing their numerical performance under varying step sizes. The discretization schemes considered in
this work are presented in Section 3.

3. Non-standard finite difference (NSFD) discretization of the model

Discretization methods for continuous dynamical systems aim to construct a discrete model that accurately approximates the
solution of the original continuous dynamics. To this end, let us consider the time instants given by 1, = kh with k € N;, where
h > 0 represents the integration step (also referred to as the sampling period in some contexts such as Control or Signal Processing).
The goal is to find sequences s, r;, and ¢, that approximate the solutions s(), r(¢), and ¢(¢) of the system (2.5)-(2.7) at ¢, = kh. To
achieve this, we will use the NSFD methods proposed by Mickens [50].

Remark 1. (Fundamental Assumptions of the NSFD Scheme) For a numerical method to be classified as non-standard, its construction
must be based on at least one of the following two core assumptions [61]:

* Denominator function: In the discretization of the first derivative, the traditional denominator 4 is replaced by a nonnegative
function ¢(h) that satisfies ¢(h) = h+ O(h?) as h — 0.

* Non-local approximation: Nonlinear terms on the right-hand side of the differential equations are approximated in a non-
local way, distributing their evaluation across several points of the discretization mesh. For example, the term u(r)?> could
be approximated by uju,_ ., rather than strictly evaluating at a single point, “i'

Four different NSFD schemes are applied to the system (2.5)—(2.7) in order to obtain discrete-time models of AMR system. The
Schemes are given by:
Scheme 1
Sk+1 7 Sk

é(h)

= BySic = BsSka1 (Sk +7) = @CSiet = HSiern 3B.1)
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eyl =Tk

o) = Beric = Brriar (S + 1) + qagCy Sy — Hiriy (3.2)
Crt1 — Ck
L — 3.3
¢(h) He HeChy ( )
Scheme 2
Spa] =S
Lk BSi = Bysi(Spa1 + Fig1) = AsCuSpq1 — MySpy1 B4
d(h)
r —-r
% = Beric = Brri(Sier + Fiq) + 400 Sy — HpFig (3.5)
Cr+1 — Ck
—_ = — U, 3.6
¢(h) He HeCry ( )
Scheme 3
Sk41 — Sk
J;ﬁ(—h) = PySia1 — PsSia1 (i +71) = AgCSpqt — HsSiq1 3.7
r —-r
% = Berie1r = Bt (i + 1) + 4o e Sy — iy (3.8)
Cr+1 ~ Ck
—_ =, — U, 3.9
¢(h) He = HeCryn ( )
Scheme 4
Sk+1 ~ Sk
J;ﬁ(—h) = BsSirt = BsSi(Spat + Tia1) = EsCicSprt = HySke1 (3.10)
r —-r
% = Briet = Bk (Sp1 + Ti1) + GOCkSppy = My (3.11)
Cr+1 ~ Ck
—_— = U, - 3.12
o(h) He = HeCrrl ( )

It is important to notice that all the previous Schemes are implicit, in the sense that the values of the state variables at the
sampling instant t,,; are not expressed independently of their values at #;, this is, the values at 7, ; are merged with the values at
1. In order to facilitate symbolic manipulation and to derive an explicit formulation, we proceed to rewrite the previous Schemes
as follows:

A1 =Dpyi + b (3.13)

with n = 1,2, 3,4 representing Schemes 1, 2, 3 and 4, respectively, and yl = [sk re ck]. The matrices A, and D, are given by:

14 B,d(sy + 1) + agpey + g 0 0
A= —qagpcy 1+ p.d(s +rp) + ¢ 0 (3.14)
0 0 1+pu.d
1+ Bpsy + agdey + pugd Psbsy 0
A, = Brdri — qa,dcy 1+ p.or + u.¢ 0 (3.15)
0 0 1+ pu.d
14+ pop(sy + 1) + agdpey + (ug — By 0 0
Ay = —qa ey L+ B,d(sy +ri) + (4, — B 0 (3.16)
0 0 1+pud
L+ sy + agpey + (ug — B)d Bsbsi 0
Ay = Bobry — qasdey L+ Bdre+ (B 0 (3.17)
0 0 14+ p.
while
1+ p,¢ 0 0
D, =D, = 0 1+6.¢ O (3.18)
0 0 1
Dy=D, =1 (3.19)
and
0
b=| 0 |. (3.20)
U

With this notation, the above Schemes can be explicitly written (whenever the inverse matrices exist) as:
Vis1 = A Dy + A'D (3.21)

for n = 1,2,3,4. The four presented schemes will be compared numerically but, initially, some of their theoretical properties are
studied in the next Section.
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4. Qualitative properties of the discrete models

In this section, the qualitative properties of the numerical schemes introduced earlier will be presented, particularly the
consistency with respect to the continuous-time solution, the nonnegativity of the solutions, the existence and location of equilibrium
points, and their stability. Initially, following the methodological framework presented in [55], the consistency of the proposed
numerical schemes is verified by analyzing their Local Truncation Error (LTE) via Taylor series expansions. This fundamental result
is formally stated in the following theorem.

Theorem 4.1 (Consistency of Numerical Schemes). The four NSFD schemes (3.1)—(3.3), (3.4)-(3.6), (3.7)-(3.9), and (3.10)—(3.12) are
consistent with the continuous-time system (2.5)—(2.7) provided that the denominator function ¢(h) satisfies the condition hm,HO o _

Proof. To prove consistency, we must show that the discrete scheme recovers the continuous-time system as the step size h — 0,
which is equivalent to demonstrating that the Local Truncation Error (LTE) vanishes. To achieve this, we substitute the exact smooth
solutions s(1), #(t), and c(¢) of the continuous system into the discrete scheme. For the discrete derivative terms, we utilize Taylor
series expansions around ¢ = t; = kh. The exact solutions at t,,; =7, + h can be expanded as:

mﬂo—dw+h am+m#)
mmn=nm+hzum+a#x

c(typr) = c(t) + h%(rk) +OR?).

Let us analyze Scheme 1. For the discrete derivative on the left-hand side, we substitute the Taylor expansion while keeping the
denominator function ¢(h). Factoring out A, for any variable y € {s,r,c}, we obtain:

d 2
W) = X0) i 00+ O U < @ )+(9(h)>
$(h) b(h) Q) “
Substituting the continuous solutions into the first equation of Scheme 1, replacing only the derivative term with its Taylor
expansion, we obtain:

_h
¢(h) < ) + O(h)) = P,s(t) = Bys(ty + h)(s(ty) + r(ty)) — age(ty)s(ty + h) — usty, + h).
To demonstrate consistency, we evaluate the limit as ~ — 0. On the left-hand side, we apply the fundamental property
limy,_o 5= 20 _ 1 (which trivially implies lim,_, - ( 5 = = 1) and note that the O(h) term vanishes. On the right-hand side, since the
exact solutlons are continuous functions, lim,_,q y(f, + h) = ¥(t;). Thus, taking the limit yields:

1 %(tk) = Pys(ty) = Bes)(s(ty) + r(ty)) — age(t)sty) — pgs(ty)

d
d_j(t") = Bys(t)(A = s(ty) — (1)) — ase(t)s(ty) — pgs(y).
This perfectly recovers the first differential equation of the continuous system (2.5) evaluated at 7,, confirming that the LTE for this

equation approaches zero.
Applying the exact same procedure to the equations for r and ¢ in Scheme 1 yields:

ﬁ (—(tk) + O(h)) = (1) — Bor(ty + W)(s(t) + r(t,) + qac(t)s(t, + ) — (e, + h)
i (Gr0 + ) = e~ et + .

Taking the limit » — 0 utilizing continuity and the condition lim,_, — ¢(h) = 1, we identically recover Egs. (2.6) and (2.7). Thus,
Scheme 1 is consistent.

For Schemes 2, 3, and 4, the nonlinear approximations involve different combinations of variables evaluated at 7,,, and ¢,.
However, taking the limit 2~ — 0 invokes the continuity of the solutions for all cross-terms, seamlessly recovering the exact
continuous nonlinear terms. Evaluating the limits under the condition lim;,_,; — ps ( =1 confirms that the LTE vanishes for all proposed
schemes. []

Remark 2. The proposed NSFD schemes inherently exhibit a first-order rate of convergence, O(h), which is a standard feature for
classic formulations based on Mickens’ nonstandard rules. Although NSFD methods generally prioritize structural and qualitative
stability over high-order algebraic accuracy, enhancing their rate of convergence remains an active area of research. For instance,
the numerical precision of nonstandard schemes can be improved by coupling them with Richardson extrapolation techniques [53].
Additionally, recent advances have led to the design of explicit second-order [74] and general high-order nonstandard methods [75]
tailored to preserve specific dynamical properties of continuous systems.

Theorem 4.1 guarantees that the proposed numerical schemes are able to recover the solution of the continuous-time system as
the step size (sampling time) tends to zero. However, from a practical perspective, it is interesting to show how the schemes behave
for finite and arbitrary values of h. These properties are studied in the sequel.
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Theorem 4.2 (Properties of ¢,). For all the discrete-time Schemes 1-4, the concentration of antibiotic, c,, satisfies 0 < ¢, <1 for all k >0
provided that 0 < ¢, < 1 and Assumption 1 holds.

Proof. All four schemes provide the same discrete-time evolution equation for c;:

1 HeP

c =—q(, + . 4.1)
T )
The solution to (4.1) with initial condition ¢, is given by:
! k
=1-———) (d-cy. (4.2)
, ( 1+ ﬂc¢> 0

kY ® k
Since Assumption 1 holds, the sequence {(ﬁ) } satisfies 0 < (H_;14¢> <1 forall k >0. Thus, ¢y < ¢, <1forall k >0
c k:0 c

implying 0 < ¢, <1. [

Theorem 4.3 (Well-Posedness of Schemes and Nonnegativity of Sequences s, and r,). Assume that Assumption 1 holds and s, ry, ¢y > 0.
Then,

(i) Scheme 1 is well-posed" and the state variables s, and r, remain nonnegative for all k > 0.

(ii) Scheme 2 is well-posed and the state variables s, and r; remain nonnegative for all k > 0 provided that f; = p..
(iii) Scheme 3 is well-posed and the state variables s, and r, remain nonnegative for all k > 0 provided that u; > f;, u, > p..
(iv) Scheme 4 is well-posed and the state variables s, and r; remain nonnegative for all k > 0 provided that u; = f; = p, = p,.

Proof. It will be proved by complete induction. Since Assumption 1 holds, Theorem 4.2 also holds and 0 < ¢, < 1. Thus, the
nonnegativity is true for s, r(, ¢y and it is assumed to be true for a finite k. We will prove now that s, ,,r,,; > 0. The proof is split
for the different Schemes:

(i) Scheme 1.

The determinant of A, at any k > 0 is given by:

det(A)) = (1 + Byp(sy + ri) + agder + @)+ Bp(sy + ) + (A + ph) (4.3)

which is positive at k since s, r;, ¢, > 0 and all the parameters are positive by Assumption 1. Consequently, A, is invertible and
the explicit formulation of the discrete-time system is possible at time ¢, = kh as:

Yir1 = AT (Dyyg +b)., (4.4)
with
AT 0
A1_1 _ l (4.5)
I+ucd
and
1 0
R T vyt B, bri+ sy
Al—l _ . (4.6)
ascppg 1

. A+pp g+ fric+B dsi )1+ uydrasei o+ By drictPodsi) — 1+ppd+Prric+hy dsi X
Since all the elements of the right-hand side of (4.4) are nonnegative so will be s, , r,,; and ¢, ;.

(ii) Scheme 2.
At step time 1, = kh, the determinant of A, is given by Eq. (4.7),
det(Ay) =1 + (u, + py + @ + Bory + Bys)
+ (”rﬂs +agcppy + Pttty + Bopps + agfrciry + asﬂsckqsk) % 4.7)

which is positive due to the induction hypothesis. Therefore, A;l exists and Scheme 2 can be explicitly written as y,,; =
A (Dyyi + b). Moreover, s, and ry,, are explicitly given by:

Bottpsid? + 5By + i, + (B, — B )D + 54
—_——

()

- , 48
Skt det(A,) 4.8

1 In the sense that the explicit formulation of the discrete-time system given by (3.21) is possible.
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and
me? +mad+ry
M bty 4.9
Tt det(A,) (4.9)
with
My = Brusric + agfrepry + agfociqsy (4.10)
Ny = B + pgry + ageiry + (B — ) risy + agcqsy. (4.11)
——

(x)
If g, = p,, then the terms (x) are zero and #,;, n,, are positive. Therefore, (4.8) and (4.9) are positive for all ¢(h) > 0 leading to

k1571 2 0.
(iii) Scheme 3.
The determinant of A5 is given by (4.12):

det(Az) = (1 + fyd(sy + ri) + agdey + (i = BIP)A + B (s + ri) + (4, = BIP)L + p. ). (4.12)

If u, > p, and pu, > B, hold, then det(A;) > 0 and the inverse matrix A !, which exists and is given by:

AL 0
A= , (4.13)
3 0 )
I+ucd
with
o L (S =B+ Bric+ Brsi) + 1 0 )
Al = —— < . (4.14)
3 det(A3) asck¢q ¢(MS - ﬁs +agc, + ﬂsrk + ﬂssk) +1
det(As) = (¢ (= B, + Boric + Bosi) + 1) (¢ (g — By + ager + Byry + Bysi) +1) (4.15)
has positive entries. Thus, since all the elements in the right-hand side of (3.21) are positive, so will be s;_, r,,; and ¢, .
(iv) Scheme 4.
When p, = g, = u, = p. = p, the determinant of A, reads:
det(Ay) = 1
+ (Mo + g + Bri + Bs) &
+ (asckyc + fucry + Bu.s, + agfeir + asﬂckqsk) ¢
+ (asﬂck”crk + asﬂckﬂcqsk) ¢37 (4.16)

which is positive under the assumptions in (iv). Thus, the inverse matrix A;‘ exists and the system is well-posed. Moreover, the
values of s, and r,,, are given by:

N = Sk
K+l = ,
(@gBepry + agBegs) §2 + (ager + Pry + Psi) b + 1
(@gerry + agcrqsy) @ +ry
Tre1 =

(ayBeyry + agBergsy) ¢ + (age, + pri + fs) p+ 17

which are positive as well. Thus, it is proved that the discrete-time Schemes 1-4 are well-posed and remain nonnegative for all
k > 0 and any nonnegative initial condition regardless the value of step size A, under the mentioned assumptions. []

It is worth noting that the nonnegativity of the solutions is not guaranteed in a general case under Schemes 2, 3 and 4, since
either the determinant or the inverse matrix of A, possess negative components that might lead to negative values for the next-step
state for certain combinations of parameters and current state values. Thus, for Scheme 2 we have:

A 0
Agl = 1 , 4.17)
I+uc
with
A= 1 Wb+ Brpri + 1 —Bsps
A I _ r r¥lk sPOk >’ 4.18
= i <a3ck¢q-ﬁ,¢rk Hob + g+ fysy + 1 @19

and det(A,) given by (4.7). At the induction hypothesis, s, r, and ¢, are nonnegative implying that det(A,) is positive. However,
Eq. (4.18) exhibits some negative entries. As a result, for some parameter combinations, the solutions might attain negative values
and the nonnegativity of the solutions cannot be directly guaranteed for arbitrary step sizes. Something similar happens to Scheme
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3, since the presence of differences (u, — §,) and (4, — §,) in matrix A; may cause some terms to be negative. This fact is observed
in the value of det(A;) in (4.12). On the other hand, for Scheme 4 we have in the general case:

det(Ay) = 1+ A + B + C¢>, (4.19)
with

A= e+ py + iy = fs = B + s + Poryc + sy
B = popy + pets + Hptts + BBy — beBr = By — 1y By — 1B,
—agf.cp +agcpp, +agcp iy + Py + Bty + Poto Sk + PoiSy
+af.cpri + oo qs; — BB (ry + Sp),
C = petptts + BeBstic = BrBshcrsc = BrBste Sk = Bshe by — BreHy
Bt Botchy S+ agBiepucry + agBicinedsy + agCihe iy
—agf.cpp, +agfepp ry,
for which the coefficients A, B and C may be positive or negative depending on the combination of parameters and states. However,
under certain circumstances, given by Theorem 4.3, some sufficient conditions can guarantee the nonnegativity of the schemes.

Moreover, the biological property satisfied by the original continuous system, namely, 0 < s(f) + r(r) < 1, can be guaranteed to
be preserved by the proposed numerical schemes under certain circumstances.

Theorem 4.4 (Biological Property of the Discrete Model, 0 < s, + r;, < 1). Assume that Assumption 1 holds and 0 < sy + ry < 1. Then,

(i) For Scheme 1, if p; = p,, then 0 <5, +r, <1 forall k > 0.
(ii) For Scheme 1, if g < Z—:, then 0 < s, +r, <1 forall k > 0.
(iii) For Scheme 2, if p; = p,, then 0 < s, +r, <1 forall k > 0.
(iv) For Scheme 3, if f; = u, and B, = p,, then 0 < s, +r, <1 for all k > 0.
(v) For Scheme 4, if B, = u; = p. = p,, then 0 < s, +r, <1 for all k > 0.

Proof. The proof proceeds by induction. The base case s, + r, < 1 holds by hypothesis, and we assume that s, + r, < 1 at some
time step t; = kh. We will show that s, +r;,; < 1.

(i) Scheme 1. Case g, = §,.

We proceed by contradiction. Suppose that s, +r,,; > 1. Adding Egs. (3.1)-(3.3), we obtain:

(St +rg) = (S + 1)

) = Bsic + Brrie = (BySiar + Bpri ) )(sg + 1) + (4 = DageyeSiy = UySir = Heleyr- (4.20)
Denoting 6, = s, + r, and assuming g, = g, = §, Eq. (4.20) simplifies to:
Ol ~O% _ ps 1 — s 1 (4.21)
o Bl = 61c1) +(q = DAsCySpy) = HSkrt = Hylgr1- .

Since 6;,; > 1 and 6, < 1 by hypothesis, the left-hand side of (4.21) is positive. However, the right-hand side is negative, because
(1 -6441) <0, 68, >0, and 0 < g < 1, which yields a sum of strictly negative terms, a contradiction. Hence, §,,; cannot exceed one.
The induction step is complete, and we conclude that s, + r, <1 for all £ > 0.

(ii) Scheme 1. Case g < b

The value of the sum s +i +ry4 is given by:

g+ sy

Seal F gl = (4.22)
* ’ 13107+ + 1
with
My = Poltslic + BsttySic + BoBory + BoBosi + 2B, Byricsic + asPrciryc + auPiciqsye (4.23)
Mo = Bl + Bsic+ Mgt + Sy + ﬂg’i + ﬂrsi + ety + Brrisi + BoriSi + agciqgsy, (4.24)
N3 = (M, + pry + ﬂ,sk) (yx +asc, + fory + ﬁssk) s (4.25)
N3p = H, + pg +agep + pori+ Pory + Bosi + Bysy. (4.26)
Since all the terms (4.23)—(4.26) are positive, the condition s, +r;,; < 1 holds if:
(131 = m))®” + (13 = M)+ 1 =1y = 5> 0, (4.27)
for all ¢(h) > 0, which in turn is satisfied if:
N3 — My = HpHg +agCit, + ﬂx”rrk + ﬁr”xsk +oagcpsy (ﬁr - ﬂsq) >0, (428)
——

()
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M3y — Moy = U (1 =5)+pu, (I =r)+ae, (1 —rp —gsp) + pri(1 —rp —s,)+ p.s (1 — s, —r) > 0. (4.29)

Ifg < %, then the term (x) is positive and all the parameters in (4.28) are positive. On the other hand, since s, +r, < 1, then s, < 1,
Fe <L, 1=s,—r,>0,1=r, —gs, >0, (4.29) holds and the positiveness condition holds. Thus, (ii) is proved.

(iii) Scheme 2.

The value of the sum s, + r;, is given by:

_ 31 9* + N + ri + 5¢

= (4.30)
k+1 T Tkl 1+ b+ 1
with
Nay = Brusric + Bspesy + agPocpry + agBoeiqsy, (4.31)
Nap = Byric+ BsSic + Mgl + HpSi + A0l + 0514y, (4.32)
51 = HpHs + A Cp My + ﬂr”srk + ﬂsl"rsk + asﬂrckrk + asﬂsckqsk’ (433)
N5y = H, + pg +agep + fori + Posy. (4.34)
Since all the terms (4.31)—(4.34) are positive, the condition s, ; +r;,; < 1 holds if:
(nsy — 7741)1172 + sy —ngp)p+1—rp — 5, >0, (4.35)
for all ¢(h) > 0, which in turn is satisfied if:
fNs1 =41 = M+ ascp, >0, (4.36)
N5y —Nap = MU (1 = 5) + pu,(1 = rp) +age, (1 —rp —gsy) > 0. (4.37)

All the parameters in (4.36) are positive, and, since s, +r, <1, then s, <1,r, <1, 1 =5, —r; >0, 1 —r; —gs; >0, (4.37) holds and
(iii) is proved.

(iv) Scheme 3. Case g, = u, and B, = p,.

The value of the sum s, 4+ ., is given by:

Neo® + ri + 55

Spal 1 = s 4.38
k+1 T Tkl T+ + 1 ( )

so that the condition s, + r;,; < 1 holds if:
n@* + (i — ng)d+ 1=, — 5> 0, (4.39)

for all ¢(h) > 0, which in turn is satisfied if:
N = (ﬂr - ﬂr + ﬂrrk + ﬂrsk> (”x - ﬂx + A Cx + ﬁsrk + ﬂssk) > 0’ (440)

N2 —MNe2 = Hr — ﬂr + Hs — ﬁs + (ﬁ_s - ”S)rk + (ﬁr - ”r)sk + asck(l —re = qsk) + ﬂ,rk

+Bpsi (U= = 5) + Bysy + Byri(1 = ry =) > 0. (4.41)

If B, = p, and B, = u,, then (4.40) and (4.41) hold and the biological property is preserved.
(v) Scheme 4.
The value of the sum s, + r,; is given when g, = u; = . = u. = p by:

Ngo@ + 1y + 51
Skr1 T 1 = — 55— (4.42)

o1 * +noyp + 17

so that the condition s, +r,; < 1 holds if:
o1 #” + oy = ng2)p + 1 = 1 = 5> 0, (4.43)
for all ¢(h) > 0, which in turn is satisfied if:

agfegry + agferqsy > 0, (4.44)

M9y
Mgy — gy = Pric + Bsy + age (1 —r —gs) > 0. (4.45)

Since (4.44) and (4.45) hold under the assumed conditions, then s, + r,,; < 1 and the biological property is preserved. []
Remark 3. Theorems 4.3 and 4.4 establish sufficient conditions to ensure the well-posedness, nonnegativity, and preservation of the
biological property for the discrete-time schemes. However, these conditions are somewhat conservative, and such properties may

still hold under weaker or alternative assumptions. In particular, in the cases studied, these properties are guaranteed for arbitrary
time step sizes.
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Remark 4. When f, > f,, we can write §; = f, + n with n > 0. In such a case, Eq. (4.20) can be re-written in terms of 5 as:

Opy1 =0

o 81 [B(1 = 83p1) = 81| + 7154 + (@ — D Spyy — HySpqr — HpF g (4.46)
Now, the positive term #s, appears in the right-hand side of (4.46), so that if  is big, the right-hand side could potentially be
positive for certain combinations of variables and states. Therefore, in the general case, the biological property of s, +r, < 1 cannot
be proved with the current approach for numerical Scheme 1, although it may still hold. The numerical examples shown in Section 5

will explicitly consider the biological case when there is a large difference between the values of g, and §,.

Theorem 4.5 (Preservation of Equilibrium Points). The numerical Schemes 1, 2, 3 and 4 possess the same equilibrium points as the
continuous-time system (2.5)-(2.7).

Proof. All numerical Schemes yield the same set of equilibrium equations, namely:

Pgs — Py(s+r)s —a,es — pu,s = 0, (4.47)
pr—p.(s+rr+qaes—pr =0, (4.48)
He — Hee =0, (4.49)

which is the same set obtained for the original continuous-time system (2.5)-(2.7). It follows that the four numerical schemes
preserve the location of the equilibrium points. []

Theorem 4.6 (Preservation of Stability Under NSFD Discretization). Numerical Schemes 1, 2, 3, and 4 preserve the stability properties of
the equilibrium points E,, E,, and E, as described in Theorem 2.3. In particular, the schemes reproduce the same asymptotic stability or
instability of these equilibria under the corresponding parameter conditions.

Proof. We provide the proof for Scheme 1, as the procedure is identical for the other Schemes. To show that the equilibrium
points maintain their stability characteristics under discretization via Scheme 1, we use the explicit form of the discrete system
Visl = AI‘IDI Ve + Al"b,. Local asymptotic stability is guaranteed if the Jacobian of the map Al"D, Ve + .Al_lb1 at the equilibrium
point has all its eigenvalues strictly inside the unit circle. The Jacobian of Scheme 1 at the equilibrium point E, is given by:

Bsp+1
asp+pusp+l 0 0
9 (A" Dy + A7 by) abaBpt) el
( ErR =IE) = | G wart O (4.50)
Eo
1
0 0 Hed+1
The eigenvalues of this matrix are:
LB
" e tud+ 1
L Bt
2 = B
wo+1
= —
M+ 1
Clearly, 4; < 1 for all positive values of the parameters and ¢. The other two eigenvalues should satisfy:
+1
B¢ <1 (4.51)
ap+up+1
and
+1
b <1 (4.52)
wo+1
Inequality (4.51) is satisfied if .S, := % < 1, while (4.52) holds if R, := ﬁ—’ < 1, which are the same stability conditions as those
established in Theorem 2.3. The same analysis applies to the equilibrium point E,, for which the Jacobian is:
Byt
(I)%er(RR:—l)H
_ a,$a(f$+1) _ wdR=D L pdR1)
J(E) = (ﬁr¢+l)<¢%+ﬁé¢(]§,7n+l) D941 1 ] (4.53)
0 0 !

HeP+1
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The eigenvalues are:

fp+1
A = P =T (4.54)
So R,
R, -1
b= 1- Ilr;"(qb;l ), (4.55)
r
1
Ay = ——.
BT uep+1
Clearly, 0 < 43 < 1 for all positive values of the parameters. The conditions for 4, and 4, become:
pp+1
< <b (4.56)
¢s_f) + 0t
and
R, -1
—1<1—% <1 (4.57)
r

Condition (4.57) holds if R, > 1, while condition (4.56) is equivalent to .S, < R,, which again match the stability conditions of the
continuous system. Finally, for the equilibrium point E,, the Jacobian is given by:

J B
0 (A1) Dyy + AT D)) 2]
5 =J(E,) = . (4.58)
Yk E, 0 N 1
+ucp

The eigenvalues of this matrix are given by those of J E, and A3 = 1+ . However, the block J E, has a very intricate expression in
terms of system’s parameters and its eigenvalues cannot be calculated explicitly. Therefore, the followmg conditions (4.59)-(4.61),
[761, will be used to assess its stability as an alternative to the direct calculation approach:

1 =Tr(Jg,) +det(Jg,) > 0, (4.59)
1+ Tr(Jg,) +det(Jg,) > 0, (4.60)
| det(J,)| < 1. (4.61)
The condition (4.59) reads:
5 5 a; ¢
1-Tr(Jg)+det(Jg) = ——, 4.62
r(Jg,) gy T ( )
where:
a = (ﬂsﬂr - axﬂr - ﬂr”x) (ﬂs -0 = Ms) >0,
. J
>0 >0
bll = ﬂs(ﬁrﬂs + ﬁs.ur - ﬂr:us - asﬂr) >0,
LSO —
>0
b12 = ﬂrﬁs + ﬁYZ + ﬂs:ur - a:ﬁr - ﬂr/’l: > 0.
LS
>0
In order to establish the sign of the above coefficients, the relationships S, = LIS R, = % and Py > ay + ug have been used,

agtpg
implying fu, — a8, — f.u, > 0 and B, — a, — u, > 0, respectively. These conditions are the ones that allow guaranteeing the stability

of the E, equilibrium point in continuous-time (Theorem 2.3). Consequently, all the coefficients are positive and since ¢(h) > 0, so
is the right-hand side of (4.62) and condition (4.59) is fulfilled. Moreover, the condition (4.60) reads:

ay ¢’ +and+ay

1+ Tr(Jg) +det(Jg ) = ,
B B0 by @2 + byyp + by

(4.63)

with:
ar = _(as + ﬂx + ﬂs)(ﬂsﬂr - axﬂr - ﬂr/"x +asﬁx‘])(ﬂx”r - asﬂr - ﬁr”s +2ﬂrﬂs) <0,
— [ ——
>0 >0
axy = -2 (ﬂs”r - asﬂr - ﬂr”s)z _zﬂ? (ﬂs”r - axﬁr - ﬂr”x)
>0 >0

2ﬁx (ﬁxﬂr - asﬂr - ﬁrﬂs)(as + Zﬂr + Ms) - 2qasﬁ32(2ﬂs + ﬂr + .Mr) <0,
———

>0
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axz = _4ﬂs (ﬁs”r - asﬁr - ﬁr”s) _4asﬂ52q < 0’

———— e
>0

b21 = _ﬁs ﬁsﬂr - asﬁr - ﬁr”s +ﬁrﬂs ﬂs/"r - a:ﬁr - ﬂr”: +asﬁsq <0,
— —

>0 >0
b22 == ﬁs”r - axﬂr - ﬂr”x +asﬁsq ﬂsz + ﬂrﬂs + ﬁs”r - axﬂr - ﬂr”x <0,
— —
>0 >0

b23 = _ﬁs (ﬂs‘”r - as’ﬂr - ﬂr”x) _asﬂszq <0.
—

>0

Since all the coefficients are negative and ¢(h) > 0 the right-hand side of (4.63) is the quotient of two negative numbers and
therefore, positive, satisfying as a consequence the condition (4.60). Finally, for the condition (4.61) we calculate det J £, 1O get:

_ a3 ¢’ +apng+ay

det J,. = s 4.64
B2 b2 + by + by .69

where:

a3 = =P | BBt — s, — Popy +qa) + Bopug (Bom, — ayf, — Boauy) +aB.Boqu, [ <0,
—_—

e —
>0 >0

az = _ﬁs (as + Hs + ﬂr) (ﬂs/’lr - a:ﬁr - ﬂr”:) +a32ﬂrq + asﬂgq + asﬁr."{sq < 0’
N —

>0

azy = b33 = _ﬁx ﬂxl‘r - asﬁr - ﬂr/‘s +asﬁxq <0,
———

>0
b31 = _ﬂx(ﬁs”r - axﬂr - ﬂr”x +ﬂrﬂs)(ﬁx”r - asﬁr - ﬂfﬂs +a3ﬂsq) <0,
>0 >0
by = —(% + BBy + Bt — a B, — Bot)(Bytty — B — Bty +agfeq) < 0.

>0 >0

Since the right-hand side of (4.64) is the ratio of negative numbers, it is indeed positive and det J g > 0. Thus, condition (4.64)
becomes det(J E) <1 which can be written as:

P(Kp+Q0) >0, (4.65)
with

K = B(Bsp, — asBr = Brtts +5 (Bs — g — u ) Bty — 5Py — Byt +afsq) > 0,

>0 >0 >0
0= (ﬂs”r - axﬁr - ﬂr”x)z + (ﬂs”r - asﬂr - ﬂr”s) ﬁs(qa + (ﬂs -0 = ”5))
>0 >0 ;:)

+aﬂsﬂrq (ﬂr -0 = Mv) > 0.
————
>0

Hence, since K and Q are positive, (4.65) holds and det(J E) < L. Consequently, conditions (4.59)—(4.61) hold under the same
assumptions as in the continuous-time case and the stability properties of E, are also preserved under NSFD discretization. The
same arguments apply for the remaining Schemes. []

Remark 5. Since Theorem 4.6 imposes no restrictions on the step size & or the function ¢(h), the stability properties are preserved
for any value of h. This is one of the key advantages of using Non-Standard Finite Difference (NSFD) methods, which are designed
to retain essential qualitative features of the continuous system regardless of the discretization step.

Remark 6. For numerical Schemes 2, 3 and 4, the local stability of the equilibrium points is preserved provided that the associated
inverse matrices exist. In this case, stability is ensured even if the schemes do not preserve the positivity or the biological property

of the solutions.
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Table 1
Summary of structural features of the numerical schemes.
Scheme 1 Scheme 2 Scheme 3 Scheme 4
Consistency v v v v
Nonnegativity v B =5, 1o > By g 2 By Bo=b=n =4
Bio. Condition By = b, By = b, By = g, B =i, B=P.=u;=n,
or
b,
q< a
Eq. points v v v v
Stability v v v v
Table 2
Interpretation and values of the parameters used, [73].
Parameter Definition Value
ag Elimination of S by the antibiotic 0.3960 (min mg)~!
K Carrying capacity of S and R 10'? bacteria
q Fraction of .S that acquire resistance 4x1073
Uy Natural death rate of § 0.2 min~!
U, Natural death rate of R 0.09 min~!
He Degradation rate of the antibiotic (C) 0.0083 min~!
A Constant dose supply of the antibiotic 0.8328 mg/min
Table 3

Description of numerical experiments.

Initial conditions

0.6 =s5)>ry=0.1 04=s5)=ry=04 02=s5y<ry=05

Exp. 1
Exp. 4

Exp. 2
Exp. 5

Exp. 3
Exp. 6

By > P
B> Py

Table 1 summarizes the qualitative properties established for the numerical schemes.
After analyzing some theoretical aspects of the proposed schemes, the next Section 5 is devoted to their numerical evaluation.

5. Numerical simulations

This Section contains some numerical simulation examples concerning the discrete-time schemes introduced previously. To this
end, we consider the continuous-time system (2.1)—(2.3) parameterized by the values showed in Table 2, which are taken from [73].
The growth rate of sensitive bacteria, f,, and that of resistant bacteria, f,, are not included in the table because different values of
these parameters will be considered throughout the simulations. The parameter set in Table 2 is chosen so that the continuous-time
system admits the equilibrium point E,, whose components are all strictly positive. This equilibrium represents the coexistence of
all populations involved in the model and therefore corresponds to the most biologically relevant nontrivial scenario. By contrast,
the other equilibrium points involve the extinction of at least one population, since one or more of their components are equal to
zero. Multiple initial conditions are also considered. Table 3 contains the descriptions and labels of the numerical experiments that
will be conducted, which run from number 1 to 6.

In Table 3, g, = 0.4 min~! and g,; = 0.1 min~', §,, = 0.01 min~! < g,,. In this way, the case when there is a large difference
between both rates is studied. This case, as discussed in Section 4, may cause problems in guaranteeing the biological property in
some of the discrete-time models. The discretization function, ¢(h), is given in all cases by:

_l-e
h) = ——.

The value of 4 is selected as 4 = y, since this value minimizes the distance of the sampled function c(¢) at ¢, = kh (c(t;) = c(kh))
with respect to the discrete-time solution c;, which is the same for the four schemes. Thus, 4 is tuned to best approximate the
discrete-time output ¢, to the continuous-time one, ¢(r). This function satisfies:

(5.1)

. l—e#h
1 =0,
hT(IJ A

_ ,—h
lim 127 _
h—0 Ah

as required theoretically for this function in order to define a NSFD scheme and make the discrete-time system consistent with the
continuous-time system. It is important to notice that all the four schemes provide the same equation for ¢, so that the comparison
between schemes will be performed by using only the susceptible and resistant strains, and not the concentration of antibiotic. The
true solution of the system is considered to be the solution of the continuous-time equation with Matlab method odel5s. All the
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Fig. 1. Results of Experiment 1 for the four discrete-time schemes in s, r and ¢ for 4 =1 min.

discrete-time models are compared with respect to this solution, that is regarded as the true one. The simulation time is 1000 min
and the discrete-time output is computed for three sampling times, namely, 1, 5 and 10 min. Fig. 1 shows that the four schemes
are capable of recovering the true solution of the system when the step size is small. However, as the step size increases, Scheme 4
performs poorly in most experiments when compared to the other three proposed (as seen in Fig. 2 with a sampling time of 10 min).
The same behavior is exhibited in most of the experiments, and therefore only the first three schemes are shown for the remainder
of the results.

Figs. 3-15 display the results for the different numerical experiments. In particular, Fig. 5 shows that the value of ¢, is identical for
all three main schemes. Therefore, this variable is omitted from further comparison. In all scenarios, it can be concluded that for small
step sizes, all three schemes closely approximate the continuous-time reference solution. This behavior is expected, as all numerical
schemes are consistent and recover the continuous-time solution as the step size 7 — 0. Conversely, as the step size increases, a
quantitative discrepancy between the continuous “true” solution and the discrete-time approximations becomes apparent. Thus, the
accuracy of the proposed NSFD schemes is inherently linked to the step size h. As h increases, the Local Truncation Error (LTE), which
scales as (O(h), grows proportionally. This degradation in accuracy is a characteristic feature of first-order schemes (as previously
discussed in Remark 2), where the discrete derivative provides a poorer approximation of the continuous rate of change. While
NSFD methods are primarily designed to preserve structural stability and qualitative dynamics, quantitative precision is inevitably
reduced as the discretization step deviates significantly from zero. Furthermore, Scheme 3 consistently outperforms the other two
alternatives across all tested situations, providing a discrete-time trajectory closer to the actual solution of the continuous-time
system. Moreover, although the parameter values used in these simulations fall outside most of the sufficient cases identified in
Theorems 4.3 and 4.4 for ensuring well-posedness and nonnegativity, the numerical results indicate that the discrete-time models
nevertheless continue to exhibit the expected qualitative behavior. This suggests that the sufficient conditions derived in the analysis
are not sharp, and that a larger admissible parameter region may exist.

Moreover, a numerical comparison is performed by means of the square error of the difference between the continuous-time
output and the output of each corresponding discrete-time scheme. The numerical results are given in Tables 4-15 corresponding
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Fig. 2. Results of Experiment 2 for the four discrete-time schemes in s and r for 4 = 10 min.
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Fig. 3. Results of Experiment 1 in s for different values of the sampling time % (in minutes).
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Fig. 4. Results of Experiment 1 in r for different values of the sampling time A (in minutes).

to each experiment from Table 3. The lowest value in each column is highlighted in yellow. As can be observed in the numerical
results, Scheme 3 outperforms the other two (Schemes 1 and 2) in all the conducted experiments. As a conclusion, if a small step
size is to be used, any of the presented schemes can be used. However, if a larger step size if preferred, the Scheme 3 would be the
recommended option since it is able to generate better numerical results.

6. Discretization applied to a mutation—-conjugation resistance model

In this Section, an approach based on Scheme 3 is used to generate a discrete-time model based on a system including mutation
and horizontal gene transfer (HGT) through plasmid transmission. Alongside the effect of antibiotics, the process of bacterial
conjugation can take place and resistant plasmids may be donated by resistant bacteria to susceptible ones. Moreover, the effect of
host’s immune system is also included in the model. The model is extensively discussed in [32] and given by Egs. (6.1)—(6.4). The
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Table 4
Comparative results between schemes for the
variable s in Experiment 1.

T (s = s@t))?

h=1min h=5min h=10min
Scheme 1 0.0254 0.1071 0.1802
Scheme 2 0.0168 0.0725 0.1247
Scheme 3 0.0014 0.0080 0.0264

same notation as in the model described in Section 2 is used, except that the new state variable P(r) denotes the concentration of
extracellular plasmids at time 7, which mediate horizontal gene transfer from resistant to susceptible bacteria. In addition to the

previously-defined

parameters, § is the mutation rate of susceptible bacteria, § is the rate of transfer of resistant plasmids among

bacteria and y is the rate at which susceptible and resistant bacteria are eliminated by the host’s immune system. Also, ¢, denotes the

p

rate of plasmid release, proportional to the population of resistant bacteria, and y,, is the degradation rate of extracellular plasmids.
The formulation of mutation in this extended model differs from that in Eq. (2.2), where it is coupled to the interaction term a4CS
through the factor 4. In the present model, mutation is instead represented independently via the parameter g, in accordance with
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Table 5
Comparative results between schemes for the
variable r in Experiment 1.

T = 16

h = 1min h=5min h=10min
Scheme 1  0.0021 0.0102 0.0187
Scheme 2 0.0014 0.0068 0.0130

Scheme 3 5.6970x 10  0.0026 0.0050

Table 6
Comparative results between schemes for the
variable s in Experiment 2.

T (s = 5@

h=1min h=5min h=10min

Scheme 1 0.0143 0.0481 0.0705

Scheme 2 0.0100 0.0381 0.0605

Scheme 3 0.0011 0.0057 0.0115
Table 7

Comparative results between schemes for the
variable r in Experiment 2.

S = r(t))?

h = 1min h=5min h=10min
Scheme 1  0.0030 0.0136 0.0229
Scheme 2 0.0021 0.0093 0.0162

Scheme 3 2.3856x 10*  0.0011 0.0021

Table 8
Comparative results between schemes for the
variable s in Experiment 3.

2:,:1 (s = s(t))?

h =1min h=5min h=10min
Scheme 1  0.0209 0.0545 0.0596
Scheme 2 0.0095 0.0298 0.0395

Scheme 3 8.5448 x 10~*  0.0041 0.0080

Table 9
Comparative results between schemes for the vari-
able r in Experiment 3.

T = 1)

h = 1min h =5min h =10min
Scheme 1  0.0070 0.0270 0.0418
Scheme 2 0.0043 0.0181 0.0301

Scheme 3 2.1037x10™* 8.9085x 10  0.0016

Table 10
Comparative results between schemes for the
variable s in Experiment 4.

s 5y = 5(t,))?

h = 1min h=5min h=10min
Scheme 1  0.0085 0.0366 0.0647
Scheme 2 0.0082 0.0348 0.0606

Scheme 3 8.7505x 10*  0.0053 0.0230

the formulation adopted in [32]. The model is given by:

% - ﬁxS(l— S;R) —(G+ag)CS —PS — 1S — .S, 6.1)
%=ﬁ,R(l—S+R>+qCS+5PS—yR—;4,R, 6.2)
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Table 11
Comparative results between schemes for the variable
r in Experiment 4.

S = (1))

h = 1min h = 5min h = 10min

Scheme 1  1.8289x 10* 9.5298 x 10~*  0.0020

Scheme 2 1.5670 x 10™*  7.9080 x 10™*  0.0016

Scheme 3 1.1004 x 10*  5.0073 x 10~*  9.2824 x 10~*

Table 12
Comparative results between schemes for the
variable s in Experiment 5.

T (i = s(t))?

h=1min h=5min A =10min

Scheme 1 0.0083 0.0265 0.0375

Scheme 2 0.0066 0.0229 0.0353

Scheme 3 0.0022 0.0098 0.0173
Table 13

Comparative results between schemes for the
variable r in Experiment 5.
T = @)
h = 1min h=5min h=10min
Scheme 1  0.0010 0.0045 0.0077

Scheme 2 9.5877x 10™*  0.0041 0.0068
Scheme 3 6.0448x 10~*  0.0026 0.0043

Table 14
Comparative results between schemes for the
variable s in Experiment 6.

Z;{Ll(sk - 5(’/())2

h=1min h=5min h=10min

Scheme 1 0.0237 0.0710 0.0867

Scheme 2 0.0096 0.0297 0.0398

Scheme 3 0.0021 0.0092 0.0164
Table 15

Comparative results between schemes for the
variable r in Experiment 6.

Ty — r(t))?

h=1min h=5min h=10min

Scheme 1 0.0016 0.0074 0.0127
Scheme 2 0.0016 0.0068 0.0113
Scheme 3 0.0011 0.0046 0.0076

dP

EZO’FR—MPP,

dC

— = A—yu.C.

dr be

i =S ,-R ,_ 2 __C

Ifwedeflnenows_K,r_K,p_K% andc__A/yc

ds _

@ Bys(L=(s+1r)—(q+ages —ps —ys — pys,

%=ﬁrr(l—(S+r))+qcs+5ps—yr—;,4rr,

dp_r

20 = T HeP

dc

E=HC_MCC’
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Table 16
Interpretation and values of the parameters, [32].
Parameter Definition Value
ag Elimination of S by the antibiotic 0.9617 (min mg)~!
K Carrying capacity of S and R 10'? bacteria
J Mutation rate of .§ 0.00063785 (min mg)~!
Uy Natural death rate of S 0.16 min~!
U, Natural death rate of R 0.16 min~!
He Degradation rate of the antibiotic (C) 0.0083 min~!
A Constant dose supply of the antibiotic 0.8328 mg/min
y Elimination rate of S and R by the Immune System 0.04 min~!
o, Release rate of P 1.2 rep/bac/min
Hy Degradation rate of Plasmids 0.012 min~!

with ¢ =g ﬂﬁ, ag = aS#A and 6 = SapK . The following NSFD discrete-time model based on the previously outperforming Scheme
3 is proposed as: ¢

Skl ~ Sk 1 s 6.9
o Byt (1= (5 +10)) = (@ + @)k St = 8Pkt = Vi1 = HsSats (6.9)
Tyl =T 1 s 6.10
o Byriet (1= (s +70)) + 45kt + 8PiSiat = et = HyFirts (6.10)

Pi+1 — Pk
:b(h) = Tt T HpPi (6.11)

C —C
R (6.12)

Egs. (6.9)-(6.12) can be cast into the form A,y = D.y, + b, with yT = [s; r, py ¢;], and:
A 0 0 0
—qpc, —odp, A 0 0
- . 6.13
Ac 0 —¢ l+mp O (6.13)
0 0 0 1+ uob
with
Acr =1 =1 = s, —rp) + (g + a)de, + (ug +v)d + 5dpy, (6.14)
Ay = 1= B0 =5 —rp) + (u, +7)9, (6.15)
D, =1y, (6.16)
and,

0
b = 8 , (6.17)

Hed

so that, whenever A7! exists, we have y,,; = AZ'D,y, + AZ'b.. The NSFD scheme for this model is evaluated numerically in the
next Subsection.

6.1. Numerical simulation of the mutation—conjugation resistance model

This section presents some numerical experiments on the behavior of the discrete-time system (6.9)—(6.12) for parameters
describing the population dynamics of Staphylococcus aureus, with a particular focus on the emergence and proliferation of antibiotic-
resistant strains. While Staphylococcus aureus is commonly found in healthy individuals, it can also cause severe infections. The
widespread use of antibiotics has led to the evolution of resistance, first to penicillin and later to methicillin, giving rise to multi-
resistant strains such as MRSA. The numerical values employed in simulations are described in Table 16, sourced from [32]. The
values of g, and g, are varied to obtain different experiments, and are indicated in the caption of each figure.

Fig. 16 displays the behavior of the four state variables of the model for the parameters contained in Table 16. It can be observed
that the system is stiff and exhibits two time scales: a fast one related to the population dynamics of bacteria, and a slow one related
to plasmids and antibiotic dynamics. Since the dynamics of susceptible bacteria is very fast and the evolution of the antibiotic
concentration follows a first order equation, we will focus on how the discrete model behaves with respect to the resistant bacteria
dynamics and plasmid concentration.
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Fig. 17. Value of r(t) when g, = 0.4 and g, = 0.1, for various sampling times, 4 (in minutes). The initial conditions are s, = 0.5, ry = 0.2, p, = 0.5
and ¢, =0.4.

Figs. 17-22 display the numerical behavior of the discrete-time model for various time step sizes (2, 5 and 10 min). As before, the
true solution is regarded to be the solution of the continuous-time system by using Matlab odel5s method. As expected, the discrete-
time output is close to the actual solution of the system for small values of the step size. As the step size increases, a difference
emerges between the continuous and discrete-time outputs. However, the scheme is stable and remains close to the original output.

The discrete system remains stable and closely matches the continuous model within parameter ranges that correspond to
biologically realistic situations. In conclusion, the NSFD approach has proven to be a suitable tool for modeling antimicrobial
resistance.

Remark 7 (Comparison with Runge-Kutta Methods). Runge-Kutta methods are well known for producing accurate numerical

approximations for non-stiff differential equations. However, they are generally not suitable for stiff problems, such as the bacterial
resistance model involving mutation and conjugation considered here. In this case, Runge-Kutta methods fail to produce numerically
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stable solutions for any integration step size. Although Runge-Kutta methods may offer better local accuracy than the NSFD method
for the scenario described in Section 5, they do not yield a closed discrete system that captures the qualitative behavior of the
underlying biological process. As such, they are less suitable for tasks such as parameter fitting or structural analysis. In contrast,
NSFD schemes not only exhibit acceptable numerical performance but also provide a discrete model that is self-contained and
consistent with the original dynamics.

7. Conclusions

This work has compared four numerical schemes based on Non-Standard Finite Difference (NSFD) methods, applied to a
continuous-time logistic-type model describing the intra-host emergence of antimicrobial resistance (AMR). The model consists of
two bacterial populations, one susceptible to an antibiotic and another resistant, evolving within a single host under the effect of
antibiotic treatment. This interaction drives the emergence of resistance in a portion of the bacterial population, and is formulated
through a system of logistic differential equations. The four discretization schemes were applied to the model, and their main
qualitative properties were analyzed. Although all four schemes are consistent with the continuous-time formulation and reproduce
the expected behavior for sufficiently small time steps, their ability to preserve the qualitative properties of the continuous model has
only been rigorously established under specific sufficient conditions. These conditions, while ensuring well-posedness, nonnegativity
and the biological property, are rather conservative and are only sufficient. Indeed, numerical simulations indicate that these
properties may still hold under broader circumstances. A natural direction for future work is to obtain more general and less
restrictive conditions under which the qualitative behavior of the discrete schemes is ensured to be preserved, as well as performing
a formal numerical stability and error-propagation analysis to fully characterize the step-size dependence. The schemes were also
compared numerically. As expected, for small time steps, all four methods produce results that closely match the continuous-time
solution. However, as the time step increases, Scheme 3 consistently outperforms the others in terms of accuracy and qualitative
fidelity. Although the analytical techniques employed in this work do not allow us to rigorously establish all theoretical properties
for Scheme 3, extensive numerical evidence indicates that it remains stable and biologically consistent. Accordingly, Scheme 3 is
recommended as the most reliable option when a finite (large) step size is required. This scheme was subsequently applied to a
more complex AMR model incorporating not only mutation but also horizontal gene transfer via plasmids. The resulting system
of differential equations exhibits stiffness, with distinct time scales emerging in the solution dynamics. Numerical experiments
demonstrate that the NSFD approach provides a stable and reliable discrete-time representation over a wide range of time steps,
remaining robust even in cases where classical Runge-Kutta methods fail, such as in the model incorporating horizontal gene
transmission. We additionally note that NSFD schemes applied to logistic-type equations present greater challenges in preserving
and proving qualitative properties such as nonnegativity, boundedness, and stability, compared to their application in classical
epidemic models. This may be due to the intrinsic nonlinearity of logistic dynamics, which can lead to discrete-time models where
these properties cannot be directly inferred from the continuous-time counterparts.

CRediT authorship contribution statement

Asier Ibeas: Writing — original draft, Software, Methodology, Investigation, Formal analysis, Conceptualization. Nakul Chitnis:
Writing — review & editing, Supervision.

Al use declaration
ChatGPT Turbo 4 was used to perform grammatical and stylistic correction of the English in this article and to generate BIgXcode
for tables and equations. Also, in addition to ChatGPT, Gemini 2.5 Pro and Perplexity were used to manipulate the algebraic

expressions that appear in the proof of Theorem 4.6. These expressions were then checked out by a computer algebra system.
The authors retain full responsibility for the content of this manuscript.

419



A. Ibeas and N. Chitnis Mathematics and Computers in Simulation 250 (2026) 395-422

Acknowledgments

This research has received funding from the Spanish Ministry of Science, Innovation and Universities under the State Program for
Developing, Attracting, and Retaining Talent, within the State Plan for Scientific, Technical, and Innovation Research 2021-2023,
through the mobility stay of A. I. at the Swiss Tropical and Public Health Institute, with reference PRX23/00454. This publication
was partially supported by the R+D+i project PID2024-161942NB-100, funded by MICIU/AEI/10.13039/501100011033/ and
FEDER/UE.

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]
[27]

[28]

[29]

[30]

S.A.A. Tbnouf, F. Esenkaya Tasbent, Resistance rates of mycobacterium tuberculosis complex isolates to primary anti-tuberculosis drugs: a 5-year retrospective
study, Genel Tip Derg. 34 (2) (2024) 190-194.

AM. Thu, A.P. Phyo, J. Landier, D.M. Parker, F.H. Nosten, Combating multidrug-resistant plasmodium falciparum malaria, FEBS J. 284 (16) (2017)
2569-2578.

E. Tshibangu-Kabamba, Y. Yamaoka, Helicobacter pylori infection and antibiotic resistance - from biology to clinical implications, Nat. Rev. Gastroenterol.
Hepatol. 18 (9) (2021) 613-629.

F. Chamchod, S. Ruan, Modeling methicillin-resistant Staphylococcus aureus in hospitals: Transmission dynamics, antibiotic usage and its history, Theor.
Biology Med. Model. 9 (25) (2012) 1-14, http://dx.doi.org/10.1186,/1742-4682-9-25.

N. Gokbulut, M. Farman, U. Hurdoganoglu, N. Sultanoglu, E. Guler, E. Hincal, K. Suer, Dynamical analysis of methicillin-resistant staphylococcus aureus
infection in north cyprus with optimal control: prevalence and awareness, Sci. Rep. 14 (1) (2024) 18531.

N. Venkateswaran, L.R. Swetschinski, C. Fastl, C.D. Bari, N.G. Criscuolo, R. Mulchandani, C. Zhao, T. Mestrovi¢, K.S. Ikuta, S.B. Martins, L.A. Coyne, J.S.
Afonso, B. Huntington, J. Rushton, B. Devleesschauwer, B. Sartorius, T.P. Van Boeckel, D.M. Pigott, Using priorities between human and livestock bacterial
antimicrobial resistance (AMR) to identify data gaps in livestock AMR surveillance, BMC Infect. Dis. 24 (1) (2024) 1027.

N.R. Naylor, J. Lines, J. Waage, B. Wieland, G.M. Knight, Quantitatively evaluating the cross-sectoral and one health impact of interventions: A scoping
review and case study of antimicrobial resistance, One Health 11 (100194) (2021) 100194.

E. Mendelsohn, N. Ross, C. Zambrana-Torrelio, T.P. Van Boeckel, R. Laxminarayan, P. Daszak, Global patterns and correlates in the emergence of
antimicrobial resistance in humans, Proc. Biol. Sci. 290 (2007) (2023) 20231085.

World Health Organization, Antimicrobial resistance, 2024, https://www.who.int/news-room/fact-sheets/detail/antimicrobial-resistance. (Accessed 24
March 2025).

GBD 2021 Antimicrobial Resistance Collaborators, Global burden of bacterial antimicrobial resistance 1990-2021: a systematic analysis with forecasts to
2050, Lancet 404 (10459) (2024) 1199-1226.

O.B. Jonas, A. Irwin, F.C.J. Berthe, F.G. Le Gall, P.V. Marquez, Drug-Resistant Infections: a Threat to Our Economic Future (vol. 2 of 2): Final report
(english), 2024, http://documents.worldbank.org/curated/en/323311493396993758. (Accessed 24 March 2025).

U.D. of Health, H. Services, National action plan for combating antibiotic-resistant bacteria, 2020-2025, 2020, last accessed: 1 de abril de 2025.
https://aspe.hhs.gov/reports/national-action-plan-combating-antibiotic-resistant-bacteria-2020-2025.

D. of Health, S. Care, T.S. Government, W. Government, F.R.A. Department for Environment, D. of Health (Northern Ireland), E. Department of Agriculture,
R.A.N. Ireland, Uk 5-year action plan for antimicrobial resistance 2024 to 2029, 2024, ast accessed: 1 de abril de 2025. https://www.gov.uk/government/
publications/uk-5-year-action-plan-for-antimicrobial-resistance-2024-to-2029.

G. of Australia, National antimicrobial resistance strategy — 2020 and beyond, 2020, last accessed: April 1, 2025. https://www.amr.gov.au/australias-
response/national-amr-strategy.

A.Q. Chua, M. Verma, K. Azupardo, M.M. Lota, L.Y. Hsu, H. Legido-Quigley, A qualitative study on the policy process and development of the national
action plan on antimicrobial resistance in singapore, Antibiot. (Basel) 12 (8) (2023).

E. Commission, EU action on antimicrobial resistance, 2023, https://health.ec.europa.eu/antimicrobial-resistance/eu-action-antimicrobial-resistance_en.
(Accessed 1 April 2025).

G.M. Knight, N.G. Davies, C. Colijn, F. Coll, T. Donker, D.R. Gifford, R.E. Glover, M. Jit, E. Klemm, S. Lehtinen, J.A. Lindsay, M. Lipsitch, M.J. Llewelyn,
A.L.P. Mateus, J.V. Robotham, M. Sharland, D. Stekel, L. Yakob, K.E. Atkins, Mathematical modelling for antibiotic resistance control policy: do we know
enough? BMC Infect. Dis. 19 (1011) (2019) 1-9, http://dx.doi.org/10.1186/512879-019-4630-y.

A.C. Birkegard, T. Halasa, N. Toft, A. Folkesson, K. Graesboll, Send more data: a systematic review of mathematical models of antimicrobial resistance,
Antimicrob. Resist. Infect. Control. 7 (117) (2018) 1-12, http://dx.doi.org/10.1186/513756-018-0406-1.

G. Knight, C.F. McQuaid, P.J. Dodd, R.M.G.J. Houben, Global burden of latent multidrug-resistant tuberculosis: trends and estimates based on mathematical
modelling, Lancet Infect. Dis. 19 (2019) 903-912, http://dx.doi.org/10.1016/51473-3099(19)30307-X.

N.R. Naylor, R. Atun, N. Zhu, K. Kulasabanathan, S. Silva, A. Chatterjee, G.M. Knight, J.V. Robotham, Estimating the burden of antimicrobial resistance:
a systematic literature review, Antimicrob. Resist. Infect. Control. 7 (58) (2018) 1-17, http://dx.doi.org/10.1186/s13756-018-0336-y.

Y.A. Terefe, S.M. Kassa, M.D. Asfaw, C. Venter, The use of an imperfect vaccination and awareness campaign in the control of antibiotic resistant gonorrhoea
infection: A mathematical modelling perspective, Appl. Math. Model. 135 (2024) 149-172.

J.A. Aledo, C. Andreu-Vilarroig, J.-C. Cortés, J.C. Orengo, R.-J. Villanueva, On the epidemiological evolution of colistin-resistant acinetobacter baumannii
in the city of valencia: an agent-based modelling approach, Math. Model. Nat. Phenom. (2023).

F.A.C.C. Chalub, A. Gémez-Corral, M. Lopez-Garcia, F. Palacios-Rodriguez, A markov chain model to investigate the spread of antibiotic-resistant bacteria
in hospitals, Stud. Appl. Math. 151 (4) (2023) 1498-1524.

C.W. Kanyiri, K. Mark, L. Luboobi, Mathematical analysis of influenza a dynamics in the emergence of drug resistance, Comput. Math. Methods Med.
2018 (2434560) (2018) 1-14, http://dx.doi.org/10.1155/2018/2434560.

M.A. Belay, O.J. Abonyo, D.M. Theuri, Mathematical model analysis for the transmission dynamics of bacterial meningitis disease incorporating
drug-resistance class, Commun. Math. Biology Neurosci. 2022 (2022) 121, http://dx.doi.org/10.28919/cmbn/7774, http://scik.org.

A. Ali, M. Imran, S. Sial, A. Khan, Effective antibiotic dosing in the presence of resistant strains, PLoS One 17 (10) (2022) e0275762.

E.A. Hernandez-Vargas, C. Parra-Rojas, S. Olaru, Switching logistic maps to design cycling approaches against antimicrobial resistance, in: 2021 60th IEEE
Conference on Decision and Control, CDC, IEEE, 2021, pp. 6663-6668.

P.A. Roberts, R.M. Huebinger, E. Keen, A.-M. Krachler, S. Jabbari, Mathematical model predicts anti-adhesion-antibiotic-debridement combination therapies
can clear an antibiotic resistant infection, PLoS Comput. Biol. 15 (7) (2019) e1007211.

J.M. Munita, C.A. Arias, Mechanisms of antibiotic resistance, in: Virulence Mechanisms of Bacterial Pathogens, fifth ed., American Society of Microbiology,
2016, pp. 481-511.

Q.J. Leclerc, J.A. Lindsay, G. Knight, Mathematical modelling to study the horizontal transfer of antimicrobial resistance genes in bacteria: current state
of the field and recommendations, J. R. Soc. Interface 16 (20190260) (2019) 1-10, http://dx.doi.org/10.1098/rsif.2019.026.

420


http://refhub.elsevier.com/S0378-4754(26)00276-4/sb1
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb1
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb1
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb2
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb2
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb2
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb3
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb3
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb3
http://dx.doi.org/10.1186/1742-4682-9-25
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb5
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb5
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb5
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb6
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb6
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb6
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb6
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb6
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb7
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb7
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb7
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb8
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb8
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb8
https://www.who.int/news-room/fact-sheets/detail/antimicrobial-resistance
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb10
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb10
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb10
http://documents.worldbank.org/curated/en/323311493396993758
https://aspe.hhs.gov/reports/national-action-plan-combating-antibiotic-resistant-bacteria-2020-2025
https://www.gov.uk/government/publications/uk-5-year-action-plan-for-antimicrobial-resistance-2024-to-2029
https://www.gov.uk/government/publications/uk-5-year-action-plan-for-antimicrobial-resistance-2024-to-2029
https://www.gov.uk/government/publications/uk-5-year-action-plan-for-antimicrobial-resistance-2024-to-2029
https://www.amr.gov.au/australias-response/national-amr-strategy
https://www.amr.gov.au/australias-response/national-amr-strategy
https://www.amr.gov.au/australias-response/national-amr-strategy
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb15
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb15
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb15
https://health.ec.europa.eu/antimicrobial-resistance/eu-action-antimicrobial-resistance_en
http://dx.doi.org/10.1186/s12879-019-4630-y
http://dx.doi.org/10.1186/s13756-018-0406-1
http://dx.doi.org/10.1016/S1473-3099(19)30307-X
http://dx.doi.org/10.1186/s13756-018-0336-y
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb21
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb21
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb21
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb22
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb22
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb22
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb23
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb23
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb23
http://dx.doi.org/10.1155/2018/2434560
http://dx.doi.org/10.28919/cmbn/7774
http://scik.org
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb26
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb27
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb27
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb27
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb28
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb28
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb28
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb29
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb29
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb29
http://dx.doi.org/10.1098/rsif.2019.026

A. Ibeas and N. Chitnis Math ics and Computers in Simulation 250 (2026) 395-422

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]
[45]

[46]

[47]

[48]
[49]

[50]
[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]
[67]

[68]

[69]

E.A.V. Noguera, S.C. Trujillo, E. Ibargiien-Mondragén, A within-host model on the interactions of sensitive and resistant helicobacter pylori to antibiotic
therapy considering immune response, Math. Biosci. Eng. 22 (1) (2025) 185-224.

E. Ibargiien-Mondragén, J. Romero-Leiton, L. Esteva, M.C. Gémez, S.P. Hidalgo-Bonilla, Stability and periodic solutions for a model of bacterial resistance
to antibiotics caused by mutations and plasmids, Appl. Math. Model. 76 (2019) 238-251, http://dx.doi.org/10.1016/j.apm.2019.06.017.

E. Ibargiien-Mondragén, S. Mosquera, M. Cerén, E.M. Burbano-Rosero, S.P. Hidalgo-Bonilla, L. Esteva, J.P. Romero-Leitén, Mathematical modeling on
bacterial resistance to multiple antibiotics caused by spontaneous mutations, BioSystems 117 (2014) 60-67, http://dx.doi.org/10.1016/].biosystems.2014.
01.005.

B. Dasbagi, 1. Oztiirk, Mathematical modelling of bacterial resistance to multiple antibiotics and immune system response, Springerplus 5 (1) (2016) 408.
B. Dasbasi, Fractional order bacterial infection model with effects of anti-virulence drug and antibiotic, Chaos Solitons Fractals 170 (113331) (2023)
113331.

J.P. Romero-Leiton, A. Peterson, P. Aguirre, K. Acharya, B. Nasri, Assessing the impact of mutations and horizontal gene transfer on the antimicrobial
resistance and its control: a mathematical model, Comput. Appl. Math. 44 (2) (2025).

J.P. Romero-Leiton, A. Peterson, P. Aguirre, C. Bastidas-Caldes, B. Nasri, Dynamics of AMR beyond a single bacterial strain: Revealing the existence of
multiple equilibria and immune system-dependent transitions, Chaos Solitons Fractals 191 (115912) (2025) 115912.

M.L. Mann-Manyombe, A. Mendy, O. Seydi, R. Djidjou-Demasse, Linking within- and between-host scales for understanding the evolutionary dynamics of
quantitative antimicrobial resistance, J. Math. Biol. 87 (6) (2023) 78.

R. Djidjou-Demasse, M.T. Sofonea, M. Choisy, S. Alizon, Within-host evolutionary dynamics of antimicrobial quantitative resistance, Math. Model. Nat.
Phenom. 18 (2023) 24.

J.M. Cushing, J. Park, A. Farrell, N. Chitnis, Treatment outcome in an SI model with evolutionary resistance: a darwinian model for the evolution of
resistance, J. Biol. Dyn. 17 (1) (2023) 2255061.

M. Baker, J.L. Hobman, C.E.R. Dodd, S.J. Ramsden, D.J. Stekel, Mathematical modelling of antimicrobial resistance in agricultural waste highlights
importance of gene transfer rate, FEMS Microbiol. Ecol. 92 (2016) 1-10, http://dx.doi.org/10.1093/femsec/fiw040.

1. Sutradhar, C. Ching, D. Desai, M. Suprenant, E. Briars, Z. Heins, A.S. Khalil, M.H. Zaman, Computational model to quantify the growth of
antibiotic-resistant bacteria in wastewater, MSystems 6 (3) (2021) e0036021.

S. Builes, J.P. Romero-Leiton, L.A. Valencia, Deterministic, stochastic and fractional mathematical approaches applied to AMR, Math. Biosci. Eng. 22 (2)
(2025) 389-414.

R. Bravo de la Parra, Reduction of discrete-time infectious disease models, Math. Methods Appl. Sci. (2023).

L. Benahmadi, M. Lhous, A. Tridane, M. Rachik, Output trajectory controllability of a discrete-time sir epidemic model, Math. Model. Nat. Phenom. 18
(2023) 16.

R.B.d.l. Parra, E. Venturino, A discrete two time scales model of a size-structured population of parasitized trees, Math. Biosci. Eng. 21 (9) (2024)
7040-7066.

C. Coll, D. Ginestar, A. Herrero, E. Sanchez, Effectivity of the vaccination strategy for a fractional-order discrete-time sic epidemic model, Math. Model.
Anal. 29 (3) (2024) 525-545.

S. Elaydi, R. Lozi, Global dynamics of discrete mathematical models of tuberculosis, J. Biol. Dyn. 18 (1) (2024) 2323724.

R.E. Mickens, Exact solutions to a finite-difference model of a nonlinear reaction-advection equation: Implications for numerical analysis, Numer. Methods
Partial. Differ. Equ. 5 (4) (1989) 313-325.

R.E. Mickens, Nonstandard Finite Difference Models of Differential Equations, World Scientific Publishing, Singapore, Singapore, 1993.

Z. Movaheedi, B. Heravi, Numerical analysis of typhoid fever spread using Runge-Kutta and nonstandard finite difference methods, Afghan. J. Infect. Dis.
3 (1) (2025) 56-73.

A.H. Morani, M.M. Saeed, M. Aslam, A. Mehmoud, A. Shokri, H. Mukalazi, Local and global stability analysis of HIV/AIDS by using a nonstandard finite
difference scheme, Sci. Rep. 15 (1) (2025) 4502.

T. Sarkar, P.K. Srivastava, P. Biswas, Modeling dengue with saturated incidence, vaccination, and treatment rates: Numerical insights and nonlinear
behavior, Nonlinear Dynam. 113 (20) (2025) 28511-28553.

T. Sarkar, S. Das, S.A. Choudhury, P. Biswas, A zika virus model incorporating the role of information: Stability, numerical methods, and control strategies,
Model. Earth Syst. Env. 11 (2) (2025).

T. Sarkar, P.K. Srivastava, P. Biswas, Application of the NSFD method in a malaria model with nonlinear incidence and recovery rates, Eur. Phys. J. Plus
139 (3) (2024).

T. Sarkar, P. Biswas, P.K. Srivastava, Modeling the effects of media information and saturated treatment on malaria disease with NSFD method, Int. J.
Biomath. 18 (04) (2025).

A. Aljohani, A. Shokri, H. Mukalazi, Analyzing the dynamic patterns of COVID-19 through nonstandard finite difference scheme, Sci. Rep. 14 (1) (2024)
8466.

M.T. Hoang, J.C. Valverde, A generalized model for the population dynamics of a two stage species with recruitment and capture using a nonstandard
finite difference scheme, Comput. Appl. Math. 43 (1) (2024).

T. Sarkar, P.K. Srivastava, P. Biswas, Application of the NSFD method in a malaria model with nonlinear incidence and recovery rates, Eur. Phys. J. Plus
139 (3) (2024).

P. Saha, N. Bairagi, G. N’Guerekata, Positivity and dynamics preserving discretization schemes for nonlinear evolution equations, Malaya J. Mat. 12 (01)
(2024) 1-20.

K.F. Gurski, A simple construction of nonstandard finite-difference schemes for small nonlinear systems applied to SIR models, Comput. Math. Appl. 66
(11) (2013) 2165-2177.

Z. Igbal, J.E. Macias-Diaz, N. Ahmed, M. Aziz-Ur Rehman, A. Raza, M. Rafiq, A SEIR model with memory effects for the propagation of ebola-like infections
and its dynamically consistent approximation, Comput. Methods Programs Biomed. 209 (106322) (2021) 106322.

M.H. Maamar, M. Ehrhardt, L. Tabharit, A nonstandard finite difference scheme for a time-fractional model of zika virus transmission, Math. Biosci. Eng.
21 (1) (2024) 924-962.

A.J. Ouemba Tassé, V.B. Kubalasa, B. Tsanou, J.M.-S. Lubuma, Nonstandard finite difference schemes for some epidemic optimal control problems, Math.
Comput. Simulation 228 (2025) 1-22.

T. Izgin, S. Kopecz, A. Meister, A. Schilling, On the non-global linear stability and spurious fixed points of MPRK schemes with negative RK parameters,
Numer. Algorithms 96 (3) (2024) 1221-1242.

B. Tumurkhuyag, B. Batgerel, Nonstandard finite difference scheme for the epidemic model with vaccination, J. Math. Sci. 279 (6) (2024) 841-849.
M.T. Hoang, M. Ehrhardt, Differential equation models for infectious diseases: Mathematical modeling, qualitative analysis, numerical methods and
applications, Bol. Soc. Esp. Mat. Apl. SeMA (2025).

G. Izzo, E. Messina, M. Pezzella, A. Vecchio, Modified patankar linear multistep methods for production-destruction systems, J. Sci. Comput. 102 (3)
(2025).

B. Wacker, Qualitative study of a dynamical system for computer virus propagation—a nonstandard finite-difference-methodological view, Math. Methods
Appl. Sci. (2025).

421


http://refhub.elsevier.com/S0378-4754(26)00276-4/sb31
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb31
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb31
http://dx.doi.org/10.1016/j.apm.2019.06.017
http://dx.doi.org/10.1016/j.biosystems.2014.01.005
http://dx.doi.org/10.1016/j.biosystems.2014.01.005
http://dx.doi.org/10.1016/j.biosystems.2014.01.005
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb34
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb35
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb35
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb35
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb36
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb36
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb36
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb37
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb37
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb37
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb38
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb38
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb38
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb39
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb39
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb39
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb40
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb40
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb40
http://dx.doi.org/10.1093/femsec/fiw040
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb42
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb42
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb42
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb43
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb43
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb43
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb44
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb45
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb45
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb45
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb46
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb46
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb46
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb47
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb47
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb47
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb48
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb49
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb49
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb49
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb50
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb51
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb51
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb51
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb52
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb52
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb52
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb53
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb53
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb53
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb54
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb54
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb54
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb55
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb55
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb55
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb56
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb56
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb56
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb57
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb57
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb57
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb58
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb58
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb58
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb59
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb59
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb59
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb60
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb60
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb60
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb61
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb61
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb61
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb62
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb62
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb62
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb63
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb63
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb63
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb64
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb64
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb64
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb65
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb65
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb65
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb66
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb67
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb67
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb67
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb68
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb68
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb68
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb69
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb69
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb69

A. Ibeas and N. Chitnis Mathematics and Computers in Simulation 250 (2026) 395-422

[70]

[71]

[72]

[73]

[74]

[75]

[76]

M.T. Hoang, O.F. Egbelow, Global asymptotic stability of an SEIRS model and its solutions by nonstandard finite difference schemes, J. Nonlin. Funct.
Anal. 2020 (1) (2020).

W.F. Alfwzan, K. Abuasbe, A. Raza, M. Rafiq, M. Awadalla, M.A. Almulla, A non-standard computational method for stochastic anthrax epidemic model,
AIP Adv. 13 (7) (2023).

T. Basu, R. Buckmire, Using approximations of unity in the construction of positivity-preserving nsfd schemes, Int. J. Difference Equ. 15 (1) (2020) 77-89,
https://www.researchgate.net/publication/344301242.

L. Esteva, E. Ibargiien-Mondragén, J. Romero-Leiton, Un modelo matemaético sobre bacterias sensibles y resistentes a antibiticos, Matematicas: Ensefianza
Univ. 2 (2011) 55-73, http://dx.doi.org/10.1016/j.biosystems.2014.01.005, (in spanish).

M.T. Hoang, M. Ehrhardt, A second-order nonstandard finite difference method for a general Rosenzweig-MacArthur predator-prey model, J. Comput.
Appl. Math. 444 (115752) (2024) 115752.

M.T. Hoang, High-order nonstandard finite difference methods preserving dynamical properties of one-dimensional dynamical systems, Numer. Algorithms
98 (1) (2025) 219-249.

S. Elaydi, An Introduction To Difference Equations, third ed., Undergraduate Texts in Mathematics, Springer, New York, NY, 2005.

422


http://refhub.elsevier.com/S0378-4754(26)00276-4/sb70
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb70
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb70
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb71
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb71
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb71
https://www.researchgate.net/publication/344301242
http://dx.doi.org/10.1016/j.biosystems.2014.01.005
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb74
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb74
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb74
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb75
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb75
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb75
http://refhub.elsevier.com/S0378-4754(26)00276-4/sb76

	Discrete-time Non-Standard Finite Difference schemes for antimicrobial resistance models
	Introduction
	Model description and problem formulation
	Non-Standard Finite Difference (NSFD) discretization of the model
	Qualitative properties of the discrete models
	Numerical simulations
	Discretization applied to a mutation–conjugation resistance model
	Numerical simulation of the mutation–conjugation resistance model

	Conclusions
	CRediT authorship contribution statement
	AI use declaration
	Acknowledgments
	References


