
Contents lists available at ScienceDirect

Physica D

journal homepage: www.elsevier.com/locate/physd

Invited

Inverse problems for the Stäckel mechanical systems

Jaume Llibre a,∗, Rafael Ramírez b
aDepartament de Matemàtiques, Universitat Autònoma de Barcelona, Bellaterra, Barcelona, Catalonia, 08193, Spain
bDepartament d’Enginyeria Informàtica i Matemàtiques, Universitat Rovira i Virgili, Avinguda dels Països Catalans 26, Tarragona, Catalonia, 43007, Spain

a r t i c l e  i n f o

Communicated by Dr A Celletti
2020 MSC:
Primary 70H06
Keywords:
Stäckel theorem
Nambu bracket
Inverse problem
Integrability by separation of variables
Korteweg de Vries equation
Stark problem
Pseudo Riemann space of constant curvature
Kepler problem
Homogeneous symmetric polynomial
Levi-Civita theorem

 a b s t r a c t

The study of the integrability by separation of variables of the Hamilton-Jacobi equations is a classical problem in 
Mechanics, dating back to the foundational works of Liouville, Jacobi, Stäckel, Levi-Civita and others. Recently 
this kind integrability received a big attention due to its applications to the theory of integrable partial differential 
equations of Korteweg de Vries type and to the theory of quantum integrable systems.
 The most relevant development to the solution of the separation of variables due to Stäckel was to give the 
general solution in orthogonal coordinates.
 In the present paper by applying the Nambu bracket and its new properties we developed the Stäckel ideas 
and state and solve two inverse problems in ordinary differential equations. The first one is related with the 
problem of the construction of the Stäckel potential from a given special family of curves, and the second one 
is related with the problem of the construction of the Stäckel matrix from a given Riemann-Stäckel metric and 
consequently we construct the Stäckel mechanical system.
 The obtained results are illustrated solving some relevant applications. In particular we solve the second 
inverse Stäckel problem for the Kepler-Coulomb system, the Stark system in arbitrary dimension and for the first 
time we introduce and study the Stark-Coloumb system. For these Hamiltonian systems we prove that they are 
integrable by separation of variables. Moreover we solve the second Stäckel problem in the pseudo-Riemann space 
of constant curvature and prove that the Stäckel potential in this case is a complete homogeneous symmetric 
polynomial.

1.  Introduction

The study of the integrability by separation of variables of the 
Hamilton-Jacobi equations is a classical problem in Mechanics, dating 
back to the foundational works of Liouville, Jacobi, Stäckel, Levi-Civita 
and others. This question was studied intensively in the second half of 
the last century (see for instance [1–9]). For an outline of the theory of 
separation of variables we refer to the book of Kalnins [10]. The integra-
bility by separation of variables of the Hamilton-Jacobi equations has 
recently received a big attention due to its applications to the theory of 
integrable partial differential equations of Korteweg de Vries type and to 
the theory of quantum integrable systems (see for instance [8,11–13]). 
In the review Separation of Variables. New Trends see [12] Sklyanin ar-
gued that separation of variables could be the most universal tool to 
solve integrable models of the classical and quantum mechanics.

If a solution of the non-linear partial differential equation (Hamilton-
Jacobi equation)

𝐻
(

𝑧1,… , 𝑧𝑀 ,
𝜕𝑆
𝜕𝑧1

,… , 𝜕𝑆
𝜕𝑧𝑀

)

= ℎ = 𝛼𝑀 . (1)
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can be written as follows 𝑆 = 𝛼𝑀 𝑡 +𝑊 , where
𝑊 = 𝑊1(𝑧1, 𝛼1,… , 𝛼𝑀 ) +… +𝑊𝑀 (𝑧𝑀 , 𝛼1,… , 𝛼𝑀 ),

det
(

𝜕2𝑊
𝜕𝑧𝑗 𝜕𝛼𝑘

)

≠ 0, (2)

then we say that the Hamiltonian system is additive separable  or inte-
grable by separation of variables or integrable in the Jacobi sense.

The definition of the integrable in the Liouville sense is the following. Con-
sider a Hamiltonian mechanical system defined by the Hamiltonian 𝐻 = 𝐻𝑀
with 𝑀 degrees of freedom. If there exists a family of 𝑀 − 1 first integrals 
𝐻1,𝐻2,… ,𝐻𝑀−1 such that
(a) they are in involution with respect to the Poisson bracket, that is

{𝐻𝑗 ,𝐻𝑘}∗ =
𝑀
∑

𝑗=1

( 𝜕𝐻𝑗

𝜕𝑃𝑗

𝜕𝐻𝑘
𝜕𝑧𝑗

−
𝜕𝐻𝑗

𝜕𝑧𝑗

𝜕𝐻𝑘
𝜕𝑃𝑗

)

= 0,

for 𝑗, 𝑘 = 1,… ,𝑀,
(b) they are independent, i.e. the rank of the matriz formed by the gradi-

ents of 𝐻1,… ,𝐻𝑀 = 𝐻 is 𝑀 except (perhaps) in a set of zero Lebesgue 
measure.
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$\mathbb {R}^N$


\begin {equation}\label {cxz02} H\left (z_1,\ldots ,z_M,\dfrac {\partial S}{\partial z_1},\ldots ,\dfrac {\partial S}{\partial z_M}\right )=h=\alpha _M.\end {equation}


$S=\alpha _M\,t+W$


\begin {align}\label {Levi1} W =\,\,& W_1(z_1, \alpha _1,\ldots ,\alpha _M) +\ldots +W_M(z_M,\alpha _1,\ldots ,\alpha _M),\notag \\&\det \left (\dfrac {\partial ^2 {W}}{\partial z_j\,\partial \alpha _k}\right )\ne 0,\end {align}


$H=H_M$


$M$


$M-1$


$H_1,H_2,\ldots ,H_{M-1}$


\begin {equation*}\{H_j,H_k\}^*=\displaystyle \sum _{j=1}^M\left (\dfrac {\partial {H_j}}{\partial P_j}\dfrac {\partial H_k}{\partial z_j}-\dfrac {\partial {H_j}}{\partial z_j}\dfrac {\partial H_k}{\partial P_j}\right )=0,\end {equation*}


$j,k=1,\ldots ,M,$


$H_1,\ldots ,H_M=H$


$M$


$(z_1,z_2)$


$H=\dfrac { P^2_1+P^2_2+2(\mu _1(z_1)+\mu _2(z_2)}{2(\kappa _1(z_1)+\kappa _2(z_2))}$


$\displaystyle \sum _{j=1}^M\dfrac {1}{A_j}\left (\dfrac {\partial {S}}{\partial z_j\,}\right )^2=U(z_1,\ldots ,z_M)+h,$


$h$


$S=\displaystyle \sum _{j=1}^MS_j(z_j,\alpha _1,\ldots ,\alpha _M)$


$\alpha _j$


$j=1,\ldots ,M$


$\det \left (\dfrac {\partial ^2 {S}}{\partial z_j\,\partial \alpha _k}\right )\ne 0$


$\Delta =(\Delta _{ij})$


$A_j=\dfrac {\Delta ^{jM}}{\det (\Delta )}$


$j=1,\ldots ,M$


$\Delta ^{jM}$


$(j,M)$


$\Delta ^{-1}$


$\Psi _j(z_j)$


$j=1,\ldots ,M$


\begin {equation}\label {RRT} U(z_1,\ldots ,z_M)=\displaystyle \sum _{j=1}^M\dfrac {\Delta ^{jM}}{|\Delta |}\Psi _j(z_j).\end {equation}


$H=F_M=\displaystyle \sum _{j=1}^M\dfrac {\Delta ^{jM}}{|\Delta |}\left (P_j^2/2+\Psi _j(z_j)\right ),$


$M-1$


\begin {equation}\label {MMM} F_j=\displaystyle \sum _{k=1}^{M}\dfrac {\Delta ^{jk}}{|\Delta |}\left (P_k^2/2+\Psi _k(z_k)\right ),\end {equation}


$j=1,\ldots ,M-1.$


$H$


$M(M-1)/2$


\begin {equation*}\label {HSS1} \begin {array}{rl} L_{jk}( {H},z,P):=& \dfrac {\partial { {H}}}{\partial P_j}\dfrac {\partial { {H}}}{\partial P_k}\dfrac {\partial ^2 { {H}}}{\partial z_j\partial z_k}+\dfrac {\partial { {H}}}{\partial z_j}\dfrac {\partial { {H}}}{\partial z_k}\dfrac {\partial ^2 { {H}}}{\partial P_j\partial P_k}\vspace {0.20cm}\\ &-\dfrac {\partial { {H}}}{\partial P_j}\dfrac {\partial { {H}}}{\partial z_k}\dfrac {\partial ^2 { {H}}}{\partial z_j\partial P_k}-\dfrac {\partial { {H}}}{\partial P_k}\dfrac {\partial { {H}}}{\partial z_j}\dfrac {\partial ^2 { {H}}}{\partial P_j\partial z_k}=0, \end {array}\end {equation*}


$j,k=1,\ldots ,M$


$j\ne k$


$M-1$


$\R ^M$


$j$


$z_j$


$H_j$


$j=1,\ldots ,N$


\begin {equation*}\label {Mcxz} \Big \{H_1,H_2,\ldots ,H_{M-1},H_M\}:=\left | \begin {array}{cccc} \dfrac {\p H_1}{\p x_1} & \dfrac {\p H_1}{\p x_2} &\hdots & \dfrac {\p H_1}{\p x_M}\vspace {0.2cm}\\ \dfrac {\p H_2}{\p x_1} & \dfrac {\p H_2}{\p x_2} & \hdots &\dfrac {\p H_2}{\p x_M} \vspace {0.2cm}\\ \vdots \qquad &\vdots \qquad &\hdots &\vdots \\ \dfrac {\p H_{M-1}}{\p x_1} & \dfrac {\p H_{M-1}}{\p x_2} & \hdots &\dfrac {\p H_{M-1}}{\p x_{M}} \vspace {0.1cm}\\ \dfrac {\p H_M }{\p x_1} & \dfrac {\p H_M }{\p x_2} &\hdots & \dfrac {\p H_M }{\p x_{M}} \\ \end {array} \right |.\end {equation*}


$\displaystyle \sum _{j=1}^M\displaystyle \dfrac {\partial {f}}{\partial x_j} \{g_1,\dots ,g_{n-1},x_j,g_{ n+1},\ldots ,g_N\}=\{g_1,\dots ,g_{n-1},f, g_{n+1}\ldots ,g_M\}$


$\displaystyle \sum _{j=1}^M\displaystyle \dfrac {\partial }{\partial x_j} {\{g_1,\dots ,g_{n-1},x_j,g_{n+1}\ldots ,g_M\}}=0,$


$n=1,2,\ldots ,M$


\begin {equation*}(iii) \begin {array}{rl} &-\{f_1\ldots ,f_{M-1},G\}\{g_1\ldots ,g_M\}\vspace {0.20cm}\\ &+\displaystyle \sum _{n=1}^M\{f_1,\ldots ,f_{M-1},g_n\}\{g_1,\ldots ,g_{n-1},G,g_{n+1},\ldots ,g_M\}\equiv 0. \end {array}\end {equation*}


\begin {equation*}(iv) \begin {array}{rl} &-\{f_1\ldots ,f_{M-1},\lambda \{g_1\ldots ,g_M\}\}\vspace {0.20cm}\\ &+\displaystyle \sum _{n=1}^M\{g_1,\ldots ,g_{n-1},\lambda \{f_1,\ldots ,f_{M-1},g_n\},g_{n+1},\ldots ,g_M\}\equiv 0. \end {array}\end {equation*}


$M=3$


\begin {equation}\label {SRt1} \begin {array}{l} \{f_1,f_{2},G\}\{g_1,g_2,g_3\}=\vspace {0.20cm}\\ \{f_1,f_{2},g_\}\{G,g_2,g_3\}+\{f_1,f_{2},g_2\}\{g_1,G,g_3\}+\{f_1,f_{2},g_3\}\{g_1,g_2,G\},\vspace {0.20cm}\\ \{f_1,f_2,\lambda \{g_1,g_{2},g_3\}\}=\vspace {0.20cm}\\ \{\lambda \{f_1,f_{2},g_1\},g_2,g_3\}\}+ \{g_1,\lambda \{f_1,f_{2},g_2\},g_3\}\}+ \{g_1,g_2,\lambda \{f_1,f_{2},g_3\}\}\} \end {array}\end {equation}


\begin {equation*}\Delta =\left ( \begin {array}{cccc} \varphi _{11}(z_1) & \varphi _{12}(z_1) & \hdots & \varphi _{1M}(z_1) \\ \varphi _{21}(z_2) & \varphi _{22}(z_2) & \hdots & \varphi _{2M}(z_2) \\ \vdots & \vdots & \hdots & \vdots \\ \varphi _{M1}(z_M) & \varphi _{M2}(z_M) & \hdots & \varphi _{MM}(z_M) \\ \end {array} \right ),\end {equation*}


$\varphi _{ij}$


$i,j=1,\ldots ,M$


$d\varphi _\alpha =\displaystyle \sum _{k=1}^M\varphi _{k\alpha }(z_k)dz_k,$


$\alpha =1,\ldots ,M$


$\Delta $


\begin {equation}\label {St1} \Delta =\left ( \begin {array}{cccc} \dfrac {\partial \varphi _1}{\partial z_1} & \dfrac {\partial \varphi _2}{\partial z_1} & \hdots & \dfrac {\partial \varphi _M}{\partial z_1} \\ \dfrac {\partial \varphi _1}{\partial z_2} & \dfrac {\partial \varphi _2}{\partial z_2} & \hdots & \dfrac {\partial \varphi _M}{\partial z_2} \\ \vdots & \vdots & \hdots & \vdots \\ \dfrac {\partial \varphi _1}{\partial z_M} & \dfrac {\partial \varphi _2}{\partial z_M} & \hdots & \dfrac {\partial \varphi _M}{\partial z_M} \\ \end {array} \right ),\end {equation}


$\Delta ^{-1}=\Big (\dfrac {\Delta ^{jk}}{|\Delta |}\Big )$


\begin {equation}\label {Rt1} \begin {array}{rl} &\left (\begin {array}{cccc} \dfrac {\left \{z_{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} & \hdots & \dfrac {\left \{z_{M},\varphi _{2},\ldots ,\varphi _{M}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}\vspace {0.30cm}\\ \dfrac {\left \{\varphi _1,z_{1},\ldots ,\varphi _{M}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} & \hdots & \dfrac {\left \{\varphi _1,z_{M},\ldots ,\varphi _{M}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} \\ \vdots & \hdots & \vdots \\ \\ \dfrac {\left \{\varphi _1,\ldots ,\varphi _{M-1},z_1\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} & \hdots & \dfrac {\left \{\varphi _1,\ldots ,\varphi _{M},z_M\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} \end {array}\right )\vspace {0.3cm}\\ :=& \left (\begin {array}{cccc} \lambda \,a_{11}(z_2,\ldots ,z_M) & \hdots & \lambda \,a_{1M}(z_1,\ldots ,z_{M-1})\vspace {0.30cm}\\ \lambda \,a_{21}(z_2,\ldots ,z_M) & \hdots & \lambda \,a_{2M}(z_1,\ldots ,z_{M-1}) \\ \vdots & \hdots & \vdots \\ \lambda \,a_{M1}(z_2,\ldots ,z_M) & \hdots & \lambda \,a_{MM}(z_1,\ldots ,z_{M-1}) \\ \end {array}\right ), \end {array}\end {equation}


$\dfrac {1}{\lambda }=\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}=|\Delta |=\det (\Delta )\ne 0$


$G$


\begin {equation}\label {Ty1} G^{jj}=\dfrac {\Delta ^{jM}}{|\Delta |}= \dfrac {\left \{\varphi _1,\ldots ,\varphi _{M-1},z_{j}\right \}}{\left \{\varphi _{1},\ldots ,\varphi _{M-1},\varphi _{M}\right \}},\end {equation}


$G$


$G^{-1}=\mbox {diag}(G^{11},\ldots ,G^{NN} )$


$G=\mbox {diag}(G_{11}=1/G^{11},\ldots ,G_{NN}=1/G^{NN} ).$


\begin {equation*}\label {RRt2} \begin {array}{rl} H=&\displaystyle \sum _{k=1}^M \dfrac {P^2_j}{2} \dfrac {\left \{\varphi _1,\varphi _2,\ldots ,z_j\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} +\dfrac {\left \{\varphi _{1},\varphi _{2},\ldots ,\Psi \right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}},\vspace {0.2cm}\\ =&\displaystyle \sum _{k=1}^M \dfrac {\left \{\varphi _1,\varphi _2,\ldots ,z_j\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}\left (\dfrac {P^2_j}{2}+ \Psi _j(z_j)\right ) \end {array}\end {equation*}


$\Psi =\displaystyle \sum _{j=1}^{M}\int _{z_{j0}}^{z_j}\,\Psi _j(z_j)dz_j.$


$T= \dfrac {1}{2}\displaystyle \sum _{j=1}^M\dfrac {\dot {z}^2_j}{A_j}:=\dfrac {1}{2}\displaystyle \sum _{j=1}^MG_{jj}\,\,\dot {z}^2_j,$


$G^{-1}=(G^{jj})$


$G^{jj}=A_j=\dfrac {\left \{\varphi _1, \ldots ,\varphi _{M-1},z_{j}\right \}}{\left \{\varphi _{1},\ldots ,\varphi _{M-1},\varphi _{M}\right \}},\quad j=1,\ldots ,M$


$U$


$M-1$


$f_j=f_{j1}(z_1,\alpha _1,\ldots ,\alpha _M)+\ldots + f_{jM}(z_M,\alpha _1,\ldots ,\alpha _M)=c_j$


$j=1,\ldots ,M-1$


$\Delta .$


$\varphi _1,\varphi _2,\ldots ,\varphi _M$


$\Psi $


\begin {equation}\label {Rz2} G^{jj}=\dfrac {\left \{\varphi _1, \varphi _{2},\ldots ,\varphi _{M-1},z_{j}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M-1},\varphi _{M}\right \}},\quad U=\dfrac {\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\Psi \}}{\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}},\end {equation}


$j=1,\ldots ,M.$


\begin {equation}\label {Rt2} \begin {array}{rl} \dfrac {\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _k\}}{\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}}=&\displaystyle \sum _{j=1}^MG^{jj}\dfrac {\partial \varphi _k}{\partial \,z_j}=0,\qquad k=1,\ldots ,M-1,\vspace {0.20cm}\\ \dfrac {\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}}{\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}}=&\displaystyle \sum _{j=1}^MG^{jj}\dfrac {\partial \varphi _M}{\partial \,z_j}=1,\vspace {0.20cm}\\ \dfrac {\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\Psi \}}{\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}}=&\displaystyle \sum _{j=1}^MG^{jj}\dfrac {\partial \Psi }{\partial \,z_j}=U. \end {array}\end {equation}


$G^{jj}\,\,{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M-1},\varphi _{M}\right \}}=\left \{\varphi _1, \varphi _{2},\ldots ,\varphi _{M-1},z_{j}\right \}.$


$\displaystyle \sum _{j=1}^M\dfrac {\partial }{\partial z_j}\left (\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,z_j\}\right )=0$


\begin {equation}\label {Lt2} \displaystyle \sum _{j=1}^M\dfrac {\partial }{\partial \,z_j}\left (G^{jj}\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}\right )=0.\end {equation}


$\Delta $


$\varphi :=(\varphi _1,\varphi _2,\ldots ,\varphi _M)^T$


$\tilde {\varphi }:=(\tilde {\varphi }_1,\tilde {\varphi }_2,\ldots ,\tilde {\varphi }_M)^T$


$\tilde {\varphi }=B\,\varphi $


$B$


\begin {equation}\label {Tz2} S=\displaystyle \sum _{k=1}^M \displaystyle \int _{z_{k0}}^{z_k} {\sqrt {-2\Psi _k(z_k)+2\displaystyle \sum _{j=1}^M\alpha _j\varphi _{kj}(z_k)}}\,dz_k,\end {equation}


$\Psi _k(z_k)$


$\varphi _{kj}(z_k)$


$z_k$


$j,k=1,\ldots ,M,$


$\alpha _1,\alpha _2,\ldots ,\alpha _M=h$


\begin {equation}\label {aaa} P_k=\dfrac {\partial S}{\partial \,z_k},\quad k=1,\ldots ,M.\end {equation}


$M$


\begin {equation*}P^2_k=\left (\dfrac {\partial S}{\partial { z_k}}\right )^2=-2\Psi _k(z_k)+2\displaystyle \sum _{j=1}^M\alpha _j\Delta _{kj},\end {equation*}


$\frac 12 P^2_k+\Psi _k(z_k)=\displaystyle \sum _{j=1}^M\Delta _{jk}\alpha _j.$


\begin {equation*}{\bf a}:=\left (\alpha _1,\ldots ,\alpha _M \right )^T,,\quad {\bf R}:=\left ( P^2_1/2+\Psi _1(z_1),\ldots ,P^2_M/2+\Psi _M(z_M) \right )^T,\end {equation*}


${\bf \,a}=\Delta ^{-1}\,{\bf R}.$


$F_1,\ldots ,F_M=H$


\begin {equation}\label {St3} \begin {array}{@{}l@{}l@{}} &F_1=\displaystyle \sum _{j=1}^M\dfrac {P^2_j}{2}\,\dfrac {\left \{z_{j},\varphi _{2},\ldots ,\varphi _{N}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} +\dfrac {\left \{\psi ,\varphi _{2},\ldots ,\varphi _{N}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}\vspace {0.2cm} \\&\,\quad = \displaystyle \sum _{j=1}^M\,\dfrac {\left \{z_{j},\varphi _{2},\ldots ,\varphi _{N}\right \}}{\left \{\varphi _{1},\varphi _{2}, \ldots ,\varphi _{M}\right \}}\left (\dfrac {P^2_j}{2}+\Psi _j(z_j)\right ),\vspace {0.2cm} \\& F_2=\displaystyle \sum _{j=1}^M\dfrac {P^2_j}{2}\dfrac {\left \{\varphi _1,z_{j},\ldots ,\varphi _{M}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} +\dfrac {\left \{\varphi _{1},\psi ,\varphi _{3},\ldots ,\varphi _{N}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}\vspace {0.2cm} \\&\,\quad = \displaystyle \sum _{j=1}^M\,\dfrac {\left \{\varphi _{1},z_{j},\ldots ,\varphi _{N}\right \}}{\left \{\varphi _{1},\varphi _{2}, \ldots ,\varphi _{M}\right \}}\left (\dfrac {P^2_j}{2}+\Psi _j(z_j)\right ),\vspace {0.2cm} \\ \vdots &\qquad \qquad \qquad \qquad \vdots \qquad \qquad \qquad \qquad ,\vspace {0.2cm} \\& F_M=H=\displaystyle \sum _{j=1}^M\dfrac {P^2_j}{2}\dfrac {\left \{\varphi _1,\varphi _2,\ldots ,z_j\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} +\dfrac {\left \{\varphi _{1},\varphi _{2},\ldots ,\psi ,\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}\vspace {0.2cm} \\&\,\quad = \displaystyle \sum _{j=1}^M\,\dfrac {\left \{\varphi _{1},\varphi _{2},\ldots ,z_{j}\right \}}{\left \{\varphi _{1},\varphi _{2}, \ldots ,\varphi _{M}\right \}}\left (\dfrac {P^2_j}{2}+\Psi _j(z_j)\right ), \end {array}\end {equation}


$\Delta $


$|\Delta |=\{\varphi _1,\ldots ,\varphi _{M-1},\varphi _M\}\ne 0.$


$\{F_j,\,F_k\}^*=0,$


$j,k=1,\ldots ,M$


$\{F_j,\,F_k\}^*$


$F_j$


$F_k$


$M=3$


$M>3$


\begin {equation*}\begin {array}{@{}ll@{}} (I) \sum _{j=1}^N\dfrac {\partial {f}}{\partial x_j} \{g_1,\dots ,g_{n-1},x_j,g_{ n+1},\ldots ,g_N\}=\{g_1,\dots ,g_{n-1},f, g_{n+1}\ldots ,g_N\},\\ (II) \sum _{j=1}^N\dfrac {\partial }{\partial x_j} {\{g_1,\dots ,g_{n-1},x_j,g_{n+1}\ldots ,g_N\}}=0, \mbox {for} n=1,2,\ldots ,N, \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} (III)& \G \left (f_1\ldots ,f_{N-1},g_1\ldots ,g_N\right ):\\&=\sum _{n=1}^N\{g_1,\ldots ,g_{n-1},\{f_1\ldots ,f_{N-1},g_n\},g_{n+1},\ldots ,g_N\}\\ &-\{f_1\ldots ,f_{N-1},\{g_1\ldots ,g_N\}\}\equiv 0 \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} (IV) &\Pi _G\left (f_1\ldots ,f_{N-1},g_1\ldots ,g_N\right ):=- \{f_1\ldots ,f_{N-1},G\}\{g_1\ldots ,g_N\}\vspace {0.20cm}\\ &+\sum _{n=1}^N\{f_1,\ldots ,f_{N-1},g_n\}\{g_1,\ldots ,g_{n-1},G,g_{n+1},\ldots ,g_N\}\equiv 0, \end {array}\end {equation*}


\begin {equation*}-\left |\begin {array}{ccccc}\dfrac {\partial {g_1}}{\partial x_1}&\ldots &\dfrac {\partial {g_1}}{\partial x_N}&\{f_1,\ldots , f_{N-1},g_1\} \vspace {0.20cm}\\ \vdots &\ldots &\vdots &\vdots \vspace {0.20cm}\\ \dfrac {\partial {g_N}}{\partial x_1}&\ldots &\dfrac {\partial {g_N}}{\partial x_N}&\{f_1,\ldots , f_{N-1},g_N\}\vspace {0.20cm}\\ \dfrac {\partial {G}}{\partial x_1}&\ldots &\dfrac {\partial {G}}{\partial x_N}&\{f_1,\ldots , f_{N-1},G\} \end {array} \right |.\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} &-\left |\begin {array}{ccccc} \dfrac {\partial {g_1}}{\partial x_1}&\ldots &\dfrac {\partial {g_1}}{\partial x_N}&\displaystyle \sum _{j=1}^N\{f_1,\ldots ,f_{N-1},x_j\}\dfrac {\partial {g_1}}{\partial x_j} \vspace {0.20cm}\\ \vdots &\ldots &\vdots &\vdots \vspace {0.20cm}\\ \dfrac {\partial {g_N}}{\partial x_1}&\ldots &\dfrac {\partial {g_N}}{\partial x_N}&\displaystyle \sum _{j=1}^N\{f_1,\ldots ,f_{N-1},x_j\}\dfrac {\partial {g_N}}{\partial x_j}\vspace {0.20cm}\\ \dfrac {\partial {G}}{\partial x_1}&\ldots &\dfrac {\partial {G}}{\partial x_N}&\displaystyle \sum _{j=1}^N\{f_1,\ldots ,f_{N-1},x_j\}\dfrac {\partial {G}}{\partial x_j} \end {array} \right | \vspace {0.4cm}\\ =&-\displaystyle \sum _{j=1}^N\{f_1,\ldots , f_{N-1},x_j\}\left |\begin {array}{ccccc} \dfrac {\partial {g_1}}{\partial x_1}&\ldots &\dfrac {\partial {g_1}}{\partial x_N}&\dfrac {\partial {g_1}}{\partial x_j} \vspace {0.20cm}\\ \vdots &\ldots &\vdots &\vdots \\ \dfrac {\partial {g_N}}{\partial x_1}&\ldots &\dfrac {\partial {g_N}}{\partial x_N}&\dfrac {\partial {g_N}}{\partial x_j}\vspace {0.20cm}\\ \dfrac {\partial {G}}{\partial x_1}&\ldots &\dfrac {\partial {G}}{\partial x_N}&\dfrac {\partial {G}}{\partial x_j} \end {array} \right |\equiv 0. \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} &\G _\lambda \left (f_1\ldots ,f_{N-1},g_1,\ldots ,g_N\right ):=-\{f_1\ldots ,f_{N-1},\lambda \{g_1\ldots ,g_N\}\}\vspace {0.20cm}\\ &+\displaystyle \sum _{n=1}^N\{g_1,\ldots ,g_{n-1},\lambda \{f_1\ldots ,f_{N-1},g_n\},g_{n+1},\ldots ,g_N\}, \end {array}\end {equation*}


\begin {equation*}(V)\qquad \G _\lambda \left (f_1\ldots ,f_{N-1},g_1,\ldots ,g_N\right )\equiv 0\end {equation*}


\begin {align*}\label {SEeu0} & -\{f_1\ldots ,f_{N-1},\lambda \{g_1\ldots ,g_N\}\}\vspace {0.20cm}\\& +\left (\displaystyle \sum _{n=1}^N\{g_1,\ldots ,g_{n-1},\lambda \{f_1\ldots ,f_{N-1},g_n\},g_{n+1},\ldots ,g_N\}\right )\vspace {0.20cm}\\& =\lambda \Big ( -\{f_1\ldots ,f_{N-1},\{g_1\ldots ,g_N\}\}\vspace {0.20cm}\\& +\displaystyle \sum _{n=1}^N\{g_1,\ldots ,g_{n-1},\{f_1\ldots ,f_{N-1},g_n\},g_{n+1},\ldots ,g_N\} \Big ) \vspace {0.20cm}\\& +\Big ( -\{f_1\ldots ,f_{N-1},\lambda \}\{g_1\ldots ,g_N\} \\&+\displaystyle \sum _{n=1}^N\{g_1,\ldots ,g_{n-1},\lambda ,g_{n+1},\ldots ,g_N\}\{f_1\ldots ,f_{N-1},g_n\} \Big ) \vspace {0.20cm}\\& =\lambda \left .\Big (\,\G _\lambda \left (f_1\ldots ,f_{N-1},g_1,\ldots ,g_N\right )\Big )\right |_{\lambda =1} \\&+\left .\Big (\Pi _G\left (f_1\ldots ,f_{N-1},g_1\ldots ,g_N\right )\Big )\right |_{G=\lambda }\equiv 0.\end {align*}


\begin {equation}\label {TRR6} H= \dfrac {1}{2}\displaystyle \sum _{j=1}^3B_j(z_1,z_2,z_3)\,\left (p^2_j+2\Psi _j(z_1,z_2,z_3)\right ):=\dfrac {1}{2}\displaystyle \sum _{j=1}^3B_j\,p^2_j+U_1.\end {equation}


$F=\dfrac {1}{2}\displaystyle \sum _{j=1}^3C_j(z_1,z_2,z_3)\,\left (p^2_j+2\nu _j(z_1,z_2,z_3)\right )=:\dfrac {1}{2}\displaystyle \sum _{j=1}^3C_j\,p^2_j+U_2.$


$\left \{H,\,\,F\right \}^*:=\displaystyle \sum _{j=1}^3\,\,\,\,·\,\,\left (\dfrac {\partial {H}}{\partial p_j}\dfrac {\partial F}{\partial z_j}-\dfrac {\partial {H}}{\partial z_j}\dfrac {\partial F}{\partial p_j}\right )=0$


$F$


\begin {equation}\label {SS6} \begin {array}{@{}ll@{}} B_1\dfrac {\partial \,C_1}{\partial {z_1}}- C_1\dfrac {\partial \,B_1}{\partial {z_1}}=&0 ,\quad B_2\dfrac {\partial \,C_1}{\partial {z_2}}- C_2\dfrac {\partial \,B_1}{\partial {z_2}}=0\,\quad B_3\dfrac {\partial \,C_1}{\partial {z_3}}- C_3\dfrac {\partial \,B_1}{\partial {z_3}}=0,\vspace {0.2cm}\\ B_2\dfrac {\partial \,C_2}{\partial {z_2}}- C_2\dfrac {\partial \,B_2}{\partial {z_2}}=&0 ,\quad B_1\dfrac {\partial \,C_2}{\partial {z_1}}- C_1\dfrac {\partial \,B_2}{\partial {z_1}}=0\,\quad B_3\dfrac {\partial \,C_2}{\partial {z_3}}- C_3\dfrac {\partial \,B_2}{\partial {z_3}}=0,\vspace {0.2cm}\\ B_3\dfrac {\partial \,C_3}{\partial {z_3}}- C_3\dfrac {\partial \,B_3}{\partial {z_3}}=&0 ,\quad B_2\dfrac {\partial \,C_3}{\partial {z_2}}- C_2\dfrac {\partial \,B_3}{\partial {z_2}}=0\,\quad B_1\dfrac {\partial \,C_3}{\partial {z_1}}- C_1\dfrac {\partial \,B_3}{\partial {z_1}}=0,\vspace {0.2cm}\\ \end {array}\end {equation}


\begin {equation*}\label {SS7} B_1\dfrac {\partial \,U_1}{\partial {z_1}}- C_1\dfrac {\partial \,U_2}{\partial {z_1}}=0,\quad B_2\dfrac {\partial \,U_1}{\partial {z_2}}- C_2\dfrac {\partial \,U_2}{\partial {z_2}}=0,\quad B_3\dfrac {\partial \,U_1}{\partial {z_3}}- C_3\dfrac {\partial \,U_2}{\partial {z_3}}=0.\end {equation*}


\begin {equation}\label {SS8} \begin {array}{@{}ll@{}} C_1=&\Lambda _{1}(z_2,z_3)B_1,\quad C_2=\Lambda _{2}(z_1,z_3)B_2,\quad C_3=\Lambda _{3}(z_1,z_2)B_3,\vspace {0.2cm}\\ &\dfrac {\partial \,}{\partial {z_2}}\left (C_1-\Lambda _{2}(z_1,z_3)B_1\right ) =0\quad \dfrac {\partial \,}{\partial {z_3}}\left (C_1-\Lambda _{3}(z_1,z_2)B_1\right ) =0, \vspace {0.2cm}\\ &\dfrac {\partial \,}{\partial {z_1}}\left (C_2-\Lambda _{1}(z_2,z_3)B_2\right ) =0\quad \dfrac {\partial \,}{\partial {z_3}}\left (C_2-\Lambda _{3}(z_1,z_2)B_2\right ) =0, \vspace {0.2cm}\\ &\dfrac {\partial \,}{\partial {z_2}}\left (C_3-\Lambda _{2}(z_1,z_3)B_3\right ) =0\quad \dfrac {\partial \,}{\partial {z_1}}\left (C_3-\Lambda _{1}(z_2,z_3)B_3\right ) =0, \vspace {0.2cm}\\ \end {array}\end {equation}


\begin {equation*}\label {XSt3} \begin {array}{@{}ll@{}} F_1=&H=\displaystyle \sum _{j=1}^3\dfrac {P^2_j}{2}\,\dfrac {\left \{z_{j},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} +\dfrac {\left \{\psi ,\varphi _{2},,\varphi _3\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\vspace {0.2cm} ,\vspace {0.2cm} \\ F_2=&F=\displaystyle \sum _{j=1}^3\dfrac {P^2_j}{2}\dfrac {\left \{\varphi _1,z_{j},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} +\dfrac {\left \{\varphi _{1},\psi ,\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}. \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} C_1=&\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} ,\quad C_2=\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\quad C_3=\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\vspace {0.2cm} \\ B_1=&\dfrac {\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\quad B_2=\dfrac {\left \{\varphi _1,z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\quad \quad B_3=\dfrac {\left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\quad \end {array}\end {equation*}


\begin {equation*}\label {SS9} \begin {array}{@{}ll@{}} &\dfrac {\partial \,}{\partial {z_3}}\left (\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right )=0\vspace {0.2cm} \\ \\ &\dfrac {\partial \,}{\partial {z_2}}\left (\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right )=0\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_1}}\left (\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right ) =0\vspace {0.2cm} \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} &\dfrac {\partial \,}{\partial {z_3}}\left (\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right ) =0\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_2}}\left (\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right ) =0,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_1}}\left (\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right ) =0. \end {array}\end {equation*}


\begin {equation}\label {SS99} \begin {array}{@{}ll@{}} &\dfrac {\partial \,}{\partial {z_3}}\Big (\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}-\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi 1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_2}}\Big (\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{2},\varphi _{3}\right \}-\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_1}}\Big (\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}-\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{2},,\varphi _{3}\right \}}{\left \{\varphi _{3},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_3}}\Big (\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}-\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{2},,\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_2}}\Big (\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{2},\varphi _{3}\right \}-\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_1}}\Big (\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}-\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{3},\varphi _{3}\right \}}{\left \{\varphi _{3},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ \end {array}\end {equation}


\begin {equation*}\begin {array}{@{}ll@{}} &\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}-\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{1},\varphi _{3},z_{3}\right \}=\dfrac {\partial \,\varphi _{3}}{\partial {z_2}},\vspace {0.2cm} \\ &\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}\left \{\varphi _1,z_{2},\varphi _{3}\right \}-\left \{z_{2},\varphi _{2},\varphi _{3}\right \}\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{1},\varphi _{3},z_{2}\right \}=-\dfrac {\partial \,\varphi _{3}}{\partial {z_3}},\vspace {0.2cm} \\ &\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}-\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{2},,\varphi _{3}\right \}}{\left \{\varphi _{3},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{2},\varphi _{3},z_{1}\right \}=\dfrac {\partial \,\varphi _{3}}{\partial {z_3}}\vspace {0.2cm} \\ &\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}-\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{2},\varphi _{3},z_{3}\right \}=\dfrac {\partial \,\varphi _{3}}{\partial {z_1}},\vspace {0.2cm} \\ &\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{2},\varphi _{3}\right \}-\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{3},\varphi _{3},z_{2}\right \}=-\dfrac {\partial \,\varphi _{3}}{\partial {z_1}},\vspace {0.2cm} \\ &\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}-\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{3},\varphi _{3}\right \}}{\left \{\varphi _{3},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{3},\varphi _{3},z_{1}\right \}=-\dfrac {\partial \,\varphi _{3}}{\partial {z_2}} \end {array}\end {equation*}


\begin {equation*}\dfrac {\partial ^2\,\varphi _{3}}{\partial {z_3}\partial {z_2}}=\dfrac {\partial ^2\,\varphi _{3}}{\partial {z_3}\partial {z_1}}=\dfrac {\partial ^2\,\varphi _{3}}{\partial {z_1}\partial {z_2}}=0,\end {equation*}


$\varphi _{3}=\varphi _{3}(z_3).$


$\{F_1,\,F_2\}^* =0.$


\begin {equation*}F_3=\displaystyle \sum _{j=1}^3\dfrac {P^2_j}{2}\dfrac {\left \{\varphi _1,\varphi _{2},z_{j}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} +\dfrac {\left \{\varphi _{1},\varphi _{3},\psi \right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\end {equation*}


$\{F_1,\,F_3\}^* =0$


$\{F_3,\,F_2\}^* =0.$


$\dfrac {\partial ^2\,\varphi _{j}}{\partial {z_3}\partial {z_2}}=\dfrac {\partial ^2\,\varphi _{j}}{\partial {z_3}\partial {z_1}}=\dfrac {\partial ^2\,\varphi _{j}}{\partial {z_1}\partial {z_2}}=0,$


$j=1,2.$


$\varphi _{1}=\varphi _{1}(z_1)$


$\varphi _{2}=\varphi _{2}(z_2).$


$C_0$


$C_1$


$m_1$


$m_2$


$C_0$


$C_1$


$r_0,\, r_1$


$2c$


$C_0(x_0,0,0)-P(x,y,z),$


$C_1(x_1,0,0)-P(x,y,z)$


$C_0(x_0,0,0)-C_1(x_1,0,0)$


\begin {equation*}r_0=\sqrt {(x-x_0)^2+y^2+z^2},\quad r_1=\sqrt {(x-x_1)^2+y^2+z^2},\quad 2c=|x_1-x_0|.\end {equation*}


$\mathbb {R}^3$


$L=\dfrac {1}{2}\left ( \dot {x}^2+\dot {y}^2+\dot {z}^2\right )-\left (\dfrac {m_0}{r_0}+\dfrac {m_1}{r_1}\right )f,$


$f$


\begin {equation*}x=\dfrac {m_0-m_1}{m_1+m_0}c+c\,\lambda \,\mu , \
y=c\,\sqrt {(\lambda ^2-1)(1-\mu ^2)}\,\cos w,\end {equation*}


\begin {equation*}z=c\,\sqrt {(\lambda ^2-1)(1-\mu ^2)}\,\sin w,\end {equation*}


$L$


\begin {equation*}\begin {array}{@{}ll@{}} L=&c^2\left (\dfrac {(\lambda ^2-\mu ^2)\dot \lambda ^2}{4(\lambda ^2-1)}- \dfrac {(\lambda ^2-\mu ^2)\dot \mu ^2}{4(1-\mu ^2)}+ \dfrac {(\lambda ^2-1)(1-\mu ^2)\dot w^2}{2}\right ) \vspace {0.2cm}\\ &-\dfrac {f((m_0+m_1)\lambda +(m_1-m_0)\mu )}{c(\lambda ^2-\mu ^2)}, \end {array}\end {equation*}


$r_0=c(\lambda +\mu )$


$r_1=c(\lambda -\mu ),$


$1\leq \lambda <+\infty $


$-1\leq \mu \leq 1$


$0\leq w\leq 2\pi .$


\begin {equation*}\label {sos} p_\lambda =c^2\dfrac {(\lambda ^2-\mu ^2)\dot \lambda }{2(\lambda ^2-1)},\,\, p_\mu =c^2\dfrac {(\lambda ^2-\mu ^2)\dot \mu }{2(1-\mu ^2)},\, \,\, p_w=c^2\dfrac {(\lambda ^2-1)(1-\mu ^2)\dot w}{2}\end {equation*}


${G}^{-1}$


\begin {equation*}\label {ss1}\left ( \begin {array}{ccc} \dfrac {2(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)} &0 &0 \\ 0 &\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}&0 \\ 0 &0 &\dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)} \end {array} \right ).\end {equation*}


$II$


\begin {equation}\label {Xm1} \begin {array}{@{}ll@{}} 0=&\dfrac {2(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \varphi _j}{\partial \lambda }+\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \varphi _j}{\partial \mu }+\dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)}\dfrac {\partial \varphi _j}{\partial \,w},\\& j=1,2,\vspace {0.20cm}\\ 1=&\dfrac {2(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \varphi _3}{\partial \lambda }+\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \varphi _3}{\partial \mu }+\dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)}\dfrac {\partial \varphi _3}{\partial \,w},\vspace {0.20cm}\\ 0=&\dfrac {\partial }{\partial \lambda }\left (\dfrac {2(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)}\, \{\varphi _1,\varphi _2,\varphi _3\} \right )+\dfrac {\partial }{\partial \mu }\left (\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}\, \{\varphi _1,\varphi _2,\varphi _3\} \right )\vspace {0.20cm}\\ &+\dfrac {\partial }{\partial w}\left (\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}\, \{\varphi _1,\varphi _2,\varphi _3\} \right ), \end {array}\end {equation}


\begin {equation*}\dfrac {2(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \Psi }{\partial \lambda }+\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \Psi }{\partial \mu }+\dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)}\dfrac {\partial \Psi }{\partial \,w}=U.\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} \varphi _1=& \log |\dfrac {\lambda -1}{\lambda +1}+\log |\dfrac {\mu -1}{\mu +1}| ,\,\,\, \varphi _2=\dfrac {1}{\lambda +1}+\dfrac {1}{\lambda -1}+\dfrac {1}{\mu -1}+\dfrac {1}{\mu +1} ,\,\,\, \vspace {0.20cm}\\ \varphi _3=&c^2(\lambda +\mu ),\quad \Psi =fc\left ( \dfrac {m_1+m_0}{4}\ln |\lambda ^2-1| + \dfrac {-m_1+m_0}{4}\ln |1-\mu ^2| \right ) \end {array}\end {equation*}


$|\Delta |=\{\varphi _1,\varphi _2,\varphi _3\}=\dfrac {4c^2(\lambda ^2-\mu ^2)}{(\mu ^2-1)(\lambda ^2-1)},$


\begin {equation*}\label {n11} \Delta =\left ( \begin {array}{ccc} \dfrac {1}{(\lambda ^2-1)^2} & -\dfrac {1+\lambda ^2}{(\lambda ^2-1)^2} & c^2 \\ \dfrac {1}{(\mu ^2-1)^2} & -\dfrac {1+\mu ^2}{(\mu ^2-1)^2} & c^2 \\ 0 &2 & 0 \\ \end {array} \right ).\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} S=&\displaystyle \int _{\lambda _0}^\lambda \sqrt { \dfrac {1}{(\lambda ^2-1)^2} \alpha _1 -\dfrac {1+\lambda ^2}{(\lambda ^2-1)^2} \alpha _2+ c^2\alpha _3+ \dfrac {(m_1+m_0)}{2}\dfrac {\lambda }{\lambda ^2-1}\alpha _1}\,\,\,d\lambda \vspace {0.20cm}\\ &\displaystyle \int _{\mu _0}^\mu \sqrt { \dfrac {1}{(\mu ^2-1)^2} \alpha _1 -\dfrac {1+\mu ^2}{(\mu ^2-1)^2} \alpha _2+ c^2\alpha _3-\dfrac {(m_1-m_0)}{2}\dfrac {\mu }{\mu ^2-1}\,\alpha _1 }\,\,\,d\mu \vspace {0.20cm}\\ &+\sqrt {2}\,w, \end {array}\end {equation*}


$\alpha _1,\alpha _2,$


$\alpha _3$


$F_j=\alpha _j$


$j=1,2,3.$


$\Delta ^{-1}$


\begin {equation*}\left ( \begin {array}{ccc} \dfrac {(1-\mu ^2)(\lambda ^2-1)}{2(\lambda ^2 -\mu ^2)}& -\dfrac {(1-\mu ^2)(\lambda ^2-1)}{2(\lambda ^2 -\mu ^2)}& -\dfrac { \lambda ^2\mu ^2+\lambda ^2+\mu ^2-3}{4(1-\mu ^2)(\lambda ^2-1)}\\ 0 & 0 & \dfrac {1}{2} \\ \dfrac {(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)} & \dfrac {(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)} & \dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)} \\ \end {array} \right ).\end {equation*}


\begin {equation*}\begin {array}{l} \Delta ^{-1}\left ( \begin {array}{c} \dfrac {(m_1+m_0)}{2}\dfrac {\lambda }{\lambda ^2-1} \vspace {0.20cm}\\ -\dfrac {(m_1-m_0)}{2}\dfrac {\mu }{\mu ^2-1} \vspace {0.20cm}\\ 0 \\ \end {array} \right )\vspace {0.20cm}\\ =\left ( \begin {array}{c} \dfrac {fc}{\lambda ^2-\mu ^2}\left ((m_1+m_0)(1-\mu ^2)\lambda +(-m_1+m_0)\mu (\lambda ^2 -1)\right )\\ 0\\ \dfrac {fc}{\lambda ^2-\mu ^2}\left ((m_1+m_0)\lambda +(m_1-m_0)\mu \right ) \end {array} \right ). \end {array}\end {equation*}


\begin {equation*}\label {Sn1} \begin {array}{@{}ll@{}} F_1=&\dfrac {(1-\mu ^2)(\lambda ^2-1)}{2(\lambda ^2 -\mu ^2)}\left (p_\lambda ^2- p_\mu ^2 \right ) -\dfrac { \lambda ^2\mu ^2+\lambda ^2+\mu ^2-3}{4(1-\mu ^2)(\lambda ^2-1)} p^2_w\vspace {0.20cm}\\ & + \dfrac {fc}{\lambda ^2-\mu ^2}\left ((m_1+m_0)(1-\mu ^2)\lambda +(-m_1+m_0)\mu (\lambda ^2 -1)\right )\vspace {0.20cm}\\ F_2=&\dfrac {p^2_w}{2},\vspace {0.20cm}\\ F_3=&\dfrac {(\lambda ^2-1)}{2(\lambda ^2- \mu ^2)}p^2_{\lambda }+\dfrac {(1-\mu ^2)}{2(\lambda ^2-\mu ^2)}p_\mu ^2+ \dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)}p^2_w\vspace {0.20cm}\\ &+\dfrac {fc}{\lambda ^2-\mu ^2}\left ((m_1+m_0)\lambda +(m_1-m_0)\mu \right ), \end {array}\end {equation*}


\begin {equation*}\label {Sa00} H=\displaystyle \sum _{j=1}^M y_j^2/2+V_1(\sqrt {x_1^2+x_2^2+\ldots + x^2_M})-\dfrac {1}{2}\displaystyle \sum _{j=1}^M\dfrac {\beta _j}{x^2_j},\end {equation*}


$\beta _1,\,\beta _2,\,\ldots ,\beta _M$


$M$


$S>M$


$M>2.$


$(M-1)M/2$


\begin {equation}\label {Me100} F_{jk}=(x_jy_k-x_ky_j)^2+(x_j^2 +x^2_k)(\dfrac {\beta _j}{x_j^2}+\dfrac {\beta _k}{x_k^2}),\quad j,k=1,\ldots ,M, \quad j< k.\end {equation}


$(F_{jk})$


$2M-3$


$2M-2$


$M>2$


$2M-2>M.$


$II$


$\beta _1=0$


$\beta _1=0$


\begin {equation}\label {a00j} H=\displaystyle \sum _{j=1}^M y_j^2/2+V_1(\sqrt {x_1^2+x_2^2+\ldots + x^2_M})-\dfrac {1}{2}\displaystyle \sum _{j=2}^M\dfrac {\beta _j}{x^2_j},\end {equation}


\begin {equation*}\label {Ta00} \begin {array}{@{}ll@{}} x_1=&r\sin \vartheta _{M-1}\,\displaystyle \prod _{j=1}^{M-2}\sin \vartheta _j\ne 0,\vspace {0.3cm}\\ \,x_2=&r\cos \vartheta _{M-1}\,\displaystyle \prod _{j=1}^{M-2}\sin \vartheta _j,\vspace {0.3cm}\\ x_3=&r\cos \vartheta _{M-2}\,\displaystyle \prod _{j=3}^{M-3}\sin \vartheta _j,\vspace {0.3cm}\\ \,x_4=&r\cos \vartheta _{M-3}\,\displaystyle \prod _{j=1}^{M-4}\sin \vartheta _j,\vspace {0.3cm}\\ \vdots &\qquad \qquad \vdots \qquad \qquad \vdots \qquad \qquad \vdots \vspace {0.3cm}\\ \end {array}\end {equation*}


\begin {equation*}\label {Ta00} \begin {array}{@{}ll@{}} x_{M-2}=&r\cos \vartheta _3\sin \vartheta _1\sin \vartheta _2,\vspace {0.3cm}\\ \,x_{M-1}=&r\cos \vartheta _2\sin \vartheta _1,\vspace {0.3cm}\\ x_M=&r\cos \vartheta _1, \end {array}\end {equation*}


$\displaystyle \sum _{j=1}^Mx^2_j=r^2$


\begin {equation*}\displaystyle \sum _{j=1}^MG^{jj} P_j^2/2+V_1(r)+\dfrac {\beta _M}{r^2\cos \vartheta _1^2}+\dfrac {\beta _{M-1}}{r^2\cos ^2\vartheta _2\sin ^2\vartheta _1}+\ldots \end {equation*}


\begin {equation*}\quad +\dfrac {\beta _{2}}{r^2\cos \vartheta _{M-1}^2\displaystyle \prod _{j=1}^{M-2}\sin ^2\vartheta _j},\end {equation*}


$G^{-1}=(G^{jj})$


\begin {equation*}\label {b00} G^{-1}=\left ( \begin {array}{ccccc} 1 & 0 & 0 & \hdots & 0 \\ 0 &\dfrac {1}{r^2} & 0 & \hdots & \vdots \\ 0& 0 & \dfrac {1}{r^2\sin ^2(\vartheta _1)} & \hdots &\vdots \\ \vdots & \vdots & \vdots & \hdots & \vdots \\ 0 &0 & 0 & \hdots &\dfrac {1}{r^2\displaystyle \prod _{k=1}^{M-2}\sin ^2(\vartheta _j)}\\ \end {array} \right ).\end {equation*}


\begin {align*}\label {ZR100} &\dfrac {\partial \varphi _k}{\partial \,r}+\dfrac {1}{r^2}\dfrac {\partial \varphi _k}{\partial \vartheta _1}+\dfrac {1}{r^2\sin ^2(\vartheta _1)}\dfrac {\partial \varphi _k}{\partial \,\vartheta _2}+\ldots \\&\quad +\dfrac {1}{r^2\displaystyle \prod _{k=1}^{M-2}\sin ^2(\vartheta _j)}\,\,\dfrac {\partial \varphi _k}{\partial \,\vartheta _{M-1}}=0,\,\, k=2,\ldots ,M,\vspace {0.20cm}\\& \dfrac {\partial \varphi _1}{\partial \,r}+\dfrac {1}{r^2}\dfrac {\partial \varphi _1}{\partial \,\vartheta _1}+\dfrac {1}{r^2\sin ^2(\vartheta _1)}\dfrac {\partial \varphi _1}{\partial \,\vartheta _2}+\ldots +\dfrac {1}{r^2\displaystyle \prod _{k=1}^{M-2}\sin ^2(\vartheta _j)}\,\,\dfrac {\partial \varphi _1}{\partial \,\vartheta _M}=1,\vspace {0.20cm}\\& \dfrac {\partial \Psi }{\partial \,r}+\dfrac {1}{r^2}\dfrac {\partial \Psi }{\partial \,\vartheta _1}+\dfrac {1}{r^2\sin ^2(\vartheta _1)}\dfrac {\partial \Psi }{\partial \,\vartheta _2}+\ldots +\dfrac {1}{r^2\displaystyle \prod _{k=1}^{M-2}\sin ^2(\vartheta _j)}\,\,\dfrac {\partial \Psi }{\partial \,\vartheta _{M-1}}=U,\vspace {0.20cm}\\& \dfrac {\partial }{\partial r}\left (\{\varphi _1,\ldots ,\varphi _M\}\right )+\dfrac {\partial }{\partial \vartheta _1}\left (\dfrac {1}{r^2}\{\varphi _1,\ldots ,\varphi _M\}\right )+\ldots \\&\quad +\dfrac {\partial }{\partial \vartheta _{M-1}}\left (\dfrac {\left \{\varphi _1,\ldots ,\varphi _{M}\right \}}{r^2}\displaystyle \prod _{k=1}^{M-2}\dfrac {1}{\sin ^2(\vartheta _j)}\right )=0.\end {align*}


\begin {equation*}\begin {array}{l} \varphi _1=r, \varphi _2=\dfrac {1}{r}+\vartheta _1, \varphi _3=\cot (\vartheta _1)+\vartheta _2, \hdots , \varphi _M=\cot (\vartheta _{M-1})+\vartheta _{M-1},\vspace {0.20cm}\\ \Psi =\displaystyle \int V(r)dr+\displaystyle \sum _{j=2}^{M-1}\beta _{M+1-j}\tan \vartheta _j, \end {array}\end {equation*}


\begin {equation*}\Delta =\left ( \begin {array}{cccccc} 1 &-\dfrac {1}{r^2} & 0 & \hdots &0& 0 \\ 0 &1 &-\dfrac {1}{\sin ^2(\vartheta _1)} & \hdots &0& \vdots \\ \vdots & \vdots & \vdots & \hdots &\vdots & \vdots \\ 0 &0 &0& \hdots &1&-\dfrac {1}{\sin ^2(\vartheta _{M-1})}\\ 0 &0 & 0 & \hdots &0 &1 \\ \end {array} \right ),\end {equation*}


\begin {equation*}|\Delta |=\left (\varphi _1,\ldots ,\varphi _{M-1}\right \}=1.\end {equation*}


\begin {equation*}\Delta ^{-1}=\left ( \begin {array}{@{}lllll@{}} 1&\dfrac {1}{r^2\sin ^2(\vartheta _1)} & \dfrac {1}{r^2}\dfrac {1}{\sin ^2(\vartheta _1)\sin ^2(\vartheta _2)} & \hdots &\dfrac {1}{r^2}\displaystyle \prod _{j=1}^{M-1}\dfrac {1}{\sin ^2(\vartheta _j)} \\ 0 &1 & \dfrac {1}{\sin ^2(\vartheta _1)} & \hdots & \displaystyle \prod _{j=2}^{M-1}\dfrac {1}{\sin ^2(\vartheta _j)} \\ \vdots & \vdots & \vdots & \hdots & \vdots \\ 0 &0 & \hdots & 1& \dfrac {1}{\sin ^2(\vartheta _{M-1})}\\ 0 &0 & \hdots & 0 &1 \\ \end {array} \right ).\end {equation*}


\begin {equation*}\label {Ma00} \begin {array}{l} F_1=H=P^2_r+\dfrac {P^2_{\vartheta _1}}{r^2\sin ^2(\vartheta _1)} +\ldots +\dfrac {P^2_{\vartheta _{M-1}}}{r^2}\displaystyle \prod _{j=1}^{M-2}\dfrac {1}{\sin ^2(\vartheta _j)} \,\,+U,\vspace {0.20cm}\\ F_2=P^2_{\vartheta _1}+\dfrac {\beta _3}{\cos ^2(\vartheta _1)}+\dfrac {F_{3}}{\sin ^2(\vartheta _1)},\vspace {0.20cm}\\ \vdots \qquad \hdots \qquad \vdots \qquad \qquad \vdots \,\,\qquad ,\vspace {0.20cm}\\ F_{M-1}==P^2_{\vartheta _{M-2}}++\dfrac {\beta _3}{\cos ^2(\vartheta _{M-2})}+\dfrac {F_{M}}{\sin ^2(\vartheta _{M-2})},\vspace {0.20cm}\\ F_{M}==P^2_{\vartheta _{M-1}}+\dfrac {\beta _2}{\cos ^2(\vartheta _{M-1})}. \end {array}\end {equation*}


$V_1(r)=\dfrac {1}{r}$


$V_1(r)=r^2$


$(x,y)$


$P$


$y$


\begin {equation*}\label {w1} \ddot {x}=-\dfrac {\mu \,x}{r^3},\qquad \ddot {y}=-\dfrac {\mu \,y}{r^3}+\varepsilon ,\end {equation*}


$r =\sqrt {x^2+y^2}$


$\varepsilon $


$\tilde {L}=\dfrac {1}{2}\left (\dot {x}^2+\dot {y}^2\right )-\dfrac {\mu }{r}-\varepsilon \,y.$


\begin {equation*}\sigma :\qquad x=\xi \eta ,\quad y=\dfrac {\xi ^2-\eta ^2}{2},\end {equation*}


$\tilde {L}$


\begin {equation*}L=\left .\tilde {L}\right |_{\sigma }=\dfrac {1}{2}(\xi ^2+\eta ^2)(\dot {\xi }^2+\dot {\eta }^2)-\dfrac {2\mu }{\xi ^2+\eta ^2}- \dfrac {\varepsilon }{2}\left (\xi ^2 -\eta ^2\right ).\end {equation*}


$\tilde {H}$


$(\xi ,\eta )$


\begin {equation*}H=\left .{\tilde {H}}\right |_{\sigma }=\dfrac {p_\xi ^2 +p_\eta ^2}{2(\xi ^2+\eta ^2)}-\dfrac {2\mu }{\xi ^2+\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ).\end {equation*}


$G^{11}=\dfrac {1}{\xi ^2+\eta ^2}$


$G^{22}=\dfrac {1}{\xi ^2+\eta ^2}.$


\begin {equation*}\dfrac {\{\varphi _1,\xi \}}{\{\varphi _1,\varphi _2\}}=\dfrac {1}{\xi ^2+\eta ^2},\qquad \dfrac {\{\varphi _1,\eta \}}{\{\varphi _1,\varphi _2\}}=\dfrac {1}{\xi ^2+\eta ^2}.\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} \dfrac {\partial \varphi _1}{ \partial \xi }+\dfrac {\partial \varphi _1}{\partial \eta }=0,\vspace {0.2cm}\\ \dfrac {\partial \varphi _2}{\partial \xi }+\dfrac {\partial \varphi _2}{\partial \eta }=\xi ^2 +\eta ^2,\vspace {0.2cm}\\ \dfrac {\partial }{ \partial \xi }\left (\dfrac {\{\varphi _1,\varphi _2\}}{\xi ^2 +\eta ^2}\right )+\dfrac {\partial }{ \partial \eta }\left (\dfrac {\{\varphi _1,\varphi _2\}}{\xi ^2 +\eta ^2}\right )=0. \end {array}\end {equation*}


$\varphi _1=\xi -\eta $


$\varphi _2=\dfrac {\xi ^3+\eta ^3}{3}$


$\{\varphi _1,\varphi _2\}=\xi ^2+\eta ^2$


\begin {equation*}\{\varphi _1,\Psi \}=-2\mu -\dfrac {\varepsilon }{2}\left (\xi ^4-\xi ^4\right ),\end {equation*}


$\Psi =-\mu (\xi +\eta )-\dfrac {\varepsilon }{10}\left (\xi ^5-\eta ^5\right ).$


\begin {equation*}\Psi _\xi =-\mu -\dfrac {\varepsilon }{2}\xi ^4,\qquad \Psi _\eta =-\mu +\dfrac {\varepsilon }{2}\eta ^4.\end {equation*}


$\Delta $


$\Delta ^{-1}$


\begin {equation*}\Delta =\left ( \begin {array}{@{}ll@{}} 1 & \xi ^2 \\ -1 & \eta ^2\\ \end {array} \right ),\qquad \Delta ^{-1}=\left ( \begin {array}{@{}ll@{}} \dfrac {\eta ^2}{\xi ^2 +\eta ^2}& -\dfrac {\xi ^2}{\xi ^2 +\eta ^2} \\ \dfrac {1}{\xi ^2 +\eta ^2} & \dfrac {1}{\xi ^2 +\eta ^2}\\ \end {array} \right ).\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} F_1=&\left .{H_1}\right |_{\sigma }=\dfrac {\eta ^2\,p^2_\xi }{2(\xi ^2 +\eta ^2)}-\dfrac {\xi ^2\,p^2_\eta }{2(\xi ^2 +\eta ^2)}-\dfrac {\xi ^2-\eta ^2}{\xi ^2 +\eta ^2}\mu -\dfrac {\varepsilon }{2}\eta ^2\xi ^2,\vspace {0.2cm}\\ F_2=&H=\dfrac {p_\xi ^2 +p_\eta ^2}{2(\xi ^2+\eta ^2)}+\dfrac {2\mu }{\xi ^2+\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ). \end {array}\end {equation*}


\begin {equation*}S=-\alpha \,t+\displaystyle \int _{\xi _0}^\xi \sqrt {\alpha _1+ \alpha _2\xi ^2}\,\,d\xi +\displaystyle \int _{\eta _0}^\eta \sqrt {-\alpha _1+ \alpha _2\eta ^2}\,\,d\eta .\end {equation*}


$H_1$


\begin {equation*}H_1=\dot {x}\left (y\dot {x}-x\dot {y}\right )-\dfrac {2\mu \,y}{r}+\dfrac {\varepsilon \,x^2}{2}=\dfrac {\p F}{\p y}+\dfrac {\varepsilon \,x^2}{2},\end {equation*}


$F=(y\dot {x}-x\dot {y})^2/2+2\mu \sqrt {x^2+y^2}.$


\begin {equation}\label {sar00} \ddot {x}=-\dfrac {\mu \,x}{r^3},\qquad \ddot {y}=-\dfrac {\mu \,y}{r^3},\qquad \ddot {z}=-\dfrac {\mu \,z}{r^3}+\varepsilon .\end {equation}


\begin {equation*}\begin {array}{@{}ll@{}} H_1=&x\dot {y}-y\dot {x},\vspace {0.2cm}\\ H_2=&\dot {x}(z\dot {x}-x\dot {z})-\dot {y}(y\dot {z}-z\dot {y})-\dfrac {\mu z}{\sqrt {x^2+y^2 +z^2}}+\dfrac {\varepsilon }{2}(x^2+y^2)\vspace {0.2cm}\\ =&\dfrac {\p F}{\p z}+\varepsilon \dfrac {x^2+y^2}{2}, \end {array}\end {equation*}


$2F=(x^2+y^2+z^2)(\dot x^2+\dot y^2+\dot z^2)-(x \dot x+y \dot y+z \dot z)^2,$


\begin {equation*}\sigma : \quad x=\xi \eta \cos \Phi ,\qquad y=\xi \eta \sin \Phi ,\qquad z=\dfrac {\xi ^2-\eta ^2}{2},\end {equation*}


$H$


\begin {equation*}\left .{H}\right |_{\sigma }=\dfrac {p_\xi ^2+p_\eta ^2}{2(\xi ^2+\eta ^2)}+\dfrac {p_\Phi ^2}{2\xi ^2\eta ^2} -\dfrac {2\mu }{\xi ^2+\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ).\end {equation*}


$p_\xi =(\xi ^2+\eta ^2)\dfrac {d \xi }{dt} ,$


$p_\eta =(\xi ^2+\eta ^2)\dfrac {d \eta }{dt}.$


\begin {equation*}G^{11}=G^{22}=\dfrac {1}{\xi ^2+\eta ^2},\quad G^{33}=\dfrac {1}{\xi ^2\eta ^2}.\end {equation*}


\begin {equation*}\dfrac {\{\varphi _1,\xi \}}{\{\varphi _1,\varphi _2\}}=\dfrac {1}{\xi ^2+\eta ^2},\quad \dfrac {\{\varphi _1,\eta \}}{\{\varphi _1,\varphi _2\}}=\dfrac {1}{\xi ^2+\eta ^2},\quad \dfrac {\{\varphi _1,\Phi \}}{\{\varphi _1,\varphi _2\}}=\dfrac {1}{\xi ^2.\eta ^2},\quad \end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} \dfrac {\dfrac {\partial \varphi _j}{\partial \xi }+\dfrac {\partial \varphi _j}{\partial \eta } }{\xi ^2+\eta ^2}+\dfrac {\dfrac {\partial \varphi _j}{\partial \Phi }}{\xi ^2\eta ^2}=0,\quad j=1,2,\vspace {0.2cm}\\ \dfrac {\dfrac {\partial \varphi _3}{\partial \xi }+\dfrac {\partial \varphi _3}{\partial \eta } }{\xi ^2+\eta ^2}+\dfrac {\dfrac {\partial \varphi _3}{\partial \Phi }}{\xi ^2\eta ^2}=1,\vspace {0.2cm}\\ \dfrac {\partial }{\partial \xi }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2+\eta ^2} \right )+\dfrac {\partial }{\partial \eta }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2+\eta ^2} \right )+\dfrac {\partial }{\partial \Phi }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2\eta ^2} \right )=0, \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} {\dfrac {\partial \varphi _j}{\partial \xi }+\dfrac {\partial \varphi _j}{\partial \eta } }+(\dfrac {1}{\xi ^2}+\dfrac {1}{\eta ^2})\dfrac {\partial \varphi _j}{\partial \Phi }=0,\quad j=1,2,\vspace {0.2cm}\\ \dfrac {\partial \varphi _3}{\partial \xi }+\dfrac {\partial \varphi _3}{\partial \eta } +(\dfrac {1}{\xi ^2}+\dfrac {1}{\eta ^2})\dfrac {\partial \varphi _3}{\partial \Phi }={\xi ^2+\eta ^2},\vspace {0.2cm}\\ \dfrac {\partial }{\partial \xi }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2+\eta ^2} \right )+\dfrac {\partial }{\partial \eta }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2+\eta ^2} \right )+\dfrac {\partial }{\partial \Phi }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2\eta ^2} \right )=0, \end {array}\end {equation*}


\begin {equation*}\varphi _1=\dfrac {1}{\xi }+\dfrac {1}{\eta }+\Phi , \quad \varphi _2=\xi -\eta ,\quad \varphi _3=\dfrac {\xi ^3+\eta ^3}{3}, \quad \{\varphi _1,\varphi _2,\varphi _3\}= \xi ^2+\eta ^2.\end {equation*}


\begin {equation*}\Delta =\left ( \begin {array}{ccc} -\dfrac {1}{\xi ^2} & 1 & \xi ^2\vspace {0.3cm}\\ -\dfrac {1}{\eta ^2} & -1& \eta ^2 \vspace {0.3cm}\\ 1 & 0 &0 \\ \end {array} \right ),\end {equation*}


$|\Delta |=\xi ^2+\eta ^2$


\begin {equation*}\Delta ^{-1}=\left ( \begin {array}{ccc} 0 &0 &1\vspace {0.3cm}\\ \dfrac {\eta ^2}{\eta ^2+\xi ^2} & - \dfrac {\xi ^2}{\eta ^2+\xi ^2}& \dfrac {\eta ^2-\xi ^2}{\eta ^2\xi ^2} \vspace {0.3cm}\\ \dfrac {1}{\eta ^2+\xi ^2} & \dfrac {1}{\eta ^2+\xi ^2} & \dfrac {1}{\eta ^2\xi ^2} \\ \end {array} \right ).\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} &F_1=\left .{H_1}\right |_{\sigma }=p^2_\Phi ,\vspace {0.2cm}\\ &F_2=\left .{H_2}\right |_{\sigma }=\dfrac {\eta ^2}{\xi ^2+\eta ^2}p^2_\xi \\& \quad -\dfrac {\xi ^2}{\xi ^2+\eta ^2}P^2_\eta +\dfrac {\eta ^2-\xi ^2}{\xi ^2\eta ^2} P^2_\Phi +\mu \dfrac {\left (\eta ^2 -\xi ^2\right )}{\eta ^2+\xi ^2}-\dfrac {\varepsilon }{2}\,\,\xi ^2\eta ^2,\vspace {0.2cm}\\ &F_3=\left .{H}\right |_{\sigma }=\dfrac {1}{\xi ^2+\eta ^2}p^2_\xi + \dfrac {1}{\xi ^2+\eta ^2}p^2_\eta +\dfrac {1}{\xi ^2\eta ^2}p^2_\Phi +\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ). \end {array}\end {equation*}


\begin {equation*}S=-\alpha \,t+\Phi +\displaystyle \int _{\xi _0}^\xi \sqrt { -\dfrac {\alpha _1}{\xi ^2}+ \alpha _2+\xi ^2\, \alpha _3}\,\,d\xi + \displaystyle \int _{\eta _0}^\eta \sqrt { -\dfrac {\alpha _1}{\eta ^2}- \alpha _2+\eta ^2\alpha _3}d\eta \end {equation*}


$M$


$N>3$


$T=\displaystyle \sum _{j=1}^M\dot {x}^2_j$


$U=-\dfrac {\mu }{r}-\varepsilon \,x_N,$


$r=\sqrt {\displaystyle \sum _{j=1}^Nx^2_j}.$


$\tilde {L}=T-U.$


\begin {equation*}\ddot {x}_j=-\dfrac {\mu \,x_j}{r^3},\qquad \ddot {x}_N=-\dfrac {\mu \,x_N}{r^3}+\varepsilon ,\end {equation*}


$j=1,\ldots ,N-1.$


$\tilde {L}$


\begin {equation*}\tilde {L}=\displaystyle \sum _{j=1}^M\dfrac {\dot {x}^2_j}{2}-\dfrac {\mu }{r}+\varepsilon \,x_M\end {equation*}


\begin {align}\label {stak0} \dot {x}_j=&p_j,\quad j=1,\ldots ,M, \nonumber \\ \dot {\tilde {p}}_k=&-\dfrac {\mu \,x_j}{r^3},\quad k=1,\ldots ,M-1, \nonumber \\ \dot {\tilde {p}}_M=&-\dfrac {\mu \,x_M}{r^3}+\varepsilon ,\end {align}


\begin {equation}\label {stak8} \tilde {H}=\displaystyle \sum _{j=1}^M\dfrac {\tilde {p}^2_j}{2}+\dfrac {\mu }{r}-\varepsilon \,x_M.\end {equation}


$M=2$


$M=3.$


$M.$


$M>3$


$(M-1)(M-2)/2$


$F_{jk}=x_jy_k-x_ky_j,\quad j,k=1,\ldots ,M-1$


$H$


\begin {equation*}H_1=\dfrac {\p G}{\p { x_M}}-\dfrac {\varepsilon }{2}\displaystyle \sum _{j=1}^{M-1}x_j^2,\end {equation*}


$G =||{\bf \,x}||^2||{\bf y}||^2-<{\bf x},{\bf y}>^2+\mu ||{\bf \,x}||.$


$M>3$


$(F_{jk})$


$j,k=1,\ldots ,M-1$


$2M-5$


$2M-3$


$M>3$


$2M-3>M.$


$\sigma :=\left (\vartheta _1,\vartheta _2,\ldots ,\vartheta _{M-2},\xi ,\eta \right )$


\begin {equation*}\label {StakM} \begin {array}{@{}ll@{}} x_1=&\xi \eta \sin \vartheta _{M-2}\,\displaystyle \prod _{j=1}^{M-3}\sin \vartheta _j\ne 0,\vspace {0.3cm}\\ \,x_2=&\xi \eta \cos \vartheta _{M-2}\,\displaystyle \prod _{j=1}^{M-3}\sin \vartheta _j,\vspace {0.3cm}\\ x_3=&\xi \eta \cos \vartheta _{M-3}\,\displaystyle \prod _{j=1}^{M-4}\sin \vartheta _j,\vspace {0.3cm} \end {array}\end {equation*}


\begin {equation}\label {StakM} \begin {array}{@{}ll@{}} \,x_4=&\xi \eta \cos \vartheta _{M-4}\,\displaystyle \prod _{j=1}^{M-5}\sin \vartheta _j,\vspace {0.3cm}\\ \vdots &\qquad \qquad \vdots \qquad \qquad \vdots \qquad \qquad \vdots \vspace {0.3cm}\\ x_{M-2}=&\xi \eta \cos \vartheta _2\sin \vartheta _1,\vspace {0.3cm}\\ \,x_{M-1}=&\xi \eta \cos \vartheta _1,\vspace {0.3cm}\\ x_M=&\dfrac {\xi ^2-\eta ^2}{2}, \end {array}\end {equation}


\begin {equation}\label {stak9} H=\left .\tilde {H}\right |_{\sigma }=\displaystyle \sum _{j=1}^MG^{jj}{p}^2_j+\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ),\end {equation}


$G^{-1}=(G^{jj})$


\begin {equation}\label {Stak1} G^{-1}=\left ( \begin {array}{@{}llllll@{}} \dfrac {1}{\xi ^2+\eta ^2} & 0 & 0 & 0 & \hdots & 0 \\ 0 & \dfrac {1}{\xi ^2+\eta ^2} &0 & 0 & \hdots & 0 \\ 0 & 0&\dfrac {1}{\xi ^2\eta ^2} &0 & \hdots & 0 \\ 0 & 0 & 0 & \dfrac {1}{\xi ^2\eta ^2\sin ^2\vartheta _1} & \hdots & 0 \\ \vdots & \vdots &\vdots & \vdots & \hdots & \vdots \\ 0 & 0 & 0 & 0 & \hdots &\dfrac {1}{\xi ^2\eta ^2\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}\\ \end {array} \right ).\end {equation}


\begin {equation*}\displaystyle \sum _{j=1}^{M-1}x_j^2+x^2_M=\xi ^2\eta ^2+\left ( \dfrac {\xi ^2-\eta ^2}{2} \right )^2 =\left (\dfrac {\xi ^2+\eta ^2}{2}\right )^2,\end {equation*}


\begin {equation}\label {stw} \begin {array}{@{}ll@{}} L=&\tilde {L}\left .\right |_{\sigma }=-\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right )+\left (\xi ^2 +\eta ^2\right )\left (\dot {\xi }^2+\dot {\eta }^2\right )+\vspace {0.3cm}\\ &\xi ^2\eta ^2\Big (\dot {\vartheta }_1^2+\left (\sin ^2\vartheta _1\right )\dot {\vartheta }_2^2+ \left (\sin ^2\vartheta _1\sin ^2\vartheta _2\right )\,\,\dot {\vartheta }_3^2 \\&+\ldots +\left (\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j\right )\dot {\vartheta }_{M-2}^2\Big ). \end {array}\end {equation}


$G$


\begin {equation*}G=\left ( \begin {array}{@{}llllll@{}} \xi ^2+\eta ^2 & 0 & 0 & \hdots & 0 & 0 \\ 0 & \xi ^2+\eta ^2 &0 & 0 & \hdots & 0 \\ 0 & 0&\xi ^2\eta ^2 &0 & \hdots & 0 \\ o & 0 & 0 & \xi ^2\eta ^2\sin ^2\vartheta _1 & \hdots & 0 \\ \vdots & \vdots &\vdots & \vdots & \hdots & \vdots \\ o & 0 & 0 & 0 & \hdots & \xi ^2\eta ^2\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j\\ \end {array} \right ),\end {equation*}


$G^{-1}$


\begin {equation*}\label {Astak2} \begin {array}{l} \dfrac {\{\varphi _1,\varphi _2,\ldots ,\varphi _{M-1},\xi \}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}}=\dfrac {1}{\xi ^2+\eta ^2},\quad \dfrac {\{\varphi _1,\varphi _2,\ldots ,\varphi _{M-1},\eta \}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}}=\dfrac {1}{\xi ^2+\eta ^2},\vspace {0.2cm}\\ \dfrac {\{\varphi _1,\varphi _2,\ldots ,\varphi _{M-1},\vartheta _1\}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}}=\dfrac {1}{\xi ^2\eta ^2},\quad \dfrac {\{\varphi _1,\varphi _2,\ldots ,\varphi _{M-1},\vartheta _2\}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}} =\dfrac {1}{\xi ^2\eta ^2\sin ^2\vartheta _1},\vspace {0.2cm}\\ \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \vdots \\ \dfrac {\{\varphi _1,\ldots ,\varphi _{M-1},\vartheta _{{M-3}}\}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}} =\dfrac {1}{\xi ^2\eta ^2\displaystyle \prod _{j=1}^{M-4}\sin ^2\vartheta _j}, \vspace {0.2cm}\\ \dfrac {\{\varphi _1,\ldots ,\varphi _{M-1},\vartheta _{{M-2}}\}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}}= \dfrac {1}{\xi ^2\eta ^2\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}. \end {array}\end {equation*}


\begin {equation*}\label {stak3} \begin {array}{@{}ll@{}} 0=&\dfrac {\dfrac {\partial \varphi _j}{\partial \xi }}{\xi ^2+\eta ^2}+\dfrac {\dfrac {\partial \varphi _j}{\partial \eta }}{\xi ^2+\eta ^2}+\vspace {0.2cm}\\ & \dfrac {1}{\xi ^2\eta ^2}\left ( \dfrac {\partial \varphi _j}{\partial \vartheta _1}+\dfrac {\dfrac {\partial \varphi _j}{\partial \vartheta _2}}{{\sin ^2\vartheta _1}}+ +\dfrac {\dfrac {\partial \varphi _j}{\partial \vartheta _3}}{\sin ^2\vartheta _1\sin ^2\vartheta _2}+\ldots +\dfrac {\dfrac {\partial \varphi _j}{\partial \vartheta _{M-2}}}{\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}\right ),\vspace {0.2cm}\\ 1=&\dfrac {\dfrac {\partial \varphi _M}{\partial \xi }}{\xi ^2+\eta ^2}+\dfrac {\dfrac {\partial \varphi _M}{\partial \eta }}{\xi ^2+\eta ^2}+ \vspace {0.2cm}\\ &\dfrac {1}{\xi ^2\eta ^2}\left ( \dfrac {\partial \varphi _M}{\partial \vartheta _1}+\dfrac {\dfrac {\partial \varphi _M}{\partial \vartheta _2}}{{\sin ^2\vartheta _1}}+ +\dfrac {\dfrac {\partial \varphi _M}{\partial \vartheta _3}}{\sin ^2\vartheta _1\sin ^2\vartheta _2}+\ldots +\dfrac {\dfrac {\partial \varphi _M}{\partial \vartheta _{M-2}}}{\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}\right ),\vspace {0.2cm}\\ &\dfrac {\dfrac {\partial \Psi }{\partial \xi }}{\xi ^2+\eta ^2}+\dfrac {\dfrac {\partial \Psi }{\partial \eta }}{\xi ^2+\eta ^2}+\vspace {0.2cm}\\ \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} &\dfrac {1}{\xi ^2\eta ^2}\left ( \dfrac {\partial \Psi }{\partial \vartheta _1}+\dfrac {\dfrac {\partial \Psi }{\partial \vartheta _2}}{{\sin ^2\vartheta _1}}+ +\dfrac {\dfrac {\partial \Psi }{\partial \vartheta _3}}{\sin ^2\vartheta _1\sin ^2\vartheta _2}+\ldots +\dfrac {\dfrac {\partial \Psi }{\partial \vartheta _{M-2}}}{\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}\right )\vspace {0.2cm}\\ =&-\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ),\vspace {0.2cm}\\ 0=&\dfrac {\partial }{\partial \xi }\left (\dfrac {|\Delta |}{\xi ^2+\eta ^2}\right )+\dfrac {\partial }{\partial \eta }\left (\dfrac {|\Delta |}{\xi ^2+\eta ^2}\right )+\dfrac {\partial }{\partial \vartheta _1}\left (\dfrac {|\Delta |}{\xi ^2\eta ^2}\right )\\&+\dfrac {\partial }{\partial \vartheta _2}\left (\dfrac {|\Delta |}{\xi ^2\eta ^2\sin ^2\vartheta _1}\right )+\vspace {0.2cm}\\ &\dfrac {\partial }{\partial \vartheta _3}\left (\dfrac {|\Delta |}{\xi ^2\eta ^2\sin ^2\vartheta _1\sin ^2\vartheta _2}\right )+ \dfrac {\partial }{\partial \vartheta _{M-2}}\left (\dfrac {|\Delta |}{\xi ^2\eta ^2\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}\right ). \end {array}\end {equation*}


\begin {equation*}\label {stak4} \begin {array}{@{}ll@{}} \varphi _{j}=&\vartheta _{j+1}+\cot \vartheta _{j},\quad j=1,\ldots ,M-3\vspace {0.2cm}\\ \varphi _{M-2}=&\dfrac {1}{\xi }+\dfrac {1}{\eta }+\vartheta _1,\quad \varphi _{M-1}=\xi -\eta ,\qquad \varphi _{M}=\dfrac {\xi ^3 +\eta ^3}{3},\vspace {0.2cm}\\ \Psi =&\mu (\xi +\eta )-\dfrac {\varepsilon }{10}\left (\xi ^5-\eta ^5\right ). \end {array}\end {equation*}


$F_j=\displaystyle \sum _{k=1}^M\Delta ^{jk}\,\Lambda _k/2,\,\,$


$\Lambda =\left ( P^2_{\theta _1},P^2_{\theta _2},\ldots ,P^2_{\theta _{M-2}},P^2_\xi +\mu -\xi ^4/2,P^2_\eta +\mu +\eta ^4/2\right )^T$


\begin {align*}\label {stak5} \begin {array}{@{}ll@{}} &F_1=p^2_{\vartheta _{M-2}},\vspace {0.2cm}\\ &F_2=p^2_{\vartheta _{M-3}}+\dfrac {p^2_{\vartheta _{M-2}}}{\sin ^2{{\vartheta _{M-3}}}} =p^2_{\vartheta _{M-3}}+\dfrac {F_1}{\sin ^2{{\vartheta _{M-3}}}},\vspace {0.2cm}\\ &F_3=p^2_{\vartheta _{M-4}}+\dfrac {1}{\sin ^2\vartheta _{M-4}}\left (p^2_{\vartheta _{M-3}} +\dfrac {p^2_{\vartheta _{M-3}}}{\sin ^2\vartheta _{M-3}}\right ) =p^2_{\vartheta _{M-4}}+ \dfrac {F_2}{\sin ^2\vartheta _{M-4}},\vspace {0.2cm}\\ & \vdots \qquad \qquad \vdots \qquad \qquad \vdots ,\vspace {0.2cm}\\ & F_{M-3}=p^2_{\vartheta _{2}}+\dfrac {F_{M-4}}{\sin ^2\vartheta _{2}},\vspace {0.2cm}\\ &F_{M-2}=p^2_{\vartheta _{1}}+\dfrac {F_{M-3}}{\sin ^2\vartheta _{1}}= F_{M-2}\left ( p_{\vartheta _{1}},\vartheta _{1},F_{M-3}\left (F_{M-4}(p_{\vartheta _{2}},\vartheta _{2},F_{M-5}\ldots ) \right )\right ),\vspace {0.2cm}\\ &F_{M-1}=\dfrac {\eta ^2p^2_\xi -\xi ^2p^2_\eta }{\xi ^2+\eta ^2}-\dfrac {\xi ^2-\eta ^2}{\xi ^2\eta ^2}F_{M-2} +\mu \dfrac {\left (\eta ^2 -\xi ^2\right )}{\eta ^2+\xi ^2}-\dfrac {\varepsilon }{2}\,\,\xi ^2\eta ^2,\vspace {0.2cm}\\ &F_{M}=H=\dfrac {p^2_\xi +p^2_\eta }{\xi ^2+\eta ^2}+\dfrac {F_{M-2}}{\xi ^2\eta ^2}+\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ). \end {array}\end {align*}


$\sigma ^{-1}$


$(x_1,x_2,\ldots ,x_M)$


$\tilde {F}_{j}=\left .F_{j}\right |_{\sigma ^{-1}}$


$j=1,\ldots ,M>4$


\begin {equation*}\label {auxM} \begin {array}{@{}ll@{}} &\tilde {F}_{1}=F_{ 12}^2,\vspace {0.2cm}\\ &\tilde {F}_2=F_{ 12}^2+F_{ 23}^2+F_{ 31}^2,\vspace {0.2cm}\\ &\tilde {F}_3=F_{ 12}^2+F_{ 23}^2+F_{ 31}^2+ F_{ 42}^2+F_{ 51}^2+F_{ 34}^2 ,\vspace {0.2cm}\\ &\qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \vdots \qquad \qquad \vspace {0.2cm}\\ &\tilde {F}_{M-1}=\dfrac {\p G}{\p { x_M}}-\dfrac {\varepsilon }{2}\displaystyle \sum _{j=1}^{M-1}x_j^2,\vspace {0.2cm}\\ &\tilde {F}_M=\displaystyle \sum _{j=1}^M\dot {x}^2_j/2+\dfrac {2\mu }{\sqrt {\displaystyle \sum _{j=1}^{M}x_j^2}}+\varepsilon \,x_M, \end {array}\end {equation*}


$G=||{\bf \,x}||^2||{\bf y}||^2-<{\bf x},{\bf y}>^2+\mu ||{\bf \,x}||.$


$\xi =\xi (t)$


$\eta =\eta (t)$


\begin {equation}\label {stak15} \xi ^2={\mathfrak {P}(\tau -\tau _0)-\dfrac {4h}{3\varepsilon }},\quad \eta ^2=\mathfrak {P}(\tau -\tau _1)+\dfrac {4h}{3\varepsilon },\end {equation}


$\mathfrak {P}$


$\tau _0,\,\tau _1$


$t$


$\tau $


\begin {equation*}t=\displaystyle \int _{\tau _0}^\tau \left (\mathfrak {P}(\tau -\tau _0)+\mathfrak {P}(\tau -\tau _1)\right )d\tau .\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} F_{M-2}=\alpha _{M-2},\quad F_{M-1}=\alpha _{M-1},\quad F_M=&h,\vspace {0.2cm}\\ \dfrac {\eta ^2p^2_\xi -\xi ^2p^2_\eta }{\xi ^2+\eta ^2}+\dfrac {\xi ^2-\eta ^2}{\xi ^2\eta ^2}\alpha _{M-2} +\mu \dfrac {\left (\eta ^2 -\xi ^2\right )}{\eta ^2+\xi ^2}-\dfrac {\varepsilon }{2}\,\,\xi ^2\eta ^2-\alpha _{M-1}=&0,\vspace {0.2cm}\\ \dfrac {p^2_\xi +p^2_\eta }{\xi ^2+\eta ^2}+\dfrac {\alpha _{M-2}}{\xi ^2\eta ^2}+\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right )-h=&0. \end {array}\end {equation*}


$p^2_\eta $


$p^2_\xi $


\begin {equation*}\begin {array}{@{}ll@{}} p^2_\xi =&\dfrac {\varepsilon \xi ^6+4h\xi ^4+2(-\mu +2\alpha _{M-1})\xi ^2-2\alpha _{M-2}}{2\xi ^2},\vspace {0.2cm}\\ p^2_\eta =&\dfrac {-\varepsilon \eta ^6+4h\eta ^4-2(\mu +\alpha _{M-1})\eta ^2-2\alpha _{M-2}}{2\eta ^2}, \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} 4\xi ^2p^2_\xi =&\left (2\xi (\xi +\eta ^2)\dot {\xi } \right )^2=2\left (\varepsilon \xi ^6+4h\xi ^4+2(-\mu +\alpha _{M-1})\xi ^2-2\alpha _{M-2}\right ):\\&=S(\xi ^2),\vspace {0.2cm}\\ 4\eta ^2p^2_\eta =&\left (2\eta (\eta ^2+\eta ^2)\dot {\eta } \right )^2=2\left (-\varepsilon \eta ^6+4h\eta ^4+2(\mu +\alpha _{M-1})\eta ^2-2\alpha _{M-2}\right ):\\&=R(\eta ^2), \end {array}\end {equation*}


$\tau $


$dt=(\xi ^2+\eta ^2)d\tau $


\begin {equation*}\begin {array}{@{}ll@{}} \dfrac {d\xi _1}{d\tau }=&\sqrt {S(\xi _1)},\quad \xi _1=\xi ^2,\vspace {0.2cm}\\ \dfrac {d\eta _1}{d\tau }=&\sqrt {R(\eta _1)},\quad \eta _1=\eta ^2. \end {array}\end {equation*}


\begin {equation}\label {Rpop} \displaystyle \int \dfrac {\,d\eta _1}{\sqrt {R(\eta _1)}}=\tau -\tau _0,\qquad \displaystyle \int \dfrac {\,d\xi _1}{\sqrt {S(\xi _1)}}=\tau -\tau _1,\end {equation}


$\tau _0$


$\tau _1$


\begin {equation*}\pi :\qquad \xi _1={X-\dfrac {4h}{3\varepsilon }},\quad \eta _1=Y+\dfrac {4h}{3\varepsilon }\end {equation*}


$R(\eta _1)$


$S(\xi _1)$


\begin {equation*}P_3(X)=\left .R(\eta _1)\right |_{\pi },\quad Q_3(Y)=\left .S(\xi _1)\right |_{\pi }.\end {equation*}


\begin {equation}\label {pop1} \displaystyle \int \dfrac {\,dX}{\sqrt {P_3(X)}}=\tau -\tau _0,\qquad \displaystyle \int \dfrac {dY}{\sqrt {Q_3(Y)}}=\tau -\tau _1.\end {equation}


$X$


$Y$


$\tau .$


\begin {equation*}X=\mathfrak {P}(\tau -\tau _0),\qquad Y=\mathfrak {P}(\tau -\tau _1),\end {equation*}


$\mathfrak {P}$


\begin {equation*}\xi _1=\xi ^2=\mathfrak {P}(\tau -\tau _0)-\dfrac {4h}{3\varepsilon },\quad \eta _1=\eta ^2=\mathfrak {P}(\tau -\tau _1)+\dfrac {4h}{3\varepsilon }.\end {equation*}


$dt=(\xi ^2+\eta ^2)d\tau $


\begin {equation*}dt=\left (\mathfrak {P}(\tau -\tau _0)+\mathfrak {P}(\tau -\tau _1)\right )d\tau .\end {equation*}


$(\xi _1,\eta _1)$


\begin {equation*}\displaystyle \int \dfrac {\,d\eta _1}{\sqrt {R(\eta _1)}}-\displaystyle \int \dfrac {\,d\xi _1}{\sqrt {S(\xi _1)}}=C=\tau _1-\tau _0.\end {equation*}


\begin {equation*}\label {a00} H=\displaystyle \sum _{j=1}^M y_j^2+\dfrac {2\mu }{\sqrt {x_1^2+x_2^2+\ldots + x^2_M}}-\dfrac {1}{2}\displaystyle \sum _{j=1}^{M-1}\dfrac {\beta _j}{x^2_j}+\varepsilon \,x_M,\end {equation*}


$\beta _1,\,\beta _2,\,\ldots ,\beta _{M-1}$


$M>3.$


$(M-1)(M-2)/2$


\begin {equation}\label {Me100} F_{jk}=(x_jy_k-x_ky_j)^2+(x_j^2 +x^2_k)(\dfrac {\beta _j}{x_j^2}+\dfrac {\beta _k}{x_k^2}),\quad j,k=1,\ldots ,M-1, \quad j< k.\end {equation}


$\left .(F_{jk})\right |_{j,k=1,\ldots ,M-1}$


$2M-5$


$2M-5.$


\begin {align}\label {xxz1} \begin {array}{@{}ll@{}} H_1=&\dfrac {\p F}{\p x_M}-\dfrac {\varepsilon }{2}\displaystyle \sum _{j=1}^{M-1}x^2_j=2(x_M||{\bf {y}}||^2-y_M<{\bf {x}},\,{\bf {y}}>)\\&+\dfrac {2\mu }{\sqrt {x_1^2+x_2^2+\ldots x^2_M}}-\dfrac {\varepsilon }{2}\displaystyle \sum _{j=1}^{M-1}x^2_j+2x_M\displaystyle \sum _{j=1}^{M-1}\dfrac {\beta _j}{x^2_j}, \end {array}\end {align}


\begin {equation*}\begin {array}{@{}l@{}l@{}} F:\,=& \left .\displaystyle \sum _{j,k=1,\,j>k}^M\Big ((x_jy_k-x_ky_j)^2+(x_j^2 +x^2_k)(\dfrac {\beta _j}{x_j^2}+\dfrac {\beta _k}{x_k^2})\Big )\right |_{\beta _M=0}+2 \mu \sqrt {\displaystyle \sum _{j=1,}^Mx_j^2}\vspace {0.2cm}\\ &\,=||{\bf {x}}||^2||{\bf {y}}||^2-<{\bf {x}},\,{\bf {y}}>^2+\displaystyle \sum _{j=1}^{M-1}\left (\dfrac {\beta _j}{x^2_j}\,||{\bf {x}}||^2+(M-2)\,\beta _j\right )+2 \mu ||{\bf {x}}||. \end {array}\end {equation*}


$2M-3$


$2M-3>M$


$M>3.$


$M=2$


$H$


$H_1$


\begin {equation*}\tilde {H}=y_1^2+y_2^2+\dfrac {2\mu }{\sqrt {x_1^2+x_2^2}}-\dfrac {\beta _1}{2x^2_1}+\varepsilon \,x_2,\quad H_1=\dfrac {\p F}{\p x_2}-\dfrac {\varepsilon }{2}x^2_1,\end {equation*}


$F=(x_1y_2-x_2y_1)^2+(x_1^2+x^2_2)\dfrac {\beta _1}{x_1^2}+2\mu \sqrt {x_1^2+x_2^2}.$


\begin {equation*}\sigma :\qquad x_1=\xi \eta ,\quad x_2=\dfrac {\xi ^2-\eta ^2}{2},\end {equation*}


$F_1$


$F_2$


\begin {equation*}\begin {array}{@{}ll@{}} F_1:=&\left .H_1\right |_{\sigma }=\dfrac {\eta ^2\,p^2_\xi }{\xi ^2 +\eta ^2}-\dfrac {\xi ^2\,p^2_\eta }{\xi ^2 +\eta ^2}-\dfrac {\xi ^2-\eta ^2}{\xi ^2 +\eta ^2}\mu -\dfrac {\varepsilon }{2}\eta ^2\xi ^2-\dfrac {\xi ^2 -\eta ^2}{\xi ^2 \eta ^2}\beta _1,\vspace {0.2cm}\\ F_2:=&H=\left .\tilde {H}\right |_{\sigma }=\dfrac {p_\xi ^2 +p_\eta ^2}{2(\xi ^2+\eta ^2)}+\dfrac {2\mu }{\xi ^2+\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right )+\dfrac {\beta _1}{\xi ^2\eta ^2}, \end {array}\end {equation*}


$p_\xi =(\xi ^2+\eta ^2)\dfrac {d \xi }{dt}$


$p_\eta =(\xi ^2+\eta ^2)\dfrac {d \eta }{dt}.$


$F_j=\alpha _j$


$j=1,2$


$p_\xi $


$p_\eta $


\begin {equation*}\begin {array}{l} p_\xi ^2=\epsilon \xi ^4+4\alpha _2\xi ^2-2( \alpha _1+\mu )-\dfrac {\beta _1}{\xi ^2} ,\vspace {0.2cm}\\ p^2_\eta =-\epsilon \eta ^4+4\alpha _2\eta ^2-2(\alpha _1+\mu )-\dfrac {\beta _1}{\eta ^2}. \end {array}\end {equation*}


$X=\xi ^2,\,\,Y=\eta ^2$


\begin {equation*}\begin {array}{l} \left (\dfrac {d X }{d\tau }\right )^2=-\dfrac {\epsilon \,X^3}{2}-\alpha _2X^2-( \alpha _1+2\mu )X-{\beta _1},\vspace {0.2cm}\\ \left (\dfrac {d Y}{d\tau }\right )^2=\dfrac {\epsilon \,Y^3}{2}+\alpha _2Y^2-( -\alpha _1+2\mu )Y-\beta _1. \end {array}\end {equation*}


$M=3$


\begin {equation*}\begin {array}{l} H_1=F_{12}=(x_1y_2-x_2y_1)^2 +(x^2_1+x^2_2)(\dfrac {\beta _1}{x^2_1}+\dfrac {\beta _2}{x^2_2}),\vspace {0.2cm}\\ H_2=\dfrac {\p F}{\p x_4}-\dfrac {\varepsilon }{2}(x^2_1+x^2_2),\vspace {0.2cm}\\ \tilde {H}=y_1^2+y^2_2+y^2_3+\dfrac {2\mu }{\sqrt {x_1^2+x_2^2+x^2_3}}-\dfrac {1}{2}\left (\dfrac {\beta _1}{x^2_1}+\dfrac {\beta _2}{x^2_2}\right )+\varepsilon \,x_3,\vspace {0.2cm}\\ \end {array}\end {equation*}


$F=\left .F_{ 12}+F_{ 23}+F_{ 31}\right |_{\beta _3=0}+2\mu \sqrt {x_1^2+x_2^2+x^2_3}$


$F_{ 12},\,\,F_{ 23}$


$F_{ 31}$


\begin {equation*}\sigma :\qquad x_1=\xi \eta \cos \vartheta _1,\qquad x_2=\xi \eta \sin \vartheta _1,\qquad x_3=\dfrac {\xi ^2-\eta ^2}{2},\end {equation*}


$H_1,\,H_2$


$H_3$


\begin {equation*}\begin {array}{l} F_1=\left .H_1\right |_{\sigma }=p^2_{\vartheta _1}+\dfrac {\beta _1}{\sin \vartheta _1^2} +\dfrac {\beta _2}{\cos \vartheta _1^2},\vspace {0.2cm}\\ F_2=\left .H_2\right |_{\sigma }=\dfrac {\xi ^2p^2_\eta -\eta ^2p^2_\xi }{\eta ^2+\xi ^2}+\dfrac {2\mu (\xi ^2-\eta ^2)}{\eta ^2+\xi ^2}-\dfrac {\varepsilon \xi ^2\eta ^2}{2}+\dfrac {(\xi ^2-\eta ^2)}{\eta ^2\xi ^2}\,F_1,\vspace {0.2cm}\\ F_3=H=\left .\tilde {H}\right |_{\sigma }=\dfrac {p^2_\eta +p^2_\xi }{\eta ^2+\xi ^2}+\dfrac {2\mu }{\eta ^2+\xi ^2}+\dfrac {\varepsilon }{2}(\xi ^2-\eta ^2)+\dfrac {1}{\eta ^2\xi ^2}\,F_1,\vspace {0.2cm}\\ \end {array}\end {equation*}


$p_\xi =(\xi ^2+\eta ^2)\dfrac {d \xi }{dt} ,\,\,p_\eta =(\xi ^2+\eta ^2)\dfrac {d \eta }{dt}$


$p^2_{\vartheta }=\xi ^2\eta ^2\dfrac {d \vartheta _1}{dt}.$


$F_2=\alpha _2$


$F_3=\alpha _3$


$p^2_\xi $


$p^2_\eta $


$F_1=\alpha _1$


\begin {equation*}\begin {array}{l} \xi ^2p_\xi ^2=\epsilon \xi ^6+4\alpha _3\xi ^2-2(\alpha _1+2\mu )\xi ^2-2\alpha _1 ,\vspace {0.2cm}\\ \eta ^2p^2_\eta =-\epsilon \eta ^6+4\alpha _3\eta ^4-2(\alpha _2+\mu )\eta ^2-2\alpha _1. \end {array}\end {equation*}


$(\xi ^2+\eta ^2)\,\dfrac {d }{dt}=\dfrac {d }{d\tau }$


$X=\xi ^2,\,\,Y=\eta ^2$


\begin {equation*}\begin {array}{l} \left (\dfrac {d X }{d\tau }\right )^2=-\dfrac {\epsilon \,X^3}{2}+\alpha _2X^2-( \alpha _1+2\mu )X+\alpha _3,\vspace {0.2cm}\\ \left (\dfrac {d Y}{d\tau }\right )^2=\dfrac {\epsilon \,Y^3}{2}+\alpha _2Y^2+( \alpha _1-2\mu )Y+\alpha _3. \end {array}\end {equation*}


$X(\tau )$


$Y(\tau )$


$p^2_{\vartheta }+\dfrac {\beta _1}{\sin \vartheta ^2} +\dfrac {\beta _2}{\cos \vartheta ^2}= \alpha _1$


\begin {equation*}\left (\dfrac {d \vartheta }{d\tau }\right )^2=\dfrac {(X(\tau )+Y(\tau ))\left (\alpha _1-\dfrac {\beta _1}{\sin \vartheta ^2} -\dfrac {\beta _2}{\cos \vartheta ^2}\right )}{(X(\tau )Y(\tau )}.\end {equation*}


$M>3$


\begin {equation*}\begin {array}{@{}ll@{}} F_1=&\left .F_{ 12}\right |_{\sigma }=p^2_{\theta _{M-2}}+\dfrac {\beta _{M-4}}{\sin ^2{\theta _{M-2}}}+\dfrac {\beta _{M-3}}{\cos ^2\theta _{M-2}},\vspace {0.2cm}\\ F_2=&\left .(F_{ 12}+F_{ 23}+F_{ 31}\right |_{\sigma }=p^2_{\theta _{M-3}}+\dfrac {\beta _{M-2}}{\cos ^2{\theta _{M-3}}}+\dfrac {F_1}{\sin ^2{\theta _{M-3}}},\vspace {0.2cm}\\ F_3=&\left .(F_{ 12}+F_{ 23}+F_{ 31}+ F_{ 42}+F_{ 51}+F_{ 34}\right |_{\sigma }=p^2_{\theta _{M-4}}+\dfrac {\beta _{M-1}}{\cos ^2{\theta _{M-4}}} \\&+\dfrac {F_3}{\sin ^2{\theta _{M-4}}},\vspace {0.2cm}\\ \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} F_j=&\hdots =p^2_{\theta _{M-j-1}}+\dfrac {\beta _{M-j}}{\cos ^2{\theta _{M-1-j}}}+\dfrac {F_{j-1}}{\sin ^2{\theta _{M-1-j}}},\quad j=1,\ldots ,M-2,\vspace {0.2cm}\\ F_{M-1}=&\left .\dfrac {\p F}{\p { x_M}}-\dfrac {\epsilon }{2}\displaystyle \sum _{j=1}^{M-1}x_j^2\right |_{\sigma }=\dfrac {\eta ^2p^2_\xi -\xi ^2p^2_\eta }{\xi ^2+\eta ^2}-\dfrac {\mu \,(\xi ^2-\eta ^2)}{\xi ^2+\eta ^2}-\dfrac {\epsilon }{2}\xi ^2\eta ^2\\&-\dfrac {\xi ^2-\eta ^2}{\xi ^2\eta ^2}F_{M-2},\vspace {0.2cm}\\ F_M=&H=\left .\tilde {H}\right |_{\sigma }=\dfrac {p^2_\xi +p^2_\eta }{\xi ^2 +\eta ^2}- \dfrac {\varepsilon }{2}(\xi ^2-\eta ^2 )+\dfrac {2\mu }{\xi ^2+\eta ^2} +\dfrac {F_{M-2}}{\xi ^2\eta ^2},\
\end {array}\end {equation*}


$F=\left .\displaystyle \sum _{j,k=1,\,j>k}^{M}F_{ jk}\right |_{\beta _M=0}+\mu \sqrt {\displaystyle \sum _{j=1}^{M}x_j^2} .$


$F_{M-1}=\alpha _{M-1}$


$F_{M}=\alpha _{M}$


$F_{M-2}=\alpha _{M-2}$


$(\xi ,\,\eta )$


$(\M , G)$


$\mathfrak {X}(\M )$


$\M $


\begin {equation*}{\mathfrak {X}}(\M )\times {\mathfrak {X}}(\M )\times \mathbb {X}( \M )\longrightarrow \mathfrak {X}( \M ),\end {equation*}


$(X,Y,Z)$


\begin {equation*}R(X,Y)Z=\nabla _{X}\nabla _{Y}Z-\nabla _{Y}\nabla _{X}Z,\end {equation*}


$\nabla $


\begin {equation*}R_{abcd}=K\,\,\left (G_{ac}G_{db}-G_{ad}G_{cb}\right ),\end {equation*}


$K$


$G_{ij}$


$n$


${\mathbb {E}}^n$


$n$


$\mathbb {S}^n$


$\mathbb {H}^n$


$\mathbb {S}^n$


$K=1$


${\mathbb {E}}^n$


$K=0$


$\mathbb {H}^n$


$K=-1.$


$H=\displaystyle \sum _{j=1}^nG^{jj}p^2_j$


\begin {equation}\label {Eisen1} \dfrac {\partial ^2 \tau _i}{\partial z_j\partial z_k}=\dfrac {\partial \tau _i}{\partial z_j}\dfrac {\partial \tau _i}{\partial z_k}-\dfrac {\partial \tau _j}{\partial z_k}\dfrac {\partial \tau _i}{\partial z_j}-\dfrac {\partial \tau _i}{\partial z_k}\dfrac {\partial \tau _k}{\partial z_j}, ,\end {equation}


$i,j,k=1,\ldots ,n$


$i$


$j$


$k$


$\tau _j=\dfrac {\ln \,G_{jj}}{\sigma }$


$\sigma \ne 0$


${\mathbb {E}}^n$


$\mathbb {S}^n$


$\mathbb {H}^n$


${\mathbb {E}}^n$


$G_{jj}=\dfrac {\displaystyle \prod _{k\ne j}\left ( z_j-z_k\right )}{\displaystyle \prod _{m=1}^n\left ( z_j-e_m\right )},$


$e_1<z_1<e_2<\ldots <e_n<z_{n}.$


$G_{jj}=\dfrac {\displaystyle \prod _{k\ne j}\left ( z_j-z_k\right )}{\displaystyle \prod _{m=1}^{n-1}\left ( z_j-e_m\right )},$


$z_1<e_1<z_2<e_2<\ldots <z_{n-1}<e_{n-1}<z_{n}.$


$\mathbb {S}^n$


$G_{jj}=\dfrac {\displaystyle \prod _{k\ne j}\left ( z_j-z_k\right )}{-4\displaystyle \prod _{m=1}^{n+1}\left ( z_j-e_m\right )},$


$e_1<z_1<e_2<\ldots <e_n<z_{n}<e_{n+1}.$


$\mathbb {H}^n$


$G_{jj}=\dfrac {\displaystyle \prod _{k\ne j}\left ( z_j-z_k\right )}{4\displaystyle \prod _{m=1}^{n+1}\left ( z_j-e_m\right )},$


$e_j$


$G^{jj}=\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}$


$j=1,\ldots ,M$


$f(z_j)=a\displaystyle \prod _{m=1}^{l}\left ( z_j-e_m\right ),\,\,\,$


$l\geq 1$


$a\ne 0$


$e_1,\ldots ,e_l$


\begin {equation}\label {shy1} G^{jj}=\dfrac {\left \{\varphi _1, \varphi _{2},\ldots ,\varphi _{M-1},z_{j}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M-1},\varphi _{M}\right \}}\end {equation}


\begin {equation*}\begin {array}{@{}ll@{}} \displaystyle \sum _{j=1}^{M}\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}\dfrac {\partial \varphi _k}{\partial z_j}=0,\qquad j=1,\ldots ,M-1,\vspace {0.2cm}\\ \displaystyle \sum _{j=1}^{M}\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}\dfrac {\partial \varphi _M}{\partial z_j}=1,\vspace {0.2cm}\\ \displaystyle \sum _{j=1}^{M}\dfrac {\partial \,}{\partial z_j}\left ( \dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M-1},\varphi _{M}\right \} \right )=0. \end {array}\end {equation*}


\begin {equation*}\label {h2} \begin {array}{l} \varphi _j=\displaystyle \int \displaystyle \sum _{k=1}^M\dfrac {\alpha ^j_{M-1}z_k^{M-1}+\ldots +\alpha ^j_{1}z_k+\alpha ^j_0}{f(z_k)}dz_k,\quad j=1,\ldots ,M-1,\vspace {0.2cm}\\ \varphi _M=\displaystyle \int \displaystyle \sum _{k=1}^M\dfrac {\alpha ^M_{M-1}z_k^{M}+\ldots +\alpha ^M_{1}z_k+\alpha ^M_0}{f(z_k)}dz_k \vspace {0.2cm}\\ \{\varphi _1,\varphi _2,\ldots ,\varphi _M\}=|\Delta |={\det \Omega }\,\,{\displaystyle \prod _{k=1}^Mf(z_k)}, \end {array}\end {equation*}


$\alpha ^j_{M-1},\ldots ,\alpha ^j_0$


$j=1,\ldots ,M$


\begin {align*}\label {Th2} & \varphi _1=\displaystyle \int \displaystyle \sum _{k=1}^M\dfrac {1}{f(z_k)}dz_k,~~~ \varphi _{2}=\displaystyle \int \displaystyle \sum _{k=1}^M\dfrac {z_k}{f(z_k)}dz_k, \ldots , \\& \varphi _{M}=\displaystyle \int \displaystyle \sum _{k=1}^M\dfrac {z^{M-1}_k}{f(z_k)}dz_k,\end {align*}


\begin {equation*}\Delta =\left ( \begin {array}{@{}lllll@{}} \dfrac {1}{f(z_1)} &\dfrac {z_1}{f(z_1)} & \hdots &\hdots & \dfrac {z_1^{M-1}}{f(z_1)} \vspace {0.2cm}\\ \dfrac {1}{f(z_2)} &\dfrac {z_2}{f(z_2)} & \hdots &\hdots & \dfrac {z_2^{M-1}}{f(z_2)} \vspace {0.2cm}\\ \vdots & \vdots & \vdots & \vdots &\vdots \vspace {0.2cm}\\ \dfrac {1}{f(z_{M-1})} &\dfrac {z_{M-1}}{f(z_{M-1})} & \hdots &\hdots & \dfrac {z_{M-1}^{M-1}}{f(z_{M-1})} \vspace {0.2cm}\\ \dfrac {1}{f(z_{M})} &\dfrac {z_{M}}{f(z_{M})} & \hdots &\hdots & \dfrac {z_{M}^{M-1}}{f(z_{M})} \end {array} \right ).\end {equation*}


\begin {equation*}{\Delta }^{-1}=\left (\begin {array}{@{}lllll@{}} \dfrac {f(z_1)\displaystyle \prod _{k\ne 1}^Mz_k}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {f(z_2)\displaystyle \prod _{k\ne 2}^Mz_k}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {f(z_M)\displaystyle \prod _{k\ne M}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \vspace {0.2cm}\\ \vdots & \vdots & \hdots & \hdots &\vdots \vspace {0.2cm}\\ \dfrac {f(z_1)\displaystyle \sum _{k\ne 1}^Mz_k}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {f(z_2)\displaystyle \sum _{k\ne 2}^Mz_k}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {f(z_M)\displaystyle \sum _{k\ne M}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \vspace {0.2cm}\\ \vspace {0.2cm}\\ \dfrac {f(z_1}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {f(z_2)}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {f(z_M)}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \end {array} \right ).\end {equation*}


\begin {equation*}\begin {array}{l} F_1=p^2_1/2 \dfrac {f(z_1)\displaystyle \prod _{k\ne 1}^Mz_k}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )}+p^2_2/2\dfrac {f(z_2)\displaystyle \prod _{k\ne 2}^Mz_k}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} \\\qquad \qquad +\ldots +p^2_M/2\dfrac {f(z_M)\displaystyle \prod _{k\ne M}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} , \vspace {0.2cm}\\ \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \vdots \vspace {0.2cm}\\ F_{M-1}= p^2_1/2\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )+p^2_2/2\dfrac {f(z_2)\displaystyle \sum _{k\ne 2}^Mz_k}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} \\\qquad \qquad +\ldots +p^2_M/2\dfrac {f(z_M)\displaystyle \sum _{k\ne M}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )},\vspace {0.2cm}\\ F_{M}=H=p^2_1/2\dfrac {f(z_1)}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )}+p^2_2/2\dfrac {f(z_2)}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} \\\qquad \qquad +\ldots +p^2_M/2\dfrac {f(z_M)}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )}, \end {array}\end {equation*}


$(\M , G)$


$F_M=\displaystyle \sum _{j=1}^{M} \dfrac {p^2_j}{2} \dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}.$


$k$


$M$


$(z_1,\ldots ,z_M)$


\begin {equation*}P_k(z_1,\ldots ,z_M)=\displaystyle \sum _{n_1+\ldots +n_M=k\geq 1}z^{n_1}_1z^{n_2}_2\ldots ,z^{n_M}_M.\end {equation*}


$U$


$H=F_M+U$


$U$


\begin {equation}\label {Sh2} \displaystyle \sum _{j=1}^{M}\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}\dfrac {\partial \Psi }{\partial z_j}=U(z_1,\ldots ,z_M),\end {equation}


$\Psi =\displaystyle \sum _{j=1}^{M}\int _{z_{j0}}^{z_j}\,\Psi _j(z_j)dz_j.$


$U$


$k$


$(z_1,\ldots ,z_M).$


$\Psi _{j}(z_j)$


\begin {equation*}\Psi _{j}(z_j):= \Psi ^{(k)}_{j}(z_j)=\nu \dfrac {z_j^{k+M-1}}{f(z_j)},\quad k\geq 1,\end {equation*}


$\nu $


\begin {equation*}\nu \displaystyle \sum _{j=1}^{M}\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}\dfrac {\partial }{\partial z_j}\Big (\displaystyle \int _{z_{j0}}^{z_j}\dfrac {z_j^{k+M-1}}{f(z_j)}dz_j\Big )\end {equation*}


\begin {equation*}=\nu \displaystyle \sum _{n_1+\ldots +n_M=k}z^{n_1}_1\ldots ,z^{n_M}_M=U_{k}(z_1,\ldots ,z_M),\end {equation*}


$k\geq 1.$


\begin {equation}\label {Th22} \displaystyle \sum _{j=1}^{M}\dfrac {z_j^{k+M-1}}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}=\displaystyle \sum _{n_1+\ldots +n_M=k}z^{n_1}_1\ldots ,z^{n_M}_M,\end {equation}


$k\geq 1$


\begin {equation*}\begin {array}{@{}l@{}} H=\displaystyle \sum _{j=1}^M\dfrac {f(z_j)}{\displaystyle \prod _{k\ne 1}^M\left ( z_j-z_k\right )}\Big ( p^2_j/2+\nu \dfrac {z_j^{k+M-1}}{f(z_j)}\Big )\vspace {0.2cm}\\ =\displaystyle \sum _{j=1}^Mp^2_j/2\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}+\displaystyle \nu \sum _{n_1+\ldots +n_M=k}z^{n_1}_1\ldots ,z^{n_M}_M, \end {array}\end {equation*}


$k\geq 1$


$f(z_j)=z_j.$


$G^{jj}=\dfrac {z_j}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}$


$j=1,\ldots ,M.$


\begin {equation*}\label {Th2} \varphi _1=\log |\displaystyle \prod _{j=1}^M z_j|,\quad \varphi _2=\displaystyle \displaystyle \sum _{k=1}^Mz_k, \quad \ldots , \quad \varphi _{M}=\displaystyle \displaystyle \sum _{k=1}^M\dfrac {z^{M-1}_k}{M-1}.\end {equation*}


\begin {equation*}\Delta =\left ( \begin {array}{@{}lllll@{}} \dfrac {1}{z_1} &1 & \hdots &\hdots & z_1^{M-2}\vspace {0.2cm}\\ \dfrac {1}{z_2} &1 & \hdots &\hdots & z_2^{M-2} \vspace {0.2cm}\\ \vdots & \vdots & \hdots & \vdots &\vdots \vspace {0.2cm}\\ \dfrac {1}{z_{M}} &1 & \hdots &\hdots & z_{M}^{M-2} \vspace {0.2cm}\\ \end {array} \right ).\end {equation*}


\begin {equation*}{\Delta }^{-1}=\left (\begin {array}{@{}lllll@{}} \dfrac {\displaystyle {\prod _{k= 1}^Mz_k}}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {\displaystyle {\prod _{k=1 }^Mz_k}}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {\displaystyle \prod _{k= 1}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \vspace {0.2cm}\\ \vdots & \vdots & \hdots & \hdots &\vdots \vspace {0.2cm}\\ \dfrac {z_1\displaystyle \sum _{k\ne 1}^Mz_k}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {z_2\displaystyle \sum _{k\ne 2}^Mz_k}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {z_M\displaystyle \sum _{k\ne M}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \vspace {0.2cm}\\ \vspace {0.2cm}\\ \dfrac {z_1}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {z_2}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {z_M}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \end {array} \right ).\end {equation*}


$\Psi _{j}(z_j):= \Psi ^{(M)}_{j}(z_j)=\nu z_j^{2M-1}.$


\begin {equation*}\begin {array}{@{}ll@{}} F_1=\!\!\!\!\!\!\!\!&\displaystyle \sum _{k\ne 1}^M\dfrac {\displaystyle \prod _{k=1 }^Mz_k}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}p^2_j/2+\nu \,\,\tilde {U}_{2M},\vspace {0.2cm}\\ \qquad &\qquad \qquad \qquad \vdots \qquad \vspace {0.2cm}\\ F_{M-1}=\!\!\!\!\!\!\!\!&\dfrac {\displaystyle \sum _{j=1}^Mp^2_j/2\,\,z_j\displaystyle \sum _{k\ne j}^Mz_k}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}+\nu \tilde {U}_{M+2},\vspace {0.2cm}\\ F_{M}=\!\!\!\!\!\!\!\!&H=\dfrac {\displaystyle \sum _{j=1}^Mp^2_j/2\,\,z_j}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}+\nu \,\,U_{M+1}, \end {array}\end {equation*}


$\tilde {U}_j$


$j=2M,\ldots ,M+2$


$j$


$U_{M+1}$


\begin {equation*}W=\displaystyle \sum _{k=1}^M\displaystyle \int _{z^k_0}^{z_k}\sqrt {\nu \,\,z^{2M-1}+\displaystyle \sum _{n=0}^{M}{z_k^{n-1}}\,\,\alpha _n}\,\,\,dz_k.\end {equation*}


$M=3$


\begin {equation*}\begin {array}{ll} F_1=\!\!\!\!\!\!\!\!&\dfrac {z_1z_2z_3}{(z_1-z_2)(z_1-z_3)}p^2_1/2+\dfrac {z_1z_2z_3}{(z_2-z_1)(z2-z_3)}p^2_2/2\\&+\dfrac {z_1z_2z_3}{(z_3-z_1)(z_3-z_2)}p^2_3/2 -\nu \,\,z_1z_2z_3U_3, \vspace {0.2cm}\\ F_2=\!\!\!\!\!\!\!\!&\dfrac {z_1(z_2+z_3)p^2_1/2}{(z_1-z_2)(z_1-z_3)}+\dfrac {z_2(z_1+z_3)p^2_2/2}{(z_2-z_1)(z_2-z_3)}+\dfrac {z_3(z_2+z_)p^2_3/2}{(z_3-z_1)(z_3-z_2)}\vspace {0.2cm}\\ &+\nu \,\,(z_1+z_2)(z_1+z_3)(z_3+z_4)(z_1^2+z_2^2+z_3^2), \vspace {0.2cm}\\ F_3=\!\!\!\!\!\!\!\!&H=\dfrac {z_1p^2_1/2}{(z_1-z_2)(z_1-z_3)}+\dfrac {z_2\,p^2_2/2}{(z_2-z_1)(z2-z_3)}\\&\dfrac {z_3\,p^2_3/2}{(z_3-z_1)(z_3-z_2)}+\nu \,\,U_4, \vspace {0.2cm}\\ \end {array}\end {equation*}


$U_3$


$U_4$


$(q_1, q_2, q_3)$


$(\mu _1, \mu _2, \mu _3)$


\begin {equation*}\tilde {H}_3= (\mu _3^2+2\mu _2\mu _1)/2-5q_1^4/8+5q_1^2q_2/2+q_1q^2_3/2-q_2^2/2.\end {equation*}


$\sigma _3(q_1,q_2,q_3,\mu _1,\mu _2,\mu _3)= (z_1,z_2,z_3,p_1,p_2,p_3)$


\begin {equation*}\begin {array}{l} q_1=-\dfrac {1}{2}(z_1+z_2+z_3),\vspace {0.2cm}\\ q_2=-\dfrac {1}{8}\left ((z_1+z_2+z_3)^2 -4(z_1z_2+z_1z_3+z_2z_3)\right ),\vspace {0.2cm}\\ q_3=\sqrt {z_1z_2z_3},\vspace {0.2cm}\\ \mu _1=-2\Big (\dfrac {z_1(-z_1+z_2+z_3)p_1}{ (z_1-z_2)(z_1-z_3)}+\dfrac {z_2(z_1-z_2+z_3)p_2}{ (z_2-z_1)(z_2-z_3)}\\\qquad +\dfrac {z_3(z_1+z_2-z_3)p_3}{ (z_3-z_2)(z_3-z_1)} \Big ),\vspace {0.2cm}\\ \mu _2=-2\Big (\dfrac {z_1p_1}{ (z_1-z_2)(z_1-z_3)}+\dfrac {z_2p_2}{ (z_2-z_1)(z_2-z_3)}+\dfrac {z_3p_3}{ (z_3-z_2)(z_3-z_1)} \Big ),\vspace {0.2cm}\\ \mu _3=2\sqrt {z_1z_2z_3}\Big (\dfrac {p_1}{ (z_1-z_2)(z_1-z_3)}\\\qquad +\dfrac {p_2}{ (z_2-z_1)(z_2-z_3)}+\dfrac {p_3}{ (z_3-z_2)(z_3-z_1)} \Big ), \end {array}\end {equation*}


\begin {equation*}F_3=\dfrac {\displaystyle \sum _{j=1}^3p^2_j/2\,\,z_j}{\displaystyle \prod _{k\ne j}^3\left ( z_j-z_k\right )}+\nu \,\,U_{4}=\left .\tilde {H}_3\right |_{\sigma _3}.\end {equation*}


\begin {equation*}\tilde {H}_4=\Big (\mu ^2_4+ 2\mu _1\mu _3+\mu _2^2\Big )/2+3q_1^5/4-5q_1^3q_2/2+2q_1q_2^2\end {equation*}


\begin {equation*}\qquad +5q^2_1q_3/2+q_1q^2_4/2-q_2q_3.\end {equation*}


$\sigma _4(q_1,q_2,q_3,q_4,\mu _1,\mu _2,\mu _3\mu _4)= (z_1,z_2,z_3,z_4p_1,p_2,p_3,p_4),$


\begin {equation*}F_4=\dfrac {\displaystyle \sum _{j=1}^4p^2_j/2\,\,z_j}{\displaystyle \prod _{k\ne j}^4\left ( z_j-z_k\right )}+\nu \,\,U_{5}=\left .\tilde {H}_4\right |_{\sigma _4}.\end {equation*}


$M$


$F_M$


$2M+1$


\begin {equation*}F_M=\dfrac {\displaystyle \sum _{j=1}^Mp^2_j/2\,\,z_j}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}+\nu \,\,U_{M+1}=\left .\tilde {H}_M\right |_{\sigma _M}?\end {equation*}
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J. Llibre and R. Ramírez

One of the first works dedicated to the theory of separation of vari-
ables is the Liouville’s work [14] in which he studied a dynamical 
system with two degree of freedom (𝑧1, 𝑧2) and Hamiltonian function 

𝐻 =
𝑃 2
1 + 𝑃 2

2 + 2(𝜇1(𝑧1) + 𝜇2(𝑧2)
2(𝜅1(𝑧1) + 𝜅2(𝑧2))

, called of Liouville type.
The most relevant development for the solution of the additive sep-

aration of variables problem due to Stäckel [15,16] was to give the gen-
eral solution in orthogonal coordinates. He proved the following two 
theorems.

Theorem 1. [Stäckel Theorem I] The necessary and sufficient conditions in 

order that the Hamilton-Jacobi equation 
𝑀
∑

𝑗=1

1
𝐴𝑗

(

𝜕𝑆
𝜕𝑧𝑗

)2
= 𝑈 (𝑧1,… , 𝑧𝑀 ) +

ℎ, with ℎ a constant be integrable by separation of variables (or equivalently 

in the Jacobi sense), i.e. there exists a function 𝑆 =
𝑀
∑

𝑗=1
𝑆𝑗 (𝑧𝑗 , 𝛼1,… , 𝛼𝑀 )

with 𝛼𝑗 constant for 𝑗 = 1,… ,𝑀 such that det
(

𝜕2𝑆
𝜕𝑧𝑗 𝜕𝛼𝑘

)

≠ 0 and

(i) there exists a Stäckel matrix Δ = (Δ𝑖𝑗 ) such that 𝐴𝑗 = Δ𝑗𝑀
det(Δ)

 for 𝑗 =
1,… ,𝑀 where Δ𝑗𝑀  is the (𝑗,𝑀) component of the inverse matrix Δ−1;

(ii) there are functions Ψ𝑗 (𝑧𝑗 ) for 𝑗 = 1,… ,𝑀 such that

𝑈 (𝑧1,… , 𝑧𝑀 ) =
𝑀
∑

𝑗=1

Δ𝑗𝑀
|Δ|

Ψ𝑗 (𝑧𝑗 ). (3)

The function (3) is called the Stäckel potential.
Theorem 2. [Stäckel Theorem II] The Hamilton-Jacobi equations with 

Hamiltonian function 𝐻 = 𝐹𝑀 =
𝑀
∑

𝑗=1

Δ𝑗𝑀
|Δ|

(

𝑃 2
𝑗 ∕2 + Ψ𝑗 (𝑧𝑗 )

)

, has 𝑀 − 1 in-

dependent first integrals in involution

𝐹𝑗 =
𝑀
∑

𝑘=1

Δ𝑗𝑘
|Δ|

(

𝑃 2
𝑘 ∕2 + Ψ𝑘(𝑧𝑘)

)

, (4)

for 𝑗 = 1,… ,𝑀 − 1.

After the publication of the Stäckel’s results the following ques-
tion arise: what is the necessary and sufficient conditions under which the 
Hamilton-Jacobi equation is integrable in the Jacobi sense in the given set of 
coordinates, not necessarily orthogonal? Levi-Civita provided the answer 
to this question and proved the following result:
Theorem 3  (Levi-Civita Theorem).  The Hamilton-Jacobi equations are 
integrable in the Jacobi sense, if and only if the Hamiltonian 𝐻 satisfy the 
𝑀(𝑀 − 1)∕2 second-order partial differential equations

𝐿𝑗𝑘(𝐻, 𝑧, 𝑃 ) ∶=
𝜕𝐻
𝜕𝑃𝑗

𝜕𝐻
𝜕𝑃𝑘

𝜕2𝐻
𝜕𝑧𝑗𝜕𝑧𝑘

+ 𝜕𝐻
𝜕𝑧𝑗

𝜕𝐻
𝜕𝑧𝑘

𝜕2𝐻
𝜕𝑃𝑗𝜕𝑃𝑘

− 𝜕𝐻
𝜕𝑃𝑗

𝜕𝐻
𝜕𝑧𝑘

𝜕2𝐻
𝜕𝑧𝑗𝜕𝑃𝑘

− 𝜕𝐻
𝜕𝑃𝑘

𝜕𝐻
𝜕𝑧𝑗

𝜕2𝐻
𝜕𝑃𝑗𝜕𝑧𝑘

= 0,

for 𝑗, 𝑘 = 1,… ,𝑀 with 𝑗 ≠ 𝑘. 
In this paper we develope the Stäckel ideas and state an solve two 

inverse problems. The first one is related with the problem of the con-
struction of the Stäckel potential function from a given family of curves 
given by the intersection of 𝑀 − 1 hypersurfaces in ℝ𝑀 , and the sec-
ond one is related with the problem of the construction from a given 
Riemann-Stäckel metric of the Stäckel matrix that is a nondegenerate 
matrix whose 𝑗 columns depend only on the coordinate 𝑧𝑗 and the 
Hamiltonian-Stäckel function.

As we observe one of the most relevant results in the theory of inte-
grability in the Jacobi sense is due to Stäckel, [16] who gaves the general 
solution of the additive separation of variables problem in orthogonal 

coordinates (see Stäckel Theorems I and II). The aim of this paper is 
to state and solve the inverse problem in dynamics which we call the 
Stäckel inverse problem I, which is a particular case of the Suslov prob-
lem [17,18] and the Stäckel inverse problem II, which is a new inverse 
problem in dynamics.

First we introduce the following notations and definitions.
For the independent functions 𝐻𝑗 for 𝑗 = 1,… , 𝑁 the determinant of 

the Jacobian matrix of these functions, i.e.

{

𝐻1,𝐻2,… ,𝐻𝑀−1,𝐻𝑀} ∶=

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

𝜕𝐻1
𝜕𝑥1

𝜕𝐻1
𝜕𝑥2

…
𝜕𝐻1
𝜕𝑥𝑀

𝜕𝐻2
𝜕𝑥1

𝜕𝐻2
𝜕𝑥2

…
𝜕𝐻2
𝜕𝑥𝑀

⋮ ⋮ … ⋮
𝜕𝐻𝑀−1
𝜕𝑥1

𝜕𝐻𝑀−1
𝜕𝑥2

…
𝜕𝐻𝑀−1
𝜕𝑥𝑀

𝜕𝐻𝑀
𝜕𝑥1

𝜕𝐻𝑀
𝜕𝑥2

…
𝜕𝐻𝑀
𝜕𝑥𝑀

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

.

is called the Nambu bracket (see for instance [17,19–21]).
We shall use the following four identities proved, in particular, in 

[17,19]

(i) 
𝑀
∑

𝑗=1

𝜕𝑓
𝜕𝑥𝑗

{𝑔1,… , 𝑔𝑛−1, 𝑥𝑗 , 𝑔𝑛+1,… , 𝑔𝑁} = {𝑔1,… , 𝑔𝑛−1, 𝑓 , 𝑔𝑛+1 … , 𝑔𝑀}.

(ii)]
𝑀
∑

𝑗=1

𝜕
𝜕𝑥𝑗

{𝑔1,… , 𝑔𝑛−1, 𝑥𝑗 , 𝑔𝑛+1 … , 𝑔𝑀} = 0, for 𝑛 = 1, 2,… ,𝑀 .

(𝑖𝑖𝑖)

−{𝑓1 … , 𝑓𝑀−1, 𝐺}{𝑔1 … , 𝑔𝑀}

+
𝑀
∑

𝑛=1
{𝑓1,… , 𝑓𝑀−1, 𝑔𝑛}{𝑔1,… , 𝑔𝑛−1, 𝐺, 𝑔𝑛+1,… , 𝑔𝑀} ≡ 0.

(𝑖𝑣)

−{𝑓1 … , 𝑓𝑀−1, 𝜆{𝑔1 … , 𝑔𝑀}}

+
𝑀
∑

𝑛=1
{𝑔1,… , 𝑔𝑛−1, 𝜆{𝑓1,… , 𝑓𝑀−1, 𝑔𝑛}, 𝑔𝑛+1,… , 𝑔𝑀} ≡ 0.

Corollary 1.  The identities (iii) and (iv) for 𝑀 = 3 becomes

{𝑓1, 𝑓2, 𝐺}{𝑔1, 𝑔2, 𝑔3} =

{𝑓1, 𝑓2, 𝑔}{𝐺, 𝑔2, 𝑔3} + {𝑓1, 𝑓2, 𝑔2}{𝑔1, 𝐺, 𝑔3} + {𝑓1, 𝑓2, 𝑔3}{𝑔1, 𝑔2, 𝐺},

{𝑓1, 𝑓2, 𝜆{𝑔1, 𝑔2, 𝑔3}} =

{𝜆{𝑓1, 𝑓2, 𝑔1}, 𝑔2, 𝑔3}} + {𝑔1, 𝜆{𝑓1, 𝑓2, 𝑔2}, 𝑔3}} + {𝑔1, 𝑔2, 𝜆{𝑓1, 𝑓2, 𝑔3}}}
(5)

The matrix

Δ =

⎛

⎜

⎜

⎜

⎜

⎝

𝜑11(𝑧1) 𝜑12(𝑧1) … 𝜑1𝑀 (𝑧1)
𝜑21(𝑧2) 𝜑22(𝑧2) … 𝜑2𝑀 (𝑧2)

⋮ ⋮ … ⋮
𝜑𝑀1(𝑧𝑀 ) 𝜑𝑀2(𝑧𝑀 ) … 𝜑𝑀𝑀 (𝑧𝑀 )

⎞

⎟

⎟

⎟

⎟

⎠

,

is called the Stäckel matrix where 𝜑𝑖𝑗 are functions for 𝑖, 𝑗 = 1,… ,𝑀 (for 

more details see [22]). By introducing the 1-forms 𝑑𝜑𝛼 =
𝑀
∑

𝑘=1
𝜑𝑘𝛼(𝑧𝑘)𝑑𝑧𝑘,

for 𝛼 = 1,… ,𝑀 , then we get that the matrix Δ can be written as

Δ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝜕𝜑1
𝜕𝑧1

𝜕𝜑2
𝜕𝑧1

…
𝜕𝜑𝑀
𝜕𝑧1

𝜕𝜑1
𝜕𝑧2

𝜕𝜑2
𝜕𝑧2

…
𝜕𝜑𝑀
𝜕𝑧2

⋮ ⋮ … ⋮
𝜕𝜑1
𝜕𝑧𝑀

𝜕𝜑2
𝜕𝑧𝑀

…
𝜕𝜑𝑀
𝜕𝑧𝑀

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (6)
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and consequently the inverse matrix Δ−1 =
(Δ𝑗𝑘
|Δ|

)

 can be written
as

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

{

𝑧1, 𝜑2,… , 𝜑𝑀
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
} …

{

𝑧𝑀 , 𝜑2,… , 𝜑𝑀
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
}

{

𝜑1, 𝑧1,… , 𝜑𝑀
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
} …

{

𝜑1, 𝑧𝑀 ,… , 𝜑𝑀
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
}

⋮ … ⋮

{

𝜑1,… , 𝜑𝑀−1, 𝑧1
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
} …

{

𝜑1,… , 𝜑𝑀 , 𝑧𝑀
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
}

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

∶=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜆 𝑎11(𝑧2,… , 𝑧𝑀 ) … 𝜆 𝑎1𝑀 (𝑧1,… , 𝑧𝑀−1)

𝜆 𝑎21(𝑧2,… , 𝑧𝑀 ) … 𝜆 𝑎2𝑀 (𝑧1,… , 𝑧𝑀−1)
⋮ … ⋮

𝜆 𝑎𝑀1(𝑧2,… , 𝑧𝑀 ) … 𝜆 𝑎𝑀𝑀 (𝑧1,… , 𝑧𝑀−1)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

(7)

where 1
𝜆
=
{

𝜑1, 𝜑2,… , 𝜑𝑀
}

= |Δ| = det(Δ) ≠ 0.
We introduce the following definition. The diagonal Riemann metric 

𝐺 such that

𝐺𝑗𝑗 = Δ𝑗𝑀
|Δ|

=

{

𝜑1,… , 𝜑𝑀−1, 𝑧𝑗
}

{

𝜑1,… , 𝜑𝑀−1, 𝜑𝑀
} , (8)

we call it the Riemann-Stäckel metric 𝐺, where 𝐺−1 = diag(𝐺11,… , 𝐺𝑁𝑁 )
is the inverse matrix to the matrix 𝐺 = diag(𝐺11 = 1∕𝐺11,… , 𝐺𝑁𝑁 =
1∕𝐺𝑁𝑁 ).

We call the Hamiltonian system with Hamiltonian

𝐻 =
𝑀
∑

𝑘=1

𝑃 2
𝑗

2

{

𝜑1, 𝜑2,… , 𝑧𝑗
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
} +

{

𝜑1, 𝜑2,… ,Ψ
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
} ,

=
𝑀
∑

𝑘=1

{

𝜑1, 𝜑2,… , 𝑧𝑗
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
}

(

𝑃 2
𝑗

2
+ Ψ𝑗 (𝑧𝑗 )

)

the Hamiltonian-Stäckel system, where Ψ =
𝑀
∑

𝑗=1
∫

𝑧𝑗

𝑧𝑗0
Ψ𝑗 (𝑧𝑗 )𝑑𝑧𝑗 .

In [17,19,23] we study and solve the following inverse problem in 
ordinary differential equations.
Inverse Stäckel problem I.  Assume that we have a mechanical sys-

tem with kinetic energy 𝑇 = 1
2

𝑀
∑

𝑗=1

𝑧̇2𝑗
𝐴𝑗

∶= 1
2

𝑀
∑

𝑗=1
𝐺𝑗𝑗 𝑧̇

2
𝑗 , where 𝐺−1 = (𝐺𝑗𝑗 )

is the Riemann-Stäckel metric with 𝐺𝑗𝑗 = 𝐴𝑗 =

{

𝜑1,… , 𝜑𝑀−1, 𝑧𝑗
}

{

𝜑1,… , 𝜑𝑀−1, 𝜑𝑀
} , 𝑗 =

1,… ,𝑀 . We require to determine the Stäckel potential 𝑈 in such a way 
that the 𝑀 − 1 parametric family of curves defined by the intersection of the 
hypersurfaces 𝑓𝑗 = 𝑓𝑗1(𝑧1, 𝛼1,… , 𝛼𝑀 ) +… + 𝑓𝑗𝑀 (𝑧𝑀 , 𝛼1,… , 𝛼𝑀 ) = 𝑐𝑗 for 
𝑗 = 1,… ,𝑀 − 1, are described by this mechanical system.

The second inverse problem is the following.
Inverse Stäckel problem II.  Assume that the Riemann-Stäckel metric is 
given. We require to determine the Stäckel matrix Δ. Moreover we construct 
the Hamiltonian-Stäckel function.

The solution of this problem is our main objective and it is given in 
the next section.

The main result is the statement and solution of the inverse St¨ackel 
problem II and the applications of this result to solve the non-trivial 
problems, such as the integrability by variable separation, such as the 
inverse problem of two fixed centers, such as the extended Kepler-
Coulomb system, and such as the Stark problem in arbitrary dimension. 
All these results are completely new.

2.  Solution of the Stäckel inverse problem II and new proof of 
Theorem Stäckel II

The solution of the Stäckel inverse problem II requires to determine 
the functions 𝜑1, 𝜑2,… , 𝜑𝑀  and Ψ such that the following relations hold,

𝐺𝑗𝑗 =

{

𝜑1, 𝜑2,… , 𝜑𝑀−1, 𝑧𝑗
}

{

𝜑1, 𝜑2,… , 𝜑𝑀−1, 𝜑𝑀
} , 𝑈 =

{𝜑1,… , 𝜑𝑀−1, Ψ}
{𝜑1,… , 𝜑𝑀−1, 𝜑𝑀}

, (9)

for 𝑗 = 1,… ,𝑀. Thus in view of property (i) of the Nambu braket we 
get that

{𝜑1,… , 𝜑𝑀−1, 𝜑𝑘}
{𝜑1,… , 𝜑𝑀−1, 𝜑𝑀}

=
𝑀
∑

𝑗=1
𝐺𝑗𝑗

𝜕𝜑𝑘
𝜕 𝑧𝑗

= 0, 𝑘 = 1,… ,𝑀 − 1,

{𝜑1,… , 𝜑𝑀−1, 𝜑𝑀}
{𝜑1,… , 𝜑𝑀−1, 𝜑𝑀}

=
𝑀
∑

𝑗=1
𝐺𝑗𝑗

𝜕𝜑𝑀
𝜕 𝑧𝑗

= 1,

{𝜑1,… , 𝜑𝑀−1, Ψ}
{𝜑1,… , 𝜑𝑀−1, 𝜑𝑀}

=
𝑀
∑

𝑗=1
𝐺𝑗𝑗 𝜕Ψ

𝜕 𝑧𝑗
= 𝑈.

(10)

From (9) it follows that 𝐺𝑗𝑗
{

𝜑1, 𝜑2,… , 𝜑𝑀−1, 𝜑𝑀
}

=
{

𝜑1, 𝜑2,… , 𝜑𝑀−1, 𝑧𝑗
}

. Thus from property (ii) we have 
𝑀
∑

𝑗=1

𝜕
𝜕𝑧𝑗

(

{𝜑1,… , 𝜑𝑀−1, 𝑧𝑗}
)

= 0, and we get that

𝑀
∑

𝑗=1

𝜕
𝜕 𝑧𝑗

(

𝐺𝑗𝑗{𝜑1,… , 𝜑𝑀−1, 𝜑𝑀}
)

= 0. (11)

By solving these partial differential equations we should obtain the 
Stäckel matrix Δ and the Stäckel potential. Consequently we should have 
the Hamilton Stäckel function. We shall do these computations in sev-
eral applications.

On the other hand, by considering that the partial differential system
(10) is linear, then if the function 𝜑 ∶= (𝜑1, 𝜑2,… , 𝜑𝑀 )𝑇  is a solution of
(10), then the functions 𝜑̃ ∶= (𝜑̃1, 𝜑̃2,… , 𝜑̃𝑀 )𝑇  such that 𝜑̃ = 𝐵 𝜑, where 
𝐵 is an arbitrary constant matrix. It is also a solution of (10).

The function

𝑆 =
𝑀
∑

𝑘=1
∫

𝑧𝑘

𝑧𝑘0

√

√

√

√

√−2Ψ𝑘(𝑧𝑘) + 2
𝑀
∑

𝑗=1
𝛼𝑗𝜑𝑘𝑗 (𝑧𝑘) 𝑑𝑧𝑘, (12)

is called the Jacobi-Stäckel function where Ψ𝑘(𝑧𝑘), 𝜑𝑘𝑗 (𝑧𝑘) are arbitrary 
function on the variable 𝑧𝑘 for 𝑗, 𝑘 = 1,… ,𝑀, and 𝛼1, 𝛼2,… , 𝛼𝑀 = ℎ are 
arbitrary constants see [22]. We define the functions
𝑃𝑘 =

𝜕𝑆
𝜕 𝑧𝑘

, 𝑘 = 1,… ,𝑀. (13)

Now we provide a new simple proof and shorter of the following 
theorem. We observe that in the proof of this theorem plays an important 
role the first integrals (12). Note that the proof of the involution of the 
given first integrals will be obtained by applying the new identities of the 
Nambu bracket. Since these identities are original our proof is different 
of the Stäckel one. The proof of Theorem 5 will be also applied in the 
study of the integrability of the given examples.
Theorem 4. The Stäckel-Hamiltonian system is integrable in the Liouville 
sense.

Proof.  First we prove that the Hamiltonian-Stäckel system admits 𝑀
independent first integrals. Indeed, from (12) and (13) it follows that

𝑃 2
𝑘 =

(

𝜕𝑆
𝜕𝑧𝑘

)2
= −2Ψ𝑘(𝑧𝑘) + 2

𝑀
∑

𝑗=1
𝛼𝑗Δ𝑘𝑗 ,

hence 12𝑃 2
𝑘 + Ψ𝑘(𝑧𝑘) =

𝑀
∑

𝑗=1
Δ𝑗𝑘𝛼𝑗 . Therefore denoting by

𝐚 ∶=
(

𝛼1,… , 𝛼𝑀
)𝑇 , , 𝐑 ∶=

(

𝑃 2
1 ∕2 + Ψ1(𝑧1),… , 𝑃 2

𝑀∕2 + Ψ𝑀 (𝑧𝑀 )
)𝑇 ,
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we get from (7) that 𝐚 = Δ−1 𝐑. Consequently from (4) we get the func-
tions 𝐹1,… , 𝐹𝑀 = 𝐻 where

𝐹1 =
𝑀
∑

𝑗=1

𝑃 2
𝑗

2

{

𝑧𝑗 , 𝜑2,… , 𝜑𝑁
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
} +

{

𝜓,𝜑2,… , 𝜑𝑁
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
}

=
𝑀
∑

𝑗=1

{

𝑧𝑗 , 𝜑2,… , 𝜑𝑁
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
}

(

𝑃 2
𝑗

2
+ Ψ𝑗 (𝑧𝑗 )

)

,

𝐹2 =
𝑀
∑

𝑗=1

𝑃 2
𝑗

2

{

𝜑1, 𝑧𝑗 ,… , 𝜑𝑀
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
} +

{

𝜑1, 𝜓, 𝜑3,… , 𝜑𝑁
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
}

=
𝑀
∑

𝑗=1

{

𝜑1, 𝑧𝑗 ,… , 𝜑𝑁
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
}

(

𝑃 2
𝑗

2
+ Ψ𝑗 (𝑧𝑗 )

)

,

⋮ ⋮ ,

𝐹𝑀 = 𝐻 =
𝑀
∑

𝑗=1

𝑃 2
𝑗

2

{

𝜑1, 𝜑2,… , 𝑧𝑗
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
} +

{

𝜑1, 𝜑2,… , 𝜓,
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
}

=
𝑀
∑

𝑗=1

{

𝜑1, 𝜑2,… , 𝑧𝑗
}

{

𝜑1, 𝜑2,… , 𝜑𝑀
}

(

𝑃 2
𝑗

2
+ Ψ𝑗 (𝑧𝑗 )

)

,

(14)

are first integrals of the Hamiltonian-Stäckel system.
The independence of these first integrals follows from the fact that 

the matrix Δ is non degenerated with |Δ| = {𝜑1,… , 𝜑𝑀−1, 𝜑𝑀} ≠ 0. .
Finally in order to prove that these first integrals are in involution, 

i.e. {𝐹𝑗 , 𝐹𝑘}∗ = 0, for 𝑗, 𝑘 = 1,… ,𝑀 , where {𝐹𝑗 , 𝐹𝑘}∗ denotes the Pois-
son bracket of the functions 𝐹𝑗 and 𝐹𝑘. We shall study the involution 
for the case 𝑀 = 3, and when 𝑀 > 3 the proof is analogous. We observe 
that this proof of the involution of the given first integrals is obtained 
by applying the new identities of the Nambu bracket.

Now we give a proof of the main identities that we apply in this 
paper. These proofs is given in particular in our monograph  J. Llibre 
and R. Ramírez, Inverse problems in ordinary differential equations and 
applications, Progress in Math. 313, Birkhäuser, 2016.

The next identities are well known

(𝐼)
∑𝑁
𝑗=1

𝜕𝑓
𝜕𝑥𝑗

{𝑔1,… , 𝑔𝑛−1, 𝑥𝑗 , 𝑔𝑛+1,… , 𝑔𝑁} = {𝑔1,… , 𝑔𝑛−1, 𝑓 , 𝑔𝑛+1 … , 𝑔𝑁},

(𝐼𝐼)
∑𝑁
𝑗=1

𝜕
𝜕𝑥𝑗

{𝑔1,… , 𝑔𝑛−1, 𝑥𝑗 , 𝑔𝑛+1 … , 𝑔𝑁} = 0, for𝑛 = 1, 2,… , 𝑁,

and Filippov Identity

(𝐼𝐼𝐼) Γ
(

𝑓1 … , 𝑓𝑁−1, 𝑔1 … , 𝑔𝑁
)

∶
=
∑𝑁
𝑛=1{𝑔1,… , 𝑔𝑛−1, {𝑓1 … , 𝑓𝑁−1, 𝑔𝑛}, 𝑔𝑛+1,… , 𝑔𝑁}

−{𝑓1 … , 𝑓𝑁−1, {𝑔1 … , 𝑔𝑁}} ≡ 0

The following identity is new

(𝐼𝑉 ) Π𝐺
(

𝑓1 … , 𝑓𝑁−1, 𝑔1 … , 𝑔𝑁
)

∶= −{𝑓1 … , 𝑓𝑁−1, 𝐺}{𝑔1 … , 𝑔𝑁}

+
∑𝑁
𝑛=1{𝑓1,… , 𝑓𝑁−1, 𝑔𝑛}{𝑔1,… , 𝑔𝑛−1, 𝐺, 𝑔𝑛+1,… , 𝑔𝑁} ≡ 0,

The proof of this identity is the following. First (V) is equivalently to

−

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

𝜕𝑔1
𝜕𝑥1

…
𝜕𝑔1
𝜕𝑥𝑁

{𝑓1,… , 𝑓𝑁−1, 𝑔1}

⋮ … ⋮ ⋮

𝜕𝑔𝑁
𝜕𝑥1

…
𝜕𝑔𝑁
𝜕𝑥𝑁

{𝑓1,… , 𝑓𝑁−1, 𝑔𝑁}

𝜕𝐺
𝜕𝑥1

… 𝜕𝐺
𝜕𝑥𝑁

{𝑓1,… , 𝑓𝑁−1, 𝐺}

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

.

Using identity (I) the Nambu bracket we obtain that

−

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

𝜕𝑔1
𝜕𝑥1

…
𝜕𝑔1
𝜕𝑥𝑁

𝑁
∑

𝑗=1
{𝑓1,… , 𝑓𝑁−1, 𝑥𝑗}

𝜕𝑔1
𝜕𝑥𝑗

⋮ … ⋮ ⋮

𝜕𝑔𝑁
𝜕𝑥1

…
𝜕𝑔𝑁
𝜕𝑥𝑁

𝑁
∑

𝑗=1
{𝑓1,… , 𝑓𝑁−1, 𝑥𝑗}

𝜕𝑔𝑁
𝜕𝑥𝑗

𝜕𝐺
𝜕𝑥1

… 𝜕𝐺
𝜕𝑥𝑁

𝑁
∑

𝑗=1
{𝑓1,… , 𝑓𝑁−1, 𝑥𝑗}

𝜕𝐺
𝜕𝑥𝑗

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

= −
𝑁
∑

𝑗=1
{𝑓1,… , 𝑓𝑁−1, 𝑥𝑗}

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

𝜕𝑔1
𝜕𝑥1

…
𝜕𝑔1
𝜕𝑥𝑁

𝜕𝑔1
𝜕𝑥𝑗

⋮ … ⋮ ⋮
𝜕𝑔𝑁
𝜕𝑥1

…
𝜕𝑔𝑁
𝜕𝑥𝑁

𝜕𝑔𝑁
𝜕𝑥𝑗

𝜕𝐺
𝜕𝑥1

… 𝜕𝐺
𝜕𝑥𝑁

𝜕𝐺
𝜕𝑥𝑗

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

≡ 0.

we denote by

Γ𝜆
(

𝑓1 … , 𝑓𝑁−1, 𝑔1,… , 𝑔𝑁
)

∶= −{𝑓1 … , 𝑓𝑁−1, 𝜆{𝑔1 … , 𝑔𝑁}}

+
𝑁
∑

𝑛=1
{𝑔1,… , 𝑔𝑛−1, 𝜆{𝑓1 … , 𝑓𝑁−1, 𝑔𝑛}, 𝑔𝑛+1,… , 𝑔𝑁},

and we get the following identity ( geralization of the Filippov identity )

(𝑉 ) Γ𝜆
(

𝑓1 … , 𝑓𝑁−1, 𝑔1,… , 𝑔𝑁
)

≡ 0

Indeed, by applying the property of the determinants (Leibniz rule) 
we get that

− {𝑓1 … , 𝑓𝑁−1, 𝜆{𝑔1 … , 𝑔𝑁}}

+

( 𝑁
∑

𝑛=1
{𝑔1,… , 𝑔𝑛−1, 𝜆{𝑓1 … , 𝑓𝑁−1, 𝑔𝑛}, 𝑔𝑛+1,… , 𝑔𝑁}

)

= 𝜆
(

− {𝑓1 … , 𝑓𝑁−1, {𝑔1 … , 𝑔𝑁}}

+
𝑁
∑

𝑛=1
{𝑔1,… , 𝑔𝑛−1, {𝑓1 … , 𝑓𝑁−1, 𝑔𝑛}, 𝑔𝑛+1,… , 𝑔𝑁}

)

+
(

− {𝑓1 … , 𝑓𝑁−1, 𝜆}{𝑔1 … , 𝑔𝑁}

+
𝑁
∑

𝑛=1
{𝑔1,… , 𝑔𝑛−1, 𝜆, 𝑔𝑛+1,… , 𝑔𝑁}{𝑓1 … , 𝑓𝑁−1, 𝑔𝑛}

)

= 𝜆
(

Γ𝜆
(

𝑓1 … , 𝑓𝑁−1, 𝑔1,… , 𝑔𝑁
)

)

|

|

|

|𝜆=1

+
(

Π𝐺
(

𝑓1 … , 𝑓𝑁−1, 𝑔1 … , 𝑔𝑁
)

)

|

|

|

|𝐺=𝜆
≡ 0.

In short the new identities are proved.
First we analyze the existence of the quadratic first integrals in the 

momenta for the Hamiltonian system with three degrees of freedom

𝐻 = 1
2

3
∑

𝑗=1
𝐵𝑗 (𝑧1, 𝑧2, 𝑧3)

(

𝑝2𝑗 + 2Ψ𝑗 (𝑧1, 𝑧2, 𝑧3)
)

∶= 1
2

3
∑

𝑗=1
𝐵𝑗 𝑝

2
𝑗 + 𝑈1. (15)

We prove that the Hamiltonian system (15) admits the quadratic first 

integral 𝐹 = 1
2

3
∑

𝑗=1
𝐶𝑗 (𝑧1, 𝑧2, 𝑧3)

(

𝑝2𝑗 + 2𝜈𝑗 (𝑧1, 𝑧2, 𝑧3)
)

=∶ 1
2

3
∑

𝑗=1
𝐶𝑗 𝑝

2
𝑗 + 𝑈2.

From the Poisson bracket {𝐻, 𝐹 }∗ ∶=
3
∑

𝑗=1
⃞
(

𝜕𝐻
𝜕𝑝𝑗

𝜕𝐹
𝜕𝑧𝑗

− 𝜕𝐻
𝜕𝑧𝑗

𝜕𝐹
𝜕𝑝𝑗

)

= 0

we get that 𝐹  is a first integral if and only if the following partial
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differential system holds

𝐵1
𝜕 𝐶1
𝜕𝑧1

− 𝐶1
𝜕 𝐵1
𝜕𝑧1

= 0, 𝐵2
𝜕 𝐶1
𝜕𝑧2

− 𝐶2
𝜕 𝐵1
𝜕𝑧2

= 0 𝐵3
𝜕 𝐶1
𝜕𝑧3

− 𝐶3
𝜕 𝐵1
𝜕𝑧3

= 0,

𝐵2
𝜕 𝐶2
𝜕𝑧2

− 𝐶2
𝜕 𝐵2
𝜕𝑧2

= 0, 𝐵1
𝜕 𝐶2
𝜕𝑧1

− 𝐶1
𝜕 𝐵2
𝜕𝑧1

= 0 𝐵3
𝜕 𝐶2
𝜕𝑧3

− 𝐶3
𝜕 𝐵2
𝜕𝑧3

= 0,

𝐵3
𝜕 𝐶3
𝜕𝑧3

− 𝐶3
𝜕 𝐵3
𝜕𝑧3

= 0, 𝐵2
𝜕 𝐶3
𝜕𝑧2

− 𝐶2
𝜕 𝐵3
𝜕𝑧2

= 0 𝐵1
𝜕 𝐶3
𝜕𝑧1

− 𝐶1
𝜕 𝐵3
𝜕𝑧1

= 0,

(16)

and

𝐵1
𝜕 𝑈1
𝜕𝑧1

− 𝐶1
𝜕 𝑈2
𝜕𝑧1

= 0, 𝐵2
𝜕 𝑈1
𝜕𝑧2

− 𝐶2
𝜕 𝑈2
𝜕𝑧2

= 0, 𝐵3
𝜕 𝑈1
𝜕𝑧3

− 𝐶3
𝜕 𝑈2
𝜕𝑧3

= 0.

Simple computations prove that the partial differential system (16) 
is equivalent to the system

𝐶1 = Λ1(𝑧2, 𝑧3)𝐵1, 𝐶2 = Λ2(𝑧1, 𝑧3)𝐵2, 𝐶3 = Λ3(𝑧1, 𝑧2)𝐵3,

𝜕
𝜕𝑧2

(

𝐶1 − Λ2(𝑧1, 𝑧3)𝐵1
)

= 0 𝜕
𝜕𝑧3

(

𝐶1 − Λ3(𝑧1, 𝑧2)𝐵1
)

= 0,

𝜕
𝜕𝑧1

(

𝐶2 − Λ1(𝑧2, 𝑧3)𝐵2
)

= 0 𝜕
𝜕𝑧3

(

𝐶2 − Λ3(𝑧1, 𝑧2)𝐵2
)

= 0,

𝜕
𝜕𝑧2

(

𝐶3 − Λ2(𝑧1, 𝑧3)𝐵3
)

= 0 𝜕
𝜕𝑧1

(

𝐶3 − Λ1(𝑧2, 𝑧3)𝐵3
)

= 0,

(17)

We apply this result when the first integrals are

𝐹1 = 𝐻 =
3
∑

𝑗=1

𝑃 2
𝑗

2

{

𝑧𝑗 , 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} +

{

𝜓,𝜑2, , 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} ,

𝐹2 = 𝐹 =
3
∑

𝑗=1

𝑃 2
𝑗

2

{

𝜑1, 𝑧𝑗 , 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} +

{

𝜑1, 𝜓, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} .

Hence we get that

𝐶1 =

{

𝑧1, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} , 𝐶2 =

{

𝑧2, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} , 𝐶3 =

{

𝑧1, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} ,

𝐵1 =

{

𝜑1, 𝑧1, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} , 𝐵2 =

{

𝜑1, 𝑧2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} , 𝐵3 =

{

𝜑1, 𝑧3, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} ,

and consequently the relations (17) become

𝜕
𝜕𝑧3

⎛

⎜

⎜

⎜

⎜

⎜

⎝

{

𝑧1, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} −

{

𝑧3, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧3, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧1, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 0

𝜕
𝜕𝑧2

⎛

⎜

⎜

⎜

⎜

⎜

⎝

{

𝑧1, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} −

{

𝑧2, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧1, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 0

𝜕
𝜕𝑧1

⎛

⎜

⎜

⎜

⎜

⎜

⎝

{

𝑧2, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} −

{

𝑧1, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧1, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 0

𝜕
𝜕𝑧3

⎛

⎜

⎜

⎜

⎜

⎜

⎝

{

𝑧2, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} −

{

𝑧3, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧3, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 0

𝜕
𝜕𝑧2

⎛

⎜

⎜

⎜

⎜

⎜

⎝

{

𝑧3, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} −

{

𝑧2, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧3, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 0,

𝜕
𝜕𝑧1

⎛

⎜

⎜

⎜

⎜

⎜

⎝

{

𝑧3, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
} −

{

𝑧1, 𝜑2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧1, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

{

𝜑1, 𝑧3, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 0.

Therefore

𝜕
𝜕𝑧3

(

{

𝑧1, 𝜑2, 𝜑3
}{

𝜑1, 𝑧3, 𝜑3
}

−
{

𝑧3, 𝜑2, 𝜑3
}{

𝜑1, 𝑧1, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

)

= 0,

𝜕
𝜕𝑧2

(

{

𝑧1, 𝜑2, 𝜑3
}{

𝜑1, 𝑧2, 𝜑3
}

−
{

𝑧2, 𝜑2, 𝜑3
}{

𝜑1, 𝑧1, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

)

= 0,

𝜕
𝜕𝑧1

(

{

𝑧2, 𝜑2, 𝜑3
}{

𝜑1, 𝑧1, 𝜑3
}

−
{

𝑧1, 𝜑2, 𝜑3
}{

𝜑1, 𝑧2, , 𝜑3
}

{

𝜑3, 𝜑2, 𝜑3
}

)

= 0,

𝜕
𝜕𝑧3

(

{

𝑧2, 𝜑2, 𝜑3
}{

𝜑1, 𝑧3, 𝜑3
}

−
{

𝑧3, 𝜑2, 𝜑3
}{

𝜑1, 𝑧2, , 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

)

= 0,

𝜕
𝜕𝑧2

(

{

𝑧3, 𝜑2, 𝜑3
}{

𝜑1, 𝑧2, 𝜑3
}

−
{

𝑧2, 𝜑2, 𝜑3
}{

𝜑1, 𝑧3, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

)

= 0,

𝜕
𝜕𝑧1

(

{

𝑧3, 𝜑2, 𝜑3
}{

𝜑1, 𝑧1, 𝜑3
}

−
{

𝑧1, 𝜑2, 𝜑3
}{

𝜑1, 𝑧3, 𝜑3
}

{

𝜑3, 𝜑2, 𝜑3
}

)

= 0,

(18)

Finally in view of the first identity (5) we get that
{

𝑧1, 𝜑2, 𝜑3
}{

𝜑1, 𝑧3, 𝜑3
}

−
{

𝑧3, 𝜑2, 𝜑3
}{

𝜑1, 𝑧1, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

=
{

𝑧1, 𝜑3, 𝑧3
}

=
𝜕 𝜑3
𝜕𝑧2

,

{

𝑧1, 𝜑2, 𝜑3
}{

𝜑1, 𝑧2, 𝜑3
}

−
{

𝑧2, 𝜑2, 𝜑3
}{

𝜑1, 𝑧1, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

=
{

𝑧1, 𝜑3, 𝑧2
}

= −
𝜕 𝜑3
𝜕𝑧3

,

{

𝑧2, 𝜑2, 𝜑3
}{

𝜑1, 𝑧1, 𝜑3
}

−
{

𝑧1, 𝜑2, 𝜑3
}{

𝜑1, 𝑧2, , 𝜑3
}

{

𝜑3, 𝜑2, 𝜑3
}

=
{

𝑧2, 𝜑3, 𝑧1
}

=
𝜕 𝜑3
𝜕𝑧3

{

𝑧2, 𝜑2, 𝜑3
}{

𝜑1, 𝑧3, 𝜑3
}

−
{

𝑧3, 𝜑2, 𝜑3
}{

𝜑1, 𝑧2, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

=
{

𝑧2, 𝜑3, 𝑧3
}

=
𝜕 𝜑3
𝜕𝑧1

,

{

𝑧3, 𝜑2, 𝜑3
}{

𝜑1, 𝑧2, 𝜑3
}

−
{

𝑧2, 𝜑2, 𝜑3
}{

𝜑1, 𝑧3, 𝜑3
}

{

𝜑1, 𝜑2, 𝜑3
}

=
{

𝑧3, 𝜑3, 𝑧2
}

= −
𝜕 𝜑3
𝜕𝑧1

,

{

𝑧3, 𝜑2, 𝜑3
}{

𝜑1, 𝑧1, 𝜑3
}

−
{

𝑧1, 𝜑2, 𝜑3
}{

𝜑1, 𝑧3, 𝜑3
}

{

𝜑3, 𝜑2, 𝜑3
}

=
{

𝑧3, 𝜑3, 𝑧1
}

= −
𝜕 𝜑3
𝜕𝑧2
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Thus in view of (18) we get that

𝜕2 𝜑3
𝜕𝑧3𝜕𝑧2

=
𝜕2 𝜑3
𝜕𝑧3𝜕𝑧1

=
𝜕2 𝜑3
𝜕𝑧1𝜕𝑧2

= 0,

then 𝜑3 = 𝜑3(𝑧3). Consequently {𝐹1, 𝐹2}∗ = 0.
If there exists the first integral

𝐹3 =
3
∑

𝑗=1

𝑃 2
𝑗

2

{

𝜑1, 𝜑2, 𝑧𝑗
}

{

𝜑1, 𝜑2, 𝜑3
} +

{

𝜑1, 𝜑3, 𝜓
}

{

𝜑1, 𝜑2, 𝜑3
} ,

then in an analogously way we can prove that {𝐹1, 𝐹3}∗ = 0 and 
{𝐹3, 𝐹2}∗ = 0. if and only if 

𝜕2 𝜑𝑗
𝜕𝑧3𝜕𝑧2

=
𝜕2 𝜑𝑗
𝜕𝑧3𝜕𝑧1

=
𝜕2 𝜑𝑗
𝜕𝑧1𝜕𝑧2

= 0, for 𝑗 = 1, 2.

Consequently 𝜑1 = 𝜑1(𝑧1) and 𝜑2 = 𝜑2(𝑧2). Thus the involution of the 
given first integrals is proved and consequently the theorem follows. ∎

3.  Applications of the solution of the Stäckel inverse problem II.

We shall illustrated the solution of the Inverse Stäckel problem II in 
the next examples.

Example 1.  The following problem is the inverse problem of two fixed 
centers (for more details see [17,19]).

Let P be a particle of infinitesimal mass which is attracted by two 
fixed centers 𝐶0 and 𝐶1 with masses 𝑚1 and 𝑚2, respectively. Selecting 
coordinates so that the origin coincides with the center of mass and 
the abscissa passing through the points 𝐶0 and 𝐶1 and designating by 
𝑟0, 𝑟1 and 2𝑐 the distances between 𝐶0(𝑥0, 0, 0) − 𝑃 (𝑥, 𝑦, 𝑧), 𝐶1(𝑥1, 0, 0) −
𝑃 (𝑥, 𝑦, 𝑧) and 𝐶0(𝑥0, 0, 0) − 𝐶1(𝑥1, 0, 0) respectively, we obtain that

𝑟0 =
√

(𝑥 − 𝑥0)2 + 𝑦2 + 𝑧2, 𝑟1 =
√

(𝑥 − 𝑥1)2 + 𝑦2 + 𝑧2, 2𝑐 = |𝑥1 − 𝑥0|.

With these notations the particle moving in the configuration space 
ℝ3 with the Lagrangian function 𝐿 = 1

2
(

𝑥̇2 + 𝑦̇2 + 𝑧̇2
)

−
(

𝑚0
𝑟0

+
𝑚1
𝑟1

)

𝑓,

where 𝑓 is the attraction constant (see [11]).
After the change of coordinates

𝑥 =
𝑚0 − 𝑚1
𝑚1 + 𝑚0

𝑐 + 𝑐 𝜆 𝜇, 𝑦 = 𝑐
√

(𝜆2 − 1)(1 − 𝜇2) cos𝑤,

𝑧 = 𝑐
√

(𝜆2 − 1)(1 − 𝜇2) sin𝑤,

we obtain that the Lagrangian function 𝐿 writes

𝐿 = 𝑐2
(

(𝜆2 − 𝜇2)𝜆̇2

4(𝜆2 − 1)
−

(𝜆2 − 𝜇2)𝜇̇2

4(1 − 𝜇2)
+

(𝜆2 − 1)(1 − 𝜇2)𝑤̇2

2

)

−
𝑓 ((𝑚0 + 𝑚1)𝜆 + (𝑚1 − 𝑚0)𝜇)

𝑐(𝜆2 − 𝜇2)
,

and 𝑟0 = 𝑐(𝜆 + 𝜇), 𝑟1 = 𝑐(𝜆 − 𝜇), where 1 ≤ 𝜆 < +∞, −1 ≤ 𝜇 ≤ 1 and 0 ≤
𝑤 ≤ 2𝜋. Hence we get that the generalized momenta are

𝑝𝜆 = 𝑐2
(𝜆2 − 𝜇2)𝜆̇
2(𝜆2 − 1)

, 𝑝𝜇 = 𝑐2
(𝜆2 − 𝜇2)𝜇̇
2(1 − 𝜇2)

, 𝑝𝑤 = 𝑐2
(𝜆2 − 1)(1 − 𝜇2)𝑤̇

2

Clearly that the matrix 𝐺−1 in this case is

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

2(𝜆2 − 1)
𝑐2(𝜆2 − 𝜇2)

0 0

0
2(1 − 𝜇2)
𝑐2(𝜆2 − 𝜇2)

0

0 0 1
𝑐2(𝜆2 − 1)(1 − 𝜇2)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Now we solve the inverse Stäckel problem 𝐼𝐼 for the problem is the 
of two fixed centers.

Hence the Eq. (10) now write

0 =
2(𝜆2 − 1)
𝑐2(𝜆2 − 𝜇2)

𝜕𝜑𝑗
𝜕𝜆

+
2(1 − 𝜇2)
𝑐2(𝜆2 − 𝜇2)

𝜕𝜑𝑗
𝜕𝜇

+ 1
𝑐2(𝜆2 − 1)(1 − 𝜇2)

𝜕𝜑𝑗
𝜕 𝑤

,

𝑗 = 1, 2,

1 =
2(𝜆2 − 1)
𝑐2(𝜆2 − 𝜇2)

𝜕𝜑3
𝜕𝜆

+
2(1 − 𝜇2)
𝑐2(𝜆2 − 𝜇2)

𝜕𝜑3
𝜕𝜇

+ 1
𝑐2(𝜆2 − 1)(1 − 𝜇2)

𝜕𝜑3
𝜕 𝑤

,

0 = 𝜕
𝜕𝜆

(

2(𝜆2 − 1)
𝑐2(𝜆2 − 𝜇2)

{𝜑1, 𝜑2, 𝜑3}
)

+ 𝜕
𝜕𝜇

(

2(1 − 𝜇2)
𝑐2(𝜆2 − 𝜇2)

{𝜑1, 𝜑2, 𝜑3}
)

+ 𝜕
𝜕𝑤

(

2(1 − 𝜇2)
𝑐2(𝜆2 − 𝜇2)

{𝜑1, 𝜑2, 𝜑3}
)

,

(19)

and

2(𝜆2 − 1)
𝑐2(𝜆2 − 𝜇2)

𝜕Ψ
𝜕𝜆

+
2(1 − 𝜇2)
𝑐2(𝜆2 − 𝜇2)

𝜕Ψ
𝜕𝜇

+ 1
𝑐2(𝜆2 − 1)(1 − 𝜇2)

𝜕Ψ
𝜕 𝑤

= 𝑈.

The functions

𝜑1 = log |𝜆 − 1
𝜆 + 1

+ log |
𝜇 − 1
𝜇 + 1

|, 𝜑2 =
1

𝜆 + 1
+ 1
𝜆 − 1

+ 1
𝜇 − 1

+ 1
𝜇 + 1

,

𝜑3 = 𝑐2(𝜆 + 𝜇), Ψ = 𝑓𝑐
(

𝑚1 + 𝑚0
4

ln |𝜆2 − 1| +
−𝑚1 + 𝑚0

4
ln |1 − 𝜇2|

)

satisfy the Eq. (19). Thus |Δ| = {𝜑1, 𝜑2, 𝜑3} =
4𝑐2(𝜆2 − 𝜇2)

(𝜇2 − 1)(𝜆2 − 1)
,

Thus the Stäckel matrix becomes

Δ =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

1
(𝜆2 − 1)2

− 1 + 𝜆2

(𝜆2 − 1)2
𝑐2

1
(𝜇2 − 1)2

−
1 + 𝜇2

(𝜇2 − 1)2
𝑐2

0 2 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

.

After some computations we obtain that the function (12) in this case is

𝑆 = ∫

𝜆

𝜆0

√

1
(𝜆2 − 1)2

𝛼1 −
1 + 𝜆2

(𝜆2 − 1)2
𝛼2 + 𝑐2𝛼3 +

(𝑚1 + 𝑚0)
2

𝜆
𝜆2 − 1

𝛼1 𝑑𝜆

∫

𝜇

𝜇0

√

1
(𝜇2 − 1)2

𝛼1 −
1 + 𝜇2

(𝜇2 − 1)2
𝛼2 + 𝑐2𝛼3 −

(𝑚1 − 𝑚0)
2

𝜇
𝜇2 − 1

𝛼1 𝑑𝜇

+
√

2𝑤,

𝛼1, 𝛼2, and 𝛼3 are constants such that 𝐹𝑗 = 𝛼𝑗 for 𝑗 = 1, 2, 3. This function 
is the classical Jacobi function for the problem of the two fixed centers.

By considering that the inverse matrix Δ−1 is

⎛

⎜

⎜

⎜

⎜

⎜

⎝

(1 − 𝜇2)(𝜆2 − 1)
2(𝜆2 − 𝜇2)

−
(1 − 𝜇2)(𝜆2 − 1)

2(𝜆2 − 𝜇2)
−
𝜆2𝜇2 + 𝜆2 + 𝜇2 − 3
4(1 − 𝜇2)(𝜆2 − 1)

0 0 1
2

(𝜆2 − 1)
𝑐2(𝜆2 − 𝜇2)

(1 − 𝜇2)
𝑐2(𝜆2 − 𝜇2)

1
𝑐2(𝜆2 − 1)(1 − 𝜇2)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

.

Consequently

Δ−1

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

(𝑚1 + 𝑚0)
2

𝜆
𝜆2 − 1

−
(𝑚1 − 𝑚0)

2
𝜇

𝜇2 − 1

0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎝

𝑓𝑐
𝜆2 − 𝜇2

(

(𝑚1 + 𝑚0)(1 − 𝜇2)𝜆 + (−𝑚1 + 𝑚0)𝜇(𝜆2 − 1)
)

0
𝑓𝑐

𝜆2 − 𝜇2
(

(𝑚1 + 𝑚0)𝜆 + (𝑚1 − 𝑚0)𝜇
)

⎞

⎟

⎟

⎟

⎟

⎠

.
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Therefore the first integrals (14) are

𝐹1 =
(1 − 𝜇2)(𝜆2 − 1)

2(𝜆2 − 𝜇2)

(

𝑝2𝜆 − 𝑝
2
𝜇

)

−
𝜆2𝜇2 + 𝜆2 + 𝜇2 − 3
4(1 − 𝜇2)(𝜆2 − 1)

𝑝2𝑤

+
𝑓𝑐

𝜆2 − 𝜇2
(

(𝑚1 + 𝑚0)(1 − 𝜇2)𝜆 + (−𝑚1 + 𝑚0)𝜇(𝜆2 − 1)
)

𝐹2 =
𝑝2𝑤
2
,

𝐹3 =
(𝜆2 − 1)

2(𝜆2 − 𝜇2)
𝑝2𝜆 +

(1 − 𝜇2)
2(𝜆2 − 𝜇2)

𝑝2𝜇 +
1

𝑐2(𝜆2 − 1)(1 − 𝜇2)
𝑝2𝑤

+
𝑓𝑐

𝜆2 − 𝜇2
(

(𝑚1 + 𝑚0)𝜆 + (𝑚1 − 𝑚0)𝜇
)

,

3.1.  Solution of the inverse Stäckel problem II for the extended 
kepler-Coulomb system

We shall study the Hamiltonian system with Hamiltonian

𝐻 =
𝑀
∑

𝑗=1
𝑦2𝑗∕2 + 𝑉1(

√

𝑥21 + 𝑥
2
2 +…+ 𝑥2𝑀 ) − 1

2

𝑀
∑

𝑗=1

𝛽𝑗
𝑥2𝑗
,

where 𝛽1, 𝛽2, … , 𝛽𝑀  are constants.
We recall that the Hamiltonian system with 𝑀 degrees of freedom 

and having 𝑆 > 𝑀 independent first integrals is called superintegrable.
Proposition 1. The extended Kepler-Coulomb system is superintegrable for 
𝑀 > 2.

Proof.  Indeed, after some computations we can prove that this system 
have (𝑀 − 1)𝑀∕2 first integrals

𝐹𝑗𝑘 = (𝑥𝑗𝑦𝑘 − 𝑥𝑘𝑦𝑗 )2 + (𝑥2𝑗 + 𝑥
2
𝑘)(

𝛽𝑗
𝑥2𝑗

+
𝛽𝑘
𝑥2𝑘

), 𝑗, 𝑘 = 1,… ,𝑀, 𝑗 < 𝑘.

(20)

By considering that the matrix (𝐹𝑗𝑘) has the rank equal to 2𝑀 − 3, see 
[24]. Therefore the system has 2𝑀 − 2 independent first integrals taking 
into account the Hamiltonian. Since for 𝑀 > 2 we have that 2𝑀 − 2 >
𝑀. ∎

Now we solve the inverse Stäckel problem 𝐼𝐼 for the extended 
Kepler-Coulomb system and consequently we prove that this sytem 
when 𝛽1 = 0 is integrable by separation of variables.
Proposition 2. The extended Kepler-Coulomb system with 𝛽1 = 0, i.e. the 
Hamiltonian system with Hamiltonian

𝐻 =
𝑀
∑

𝑗=1
𝑦2𝑗∕2 + 𝑉1(

√

𝑥21 + 𝑥
2
2 +…+ 𝑥2𝑀 ) − 1

2

𝑀
∑

𝑗=2

𝛽𝑗
𝑥2𝑗
, (21)

is integrable by separation of variables.
Proof.  Thus after the change of coordinates

𝑥1 = 𝑟 sin 𝜗𝑀−1

𝑀−2
∏

𝑗=1
sin 𝜗𝑗 ≠ 0,

𝑥2 = 𝑟 cos 𝜗𝑀−1

𝑀−2
∏

𝑗=1
sin 𝜗𝑗 ,

𝑥3 = 𝑟 cos 𝜗𝑀−2

𝑀−3
∏

𝑗=3
sin 𝜗𝑗 ,

𝑥4 = 𝑟 cos 𝜗𝑀−3

𝑀−4
∏

𝑗=1
sin 𝜗𝑗 ,

⋮ ⋮ ⋮ ⋮

𝑥𝑀−2 = 𝑟 cos 𝜗3 sin 𝜗1 sin 𝜗2,

𝑥𝑀−1 = 𝑟 cos 𝜗2 sin 𝜗1,

𝑥𝑀 = 𝑟 cos 𝜗1,

we get that 
𝑀
∑

𝑗=1
𝑥2𝑗 = 𝑟2 and the Hamiltonian function (21) becomes

𝑀
∑

𝑗=1
𝐺𝑗𝑗𝑃 2

𝑗 ∕2 + 𝑉1(𝑟) +
𝛽𝑀

𝑟2 cos 𝜗21
+

𝛽𝑀−1

𝑟2 cos2 𝜗2 sin
2 𝜗1

+…

+
𝛽2

𝑟2 cos 𝜗2𝑀−1

𝑀−2
∏

𝑗=1
sin2 𝜗𝑗

,

where 𝐺−1 = (𝐺𝑗𝑗 ) is the inverse Riemann metric given by

𝐺−1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 0 … 0

0 1
𝑟2

0 … ⋮

0 0 1
𝑟2 sin2(𝜗1)

… ⋮

⋮ ⋮ ⋮ … ⋮

0 0 0 … 1

𝑟2
𝑀−2
∏

𝑘=1
sin2(𝜗𝑗 )

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Now we solve the inverse Stäckel problem II. Therefore the differential 
system (10) in this case can be written as
𝜕𝜑𝑘
𝜕 𝑟

+ 1
𝑟2
𝜕𝜑𝑘
𝜕𝜗1

+ 1
𝑟2 sin2(𝜗1)

𝜕𝜑𝑘
𝜕 𝜗2

+…

+ 1

𝑟2
𝑀−2
∏

𝑘=1
sin2(𝜗𝑗 )

𝜕𝜑𝑘
𝜕 𝜗𝑀−1

= 0, 𝑘 = 2,… ,𝑀,

𝜕𝜑1
𝜕 𝑟

+ 1
𝑟2
𝜕𝜑1
𝜕 𝜗1

+ 1
𝑟2 sin2(𝜗1)

𝜕𝜑1
𝜕 𝜗2

+…+ 1

𝑟2
𝑀−2
∏

𝑘=1
sin2(𝜗𝑗 )

𝜕𝜑1
𝜕 𝜗𝑀

= 1,

𝜕Ψ
𝜕 𝑟

+ 1
𝑟2

𝜕Ψ
𝜕 𝜗1

+ 1
𝑟2 sin2(𝜗1)

𝜕Ψ
𝜕 𝜗2

+…+ 1

𝑟2
𝑀−2
∏

𝑘=1
sin2(𝜗𝑗 )

𝜕Ψ
𝜕 𝜗𝑀−1

= 𝑈,

𝜕
𝜕𝑟

(

{𝜑1,… , 𝜑𝑀}
)

+ 𝜕
𝜕𝜗1

( 1
𝑟2
{𝜑1,… , 𝜑𝑀}

)

+…

+ 𝜕
𝜕𝜗𝑀−1

(
{

𝜑1,… , 𝜑𝑀
}

𝑟2

𝑀−2
∏

𝑘=1

1
sin2(𝜗𝑗 )

)

= 0.

The particular solutions of this system are

𝜑1 = 𝑟, 𝜑2 =
1
𝑟
+ 𝜗1, 𝜑3 = cot(𝜗1) + 𝜗2,… , 𝜑𝑀 = cot(𝜗𝑀−1) + 𝜗𝑀−1,

Ψ = ∫ 𝑉 (𝑟)𝑑𝑟 +
𝑀−1
∑

𝑗=2
𝛽𝑀+1−𝑗 tan 𝜗𝑗 ,

then the Stäckel matrix becomes

Δ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 − 1
𝑟2

0 … 0 0

0 1 − 1
sin2(𝜗1)

… 0 ⋮

⋮ ⋮ ⋮ … ⋮ ⋮

0 0 0 … 1 − 1
sin2(𝜗𝑀−1)

0 0 0 … 0 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

|Δ| =
(

𝜑1,… , 𝜑𝑀−1
}

= 1.
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Therefore the inverse matrix is

Δ−1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 1
𝑟2 sin2(𝜗1)

1
𝑟2

1
sin2(𝜗1) sin

2(𝜗2)
… 1

𝑟2

𝑀−1
∏

𝑗=1

1
sin2(𝜗𝑗 )

0 1 1
sin2(𝜗1)

…
𝑀−1
∏

𝑗=2

1
sin2(𝜗𝑗 )

⋮ ⋮ ⋮ … ⋮

0 0 … 1 1
sin2(𝜗𝑀−1)

0 0 … 0 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Consequently the first integrals (14) becomes

𝐹1 = 𝐻 = 𝑃 2
𝑟 +

𝑃 2
𝜗1

𝑟2 sin2(𝜗1)
+… +

𝑃 2
𝜗𝑀−1

𝑟2

𝑀−2
∏

𝑗=1

1
sin2(𝜗𝑗 )

+ 𝑈,

𝐹2 = 𝑃 2
𝜗1

+
𝛽3

cos2(𝜗1)
+

𝐹3
sin2(𝜗1)

,

⋮ … ⋮ ⋮ ,

𝐹𝑀−1 == 𝑃 2
𝜗𝑀−2

+ +
𝛽3

cos2(𝜗𝑀−2)
+

𝐹𝑀
sin2(𝜗𝑀−2)

,

𝐹𝑀 == 𝑃 2
𝜗𝑀−1

+
𝛽2

cos2(𝜗𝑀−1)
.

Finally we observe that if 𝑉1(𝑟) = 1
𝑟
 then the studied Hamiltonian system 

is the extended Kepler-Coulomb system, and if 𝑉1(𝑟) = 𝑟2 then we deduce 
the extended harmonic oscillator (see for instance [25,26]). ∎

3.2.  The Stark problem in arbitrary dimension

In this subsection we illustrate the solution of the inverse Stäckel 
problem II in the study of the Stark problem for arbitrary dimension 
(see [27]).

The main integrable problems of Celestial Mechanics is the Kepler 
problem and the Stark problem. This small number of integrable prob-
lems explains why the Stark problem, corresponding to the motion in a 
Newtonian gravitational field subjected to an additional uniform force 
of constant magnitude and direction, has received special attention over 
almost two and one-half centuries (see for instance [28–31]). The inte-
grability in the Jacobi sense of the two and three dimensional Stark 
problems was first established in [30,32]. In [27] we extend this prob-
lem to arbitrary dimension and show that it continues being integrable 
in the Jacobi sense. In this section we solve the Stäckel problem II for 
this mechanical system.

Two dimensional Stark problem. In the (𝑥, 𝑦) plane we consider the mo-
tion of an arbitrary point 𝑃  in the gravitational field induced by a body 
at the origin, and subjected to an additional constant inertial force. With-
out loss of generality we can assume that this force is in the 𝑦-direction 
since the arbitrary direction can be arrived by means of a trivial coor-
dinate rotation. The corresponding planar equations of motion are

𝑥̈ = −
𝜇 𝑥
𝑟3
, 𝑦̈ = −

𝜇 𝑦
𝑟3

+ 𝜀,

where 𝑟 =
√

𝑥2 + 𝑦2 and 𝜀 is a parameter fixing the value of the constant 
force.

The Lagrangian function is 𝐿̃ = 1
2
(

𝑥̇2 + 𝑦̇2
)

−
𝜇
𝑟
− 𝜀 𝑦. Under the 

change of variables

𝜎 ∶ 𝑥 = 𝜉𝜂, 𝑦 =
𝜉2 − 𝜂2

2
,

we get that the function 𝐿̃ becomes

𝐿 = 𝐿̃|
|𝜎 = 1

2
(𝜉2 + 𝜂2)(𝜉̇2 + 𝜂̇2) −

2𝜇
𝜉2 + 𝜂2

− 𝜀
2
(

𝜉2 − 𝜂2
)

.

Hence the Hamiltonian function 𝐻̃ in coordinates (𝜉, 𝜂) can be written 
as follows

𝐻 = 𝐻̃|

|𝜎 =
𝑝2𝜉 + 𝑝

2
𝜂

2(𝜉2 + 𝜂2)
−

2𝜇
𝜉2 + 𝜂2

− 𝜀
2
(

𝜉2 − 𝜂2
)

.

Consequently, from (9) we obtain that 𝐺11 = 1
𝜉2 + 𝜂2

 and 𝐺22 = 1
𝜉2 + 𝜂2

.

Now we solve the invers Stäckel problem II for the two dimensional 
Stark problem. Thus we have
{𝜑1, 𝜉}
{𝜑1, 𝜑2}

= 1
𝜉2 + 𝜂2

,
{𝜑1, 𝜂}
{𝜑1, 𝜑2}

= 1
𝜉2 + 𝜂2

.

Therefore the partial differential Eqs. (10) and (11) in this case are
𝜕𝜑1
𝜕𝜉

+
𝜕𝜑1
𝜕𝜂

= 0,

𝜕𝜑2
𝜕𝜉

+
𝜕𝜑2
𝜕𝜂

= 𝜉2 + 𝜂2,

𝜕
𝜕𝜉

(

{𝜑1, 𝜑2}
𝜉2 + 𝜂2

)

+ 𝜕
𝜕𝜂

(

{𝜑1, 𝜑2}
𝜉2 + 𝜂2

)

= 0.

The solutions of these equations are 𝜑1 = 𝜉 − 𝜂 and 𝜑2 =
𝜉3 + 𝜂3

3
. There-

fore {𝜑1, 𝜑2} = 𝜉2 + 𝜂2.
On the other hand, by solving the equation

{𝜑1,Ψ} = −2𝜇 − 𝜀
2
(

𝜉4 − 𝜉4
)

,

we get that Ψ = −𝜇(𝜉 + 𝜂) − 𝜀
10

(

𝜉5 − 𝜂5
)

. Therefore

Ψ𝜉 = −𝜇 − 𝜀
2
𝜉4, Ψ𝜂 = −𝜇 + 𝜀

2
𝜂4.

The Stäckel matrix Δ and Δ−1 are

Δ =
(

1 𝜉2

−1 𝜂2

)

, Δ−1 =

⎛

⎜

⎜

⎜

⎝

𝜂2

𝜉2 + 𝜂2
−

𝜉2

𝜉2 + 𝜂2
1

𝜉2 + 𝜂2
1

𝜉2 + 𝜂2

⎞

⎟

⎟

⎟

⎠

.

Therefore, the first integrals are

𝐹1 = 𝐻1
|

|𝜎 =
𝜂2 𝑝2𝜉

2(𝜉2 + 𝜂2)
−

𝜉2 𝑝2𝜂
2(𝜉2 + 𝜂2)

−
𝜉2 − 𝜂2

𝜉2 + 𝜂2
𝜇 − 𝜀

2
𝜂2𝜉2,

𝐹2 = 𝐻 =
𝑝2𝜉 + 𝑝

2
𝜂

2(𝜉2 + 𝜂2)
+

2𝜇
𝜉2 + 𝜂2

− 𝜀
2
(

𝜉2 − 𝜂2
)

.

Clearly that Jacobi-Stäckel function is

𝑆 = −𝛼 𝑡 + ∫

𝜉

𝜉0

√

𝛼1 + 𝛼2𝜉2 𝑑𝜉 + ∫

𝜂

𝜂0

√

−𝛼1 + 𝛼2𝜂2 𝑑𝜂.

Returning back to Cartesian coordinates the first integral 𝐻1 can be writ-
ten as

𝐻1 = 𝑥̇(𝑦𝑥̇ − 𝑥𝑦̇) −
2𝜇 𝑦
𝑟

+ 𝜀 𝑥2

2
= 𝜕𝐹
𝜕𝑦

+ 𝜀 𝑥2

2
,

where 𝐹 = (𝑦𝑥̇ − 𝑥𝑦̇)2∕2 + 2𝜇
√

𝑥2 + 𝑦2. In [30] the integrals of motion 
are determined, and the resulting quadratures are analytically given. 
A complete list of exact closed-form solutions is deduced in terms of 
elliptic functions.

Three dimensional Stark problem. As in the 2D case we can assume 
without loss of generality that this force is in the z-direction. The corre-
sponding equations of motion are
𝑥̈ = −

𝜇 𝑥
𝑟3
, 𝑦̈ = −

𝜇 𝑦
𝑟3
, 𝑧̈ = −

𝜇 𝑧
𝑟3

+ 𝜀. (22)

Clearly that the functions
𝐻1 = 𝑥𝑦̇ − 𝑦𝑥̇,

𝐻2 = 𝑥̇(𝑧𝑥̇ − 𝑥𝑧̇) − 𝑦̇(𝑦𝑧̇ − 𝑧𝑦̇) −
𝜇𝑧

√

𝑥2 + 𝑦2 + 𝑧2
+ 𝜀

2
(𝑥2 + 𝑦2)

= 𝜕𝐹
𝜕𝑧

+ 𝜀
𝑥2 + 𝑦2

2
,
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where 2𝐹 = (𝑥2 + 𝑦2 + 𝑧2)(𝑥̇2 + 𝑦̇2 + 𝑧̇2) − (𝑥𝑥̇ + 𝑦𝑦̇ + 𝑧𝑧̇)2, are first inte-
gral of the differential system (22).

After the change of variables through the following relations:

𝜎 ∶ 𝑥 = 𝜉𝜂 cosΦ, 𝑦 = 𝜉𝜂 sinΦ, 𝑧 =
𝜉2 − 𝜂2

2
,

and doing some computations we get that the Hamiltonian function 𝐻
becomes

𝐻|𝜎 =
𝑝2𝜉 + 𝑝

2
𝜂

2(𝜉2 + 𝜂2)
+

𝑝2Φ
2𝜉2𝜂2

−
2𝜇

𝜉2 + 𝜂2
− 𝜀

2
(

𝜉2 − 𝜂2
)

.

where 𝑝𝜉 = (𝜉2 + 𝜂2)
𝑑𝜉
𝑑𝑡
, and 𝑝𝜂 = (𝜉2 + 𝜂2)

𝑑𝜂
𝑑𝑡
. Thus, from (8) we obtain 

that

𝐺11 = 𝐺22 = 1
𝜉2 + 𝜂2

, 𝐺33 = 1
𝜉2𝜂2

.

Now we solve the inverse Stäckel problem II for the three dimensional 
Stark problem. Since
{𝜑1, 𝜉}
{𝜑1, 𝜑2}

= 1
𝜉2 + 𝜂2

,
{𝜑1, 𝜂}
{𝜑1, 𝜑2}

= 1
𝜉2 + 𝜂2

,
{𝜑1,Φ}
{𝜑1, 𝜑2}

= 1
𝜉2.𝜂2

,

for determining the Stäckel matrix we need to solve the partial differ-
ential equations from (10):
𝜕𝜑𝑗
𝜕𝜉

+
𝜕𝜑𝑗
𝜕𝜂

𝜉2 + 𝜂2
+

𝜕𝜑𝑗
𝜕Φ
𝜉2𝜂2

= 0, 𝑗 = 1, 2,

𝜕𝜑3
𝜕𝜉

+
𝜕𝜑3
𝜕𝜂

𝜉2 + 𝜂2
+

𝜕𝜑3
𝜕Φ
𝜉2𝜂2

= 1,

𝜕
𝜕𝜉

(

{𝜑1, 𝜑2, 𝜑3}
𝜉2 + 𝜂2

)

+ 𝜕
𝜕𝜂

(

{𝜑1, 𝜑2, 𝜑3}
𝜉2 + 𝜂2

)

+ 𝜕
𝜕Φ

(

{𝜑1, 𝜑2, 𝜑3}
𝜉2𝜂2

)

= 0,

Clearly that this system can be rewritten as follows
𝜕𝜑𝑗
𝜕𝜉

+
𝜕𝜑𝑗
𝜕𝜂

+ ( 1
𝜉2

+ 1
𝜂2

)
𝜕𝜑𝑗
𝜕Φ

= 0, 𝑗 = 1, 2,

𝜕𝜑3
𝜕𝜉

+
𝜕𝜑3
𝜕𝜂

+ ( 1
𝜉2

+ 1
𝜂2

)
𝜕𝜑3
𝜕Φ

= 𝜉2 + 𝜂2,

𝜕
𝜕𝜉

(

{𝜑1, 𝜑2, 𝜑3}
𝜉2 + 𝜂2

)

+ 𝜕
𝜕𝜂

(

{𝜑1, 𝜑2, 𝜑3}
𝜉2 + 𝜂2

)

+ 𝜕
𝜕Φ

(

{𝜑1, 𝜑2, 𝜑3}
𝜉2𝜂2

)

= 0,

Particular solutions of this system are

𝜑1 =
1
𝜉
+ 1
𝜂
+ Φ, 𝜑2 = 𝜉 − 𝜂, 𝜑3 =

𝜉3 + 𝜂3

3
, {𝜑1, 𝜑2, 𝜑3} = 𝜉2 + 𝜂2.

Therefore the Stäckel matrix is

Δ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

− 1
𝜉2

1 𝜉2

− 1
𝜂2

−1 𝜂2

1 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

with |Δ| = 𝜉2 + 𝜂2. Consequently the inverse matrix is

Δ−1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 1

𝜂2

𝜂2 + 𝜉2
−

𝜉2

𝜂2 + 𝜉2
𝜂2 − 𝜉2

𝜂2𝜉2

1
𝜂2 + 𝜉2

1
𝜂2 + 𝜉2

1
𝜂2𝜉2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

The first integrals (14) in this case become

𝐹1 = 𝐻1
|

|𝜎 = 𝑝2Φ,

𝐹2 = 𝐻2
|

|𝜎 =
𝜂2

𝜉2 + 𝜂2
𝑝2𝜉

−
𝜉2

𝜉2 + 𝜂2
𝑃 2
𝜂 +

𝜂2 − 𝜉2

𝜉2𝜂2
𝑃 2
Φ + 𝜇

(

𝜂2 − 𝜉2
)

𝜂2 + 𝜉2
− 𝜀

2
𝜉2𝜂2,

𝐹3 = 𝐻|𝜎 = 1
𝜉2 + 𝜂2

𝑝2𝜉 +
1

𝜉2 + 𝜂2
𝑝2𝜂 +

1
𝜉2𝜂2

𝑝2Φ +
2𝜇

𝜉2 + 𝜂2
− 𝜀

2
(

𝜉2 − 𝜂2
)

.

The Jacobi-Stäckel function is

𝑆 = −𝛼 𝑡 + Φ + ∫

𝜉

𝜉0

√

−
𝛼1
𝜉2

+ 𝛼2 + 𝜉2 𝛼3 𝑑𝜉 + ∫

𝜂

𝜂0

√

−
𝛼1
𝜂2

− 𝛼2 + 𝜂2𝛼3𝑑𝜂

𝑀- dimensional Stark problem. Now we shall illustrated the integrabil-
ity in the Jacobi sense for the Stark problem in dimension 𝑁 > 3 whose 

kinetic energy for unit of mass is 𝑇 =
𝑀
∑

𝑗=1
𝑥̇2𝑗  and its potential function 

is 𝑈 = −
𝜇
𝑟
− 𝜀 𝑥𝑁 , where 𝑟 =

√

√

√

√

𝑁
∑

𝑗=1
𝑥2𝑗 . Hence the Lagrangian function is 

𝐿̃ = 𝑇 − 𝑈.
The equations of motion are

𝑥̈𝑗 = −
𝜇 𝑥𝑗
𝑟3

, 𝑥̈𝑁 = −
𝜇 𝑥𝑁
𝑟3

+ 𝜀,

for 𝑗 = 1,… , 𝑁 − 1. The Lagrangian function 𝐿̃ is

𝐿̃ =
𝑀
∑

𝑗=1

𝑥̇2𝑗
2

−
𝜇
𝑟
+ 𝜀 𝑥𝑀

The Hamiltonian equations are

𝑥̇𝑗 =𝑝𝑗 , 𝑗 = 1,… ,𝑀,

̇̃𝑝𝑘 = −
𝜇 𝑥𝑗
𝑟3

, 𝑘 = 1,… ,𝑀 − 1,

̇̃𝑝𝑀 = −
𝜇 𝑥𝑀
𝑟3

+ 𝜀, (23)

whose Hamiltonian is

𝐻̃ =
𝑀
∑

𝑗=1

𝑝̃2𝑗
2

+
𝜇
𝑟
− 𝜀 𝑥𝑀 . (24)

This Hamiltonian system is not integrable in Jacobi sense in cartesian 
coordinates. However, as we see in the previous results, the authors of 
[28,31] and others have found that it becomes separable in parabolic co-
ordinates when 𝑀 = 2 and 𝑀 = 3. We develope these results and prove 
that (23) is integrable in the Jacobi sense for all 𝑀.

The Hamiltonian system with Hamiltonian (24) is called the Stark 
system.

Proposition 3. The Stark system for 𝑀 > 3 has (𝑀 − 1)(𝑀 − 2)∕2 first 
integrals 𝐹𝑗𝑘 = 𝑥𝑗𝑦𝑘 − 𝑥𝑘𝑦𝑗 , 𝑗, 𝑘 = 1,… ,𝑀 − 1, the Hamiltonian 𝐻 and

𝐻1 =
𝜕𝐺
𝜕𝑥𝑀

− 𝜀
2

𝑀−1
∑

𝑗=1
𝑥2𝑗 ,

where 𝐺 = || 𝐱||2||𝐲||2− < 𝐱, 𝐲 >2 +𝜇|| 𝐱||. Consequently for 𝑀 > 3 the 
Stark system is superintegrable.

Proof.  Trivially it follows after some computations and by considering 
that the matrix (𝐹𝑗𝑘) for 𝑗, 𝑘 = 1,… ,𝑀 − 1 has the rank equal to 2𝑀 − 5, 
see [24]. Therefore the system has 2𝑀 − 3 independent first integrals. 
Since for 𝑀 > 3 we have that 2𝑀 − 3 > 𝑀. ∎

Physica D: Nonlinear Phenomena 497 (2026) 135395 

9 



J. Llibre and R. Ramírez

Proposition 4. The Stark system in the coordinates 𝜎 ∶=
(

𝜗1, 𝜗2,… , 𝜗𝑀−2, 𝜉, 𝜂
) where

𝑥1 = 𝜉𝜂 sin 𝜗𝑀−2

𝑀−3
∏

𝑗=1
sin 𝜗𝑗 ≠ 0,

𝑥2 = 𝜉𝜂 cos 𝜗𝑀−2

𝑀−3
∏

𝑗=1
sin 𝜗𝑗 ,

𝑥3 = 𝜉𝜂 cos 𝜗𝑀−3

𝑀−4
∏

𝑗=1
sin 𝜗𝑗 ,

𝑥4 = 𝜉𝜂 cos 𝜗𝑀−4

𝑀−5
∏

𝑗=1
sin 𝜗𝑗 ,

⋮ ⋮ ⋮ ⋮

𝑥𝑀−2 = 𝜉𝜂 cos 𝜗2 sin 𝜗1,

𝑥𝑀−1 = 𝜉𝜂 cos 𝜗1,

𝑥𝑀 =
𝜉2 − 𝜂2

2
,

(25)

is integrable in the Jacobi sense.
Proof.  First we prove that Hamiltonian function (24) in the new coor-
dinates becomes

𝐻 = 𝐻̃|

|𝜎 =
𝑀
∑

𝑗=1
𝐺𝑗𝑗𝑝2𝑗 +

2𝜇
𝜉2 + 𝜂2

− 𝜀
2
(

𝜉2 − 𝜂2
)

, (26)

where 𝐺−1 = (𝐺𝑗𝑗 ) is the matrix 

𝐺−1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1
𝜉2 + 𝜂2

0 0 0 … 0

0 1
𝜉2 + 𝜂2

0 0 … 0

0 0 1
𝜉2𝜂2

0 … 0

0 0 0 1
𝜉2𝜂2 sin2 𝜗1

… 0

⋮ ⋮ ⋮ ⋮ … ⋮

0 0 0 0 … 1

𝜉2𝜂2
𝑀−3
∏

𝑗=1
sin2 𝜗𝑗

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

(27)

Indeed by considering that
𝑀−1
∑

𝑗=1
𝑥2𝑗 + 𝑥

2
𝑀 = 𝜉2𝜂2 +

(

𝜉2 − 𝜂2

2

)2

=
(

𝜉2 + 𝜂2

2

)2

,

after some computations we get that the Lagrangian function becomes

𝐿 = 𝐿̃ |𝜎 = −
2𝜇

𝜉2 + 𝜂2
− 𝜀

2
(

𝜉2 − 𝜂2
)

+
(

𝜉2 + 𝜂2
)(

𝜉̇2 + 𝜂̇2
)

+

𝜉2𝜂2
(

𝜗̇21 +
(

sin2 𝜗1
)

𝜗̇22 +
(

sin2 𝜗1 sin
2 𝜗2

)

𝜗̇23

+…+

(𝑀−3
∏

𝑗=1
sin2 𝜗𝑗

)

𝜗̇2𝑀−2

)

.

(28)

Since the Riemann metric 𝐺 is

𝐺 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝜉2 + 𝜂2 0 0 … 0 0
0 𝜉2 + 𝜂2 0 0 … 0
0 0 𝜉2𝜂2 0 … 0
𝑜 0 0 𝜉2𝜂2 sin2 𝜗1 … 0
⋮ ⋮ ⋮ ⋮ … ⋮

𝑜 0 0 0 … 𝜉2𝜂2
𝑀−3
∏

𝑗=1
sin2 𝜗𝑗

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

and its inverse 𝐺−1 is given in (27). Hence after Legendre transformation 
we obtain the Hamiltonian (26).

Now we solve the inverse Stäckel problem II. From the relations

{𝜑1, 𝜑2,… , 𝜑𝑀−1, 𝜉}
{𝜑1, 𝜑2, 𝜑3, 𝜑𝑀}

= 1
𝜉2 + 𝜂2

,
{𝜑1, 𝜑2,… , 𝜑𝑀−1, 𝜂}
{𝜑1, 𝜑2, 𝜑3, 𝜑𝑀}

= 1
𝜉2 + 𝜂2

,

{𝜑1, 𝜑2,… , 𝜑𝑀−1, 𝜗1}
{𝜑1, 𝜑2, 𝜑3, 𝜑𝑀}

= 1
𝜉2𝜂2

,
{𝜑1, 𝜑2,… , 𝜑𝑀−1, 𝜗2}

{𝜑1, 𝜑2, 𝜑3, 𝜑𝑀}
= 1
𝜉2𝜂2 sin2 𝜗1

,

⋮
{𝜑1,… , 𝜑𝑀−1, 𝜗𝑀−3}

{𝜑1, 𝜑2, 𝜑3, 𝜑𝑀}
= 1

𝜉2𝜂2
𝑀−4
∏

𝑗=1
sin2 𝜗𝑗

,

{𝜑1,… , 𝜑𝑀−1, 𝜗𝑀−2}
{𝜑1, 𝜑2, 𝜑3, 𝜑𝑀}

= 1

𝜉2𝜂2
𝑀−3
∏

𝑗=1
sin2 𝜗𝑗

.

we get that the partial differential systems (10) and (11)

0 =

𝜕𝜑𝑗
𝜕𝜉

𝜉2 + 𝜂2
+

𝜕𝜑𝑗
𝜕𝜂

𝜉2 + 𝜂2
+

1
𝜉2𝜂2

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜕𝜑𝑗
𝜕𝜗1

+

𝜕𝜑𝑗
𝜕𝜗2

sin2 𝜗1
+ +

𝜕𝜑𝑗
𝜕𝜗3

sin2 𝜗1 sin
2 𝜗2

+…+

𝜕𝜑𝑗
𝜕𝜗𝑀−2

𝑀−3
∏

𝑗=1
sin2 𝜗𝑗

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

1 =

𝜕𝜑𝑀
𝜕𝜉

𝜉2 + 𝜂2
+

𝜕𝜑𝑀
𝜕𝜂

𝜉2 + 𝜂2
+

1
𝜉2𝜂2

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜕𝜑𝑀
𝜕𝜗1

+

𝜕𝜑𝑀
𝜕𝜗2

sin2 𝜗1
+ +

𝜕𝜑𝑀
𝜕𝜗3

sin2 𝜗1 sin
2 𝜗2

+…+

𝜕𝜑𝑀
𝜕𝜗𝑀−2

𝑀−3
∏

𝑗=1
sin2 𝜗𝑗

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

𝜕Ψ
𝜕𝜉

𝜉2 + 𝜂2
+

𝜕Ψ
𝜕𝜂

𝜉2 + 𝜂2
+

1
𝜉2𝜂2

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜕Ψ
𝜕𝜗1

+

𝜕Ψ
𝜕𝜗2

sin2 𝜗1
+ +

𝜕Ψ
𝜕𝜗3

sin2 𝜗1 sin
2 𝜗2

+…+

𝜕Ψ
𝜕𝜗𝑀−2

𝑀−3
∏

𝑗=1
sin2 𝜗𝑗

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= −
2𝜇

𝜉2 + 𝜂2
− 𝜀

2
(

𝜉2 − 𝜂2
)

,

0 = 𝜕
𝜕𝜉

(

|Δ|
𝜉2 + 𝜂2

)

+ 𝜕
𝜕𝜂

(

|Δ|
𝜉2 + 𝜂2

)

+ 𝜕
𝜕𝜗1

(

|Δ|
𝜉2𝜂2

)

+ 𝜕
𝜕𝜗2

(

|Δ|
𝜉2𝜂2 sin2 𝜗1

)

+

𝜕
𝜕𝜗3

(

|Δ|
𝜉2𝜂2 sin2 𝜗1 sin

2 𝜗2

)

+ 𝜕
𝜕𝜗𝑀−2

⎛

⎜

⎜

⎜

⎜

⎜

⎝

|Δ|

𝜉2𝜂2
𝑀−3
∏

𝑗=1
sin2 𝜗𝑗

⎞

⎟

⎟

⎟

⎟

⎟

⎠

.

After tedious computations we get that the following functions are so-
lutions of the previous system of linear first order partial differential 
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equations

𝜑𝑗 = 𝜗𝑗+1 + cot 𝜗𝑗 , 𝑗 = 1,… ,𝑀 − 3

𝜑𝑀−2 =
1
𝜉
+ 1
𝜂
+ 𝜗1, 𝜑𝑀−1 = 𝜉 − 𝜂, 𝜑𝑀 =

𝜉3 + 𝜂3

3
,

Ψ = 𝜇(𝜉 + 𝜂) − 𝜀
10

(

𝜉5 − 𝜂5
)

.

Hence we deduce the Stäckel matrix.
By considering that 𝐹𝑗 =

𝑀
∑

𝑘=1
Δ𝑗𝑘 Λ𝑘∕2,  where Λ =

(

𝑃 2
𝜃1
, 𝑃 2

𝜃2
,… , 𝑃 2

𝜃𝑀−2
, 𝑃 2

𝜉 + 𝜇 − 𝜉4∕2, 𝑃 2
𝜂 + 𝜇 + 𝜂4∕2

)𝑇
 then the first 

integrals (14) becomes 

𝐹1 = 𝑝2𝜗𝑀−2
,

𝐹2 = 𝑝2𝜗𝑀−3
+

𝑝2𝜗𝑀−2

sin2 𝜗𝑀−3
= 𝑝2𝜗𝑀−3

+
𝐹1

sin2 𝜗𝑀−3
,

𝐹3 = 𝑝2𝜗𝑀−4
+ 1

sin2 𝜗𝑀−4

⎛

⎜

⎜

⎝

𝑝2𝜗𝑀−3
+

𝑝2𝜗𝑀−3

sin2 𝜗𝑀−3

⎞

⎟

⎟

⎠

= 𝑝2𝜗𝑀−4
+

𝐹2
sin2 𝜗𝑀−4

,

⋮ ⋮ ⋮,

𝐹𝑀−3 = 𝑝2𝜗2 +
𝐹𝑀−4

sin2 𝜗2
,

𝐹𝑀−2 = 𝑝2𝜗1 +
𝐹𝑀−3

sin2 𝜗1
= 𝐹𝑀−2

(

𝑝𝜗1 , 𝜗1, 𝐹𝑀−3

(

𝐹𝑀−4(𝑝𝜗2 , 𝜗2, 𝐹𝑀−5 …)
))

,

𝐹𝑀−1 =
𝜂2𝑝2𝜉 − 𝜉

2𝑝2𝜂
𝜉2 + 𝜂2

−
𝜉2 − 𝜂2

𝜉2𝜂2
𝐹𝑀−2 + 𝜇

(

𝜂2 − 𝜉2
)

𝜂2 + 𝜉2
− 𝜀

2
𝜉2𝜂2,

𝐹𝑀 = 𝐻 =
𝑝2𝜉 + 𝑝

2
𝜂

𝜉2 + 𝜂2
+
𝐹𝑀−2

𝜉2𝜂2
+

2𝜇
𝜉2 + 𝜂2

− 𝜀
2
(

𝜉2 − 𝜂2
)

.

Since the Stark system is integrable in Jacobi sense for arbitrary dimen-
sion. Thus the proposition is proved. ∎
By determining the inverse transformation ( 𝜎−1) of (25) and going back 
to cartesian coordinates (𝑥1, 𝑥2,… , 𝑥𝑀 ). The first integral 𝐹𝑗 = 𝐹𝑗

|

|

|𝜎−1
 for 

𝑗 = 1,… ,𝑀 > 4 can be written as

𝐹1 = 𝐹 2
12,

𝐹2 = 𝐹 2
12 + 𝐹

2
23 + 𝐹

2
31,

𝐹3 = 𝐹 2
12 + 𝐹

2
23 + 𝐹

2
31 + 𝐹

2
42 + 𝐹

2
51 + 𝐹

2
34,

⋮

𝐹𝑀−1 =
𝜕𝐺
𝜕𝑥𝑀

− 𝜀
2

𝑀−1
∑

𝑗=1
𝑥2𝑗 ,

𝐹𝑀 =
𝑀
∑

𝑗=1
𝑥̇2𝑗∕2 +

2𝜇
√

√

√

√

𝑀
∑

𝑗=1
𝑥2𝑗

+ 𝜀 𝑥𝑀 ,

where 𝐺 = || 𝐱||2||𝐲||2− < 𝐱, 𝐲 >2 +𝜇|| 𝐱||.

Corollary 2. The parametric expressions of the solution 𝜉 = 𝜉(𝑡) and 𝜂 =
𝜂(𝑡) are

𝜉2 = 𝔓(𝜏 − 𝜏0) −
4ℎ
3𝜀
, 𝜂2 = 𝔓(𝜏 − 𝜏1) +

4ℎ
3𝜀
, (29)

where 𝔓 is the Weierstrass function, 𝜏0, 𝜏1 are constants, 𝑡 and and 𝜏 are

𝑡 = ∫

𝜏

𝜏0

(

𝔓(𝜏 − 𝜏0) +𝔓(𝜏 − 𝜏1)
)

𝑑𝜏.

Proof.  By solving the equations

𝐹𝑀−2 = 𝛼𝑀−2, 𝐹𝑀−1 = 𝛼𝑀−1, 𝐹𝑀 = ℎ,

𝜂2𝑝2𝜉 − 𝜉
2𝑝2𝜂

𝜉2 + 𝜂2
+
𝜉2 − 𝜂2

𝜉2𝜂2
𝛼𝑀−2 + 𝜇

(

𝜂2 − 𝜉2
)

𝜂2 + 𝜉2
− 𝜀

2
𝜉2𝜂2 − 𝛼𝑀−1 = 0,

𝑝2𝜉 + 𝑝
2
𝜂

𝜉2 + 𝜂2
+
𝛼𝑀−2

𝜉2𝜂2
+

2𝜇
𝜉2 + 𝜂2

− 𝜀
2
(

𝜉2 − 𝜂2
)

− ℎ = 0.

with respect to 𝑝2𝜂 and 𝑝2𝜉 we get

𝑝2𝜉 =
𝜀𝜉6 + 4ℎ𝜉4 + 2(−𝜇 + 2𝛼𝑀−1)𝜉2 − 2𝛼𝑀−2

2𝜉2
,

𝑝2𝜂 =
−𝜀𝜂6 + 4ℎ𝜂4 − 2(𝜇 + 𝛼𝑀−1)𝜂2 − 2𝛼𝑀−2

2𝜂2
,

Since

4𝜉2𝑝2𝜉 =
(

2𝜉(𝜉 + 𝜂2)𝜉̇
)2 = 2

(

𝜀𝜉6 + 4ℎ𝜉4 + 2(−𝜇 + 𝛼𝑀−1)𝜉2 − 2𝛼𝑀−2
)

∶
= 𝑆(𝜉2),

4𝜂2𝑝2𝜂 =
(

2𝜂(𝜂2 + 𝜂2)𝜂̇
)2 = 2

(

−𝜀𝜂6 + 4ℎ𝜂4 + 2(𝜇 + 𝛼𝑀−1)𝜂2 − 2𝛼𝑀−2
)

∶
= 𝑅(𝜂2),

By introducing the new time 𝜏 through 𝑑𝑡 = (𝜉2 + 𝜂2)𝑑𝜏 we get that
𝑑𝜉1
𝑑𝜏

=
√

𝑆(𝜉1), 𝜉1 = 𝜉2,

𝑑𝜂1
𝑑𝜏

=
√

𝑅(𝜂1), 𝜂1 = 𝜂2.

Thus after the integration the following relations hold

∫
𝑑𝜂1

√

𝑅(𝜂1)
= 𝜏 − 𝜏0, ∫

𝑑𝜉1
√

𝑆(𝜉1)
= 𝜏 − 𝜏1, (30)

where 𝜏0 and 𝜏1 are arbitrary constants.
After the change

𝜋 ∶ 𝜉1 = 𝑋 − 4ℎ
3𝜀
, 𝜂1 = 𝑌 + 4ℎ

3𝜀

we get that the polynomials 𝑅(𝜂1) and 𝑆(𝜉1) become

𝑃3(𝑋) = 𝑅(𝜂1)||𝜋 , 𝑄3(𝑌 ) = 𝑆(𝜉1)||𝜋 .

Consequently (30) can be rewritten as

∫
𝑑𝑋

√

𝑃3(𝑋)
= 𝜏 − 𝜏0, ∫

𝑑𝑌
√

𝑄3(𝑌 )
= 𝜏 − 𝜏1. (31)

Thus the problem is reduced to quadratures, more specifically to el-
liptic integrals. The key point now is to invert these integrals to find 
parametric expressions in the variables 𝑋 and 𝑌  of the functions and 
with the new time 𝜏. By inverting the integrals (31) we get that

𝑋 = 𝔓(𝜏 − 𝜏0), 𝑌 = 𝔓(𝜏 − 𝜏1),

where 𝔓 is the Weierstrass function. Therefore

𝜉1 = 𝜉2 = 𝔓(𝜏 − 𝜏0) −
4ℎ
3𝜀
, 𝜂1 = 𝜂2 = 𝔓(𝜏 − 𝜏1) +

4ℎ
3𝜀
.

On the other hand, from the relation 𝑑𝑡 = (𝜉2 + 𝜂2)𝑑𝜏 we get that

𝑑𝑡 =
(

𝔓(𝜏 − 𝜏0) +𝔓(𝜏 − 𝜏1)
)

𝑑𝜏.

Hence after integration we get (29). In short the corollary is 
proved. ∎

From (30) it follows that the trajectories of the Stark system lies on 
the family of curves of the plane (𝜉1, 𝜂1)

∫
𝑑𝜂1

√

𝑅(𝜂1)
− ∫

𝑑𝜉1
√

𝑆(𝜉1)
= 𝐶 = 𝜏1 − 𝜏0.
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4.  The Stark-Coulomb problem

In this section for the first time we introduce and study the Stark-
Coloumb Hamiltonian

𝐻 =
𝑀
∑

𝑗=1
𝑦2𝑗 +

2𝜇
√

𝑥21 + 𝑥
2
2 +…+ 𝑥2𝑀

− 1
2

𝑀−1
∑

𝑗=1

𝛽𝑗
𝑥2𝑗

+ 𝜀 𝑥𝑀 ,

where 𝛽1, 𝛽2, … , 𝛽𝑀−1 are constants.
Proposition 5. The Stark-Coulomb Hamiltonian is superintegrable when 
𝑀 > 3.

Proof.  After some computations we can prove that this Hamiltonian 
system admits (𝑀 − 1)(𝑀 − 2)∕2 first integrals

𝐹𝑗𝑘 = (𝑥𝑗𝑦𝑘 − 𝑥𝑘𝑦𝑗 )2 + (𝑥2𝑗 + 𝑥
2
𝑘)(

𝛽𝑗
𝑥2𝑗

+
𝛽𝑘
𝑥2𝑘

), 𝑗, 𝑘 = 1,… ,𝑀 − 1, 𝑗 < 𝑘.

(32)

It is possible to prove that the rang of the matrix (𝐹𝑗𝑘)||
|𝑗,𝑘=1,…,𝑀−1

 is 
2𝑀 − 5, see [24]. Therefore the maximum number of independent func-
tions of the set (32) is 2𝑀 − 5. On the other hand, it is easy to show the 
existence of the first integral 

𝐻1 =
𝜕𝐹
𝜕𝑥𝑀

− 𝜀
2

𝑀−1
∑

𝑗=1
𝑥2𝑗 = 2(𝑥𝑀 ||𝐲||2 − 𝑦𝑀 < 𝐱, 𝐲 >)

+
2𝜇

√

𝑥21 + 𝑥
2
2 +… 𝑥2𝑀

− 𝜀
2

𝑀−1
∑

𝑗=1
𝑥2𝑗 + 2𝑥𝑀

𝑀−1
∑

𝑗=1

𝛽𝑗
𝑥2𝑗
,

(33)

where

𝐹 ∶=
𝑀
∑

𝑗,𝑘=1, 𝑗>𝑘

(

(𝑥𝑗𝑦𝑘 − 𝑥𝑘𝑦𝑗 )2 + (𝑥2𝑗 + 𝑥
2
𝑘)(

𝛽𝑗
𝑥2𝑗

+
𝛽𝑘
𝑥2𝑘

)
)

|

|

|

|

|

|𝛽𝑀=0

+ 2𝜇

√

√

√

√

𝑀
∑

𝑗=1,
𝑥2𝑗

= ||𝐱||2||𝐲||2− < 𝐱, 𝐲 >2 +
𝑀−1
∑

𝑗=1

(

𝛽𝑗
𝑥2𝑗

||𝐱||2 + (𝑀 − 2) 𝛽𝑗

)

+ 2𝜇||𝐱||.

By adding the Hamiltonian we get that the system has 2𝑀 − 3 inde-
pendent first integrals. Thus 2𝑀 − 3 > 𝑀 if and only if 𝑀 > 3. In short 
the proposition is proved. ∎
Proposition 6. The Stark-Coulomb Hamiltonian is integrable by separation 
of variables.
Proof.  First we prove the proposition for 𝑀 = 2. In this case the Hamil-
tonian 𝐻 and the function 𝐻1 given in (33) become

𝐻̃ = 𝑦21 + 𝑦
2
2 +

2𝜇
√

𝑥21 + 𝑥
2
2

−
𝛽1
2𝑥21

+ 𝜀 𝑥2, 𝐻1 =
𝜕𝐹
𝜕𝑥2

− 𝜀
2
𝑥21,

where 𝐹 = (𝑥1𝑦2 − 𝑥2𝑦1)2 + (𝑥21 + 𝑥
2
2)
𝛽1
𝑥21

+ 2𝜇
√

𝑥21 + 𝑥
2
2. Under the 

change of variables

𝜎 ∶ 𝑥1 = 𝜉𝜂, 𝑥2 =
𝜉2 − 𝜂2

2
,

we get that the functions 𝐹1 and 𝐹2 become

𝐹1 ∶= 𝐻1
|

|𝜎 =
𝜂2 𝑝2𝜉
𝜉2 + 𝜂2

−
𝜉2 𝑝2𝜂
𝜉2 + 𝜂2

−
𝜉2 − 𝜂2

𝜉2 + 𝜂2
𝜇 − 𝜀

2
𝜂2𝜉2 −

𝜉2 − 𝜂2

𝜉2𝜂2
𝛽1,

𝐹2 ∶= 𝐻 = 𝐻̃|

|𝜎 =
𝑝2𝜉 + 𝑝

2
𝜂

2(𝜉2 + 𝜂2)
+

2𝜇
𝜉2 + 𝜂2

− 𝜀
2
(

𝜉2 − 𝜂2
)

+
𝛽1
𝜉2𝜂2

,

where 𝑝𝜉 = (𝜉2 + 𝜂2)
𝑑𝜉
𝑑𝑡

 and 𝑝𝜂 = (𝜉2 + 𝜂2)
𝑑𝜂
𝑑𝑡
. By solving the relations 

𝐹𝑗 = 𝛼𝑗 for 𝑗 = 1, 2 with respect to 𝑝𝜉 and 𝑝𝜂 we get

𝑝2𝜉 = 𝜖𝜉4 + 4𝛼2𝜉2 − 2(𝛼1 + 𝜇) −
𝛽1
𝜉2
,

𝑝2𝜂 = −𝜖𝜂4 + 4𝛼2𝜂2 − 2(𝛼1 + 𝜇) −
𝛽1
𝜂2
.

By introducing the change 𝑋 = 𝜉2, 𝑌 = 𝜂2 we get the following dif-
ferential system
(𝑑𝑋
𝑑𝜏

)2
= − 𝜖 𝑋

3

2
− 𝛼2𝑋2 − (𝛼1 + 2𝜇)𝑋 − 𝛽1,

(𝑑𝑌
𝑑𝜏

)2
= 𝜖 𝑌 3

2
+ 𝛼2𝑌 2 − (−𝛼1 + 2𝜇)𝑌 − 𝛽1.

Clearly the solutions of this system can be expressed through elliptic 
functions.

For 𝑀 = 3 we get that the first integrals are

𝐻1 = 𝐹12 = (𝑥1𝑦2 − 𝑥2𝑦1)2 + (𝑥21 + 𝑥
2
2)(
𝛽1
𝑥21

+
𝛽2
𝑥22

),

𝐻2 =
𝜕𝐹
𝜕𝑥4

− 𝜀
2
(𝑥21 + 𝑥

2
2),

𝐻̃ = 𝑦21 + 𝑦
2
2 + 𝑦

2
3 +

2𝜇
√

𝑥21 + 𝑥
2
2 + 𝑥

2
3

− 1
2

(

𝛽1
𝑥21

+
𝛽2
𝑥22

)

+ 𝜀 𝑥3,

where 𝐹 = 𝐹12 + 𝐹23 + 𝐹31||𝛽3=0 + 2𝜇
√

𝑥21 + 𝑥
2
2 + 𝑥

2
3, the functions 

𝐹12, 𝐹23 and 𝐹31 are given in (32).
After the change of coordinates

𝜎 ∶ 𝑥1 = 𝜉𝜂 cos 𝜗1, 𝑥2 = 𝜉𝜂 sin 𝜗1, 𝑥3 =
𝜉2 − 𝜂2

2
,

we get that the first integrals 𝐻1, 𝐻2 and 𝐻3 become

𝐹1 = 𝐻1
|

|𝜎 = 𝑝2𝜗1 +
𝛽1

sin 𝜗21
+

𝛽2
cos 𝜗21

,

𝐹2 = 𝐻2
|

|𝜎 =
𝜉2𝑝2𝜂 − 𝜂

2𝑝2𝜉
𝜂2 + 𝜉2

+
2𝜇(𝜉2 − 𝜂2)
𝜂2 + 𝜉2

−
𝜀𝜉2𝜂2

2
+

(𝜉2 − 𝜂2)
𝜂2𝜉2

𝐹1,

𝐹3 = 𝐻 = 𝐻̃|

|𝜎 =
𝑝2𝜂 + 𝑝

2
𝜉

𝜂2 + 𝜉2
+

2𝜇
𝜂2 + 𝜉2

+ 𝜀
2
(𝜉2 − 𝜂2) + 1

𝜂2𝜉2
𝐹1,

where 𝑝𝜉 = (𝜉2 + 𝜂2)
𝑑𝜉
𝑑𝑡
, 𝑝𝜂 = (𝜉2 + 𝜂2)

𝑑𝜂
𝑑𝑡

 and 𝑝2𝜗 = 𝜉2𝜂2
𝑑𝜗1
𝑑𝑡

.

By solving the equations 𝐹2 = 𝛼2 and 𝐹3 = 𝛼3 with respect to 𝑝2𝜉 and 
𝑝2𝜂 , and taking 𝐹1 = 𝛼1 we get

𝜉2𝑝2𝜉 = 𝜖𝜉6 + 4𝛼3𝜉2 − 2(𝛼1 + 2𝜇)𝜉2 − 2𝛼1,

𝜂2𝑝2𝜂 = −𝜖𝜂6 + 4𝛼3𝜂4 − 2(𝛼2 + 𝜇)𝜂2 − 2𝛼1.

By introducing the change (𝜉2 + 𝜂2) 𝑑
𝑑𝑡

= 𝑑
𝑑𝜏

 and 𝑋 = 𝜉2, 𝑌 = 𝜂2 we ob-
tain the following ordinary differential system
(𝑑𝑋
𝑑𝜏

)2
= − 𝜖 𝑋

3

2
+ 𝛼2𝑋2 − (𝛼1 + 2𝜇)𝑋 + 𝛼3,

(𝑑𝑌
𝑑𝜏

)2
= 𝜖 𝑌 3

2
+ 𝛼2𝑌 2 + (𝛼1 − 2𝜇)𝑌 + 𝛼3.

Denoting by 𝑋(𝜏) and 𝑌 (𝜏) the solutions of these systems and inserting 
into the equation 𝑝2𝜗 +

𝛽1
sin 𝜗2

+
𝛽2

cos 𝜗2
= 𝛼1 we deduce that

(𝑑𝜗
𝑑𝜏

)2
=

(𝑋(𝜏) + 𝑌 (𝜏))
(

𝛼1 −
𝛽1

sin 𝜗2
−

𝛽2
cos 𝜗2

)

(𝑋(𝜏)𝑌 (𝜏)
.

Hence the solutions of this system can be expressed through elliptic func-
tions.

For 𝑀 > 3 the problem on the separation of variables for the Stark-
Coulomb Hamiltonian system can be obtained in an analogous form than 
in the Stark Hamiltonian system by applying the transformation (25). 
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Indeed, the Stäckel first integrals become

𝐹1 = 𝐹12||𝜎 = 𝑝2𝜃𝑀−2
+

𝛽𝑀−4

sin2 𝜃𝑀−2
+

𝛽𝑀−3

cos2 𝜃𝑀−2
,

𝐹2 = (𝐹12 + 𝐹23 + 𝐹31||𝜎 = 𝑝2𝜃𝑀−3
+

𝛽𝑀−2

cos2 𝜃𝑀−3
+

𝐹1
sin2 𝜃𝑀−3

,

𝐹3 = (𝐹12 + 𝐹23 + 𝐹31 + 𝐹42 + 𝐹51 + 𝐹34||𝜎 = 𝑝2𝜃𝑀−4
+

𝛽𝑀−1

cos2 𝜃𝑀−4

+
𝐹3

sin2 𝜃𝑀−4
,

𝐹𝑗 = … = 𝑝2𝜃𝑀−𝑗−1
+

𝛽𝑀−𝑗

cos2 𝜃𝑀−1−𝑗
+

𝐹𝑗−1
sin2 𝜃𝑀−1−𝑗

, 𝑗 = 1,… ,𝑀 − 2,

𝐹𝑀−1 =
𝜕𝐹
𝜕𝑥𝑀

− 𝜖
2

𝑀−1
∑

𝑗=1
𝑥2𝑗

|

|

|

|

|

|𝜎

=
𝜂2𝑝2𝜉 − 𝜉

2𝑝2𝜂
𝜉2 + 𝜂2

−
𝜇 (𝜉2 − 𝜂2)
𝜉2 + 𝜂2

− 𝜖
2
𝜉2𝜂2

−
𝜉2 − 𝜂2

𝜉2𝜂2
𝐹𝑀−2,

𝐹𝑀 = 𝐻 = 𝐻̃|

|𝜎 =
𝑝2𝜉 + 𝑝

2
𝜂

𝜉2 + 𝜂2
− 𝜀

2
(𝜉2 − 𝜂2) +

2𝜇
𝜉2 + 𝜂2

+
𝐹𝑀−2

𝜉2𝜂2
,

where 𝐹 =
𝑀
∑

𝑗,𝑘=1, 𝑗>𝑘
𝐹𝑗𝑘

|

|

|

|

|

|𝛽𝑀=0

+ 𝜇

√

√

√

√

𝑀
∑

𝑗=1
𝑥2𝑗 . As in the previous results 

by solving the equations 𝐹𝑀−1 = 𝛼𝑀−1 and 𝐹𝑀 = 𝛼𝑀  and taking 
𝐹𝑀−2 = 𝛼𝑀−2, we deduce that the trajectories on the plane (𝜉, 𝜂) can 
be expressed through elliptic functions. Therefore the proposition is 
proved. ∎

5.  Inverse Stäckel problem II in the Riemann spaces of constant 
curvature

In this section we study the inverse Stäckel problem II in the Rie-
mann spaces of constant curvature. First we introduce the following well 
known concepts and notations.

Let (𝕄, 𝐺) be a Riemannian (pseudo Riemann) manifold, and 𝔛(𝕄)
be the space of all vector fields on 𝕄. We define the Riemann curvature 
tensor as the map
𝔛(𝕄) ×𝔛(𝕄) ×𝕏(𝕄) ⟶ 𝔛(𝕄),

that send the vector fields (𝑋, 𝑌 ,𝑍) to the vector field
𝑅(𝑋, 𝑌 )𝑍 = ∇𝑋∇𝑌𝑍 − ∇𝑌∇𝑋𝑍,

where ∇ is the Levi-Civita connection (see for instance [5,33]).
A Riemannian manifold is a space of constant curvature if the Rie-

mann tensor is of the form
𝑅𝑎𝑏𝑐𝑑 = 𝐾

(

𝐺𝑎𝑐𝐺𝑑𝑏 − 𝐺𝑎𝑑𝐺𝑐𝑏
)

,

where 𝐾 is a constant and 𝐺𝑖𝑗 are the components of the Riemann met-
ric. The three most fundamental Riemannian manifolds with constant 
curvature are the Euclidean 𝑛-dimensional space 𝔼𝑛, the 𝑛-dimensional 
sphere 𝕊𝑛, and the hyperbolic space ℍ𝑛.

For 𝕊𝑛 the curvature is 𝐾 = 1, for 𝔼𝑛 the curvature is 𝐾 = 0, and for 
ℍ𝑛 the 𝐾 = −1.

Now we give the Eisenhart results related with the Riemann spaces of 
constant curvature. Eisenhart see [5,25] proved that the necessary and 
sufficient conditions in order that the 𝐻 =

𝑛
∑

𝑗=1
𝐺𝑗𝑗𝑝2𝑗  is in the Stäckel 

form are
𝜕2𝜏𝑖
𝜕𝑧𝑗𝜕𝑧𝑘

=
𝜕𝜏𝑖
𝜕𝑧𝑗

𝜕𝜏𝑖
𝜕𝑧𝑘

−
𝜕𝜏𝑗
𝜕𝑧𝑘

𝜕𝜏𝑖
𝜕𝑧𝑗

−
𝜕𝜏𝑖
𝜕𝑧𝑘

𝜕𝜏𝑘
𝜕𝑧𝑗

, , (34)

where 𝑖, 𝑗, 𝑘 = 1,… , 𝑛 with 𝑖, 𝑗 and 𝑘 distinct, 𝜏𝑗 =
ln 𝐺𝑗𝑗
𝜎

 being 𝜎 ≠ 0 a 
constant. An orthogonal coordinate system on a Riemann space of con-
stant curvature satisfies these conditions. In particular this coordinate 

system in the Riemann spaces 𝔼𝑛, 𝕊𝑛 and ℍ𝑛 always exist. In [25] the 
author gives a classification of separable coordinate systems on these 
spaces.

Thus we get that the variable separation in

(I) 𝔼𝑛 the Riemann metric is:

 In elliptic coordinates 𝐺𝑗𝑗 =

∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

𝑛
∏

𝑚=1

(

𝑧𝑗 − 𝑒𝑚
)

, where 𝑒1 < 𝑧1 < 𝑒2 <

… < 𝑒𝑛 < 𝑧𝑛.

 In parabolic coordinates 𝐺𝑗𝑗 =

∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

𝑛−1
∏

𝑚=1

(

𝑧𝑗 − 𝑒𝑚
)

, where 

𝑧1 < 𝑒1 < 𝑧2 < 𝑒2 <… < 𝑧𝑛−1 < 𝑒𝑛−1 < 𝑧𝑛.

(II) 𝕊𝑛 the Riemann metric is 𝐺𝑗𝑗 =

∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

−4
𝑛+1
∏

𝑚=1

(

𝑧𝑗 − 𝑒𝑚
)

, where 𝑒1 < 𝑧1 <

𝑒2 <… < 𝑒𝑛 < 𝑧𝑛 < 𝑒𝑛+1.

(III) ℍ𝑛 the Riemann metric is 𝐺𝑗𝑗 =

∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

4
𝑛+1
∏

𝑚=1

(

𝑧𝑗 − 𝑒𝑚
)

,

In all these previous expressions the 𝑒𝑗 ’s are constants.

Now we solve the inverse Stäckel problem II in the Riemann (pseudo-
Riemann) spaces of constant curvature.

We determine the Stäckel matrix when 𝐺𝑗𝑗 =
𝑓 (𝑧𝑗 )

𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

 for 𝑗 =

1,… ,𝑀 where 𝑓 (𝑧𝑗 ) = 𝑎
𝑙

∏

𝑚=1

(

𝑧𝑗 − 𝑒𝑚
)

, 𝑙 ≥ 1 is an integer, 𝑎 ≠ 0 and 
𝑒1,… , 𝑒𝑙 are convenient constants. Clearly that the metric of the given 
space of constant curvature is a particular case of this metric.

Consequently

𝐺𝑗𝑗 =

{

𝜑1, 𝜑2,… , 𝜑𝑀−1, 𝑧𝑗
}

{

𝜑1, 𝜑2,… , 𝜑𝑀−1, 𝜑𝑀
} (35)

Therefore to solve the inverse Stäckel problem II in this case we need to 
solve the first order partial differential equations from (10)

𝑀
∑

𝑗=1

𝑓 (𝑧𝑗 )
𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

𝜕𝜑𝑘
𝜕𝑧𝑗

= 0, 𝑗 = 1,… ,𝑀 − 1,

𝑀
∑

𝑗=1

𝑓 (𝑧𝑗 )
𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

𝜕𝜑𝑀
𝜕𝑧𝑗

= 1,

𝑀
∑

𝑗=1

𝜕
𝜕𝑧𝑗

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑓 (𝑧𝑗 )
𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

{

𝜑1, 𝜑2,… , 𝜑𝑀−1, 𝜑𝑀
}

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 0.
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The solutions of these equations are

𝜑𝑗 = ∫

𝑀
∑

𝑘=1

𝛼𝑗𝑀−1𝑧
𝑀−1
𝑘 +…+ 𝛼𝑗1𝑧𝑘 + 𝛼

𝑗
0

𝑓 (𝑧𝑘)
𝑑𝑧𝑘, 𝑗 = 1,… ,𝑀 − 1,

𝜑𝑀 = ∫

𝑀
∑

𝑘=1

𝛼𝑀𝑀−1𝑧
𝑀
𝑘 +…+ 𝛼𝑀1 𝑧𝑘 + 𝛼𝑀0

𝑓 (𝑧𝑘)
𝑑𝑧𝑘

{𝜑1, 𝜑2,… , 𝜑𝑀} = |Δ| = det Ω
𝑀
∏

𝑘=1
𝑓 (𝑧𝑘),

where 𝛼𝑗𝑀−1,… , 𝛼𝑗0 for 𝑗 = 1,… ,𝑀 are constants.
In particular we have the following solutions

𝜑1 = ∫

𝑀
∑

𝑘=1

1
𝑓 (𝑧𝑘)

𝑑𝑧𝑘, 𝜑2 = ∫

𝑀
∑

𝑘=1

𝑧𝑘
𝑓 (𝑧𝑘)

𝑑𝑧𝑘,… ,

𝜑𝑀 = ∫

𝑀
∑

𝑘=1

𝑧𝑀−1
𝑘
𝑓 (𝑧𝑘)

𝑑𝑧𝑘,

then the Stäckel matrix in this case becomes

Δ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1
𝑓 (𝑧1)

𝑧1
𝑓 (𝑧1)

… …
𝑧𝑀−1
1
𝑓 (𝑧1)

1
𝑓 (𝑧2)

𝑧2
𝑓 (𝑧2)

… …
𝑧𝑀−1
2
𝑓 (𝑧2)

⋮ ⋮ ⋮ ⋮ ⋮

1
𝑓 (𝑧𝑀−1)

𝑧𝑀−1
𝑓 (𝑧𝑀−1)

… …
𝑧𝑀−1
𝑀−1

𝑓 (𝑧𝑀−1)

1
𝑓 (𝑧𝑀 )

𝑧𝑀
𝑓 (𝑧𝑀 )

… …
𝑧𝑀−1
𝑀

𝑓 (𝑧𝑀 )

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

The inverse Stäckel matrix is

Δ−1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑓 (𝑧1)
𝑀
∏

𝑘≠1
𝑧𝑘

𝑀
∏

𝑘≠1

(

𝑧1 − 𝑧𝑘
)

𝑓 (𝑧2)
𝑀
∏

𝑘≠2
𝑧𝑘

𝑀
∏

𝑘≠2

(

𝑧2 − 𝑧𝑘
)

… …

𝑓 (𝑧𝑀 )
𝑀
∏

𝑘≠𝑀
𝑧𝑘

𝑀
∏

𝑘≠𝑀

(

𝑧𝑀 − 𝑧𝑘
)

⋮ ⋮ … … ⋮

𝑓 (𝑧1)
𝑀
∑

𝑘≠1
𝑧𝑘

𝑀
∏

𝑘≠1

(

𝑧1 − 𝑧𝑘
)

𝑓 (𝑧2)
𝑀
∑

𝑘≠2
𝑧𝑘

𝑀
∏

𝑘≠2

(

𝑧2 − 𝑧𝑘
)

… …

𝑓 (𝑧𝑀 )
𝑀
∑

𝑘≠𝑀
𝑧𝑘

𝑀
∏

𝑘≠𝑀

(

𝑧𝑀 − 𝑧𝑘
)

𝑓 (𝑧1
𝑀
∏

𝑘≠1

(

𝑧1 − 𝑧𝑘
)

𝑓 (𝑧2)
𝑀
∏

𝑘≠2

(

𝑧2 − 𝑧𝑘
)

… …
𝑓 (𝑧𝑀 )

𝑀
∏

𝑘≠𝑀

(

𝑧𝑀 − 𝑧𝑘
)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

The first integrals can be obtained from formula (14). Consequently

𝐹1 = 𝑝21∕2

𝑓 (𝑧1)
𝑀
∏

𝑘≠1
𝑧𝑘

𝑀
∏

𝑘≠1

(

𝑧1 − 𝑧𝑘
)

+ 𝑝22∕2

𝑓 (𝑧2)
𝑀
∏

𝑘≠2
𝑧𝑘

𝑀
∏

𝑘≠2

(

𝑧2 − 𝑧𝑘
)

+…+ 𝑝2𝑀∕2

𝑓 (𝑧𝑀 )
𝑀
∏

𝑘≠𝑀
𝑧𝑘

𝑀
∏

𝑘≠𝑀

(

𝑧𝑀 − 𝑧𝑘
)

,

⋮

𝐹𝑀−1 = 𝑝21∕2
𝑀
∏

𝑘≠1

(

𝑧1 − 𝑧𝑘
)

+ 𝑝22∕2

𝑓 (𝑧2)
𝑀
∑

𝑘≠2
𝑧𝑘

𝑀
∏

𝑘≠2

(

𝑧2 − 𝑧𝑘
)

+…+ 𝑝2𝑀∕2

𝑓 (𝑧𝑀 )
𝑀
∑

𝑘≠𝑀
𝑧𝑘

𝑀
∏

𝑘≠𝑀

(

𝑧𝑀 − 𝑧𝑘
)

,

𝐹𝑀 = 𝐻 = 𝑝21∕2
𝑓 (𝑧1)

𝑀
∏

𝑘≠1

(

𝑧1 − 𝑧𝑘
)

+ 𝑝22∕2
𝑓 (𝑧2)

𝑀
∏

𝑘≠2

(

𝑧2 − 𝑧𝑘
)

+…+ 𝑝2𝑀∕2
𝑓 (𝑧𝑀 )

𝑀
∏

𝑘≠𝑀

(

𝑧𝑀 − 𝑧𝑘
)

,

5.1.  The Hamiltonian Stäckel function in the spaces of constant curvature

From the previous results we get that the geodesic Hamiltonian 
in the Riemannian (pseudo-Riemannian) manifold (𝕄, 𝐺) is 𝐹𝑀 =
𝑀
∑

𝑗=1

𝑝2𝑗
2

𝑓 (𝑧𝑗 )
𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

.

The complete homogeneous symmetric polynomial of degree 𝑘 in 𝑀
variables (𝑧1,… , 𝑧𝑀 ) is the sum of all monomials of total degree k in 
these variables, i.e.
𝑃𝑘(𝑧1,… , 𝑧𝑀 ) =

∑

𝑛1+…+𝑛𝑀=𝑘≥1
𝑧𝑛11 𝑧

𝑛2
2 … , 𝑧𝑛𝑀𝑀 .

Now we determine the potential function 𝑈 such that 𝐻 = 𝐹𝑀 + 𝑈
is the Hamiltonian-Stäckel function.

From (10) and (35) we get that the potential 𝑈 is
𝑀
∑

𝑗=1

𝑓 (𝑧𝑗 )
𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

𝜕Ψ
𝜕𝑧𝑗

= 𝑈 (𝑧1,… , 𝑧𝑀 ), (36)

where Ψ =
𝑀
∑

𝑗=1
∫

𝑧𝑗

𝑧𝑗0
Ψ𝑗 (𝑧𝑗 )𝑑𝑧𝑗 .

Proposition 7.  The Stäckel potential function 𝑈 that is a solution of the 
partial differential Eq. (36) is the complete homogeneous symmetric polyno-
mial of degree 𝑘 in the variables (𝑧1,… , 𝑧𝑀 ). Moreover the functions Ψ𝑗 (𝑧𝑗 )
are

Ψ𝑗 (𝑧𝑗 ) ∶= Ψ(𝑘)
𝑗 (𝑧𝑗 ) = 𝜈

𝑧𝑘+𝑀−1
𝑗

𝑓 (𝑧𝑗 )
, 𝑘 ≥ 1,

where 𝜈 is a convenient non-zero constant. 
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Proof.  Indeed, after tedious computations from (36) we get that

𝜈
𝑀
∑

𝑗=1

𝑓 (𝑧𝑗 )
𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

𝜕
𝜕𝑧𝑗

(

∫

𝑧𝑗

𝑧𝑗0

𝑧𝑘+𝑀−1
𝑗

𝑓 (𝑧𝑗 )
𝑑𝑧𝑗

)

= 𝜈
∑

𝑛1+…+𝑛𝑀=𝑘
𝑧𝑛11 … , 𝑧𝑛𝑀𝑀 = 𝑈𝑘(𝑧1,… , 𝑧𝑀 ),

for 𝑘 ≥ 1. Therefore we get
𝑀
∑

𝑗=1

𝑧𝑘+𝑀−1
𝑗

𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

=
∑

𝑛1+…+𝑛𝑀=𝑘
𝑧𝑛11 … , 𝑧𝑛𝑀𝑀 , (37)

for 𝑘 ≥ 1. We observe that this equality was proved in [34]. ∎
Therefore we deduce that the require Hamiltonian Stäckel function 

is

𝐻 =
𝑀
∑

𝑗=1

𝑓 (𝑧𝑗 )
𝑀
∏

𝑘≠1

(

𝑧𝑗 − 𝑧𝑘
)

(

𝑝2𝑗∕2 + 𝜈
𝑧𝑘+𝑀−1
𝑗

𝑓 (𝑧𝑗 )

)

=
𝑀
∑

𝑗=1
𝑝2𝑗∕2

𝑓 (𝑧𝑗 )
𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

+ 𝜈
∑

𝑛1+…+𝑛𝑀=𝑘
𝑧𝑛11 … , 𝑧𝑛𝑀𝑀 ,

for 𝑘 ≥ 1.
Now we shall study the case when 𝑓 (𝑧𝑗 ) = 𝑧𝑗 . Thus we determine 

the Stäckel matrix when 𝐺𝑗𝑗 =
𝑧𝑗

𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

 for 𝑗 = 1,… ,𝑀. Thereby 

we have the following solutions

𝜑1 = log |
𝑀
∏

𝑗=1
𝑧𝑗 |, 𝜑2 =

𝑀
∑

𝑘=1
𝑧𝑘, … , 𝜑𝑀 =

𝑀
∑

𝑘=1

𝑧𝑀−1
𝑘

𝑀 − 1
.

Then the Stäckel matrix in this case becomes

Δ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1
𝑧1

1 … … 𝑧𝑀−2
1

1
𝑧2

1 … … 𝑧𝑀−2
2

⋮ ⋮ … ⋮ ⋮

1
𝑧𝑀

1 … … 𝑧𝑀−2
𝑀

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

The inverse Stäckel matrix is

Δ−1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑀
∏

𝑘=1
𝑧𝑘

𝑀
∏

𝑘≠1

(

𝑧1 − 𝑧𝑘
)

𝑀
∏

𝑘=1
𝑧𝑘

𝑀
∏

𝑘≠2

(

𝑧2 − 𝑧𝑘
)

… …

𝑀
∏

𝑘=1
𝑧𝑘

𝑀
∏

𝑘≠𝑀

(

𝑧𝑀 − 𝑧𝑘
)

⋮ ⋮ … … ⋮

𝑧1
𝑀
∑

𝑘≠1
𝑧𝑘

𝑀
∏

𝑘≠1

(

𝑧1 − 𝑧𝑘
)

𝑧2
𝑀
∑

𝑘≠2
𝑧𝑘

𝑀
∏

𝑘≠2

(

𝑧2 − 𝑧𝑘
)

… …

𝑧𝑀
𝑀
∑

𝑘≠𝑀
𝑧𝑘

𝑀
∏

𝑘≠𝑀

(

𝑧𝑀 − 𝑧𝑘
)

𝑧1
𝑀
∏

𝑘≠1

(

𝑧1 − 𝑧𝑘
)

𝑧2
𝑀
∏

𝑘≠2

(

𝑧2 − 𝑧𝑘
)

… …
𝑧𝑀

𝑀
∏

𝑘≠𝑀

(

𝑧𝑀 − 𝑧𝑘
)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

We take in this case Ψ𝑗 (𝑧𝑗 ) ∶= Ψ(𝑀)
𝑗 (𝑧𝑗 ) = 𝜈𝑧2𝑀−1

𝑗 . Therefore the first in-
tegrals (14) become

𝐹1 =
𝑀
∑

𝑘≠1

𝑀
∏

𝑘=1
𝑧𝑘

𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

𝑝2𝑗∕2 + 𝜈 𝑈̃2𝑀 ,

⋮

𝐹𝑀−1 =

𝑀
∑

𝑗=1
𝑝2𝑗∕2 𝑧𝑗

𝑀
∑

𝑘≠𝑗
𝑧𝑘

𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

+ 𝜈𝑈̃𝑀+2,

𝐹𝑀 = 𝐻 =

𝑀
∑

𝑗=1
𝑝2𝑗∕2 𝑧𝑗

𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

+ 𝜈 𝑈𝑀+1,

where 𝑈̃𝑗 for 𝑗 = 2𝑀,… ,𝑀 + 2 are symmetric polynomials of degree 𝑗
and 𝑈𝑀+1 is a complete symmetric polynomial.

The Jacobi–Stäckel function can be written as

𝑊 =
𝑀
∑

𝑘=1
∫

𝑧𝑘

𝑧𝑘0

√

√

√

√𝜈 𝑧2𝑀−1 +
𝑀
∑

𝑛=0
𝑧𝑛−1𝑘 𝛼𝑛 𝑑𝑧𝑘.

In particular for 𝑀 = 3 we have that the previous first integrals are

𝐹1 =
𝑧1𝑧2𝑧3

(𝑧1 − 𝑧2)(𝑧1 − 𝑧3)
𝑝21∕2 +

𝑧1𝑧2𝑧3
(𝑧2 − 𝑧1)(𝑧2 − 𝑧3)

𝑝22∕2

+
𝑧1𝑧2𝑧3

(𝑧3 − 𝑧1)(𝑧3 − 𝑧2)
𝑝23∕2 − 𝜈 𝑧1𝑧2𝑧3𝑈3,

𝐹2 =
𝑧1(𝑧2 + 𝑧3)𝑝21∕2
(𝑧1 − 𝑧2)(𝑧1 − 𝑧3)

+
𝑧2(𝑧1 + 𝑧3)𝑝22∕2
(𝑧2 − 𝑧1)(𝑧2 − 𝑧3)

+
𝑧3(𝑧2 + 𝑧)𝑝23∕2

(𝑧3 − 𝑧1)(𝑧3 − 𝑧2)

+𝜈 (𝑧1 + 𝑧2)(𝑧1 + 𝑧3)(𝑧3 + 𝑧4)(𝑧21 + 𝑧
2
2 + 𝑧

2
3),

𝐹3 =𝐻 =
𝑧1𝑝21∕2

(𝑧1 − 𝑧2)(𝑧1 − 𝑧3)
+

𝑧2 𝑝22∕2
(𝑧2 − 𝑧1)(𝑧2 − 𝑧3)

𝑧3 𝑝23∕2
(𝑧3 − 𝑧1)(𝑧3 − 𝑧2)

+ 𝜈 𝑈4,

where 𝑈3 and 𝑈4 are complete symmetric polynomials of degree 3 and 
4, respectively.

In [35] the authors present two quasi-biHamiltonian systems with 
three and four degrees of freedom, they proved that they belong to 
a family of integrable flows obtained in [36] as stationary flows of 
the Korteweg-de Vries hierarchy [37]. This family contains the classi-
cal Hénon-Heiles system as its second member, so the higher members 
can be considered as multi-dimensional extensions of Hénon-Heiles. The 
third member of this family, which is a stationary reduction of the sev-
enth order KdV flow, is defined in a six dimensional phase space with 
coordinates (𝑞1, 𝑞2, 𝑞3) and (𝜇1, 𝜇2, 𝜇3) by the Hamiltonian

𝐻̃3 = (𝜇23 + 2𝜇2𝜇1)∕2 − 5𝑞41∕8 + 5𝑞21𝑞2∕2 + 𝑞1𝑞
2
3∕2 − 𝑞

2
2∕2.
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After the change of coordinates 𝜎3(𝑞1, 𝑞2, 𝑞3, 𝜇1, 𝜇2, 𝜇3) =
(𝑧1, 𝑧2, 𝑧3, 𝑝1, 𝑝2, 𝑝3) given by

𝑞1 = −1
2
(𝑧1 + 𝑧2 + 𝑧3),

𝑞2 = −1
8
(

(𝑧1 + 𝑧2 + 𝑧3)2 − 4(𝑧1𝑧2 + 𝑧1𝑧3 + 𝑧2𝑧3)
)

,

𝑞3 =
√

𝑧1𝑧2𝑧3,

𝜇1 = −2
( 𝑧1(−𝑧1 + 𝑧2 + 𝑧3)𝑝1

(𝑧1 − 𝑧2)(𝑧1 − 𝑧3)
+
𝑧2(𝑧1 − 𝑧2 + 𝑧3)𝑝2
(𝑧2 − 𝑧1)(𝑧2 − 𝑧3)

+
𝑧3(𝑧1 + 𝑧2 − 𝑧3)𝑝3
(𝑧3 − 𝑧2)(𝑧3 − 𝑧1)

)

,

𝜇2 = −2
( 𝑧1𝑝1
(𝑧1 − 𝑧2)(𝑧1 − 𝑧3)

+
𝑧2𝑝2

(𝑧2 − 𝑧1)(𝑧2 − 𝑧3)
+

𝑧3𝑝3
(𝑧3 − 𝑧2)(𝑧3 − 𝑧1)

)

,

𝜇3 = 2
√

𝑧1𝑧2𝑧3
( 𝑝1
(𝑧1 − 𝑧2)(𝑧1 − 𝑧3)

+
𝑝2

(𝑧2 − 𝑧1)(𝑧2 − 𝑧3)
+

𝑝3
(𝑧3 − 𝑧2)(𝑧3 − 𝑧1)

)

,

and by applying the identity (37) we get the Hamiltonian

𝐹3 =

3
∑

𝑗=1
𝑝2𝑗∕2 𝑧𝑗

3
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

+ 𝜈 𝑈4 = 𝐻̃3
|

|𝜎3
.

The second example is a Hénon-Heiles system with four degrees of 
freedom. It can be constructed as a stationary reduction of the nineth or-
der KdV flow. Its phase space is eight dimensional, and the Hamiltonian 
is

𝐻̃4 =
(

𝜇24 + 2𝜇1𝜇3 + 𝜇22
)

∕2 + 3𝑞51∕4 − 5𝑞31𝑞2∕2 + 2𝑞1𝑞22

+5𝑞21𝑞3∕2 + 𝑞1𝑞
2
4∕2 − 𝑞2𝑞3.

After a convenient change 𝜎4(𝑞1, 𝑞2, 𝑞3, 𝑞4, 𝜇1, 𝜇2, 𝜇3𝜇4) =
(𝑧1, 𝑧2, 𝑧3, 𝑧4𝑝1, 𝑝2, 𝑝3, 𝑝4), see [35] and by applying the identity
(37) we get that

𝐹4 =

4
∑

𝑗=1
𝑝2𝑗∕2 𝑧𝑗

4
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

+ 𝜈 𝑈5 = 𝐻̃4
|

|𝜎4
.

The following question arise: Is it possible to construct the Hénon-
Heiles system with 𝑀 degree of freedom related with the Hamiltonian 
𝐹𝑀  as a stationary reduction of the 2𝑀 + 1 order KdV flow, i.e.

𝐹𝑀 =

𝑀
∑

𝑗=1
𝑝2𝑗∕2 𝑧𝑗

𝑀
∏

𝑘≠𝑗

(

𝑧𝑗 − 𝑧𝑘
)

+ 𝜈 𝑈𝑀+1 = 𝐻̃𝑀
|

|𝜎𝑀
?
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