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Abstract
In this paper we give a fully combinatorial description of the zero entropy periodic
patterns on trees. Unlike previously known characterizations of such patterns, our
criterion is independent of any particular topological realization of the pattern and
provides, thus, a practical and fast algorithm to test zero entropy. As an application,
consider a k-starT (a tree with k edges attached at a unique branching point of valence
k) and the setFn,k of all continuousmaps f : T −→ T having a periodic orbit of period
n properly contained in T (each edge of T contains at least one point of the orbit). We
find all pairs (n,k) such that Fn,k contains maps of entropy zero, and we describe the
patterns of such zero-entropy orbits.

Keywords Tree maps · Combinatorial patterns · Periodic orbits · Topological entropy

Mathematics Subject Classification 37E15 · 37E25

1 Introduction: Patterns and Canonical Models for TreeMaps

The notion of pattern is central in the field of Combinatorial Dynamics. Consider a
classX of topological spaces (closed intervals, trees, graphs and compact surfaces are
classic examples) and the family FX of all maps { f : X −→ X : X ∈ X } satisfying
a given property (continuous maps and homeomorphisms are typical examples). The
iteration of any of such maps gives rise to a discrete dynamical system. Assume now
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that we have a map f : X −→ X in FX which is known to have an invariant set P .
Broadly speaking, the pattern of P is the equivalence class of all maps g : Y −→ Y
in FX having an invariant set Q ⊂ Y that “behaves like P” in a combinatorial sense.

An example is given by the family FM of surface homeomorphisms. Here the
pattern (also called braid type) of a cycle P of a map f : M −→ M from FM, where
M is a surface, is defined by the isotopy class, up to conjugacy, of f

∣
∣
M\P [1, 2].

For simply connected spaces, a definition of pattern of an invariant set P of a map
f has to account for:

(a) the relative positions of the points of P inside the space
(b) the way these positions are permuted under the action of f .

For continuous maps of closed intervals, the points of P are totally ordered and
the pattern of P can be simply identified with a permutation in a natural way. This
seminal notion of pattern was formalized and developed in the early 1990s [3, 4].

In the last decades, a growing interest has arisen in extending this concept from the
interval case to more general one-dimensional spaces such as graphs [5, 6] or trees
[7–9]. In this paper we deal with patterns of periodic orbits of continuousmaps defined
on trees. To precise the conditions (a,b) above in this context, next we introduce some
definitions.

A tree is a compact uniquely arcwise connected space which is either a point or
a union of a finite number of intervals (an interval is any space homeomorphic to
[0, 1] ⊂ R). Any continuous map f : T −→ T from a tree T into itself will be called
a tree map. A set X ⊂ T is said to be f -invariant if f (X) ⊂ X . For each x ∈ T , we
define the valence of x to be the number of connected components of T \ {x}. A point
of valence different from 2 will be called a vertex of T and the set of vertices of T will
be denoted by V (T ). Each point of valence 1 will be called an endpoint of T , and the
set of such points will be denoted by End(T ). The closure of a connected component
of T \ V (T ) will be called an edge of T .

Let k ∈ N with k ≥ 3. A tree T will be called a k-star if T is the union of k edges,
which will be called branches, intersecting at a unique vertex of valence k, which will
be called the central point. A 1-star is a tree consisting of a single point, and a 2-star
is an interval.

Given any subset X of a topological space, we will denote by Int(X) and Cl(X)

the interior and the closure of X , respectively. For a finite set P , we will denote its
cardinality by |P|.

Let T be a tree. Given X ⊂ T we will define the convex hull of X , denoted by 〈X〉T
or simply by 〈X〉, as the smallest closed connected subset of T containing X . When
X = {x, y} we will write [x, y] to denote 〈X〉. The notations (x, y), (x, y] and [x, y)
will be understood in the natural way.

A pair (T , P) where T is a tree and P ⊂ T is a finite subset of T will be called a
pointed tree. Two points x, y of P will be called consecutive if (x, y) ∩ P = ∅. Any
maximal subset of P consisting only of pairwise consecutive points will be called a
discrete component of (T , P). See Figures 1 and 2 for several examples of pointed
trees, where each dotted closed curve surrounds a discrete component.

Next we introduce an equivalence relation on pointed trees. Before doing it, let us
explain which features of a pointed tree (T , P) should be preserved inside its class:
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Fig. 1 Three pointed trees that should be equivalent
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Fig. 2 Two pointed trees that should be equivalent

(1) The number of distinguished points (cardinality of P).
(2) The spatial relations (pairwise relative positions) among the distinguished points,

independently of the particular topology of T .

While (1) is clear enough, let us precise (2) by showing several examples of pointed
trees that should be equivalent in our definition. See Figure 1, where the pointed trees
(T1, P1), (T2, P2) and (T3, P3) should be equivalent. See also Figure 2, where (S1, Q1)

and (S2, Q2) should be equivalent.
Looking carefully at the previous examples, the reader may guess that the feature

(2) that we want to preserve between two equivalent pointed trees (T , P), (S, Q) is
the following one: there is a bijection φ between the distinguished sets of points P
and Q in such a way that any two points x, y of P are consecutive in T if and only if
the corresponding points φ(x), φ(y) of Q are consecutive in S.

This is precisely the suitable definition of our equivalence relation. We will say
that two pointed trees (T , P) and (S, Q) are spatially equivalent if there exists a
bijection φ : P −→ Q that preserves discrete components. Be aware that, in this case,
the bijection φ does not need to be unique, and this fact accounts for the spatial
symmetries among pointed trees. For instance, consider the pointed trees (T1, P1)
and (T3, P3) in Fig. 1. The bijection φ : P1 −→ P3 such that φ(a) = x , φ(b) = y,
φ(c) = z, φ(d) = t preserves discrete components. But the same happens for the
bijection φ̄ : P1 −→ P3 such that φ̄(a) = t , φ̄(b) = z, φ̄(c) = y, φ̄(d) = x . In this



123 Page 4 of 28 D. Juher et al.

particularly simple example, the sets P1 and P3 are both contained in an interval, and
our definition allows us to do not care about the particular orientation of such intervals.

To see another example of more sophisticated symmetries, consider the trees
(S1, Q1) and (S2, Q2) in Fig. 2.Here the bijectionφ : Q1 −→ Q2 such thatφ(xi ) = yi
for 0 ≤ i ≤ 5 preserves discrete components. The same happens for the bijec-
tion φ̄ : Q1 −→ Q2 such that φ̄(x0) = y5, φ̄(x1) = y4, φ̄(x2) = y2, φ̄(x3) = y3,
φ̄(x4) = y1, φ̄(x5) = y0, which transforms the discrete components in this way:

φ̄

{x0, x1} −→ {y5, y4}
{x4, x5} −→ {y1, y0}

{x1, x2, x3, x4} −→ {y4, y2, y3, y1}

Another interesting symmetry appears via the bijection ϕ : Q1 −→ Q2 such that
ϕ(x0) = y5, ϕ(x1) = y4, ϕ(x2) = y3, ϕ(x3) = y2, ϕ(x4) = y1, ϕ(x5) = y0. Then,

ϕ

{x0, x1} −→ {y5, y4}
{x4, x5} −→ {y1, y0}

{x1, x2, x3, x4} −→ {y4, y3, y2, y1}

From those examples it is clear that what characterizes a class of spatially equivalent
pointed trees is just a collection of discrete components and their connections. In
other words, we do not take care of the particular topology of the underlying tree, the
particular labelling of the distinguished points and the spatial symmetries.

Now we are ready to define the notion of a tree pattern (or pattern for brevity).
A triplet (T , P, f ) will be called a model if f : T −→ T is a tree map and P is a
finite f -invariant set. In particular, if P is a periodic orbit of f then (T , P, f ) will be
called a periodic model (or an n-periodic model if |P| = n and we want to specify
the period). Let (T , P, f ) and (S, Q, g) be two models. We will say that (T , P, f )
and (S, Q, g) are equivalent, written (T , P, f ) ∼ (S, Q, g), if and only if:

(a) The pointed trees (T , P) and (S, Q) are spatially equivalent.
(b) There exists a bijection φ : P −→ Q that preserves discrete components and con-

jugates the maps f
∣
∣
P and g

∣
∣
Q :

f
∣
∣
P = φ−1 ◦ g

∣
∣
Q ◦ φ.

It is easy to see that ∼ defines an equivalence relation. A class of models with
respect to ∼ will be called a pattern. Any representative (T , P, f ) of a pattern P will
be said to exhibit P , and we will write P = [T , P, f ]. The pattern P itself will be
called periodic if a model (in consequence, any model) exhibiting P is periodic.

In Figure 3 (left, center) we show two periodic models (S1, Q1, f ) and (S2, Q2, g)
equivalent by∼, constructed from the (spatially equivalent) pointed trees (S1, Q1) and
(S2, Q2) in Fig. 2. We only show the images by f and g of the points in Q1 and Q2,
respectively, since this is the only information we need. In this example, the bijection
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Fig. 3 Left and center: two periodic models exhibiting the same pattern (an arrow from a to b codifies that
the image of a by the corresponding map is b). Right: a possible representation of the pattern exhibited by
both models

ϕ : Q1 −→ Q2 that preserves discrete components and conjugates f
∣
∣
Q1

and g
∣
∣
Q2

is
ϕ(x0) = y5, ϕ(x1) = y4, ϕ(x2) = y3, ϕ(x3) = y2, ϕ(x4) = y1, ϕ(x5) = y0. See a
representation of the corresponding pattern in Figure 3 (right).

An n-periodic orbit P = {xi }n−1
i=0 of a map θ will be said to be time labeled if

θ(xi ) = xi+1 for 0 ≤ i < n − 1 and θ(xn−1) = x0. For instance, the orbit Q1 in
Figure 3 is time labeled, while the orbit Q2 is not.

Despite the fact that the notion of a discrete component is defined for pointed trees,
by abuse of language we will use the expression discrete component of a pattern,
which will be understood in the natural way since the number of discrete components
and their relative positions are the same for all models of the pattern. In the same spirit
we will use the expression point of a pattern. All patterns considered in this paper
will be periodic. By default we will consider that the points of an n-periodic pattern
are time labeled with the integers {0, 1, . . . , n − 1}. As an example, Figure 4 shows
a representation of the 6-periodic pattern of Figure 3(right), whose set of discrete
components is {{0, 1}, {4, 5}, {1, 2, 3, 4}}.

In whatever context, a good definition of pattern should lead to a theory rich enough
to provide relevant information about the dynamics in the family ofmaps under consid-
eration. In particular, the theory must be able to give answers to (at least) the following
questions:

(Q1) For a pattern P , does there exist a number h(P) that measures the dynamical
complexity forced byP , in the sense that h(P) is a lower bound for the dynamical
complexity of any map exhibiting P?

(Q2) Is h(P) optimal, in the sense that there is a specially simple map exhibiting P
(let us call it canonical model of P) whose dynamical complexity is h(P)?

(Q3) It is possible to construct effectively the canonical model of P in terms only of
the combinatorial data encoded in P?

(Q4) It is possible to compute effectively the dynamical complexity of the canonical
model (and, in consequence, h(P))?

A positive answer to the above questions allows us to stratify the set of patterns
according to their dynamical complexities. Precisely our definition of tree pattern
satisfies this requirement. Let us see it.
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Fig. 4 A representation of the
6-periodic pattern in
Figure 3(right)
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A usual way of measuring the dynamical complexity of a map f : X −→ X of a
compact metric space is in terms of its topological entropy [10]. It is a non-negative
real number (or infinity), denoted as h( f ), that measures how the iterates of the map
mix the points of X . For several compact metric spaces, a map with positive entropy
is chaotic in the sense of Li and Yorke [11, 12]. By contrast, the dynamics of a map
with zero topological entropy is essentially trivial.

In view of what have been said above, for a tree pattern P it is natural to define the
topological entropy of P as

h(P) := inf{h( f ) : (T , P, f ) is a model exhibiting P}. (1)

Remark 1.1 (Standing assumption) For a model (T , P, f ), it is well known that
the restriction of f to the convex hull of P , i.e. r ◦ f : 〈P〉T −→ 〈P〉T where
r : T −→ 〈P〉T is the natural retraction, has entropy smaller than or equal to h( f )
(see, for instance, Lemma 4.1.3(b) of [13]). So, in the definition (1) it is enough to
consider only models (T , P, f ) such that the endpoints of the tree T belong to P .
In what follows, when we say that (T , P, f ) is a model, we implicitly assume that
End(T ) ⊂ P . 
�

Once the topological entropy of a pattern h(P) has been defined (question Q1
above), let us see that there exists a representative of P whose entropy is precisely
h(P), so giving also a positive answer to question Q2.

Let (T , P, f ) be a model. We will say that f is P-monotone if f
∣
∣[a,b] is monotone

(as an interval map) for any pair {a, b} ⊂ P contained in a single discrete component
of (T , P). The model (T , P, f ) will then be said to be monotone.

The following result is Proposition 4.2 of [7]. It states that if (T , P, f ) is amonotone
model then the image of every vertex is uniquely determined and is either a vertex or
belongs to P .

Proposition 1.2 Let (T , P, f ) be a monotone model and let v ∈ V (T )\ P. If a, b, c ∈
P are contained in a single discrete component and v ∈ [a, b] ∩ [a, c] ∩ [b, c], then
f (v) is the only point contained in [ f (a), f (b)] ∩ [ f (a), f (c)] ∩ [ f (b), f (c)].
It is implicit in the previous result that the determination of the image f (v) can be

done by using any triplet {a, b, c} of three closest points of P around v. This condition
is very restrictive and, a priori, there is no reason to expect that a pattern P has a P-
monotone representative. In fact, in general is it not true that, for a given tree S, there
is a monotone model (S, P, f ) of P . For instance, if S is a 4-star, it is not possible to
have a monotone model (S, P, f ) of the pattern shown on Figure 5 (left). To see it,
let us call y the central point of S and assume that f : S −→ S is P-monotone. Using
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Fig. 5 Left: a 7-periodic pattern P . Center: the canonical model of P . Right: the points of P embedded on
a 4-star

Proposition 1.2 with a = 1, b = 3, c = 4 yields f (y) ∈ [2, 4] ∩ [2, 5] ∩ [4, 5] = {y}
(see Figure 5 (right)), so f (y) = y. Instead, taking a = 0, b = 2, c = 4 yields
f (y) ∈ [1, 3] ∩ [1, 5] ∩ [3, 5] = {1}, so f (y) = 1. This contradiction tells us that
the particular topology of a 4-star does not permit the existence of a monotone model
of P . However, since the topology of the underlying tree is not fixed inside the class
of models representing P , the question arises whether there exists another topology
permitting it. The answer is affirmative: Theorem A of [7] states that for every pattern
P there exists a tree T and a map f : T −→ T having an invariant set P such that
(T , P, f ) is a monotone model of P . In Figure 5 (center) we show a monotone model
(T , P, f ) of the pattern P , where T is the tree in the form of a letter “H”. The reader
may check that using Proposition 1.2 with any combination {a, b, c} satisfying the
hypothesis yields f (v) = w and f (w) = 1. Theorem A of [7] also states that, for
every monotone model (T , P, f ) of P , h( f ) = h(P).

There exists a special class of monotonemodels, satisfying several extra minimality
properties that we omit here, called canonical models. Theorem B of [7] states that
every pattern has a canonical model. Moreover, the canonical model of a pattern is
essentially unique. Summarizing, we have the following result.

Theorem 1.3 Let P be a pattern. Then the following statements hold.

(a) There exists a canonical model of P .
(b) The canonical model (T , P, f ) of P satisfies h( f ) = h(P).

The proof of Theorem 1.3 is constructive and gives a finite algorithm to construct
the canonical model of any pattern. Summarizing, questions Q2 andQ3 have a positive
answer.

We discuss question Q4 in the next section, since it will bring us the opportunity to
explain the scope of this paper and to present its first main result.

2 From Topology to Combinatorics. First Main Result

Is h(P) computable for any pattern P? The answer is positive. One possibility is to
construct explicitly the canonical model (T , P, f ) of P . Now, Proposition 1.2 states
that P ∪ V (T ) is f -invariant. Moreover, since f is monotone between any pair of
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consecutive points of P , in particular f is monotone on each connected component
of T \ (P ∪ V (T )), which is an interval. Under these conditions, the triplet (T , P ∪
V (T ), f ) is a particular case of what is called a Markov model. Indeed, a model
(T , Q, f ) is called Markov if Q ⊃ V (T ) and f is monotone on the closure of every
connected component of T \Q (which is called a Q-basic interval). In this situation it
is well known that we can construct a Markov matrix as follows. Consider a labeling
I1, I2, . . . Ik of all Q-basic intervals. TheMarkov graphof (T , Q, f ) is a combinatorial
directed graph whose vertices are the basic intervals and there is an arrow from Ii to
I j if and only if f (Ii ) ⊃ I j . The associated Markov matrix M is the corresponding
transition matrix, i.e. M = (mi j ) with mi j = 1 if f (Ii ) ⊃ I j and mi j = 0 otherwise.
The following result is standard (see [14] or Theorem 4.4.5 of [13]).

Proposition 2.1 Let (T , Q, f ) be a Markov model and let M be the Markov matrix of
(T , Q, f ). Then, h( f ) = logmax{ρ(M), 1}, where ρ(M) denotes the spectral radius
of M.

From Proposition 2.1 and the previous paragraph, the entropy of a pattern P is
computable. Note that this procedure is “topological” rather than “combinatorial”,
since it is based on the particular topology of the canonical model of P . However, the
algorithm to construct the canonical model is time consuming (the steps to construct
the particular tree T from the combinatorial data of the pattern are far from being
trivial). So, one may wonder whether there is a purely combinatorial alternative to
compute h(P). Let us see that this is the case.

Let (T , P, f ) be (any) model of P . A basic path is any pair {a, b} ⊂ P contained
in a discrete component. Let {π1, π2, . . . , πk} be the set of basic paths of (T , P). We
will say that πi f -covers π j , denoted by πi → π j , whenever π j ⊂ 〈 f (πi )〉T . The
P-path graph is the combinatorial directed graph whose vertices are in one-to-one
correspondence with the basic paths of (T , P), and there is an arrow from the vertex i
to the vertex j if and only if πi f -covers π j . The associated transition matrix, denoted
by MP , will be called the path transition matrix of P . Note that the definitions of
the P-path graph and the matrix MP are independent of the particular choice of the
model (T , P, f ). Thus, they are well-defined pattern invariants and it is not necessary
to construct the canonical model of P . One of the main results of [7] states that

h(P) = logmax{ρ(MP ), 1}. (2)

Once we know that the entropy of a pattern is computable, several natural ques-
tions arise. For instance, it is possible to describe the shape (configuration of discrete
components) of the n-periodic patterns with entropy zero [7, 15]? For any n, which
is the n-periodic pattern with maximum entropy [16–20]? And which is the one with
minimum positive entropy [21, 22]?

The characterization of patterns of entropy zero was first given in [7] (see also [23]),
and another description was proven to be equivalent in [15]. Both characterizations,
however, are more topological than combinatorial, since they require to construct the
canonical model of the pattern. Precisely, the first main result of this paper is a purely
combinatorial description of the periodic patterns of entropy zero. Let us present it.
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Fig. 6 An 8-periodic pattern P
admitting two block structures
of trivial blocks
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We start by reviewing the description of zero entropy patterns given in [15]. A pat-
tern will be said to be trivial if it has only one discrete component. Clearly, the entropy
of a trivial pattern is zero. The structure of zero entropy periodic patterns is related to
the existence of a block structure, a notion that is classic in the field of Combinatorial
Dynamics. In the interval case, the Sharkovskii’s square root construction [24] is an
early example of a block structure. The concept of extension, first appeared in [25],
gives rise to some particular cases of block structures. The notion of division, intro-
duced in [26] for interval periodic orbits and generalized in [27] to study the entropy
and the periodic structure of tree maps, is also a particular case of block structure.

Let P be a nontrivial n-periodic pattern with n ≥ 3 and let (T , P, f ) be (any)
model exhibiting P . For n > p ≥ 2, we will say that P has a p-block structure if
there exists a partition P = P0 ∪ P1 ∪ . . . ∪ Pp−1 such that f (Pi ) = Pi+1 mod p for
i ≥ 0, and 〈Pi 〉T ∩ Pj = ∅ for i �= j (from the equivalence relation which defines
the class of models exhibiting P , it easily follows that this condition is independent
of the model representing P). In this case, p is a strict divisor of n and |Pi | = n/p for
0 ≤ i < p. The sets Pi will be called blocks, and the blocks will be said to be trivial
if each Pi is contained in a single discrete component of P (equivalently, the pattern
[〈Pi 〉T , Pi , f p] is trivial for any i). Note that P can have several block structures, but
only one p-block structure for any given divisor p of n.

Remark 2.2 (Standing convention) Let P be an n-periodic pattern whose points are
time labeled as {0, 1, . . . , n−1}. When P has a block structure of p blocks P0 ∪ P1 ∪
. . . ∪ Pp−1, by convention we will always assume that the time labels of the blocks
have been chosen in such a way that 0 ∈ P0. 
�

In Figure 6 we show an example of a 8-periodic pattern P admitting a 4-block
structure given by P0 = {0, 4}, P1 = {1, 5}, P2 = {2, 6}, P3 = {3, 7} and also a
2-block structure given by Q0 = {0, 2, 4, 6}, Q1 = {1, 3, 5, 7}. In both cases, the
blocks are trivial.

LetP be an n-periodic patternwith a block structure P0∪P1∪· · · Pp−1. If (T , P, f )
is the canonical model of P and 〈Pi 〉T ∩ 〈Pj 〉T = ∅ whenever i �= j , then we will say
that the structure is separated.

Let (T , P, f ) be the canonical model of a patternP . Let P = P0 ∪ P1∪ . . .∪ Pp−1
be a separated p-block structure for P . Then, f (〈Pi 〉) = 〈Pi+1 mod p〉. The skeleton
of P is the p-periodic pattern S obtained by collapsing each convex hull 〈Pi 〉 to a
point. More precisely, consider the tree S obtained from T by collapsing each tree
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〈Pi 〉 to a point xi . Let κ : T −→ S be the standard projection, which is bijective on
T \ ∪i 〈Pi 〉 and satisfies κ(〈Pi 〉) = xi . Now set Q := κ(P) = {x0, x1, . . . , xp−1} and
define θ : Q −→ Q by θ(xi ) = xi+1 mod p. The p-periodic pattern [S, Q, θ ] will be
called the skeleton of P .

As an example of construction of a skeleton, consider the 8-periodic pattern con-
sisting of two discrete components {0, 2, 6}, {0, 1, 3, 4, 5, 7} (Figure 7, left). Then,
P0 = {0, 4}, P1 = {1, 5}, P2 = {2, 6}, P3 = {3, 7} defines a structure of 4 trivial
blocks. After constructing the canonical model (T , P, f ), which is shown in Figure 7
(top, center), one gets that 〈Pi 〉T ∩ 〈Pj 〉T = ∅ when i �= j . Thus, the structure is
separated and it makes sense to consider the corresponding 4-periodic skeleton S,
shown in Figure 7 (top, right).

The entropies of a pattern P with a separated structure of trivial blocks and its
associated skeleton coincide, as the following result (a reformulation of Proposition 8.1
of [7]) states.

Proposition 2.3 Let P be a pattern with a separated structure of trivial blocks and let
S be the associated skeleton. Then, h(S) = h(P).

Now we are ready to state the known recursive characterization of zero entropy
patterns in terms of skeletons. The following result is Proposition 5.6 of [15].

Proposition 2.4 Let P be a nontrivial periodic pattern. Then, h(P) = 0 if and only
if P has a separated structure of trivial blocks such that the associated skeleton has
entropy 0.

We stress the fact that Proposition 2.4 relies on the notion of separability of a
block structure, which has to be tested over a particular topological representative
of the pattern (the canonical model). The aim of this paper is to give an alternative
characterization that does not require the construction of any particular topological
realization –a purely combinatorial criterion.

Assume that a periodic pattern has structures of trivial blocks. The one with
blocks with maximum cardinality will be called the maximal structure. For instance,
{0, 2, 4, 6} ∪ {1, 3, 5, 7} is the maximal structure for the pattern shown in Figure 6.

Definition 2.5 Let P = [T , P, f ] be a nontrivial n-periodic pattern with structures
of trivial blocks. Let P0 ∪ P1 ∪ . . . ∪ Pp−1 be the maximal structure. A p-periodic
pattern C = [S, Q, g] will be called the combinatorial collapse of P if the following
properties are satisfied:

(a) g(i) = j if and only if f (Pi ) = Pj

(b) For any 0 ≤ i < j ≤ p − 1, there is a discrete component of C containing the
points i, j if and only if there is a discrete component of P intersecting the blocks
Pi , Pj .

Note that the combinatorial collapse of a pattern with structures of trivial blocks is
unique, since it is always carried out over the maximal structure, which is unique by
definition. As an example, see Fig. 8.
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Fig. 7 Left: an 8-periodic pattern P with a maximal and separated structure of 4 blocks. Up, center: the
canonical model (T , P, f ) of P , the convex hulls of the blocks marked with thick lines. Up, right: the
corresponding skeleton S. Bottom: the combinatorial collapse C

Fig. 8 A 18-periodic pattern P
with a maximal structure of 6
blocks, and the combinatorial
collapse C
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Observe the strong analogy between the concepts of combinatorial collapse and
skeleton. However, in general both patterns differ from each other. See Fig. 7.

The following proposition, a kind of combinatorial analog of Proposition 2.3, is the
core result of this paper.

Proposition A LetP be a nontrivial periodic pattern having structures of trivial blocks
and let C be the combinatorial collapse of P . Then, h(C) = h(P).

Proposition A will be proved in Sect. 4. Using Propositions 2.3 and 2.4, it has the
following immediate consequence.

Proposition B Let P be a nontrivial periodic pattern. Then, h(P) = 0 if and only if
P has structures of trivial blocks and the combinatorial collapse of P has entropy 0.

Observe the recursive nature of Proposition B: if P is not a trivial pattern, then its
combinatorial collapse, with entropy zero and a period that strictly divides that of P ,
is either trivial or has also structures of trivial blocks with a combinatorial collapse
of entropy zero. We can thus iterate the process as many times as necessary to finally
obtain a trivial pattern, suggesting the following definition.



123 Page 12 of 28 D. Juher et al.

0

1

2

0
3

1 4
5

2

0

6
12

3
9
15

7 1

13

16

10

4

5
17

11
2

8 14

P 0 P 1 P 2

Fig. 9 An example of a zero entropy 18-periodic pattern P2 and the corresponding sequence of collapses

Definition 2.6 We say that an n-periodic patternP is strongly collapsible if there exist
a sequence of patterns {Pi }ri=0 and a sequence of integers {pi }ri=0 for some r ≥ 0 such
that:

(a) Pr = P
(b) P0 is a trivial p0-periodic pattern
(c) For 1 ≤ i ≤ r ,Pi has a maximal structure of

∏i−1
j=0 p j trivial blocks of cardinality

pi and Pi−1 is the combinatorial collapse of Pi .

The sequence {Pi }ri=0 will be called the sequence of collapses of P . Notice that
∏r

j=0 p j = n. See Figure 9 for an example with p0 = 3, p1 = 2, p2 = 3.

Remark 2.7 It is implicit in Definition 2.6 that we stop the collapsing process as far as
we get a trivial pattern. In other words, in a sequence of collapses {Pi }ri=0, all patterns
Pi with 1 ≤ i ≤ r have at least two discrete components. 
�

As an immediate consequence of Proposition B we get the following corollary,
which is in fact the first main result of this paper.

Theorem C Let P be a periodic pattern. Then, h(P) = 0 if and only if P is strongly
collapsible.

3 An Application to Star Maps. SecondMain Result

As an example of application of Theorem C, we look now at a classic problem in
Combinatorial Dynamics. Let us fix a tree T . We want to know for which values of
n it is possible to have a zero entropy self-map of T having an n-periodic orbit. A
more ambitious problem is to determine, for any prescribed period n, an optimal lower
bound for the topological entropy of any self-map of T having an n-periodic orbit.
More precisely, for any integer n ≥ 1, define Mn(T ) (standing for minimum entropy
for period n) as

Mn(T ) := inf{h( f ) : (T , P, f ) is an n-periodic model}.
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Wewant to know for which values of n we have Mn(T ) = 0. The ambitious version
of the problem is to find a closed formula for Mn(T ) in terms of n. Of course, the
answer to both questions depends strongly on the particular tree T . These problems
are in general very difficult and have been solved only when T is an interval [14] or a
3-star [28, 29]. For some more general families of trees, partial answers to these and
other related questions are given in [30, 31].

The second main result of this paper describes for which periods n we have
Mn(T ) = 0 when T is a star. For n ≥ k ≥ 2, set

Mn,k := inf{h( f ) : (T , P, f ) is an n-periodic model such that T is a k-star}.

In the previous definition we are taking models. Recall (Remark 1.1) that, by def-
inition, if (T , P, f ) is a model then End(T ) ⊂ P . So, Mn,k takes into account only
periodic orbits properly contained in T , i.e. having at least one point in each branch
of the star.

The following is the second main result of this paper, and its proof uses the com-
binatorial characterization of zero entropy tree patterns given by Theorem C.

Theorem D Let n, k be integers such that n ≥ k ≥ 3. Then, Mn,k = 0 if and only if:

(a) Either n = k · 2q with q ≥ 0
(b) or n = 2q with q ≥ k − 1.

For example, there exists a zero entropy map on a 4-star having an 8-periodic orbit
(with points in all branches), while this is not possible on a 5-star.

Some readers may find not natural to restrict our attention only to periodic orbits
properly contained in the star. If this is the case, then drop this condition and simply
define

Mn,k := inf{h( f ) : f : T −→ T has an n-periodic orbit and T is a k-star}.

It is easy to derive a result analog to Theorem D for Mn,k instead of Mn,k . The
reason is that any continuous map of a star can be trivially extended to a bigger star
with the same entropy. More precisely, assume that S ⊂ S′, where S is an �-star and
S′ is a k-star with � < k. Let y be the common central point of both stars. Consider
a periodic orbit P of f : S −→ S such that 〈P〉S = S. The trivial extension of f to
S′ is a map f ′ : S′ −→ S′ such that f ′∣∣

S = f
∣
∣
S and f ′ maps identically S′ \ S onto

f (y). Then, f ′∣∣
P = f

∣
∣
P and h( f ′) = h( f ).

Recall that Mn,k is well defined only when n ≥ k, while Mn,k makes sense for any
pair n, k. When n < k, a rigid rotation of an n-star is an example of a zero entropy
map with a periodic orbit of period n. Considering its trivial extension to a k-star, we
get

Mn,k = 0 when 1 ≤ n < k.

On the other hand, the technique of trivial extensions tells us that

Mn,k = min{Mn,� : 2 ≤ � ≤ k} when n ≥ k.
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Fig. 10 O andR are two different 2-openings of P , andO′ andR′ are two different openings of P

From the previous discussion, we get the following immediate consequence of
Theorem D.

Corollary E Let n, k be positive integers such that k ≥ 3. Then, Mn,k = 0 if and only
if n = � · 2q with q ≥ 0 and 1 ≤ � ≤ k.

4 Proof of Proposition A

A key ingredient to prove Proposition A is a tool, introduced in [21], that allows us
to compare the entropies of two patterns under certain conditions. For the sake of
brevity, here we will give a somewhat informal (though completely clear) version of
this procedure.

Let (T , P, f ) be a model of a pattern P . We recall that two discrete components of
(T , P) are either disjoint or intersect at a single point of P . Two discrete components
A, B of (T , P)will be said to be adjacent at x ∈ P (or simply adjacent) if A∩B = {x}.
If we join together two adjacent discrete components A and B to get a new discrete
component A ∪ B and keep intact the remaining components, we get a new pattern
O. We will say that O is a 2-opening of P . As an example, see Figure 10, where O
is a 2-opening of P obtained by joining the discrete components A = {2, 5, 6} and
B = {0, 5}, whileR is a 2-opening of P obtained by joining B and C = {1, 3, 5}.

The previous procedure can be repeated in order to join together more discrete
components. We will say that Q is an opening of P if there exist l ≥ 2 patterns
(Pi )

l
i=1 such that P1 = P , Pl = Q, and Pi+1 is a 2-opening of Pi . In Figure 10, O′

and R′ are two different openings of P .
As it is clear from the examples shown in Figure 10, we are implicitly assuming

that the labeling of the points of an n-periodic patternP fixes the labeling of the points
of any opening of P .

As one may expect from intuition (we are dropping restrictions among points), the
entropy of a model decreases when performing an opening, as the following result
(Theorem 5.3 of [21]) states.
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Theorem 4.1 Let P andO be periodic patterns. IfO is an opening of P , then h(P) ≥
h(O).

Remark 4.2 Recall (Figure 7) that the skeleton and the combinatorial collapse of a pat-
tern with a separated structure of trivial blocks need not coincide. It is clear, however,
that the combinatorial collapse is an opening of the skeleton. 
�

Recall that, when P has block structures, the one with blocks with maximum
cardinality is unique and is called a maximal structure. The following result was
proven (but not implicitly stated) in [15].

Lemma 4.3 Let P be a nontrivial periodic pattern having structures of trivial blocks.
Then, the maximal structure is separated.

Proof Let (T , P, f ) be the canonical model of P . Let P0 ∪ P1 ∪ · · · ∪ Pp−1 be
the maximal structure. Assume, by way of contradiction, that this structure is not
separated. In the proof of Lemma 4.1 of [15] it is shown that, in this case, there exists
a divisor m ≥ 1 of p and an m-periodic orbit {y, f (y), . . . , f m−1(y)} ⊂ V (T ) \ P
such that

f i (y) ∈
p
m −1
⋂

j=0

〈Pi+ jm〉 for 0 ≤ i ≤ m − 1. (3)

If m = 1, then (3) implies that the convex hulls of all blocks Pi intersect at a single
point y. Since the blocks are trivial, this implies that all blocks are contained in a
unique discrete component andP is, in consequence, a trivial pattern, in contradiction
with the hypotheses. On the other side, if m > 1 then we set

Pi :=
p
m −1
⋃

j=0

Pi+ jm for 0 ≤ i ≤ m − 1

andobserve that P0∪P1∪· · ·∪Pm−1 defines anm-block structure forP .Moreover, the
fact that the blocks Pi are trivial implies that each block Pi is trivial, in contradiction
with the maximality of the structure P0 ∪ P1 ∪ · · · ∪ Pp−1. 
�

Finally we state the last ingredient we need to prove Proposition A.

Lemma 4.4 LetP be a periodic pattern having structures of trivial blocks and let C be
the combinatorial collapse ofP . Then, there exists a patternP ′ such that h(P ′) = h(C)

and P is either P ′ or an opening of P ′.

Proof Let n be the period of P and let p be the number of blocks of the maximal
structure. All n-periodic patterns considered in this proof will be time labeled with
integers {0, 1, . . . , n − 1}. We recall also the standing convention in Remark 2.2, so
the maximal structure of P is given by the partition K0 ∪ K1 ∪ · · · ∪ Kp−1, with

Ki := {i, i + p, i + 2p, . . . , i + (k − 1)p},with k = n/p.
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We will construct the prescribed pattern P ′ in exactly p steps. More precisely, we
will define a sequence of patterns (Pi )

p−1
i=0 satisfying:

(a) either P0 = P or P is a 2-opening of P0
(b) for any 1 ≤ i ≤ p − 1, either Pi = Pi−1 or Pi−1 is a 2-opening of Pi

(c) for any 0 ≤ i ≤ p − 1, K0 ∪ K1 ∪ · · · ∪ Kp−1 is a maximal structure for Pi and
the combinatorial collapse of Pi is C.

(d) h(Pp−1) = h(C).

It is clear, then, that the lemma will be proven if we take P ′ := Pp−1.
Let us start the iterative construction of the sequence of patterns. We advise the

reader to follow the process over a particular example, for instance over the 18-periodic
pattern shown in Figure 8, that has a maximal structure of 6 blocks of 3 points. The
corresponding combinatorial collapse is shown in the same picture.

SetP−1 := P . Now let i ∈ {0, 1, . . . , p−1} and assume that K0∪K1∪· · ·∪Kp−1
is a maximal structure for Pi−1 (this is obviously the case for i = 0). Next we list the
two rules to get Pi from Pi−1 depending on two cases:

Rule A: Assume that the block Ki is a discrete component of Pi−1. In this case, we
set Pi := Pi−1.

Rule B: Assume that the block Ki is strictly contained in a discrete component of
Pi−1. Let C1,C2, . . . ,Cm be the discrete components of Pi−1 and assume
without loss of generality that the block Ki is contained in C1. In this case,
define the pattern Pi as the one whose discrete components are

Ki , (C1 \ Ki ) ∪ {i},C2,C3, . . . ,Cm .

As an example of the previous iterative procedure, see Figure 11, where we show
the 6 steps corresponding to the pattern P shown in Figure 8. In step 0, the block
K0 = {0, 6, 12} is a discrete component of P−1 = P , so we apply Rule A and we
simply take P0 := P . Now, at step 1, the block K1 := {1, 7, 13} is strictly contained
in the discrete component C = {0, 1, 7, 9, 13} of P0. So, we apply Rule B and P1
is obtained after replacing C by the two discrete components K1, (C \ K1) ∪ {1} =
{1, 7, 13}, {1, 0, 9} and keeping intact the remaining components. And so on.

Observe that, when using Rule B, we are separating the block Ki as a new discrete
component. Since i ∈ Ki , the two new discrete components, Ki and (C1 \ Ki ) ∪ {i},
are adjacent at the common point i . In other words, if we join them together as discrete
components of Pi , then we recover the pattern Pi−1. Thus, Pi−1 is a 2-opening of Pi

and properties (a,b) above hold.
Property (c) is easily derived by induction. Indeed, let 0 ≤ i < p and assume that

K0 ∪ K1 ∪ · · · ∪ Kp−1 is a maximal structure for Pi−1, and that C is the combinatorial
collapse of Pi−1 (P0 satisfies these assumptions since P−1 = P).

We want to see that K0 ∪ K1 ∪ · · · ∪ Kp−1 is also a maximal structure for Pi , and
that the combinatorial collapse of Pi is C. This is obvious if we have applied Rule A
to obtain Pi from Pi−1, so assume that we have applied Rule B.

Let (T , P, f ) be anymodel ofPi . It is evident that f (K j ) = K j+1 mod p.Moreover,
since the blocks are trivial in Pi−1, each K j is contained in a discrete component of
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Fig. 11 Construction of pattern P ′ of Lemma 4.4 corresponding to the pattern P of Figure 8

Pi−1. Together with Rule B, this implies that each set K j is contained in a discrete
component of Pi . In consequence, 〈K j 〉T ∩ Kk = ∅ whenever j �= k and K0 ∪ K1 ∪
· · · ∪ Kp−1 is also a maximal block structure for Pi .

Rule B also implies that if there is a discrete component of Pi−1 intersecting two
blocks K j , Kk , there is also a discrete component of Pi intersecting K j and Kk . So,
Definition 2.5 applies and C is the combinatorial collapse of Pi .

Summarizing, the sequence (Pi )
p−1
i=0 satisfies properties (a-c) above. Let us see that

property (d) is also satisfied. Let S be the skeleton of P ′ associated to the maximal
structure K0∪K1∪· · ·∪Kp−1 which, byLemma4.3, is separated.Now,Proposition 2.3
tells us that h(S) = h(P ′). Finally, since each block Ki is in fact a discrete component,
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it follows that the skeleton S coincides with the combinatorial collapse C. So, property
(d) holds. 
�

Now we are ready to prove Proposition A.

Proof of Proposition A Take the maximal block structure of P . By Lemma 4.3, it is
separated. Thus, it makes sense to consider the associated skeleton S. By Remark 4.2,
C is an opening of S. Then, by Theorem 4.1, h(C) ≤ h(S), which equals h(P) by
Proposition 2.3. Now let P ′ be the pattern given by Lemma 4.4, in such a way that
h(P ′) = h(C) and P is either P ′ or an opening of P ′. Using again Theorem 4.1 yields
h(P) ≤ h(P ′). Summarizing,

h(C) ≤ h(S) = h(P) ≤ h(P ′) = h(C).


�

5 Construction of Star Patterns of Entropy Zero

Although a point is an element of a topological space and a pattern is a combinatorial
object defined as an equivalence class of pointed trees, recall that by abuse of language
we talk about the points of a pattern. The same translation from topology to combi-
natorics can be applied to the term valence. The (combinatorial) valence of a point
x of a pattern P is defined as the number of discrete components of P containing x .
Note that if x has combinatorial valence ν, then for any model (T , P, f ) of P , the
(topological) valence of the point of T corresponding to x is the same and equals ν.
So, in what follows we will drop the words combinatorial and topological and will
use the term valence indistinctly in both senses. Let x be a point of P . If x has valence
1, it will be called an endpoint.

A pattern will be called simplicial if all its discrete components have 2 points. See
Figure 12 (right) for an example of a 7-periodic simplicial pattern. Note that an interval
pattern is simplicial.

Let k ≥ 2. A pattern P will be called a k-star pattern (or simply a star pattern)
if there exists a model (T , P, f ) of P such that T is a k-star. Since End(T ) ⊂ P by
definition of a model, it follows that a k-star pattern has at least k points. Note that if
k = 2, then P is simplicial. On the other hand, if k ≥ 3 then:

(NS) If P is non-simplicial, all points of P have valence 1 or 2 and there is one
discrete component of k points.

(S) If P is simplicial, all points of P have valence 1 or 2 except one point, that has
valence k.

See Figure 12 for an example of both situations. When a k-star pattern P is non-
simplicial (in particular, k ≥ 3), the unique discrete component of cardinality k will
be called the branching component. In this case, for any model (T , P, f ) of P such
that T is a k-star, the convex hull of the branching component ofP contains the central
point of T .
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Fig. 12 Two examples of 4-star
patterns of period 7, satisfying
respectively (NS) (left) and (S)
(right)
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To prove Theorem D, in particular its “if” part, we must elucidate for which values
n, k there is an example of a zero entropy map f : T −→ T , where T is a k-star,
having an n-periodic orbit P with at least one point in each branch of T . In this case,
the pattern P := [T , P, f ] has entropy zero and is a star pattern. It is clear, then, that
in order to find such examples we need a descriptive way to construct star patterns
of entropy zero. Precisely, Theorem C does the job: if h(P) = 0, then P it strongly
collapsible and there exists a sequence of collapses of P according to Definition 2.6.

Assume thatwewant to construct an example of a (general, not necessarily star) zero
entropy pattern of period n. Decompose n into a product of integers n = p0 p1 · · · pr ,
with all pi larger than 1, and start with a trivial pattern P0 of p0 points. Now, to
construct P1, “explode” each point i ∈ {0, 1, . . . , p0 − 1} of P0 into a trivial block
of p1 points, {i, i + p0, i + 2p0, . . . , i + (p1 − 1)p0}, making sure that the structure
defined by the new blocks is maximal in order that P0 is the combinatorial collapse
of P1. We will say that P1 is a p1-explosion of P0. And so on. For an example with
n = 18, p0 = 3, p1 = 2, p2 = 3, look at Figure 9 (thinking that the arrows in
the picture are now reversed). In this spirit, if P is an n-periodic pattern such that
h(P) = 0, from now on the sequence (p0, p1, . . . , pr ) in Definition 2.6 will be called
the sequence of explosions of P . In this case, n = p0 p1 · · · pr .

In the particular case of star patterns, the above process has very particular restric-
tions. Let us see it.

Lemma 5.1 Let P be a periodic star pattern such that h(P) = 0. Let {Pi }ri=0 be
the sequence of collapses of P and let (pi )ri=0 be the corresponding sequence of
explosions. Then,

(a) Each Pi is a ki -star pattern for some ki ≥ 2.
(b) ki ≤ ki+1.
(c) If Pi is non-simplicial, then Pi+1 is non-simplicial

Proof Note that if Pi is not a star pattern, i.e. their points cannot be embedded in
a star, the same happens with Pi+1, where each point of Pi has been exploded to a
block. Since Pr = P is a star pattern, then (a) follows by backward induction. To see
(b), observe that when performing a combinatorial collapse, the number of endpoints
decreases (or remains equal), and that ki is precisely the number of endpoints of Pi .
Finally, to prove (c) recall that Pi is non-simplicial if and only if it has a branching
component C of ki ≥ 3 points. Since Pi is the combinatorial collapse of Pi+1, by
definitionPi+1 has a discrete componentC ′ intersecting ki -many different blocks. So,
C ′ is a branching component of Pi+1 with |C ′| ≥ ki ≥ 3, and Pi+1 is non-simplicial.


�
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Fig. 13 Local picture of an
expanding 2-explosion of type
EE1
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Lemma 5.2 Assume that a pattern with a structure of trivial blocks has a discrete
component of two points {a, b} such that a is an endpoint. Then, all blocks of the
trivial structure have cardinality 2.

Proof Since a block has at least two points and a is an endpoint, it is obvious that
a, b belong to the same block, K . Since the blocks are trivial, K is contained in a
single discrete component by definition. It follows that K = {a, b}. In consequence,
all blocks of the trivial structure have cardinality 2. 
�
Proposition 5.3 Let P be an n-periodic star pattern such that h(P) = 0. Let {Pi }ri=0
be the sequence of collapses of P and let (pi )ri=0 be the corresponding sequence of
explosions. Then, p1 = p2 = . . . = pr = 2. Thus, n = p02r .

Proof By Lemma 5.1(a), Pi is a star pattern for 0 ≤ i ≤ r . Remark 2.7 tells us that
Pi is nontrivial when i �= 0. Now observe that any nontrivial star pattern has at least
one binary discrete component {a, b} such that a is an endpoint. From Lemma 5.2, it
follows that pi = 2 for each i �= 0. 
�

Let P be a zero entropy periodic star pattern. Let {Pi }ri=0 be the sequence of
collapses of P . By Lemma 5.1(a), there exists a unique sequence of integers (ki )ri=0
such that Pi is a ki -star pattern. It will be called the sequence of valences of P . The
next remark collects several obvious items.

Remark 5.4 Let (ki )ri=0 be the sequence of valences associated to a sequence of col-
lapses {Pi }ri=0 of a star pattern. Then,

(a) ki coincides with the number of endpoints of Pi .
(b) When Pi is non-simplicial, ki is also the cardinality of the branching component.
(c) When Pi is simplicial (and i �= 0), ki is the maximum valence of a point of Pi . If

ki ≥ 3, there is only one point attaining the maximum valence ki .

If ki+1 > ki (equivalently, Pi+1 has more endpoints than Pi ), we will say that
Pi+1 is an expanding explosion of Pi . Let us examine all the ways this can happen.
First of all, by Proposition 5.3, Pi+1 is a 2-explosion of Pi . So, each point a in Pi is
replaced by a block of two points Ka in Pi+1. We have the following possibilities for
an expanding 2-explosion.

(EE1) If Pi if non-simplicial, then Pi+1 is also non-simplicial by Lemma 5.1(c). For
at least one point a of the branching component ofPi , the branching component
of Pi+1 contains the two points of the block Ka , and one of the two points is
an endpoint. See Figure 13.
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Fig. 14 Local picture of an
expanding 2-explosion of type
EE2
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Fig. 15 Local pictures of all possible 2-explosions from a simplicial pattern to a non-simplicial one. All
possibilities are EE3 (expanding) except the case ki = ki+1 = 3. The case Pi = P0 is special: the blocks
Ka , Kb cannot be fully contained in a single discrete component for otherwiseP1 would be a trivial pattern

(EE2) If both Pi and Pi+1 are simplicial, let a be a point of Pi of valence ki . In Pi+1,
the block Ka is a discrete component of two points. One of them is an endpoint
and the other one has valence ki + 1. See Figure 14. Note that this construction
cannot be performed when Pi = P0. In this case, P0 is the trivial pattern of
two points and, ifP1 is simplicial, it is necessarily a 4-periodic interval pattern,
which is 2-star. Thus, k0 = k1 = 2 and the explosion is non-expansive.

(EE3) Assume thatPi is simplicial andPi+1 is non-simplicial. This case is remarkable
and very restrictive. Indeed, all possible 2-explosions (expansive or not) are
drawn in Figure 15. It turns out that Pi+1 can be a 2-explosion (expansive or
not) of Pi if and only if ki = 2, 3. In other words, it is not possible to obtain a
a non-simplicial pattern from an expanding 2-explosion of a simplicial pattern
having a point of valence bigger than 3. To see it, add a discrete component {a, e}
to the (local) distribution {a, b}, {a, c}, {a, d} drawn in Figure 15 (bottom). The
block Ke should share a discrete component with the block Ka , but not with
the blocks Kb, Kc, Kd . This would add an extra valence to one of the two
points of the block Ka , a contradiction since a star pattern cannot have points
of valence 3.

The previous discussion leads to the following technical result.

Lemma 5.5 Let P and Q be zero entropy star periodic patterns such that Q is an
expanding 2-explosion of P . If Q is non-simplicial, then there is at least one block of
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the maximal structure ofQ intersecting the branching component. Moreover, at least
one of the two points of the block is an endpoint.

Proof The explosion has to be either EE1 if P is non-simplicial or EE3 if P is sim-
plicial. In each case the lemma holds, see Figures 13 and 15. 
�

The above considerations have also a remarkable consequence. For an n-periodic
simplicial k-star pattern of entropy zero, there is an upper bound for the valence k of
the central point of the star in terms of the period n, as the following result states.

Lemma 5.6 Let P be a nontrivial zero entropy n-periodic k-star pattern. Let {Pi }ri=0
be the sequence of collapses of P . If P is simplicial, then n = 2r+1 and k ≤ r + 1.

Proof Let (pi )ri=0 be the sequence of explosions of P . Then, n = p0 p1 · · · pr . By
Proposition 5.3, p1 = p2 = . . . = pr = 2. Thus, n = p02r . Since P is simplicial,
Lemma 5.1(c) implies that all patterns Pi are simplicial. In particular, P0 is the trivial
pattern of two points. Hence, p0 = 2 and n = 2r+1. Now let (ki )ri=0 be the sequence
of valences ofP . We have that k0 = k1 = 2 and kr = k. The maximum possible value
for k is attained whenPi+1 is an expanding 2-explosion ofPi for all 1 ≤ i ≤ r −1. In
this case, the 2-explosion is of type EE2 and ki+1 = ki + 1. Since k1 = 2 and kr = k,
we get that k ≤ r + 1. 
�

In particular, the previous lemma extends the well known result [14] that the period
of any zero entropy interval pattern is a power of 2. For general tree patterns, this result
can also be derived immediately from Lemma 4.1 of [32].

6 Proof of TheoremD

The next two results give the examples to prove the “if” part of Theorem D.

Lemma 6.1 Let k ≥ 3 and n = k ·2q for some q ≥ 0. Then, there exists a zero entropy
map f : T −→ T such that T is a k-star and f has an n-periodic orbit having at least
one point in each branch of T .

Proof Let y be the central point of T . If q = 0, then n = k. In this case, we define f
has a rigid rotation of T , with f (y) = y. Its entropy is zero and the set of k endpoints
of T is an n-periodic orbit.

Assume that q > 0. Let P0 be the trivial pattern of k points. Now, let P be the
pattern of period k · 2q obtained from P0 by doing q successive non-expanding 2-
explosions. Since h(P0) = 0, Proposition A tells us that h(P) = 0. Of course this
pattern is not unique, see Figure 16 for two different examples with k = 3, q = 1.
Now consider the model (T , P, f ) of P such that f (y) = y and f is monotone on
any (P ∪ {y})-basic interval. It is easy to see that (T , P, f ) is the canonical model of
P . Then, h( f ) = h(P) = 0. 
�
Lemma 6.2 Let k ≥ 3 and n = 2q for some q ≥ k − 1. Then, there exists a zero
entropy map f : T −→ T such that T is a k-star and f has an n-periodic orbit with
at least one point in each branch of T .
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Fig. 16 Two examples of
6-periodic patterns considered in
the proof of Lemma 6.1
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Fig. 17 Iterative procedure for
constructing the pattern Pk in
the proof of Lemma 6.2, here
with k = 4
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Proof Assume first that q ≥ k (we will treat separately the case q = k −1). Let P2 be
the 4-periodic zero entropy (interval) pattern whose discrete components are {2, 0},
{0, 1}, {1, 3}. In particular, the valence of the point 0 is 2. Now, perform the following
iterative procedure. For 3 ≤ i ≤ k, let Pi be an expanding 2-explosion of Pi−1 of
type EE2, in such a way that:

(1) Pi is an i-star simplicial pattern.
(2) 0 is the unique point of Pi with valence i and 2i−1 is an endpoint.

See Figure 17 for an example of the previous iterative procedure with k = 4. Note
that Pi satisfies:

(3) The period of Pi is 2i .
(4) h(Pi ) = 0.

Property (4) follows from Proposition A, since Pi has been obtained from P2 by
performing 2-explosions and h(P2) = 0.

Finally, setQk := Pk and, for k+1 ≤ i ≤ q, letQi be a non-expanding 2-explosion
ofQi−1. So,Qi remains a k-star simplicial pattern for all i . In this second part of the
procedure, the exploding blocks do not create new directions, in particular we do not
modify the valence k of the point 0.

Since Qq has been obtained from Pk by performing 2-explosions and h(Pk) = 0,
then h(Qq) = 0 by Proposition A. Moreover, the period of Qq is 2q = n. Let
(T , P, f ) be the canonical model of Qq . Then, h( f ) = 0. In addition, since Qq is a
k-star simplicial pattern, T is a k-star. So, the map f : T −→ T fulfills the required
properties and we are done.

Finally we are left with the case n = 2k−1. Take the pattern Pk−1 defined above,
satisfying (1–4) with i = k − 1. In particular, [0, 2k−2] is a basic interval, the valence
of 0 is k − 1 and 2k−2 is an endpoint. Let (S, Q, g) be the canonical model of Pk−1.
Then, h(g) = 0. Since Pk−1 is a (k–1)-star simplicial pattern, S is a (k–1)-star. Now
consider the k-star T obtained from S by replacing the interval [0, 2k−2] with two
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Fig. 18 Extending a 3-star map to a 4-star map with the same entropy as in the proof of Lemma 6.2

intervals [v, 0] and [v, 2k−2], in such a way that the valence of v in T is k, and 0 and
2k−2 are endpoints of T . So, T is a k-star with v as its central point. See Figure 18
for an example with k = 4. Let f : T −→ T be the map such that f (i) = g(i) for
0 ≤ i < n and f (v) = 1, and f is monotone on each (Q ∪ {v})-basic interval. In
particular, f collapses the edge [v, 0] into the point 1. It is easy to see that h( f ) = h(g)
(see, for instance, the final step in the proof of Theorem 4.1 of [21]). Since h(g) = 0,
f : T −→ T is a zero entropy k-star map having a periodic orbit Q of period n with
points in each branch of T . 
�

We need a last ingredient to prove Theorem D. It is a well-known criterion of
positive entropy for tree maps (see for instance Lemma 6.1 of [33]).

Lemma 6.3 Let g : S −→ S be a tree map. Let I , J1, J2 ⊂ S be closed intervals
containing no points of V (S) in their interiors such that Int(J1) ∩ Int(J2) = ∅. If
there exist positive integers �, �1, �2 such that f �(I ) ⊃ J1 ∪ J2, f �1(J1) ⊃ I and
f �2(J2) ⊃ I , then h(g) > 0.

Now we are ready to prove Theorem D.

Proof of TheoremD If n = k · 2q for some q ≥ 0, then Mn,k = 0 by Lemma 6.1. On
the other hand, if n = 2q for some q ≥ k − 1 then we also have Mn,k = 0, in this case
by Lemma 6.2. So, the “if” part of the theorem is proven.

Assume now that Mn,k = 0. Then, there exists a zero entropy map f : T −→ T ,
where T is a k-star, having an n-periodic orbit P with at least one point in each branch
of T . Let y be the central point of T . By the Main Theorem of [6], we can assume
that f (y) ∈ P ∪{y} and that f is monotone on each (P ∪{y})-basic interval. In other
words, we can take (T , P ∪ {y}, f ) to be a Markov model.

Take the pattern P := [T , P, f ]. Since h( f ) = 0, then h(P) = 0. By Theorem C,
P is strongly collapsible. Let {Pi }ri=0 be the sequence of collapses ofP and let (pi )ri=0
be the corresponding sequence of explosions. Since T is a k-star, P is a k-star pattern.
Then, by Proposition 5.3, the sequence of explosions is (p0, 2, 2, r). . ., 2) for some
2 ≤ p0 ≤ k, and

n = p02
r . (4)

Let (ki )ri=0 be the sequence of valences of P . Define t as the minimum index in
{0, 1, . . . , r} such that

kt = kt+1 = · · · = kr = k. (5)

If t = 0, then (5) yields k0 = k. Since k0 = p0, (4) reads now as n = k · 2r . Then,
statement (a) is satisfied with q := r and the theorem is proven in this case. So, from
now on we assume that t ≥ 1.
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If there exists some i ∈ {t, t +1, . . . , r} for whichPi is simplicial, then all patterns

P0,P1, . . . ,Pi−1

are also simplicial by Lemma 5.1(c). In particular, p0 = 2 and (4) reads as n = 2r+1.
Moreover, applying Lemma 5.6 to Pi yields ki ≤ i + 1. Summarizing, we have
k = ki ≤ i + 1 ≤ r + 1 and n = 2r+1. Thus, statement (b) is satisfied with q := r + 1
and the theorem is proven in this case.

So, we are left with the possibility that t ≥ 1 and

Pi is non-simplicial for all t ≤ i ≤ r . (6)

Moreover, kt = kt+1 = · · · = kr and kt−1 < kt .
Let C be the branching component of Pr and denote the blocks of Pr by K j :=

{ j, j +2r }. If kr = kr−1 (in other words if t < r ), then 〈K j 〉∩ Int(〈C〉) = ∅ for every
block K j . It follows that if T ′ is the tree obtained from T by collapsing each 〈K j 〉 to
a single point (labeled as j), then T ′ is still a k-star with central point y. Define now a
map f ′ on P ′ := {0, 1, . . . , 2r − 1} as f ′( j) = j + 1 mod 2r . Set also f ′(y) = y if
f (y) = y, or f ′(y) = j if f (y) ∈ K j . Finally, extend f ′ from P ′ ∪ {y} to the whole
tree T ′ by taking an obvious piecewise extension, in such a way that (T ′, P ′ ∪ {y}, f ′)
is a Markov model. It is easy to see that the entropies of f and f ′ are the same (the
proof of this fact is similar to that of Proposition 2.3). So, h( f ′) = 0. Moreover, the
pattern [T ′, P ′, f ′] is precisely Pr−1.

By iteration (r − t times) of the previous construction, we get a Markov model
(S, Q ∪ {y}, g) such that [S, Q, g] = Pt , S is a k-star with central point y, and
h(g) = 0. Note that Q is a 2t+1-periodic orbit having a maximal structure Q0 ∪ Q1 ∪
· · ·∪ Q2t−1 of blocks of cardinality 2. Let D be the branching component of Pt . Now,
we distinguish two cases.

Case 1 There exists j ∈ Q ∩ D such that g(y) = g( j).

In this case, since g is (Q ∪ {y})-monotone, g collapses the basic interval [y, j] into
a single point, j + 1. Consider the tree S′ obtained after replacing the interval [y, j]
by a single point j . Note that the valence k′ of j in the new tree S′ is either k − 1 if j
was an endpoint of the tree S, or k otherwise:

k′ ∈ {k, k − 1}, where k′ is the valence of j in S′. (7)

Moreover, all discrete components of the pointed tree (S′, Q) have 2 points. Let
g′ : S′ −→ S′ be the map such that g′(i) = g(i) for 0 ≤ i < 2t and g′ is monotone
on each Q-basic interval. As it was mentioned in the proof of Lemma 6.2, the fact
that g maps identically the interval [y, j] into the point j + 1 easily implies that
h(g′) = h(g) = 0. So, Q′ := [S′, Q, g′] is a zero entropy simplicial pattern with
period |Q| = 2t+1 = n/2r−t , which, using (4), is equal to p02t . Hence, p0 = 2
and (4) reads as n = 2r+1. Since the sequence of explosions of Q′ is (2, t+1). . . , 2),
Lemma 5.6 tells us that k′ ≤ t + 1. So, k′ ≤ r + 1 because t ≤ r by definition. From
(7), statement (b) is satisfied with q := r + 1, and the theorem is proven in this case.
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Fig. 19 Case 2 in the proof of
Theorem D
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Case 2 Either g(y) = y or g(y) ∈ Q \ g(D).

Let us see that this assumption forces positive entropy for g, a contradiction telling
us that this case does not apply. We start with a simple observation: since

⋃

j Q j is a
2t -block structure, the image by g of the convex hull of a block 〈i1, i2〉 is a connected
set that contains g(i1) and g(i2), so it contains 〈g(i1), g(i2)〉. It follows that

for any block Q j and any m ≥ 0, gm(〈Q j 〉) ⊃ 〈Q j+m mod 2t 〉. (8)

Now we claim that

for any basic interval J and any block Q j , g�(J ) ⊃ 〈Q j 〉 for some � ≥ 0. (9)

Let us prove this claim. When J is the convex hull of a block, the claim follows
trivially from (8). When J = [i1, i2] with {i1, i2} ⊂ Q but i1, i2 belong to different
blocks, then gm(i1) and gm(i2) belong to different blocks for all m. Since the pattern
[S, Q, g] is not trivial, there exists at least one block K = {i3, i4} such that i3 ∈
End(S) \ D. Takem such that gm(i1) = i3. Then, gm(J ) is a connected set containing
i3 and gm(i2) �= i4. The fact that i3 is an endpoint implies gm(J ) ⊃ [i3, i4] = 〈K 〉,
and the claim follows then from (8). Finally, if J = [y, i] with i ∈ D, then g(J ) ⊃
[g(y), g(i)], which is a proper interval (not necessarily basic) because g(y) �= g(i) by
the hypothesis of Case 2. Taking m such that gm(g(y)) = i3, the previous argument
applies also here and the claim follows.

By the choice of t above, Pt is an expanding 2-explosion of Pt−1. In addition, (6)
says that Pt is non-simplicial. Then, by Lemma 5.5, there is at least one block Q j

such that Q j ⊂ D and at least one of the two points of Q j is an endpoint. Shifting
labels if necessary, we can assume without loss of generality that Q j = Q0 = {0, 2t }
and that 0 ∈ End(S). We have

〈Q0〉 = [0, y] ∪ [y, 2t ]. (10)

Note that not all blocks can be contained in D, for otherwise Pt would be a trivial
pattern. So, there exists 1 ≤ i < 2t such that 〈Qi 〉 = [i, 2t + i] is a basic interval
outside 〈D〉, i. e. satisfying [i, 2t + i] ⊂ S \ Int(〈D〉). See Figure 19.

Using (8) with j = i and m = 2t − i , together with (10), yields

g2
t−i ([i, 2t + i]) ⊃ [0, y] ∪ [y, 2t ]. (11)
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Now, (9) tells us that there exist �1, �2 such that

g�1([0, y]) ⊃ [i, 2t + i] and g�2([y, 2t ]) ⊃ [i, 2t + i]. (12)

Now, collecting (11) and (12), the hypotheses of Lemma 6.3 are satisfied with
I := [i, 2t + i], J1 := [0, y], J2 := [y, 2t ] and � := 2t − i . Thus, h(g) > 0. 
�
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