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ABSTRACT

The study of the integrability by separation of variables of the Hamilton-Jacobi equations is a classical problem in
Mechanics, dating back to the foundational works of Liouville, Jacobi, Stéckel, Levi-Civita and others. Recently
this kind integrability received a big attention due to its applications to the theory of integrable partial differential
equations of Korteweg de Vries type and to the theory of quantum integrable systems.

The most relevant development to the solution of the separation of variables due to Stickel was to give the
general solution in orthogonal coordinates.

In the present paper by applying the Nambu bracket and its new properties we developed the Stéckel ideas
and state and solve two inverse problems in ordinary differential equations. The first one is related with the
problem of the construction of the Stickel potential from a given special family of curves, and the second one
is related with the problem of the construction of the Stdckel matrix from a given Riemann-Stéckel metric and
consequently we construct the Stdckel mechanical system.

The obtained results are illustrated solving some relevant applications. In particular we solve the second
inverse Stickel problem for the Kepler-Coulomb system, the Stark system in arbitrary dimension and for the first
time we introduce and study the Stark-Coloumb system. For these Hamiltonian systems we prove that they are
integrable by separation of variables. Moreover we solve the second Stickel problem in the pseudo-Riemann space
of constant curvature and prove that the Stéckel potential in this case is a complete homogeneous symmetric
polynomial.

1. Introduction

can be written as follows S = a,, t + W, where

The study of the integrability by separation of variables of the
Hamilton-Jacobi equations is a classical problem in Mechanics, dating
back to the foundational works of Liouville, Jacobi, Stickel, Levi-Civita
and others. This question was studied intensively in the second half of
the last century (see for instance [1-9]). For an outline of the theory of
separation of variables we refer to the book of Kalnins [10]. The integra-
bility by separation of variables of the Hamilton-Jacobi equations has
recently received a big attention due to its applications to the theory of
integrable partial differential equations of Korteweg de Vries type and to
the theory of quantum integrable systems (see for instance [8,11-13]).
In the review Separation of Variables. New Trends see [12] Sklyanin ar-
gued that separation of variables could be the most universal tool to
solve integrable models of the classical and quantum mechanics.

If a solution of the non-linear partial differential equation (Hamilton-
Jacobi equation)
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W =Wi(zy, 0, ...,0p) + ...+ Wy (zp,ap, .. apy),
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then we say that the Hamiltonian system is additive separable or inte-
grable by separation of variables or integrable in the Jacobi sense.

The definition of the integrable in the Liouville sense is the following. Con-
sider a Hamiltonian mechanical system defined by the Hamiltonian H = H,,
with M degrees of freedom. If there exists a family of M — 1 first integrals
H,,H,, ..., Hy_, such that

(a) they are in involution with respect to the Poisson bracket, that is

M
(de 0H, OJH; 3Hk> _

oP; 0z; dz; OP;

{Hy, Hyy =)
j=1
forj,k=1,....,.M,
(b) they are independent, i.e. the rank of the matriz formed by the gradi-
entsof Hy,..., Hy, = H is M except (perhaps) in a set of zero Lebesgue
measure.
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$\mathbb {R}^N$


\begin {equation}\label {cxz02} H\left (z_1,\ldots ,z_M,\dfrac {\partial S}{\partial z_1},\ldots ,\dfrac {\partial S}{\partial z_M}\right )=h=\alpha _M.\end {equation}


$S=\alpha _M\,t+W$


\begin {align}\label {Levi1} W =\,\,& W_1(z_1, \alpha _1,\ldots ,\alpha _M) +\ldots +W_M(z_M,\alpha _1,\ldots ,\alpha _M),\notag \\&\det \left (\dfrac {\partial ^2 {W}}{\partial z_j\,\partial \alpha _k}\right )\ne 0,\end {align}


$H=H_M$


$M$


$M-1$


$H_1,H_2,\ldots ,H_{M-1}$


\begin {equation*}\{H_j,H_k\}^*=\displaystyle \sum _{j=1}^M\left (\dfrac {\partial {H_j}}{\partial P_j}\dfrac {\partial H_k}{\partial z_j}-\dfrac {\partial {H_j}}{\partial z_j}\dfrac {\partial H_k}{\partial P_j}\right )=0,\end {equation*}


$j,k=1,\ldots ,M,$


$H_1,\ldots ,H_M=H$


$M$


$(z_1,z_2)$


$H=\dfrac { P^2_1+P^2_2+2(\mu _1(z_1)+\mu _2(z_2)}{2(\kappa _1(z_1)+\kappa _2(z_2))}$


$\displaystyle \sum _{j=1}^M\dfrac {1}{A_j}\left (\dfrac {\partial {S}}{\partial z_j\,}\right )^2=U(z_1,\ldots ,z_M)+h,$


$h$


$S=\displaystyle \sum _{j=1}^MS_j(z_j,\alpha _1,\ldots ,\alpha _M)$


$\alpha _j$


$j=1,\ldots ,M$


$\det \left (\dfrac {\partial ^2 {S}}{\partial z_j\,\partial \alpha _k}\right )\ne 0$


$\Delta =(\Delta _{ij})$


$A_j=\dfrac {\Delta ^{jM}}{\det (\Delta )}$


$j=1,\ldots ,M$


$\Delta ^{jM}$


$(j,M)$


$\Delta ^{-1}$


$\Psi _j(z_j)$


$j=1,\ldots ,M$


\begin {equation}\label {RRT} U(z_1,\ldots ,z_M)=\displaystyle \sum _{j=1}^M\dfrac {\Delta ^{jM}}{|\Delta |}\Psi _j(z_j).\end {equation}


$H=F_M=\displaystyle \sum _{j=1}^M\dfrac {\Delta ^{jM}}{|\Delta |}\left (P_j^2/2+\Psi _j(z_j)\right ),$


$M-1$


\begin {equation}\label {MMM} F_j=\displaystyle \sum _{k=1}^{M}\dfrac {\Delta ^{jk}}{|\Delta |}\left (P_k^2/2+\Psi _k(z_k)\right ),\end {equation}


$j=1,\ldots ,M-1.$


$H$


$M(M-1)/2$


\begin {equation*}\label {HSS1} \begin {array}{rl} L_{jk}( {H},z,P):=& \dfrac {\partial { {H}}}{\partial P_j}\dfrac {\partial { {H}}}{\partial P_k}\dfrac {\partial ^2 { {H}}}{\partial z_j\partial z_k}+\dfrac {\partial { {H}}}{\partial z_j}\dfrac {\partial { {H}}}{\partial z_k}\dfrac {\partial ^2 { {H}}}{\partial P_j\partial P_k}\vspace {0.20cm}\\ &-\dfrac {\partial { {H}}}{\partial P_j}\dfrac {\partial { {H}}}{\partial z_k}\dfrac {\partial ^2 { {H}}}{\partial z_j\partial P_k}-\dfrac {\partial { {H}}}{\partial P_k}\dfrac {\partial { {H}}}{\partial z_j}\dfrac {\partial ^2 { {H}}}{\partial P_j\partial z_k}=0, \end {array}\end {equation*}


$j,k=1,\ldots ,M$


$j\ne k$


$M-1$


$\R ^M$


$j$


$z_j$


$H_j$


$j=1,\ldots ,N$


\begin {equation*}\label {Mcxz} \Big \{H_1,H_2,\ldots ,H_{M-1},H_M\}:=\left | \begin {array}{cccc} \dfrac {\p H_1}{\p x_1} & \dfrac {\p H_1}{\p x_2} &\hdots & \dfrac {\p H_1}{\p x_M}\vspace {0.2cm}\\ \dfrac {\p H_2}{\p x_1} & \dfrac {\p H_2}{\p x_2} & \hdots &\dfrac {\p H_2}{\p x_M} \vspace {0.2cm}\\ \vdots \qquad &\vdots \qquad &\hdots &\vdots \\ \dfrac {\p H_{M-1}}{\p x_1} & \dfrac {\p H_{M-1}}{\p x_2} & \hdots &\dfrac {\p H_{M-1}}{\p x_{M}} \vspace {0.1cm}\\ \dfrac {\p H_M }{\p x_1} & \dfrac {\p H_M }{\p x_2} &\hdots & \dfrac {\p H_M }{\p x_{M}} \\ \end {array} \right |.\end {equation*}


$\displaystyle \sum _{j=1}^M\displaystyle \dfrac {\partial {f}}{\partial x_j} \{g_1,\dots ,g_{n-1},x_j,g_{ n+1},\ldots ,g_N\}=\{g_1,\dots ,g_{n-1},f, g_{n+1}\ldots ,g_M\}$


$\displaystyle \sum _{j=1}^M\displaystyle \dfrac {\partial }{\partial x_j} {\{g_1,\dots ,g_{n-1},x_j,g_{n+1}\ldots ,g_M\}}=0,$


$n=1,2,\ldots ,M$


\begin {equation*}(iii) \begin {array}{rl} &-\{f_1\ldots ,f_{M-1},G\}\{g_1\ldots ,g_M\}\vspace {0.20cm}\\ &+\displaystyle \sum _{n=1}^M\{f_1,\ldots ,f_{M-1},g_n\}\{g_1,\ldots ,g_{n-1},G,g_{n+1},\ldots ,g_M\}\equiv 0. \end {array}\end {equation*}


\begin {equation*}(iv) \begin {array}{rl} &-\{f_1\ldots ,f_{M-1},\lambda \{g_1\ldots ,g_M\}\}\vspace {0.20cm}\\ &+\displaystyle \sum _{n=1}^M\{g_1,\ldots ,g_{n-1},\lambda \{f_1,\ldots ,f_{M-1},g_n\},g_{n+1},\ldots ,g_M\}\equiv 0. \end {array}\end {equation*}


$M=3$


\begin {equation}\label {SRt1} \begin {array}{l} \{f_1,f_{2},G\}\{g_1,g_2,g_3\}=\vspace {0.20cm}\\ \{f_1,f_{2},g_\}\{G,g_2,g_3\}+\{f_1,f_{2},g_2\}\{g_1,G,g_3\}+\{f_1,f_{2},g_3\}\{g_1,g_2,G\},\vspace {0.20cm}\\ \{f_1,f_2,\lambda \{g_1,g_{2},g_3\}\}=\vspace {0.20cm}\\ \{\lambda \{f_1,f_{2},g_1\},g_2,g_3\}\}+ \{g_1,\lambda \{f_1,f_{2},g_2\},g_3\}\}+ \{g_1,g_2,\lambda \{f_1,f_{2},g_3\}\}\} \end {array}\end {equation}


\begin {equation*}\Delta =\left ( \begin {array}{cccc} \varphi _{11}(z_1) & \varphi _{12}(z_1) & \hdots & \varphi _{1M}(z_1) \\ \varphi _{21}(z_2) & \varphi _{22}(z_2) & \hdots & \varphi _{2M}(z_2) \\ \vdots & \vdots & \hdots & \vdots \\ \varphi _{M1}(z_M) & \varphi _{M2}(z_M) & \hdots & \varphi _{MM}(z_M) \\ \end {array} \right ),\end {equation*}


$\varphi _{ij}$


$i,j=1,\ldots ,M$


$d\varphi _\alpha =\displaystyle \sum _{k=1}^M\varphi _{k\alpha }(z_k)dz_k,$


$\alpha =1,\ldots ,M$


$\Delta $


\begin {equation}\label {St1} \Delta =\left ( \begin {array}{cccc} \dfrac {\partial \varphi _1}{\partial z_1} & \dfrac {\partial \varphi _2}{\partial z_1} & \hdots & \dfrac {\partial \varphi _M}{\partial z_1} \\ \dfrac {\partial \varphi _1}{\partial z_2} & \dfrac {\partial \varphi _2}{\partial z_2} & \hdots & \dfrac {\partial \varphi _M}{\partial z_2} \\ \vdots & \vdots & \hdots & \vdots \\ \dfrac {\partial \varphi _1}{\partial z_M} & \dfrac {\partial \varphi _2}{\partial z_M} & \hdots & \dfrac {\partial \varphi _M}{\partial z_M} \\ \end {array} \right ),\end {equation}


$\Delta ^{-1}=\Big (\dfrac {\Delta ^{jk}}{|\Delta |}\Big )$


\begin {equation}\label {Rt1} \begin {array}{rl} &\left (\begin {array}{cccc} \dfrac {\left \{z_{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} & \hdots & \dfrac {\left \{z_{M},\varphi _{2},\ldots ,\varphi _{M}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}\vspace {0.30cm}\\ \dfrac {\left \{\varphi _1,z_{1},\ldots ,\varphi _{M}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} & \hdots & \dfrac {\left \{\varphi _1,z_{M},\ldots ,\varphi _{M}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} \\ \vdots & \hdots & \vdots \\ \\ \dfrac {\left \{\varphi _1,\ldots ,\varphi _{M-1},z_1\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} & \hdots & \dfrac {\left \{\varphi _1,\ldots ,\varphi _{M},z_M\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} \end {array}\right )\vspace {0.3cm}\\ :=& \left (\begin {array}{cccc} \lambda \,a_{11}(z_2,\ldots ,z_M) & \hdots & \lambda \,a_{1M}(z_1,\ldots ,z_{M-1})\vspace {0.30cm}\\ \lambda \,a_{21}(z_2,\ldots ,z_M) & \hdots & \lambda \,a_{2M}(z_1,\ldots ,z_{M-1}) \\ \vdots & \hdots & \vdots \\ \lambda \,a_{M1}(z_2,\ldots ,z_M) & \hdots & \lambda \,a_{MM}(z_1,\ldots ,z_{M-1}) \\ \end {array}\right ), \end {array}\end {equation}


$\dfrac {1}{\lambda }=\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}=|\Delta |=\det (\Delta )\ne 0$


$G$


\begin {equation}\label {Ty1} G^{jj}=\dfrac {\Delta ^{jM}}{|\Delta |}= \dfrac {\left \{\varphi _1,\ldots ,\varphi _{M-1},z_{j}\right \}}{\left \{\varphi _{1},\ldots ,\varphi _{M-1},\varphi _{M}\right \}},\end {equation}


$G$


$G^{-1}=\mbox {diag}(G^{11},\ldots ,G^{NN} )$


$G=\mbox {diag}(G_{11}=1/G^{11},\ldots ,G_{NN}=1/G^{NN} ).$


\begin {equation*}\label {RRt2} \begin {array}{rl} H=&\displaystyle \sum _{k=1}^M \dfrac {P^2_j}{2} \dfrac {\left \{\varphi _1,\varphi _2,\ldots ,z_j\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} +\dfrac {\left \{\varphi _{1},\varphi _{2},\ldots ,\Psi \right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}},\vspace {0.2cm}\\ =&\displaystyle \sum _{k=1}^M \dfrac {\left \{\varphi _1,\varphi _2,\ldots ,z_j\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}\left (\dfrac {P^2_j}{2}+ \Psi _j(z_j)\right ) \end {array}\end {equation*}


$\Psi =\displaystyle \sum _{j=1}^{M}\int _{z_{j0}}^{z_j}\,\Psi _j(z_j)dz_j.$


$T= \dfrac {1}{2}\displaystyle \sum _{j=1}^M\dfrac {\dot {z}^2_j}{A_j}:=\dfrac {1}{2}\displaystyle \sum _{j=1}^MG_{jj}\,\,\dot {z}^2_j,$


$G^{-1}=(G^{jj})$


$G^{jj}=A_j=\dfrac {\left \{\varphi _1, \ldots ,\varphi _{M-1},z_{j}\right \}}{\left \{\varphi _{1},\ldots ,\varphi _{M-1},\varphi _{M}\right \}},\quad j=1,\ldots ,M$


$U$


$M-1$


$f_j=f_{j1}(z_1,\alpha _1,\ldots ,\alpha _M)+\ldots + f_{jM}(z_M,\alpha _1,\ldots ,\alpha _M)=c_j$


$j=1,\ldots ,M-1$


$\Delta .$


$\varphi _1,\varphi _2,\ldots ,\varphi _M$


$\Psi $


\begin {equation}\label {Rz2} G^{jj}=\dfrac {\left \{\varphi _1, \varphi _{2},\ldots ,\varphi _{M-1},z_{j}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M-1},\varphi _{M}\right \}},\quad U=\dfrac {\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\Psi \}}{\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}},\end {equation}


$j=1,\ldots ,M.$


\begin {equation}\label {Rt2} \begin {array}{rl} \dfrac {\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _k\}}{\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}}=&\displaystyle \sum _{j=1}^MG^{jj}\dfrac {\partial \varphi _k}{\partial \,z_j}=0,\qquad k=1,\ldots ,M-1,\vspace {0.20cm}\\ \dfrac {\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}}{\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}}=&\displaystyle \sum _{j=1}^MG^{jj}\dfrac {\partial \varphi _M}{\partial \,z_j}=1,\vspace {0.20cm}\\ \dfrac {\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\Psi \}}{\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}}=&\displaystyle \sum _{j=1}^MG^{jj}\dfrac {\partial \Psi }{\partial \,z_j}=U. \end {array}\end {equation}


$G^{jj}\,\,{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M-1},\varphi _{M}\right \}}=\left \{\varphi _1, \varphi _{2},\ldots ,\varphi _{M-1},z_{j}\right \}.$


$\displaystyle \sum _{j=1}^M\dfrac {\partial }{\partial z_j}\left (\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,z_j\}\right )=0$


\begin {equation}\label {Lt2} \displaystyle \sum _{j=1}^M\dfrac {\partial }{\partial \,z_j}\left (G^{jj}\{ \varphi _1,\ldots ,\,\varphi _{M-1},\,\varphi _M\}\right )=0.\end {equation}


$\Delta $


$\varphi :=(\varphi _1,\varphi _2,\ldots ,\varphi _M)^T$


$\tilde {\varphi }:=(\tilde {\varphi }_1,\tilde {\varphi }_2,\ldots ,\tilde {\varphi }_M)^T$


$\tilde {\varphi }=B\,\varphi $


$B$


\begin {equation}\label {Tz2} S=\displaystyle \sum _{k=1}^M \displaystyle \int _{z_{k0}}^{z_k} {\sqrt {-2\Psi _k(z_k)+2\displaystyle \sum _{j=1}^M\alpha _j\varphi _{kj}(z_k)}}\,dz_k,\end {equation}


$\Psi _k(z_k)$


$\varphi _{kj}(z_k)$


$z_k$


$j,k=1,\ldots ,M,$


$\alpha _1,\alpha _2,\ldots ,\alpha _M=h$


\begin {equation}\label {aaa} P_k=\dfrac {\partial S}{\partial \,z_k},\quad k=1,\ldots ,M.\end {equation}


$M$


\begin {equation*}P^2_k=\left (\dfrac {\partial S}{\partial { z_k}}\right )^2=-2\Psi _k(z_k)+2\displaystyle \sum _{j=1}^M\alpha _j\Delta _{kj},\end {equation*}


$\frac 12 P^2_k+\Psi _k(z_k)=\displaystyle \sum _{j=1}^M\Delta _{jk}\alpha _j.$


\begin {equation*}{\bf a}:=\left (\alpha _1,\ldots ,\alpha _M \right )^T,,\quad {\bf R}:=\left ( P^2_1/2+\Psi _1(z_1),\ldots ,P^2_M/2+\Psi _M(z_M) \right )^T,\end {equation*}


${\bf \,a}=\Delta ^{-1}\,{\bf R}.$


$F_1,\ldots ,F_M=H$


\begin {equation}\label {St3} \begin {array}{@{}l@{}l@{}} &F_1=\displaystyle \sum _{j=1}^M\dfrac {P^2_j}{2}\,\dfrac {\left \{z_{j},\varphi _{2},\ldots ,\varphi _{N}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} +\dfrac {\left \{\psi ,\varphi _{2},\ldots ,\varphi _{N}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}\vspace {0.2cm} \\&\,\quad = \displaystyle \sum _{j=1}^M\,\dfrac {\left \{z_{j},\varphi _{2},\ldots ,\varphi _{N}\right \}}{\left \{\varphi _{1},\varphi _{2}, \ldots ,\varphi _{M}\right \}}\left (\dfrac {P^2_j}{2}+\Psi _j(z_j)\right ),\vspace {0.2cm} \\& F_2=\displaystyle \sum _{j=1}^M\dfrac {P^2_j}{2}\dfrac {\left \{\varphi _1,z_{j},\ldots ,\varphi _{M}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} +\dfrac {\left \{\varphi _{1},\psi ,\varphi _{3},\ldots ,\varphi _{N}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}\vspace {0.2cm} \\&\,\quad = \displaystyle \sum _{j=1}^M\,\dfrac {\left \{\varphi _{1},z_{j},\ldots ,\varphi _{N}\right \}}{\left \{\varphi _{1},\varphi _{2}, \ldots ,\varphi _{M}\right \}}\left (\dfrac {P^2_j}{2}+\Psi _j(z_j)\right ),\vspace {0.2cm} \\ \vdots &\qquad \qquad \qquad \qquad \vdots \qquad \qquad \qquad \qquad ,\vspace {0.2cm} \\& F_M=H=\displaystyle \sum _{j=1}^M\dfrac {P^2_j}{2}\dfrac {\left \{\varphi _1,\varphi _2,\ldots ,z_j\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}} +\dfrac {\left \{\varphi _{1},\varphi _{2},\ldots ,\psi ,\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M}\right \}}\vspace {0.2cm} \\&\,\quad = \displaystyle \sum _{j=1}^M\,\dfrac {\left \{\varphi _{1},\varphi _{2},\ldots ,z_{j}\right \}}{\left \{\varphi _{1},\varphi _{2}, \ldots ,\varphi _{M}\right \}}\left (\dfrac {P^2_j}{2}+\Psi _j(z_j)\right ), \end {array}\end {equation}


$\Delta $


$|\Delta |=\{\varphi _1,\ldots ,\varphi _{M-1},\varphi _M\}\ne 0.$


$\{F_j,\,F_k\}^*=0,$


$j,k=1,\ldots ,M$


$\{F_j,\,F_k\}^*$


$F_j$


$F_k$


$M=3$


$M>3$


\begin {equation*}\begin {array}{@{}ll@{}} (I) \sum _{j=1}^N\dfrac {\partial {f}}{\partial x_j} \{g_1,\dots ,g_{n-1},x_j,g_{ n+1},\ldots ,g_N\}=\{g_1,\dots ,g_{n-1},f, g_{n+1}\ldots ,g_N\},\\ (II) \sum _{j=1}^N\dfrac {\partial }{\partial x_j} {\{g_1,\dots ,g_{n-1},x_j,g_{n+1}\ldots ,g_N\}}=0, \mbox {for} n=1,2,\ldots ,N, \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} (III)& \G \left (f_1\ldots ,f_{N-1},g_1\ldots ,g_N\right ):\\&=\sum _{n=1}^N\{g_1,\ldots ,g_{n-1},\{f_1\ldots ,f_{N-1},g_n\},g_{n+1},\ldots ,g_N\}\\ &-\{f_1\ldots ,f_{N-1},\{g_1\ldots ,g_N\}\}\equiv 0 \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} (IV) &\Pi _G\left (f_1\ldots ,f_{N-1},g_1\ldots ,g_N\right ):=- \{f_1\ldots ,f_{N-1},G\}\{g_1\ldots ,g_N\}\vspace {0.20cm}\\ &+\sum _{n=1}^N\{f_1,\ldots ,f_{N-1},g_n\}\{g_1,\ldots ,g_{n-1},G,g_{n+1},\ldots ,g_N\}\equiv 0, \end {array}\end {equation*}


\begin {equation*}-\left |\begin {array}{ccccc}\dfrac {\partial {g_1}}{\partial x_1}&\ldots &\dfrac {\partial {g_1}}{\partial x_N}&\{f_1,\ldots , f_{N-1},g_1\} \vspace {0.20cm}\\ \vdots &\ldots &\vdots &\vdots \vspace {0.20cm}\\ \dfrac {\partial {g_N}}{\partial x_1}&\ldots &\dfrac {\partial {g_N}}{\partial x_N}&\{f_1,\ldots , f_{N-1},g_N\}\vspace {0.20cm}\\ \dfrac {\partial {G}}{\partial x_1}&\ldots &\dfrac {\partial {G}}{\partial x_N}&\{f_1,\ldots , f_{N-1},G\} \end {array} \right |.\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} &-\left |\begin {array}{ccccc} \dfrac {\partial {g_1}}{\partial x_1}&\ldots &\dfrac {\partial {g_1}}{\partial x_N}&\displaystyle \sum _{j=1}^N\{f_1,\ldots ,f_{N-1},x_j\}\dfrac {\partial {g_1}}{\partial x_j} \vspace {0.20cm}\\ \vdots &\ldots &\vdots &\vdots \vspace {0.20cm}\\ \dfrac {\partial {g_N}}{\partial x_1}&\ldots &\dfrac {\partial {g_N}}{\partial x_N}&\displaystyle \sum _{j=1}^N\{f_1,\ldots ,f_{N-1},x_j\}\dfrac {\partial {g_N}}{\partial x_j}\vspace {0.20cm}\\ \dfrac {\partial {G}}{\partial x_1}&\ldots &\dfrac {\partial {G}}{\partial x_N}&\displaystyle \sum _{j=1}^N\{f_1,\ldots ,f_{N-1},x_j\}\dfrac {\partial {G}}{\partial x_j} \end {array} \right | \vspace {0.4cm}\\ =&-\displaystyle \sum _{j=1}^N\{f_1,\ldots , f_{N-1},x_j\}\left |\begin {array}{ccccc} \dfrac {\partial {g_1}}{\partial x_1}&\ldots &\dfrac {\partial {g_1}}{\partial x_N}&\dfrac {\partial {g_1}}{\partial x_j} \vspace {0.20cm}\\ \vdots &\ldots &\vdots &\vdots \\ \dfrac {\partial {g_N}}{\partial x_1}&\ldots &\dfrac {\partial {g_N}}{\partial x_N}&\dfrac {\partial {g_N}}{\partial x_j}\vspace {0.20cm}\\ \dfrac {\partial {G}}{\partial x_1}&\ldots &\dfrac {\partial {G}}{\partial x_N}&\dfrac {\partial {G}}{\partial x_j} \end {array} \right |\equiv 0. \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} &\G _\lambda \left (f_1\ldots ,f_{N-1},g_1,\ldots ,g_N\right ):=-\{f_1\ldots ,f_{N-1},\lambda \{g_1\ldots ,g_N\}\}\vspace {0.20cm}\\ &+\displaystyle \sum _{n=1}^N\{g_1,\ldots ,g_{n-1},\lambda \{f_1\ldots ,f_{N-1},g_n\},g_{n+1},\ldots ,g_N\}, \end {array}\end {equation*}


\begin {equation*}(V)\qquad \G _\lambda \left (f_1\ldots ,f_{N-1},g_1,\ldots ,g_N\right )\equiv 0\end {equation*}


\begin {align*}\label {SEeu0} & -\{f_1\ldots ,f_{N-1},\lambda \{g_1\ldots ,g_N\}\}\vspace {0.20cm}\\& +\left (\displaystyle \sum _{n=1}^N\{g_1,\ldots ,g_{n-1},\lambda \{f_1\ldots ,f_{N-1},g_n\},g_{n+1},\ldots ,g_N\}\right )\vspace {0.20cm}\\& =\lambda \Big ( -\{f_1\ldots ,f_{N-1},\{g_1\ldots ,g_N\}\}\vspace {0.20cm}\\& +\displaystyle \sum _{n=1}^N\{g_1,\ldots ,g_{n-1},\{f_1\ldots ,f_{N-1},g_n\},g_{n+1},\ldots ,g_N\} \Big ) \vspace {0.20cm}\\& +\Big ( -\{f_1\ldots ,f_{N-1},\lambda \}\{g_1\ldots ,g_N\} \\&+\displaystyle \sum _{n=1}^N\{g_1,\ldots ,g_{n-1},\lambda ,g_{n+1},\ldots ,g_N\}\{f_1\ldots ,f_{N-1},g_n\} \Big ) \vspace {0.20cm}\\& =\lambda \left .\Big (\,\G _\lambda \left (f_1\ldots ,f_{N-1},g_1,\ldots ,g_N\right )\Big )\right |_{\lambda =1} \\&+\left .\Big (\Pi _G\left (f_1\ldots ,f_{N-1},g_1\ldots ,g_N\right )\Big )\right |_{G=\lambda }\equiv 0.\end {align*}


\begin {equation}\label {TRR6} H= \dfrac {1}{2}\displaystyle \sum _{j=1}^3B_j(z_1,z_2,z_3)\,\left (p^2_j+2\Psi _j(z_1,z_2,z_3)\right ):=\dfrac {1}{2}\displaystyle \sum _{j=1}^3B_j\,p^2_j+U_1.\end {equation}


$F=\dfrac {1}{2}\displaystyle \sum _{j=1}^3C_j(z_1,z_2,z_3)\,\left (p^2_j+2\nu _j(z_1,z_2,z_3)\right )=:\dfrac {1}{2}\displaystyle \sum _{j=1}^3C_j\,p^2_j+U_2.$


$\left \{H,\,\,F\right \}^*:=\displaystyle \sum _{j=1}^3\,\,\,\,·\,\,\left (\dfrac {\partial {H}}{\partial p_j}\dfrac {\partial F}{\partial z_j}-\dfrac {\partial {H}}{\partial z_j}\dfrac {\partial F}{\partial p_j}\right )=0$


$F$


\begin {equation}\label {SS6} \begin {array}{@{}ll@{}} B_1\dfrac {\partial \,C_1}{\partial {z_1}}- C_1\dfrac {\partial \,B_1}{\partial {z_1}}=&0 ,\quad B_2\dfrac {\partial \,C_1}{\partial {z_2}}- C_2\dfrac {\partial \,B_1}{\partial {z_2}}=0\,\quad B_3\dfrac {\partial \,C_1}{\partial {z_3}}- C_3\dfrac {\partial \,B_1}{\partial {z_3}}=0,\vspace {0.2cm}\\ B_2\dfrac {\partial \,C_2}{\partial {z_2}}- C_2\dfrac {\partial \,B_2}{\partial {z_2}}=&0 ,\quad B_1\dfrac {\partial \,C_2}{\partial {z_1}}- C_1\dfrac {\partial \,B_2}{\partial {z_1}}=0\,\quad B_3\dfrac {\partial \,C_2}{\partial {z_3}}- C_3\dfrac {\partial \,B_2}{\partial {z_3}}=0,\vspace {0.2cm}\\ B_3\dfrac {\partial \,C_3}{\partial {z_3}}- C_3\dfrac {\partial \,B_3}{\partial {z_3}}=&0 ,\quad B_2\dfrac {\partial \,C_3}{\partial {z_2}}- C_2\dfrac {\partial \,B_3}{\partial {z_2}}=0\,\quad B_1\dfrac {\partial \,C_3}{\partial {z_1}}- C_1\dfrac {\partial \,B_3}{\partial {z_1}}=0,\vspace {0.2cm}\\ \end {array}\end {equation}


\begin {equation*}\label {SS7} B_1\dfrac {\partial \,U_1}{\partial {z_1}}- C_1\dfrac {\partial \,U_2}{\partial {z_1}}=0,\quad B_2\dfrac {\partial \,U_1}{\partial {z_2}}- C_2\dfrac {\partial \,U_2}{\partial {z_2}}=0,\quad B_3\dfrac {\partial \,U_1}{\partial {z_3}}- C_3\dfrac {\partial \,U_2}{\partial {z_3}}=0.\end {equation*}


\begin {equation}\label {SS8} \begin {array}{@{}ll@{}} C_1=&\Lambda _{1}(z_2,z_3)B_1,\quad C_2=\Lambda _{2}(z_1,z_3)B_2,\quad C_3=\Lambda _{3}(z_1,z_2)B_3,\vspace {0.2cm}\\ &\dfrac {\partial \,}{\partial {z_2}}\left (C_1-\Lambda _{2}(z_1,z_3)B_1\right ) =0\quad \dfrac {\partial \,}{\partial {z_3}}\left (C_1-\Lambda _{3}(z_1,z_2)B_1\right ) =0, \vspace {0.2cm}\\ &\dfrac {\partial \,}{\partial {z_1}}\left (C_2-\Lambda _{1}(z_2,z_3)B_2\right ) =0\quad \dfrac {\partial \,}{\partial {z_3}}\left (C_2-\Lambda _{3}(z_1,z_2)B_2\right ) =0, \vspace {0.2cm}\\ &\dfrac {\partial \,}{\partial {z_2}}\left (C_3-\Lambda _{2}(z_1,z_3)B_3\right ) =0\quad \dfrac {\partial \,}{\partial {z_1}}\left (C_3-\Lambda _{1}(z_2,z_3)B_3\right ) =0, \vspace {0.2cm}\\ \end {array}\end {equation}


\begin {equation*}\label {XSt3} \begin {array}{@{}ll@{}} F_1=&H=\displaystyle \sum _{j=1}^3\dfrac {P^2_j}{2}\,\dfrac {\left \{z_{j},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} +\dfrac {\left \{\psi ,\varphi _{2},,\varphi _3\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\vspace {0.2cm} ,\vspace {0.2cm} \\ F_2=&F=\displaystyle \sum _{j=1}^3\dfrac {P^2_j}{2}\dfrac {\left \{\varphi _1,z_{j},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} +\dfrac {\left \{\varphi _{1},\psi ,\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}. \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} C_1=&\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} ,\quad C_2=\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\quad C_3=\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\vspace {0.2cm} \\ B_1=&\dfrac {\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\quad B_2=\dfrac {\left \{\varphi _1,z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\quad \quad B_3=\dfrac {\left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\quad \end {array}\end {equation*}


\begin {equation*}\label {SS9} \begin {array}{@{}ll@{}} &\dfrac {\partial \,}{\partial {z_3}}\left (\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right )=0\vspace {0.2cm} \\ \\ &\dfrac {\partial \,}{\partial {z_2}}\left (\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right )=0\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_1}}\left (\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right ) =0\vspace {0.2cm} \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} &\dfrac {\partial \,}{\partial {z_3}}\left (\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right ) =0\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_2}}\left (\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right ) =0,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_1}}\left (\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}-\dfrac {\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} }{\dfrac {\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}}\dfrac {\left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\right ) =0. \end {array}\end {equation*}


\begin {equation}\label {SS99} \begin {array}{@{}ll@{}} &\dfrac {\partial \,}{\partial {z_3}}\Big (\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}-\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi 1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_2}}\Big (\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{2},\varphi _{3}\right \}-\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_1}}\Big (\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}-\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{2},,\varphi _{3}\right \}}{\left \{\varphi _{3},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_3}}\Big (\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}-\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{2},,\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_2}}\Big (\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{2},\varphi _{3}\right \}-\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ &\dfrac {\partial \,}{\partial {z_1}}\Big (\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}-\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{3},\varphi _{3}\right \}}{\left \{\varphi _{3},\varphi _{2},\varphi _{3}\right \}}\Big )=0 ,\vspace {0.2cm} \\ \end {array}\end {equation}


\begin {equation*}\begin {array}{@{}ll@{}} &\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}-\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{1},\varphi _{3},z_{3}\right \}=\dfrac {\partial \,\varphi _{3}}{\partial {z_2}},\vspace {0.2cm} \\ &\dfrac {\left \{z_{1},\varphi _{2},\varphi _{3}\right \}\left \{\varphi _1,z_{2},\varphi _{3}\right \}-\left \{z_{2},\varphi _{2},\varphi _{3}\right \}\left \{\varphi _1,z_{1},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{1},\varphi _{3},z_{2}\right \}=-\dfrac {\partial \,\varphi _{3}}{\partial {z_3}},\vspace {0.2cm} \\ &\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}-\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{2},,\varphi _{3}\right \}}{\left \{\varphi _{3},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{2},\varphi _{3},z_{1}\right \}=\dfrac {\partial \,\varphi _{3}}{\partial {z_3}}\vspace {0.2cm} \\ &\dfrac {\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}-\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{2},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{2},\varphi _{3},z_{3}\right \}=\dfrac {\partial \,\varphi _{3}}{\partial {z_1}},\vspace {0.2cm} \\ &\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{2},\varphi _{3}\right \}-\left \{z_{2},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{3},\varphi _{3}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{3},\varphi _{3},z_{2}\right \}=-\dfrac {\partial \,\varphi _{3}}{\partial {z_1}},\vspace {0.2cm} \\ &\dfrac {\left \{z_{3},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _1,z_{1},\varphi _{3}\right \}-\left \{z_{1},\varphi _{2},\varphi _{3}\right \} \left \{\varphi _{1},z_{3},\varphi _{3}\right \}}{\left \{\varphi _{3},\varphi _{2},\varphi _{3}\right \}}\\&=\left \{z_{3},\varphi _{3},z_{1}\right \}=-\dfrac {\partial \,\varphi _{3}}{\partial {z_2}} \end {array}\end {equation*}


\begin {equation*}\dfrac {\partial ^2\,\varphi _{3}}{\partial {z_3}\partial {z_2}}=\dfrac {\partial ^2\,\varphi _{3}}{\partial {z_3}\partial {z_1}}=\dfrac {\partial ^2\,\varphi _{3}}{\partial {z_1}\partial {z_2}}=0,\end {equation*}


$\varphi _{3}=\varphi _{3}(z_3).$


$\{F_1,\,F_2\}^* =0.$


\begin {equation*}F_3=\displaystyle \sum _{j=1}^3\dfrac {P^2_j}{2}\dfrac {\left \{\varphi _1,\varphi _{2},z_{j}\right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}} +\dfrac {\left \{\varphi _{1},\varphi _{3},\psi \right \}}{\left \{\varphi _{1},\varphi _{2},\varphi _{3}\right \}},\end {equation*}


$\{F_1,\,F_3\}^* =0$


$\{F_3,\,F_2\}^* =0.$


$\dfrac {\partial ^2\,\varphi _{j}}{\partial {z_3}\partial {z_2}}=\dfrac {\partial ^2\,\varphi _{j}}{\partial {z_3}\partial {z_1}}=\dfrac {\partial ^2\,\varphi _{j}}{\partial {z_1}\partial {z_2}}=0,$


$j=1,2.$


$\varphi _{1}=\varphi _{1}(z_1)$


$\varphi _{2}=\varphi _{2}(z_2).$


$C_0$


$C_1$


$m_1$


$m_2$


$C_0$


$C_1$


$r_0,\, r_1$


$2c$


$C_0(x_0,0,0)-P(x,y,z),$


$C_1(x_1,0,0)-P(x,y,z)$


$C_0(x_0,0,0)-C_1(x_1,0,0)$


\begin {equation*}r_0=\sqrt {(x-x_0)^2+y^2+z^2},\quad r_1=\sqrt {(x-x_1)^2+y^2+z^2},\quad 2c=|x_1-x_0|.\end {equation*}


$\mathbb {R}^3$


$L=\dfrac {1}{2}\left ( \dot {x}^2+\dot {y}^2+\dot {z}^2\right )-\left (\dfrac {m_0}{r_0}+\dfrac {m_1}{r_1}\right )f,$


$f$


\begin {equation*}x=\dfrac {m_0-m_1}{m_1+m_0}c+c\,\lambda \,\mu , \
y=c\,\sqrt {(\lambda ^2-1)(1-\mu ^2)}\,\cos w,\end {equation*}


\begin {equation*}z=c\,\sqrt {(\lambda ^2-1)(1-\mu ^2)}\,\sin w,\end {equation*}


$L$


\begin {equation*}\begin {array}{@{}ll@{}} L=&c^2\left (\dfrac {(\lambda ^2-\mu ^2)\dot \lambda ^2}{4(\lambda ^2-1)}- \dfrac {(\lambda ^2-\mu ^2)\dot \mu ^2}{4(1-\mu ^2)}+ \dfrac {(\lambda ^2-1)(1-\mu ^2)\dot w^2}{2}\right ) \vspace {0.2cm}\\ &-\dfrac {f((m_0+m_1)\lambda +(m_1-m_0)\mu )}{c(\lambda ^2-\mu ^2)}, \end {array}\end {equation*}


$r_0=c(\lambda +\mu )$


$r_1=c(\lambda -\mu ),$


$1\leq \lambda <+\infty $


$-1\leq \mu \leq 1$


$0\leq w\leq 2\pi .$


\begin {equation*}\label {sos} p_\lambda =c^2\dfrac {(\lambda ^2-\mu ^2)\dot \lambda }{2(\lambda ^2-1)},\,\, p_\mu =c^2\dfrac {(\lambda ^2-\mu ^2)\dot \mu }{2(1-\mu ^2)},\, \,\, p_w=c^2\dfrac {(\lambda ^2-1)(1-\mu ^2)\dot w}{2}\end {equation*}


${G}^{-1}$


\begin {equation*}\label {ss1}\left ( \begin {array}{ccc} \dfrac {2(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)} &0 &0 \\ 0 &\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}&0 \\ 0 &0 &\dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)} \end {array} \right ).\end {equation*}


$II$


\begin {equation}\label {Xm1} \begin {array}{@{}ll@{}} 0=&\dfrac {2(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \varphi _j}{\partial \lambda }+\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \varphi _j}{\partial \mu }+\dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)}\dfrac {\partial \varphi _j}{\partial \,w},\\& j=1,2,\vspace {0.20cm}\\ 1=&\dfrac {2(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \varphi _3}{\partial \lambda }+\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \varphi _3}{\partial \mu }+\dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)}\dfrac {\partial \varphi _3}{\partial \,w},\vspace {0.20cm}\\ 0=&\dfrac {\partial }{\partial \lambda }\left (\dfrac {2(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)}\, \{\varphi _1,\varphi _2,\varphi _3\} \right )+\dfrac {\partial }{\partial \mu }\left (\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}\, \{\varphi _1,\varphi _2,\varphi _3\} \right )\vspace {0.20cm}\\ &+\dfrac {\partial }{\partial w}\left (\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}\, \{\varphi _1,\varphi _2,\varphi _3\} \right ), \end {array}\end {equation}


\begin {equation*}\dfrac {2(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \Psi }{\partial \lambda }+\dfrac {2(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)}\dfrac {\partial \Psi }{\partial \mu }+\dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)}\dfrac {\partial \Psi }{\partial \,w}=U.\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} \varphi _1=& \log |\dfrac {\lambda -1}{\lambda +1}+\log |\dfrac {\mu -1}{\mu +1}| ,\,\,\, \varphi _2=\dfrac {1}{\lambda +1}+\dfrac {1}{\lambda -1}+\dfrac {1}{\mu -1}+\dfrac {1}{\mu +1} ,\,\,\, \vspace {0.20cm}\\ \varphi _3=&c^2(\lambda +\mu ),\quad \Psi =fc\left ( \dfrac {m_1+m_0}{4}\ln |\lambda ^2-1| + \dfrac {-m_1+m_0}{4}\ln |1-\mu ^2| \right ) \end {array}\end {equation*}


$|\Delta |=\{\varphi _1,\varphi _2,\varphi _3\}=\dfrac {4c^2(\lambda ^2-\mu ^2)}{(\mu ^2-1)(\lambda ^2-1)},$


\begin {equation*}\label {n11} \Delta =\left ( \begin {array}{ccc} \dfrac {1}{(\lambda ^2-1)^2} & -\dfrac {1+\lambda ^2}{(\lambda ^2-1)^2} & c^2 \\ \dfrac {1}{(\mu ^2-1)^2} & -\dfrac {1+\mu ^2}{(\mu ^2-1)^2} & c^2 \\ 0 &2 & 0 \\ \end {array} \right ).\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} S=&\displaystyle \int _{\lambda _0}^\lambda \sqrt { \dfrac {1}{(\lambda ^2-1)^2} \alpha _1 -\dfrac {1+\lambda ^2}{(\lambda ^2-1)^2} \alpha _2+ c^2\alpha _3+ \dfrac {(m_1+m_0)}{2}\dfrac {\lambda }{\lambda ^2-1}\alpha _1}\,\,\,d\lambda \vspace {0.20cm}\\ &\displaystyle \int _{\mu _0}^\mu \sqrt { \dfrac {1}{(\mu ^2-1)^2} \alpha _1 -\dfrac {1+\mu ^2}{(\mu ^2-1)^2} \alpha _2+ c^2\alpha _3-\dfrac {(m_1-m_0)}{2}\dfrac {\mu }{\mu ^2-1}\,\alpha _1 }\,\,\,d\mu \vspace {0.20cm}\\ &+\sqrt {2}\,w, \end {array}\end {equation*}


$\alpha _1,\alpha _2,$


$\alpha _3$


$F_j=\alpha _j$


$j=1,2,3.$


$\Delta ^{-1}$


\begin {equation*}\left ( \begin {array}{ccc} \dfrac {(1-\mu ^2)(\lambda ^2-1)}{2(\lambda ^2 -\mu ^2)}& -\dfrac {(1-\mu ^2)(\lambda ^2-1)}{2(\lambda ^2 -\mu ^2)}& -\dfrac { \lambda ^2\mu ^2+\lambda ^2+\mu ^2-3}{4(1-\mu ^2)(\lambda ^2-1)}\\ 0 & 0 & \dfrac {1}{2} \\ \dfrac {(\lambda ^2-1)}{c^2(\lambda ^2-\mu ^2)} & \dfrac {(1-\mu ^2)}{c^2(\lambda ^2-\mu ^2)} & \dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)} \\ \end {array} \right ).\end {equation*}


\begin {equation*}\begin {array}{l} \Delta ^{-1}\left ( \begin {array}{c} \dfrac {(m_1+m_0)}{2}\dfrac {\lambda }{\lambda ^2-1} \vspace {0.20cm}\\ -\dfrac {(m_1-m_0)}{2}\dfrac {\mu }{\mu ^2-1} \vspace {0.20cm}\\ 0 \\ \end {array} \right )\vspace {0.20cm}\\ =\left ( \begin {array}{c} \dfrac {fc}{\lambda ^2-\mu ^2}\left ((m_1+m_0)(1-\mu ^2)\lambda +(-m_1+m_0)\mu (\lambda ^2 -1)\right )\\ 0\\ \dfrac {fc}{\lambda ^2-\mu ^2}\left ((m_1+m_0)\lambda +(m_1-m_0)\mu \right ) \end {array} \right ). \end {array}\end {equation*}


\begin {equation*}\label {Sn1} \begin {array}{@{}ll@{}} F_1=&\dfrac {(1-\mu ^2)(\lambda ^2-1)}{2(\lambda ^2 -\mu ^2)}\left (p_\lambda ^2- p_\mu ^2 \right ) -\dfrac { \lambda ^2\mu ^2+\lambda ^2+\mu ^2-3}{4(1-\mu ^2)(\lambda ^2-1)} p^2_w\vspace {0.20cm}\\ & + \dfrac {fc}{\lambda ^2-\mu ^2}\left ((m_1+m_0)(1-\mu ^2)\lambda +(-m_1+m_0)\mu (\lambda ^2 -1)\right )\vspace {0.20cm}\\ F_2=&\dfrac {p^2_w}{2},\vspace {0.20cm}\\ F_3=&\dfrac {(\lambda ^2-1)}{2(\lambda ^2- \mu ^2)}p^2_{\lambda }+\dfrac {(1-\mu ^2)}{2(\lambda ^2-\mu ^2)}p_\mu ^2+ \dfrac {1}{c^2(\lambda ^2-1)(1-\mu ^2)}p^2_w\vspace {0.20cm}\\ &+\dfrac {fc}{\lambda ^2-\mu ^2}\left ((m_1+m_0)\lambda +(m_1-m_0)\mu \right ), \end {array}\end {equation*}


\begin {equation*}\label {Sa00} H=\displaystyle \sum _{j=1}^M y_j^2/2+V_1(\sqrt {x_1^2+x_2^2+\ldots + x^2_M})-\dfrac {1}{2}\displaystyle \sum _{j=1}^M\dfrac {\beta _j}{x^2_j},\end {equation*}


$\beta _1,\,\beta _2,\,\ldots ,\beta _M$


$M$


$S>M$


$M>2.$


$(M-1)M/2$


\begin {equation}\label {Me100} F_{jk}=(x_jy_k-x_ky_j)^2+(x_j^2 +x^2_k)(\dfrac {\beta _j}{x_j^2}+\dfrac {\beta _k}{x_k^2}),\quad j,k=1,\ldots ,M, \quad j< k.\end {equation}


$(F_{jk})$


$2M-3$


$2M-2$


$M>2$


$2M-2>M.$


$II$


$\beta _1=0$


$\beta _1=0$


\begin {equation}\label {a00j} H=\displaystyle \sum _{j=1}^M y_j^2/2+V_1(\sqrt {x_1^2+x_2^2+\ldots + x^2_M})-\dfrac {1}{2}\displaystyle \sum _{j=2}^M\dfrac {\beta _j}{x^2_j},\end {equation}


\begin {equation*}\label {Ta00} \begin {array}{@{}ll@{}} x_1=&r\sin \vartheta _{M-1}\,\displaystyle \prod _{j=1}^{M-2}\sin \vartheta _j\ne 0,\vspace {0.3cm}\\ \,x_2=&r\cos \vartheta _{M-1}\,\displaystyle \prod _{j=1}^{M-2}\sin \vartheta _j,\vspace {0.3cm}\\ x_3=&r\cos \vartheta _{M-2}\,\displaystyle \prod _{j=3}^{M-3}\sin \vartheta _j,\vspace {0.3cm}\\ \,x_4=&r\cos \vartheta _{M-3}\,\displaystyle \prod _{j=1}^{M-4}\sin \vartheta _j,\vspace {0.3cm}\\ \vdots &\qquad \qquad \vdots \qquad \qquad \vdots \qquad \qquad \vdots \vspace {0.3cm}\\ \end {array}\end {equation*}


\begin {equation*}\label {Ta00} \begin {array}{@{}ll@{}} x_{M-2}=&r\cos \vartheta _3\sin \vartheta _1\sin \vartheta _2,\vspace {0.3cm}\\ \,x_{M-1}=&r\cos \vartheta _2\sin \vartheta _1,\vspace {0.3cm}\\ x_M=&r\cos \vartheta _1, \end {array}\end {equation*}


$\displaystyle \sum _{j=1}^Mx^2_j=r^2$


\begin {equation*}\displaystyle \sum _{j=1}^MG^{jj} P_j^2/2+V_1(r)+\dfrac {\beta _M}{r^2\cos \vartheta _1^2}+\dfrac {\beta _{M-1}}{r^2\cos ^2\vartheta _2\sin ^2\vartheta _1}+\ldots \end {equation*}


\begin {equation*}\quad +\dfrac {\beta _{2}}{r^2\cos \vartheta _{M-1}^2\displaystyle \prod _{j=1}^{M-2}\sin ^2\vartheta _j},\end {equation*}


$G^{-1}=(G^{jj})$


\begin {equation*}\label {b00} G^{-1}=\left ( \begin {array}{ccccc} 1 & 0 & 0 & \hdots & 0 \\ 0 &\dfrac {1}{r^2} & 0 & \hdots & \vdots \\ 0& 0 & \dfrac {1}{r^2\sin ^2(\vartheta _1)} & \hdots &\vdots \\ \vdots & \vdots & \vdots & \hdots & \vdots \\ 0 &0 & 0 & \hdots &\dfrac {1}{r^2\displaystyle \prod _{k=1}^{M-2}\sin ^2(\vartheta _j)}\\ \end {array} \right ).\end {equation*}


\begin {align*}\label {ZR100} &\dfrac {\partial \varphi _k}{\partial \,r}+\dfrac {1}{r^2}\dfrac {\partial \varphi _k}{\partial \vartheta _1}+\dfrac {1}{r^2\sin ^2(\vartheta _1)}\dfrac {\partial \varphi _k}{\partial \,\vartheta _2}+\ldots \\&\quad +\dfrac {1}{r^2\displaystyle \prod _{k=1}^{M-2}\sin ^2(\vartheta _j)}\,\,\dfrac {\partial \varphi _k}{\partial \,\vartheta _{M-1}}=0,\,\, k=2,\ldots ,M,\vspace {0.20cm}\\& \dfrac {\partial \varphi _1}{\partial \,r}+\dfrac {1}{r^2}\dfrac {\partial \varphi _1}{\partial \,\vartheta _1}+\dfrac {1}{r^2\sin ^2(\vartheta _1)}\dfrac {\partial \varphi _1}{\partial \,\vartheta _2}+\ldots +\dfrac {1}{r^2\displaystyle \prod _{k=1}^{M-2}\sin ^2(\vartheta _j)}\,\,\dfrac {\partial \varphi _1}{\partial \,\vartheta _M}=1,\vspace {0.20cm}\\& \dfrac {\partial \Psi }{\partial \,r}+\dfrac {1}{r^2}\dfrac {\partial \Psi }{\partial \,\vartheta _1}+\dfrac {1}{r^2\sin ^2(\vartheta _1)}\dfrac {\partial \Psi }{\partial \,\vartheta _2}+\ldots +\dfrac {1}{r^2\displaystyle \prod _{k=1}^{M-2}\sin ^2(\vartheta _j)}\,\,\dfrac {\partial \Psi }{\partial \,\vartheta _{M-1}}=U,\vspace {0.20cm}\\& \dfrac {\partial }{\partial r}\left (\{\varphi _1,\ldots ,\varphi _M\}\right )+\dfrac {\partial }{\partial \vartheta _1}\left (\dfrac {1}{r^2}\{\varphi _1,\ldots ,\varphi _M\}\right )+\ldots \\&\quad +\dfrac {\partial }{\partial \vartheta _{M-1}}\left (\dfrac {\left \{\varphi _1,\ldots ,\varphi _{M}\right \}}{r^2}\displaystyle \prod _{k=1}^{M-2}\dfrac {1}{\sin ^2(\vartheta _j)}\right )=0.\end {align*}


\begin {equation*}\begin {array}{l} \varphi _1=r, \varphi _2=\dfrac {1}{r}+\vartheta _1, \varphi _3=\cot (\vartheta _1)+\vartheta _2, \hdots , \varphi _M=\cot (\vartheta _{M-1})+\vartheta _{M-1},\vspace {0.20cm}\\ \Psi =\displaystyle \int V(r)dr+\displaystyle \sum _{j=2}^{M-1}\beta _{M+1-j}\tan \vartheta _j, \end {array}\end {equation*}


\begin {equation*}\Delta =\left ( \begin {array}{cccccc} 1 &-\dfrac {1}{r^2} & 0 & \hdots &0& 0 \\ 0 &1 &-\dfrac {1}{\sin ^2(\vartheta _1)} & \hdots &0& \vdots \\ \vdots & \vdots & \vdots & \hdots &\vdots & \vdots \\ 0 &0 &0& \hdots &1&-\dfrac {1}{\sin ^2(\vartheta _{M-1})}\\ 0 &0 & 0 & \hdots &0 &1 \\ \end {array} \right ),\end {equation*}


\begin {equation*}|\Delta |=\left (\varphi _1,\ldots ,\varphi _{M-1}\right \}=1.\end {equation*}


\begin {equation*}\Delta ^{-1}=\left ( \begin {array}{@{}lllll@{}} 1&\dfrac {1}{r^2\sin ^2(\vartheta _1)} & \dfrac {1}{r^2}\dfrac {1}{\sin ^2(\vartheta _1)\sin ^2(\vartheta _2)} & \hdots &\dfrac {1}{r^2}\displaystyle \prod _{j=1}^{M-1}\dfrac {1}{\sin ^2(\vartheta _j)} \\ 0 &1 & \dfrac {1}{\sin ^2(\vartheta _1)} & \hdots & \displaystyle \prod _{j=2}^{M-1}\dfrac {1}{\sin ^2(\vartheta _j)} \\ \vdots & \vdots & \vdots & \hdots & \vdots \\ 0 &0 & \hdots & 1& \dfrac {1}{\sin ^2(\vartheta _{M-1})}\\ 0 &0 & \hdots & 0 &1 \\ \end {array} \right ).\end {equation*}


\begin {equation*}\label {Ma00} \begin {array}{l} F_1=H=P^2_r+\dfrac {P^2_{\vartheta _1}}{r^2\sin ^2(\vartheta _1)} +\ldots +\dfrac {P^2_{\vartheta _{M-1}}}{r^2}\displaystyle \prod _{j=1}^{M-2}\dfrac {1}{\sin ^2(\vartheta _j)} \,\,+U,\vspace {0.20cm}\\ F_2=P^2_{\vartheta _1}+\dfrac {\beta _3}{\cos ^2(\vartheta _1)}+\dfrac {F_{3}}{\sin ^2(\vartheta _1)},\vspace {0.20cm}\\ \vdots \qquad \hdots \qquad \vdots \qquad \qquad \vdots \,\,\qquad ,\vspace {0.20cm}\\ F_{M-1}==P^2_{\vartheta _{M-2}}++\dfrac {\beta _3}{\cos ^2(\vartheta _{M-2})}+\dfrac {F_{M}}{\sin ^2(\vartheta _{M-2})},\vspace {0.20cm}\\ F_{M}==P^2_{\vartheta _{M-1}}+\dfrac {\beta _2}{\cos ^2(\vartheta _{M-1})}. \end {array}\end {equation*}


$V_1(r)=\dfrac {1}{r}$


$V_1(r)=r^2$


$(x,y)$


$P$


$y$


\begin {equation*}\label {w1} \ddot {x}=-\dfrac {\mu \,x}{r^3},\qquad \ddot {y}=-\dfrac {\mu \,y}{r^3}+\varepsilon ,\end {equation*}


$r =\sqrt {x^2+y^2}$


$\varepsilon $


$\tilde {L}=\dfrac {1}{2}\left (\dot {x}^2+\dot {y}^2\right )-\dfrac {\mu }{r}-\varepsilon \,y.$


\begin {equation*}\sigma :\qquad x=\xi \eta ,\quad y=\dfrac {\xi ^2-\eta ^2}{2},\end {equation*}


$\tilde {L}$


\begin {equation*}L=\left .\tilde {L}\right |_{\sigma }=\dfrac {1}{2}(\xi ^2+\eta ^2)(\dot {\xi }^2+\dot {\eta }^2)-\dfrac {2\mu }{\xi ^2+\eta ^2}- \dfrac {\varepsilon }{2}\left (\xi ^2 -\eta ^2\right ).\end {equation*}


$\tilde {H}$


$(\xi ,\eta )$


\begin {equation*}H=\left .{\tilde {H}}\right |_{\sigma }=\dfrac {p_\xi ^2 +p_\eta ^2}{2(\xi ^2+\eta ^2)}-\dfrac {2\mu }{\xi ^2+\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ).\end {equation*}


$G^{11}=\dfrac {1}{\xi ^2+\eta ^2}$


$G^{22}=\dfrac {1}{\xi ^2+\eta ^2}.$


\begin {equation*}\dfrac {\{\varphi _1,\xi \}}{\{\varphi _1,\varphi _2\}}=\dfrac {1}{\xi ^2+\eta ^2},\qquad \dfrac {\{\varphi _1,\eta \}}{\{\varphi _1,\varphi _2\}}=\dfrac {1}{\xi ^2+\eta ^2}.\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} \dfrac {\partial \varphi _1}{ \partial \xi }+\dfrac {\partial \varphi _1}{\partial \eta }=0,\vspace {0.2cm}\\ \dfrac {\partial \varphi _2}{\partial \xi }+\dfrac {\partial \varphi _2}{\partial \eta }=\xi ^2 +\eta ^2,\vspace {0.2cm}\\ \dfrac {\partial }{ \partial \xi }\left (\dfrac {\{\varphi _1,\varphi _2\}}{\xi ^2 +\eta ^2}\right )+\dfrac {\partial }{ \partial \eta }\left (\dfrac {\{\varphi _1,\varphi _2\}}{\xi ^2 +\eta ^2}\right )=0. \end {array}\end {equation*}


$\varphi _1=\xi -\eta $


$\varphi _2=\dfrac {\xi ^3+\eta ^3}{3}$


$\{\varphi _1,\varphi _2\}=\xi ^2+\eta ^2$


\begin {equation*}\{\varphi _1,\Psi \}=-2\mu -\dfrac {\varepsilon }{2}\left (\xi ^4-\xi ^4\right ),\end {equation*}


$\Psi =-\mu (\xi +\eta )-\dfrac {\varepsilon }{10}\left (\xi ^5-\eta ^5\right ).$


\begin {equation*}\Psi _\xi =-\mu -\dfrac {\varepsilon }{2}\xi ^4,\qquad \Psi _\eta =-\mu +\dfrac {\varepsilon }{2}\eta ^4.\end {equation*}


$\Delta $


$\Delta ^{-1}$


\begin {equation*}\Delta =\left ( \begin {array}{@{}ll@{}} 1 & \xi ^2 \\ -1 & \eta ^2\\ \end {array} \right ),\qquad \Delta ^{-1}=\left ( \begin {array}{@{}ll@{}} \dfrac {\eta ^2}{\xi ^2 +\eta ^2}& -\dfrac {\xi ^2}{\xi ^2 +\eta ^2} \\ \dfrac {1}{\xi ^2 +\eta ^2} & \dfrac {1}{\xi ^2 +\eta ^2}\\ \end {array} \right ).\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} F_1=&\left .{H_1}\right |_{\sigma }=\dfrac {\eta ^2\,p^2_\xi }{2(\xi ^2 +\eta ^2)}-\dfrac {\xi ^2\,p^2_\eta }{2(\xi ^2 +\eta ^2)}-\dfrac {\xi ^2-\eta ^2}{\xi ^2 +\eta ^2}\mu -\dfrac {\varepsilon }{2}\eta ^2\xi ^2,\vspace {0.2cm}\\ F_2=&H=\dfrac {p_\xi ^2 +p_\eta ^2}{2(\xi ^2+\eta ^2)}+\dfrac {2\mu }{\xi ^2+\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ). \end {array}\end {equation*}


\begin {equation*}S=-\alpha \,t+\displaystyle \int _{\xi _0}^\xi \sqrt {\alpha _1+ \alpha _2\xi ^2}\,\,d\xi +\displaystyle \int _{\eta _0}^\eta \sqrt {-\alpha _1+ \alpha _2\eta ^2}\,\,d\eta .\end {equation*}


$H_1$


\begin {equation*}H_1=\dot {x}\left (y\dot {x}-x\dot {y}\right )-\dfrac {2\mu \,y}{r}+\dfrac {\varepsilon \,x^2}{2}=\dfrac {\p F}{\p y}+\dfrac {\varepsilon \,x^2}{2},\end {equation*}


$F=(y\dot {x}-x\dot {y})^2/2+2\mu \sqrt {x^2+y^2}.$


\begin {equation}\label {sar00} \ddot {x}=-\dfrac {\mu \,x}{r^3},\qquad \ddot {y}=-\dfrac {\mu \,y}{r^3},\qquad \ddot {z}=-\dfrac {\mu \,z}{r^3}+\varepsilon .\end {equation}


\begin {equation*}\begin {array}{@{}ll@{}} H_1=&x\dot {y}-y\dot {x},\vspace {0.2cm}\\ H_2=&\dot {x}(z\dot {x}-x\dot {z})-\dot {y}(y\dot {z}-z\dot {y})-\dfrac {\mu z}{\sqrt {x^2+y^2 +z^2}}+\dfrac {\varepsilon }{2}(x^2+y^2)\vspace {0.2cm}\\ =&\dfrac {\p F}{\p z}+\varepsilon \dfrac {x^2+y^2}{2}, \end {array}\end {equation*}


$2F=(x^2+y^2+z^2)(\dot x^2+\dot y^2+\dot z^2)-(x \dot x+y \dot y+z \dot z)^2,$


\begin {equation*}\sigma : \quad x=\xi \eta \cos \Phi ,\qquad y=\xi \eta \sin \Phi ,\qquad z=\dfrac {\xi ^2-\eta ^2}{2},\end {equation*}


$H$


\begin {equation*}\left .{H}\right |_{\sigma }=\dfrac {p_\xi ^2+p_\eta ^2}{2(\xi ^2+\eta ^2)}+\dfrac {p_\Phi ^2}{2\xi ^2\eta ^2} -\dfrac {2\mu }{\xi ^2+\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ).\end {equation*}


$p_\xi =(\xi ^2+\eta ^2)\dfrac {d \xi }{dt} ,$


$p_\eta =(\xi ^2+\eta ^2)\dfrac {d \eta }{dt}.$


\begin {equation*}G^{11}=G^{22}=\dfrac {1}{\xi ^2+\eta ^2},\quad G^{33}=\dfrac {1}{\xi ^2\eta ^2}.\end {equation*}


\begin {equation*}\dfrac {\{\varphi _1,\xi \}}{\{\varphi _1,\varphi _2\}}=\dfrac {1}{\xi ^2+\eta ^2},\quad \dfrac {\{\varphi _1,\eta \}}{\{\varphi _1,\varphi _2\}}=\dfrac {1}{\xi ^2+\eta ^2},\quad \dfrac {\{\varphi _1,\Phi \}}{\{\varphi _1,\varphi _2\}}=\dfrac {1}{\xi ^2.\eta ^2},\quad \end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} \dfrac {\dfrac {\partial \varphi _j}{\partial \xi }+\dfrac {\partial \varphi _j}{\partial \eta } }{\xi ^2+\eta ^2}+\dfrac {\dfrac {\partial \varphi _j}{\partial \Phi }}{\xi ^2\eta ^2}=0,\quad j=1,2,\vspace {0.2cm}\\ \dfrac {\dfrac {\partial \varphi _3}{\partial \xi }+\dfrac {\partial \varphi _3}{\partial \eta } }{\xi ^2+\eta ^2}+\dfrac {\dfrac {\partial \varphi _3}{\partial \Phi }}{\xi ^2\eta ^2}=1,\vspace {0.2cm}\\ \dfrac {\partial }{\partial \xi }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2+\eta ^2} \right )+\dfrac {\partial }{\partial \eta }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2+\eta ^2} \right )+\dfrac {\partial }{\partial \Phi }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2\eta ^2} \right )=0, \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} {\dfrac {\partial \varphi _j}{\partial \xi }+\dfrac {\partial \varphi _j}{\partial \eta } }+(\dfrac {1}{\xi ^2}+\dfrac {1}{\eta ^2})\dfrac {\partial \varphi _j}{\partial \Phi }=0,\quad j=1,2,\vspace {0.2cm}\\ \dfrac {\partial \varphi _3}{\partial \xi }+\dfrac {\partial \varphi _3}{\partial \eta } +(\dfrac {1}{\xi ^2}+\dfrac {1}{\eta ^2})\dfrac {\partial \varphi _3}{\partial \Phi }={\xi ^2+\eta ^2},\vspace {0.2cm}\\ \dfrac {\partial }{\partial \xi }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2+\eta ^2} \right )+\dfrac {\partial }{\partial \eta }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2+\eta ^2} \right )+\dfrac {\partial }{\partial \Phi }\left (\dfrac {\{\varphi _1,\varphi _2,\varphi _3\}}{\xi ^2\eta ^2} \right )=0, \end {array}\end {equation*}


\begin {equation*}\varphi _1=\dfrac {1}{\xi }+\dfrac {1}{\eta }+\Phi , \quad \varphi _2=\xi -\eta ,\quad \varphi _3=\dfrac {\xi ^3+\eta ^3}{3}, \quad \{\varphi _1,\varphi _2,\varphi _3\}= \xi ^2+\eta ^2.\end {equation*}


\begin {equation*}\Delta =\left ( \begin {array}{ccc} -\dfrac {1}{\xi ^2} & 1 & \xi ^2\vspace {0.3cm}\\ -\dfrac {1}{\eta ^2} & -1& \eta ^2 \vspace {0.3cm}\\ 1 & 0 &0 \\ \end {array} \right ),\end {equation*}


$|\Delta |=\xi ^2+\eta ^2$


\begin {equation*}\Delta ^{-1}=\left ( \begin {array}{ccc} 0 &0 &1\vspace {0.3cm}\\ \dfrac {\eta ^2}{\eta ^2+\xi ^2} & - \dfrac {\xi ^2}{\eta ^2+\xi ^2}& \dfrac {\eta ^2-\xi ^2}{\eta ^2\xi ^2} \vspace {0.3cm}\\ \dfrac {1}{\eta ^2+\xi ^2} & \dfrac {1}{\eta ^2+\xi ^2} & \dfrac {1}{\eta ^2\xi ^2} \\ \end {array} \right ).\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} &F_1=\left .{H_1}\right |_{\sigma }=p^2_\Phi ,\vspace {0.2cm}\\ &F_2=\left .{H_2}\right |_{\sigma }=\dfrac {\eta ^2}{\xi ^2+\eta ^2}p^2_\xi \\& \quad -\dfrac {\xi ^2}{\xi ^2+\eta ^2}P^2_\eta +\dfrac {\eta ^2-\xi ^2}{\xi ^2\eta ^2} P^2_\Phi +\mu \dfrac {\left (\eta ^2 -\xi ^2\right )}{\eta ^2+\xi ^2}-\dfrac {\varepsilon }{2}\,\,\xi ^2\eta ^2,\vspace {0.2cm}\\ &F_3=\left .{H}\right |_{\sigma }=\dfrac {1}{\xi ^2+\eta ^2}p^2_\xi + \dfrac {1}{\xi ^2+\eta ^2}p^2_\eta +\dfrac {1}{\xi ^2\eta ^2}p^2_\Phi +\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ). \end {array}\end {equation*}


\begin {equation*}S=-\alpha \,t+\Phi +\displaystyle \int _{\xi _0}^\xi \sqrt { -\dfrac {\alpha _1}{\xi ^2}+ \alpha _2+\xi ^2\, \alpha _3}\,\,d\xi + \displaystyle \int _{\eta _0}^\eta \sqrt { -\dfrac {\alpha _1}{\eta ^2}- \alpha _2+\eta ^2\alpha _3}d\eta \end {equation*}


$M$


$N>3$


$T=\displaystyle \sum _{j=1}^M\dot {x}^2_j$


$U=-\dfrac {\mu }{r}-\varepsilon \,x_N,$


$r=\sqrt {\displaystyle \sum _{j=1}^Nx^2_j}.$


$\tilde {L}=T-U.$


\begin {equation*}\ddot {x}_j=-\dfrac {\mu \,x_j}{r^3},\qquad \ddot {x}_N=-\dfrac {\mu \,x_N}{r^3}+\varepsilon ,\end {equation*}


$j=1,\ldots ,N-1.$


$\tilde {L}$


\begin {equation*}\tilde {L}=\displaystyle \sum _{j=1}^M\dfrac {\dot {x}^2_j}{2}-\dfrac {\mu }{r}+\varepsilon \,x_M\end {equation*}


\begin {align}\label {stak0} \dot {x}_j=&p_j,\quad j=1,\ldots ,M, \nonumber \\ \dot {\tilde {p}}_k=&-\dfrac {\mu \,x_j}{r^3},\quad k=1,\ldots ,M-1, \nonumber \\ \dot {\tilde {p}}_M=&-\dfrac {\mu \,x_M}{r^3}+\varepsilon ,\end {align}


\begin {equation}\label {stak8} \tilde {H}=\displaystyle \sum _{j=1}^M\dfrac {\tilde {p}^2_j}{2}+\dfrac {\mu }{r}-\varepsilon \,x_M.\end {equation}


$M=2$


$M=3.$


$M.$


$M>3$


$(M-1)(M-2)/2$


$F_{jk}=x_jy_k-x_ky_j,\quad j,k=1,\ldots ,M-1$


$H$


\begin {equation*}H_1=\dfrac {\p G}{\p { x_M}}-\dfrac {\varepsilon }{2}\displaystyle \sum _{j=1}^{M-1}x_j^2,\end {equation*}


$G =||{\bf \,x}||^2||{\bf y}||^2-<{\bf x},{\bf y}>^2+\mu ||{\bf \,x}||.$


$M>3$


$(F_{jk})$


$j,k=1,\ldots ,M-1$


$2M-5$


$2M-3$


$M>3$


$2M-3>M.$


$\sigma :=\left (\vartheta _1,\vartheta _2,\ldots ,\vartheta _{M-2},\xi ,\eta \right )$


\begin {equation*}\label {StakM} \begin {array}{@{}ll@{}} x_1=&\xi \eta \sin \vartheta _{M-2}\,\displaystyle \prod _{j=1}^{M-3}\sin \vartheta _j\ne 0,\vspace {0.3cm}\\ \,x_2=&\xi \eta \cos \vartheta _{M-2}\,\displaystyle \prod _{j=1}^{M-3}\sin \vartheta _j,\vspace {0.3cm}\\ x_3=&\xi \eta \cos \vartheta _{M-3}\,\displaystyle \prod _{j=1}^{M-4}\sin \vartheta _j,\vspace {0.3cm} \end {array}\end {equation*}


\begin {equation}\label {StakM} \begin {array}{@{}ll@{}} \,x_4=&\xi \eta \cos \vartheta _{M-4}\,\displaystyle \prod _{j=1}^{M-5}\sin \vartheta _j,\vspace {0.3cm}\\ \vdots &\qquad \qquad \vdots \qquad \qquad \vdots \qquad \qquad \vdots \vspace {0.3cm}\\ x_{M-2}=&\xi \eta \cos \vartheta _2\sin \vartheta _1,\vspace {0.3cm}\\ \,x_{M-1}=&\xi \eta \cos \vartheta _1,\vspace {0.3cm}\\ x_M=&\dfrac {\xi ^2-\eta ^2}{2}, \end {array}\end {equation}


\begin {equation}\label {stak9} H=\left .\tilde {H}\right |_{\sigma }=\displaystyle \sum _{j=1}^MG^{jj}{p}^2_j+\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ),\end {equation}


$G^{-1}=(G^{jj})$


\begin {equation}\label {Stak1} G^{-1}=\left ( \begin {array}{@{}llllll@{}} \dfrac {1}{\xi ^2+\eta ^2} & 0 & 0 & 0 & \hdots & 0 \\ 0 & \dfrac {1}{\xi ^2+\eta ^2} &0 & 0 & \hdots & 0 \\ 0 & 0&\dfrac {1}{\xi ^2\eta ^2} &0 & \hdots & 0 \\ 0 & 0 & 0 & \dfrac {1}{\xi ^2\eta ^2\sin ^2\vartheta _1} & \hdots & 0 \\ \vdots & \vdots &\vdots & \vdots & \hdots & \vdots \\ 0 & 0 & 0 & 0 & \hdots &\dfrac {1}{\xi ^2\eta ^2\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}\\ \end {array} \right ).\end {equation}


\begin {equation*}\displaystyle \sum _{j=1}^{M-1}x_j^2+x^2_M=\xi ^2\eta ^2+\left ( \dfrac {\xi ^2-\eta ^2}{2} \right )^2 =\left (\dfrac {\xi ^2+\eta ^2}{2}\right )^2,\end {equation*}


\begin {equation}\label {stw} \begin {array}{@{}ll@{}} L=&\tilde {L}\left .\right |_{\sigma }=-\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right )+\left (\xi ^2 +\eta ^2\right )\left (\dot {\xi }^2+\dot {\eta }^2\right )+\vspace {0.3cm}\\ &\xi ^2\eta ^2\Big (\dot {\vartheta }_1^2+\left (\sin ^2\vartheta _1\right )\dot {\vartheta }_2^2+ \left (\sin ^2\vartheta _1\sin ^2\vartheta _2\right )\,\,\dot {\vartheta }_3^2 \\&+\ldots +\left (\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j\right )\dot {\vartheta }_{M-2}^2\Big ). \end {array}\end {equation}


$G$


\begin {equation*}G=\left ( \begin {array}{@{}llllll@{}} \xi ^2+\eta ^2 & 0 & 0 & \hdots & 0 & 0 \\ 0 & \xi ^2+\eta ^2 &0 & 0 & \hdots & 0 \\ 0 & 0&\xi ^2\eta ^2 &0 & \hdots & 0 \\ o & 0 & 0 & \xi ^2\eta ^2\sin ^2\vartheta _1 & \hdots & 0 \\ \vdots & \vdots &\vdots & \vdots & \hdots & \vdots \\ o & 0 & 0 & 0 & \hdots & \xi ^2\eta ^2\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j\\ \end {array} \right ),\end {equation*}


$G^{-1}$


\begin {equation*}\label {Astak2} \begin {array}{l} \dfrac {\{\varphi _1,\varphi _2,\ldots ,\varphi _{M-1},\xi \}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}}=\dfrac {1}{\xi ^2+\eta ^2},\quad \dfrac {\{\varphi _1,\varphi _2,\ldots ,\varphi _{M-1},\eta \}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}}=\dfrac {1}{\xi ^2+\eta ^2},\vspace {0.2cm}\\ \dfrac {\{\varphi _1,\varphi _2,\ldots ,\varphi _{M-1},\vartheta _1\}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}}=\dfrac {1}{\xi ^2\eta ^2},\quad \dfrac {\{\varphi _1,\varphi _2,\ldots ,\varphi _{M-1},\vartheta _2\}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}} =\dfrac {1}{\xi ^2\eta ^2\sin ^2\vartheta _1},\vspace {0.2cm}\\ \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \vdots \\ \dfrac {\{\varphi _1,\ldots ,\varphi _{M-1},\vartheta _{{M-3}}\}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}} =\dfrac {1}{\xi ^2\eta ^2\displaystyle \prod _{j=1}^{M-4}\sin ^2\vartheta _j}, \vspace {0.2cm}\\ \dfrac {\{\varphi _1,\ldots ,\varphi _{M-1},\vartheta _{{M-2}}\}}{\{\varphi _1,\varphi _2,\varphi _3,\varphi _{M}\}}= \dfrac {1}{\xi ^2\eta ^2\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}. \end {array}\end {equation*}


\begin {equation*}\label {stak3} \begin {array}{@{}ll@{}} 0=&\dfrac {\dfrac {\partial \varphi _j}{\partial \xi }}{\xi ^2+\eta ^2}+\dfrac {\dfrac {\partial \varphi _j}{\partial \eta }}{\xi ^2+\eta ^2}+\vspace {0.2cm}\\ & \dfrac {1}{\xi ^2\eta ^2}\left ( \dfrac {\partial \varphi _j}{\partial \vartheta _1}+\dfrac {\dfrac {\partial \varphi _j}{\partial \vartheta _2}}{{\sin ^2\vartheta _1}}+ +\dfrac {\dfrac {\partial \varphi _j}{\partial \vartheta _3}}{\sin ^2\vartheta _1\sin ^2\vartheta _2}+\ldots +\dfrac {\dfrac {\partial \varphi _j}{\partial \vartheta _{M-2}}}{\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}\right ),\vspace {0.2cm}\\ 1=&\dfrac {\dfrac {\partial \varphi _M}{\partial \xi }}{\xi ^2+\eta ^2}+\dfrac {\dfrac {\partial \varphi _M}{\partial \eta }}{\xi ^2+\eta ^2}+ \vspace {0.2cm}\\ &\dfrac {1}{\xi ^2\eta ^2}\left ( \dfrac {\partial \varphi _M}{\partial \vartheta _1}+\dfrac {\dfrac {\partial \varphi _M}{\partial \vartheta _2}}{{\sin ^2\vartheta _1}}+ +\dfrac {\dfrac {\partial \varphi _M}{\partial \vartheta _3}}{\sin ^2\vartheta _1\sin ^2\vartheta _2}+\ldots +\dfrac {\dfrac {\partial \varphi _M}{\partial \vartheta _{M-2}}}{\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}\right ),\vspace {0.2cm}\\ &\dfrac {\dfrac {\partial \Psi }{\partial \xi }}{\xi ^2+\eta ^2}+\dfrac {\dfrac {\partial \Psi }{\partial \eta }}{\xi ^2+\eta ^2}+\vspace {0.2cm}\\ \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} &\dfrac {1}{\xi ^2\eta ^2}\left ( \dfrac {\partial \Psi }{\partial \vartheta _1}+\dfrac {\dfrac {\partial \Psi }{\partial \vartheta _2}}{{\sin ^2\vartheta _1}}+ +\dfrac {\dfrac {\partial \Psi }{\partial \vartheta _3}}{\sin ^2\vartheta _1\sin ^2\vartheta _2}+\ldots +\dfrac {\dfrac {\partial \Psi }{\partial \vartheta _{M-2}}}{\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}\right )\vspace {0.2cm}\\ =&-\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ),\vspace {0.2cm}\\ 0=&\dfrac {\partial }{\partial \xi }\left (\dfrac {|\Delta |}{\xi ^2+\eta ^2}\right )+\dfrac {\partial }{\partial \eta }\left (\dfrac {|\Delta |}{\xi ^2+\eta ^2}\right )+\dfrac {\partial }{\partial \vartheta _1}\left (\dfrac {|\Delta |}{\xi ^2\eta ^2}\right )\\&+\dfrac {\partial }{\partial \vartheta _2}\left (\dfrac {|\Delta |}{\xi ^2\eta ^2\sin ^2\vartheta _1}\right )+\vspace {0.2cm}\\ &\dfrac {\partial }{\partial \vartheta _3}\left (\dfrac {|\Delta |}{\xi ^2\eta ^2\sin ^2\vartheta _1\sin ^2\vartheta _2}\right )+ \dfrac {\partial }{\partial \vartheta _{M-2}}\left (\dfrac {|\Delta |}{\xi ^2\eta ^2\displaystyle \prod _{j=1}^{M-3}\sin ^2\vartheta _j}\right ). \end {array}\end {equation*}


\begin {equation*}\label {stak4} \begin {array}{@{}ll@{}} \varphi _{j}=&\vartheta _{j+1}+\cot \vartheta _{j},\quad j=1,\ldots ,M-3\vspace {0.2cm}\\ \varphi _{M-2}=&\dfrac {1}{\xi }+\dfrac {1}{\eta }+\vartheta _1,\quad \varphi _{M-1}=\xi -\eta ,\qquad \varphi _{M}=\dfrac {\xi ^3 +\eta ^3}{3},\vspace {0.2cm}\\ \Psi =&\mu (\xi +\eta )-\dfrac {\varepsilon }{10}\left (\xi ^5-\eta ^5\right ). \end {array}\end {equation*}


$F_j=\displaystyle \sum _{k=1}^M\Delta ^{jk}\,\Lambda _k/2,\,\,$


$\Lambda =\left ( P^2_{\theta _1},P^2_{\theta _2},\ldots ,P^2_{\theta _{M-2}},P^2_\xi +\mu -\xi ^4/2,P^2_\eta +\mu +\eta ^4/2\right )^T$


\begin {align*}\label {stak5} \begin {array}{@{}ll@{}} &F_1=p^2_{\vartheta _{M-2}},\vspace {0.2cm}\\ &F_2=p^2_{\vartheta _{M-3}}+\dfrac {p^2_{\vartheta _{M-2}}}{\sin ^2{{\vartheta _{M-3}}}} =p^2_{\vartheta _{M-3}}+\dfrac {F_1}{\sin ^2{{\vartheta _{M-3}}}},\vspace {0.2cm}\\ &F_3=p^2_{\vartheta _{M-4}}+\dfrac {1}{\sin ^2\vartheta _{M-4}}\left (p^2_{\vartheta _{M-3}} +\dfrac {p^2_{\vartheta _{M-3}}}{\sin ^2\vartheta _{M-3}}\right ) =p^2_{\vartheta _{M-4}}+ \dfrac {F_2}{\sin ^2\vartheta _{M-4}},\vspace {0.2cm}\\ & \vdots \qquad \qquad \vdots \qquad \qquad \vdots ,\vspace {0.2cm}\\ & F_{M-3}=p^2_{\vartheta _{2}}+\dfrac {F_{M-4}}{\sin ^2\vartheta _{2}},\vspace {0.2cm}\\ &F_{M-2}=p^2_{\vartheta _{1}}+\dfrac {F_{M-3}}{\sin ^2\vartheta _{1}}= F_{M-2}\left ( p_{\vartheta _{1}},\vartheta _{1},F_{M-3}\left (F_{M-4}(p_{\vartheta _{2}},\vartheta _{2},F_{M-5}\ldots ) \right )\right ),\vspace {0.2cm}\\ &F_{M-1}=\dfrac {\eta ^2p^2_\xi -\xi ^2p^2_\eta }{\xi ^2+\eta ^2}-\dfrac {\xi ^2-\eta ^2}{\xi ^2\eta ^2}F_{M-2} +\mu \dfrac {\left (\eta ^2 -\xi ^2\right )}{\eta ^2+\xi ^2}-\dfrac {\varepsilon }{2}\,\,\xi ^2\eta ^2,\vspace {0.2cm}\\ &F_{M}=H=\dfrac {p^2_\xi +p^2_\eta }{\xi ^2+\eta ^2}+\dfrac {F_{M-2}}{\xi ^2\eta ^2}+\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right ). \end {array}\end {align*}


$\sigma ^{-1}$


$(x_1,x_2,\ldots ,x_M)$


$\tilde {F}_{j}=\left .F_{j}\right |_{\sigma ^{-1}}$


$j=1,\ldots ,M>4$


\begin {equation*}\label {auxM} \begin {array}{@{}ll@{}} &\tilde {F}_{1}=F_{ 12}^2,\vspace {0.2cm}\\ &\tilde {F}_2=F_{ 12}^2+F_{ 23}^2+F_{ 31}^2,\vspace {0.2cm}\\ &\tilde {F}_3=F_{ 12}^2+F_{ 23}^2+F_{ 31}^2+ F_{ 42}^2+F_{ 51}^2+F_{ 34}^2 ,\vspace {0.2cm}\\ &\qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \vdots \qquad \qquad \vspace {0.2cm}\\ &\tilde {F}_{M-1}=\dfrac {\p G}{\p { x_M}}-\dfrac {\varepsilon }{2}\displaystyle \sum _{j=1}^{M-1}x_j^2,\vspace {0.2cm}\\ &\tilde {F}_M=\displaystyle \sum _{j=1}^M\dot {x}^2_j/2+\dfrac {2\mu }{\sqrt {\displaystyle \sum _{j=1}^{M}x_j^2}}+\varepsilon \,x_M, \end {array}\end {equation*}


$G=||{\bf \,x}||^2||{\bf y}||^2-<{\bf x},{\bf y}>^2+\mu ||{\bf \,x}||.$


$\xi =\xi (t)$


$\eta =\eta (t)$


\begin {equation}\label {stak15} \xi ^2={\mathfrak {P}(\tau -\tau _0)-\dfrac {4h}{3\varepsilon }},\quad \eta ^2=\mathfrak {P}(\tau -\tau _1)+\dfrac {4h}{3\varepsilon },\end {equation}


$\mathfrak {P}$


$\tau _0,\,\tau _1$


$t$


$\tau $


\begin {equation*}t=\displaystyle \int _{\tau _0}^\tau \left (\mathfrak {P}(\tau -\tau _0)+\mathfrak {P}(\tau -\tau _1)\right )d\tau .\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} F_{M-2}=\alpha _{M-2},\quad F_{M-1}=\alpha _{M-1},\quad F_M=&h,\vspace {0.2cm}\\ \dfrac {\eta ^2p^2_\xi -\xi ^2p^2_\eta }{\xi ^2+\eta ^2}+\dfrac {\xi ^2-\eta ^2}{\xi ^2\eta ^2}\alpha _{M-2} +\mu \dfrac {\left (\eta ^2 -\xi ^2\right )}{\eta ^2+\xi ^2}-\dfrac {\varepsilon }{2}\,\,\xi ^2\eta ^2-\alpha _{M-1}=&0,\vspace {0.2cm}\\ \dfrac {p^2_\xi +p^2_\eta }{\xi ^2+\eta ^2}+\dfrac {\alpha _{M-2}}{\xi ^2\eta ^2}+\dfrac {2\mu }{\xi ^2 +\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right )-h=&0. \end {array}\end {equation*}


$p^2_\eta $


$p^2_\xi $


\begin {equation*}\begin {array}{@{}ll@{}} p^2_\xi =&\dfrac {\varepsilon \xi ^6+4h\xi ^4+2(-\mu +2\alpha _{M-1})\xi ^2-2\alpha _{M-2}}{2\xi ^2},\vspace {0.2cm}\\ p^2_\eta =&\dfrac {-\varepsilon \eta ^6+4h\eta ^4-2(\mu +\alpha _{M-1})\eta ^2-2\alpha _{M-2}}{2\eta ^2}, \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} 4\xi ^2p^2_\xi =&\left (2\xi (\xi +\eta ^2)\dot {\xi } \right )^2=2\left (\varepsilon \xi ^6+4h\xi ^4+2(-\mu +\alpha _{M-1})\xi ^2-2\alpha _{M-2}\right ):\\&=S(\xi ^2),\vspace {0.2cm}\\ 4\eta ^2p^2_\eta =&\left (2\eta (\eta ^2+\eta ^2)\dot {\eta } \right )^2=2\left (-\varepsilon \eta ^6+4h\eta ^4+2(\mu +\alpha _{M-1})\eta ^2-2\alpha _{M-2}\right ):\\&=R(\eta ^2), \end {array}\end {equation*}


$\tau $


$dt=(\xi ^2+\eta ^2)d\tau $


\begin {equation*}\begin {array}{@{}ll@{}} \dfrac {d\xi _1}{d\tau }=&\sqrt {S(\xi _1)},\quad \xi _1=\xi ^2,\vspace {0.2cm}\\ \dfrac {d\eta _1}{d\tau }=&\sqrt {R(\eta _1)},\quad \eta _1=\eta ^2. \end {array}\end {equation*}


\begin {equation}\label {Rpop} \displaystyle \int \dfrac {\,d\eta _1}{\sqrt {R(\eta _1)}}=\tau -\tau _0,\qquad \displaystyle \int \dfrac {\,d\xi _1}{\sqrt {S(\xi _1)}}=\tau -\tau _1,\end {equation}


$\tau _0$


$\tau _1$


\begin {equation*}\pi :\qquad \xi _1={X-\dfrac {4h}{3\varepsilon }},\quad \eta _1=Y+\dfrac {4h}{3\varepsilon }\end {equation*}


$R(\eta _1)$


$S(\xi _1)$


\begin {equation*}P_3(X)=\left .R(\eta _1)\right |_{\pi },\quad Q_3(Y)=\left .S(\xi _1)\right |_{\pi }.\end {equation*}


\begin {equation}\label {pop1} \displaystyle \int \dfrac {\,dX}{\sqrt {P_3(X)}}=\tau -\tau _0,\qquad \displaystyle \int \dfrac {dY}{\sqrt {Q_3(Y)}}=\tau -\tau _1.\end {equation}


$X$


$Y$


$\tau .$


\begin {equation*}X=\mathfrak {P}(\tau -\tau _0),\qquad Y=\mathfrak {P}(\tau -\tau _1),\end {equation*}


$\mathfrak {P}$


\begin {equation*}\xi _1=\xi ^2=\mathfrak {P}(\tau -\tau _0)-\dfrac {4h}{3\varepsilon },\quad \eta _1=\eta ^2=\mathfrak {P}(\tau -\tau _1)+\dfrac {4h}{3\varepsilon }.\end {equation*}


$dt=(\xi ^2+\eta ^2)d\tau $


\begin {equation*}dt=\left (\mathfrak {P}(\tau -\tau _0)+\mathfrak {P}(\tau -\tau _1)\right )d\tau .\end {equation*}


$(\xi _1,\eta _1)$


\begin {equation*}\displaystyle \int \dfrac {\,d\eta _1}{\sqrt {R(\eta _1)}}-\displaystyle \int \dfrac {\,d\xi _1}{\sqrt {S(\xi _1)}}=C=\tau _1-\tau _0.\end {equation*}


\begin {equation*}\label {a00} H=\displaystyle \sum _{j=1}^M y_j^2+\dfrac {2\mu }{\sqrt {x_1^2+x_2^2+\ldots + x^2_M}}-\dfrac {1}{2}\displaystyle \sum _{j=1}^{M-1}\dfrac {\beta _j}{x^2_j}+\varepsilon \,x_M,\end {equation*}


$\beta _1,\,\beta _2,\,\ldots ,\beta _{M-1}$


$M>3.$


$(M-1)(M-2)/2$


\begin {equation}\label {Me100} F_{jk}=(x_jy_k-x_ky_j)^2+(x_j^2 +x^2_k)(\dfrac {\beta _j}{x_j^2}+\dfrac {\beta _k}{x_k^2}),\quad j,k=1,\ldots ,M-1, \quad j< k.\end {equation}


$\left .(F_{jk})\right |_{j,k=1,\ldots ,M-1}$


$2M-5$


$2M-5.$


\begin {align}\label {xxz1} \begin {array}{@{}ll@{}} H_1=&\dfrac {\p F}{\p x_M}-\dfrac {\varepsilon }{2}\displaystyle \sum _{j=1}^{M-1}x^2_j=2(x_M||{\bf {y}}||^2-y_M<{\bf {x}},\,{\bf {y}}>)\\&+\dfrac {2\mu }{\sqrt {x_1^2+x_2^2+\ldots x^2_M}}-\dfrac {\varepsilon }{2}\displaystyle \sum _{j=1}^{M-1}x^2_j+2x_M\displaystyle \sum _{j=1}^{M-1}\dfrac {\beta _j}{x^2_j}, \end {array}\end {align}


\begin {equation*}\begin {array}{@{}l@{}l@{}} F:\,=& \left .\displaystyle \sum _{j,k=1,\,j>k}^M\Big ((x_jy_k-x_ky_j)^2+(x_j^2 +x^2_k)(\dfrac {\beta _j}{x_j^2}+\dfrac {\beta _k}{x_k^2})\Big )\right |_{\beta _M=0}+2 \mu \sqrt {\displaystyle \sum _{j=1,}^Mx_j^2}\vspace {0.2cm}\\ &\,=||{\bf {x}}||^2||{\bf {y}}||^2-<{\bf {x}},\,{\bf {y}}>^2+\displaystyle \sum _{j=1}^{M-1}\left (\dfrac {\beta _j}{x^2_j}\,||{\bf {x}}||^2+(M-2)\,\beta _j\right )+2 \mu ||{\bf {x}}||. \end {array}\end {equation*}


$2M-3$


$2M-3>M$


$M>3.$


$M=2$


$H$


$H_1$


\begin {equation*}\tilde {H}=y_1^2+y_2^2+\dfrac {2\mu }{\sqrt {x_1^2+x_2^2}}-\dfrac {\beta _1}{2x^2_1}+\varepsilon \,x_2,\quad H_1=\dfrac {\p F}{\p x_2}-\dfrac {\varepsilon }{2}x^2_1,\end {equation*}


$F=(x_1y_2-x_2y_1)^2+(x_1^2+x^2_2)\dfrac {\beta _1}{x_1^2}+2\mu \sqrt {x_1^2+x_2^2}.$


\begin {equation*}\sigma :\qquad x_1=\xi \eta ,\quad x_2=\dfrac {\xi ^2-\eta ^2}{2},\end {equation*}


$F_1$


$F_2$


\begin {equation*}\begin {array}{@{}ll@{}} F_1:=&\left .H_1\right |_{\sigma }=\dfrac {\eta ^2\,p^2_\xi }{\xi ^2 +\eta ^2}-\dfrac {\xi ^2\,p^2_\eta }{\xi ^2 +\eta ^2}-\dfrac {\xi ^2-\eta ^2}{\xi ^2 +\eta ^2}\mu -\dfrac {\varepsilon }{2}\eta ^2\xi ^2-\dfrac {\xi ^2 -\eta ^2}{\xi ^2 \eta ^2}\beta _1,\vspace {0.2cm}\\ F_2:=&H=\left .\tilde {H}\right |_{\sigma }=\dfrac {p_\xi ^2 +p_\eta ^2}{2(\xi ^2+\eta ^2)}+\dfrac {2\mu }{\xi ^2+\eta ^2}-\dfrac {\varepsilon }{2}\left (\xi ^2-\eta ^2\right )+\dfrac {\beta _1}{\xi ^2\eta ^2}, \end {array}\end {equation*}


$p_\xi =(\xi ^2+\eta ^2)\dfrac {d \xi }{dt}$


$p_\eta =(\xi ^2+\eta ^2)\dfrac {d \eta }{dt}.$


$F_j=\alpha _j$


$j=1,2$


$p_\xi $


$p_\eta $


\begin {equation*}\begin {array}{l} p_\xi ^2=\epsilon \xi ^4+4\alpha _2\xi ^2-2( \alpha _1+\mu )-\dfrac {\beta _1}{\xi ^2} ,\vspace {0.2cm}\\ p^2_\eta =-\epsilon \eta ^4+4\alpha _2\eta ^2-2(\alpha _1+\mu )-\dfrac {\beta _1}{\eta ^2}. \end {array}\end {equation*}


$X=\xi ^2,\,\,Y=\eta ^2$


\begin {equation*}\begin {array}{l} \left (\dfrac {d X }{d\tau }\right )^2=-\dfrac {\epsilon \,X^3}{2}-\alpha _2X^2-( \alpha _1+2\mu )X-{\beta _1},\vspace {0.2cm}\\ \left (\dfrac {d Y}{d\tau }\right )^2=\dfrac {\epsilon \,Y^3}{2}+\alpha _2Y^2-( -\alpha _1+2\mu )Y-\beta _1. \end {array}\end {equation*}


$M=3$


\begin {equation*}\begin {array}{l} H_1=F_{12}=(x_1y_2-x_2y_1)^2 +(x^2_1+x^2_2)(\dfrac {\beta _1}{x^2_1}+\dfrac {\beta _2}{x^2_2}),\vspace {0.2cm}\\ H_2=\dfrac {\p F}{\p x_4}-\dfrac {\varepsilon }{2}(x^2_1+x^2_2),\vspace {0.2cm}\\ \tilde {H}=y_1^2+y^2_2+y^2_3+\dfrac {2\mu }{\sqrt {x_1^2+x_2^2+x^2_3}}-\dfrac {1}{2}\left (\dfrac {\beta _1}{x^2_1}+\dfrac {\beta _2}{x^2_2}\right )+\varepsilon \,x_3,\vspace {0.2cm}\\ \end {array}\end {equation*}


$F=\left .F_{ 12}+F_{ 23}+F_{ 31}\right |_{\beta _3=0}+2\mu \sqrt {x_1^2+x_2^2+x^2_3}$


$F_{ 12},\,\,F_{ 23}$


$F_{ 31}$


\begin {equation*}\sigma :\qquad x_1=\xi \eta \cos \vartheta _1,\qquad x_2=\xi \eta \sin \vartheta _1,\qquad x_3=\dfrac {\xi ^2-\eta ^2}{2},\end {equation*}


$H_1,\,H_2$


$H_3$


\begin {equation*}\begin {array}{l} F_1=\left .H_1\right |_{\sigma }=p^2_{\vartheta _1}+\dfrac {\beta _1}{\sin \vartheta _1^2} +\dfrac {\beta _2}{\cos \vartheta _1^2},\vspace {0.2cm}\\ F_2=\left .H_2\right |_{\sigma }=\dfrac {\xi ^2p^2_\eta -\eta ^2p^2_\xi }{\eta ^2+\xi ^2}+\dfrac {2\mu (\xi ^2-\eta ^2)}{\eta ^2+\xi ^2}-\dfrac {\varepsilon \xi ^2\eta ^2}{2}+\dfrac {(\xi ^2-\eta ^2)}{\eta ^2\xi ^2}\,F_1,\vspace {0.2cm}\\ F_3=H=\left .\tilde {H}\right |_{\sigma }=\dfrac {p^2_\eta +p^2_\xi }{\eta ^2+\xi ^2}+\dfrac {2\mu }{\eta ^2+\xi ^2}+\dfrac {\varepsilon }{2}(\xi ^2-\eta ^2)+\dfrac {1}{\eta ^2\xi ^2}\,F_1,\vspace {0.2cm}\\ \end {array}\end {equation*}


$p_\xi =(\xi ^2+\eta ^2)\dfrac {d \xi }{dt} ,\,\,p_\eta =(\xi ^2+\eta ^2)\dfrac {d \eta }{dt}$


$p^2_{\vartheta }=\xi ^2\eta ^2\dfrac {d \vartheta _1}{dt}.$


$F_2=\alpha _2$


$F_3=\alpha _3$


$p^2_\xi $


$p^2_\eta $


$F_1=\alpha _1$


\begin {equation*}\begin {array}{l} \xi ^2p_\xi ^2=\epsilon \xi ^6+4\alpha _3\xi ^2-2(\alpha _1+2\mu )\xi ^2-2\alpha _1 ,\vspace {0.2cm}\\ \eta ^2p^2_\eta =-\epsilon \eta ^6+4\alpha _3\eta ^4-2(\alpha _2+\mu )\eta ^2-2\alpha _1. \end {array}\end {equation*}


$(\xi ^2+\eta ^2)\,\dfrac {d }{dt}=\dfrac {d }{d\tau }$


$X=\xi ^2,\,\,Y=\eta ^2$


\begin {equation*}\begin {array}{l} \left (\dfrac {d X }{d\tau }\right )^2=-\dfrac {\epsilon \,X^3}{2}+\alpha _2X^2-( \alpha _1+2\mu )X+\alpha _3,\vspace {0.2cm}\\ \left (\dfrac {d Y}{d\tau }\right )^2=\dfrac {\epsilon \,Y^3}{2}+\alpha _2Y^2+( \alpha _1-2\mu )Y+\alpha _3. \end {array}\end {equation*}


$X(\tau )$


$Y(\tau )$


$p^2_{\vartheta }+\dfrac {\beta _1}{\sin \vartheta ^2} +\dfrac {\beta _2}{\cos \vartheta ^2}= \alpha _1$


\begin {equation*}\left (\dfrac {d \vartheta }{d\tau }\right )^2=\dfrac {(X(\tau )+Y(\tau ))\left (\alpha _1-\dfrac {\beta _1}{\sin \vartheta ^2} -\dfrac {\beta _2}{\cos \vartheta ^2}\right )}{(X(\tau )Y(\tau )}.\end {equation*}


$M>3$


\begin {equation*}\begin {array}{@{}ll@{}} F_1=&\left .F_{ 12}\right |_{\sigma }=p^2_{\theta _{M-2}}+\dfrac {\beta _{M-4}}{\sin ^2{\theta _{M-2}}}+\dfrac {\beta _{M-3}}{\cos ^2\theta _{M-2}},\vspace {0.2cm}\\ F_2=&\left .(F_{ 12}+F_{ 23}+F_{ 31}\right |_{\sigma }=p^2_{\theta _{M-3}}+\dfrac {\beta _{M-2}}{\cos ^2{\theta _{M-3}}}+\dfrac {F_1}{\sin ^2{\theta _{M-3}}},\vspace {0.2cm}\\ F_3=&\left .(F_{ 12}+F_{ 23}+F_{ 31}+ F_{ 42}+F_{ 51}+F_{ 34}\right |_{\sigma }=p^2_{\theta _{M-4}}+\dfrac {\beta _{M-1}}{\cos ^2{\theta _{M-4}}} \\&+\dfrac {F_3}{\sin ^2{\theta _{M-4}}},\vspace {0.2cm}\\ \end {array}\end {equation*}


\begin {equation*}\begin {array}{@{}ll@{}} F_j=&\hdots =p^2_{\theta _{M-j-1}}+\dfrac {\beta _{M-j}}{\cos ^2{\theta _{M-1-j}}}+\dfrac {F_{j-1}}{\sin ^2{\theta _{M-1-j}}},\quad j=1,\ldots ,M-2,\vspace {0.2cm}\\ F_{M-1}=&\left .\dfrac {\p F}{\p { x_M}}-\dfrac {\epsilon }{2}\displaystyle \sum _{j=1}^{M-1}x_j^2\right |_{\sigma }=\dfrac {\eta ^2p^2_\xi -\xi ^2p^2_\eta }{\xi ^2+\eta ^2}-\dfrac {\mu \,(\xi ^2-\eta ^2)}{\xi ^2+\eta ^2}-\dfrac {\epsilon }{2}\xi ^2\eta ^2\\&-\dfrac {\xi ^2-\eta ^2}{\xi ^2\eta ^2}F_{M-2},\vspace {0.2cm}\\ F_M=&H=\left .\tilde {H}\right |_{\sigma }=\dfrac {p^2_\xi +p^2_\eta }{\xi ^2 +\eta ^2}- \dfrac {\varepsilon }{2}(\xi ^2-\eta ^2 )+\dfrac {2\mu }{\xi ^2+\eta ^2} +\dfrac {F_{M-2}}{\xi ^2\eta ^2},\
\end {array}\end {equation*}


$F=\left .\displaystyle \sum _{j,k=1,\,j>k}^{M}F_{ jk}\right |_{\beta _M=0}+\mu \sqrt {\displaystyle \sum _{j=1}^{M}x_j^2} .$


$F_{M-1}=\alpha _{M-1}$


$F_{M}=\alpha _{M}$


$F_{M-2}=\alpha _{M-2}$


$(\xi ,\,\eta )$


$(\M , G)$


$\mathfrak {X}(\M )$


$\M $


\begin {equation*}{\mathfrak {X}}(\M )\times {\mathfrak {X}}(\M )\times \mathbb {X}( \M )\longrightarrow \mathfrak {X}( \M ),\end {equation*}


$(X,Y,Z)$


\begin {equation*}R(X,Y)Z=\nabla _{X}\nabla _{Y}Z-\nabla _{Y}\nabla _{X}Z,\end {equation*}


$\nabla $


\begin {equation*}R_{abcd}=K\,\,\left (G_{ac}G_{db}-G_{ad}G_{cb}\right ),\end {equation*}


$K$


$G_{ij}$


$n$


${\mathbb {E}}^n$


$n$


$\mathbb {S}^n$


$\mathbb {H}^n$


$\mathbb {S}^n$


$K=1$


${\mathbb {E}}^n$


$K=0$


$\mathbb {H}^n$


$K=-1.$


$H=\displaystyle \sum _{j=1}^nG^{jj}p^2_j$


\begin {equation}\label {Eisen1} \dfrac {\partial ^2 \tau _i}{\partial z_j\partial z_k}=\dfrac {\partial \tau _i}{\partial z_j}\dfrac {\partial \tau _i}{\partial z_k}-\dfrac {\partial \tau _j}{\partial z_k}\dfrac {\partial \tau _i}{\partial z_j}-\dfrac {\partial \tau _i}{\partial z_k}\dfrac {\partial \tau _k}{\partial z_j}, ,\end {equation}


$i,j,k=1,\ldots ,n$


$i$


$j$


$k$


$\tau _j=\dfrac {\ln \,G_{jj}}{\sigma }$


$\sigma \ne 0$


${\mathbb {E}}^n$


$\mathbb {S}^n$


$\mathbb {H}^n$


${\mathbb {E}}^n$


$G_{jj}=\dfrac {\displaystyle \prod _{k\ne j}\left ( z_j-z_k\right )}{\displaystyle \prod _{m=1}^n\left ( z_j-e_m\right )},$


$e_1<z_1<e_2<\ldots <e_n<z_{n}.$


$G_{jj}=\dfrac {\displaystyle \prod _{k\ne j}\left ( z_j-z_k\right )}{\displaystyle \prod _{m=1}^{n-1}\left ( z_j-e_m\right )},$


$z_1<e_1<z_2<e_2<\ldots <z_{n-1}<e_{n-1}<z_{n}.$


$\mathbb {S}^n$


$G_{jj}=\dfrac {\displaystyle \prod _{k\ne j}\left ( z_j-z_k\right )}{-4\displaystyle \prod _{m=1}^{n+1}\left ( z_j-e_m\right )},$


$e_1<z_1<e_2<\ldots <e_n<z_{n}<e_{n+1}.$


$\mathbb {H}^n$


$G_{jj}=\dfrac {\displaystyle \prod _{k\ne j}\left ( z_j-z_k\right )}{4\displaystyle \prod _{m=1}^{n+1}\left ( z_j-e_m\right )},$


$e_j$


$G^{jj}=\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}$


$j=1,\ldots ,M$


$f(z_j)=a\displaystyle \prod _{m=1}^{l}\left ( z_j-e_m\right ),\,\,\,$


$l\geq 1$


$a\ne 0$


$e_1,\ldots ,e_l$


\begin {equation}\label {shy1} G^{jj}=\dfrac {\left \{\varphi _1, \varphi _{2},\ldots ,\varphi _{M-1},z_{j}\right \}}{\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M-1},\varphi _{M}\right \}}\end {equation}


\begin {equation*}\begin {array}{@{}ll@{}} \displaystyle \sum _{j=1}^{M}\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}\dfrac {\partial \varphi _k}{\partial z_j}=0,\qquad j=1,\ldots ,M-1,\vspace {0.2cm}\\ \displaystyle \sum _{j=1}^{M}\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}\dfrac {\partial \varphi _M}{\partial z_j}=1,\vspace {0.2cm}\\ \displaystyle \sum _{j=1}^{M}\dfrac {\partial \,}{\partial z_j}\left ( \dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}\left \{\varphi _{1},\varphi _{2},\ldots ,\varphi _{M-1},\varphi _{M}\right \} \right )=0. \end {array}\end {equation*}


\begin {equation*}\label {h2} \begin {array}{l} \varphi _j=\displaystyle \int \displaystyle \sum _{k=1}^M\dfrac {\alpha ^j_{M-1}z_k^{M-1}+\ldots +\alpha ^j_{1}z_k+\alpha ^j_0}{f(z_k)}dz_k,\quad j=1,\ldots ,M-1,\vspace {0.2cm}\\ \varphi _M=\displaystyle \int \displaystyle \sum _{k=1}^M\dfrac {\alpha ^M_{M-1}z_k^{M}+\ldots +\alpha ^M_{1}z_k+\alpha ^M_0}{f(z_k)}dz_k \vspace {0.2cm}\\ \{\varphi _1,\varphi _2,\ldots ,\varphi _M\}=|\Delta |={\det \Omega }\,\,{\displaystyle \prod _{k=1}^Mf(z_k)}, \end {array}\end {equation*}


$\alpha ^j_{M-1},\ldots ,\alpha ^j_0$


$j=1,\ldots ,M$


\begin {align*}\label {Th2} & \varphi _1=\displaystyle \int \displaystyle \sum _{k=1}^M\dfrac {1}{f(z_k)}dz_k,~~~ \varphi _{2}=\displaystyle \int \displaystyle \sum _{k=1}^M\dfrac {z_k}{f(z_k)}dz_k, \ldots , \\& \varphi _{M}=\displaystyle \int \displaystyle \sum _{k=1}^M\dfrac {z^{M-1}_k}{f(z_k)}dz_k,\end {align*}


\begin {equation*}\Delta =\left ( \begin {array}{@{}lllll@{}} \dfrac {1}{f(z_1)} &\dfrac {z_1}{f(z_1)} & \hdots &\hdots & \dfrac {z_1^{M-1}}{f(z_1)} \vspace {0.2cm}\\ \dfrac {1}{f(z_2)} &\dfrac {z_2}{f(z_2)} & \hdots &\hdots & \dfrac {z_2^{M-1}}{f(z_2)} \vspace {0.2cm}\\ \vdots & \vdots & \vdots & \vdots &\vdots \vspace {0.2cm}\\ \dfrac {1}{f(z_{M-1})} &\dfrac {z_{M-1}}{f(z_{M-1})} & \hdots &\hdots & \dfrac {z_{M-1}^{M-1}}{f(z_{M-1})} \vspace {0.2cm}\\ \dfrac {1}{f(z_{M})} &\dfrac {z_{M}}{f(z_{M})} & \hdots &\hdots & \dfrac {z_{M}^{M-1}}{f(z_{M})} \end {array} \right ).\end {equation*}


\begin {equation*}{\Delta }^{-1}=\left (\begin {array}{@{}lllll@{}} \dfrac {f(z_1)\displaystyle \prod _{k\ne 1}^Mz_k}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {f(z_2)\displaystyle \prod _{k\ne 2}^Mz_k}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {f(z_M)\displaystyle \prod _{k\ne M}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \vspace {0.2cm}\\ \vdots & \vdots & \hdots & \hdots &\vdots \vspace {0.2cm}\\ \dfrac {f(z_1)\displaystyle \sum _{k\ne 1}^Mz_k}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {f(z_2)\displaystyle \sum _{k\ne 2}^Mz_k}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {f(z_M)\displaystyle \sum _{k\ne M}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \vspace {0.2cm}\\ \vspace {0.2cm}\\ \dfrac {f(z_1}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {f(z_2)}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {f(z_M)}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \end {array} \right ).\end {equation*}


\begin {equation*}\begin {array}{l} F_1=p^2_1/2 \dfrac {f(z_1)\displaystyle \prod _{k\ne 1}^Mz_k}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )}+p^2_2/2\dfrac {f(z_2)\displaystyle \prod _{k\ne 2}^Mz_k}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} \\\qquad \qquad +\ldots +p^2_M/2\dfrac {f(z_M)\displaystyle \prod _{k\ne M}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} , \vspace {0.2cm}\\ \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \vdots \vspace {0.2cm}\\ F_{M-1}= p^2_1/2\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )+p^2_2/2\dfrac {f(z_2)\displaystyle \sum _{k\ne 2}^Mz_k}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} \\\qquad \qquad +\ldots +p^2_M/2\dfrac {f(z_M)\displaystyle \sum _{k\ne M}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )},\vspace {0.2cm}\\ F_{M}=H=p^2_1/2\dfrac {f(z_1)}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )}+p^2_2/2\dfrac {f(z_2)}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} \\\qquad \qquad +\ldots +p^2_M/2\dfrac {f(z_M)}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )}, \end {array}\end {equation*}


$(\M , G)$


$F_M=\displaystyle \sum _{j=1}^{M} \dfrac {p^2_j}{2} \dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}.$


$k$


$M$


$(z_1,\ldots ,z_M)$


\begin {equation*}P_k(z_1,\ldots ,z_M)=\displaystyle \sum _{n_1+\ldots +n_M=k\geq 1}z^{n_1}_1z^{n_2}_2\ldots ,z^{n_M}_M.\end {equation*}


$U$


$H=F_M+U$


$U$


\begin {equation}\label {Sh2} \displaystyle \sum _{j=1}^{M}\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}\dfrac {\partial \Psi }{\partial z_j}=U(z_1,\ldots ,z_M),\end {equation}


$\Psi =\displaystyle \sum _{j=1}^{M}\int _{z_{j0}}^{z_j}\,\Psi _j(z_j)dz_j.$


$U$


$k$


$(z_1,\ldots ,z_M).$


$\Psi _{j}(z_j)$


\begin {equation*}\Psi _{j}(z_j):= \Psi ^{(k)}_{j}(z_j)=\nu \dfrac {z_j^{k+M-1}}{f(z_j)},\quad k\geq 1,\end {equation*}


$\nu $


\begin {equation*}\nu \displaystyle \sum _{j=1}^{M}\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}\dfrac {\partial }{\partial z_j}\Big (\displaystyle \int _{z_{j0}}^{z_j}\dfrac {z_j^{k+M-1}}{f(z_j)}dz_j\Big )\end {equation*}


\begin {equation*}=\nu \displaystyle \sum _{n_1+\ldots +n_M=k}z^{n_1}_1\ldots ,z^{n_M}_M=U_{k}(z_1,\ldots ,z_M),\end {equation*}


$k\geq 1.$


\begin {equation}\label {Th22} \displaystyle \sum _{j=1}^{M}\dfrac {z_j^{k+M-1}}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}=\displaystyle \sum _{n_1+\ldots +n_M=k}z^{n_1}_1\ldots ,z^{n_M}_M,\end {equation}


$k\geq 1$


\begin {equation*}\begin {array}{@{}l@{}} H=\displaystyle \sum _{j=1}^M\dfrac {f(z_j)}{\displaystyle \prod _{k\ne 1}^M\left ( z_j-z_k\right )}\Big ( p^2_j/2+\nu \dfrac {z_j^{k+M-1}}{f(z_j)}\Big )\vspace {0.2cm}\\ =\displaystyle \sum _{j=1}^Mp^2_j/2\dfrac {f(z_j)}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}+\displaystyle \nu \sum _{n_1+\ldots +n_M=k}z^{n_1}_1\ldots ,z^{n_M}_M, \end {array}\end {equation*}


$k\geq 1$


$f(z_j)=z_j.$


$G^{jj}=\dfrac {z_j}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}$


$j=1,\ldots ,M.$


\begin {equation*}\label {Th2} \varphi _1=\log |\displaystyle \prod _{j=1}^M z_j|,\quad \varphi _2=\displaystyle \displaystyle \sum _{k=1}^Mz_k, \quad \ldots , \quad \varphi _{M}=\displaystyle \displaystyle \sum _{k=1}^M\dfrac {z^{M-1}_k}{M-1}.\end {equation*}


\begin {equation*}\Delta =\left ( \begin {array}{@{}lllll@{}} \dfrac {1}{z_1} &1 & \hdots &\hdots & z_1^{M-2}\vspace {0.2cm}\\ \dfrac {1}{z_2} &1 & \hdots &\hdots & z_2^{M-2} \vspace {0.2cm}\\ \vdots & \vdots & \hdots & \vdots &\vdots \vspace {0.2cm}\\ \dfrac {1}{z_{M}} &1 & \hdots &\hdots & z_{M}^{M-2} \vspace {0.2cm}\\ \end {array} \right ).\end {equation*}


\begin {equation*}{\Delta }^{-1}=\left (\begin {array}{@{}lllll@{}} \dfrac {\displaystyle {\prod _{k= 1}^Mz_k}}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {\displaystyle {\prod _{k=1 }^Mz_k}}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {\displaystyle \prod _{k= 1}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \vspace {0.2cm}\\ \vdots & \vdots & \hdots & \hdots &\vdots \vspace {0.2cm}\\ \dfrac {z_1\displaystyle \sum _{k\ne 1}^Mz_k}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {z_2\displaystyle \sum _{k\ne 2}^Mz_k}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {z_M\displaystyle \sum _{k\ne M}^Mz_k}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \vspace {0.2cm}\\ \vspace {0.2cm}\\ \dfrac {z_1}{\displaystyle \prod _{k\ne 1}^M\left ( z_1-z_k\right )} &\dfrac {z_2}{\displaystyle \prod _{k\ne 2}^M\left ( z_2-z_k\right )} & \hdots &\hdots & \dfrac {z_M}{\displaystyle \prod _{k\ne M}^M\left ( z_M-z_k\right )} \end {array} \right ).\end {equation*}


$\Psi _{j}(z_j):= \Psi ^{(M)}_{j}(z_j)=\nu z_j^{2M-1}.$


\begin {equation*}\begin {array}{@{}ll@{}} F_1=\!\!\!\!\!\!\!\!&\displaystyle \sum _{k\ne 1}^M\dfrac {\displaystyle \prod _{k=1 }^Mz_k}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}p^2_j/2+\nu \,\,\tilde {U}_{2M},\vspace {0.2cm}\\ \qquad &\qquad \qquad \qquad \vdots \qquad \vspace {0.2cm}\\ F_{M-1}=\!\!\!\!\!\!\!\!&\dfrac {\displaystyle \sum _{j=1}^Mp^2_j/2\,\,z_j\displaystyle \sum _{k\ne j}^Mz_k}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}+\nu \tilde {U}_{M+2},\vspace {0.2cm}\\ F_{M}=\!\!\!\!\!\!\!\!&H=\dfrac {\displaystyle \sum _{j=1}^Mp^2_j/2\,\,z_j}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}+\nu \,\,U_{M+1}, \end {array}\end {equation*}


$\tilde {U}_j$


$j=2M,\ldots ,M+2$


$j$


$U_{M+1}$


\begin {equation*}W=\displaystyle \sum _{k=1}^M\displaystyle \int _{z^k_0}^{z_k}\sqrt {\nu \,\,z^{2M-1}+\displaystyle \sum _{n=0}^{M}{z_k^{n-1}}\,\,\alpha _n}\,\,\,dz_k.\end {equation*}


$M=3$


\begin {equation*}\begin {array}{ll} F_1=\!\!\!\!\!\!\!\!&\dfrac {z_1z_2z_3}{(z_1-z_2)(z_1-z_3)}p^2_1/2+\dfrac {z_1z_2z_3}{(z_2-z_1)(z2-z_3)}p^2_2/2\\&+\dfrac {z_1z_2z_3}{(z_3-z_1)(z_3-z_2)}p^2_3/2 -\nu \,\,z_1z_2z_3U_3, \vspace {0.2cm}\\ F_2=\!\!\!\!\!\!\!\!&\dfrac {z_1(z_2+z_3)p^2_1/2}{(z_1-z_2)(z_1-z_3)}+\dfrac {z_2(z_1+z_3)p^2_2/2}{(z_2-z_1)(z_2-z_3)}+\dfrac {z_3(z_2+z_)p^2_3/2}{(z_3-z_1)(z_3-z_2)}\vspace {0.2cm}\\ &+\nu \,\,(z_1+z_2)(z_1+z_3)(z_3+z_4)(z_1^2+z_2^2+z_3^2), \vspace {0.2cm}\\ F_3=\!\!\!\!\!\!\!\!&H=\dfrac {z_1p^2_1/2}{(z_1-z_2)(z_1-z_3)}+\dfrac {z_2\,p^2_2/2}{(z_2-z_1)(z2-z_3)}\\&\dfrac {z_3\,p^2_3/2}{(z_3-z_1)(z_3-z_2)}+\nu \,\,U_4, \vspace {0.2cm}\\ \end {array}\end {equation*}


$U_3$


$U_4$


$(q_1, q_2, q_3)$


$(\mu _1, \mu _2, \mu _3)$


\begin {equation*}\tilde {H}_3= (\mu _3^2+2\mu _2\mu _1)/2-5q_1^4/8+5q_1^2q_2/2+q_1q^2_3/2-q_2^2/2.\end {equation*}


$\sigma _3(q_1,q_2,q_3,\mu _1,\mu _2,\mu _3)= (z_1,z_2,z_3,p_1,p_2,p_3)$


\begin {equation*}\begin {array}{l} q_1=-\dfrac {1}{2}(z_1+z_2+z_3),\vspace {0.2cm}\\ q_2=-\dfrac {1}{8}\left ((z_1+z_2+z_3)^2 -4(z_1z_2+z_1z_3+z_2z_3)\right ),\vspace {0.2cm}\\ q_3=\sqrt {z_1z_2z_3},\vspace {0.2cm}\\ \mu _1=-2\Big (\dfrac {z_1(-z_1+z_2+z_3)p_1}{ (z_1-z_2)(z_1-z_3)}+\dfrac {z_2(z_1-z_2+z_3)p_2}{ (z_2-z_1)(z_2-z_3)}\\\qquad +\dfrac {z_3(z_1+z_2-z_3)p_3}{ (z_3-z_2)(z_3-z_1)} \Big ),\vspace {0.2cm}\\ \mu _2=-2\Big (\dfrac {z_1p_1}{ (z_1-z_2)(z_1-z_3)}+\dfrac {z_2p_2}{ (z_2-z_1)(z_2-z_3)}+\dfrac {z_3p_3}{ (z_3-z_2)(z_3-z_1)} \Big ),\vspace {0.2cm}\\ \mu _3=2\sqrt {z_1z_2z_3}\Big (\dfrac {p_1}{ (z_1-z_2)(z_1-z_3)}\\\qquad +\dfrac {p_2}{ (z_2-z_1)(z_2-z_3)}+\dfrac {p_3}{ (z_3-z_2)(z_3-z_1)} \Big ), \end {array}\end {equation*}


\begin {equation*}F_3=\dfrac {\displaystyle \sum _{j=1}^3p^2_j/2\,\,z_j}{\displaystyle \prod _{k\ne j}^3\left ( z_j-z_k\right )}+\nu \,\,U_{4}=\left .\tilde {H}_3\right |_{\sigma _3}.\end {equation*}


\begin {equation*}\tilde {H}_4=\Big (\mu ^2_4+ 2\mu _1\mu _3+\mu _2^2\Big )/2+3q_1^5/4-5q_1^3q_2/2+2q_1q_2^2\end {equation*}


\begin {equation*}\qquad +5q^2_1q_3/2+q_1q^2_4/2-q_2q_3.\end {equation*}


$\sigma _4(q_1,q_2,q_3,q_4,\mu _1,\mu _2,\mu _3\mu _4)= (z_1,z_2,z_3,z_4p_1,p_2,p_3,p_4),$


\begin {equation*}F_4=\dfrac {\displaystyle \sum _{j=1}^4p^2_j/2\,\,z_j}{\displaystyle \prod _{k\ne j}^4\left ( z_j-z_k\right )}+\nu \,\,U_{5}=\left .\tilde {H}_4\right |_{\sigma _4}.\end {equation*}


$M$


$F_M$


$2M+1$


\begin {equation*}F_M=\dfrac {\displaystyle \sum _{j=1}^Mp^2_j/2\,\,z_j}{\displaystyle \prod _{k\ne j}^M\left ( z_j-z_k\right )}+\nu \,\,U_{M+1}=\left .\tilde {H}_M\right |_{\sigma _M}?\end {equation*}
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One of the first works dedicated to the theory of separation of vari-
ables is the Liouville’s work [14] in which he studied a dynamical
system with two degree of freedom (z,,z,) and Hamiltonian function

~ P2+ P2+ 2(uy(z)) + pp(23)

2(k1(z1) + k5(25))

The most relevant development for the solution of the additive sep-
aration of variables problem due to Stickel [15,16] was to give the gen-
eral solution in orthogonal coordinates. He proved the following two
theorems.

, called of Liouville type.

Theorem 1. [Stdckel Theorem I] The necessary and sufficient conditions in

order that the Hamilton-Jacobi equation z ( )
ot 0z;

h, with h a constant be integrable by separation of variables (or equivalently
M

2
) =U(zy,....zp) +

in the Jacobi sense), i.e. there exists a function S = 2 Si(zj, @y, ap)
=1

S >¢Oand
L7

2

with a; constant for j =1, ..., M such that det <aa
Z.

J

(A )suchthatA _dt(A)f j=

1,..., M where A’M is the (j, M) component of the inverse matrix A~';

(i) there exists a Stdckel matrix A =

(i) there are functions ‘I’j(zj)forj =1,..., M such that
M
ATM
Uzy,....2p) = Zf Wlpj(zj)- ©)]

The function (3) is called the Stdckel potential.

Theorem 2. [Stdckel Theorem II] The Hamilton-Jacobi equations with

M
Hamiltonian function H = F),; = Z A|A| <P2/2+‘P (z; )) has M -1 in-

dependent first integrals in involutlon

=X AT P2/2+W,(z)), @

forj=1,....,M —1.

After the publication of the Stdckel’s results the following ques-
tion arise: what is the necessary and sufficient conditions under which the
Hamilton-Jacobi equation is integrable in the Jacobi sense in the given set of
coordinates, not necessarily orthogonal? Levi-Civita provided the answer
to this question and proved the following result:

Theorem 3 (Levi-Civita Theorem). The Hamilton-Jacobi equations are
integrable in the Jacobi sense, if and only if the Hamiltonian H satisfy the
M (M - 1)/2 second-order partial differential equations

2 2
L (H,z,P) := JOH 0H o°H 0H oH o0°H
J 0P; 0P, 0z;0z; = 0z; 0z) OP;0P;
_OHOH O*H__ 0H 0H PH__
0P, 0z, 0z,0P, _ 9P, 0z, 9P,0z,
for j.k=1,...,M with j # k.

In this paper we develope the Stickel ideas and state an solve two
inverse problems. The first one is related with the problem of the con-
struction of the Stdckel potential function from a given family of curves
given by the intersection of M — 1 hypersurfaces in R™, and the sec-
ond one is related with the problem of the construction from a given
Riemann-Stéckel metric of the Stidckel matrix that is a nondegenerate
matrix whose j columns depend only on the coordinate z; and the
Hamiltonian-Stéckel function.

As we observe one of the most relevant results in the theory of inte-
grability in the Jacobi sense is due to Stickel, [16] who gaves the general
solution of the additive separation of variables problem in orthogonal
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coordinates (see Stéckel Theorems I and II). The aim of this paper is
to state and solve the inverse problem in dynamics which we call the
Stéckel inverse problem I, which is a particular case of the Suslov prob-
lem [17,18] and the Stéckel inverse problem II, which is a new inverse
problem in dynamics.

First we introduce the following notations and definitions.

For the independent functions H I for j =1,..., N the determinant of
the Jacobian matrix of these functions, i.e.

oH, oH, oH,

oH, 0H, oH,

0x; 0x, 0x

{HI,HZ,“.,HM,I,HM} =] ; :

OHy_;  OHp_ OH y_

0x, 0x, 0x 5y

0H,  0H,, OH,,

0x; 0x, 0xX py

is called the Nambu bracket (see for instance [17,19-21]).
We shall use the following four identities proved, in particular, in
[17, 19]

(1)2_{g17“'!gn lsx]7gn+1’“'agN}_{glsuwgn l’f gn+l "ng}'

Jj= l Xj

. P)
(11)12 S8 8 X gt B} =0, forn =12, M.
j=1""

=i o, GHEL - 8 )
(iii) M
+Z{f],---’fM—hgn}{gl’-"’gn—lvG’gn+17"'!gM} =0
n=1
S Fm—s M8 &Mt
(iv) M
+ D81 Eaets M1 s Fago1s &b Bt oo 8ar ) = 0.

n=1

Corollary 1. The identities (iii) and (iv) for M = 3 becomes

{f1, /2, G}{g1.82.83) =

{f1. /2.8 {f1. 881, G, g3} + { f1, f2.83}{&1, 8. G},
{f1, /2, A{81.82.83}} =

(M1, /2:81}. 820833 + {81, M S1. fo. 82 ). 830} + {815 80, A f1, f2- 833}

{G. 8.8} +

(5)
The matrix
@11(21) @12(21) o1m(21)
Al P2z 92(27) Pam(22)
Orm1(Zpy)  Opa(Zpp) Omm(Zar)
is called the Stdckel matrix where ¢,; are functions fori,j = 1,..., M (for
M
more details see [22]). By introducing the 1-forms dg, = Z Pra(Zi)dzy,
k=1
fora = 1,..., M, then we get that the matrix A can be written as
dor oo, oo
9z, 9z, T o0z
o0 o a
A=]| o0z, oz, T 0zy |, (6)
09, 0p, 0Py
0zpy 0z 0z
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jk
and consequently the inverse matrix A~! = (%) can be written
as
{z1.00. - oum} {zm: @20 oM}
{o1, 00,00} {@1, 02, 00}
{(ﬂl’zl’---’(pM} {QDI’ZM’---’(/’M}
{(01,</727-~~,(.0M} {(plv(sz""(pM}
{‘Pl,“-v(PM—l’Zl} {(Pl,“'v(PM’ZM} ™
{(Pl’(pZ’“"(pM} {(pl’(ﬂz"“’(pM}
Aay(zp, ..., 2p) Aayp(zy, .5 2y-1)
i= Aay (zp, ..., 2Zp) Aaypr(zy, oo zpoy) |,
Aay(zp, -5 2y) Aayp(zys e 0 Zy-1)

1
where 7= {01, 02, ... 00} = |A] =det(A) # 0.
We introduce the following definition. The diagonal Riemann metric
G such that

_ AM _ {(pl,...,(pM_l,zj}
(A {(ﬂl’“-’(ﬂM—l»(pM},

jj

(8)

we call it the Riemann-Stdckel metric G, where G~! = diag(G'',...,GN"N)
is the inverse matrix to the matrix G = diag(G,, = 1/G'!,...,Gyy =
1/GNN).

We call the Hamiltonian system with Hamiltonian

5 5 Aononz)  Aonen ¥

H= -+ ,
k=1 2 {(Pp(ﬂznn»(ﬂM} {(01,(.027---,(/71\4}
2
< {(”I"/’%---’Z/‘} Pj
= z— 7+‘I‘j(zj)
k=1 {¢|JP2’---JPM}
M
the Hamiltonian-Stdckel system, where ¥ = Z / W(z;)dz;.
j=17%jo

In [17,19,23] we study and solve the following inverse problem in
ordinary differential equations.
Inverse Stickel problem I. Assume that we have a mechanical sys-
M 32 M
o 1y % 1 , - i
tem with kinetic energy T = = z —j 1= 3 Z G; zjz., where G~ = (G//)
j=1

Py

: . .. L. i Prse s Pp—15Z

is the Riemann-Stdckel metric with G/ = A ;= w
{(plvnw(pM—ls(pM}

1,..., M. We require to determine the Stdckel potential U in such a way

that the M — 1 parametric family of curves defined by the intersection of the
hypersurfaces f; = f;1(z1, 1, ap) + oo+ fip(Zpg, @15 o0 ap) = ¢ for
j=1,....M — 1, are described by this mechanical system.

The second inverse problem is the following.

Inverse Stéckel problem II. Assume that the Riemann-Stdckel metric is
given. We require to determine the Stdckel matrix A. Moreover we construct
the Hamiltonian-Stdckel function.

The solution of this problem is our main objective and it is given in
the next section.

The main result is the statement and solution of the inverse St ackel
problem II and the applications of this result to solve the non-trivial
problems, such as the integrability by variable separation, such as the
inverse problem of two fixed centers, such as the extended Kepler-
Coulomb system, and such as the Stark problem in arbitrary dimension.
All these results are completely new.
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2. Solution of the Stéickel inverse problem II and new proof of
Theorem Stéckel IT

The solution of the Stdckel inverse problem II requires to determine
the functions ¢, 5, ..., @), and ¥ such that the following relations hold,
_ {¢1,(ﬂ2,~~~,(ﬂM_1,Zj} U =

{(P]»(ﬂz,m»(PM_1,<.0M}7 {of.

for j =1,..., M. Thus in view of property (i) of the Nambu braket we
get that

GJi {o om-10 ¥} ’ ©
s Op—1> Par)

{@1seees Orr_1s Pk} M o,
P EEe———— ZG“—=0, k=1,....,M —1,
(@1, Op—1s o0} = azj
M
{@15- s Op—1> O} _ ZG”@‘PM -1
(@1, Op—1s o0} = (3Zj ’
M
ter o omn ¥ Zguﬂzu
(@1, Oop_1- o0} = 6Zj '
(10)
From (9) it follows that G¥ {¢,.0y....00_ 1.0y} =

{(pl,qaz,...,an_l,zj}. Thus from property (ii) we have
M

DIP(N

=l

. @m-1» Z;}) =0, and we get that

M P} .
—(G“{(pl,...

52 -1 2ur ) =0. (an

j=1
By solving these partial differential equations we should obtain the
Stickel matrix A and the Stickel potential. Consequently we should have
the Hamilton Stéckel function. We shall do these computations in sev-
eral applications.

On the other hand, by considering that the partial differential system
(10) is linear, then if the function ¢ := (¢, ®,, ..., ,)" is a solution of
(10), then the functions @ := (@, @, ..., @)" such that » = B ¢, where
B is an arbitrary constant matrix. It is also a solution of (10).

The function

M 2
S = Z/
k=1"2k0

is called the Jacobi-Stdckel function where ¥, (z;), ¢y (z) are arbitrary

M

—2‘I‘k(zk)+22aj(pkj(zk)dzk, 12)
j=1

function on the variable z, for j,k=1,...,M,and a, @y, ..., ay, = h are
arbitrary constants see [22]. We define the functions
a8
P=—, k=1,...,M. 13
k 0z, as

Now we provide a new simple proof and shorter of the following
theorem. We observe that in the proof of this theorem plays an important
role the first integrals (12). Note that the proof of the involution of the
given first integrals will be obtained by applying the new identities of the
Nambu bracket. Since these identities are original our proof is different
of the Stéckel one. The proof of Theorem 5 will be also applied in the
study of the integrability of the given examples.

Theorem 4. The Stdckel-Hamiltonian system is integrable in the Liouville
sense.

Proof. First we prove that the Hamiltonian-Stéckel system admits M
independent first integrals. Indeed, from (12) and (13) it follows that

as \’ <
P2 = <a_> = 2% (z) +2 ) @Ay,
Zy =

M
hence %P,f +¥,(z) = Z A a;. Therefore denoting by
=l

a:= (@ ay) s Ri= (P224W,(z)) . P22+ W y(z)
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we get from (7) that a = A~ R. Consequently from (4) we get the func-
tions Fj, ..., Fy, = H where

=fp_ {Zj’(ﬂz,...,(PN} {W"pb---,(ﬂN}
=2 {enerom) {0100 0um)
M
-y M(_W(z )>
j=1 1’¢2""’¢M}
F =i .2 {o1.2j,coom} {0 w.03.....0x5}
2 = {(Pl’(ﬂz,...,(ﬂm} {(Pla(l’z»-n,(pM}
y a4
=2 —(pN}<—+‘P(z )>
j=1 1,(p2,...,(pM}

5

:i_/ {(Pl $2,---52 } + {(Pl’(Pzw--slI/,}

M P2
§ ez < ; mz))
“ 2

¢2’---’¢M}

are first integrals of the Hamiltonian-Stéckel system.

The independence of these first integrals follows from the fact that
the matrix A is non degenerated with |A| = {@,....,@p_;,@ap )} #O..

Finally in order to prove that these first integrals are in involution,

e. {F;, F,}* =0, for j,k=1,...,M, where {F;, F;.}* denotes the Pois-
son bracket of the functions F; and F. We shall study the involution
for the case M = 3, and when M > 3 the proof is analogous. We observe
that this proof of the involution of the given first integrals is obtained
by applying the new identities of the Nambu bracket.

Now we give a proof of the main identities that we apply in this
paper. These proofs is given in particular in our monograph J. Llibre
and R. Ramirez, Inverse problems in ordinary differential equations and
applications, Progress in Math. 313, Birkhauser, 2016.

The next identities are well known

) la {815 8n1s %) Buats s8N = {815+ 81> [ 1 -+ 8N s

anyy 10 {g1>-+8—1-Xj>8n41 ----&n} =0, forn = 1,2, ... N

and Filippov Identity

Irn r(f]]\}n,fN_pgyn»gN):
:anl{gls---’gn—lv{fl---ny—Iagn}7gn+17---sgN}
—{frs {8 en} =0

The following identity is new

avy Tg(fi-rfy-1:81 -
+ 3N freee

o) ==l

s In-1- 8181 -

s Ino1-GHgr 8w}

2 &n-1-G. &ny1>--- 8N =0

The proof of this identity is the following. First (V) is equivalently to

0g, 9y
E m {fl,..mfN—l’gl}

| odgn ogn
6_xl m {f1- s SN-1-8N 1)

oG G
FrE {1, fno1, G}

X1 de
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Using identity (I) the Nambu bracket we obtain that

N
23 9g; 9g;
oo~ ;{f],...,fw_l,x,}axj
~| 9Jg 9g < Jg
N N N
- ... = {1 Xt =—
0x, oxy Z‘ ! N1 o
96 A VS NRY. c
ox; T oxy ANy
% o om
ox; T oxy 0x;
N : : :
= =D Ufr o) 98w den  dev |=0.
Jj=1 ox; T oxy  0x;
%6 G G
0x, ox ox;
we denote by
Iﬁ/1(f1 7fN_1,g17-~~’g1v) =={f1 o Mg 8Nt

N
+Z 8l &1 M1 s N=1:-8n)5 &ns1 -1 &N D>

n=

and we get the following identity ( geralization of the Filippov identity )

) Ci(fi-s 108155 8n) S0

Indeed, by applying the property of the determinants (Leibniz rule)
we get that

=1 o Mer e entd
N
+(Z{glv...,g,,—1,)»{f1.‘.,fN_l,gn},g,,H,...,gN})
n=1
=A(_{f1~~~»f1v_1,{g1 ..,8Nn 1}
N
+Z{gl’”.,gn_],{fl""fN—]’gﬂ}’gn-H,---,gN})
n=1
+(_{f1~~'va71,/1}{g1‘..,gN}
N
+Z{gl’“"gn—l’j"gn-#l’--wg]\/}{fl "fN—l’gn}>
n=1
:A(F)L(fl...,fN_l,gI,_”’gN)>‘
A=1
+ (HG(f]---va_|,g1...,gN)> =0.
G=A

In short the new identities are proved.
First we analyze the existence of the quadratic first integrals in the
momenta for the Hamiltonian system with three degrees of freedom

3
1
=3 z Bj(z), 25, 23) (pf + Z‘Pj(zl,zz,z3)) =

3
1
5 > B;p;+U;. (15)
j=1 Jj=1

We prove that the Hamiltonian system (15) admits the quadratic first

3

1 2

5 2 Cip + U
“

3

ZD(@_HG_F _ a_Ha_F> 0
i j 0% j OPj

we get that F is a first integral if and only if the following partial

integral F = ZC (21,25,23) (p +2v; (21,22,23))

]_

From the Poisson bracket {H, F}*
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differential system holds

0C, 0 By 0C, 0 B,
Bj—-Ci—= 0, Bp—-C,— =0
0z 0z 0z, 0z,
oC 0B oC 0B
8202 2% o 2% 0%,
0z, 0z, dz; dz;
ocC JB ocC 0B
By —> — 3= 0, B—- 3 =
0z 0z 0z, 0z,

and
BaUl C0U2_0 U, dUz_O
Voz, Yoz, — 7 oz, 20z,

U,
3 023

U,
3 0z3

=0.

Simple computations prove that the partial differential system (16)

is equivalent to the system

Ci= A(23,23)By, Gy =My(z1,23)By, C3=1A5(21,2)B3,
d d
PP (Cy = Ay(zy,23)B;) =0 P (Cy = As(zy,2)B)) =0,
d 7}
9z, (Cy = Ay(z5,23)B;) =0 o (Cy = As(zy,27)By) =0,
d 7}
a2 (C3 = Ay(z,23)B3) =0 = (C3 = Ay(z3,23)B3) =0,
We apply this result when the first integrals are
P Z P} {20103} 0205}
2 {e00n03) {002,035}
F= F= ii {q’lﬂzj’(p,?} + {fﬂl’v/,fﬂs}.
j=1 2 {(ﬂ1,¢2»<ﬂ3} {(01#’27(03}
Hence we get that
{z1, 02,03} {22,902, 03} {z1, 02,03}
C = , = , Cy=—T
{01.02.03} {01.02.03} {01.02.03}
B, = {‘Pl’zl!(.%}’ B, = {¢1’22v(ﬂ3}, B, = {(.01’23’(03}’
{(Pl,(Pz’(Pz} {(Pla(Pz’fﬂs} {‘Pla(ﬂz,(Ps}

and consequently the relations (17) become

{23

02,03} {@1.21.03}

(.02’(03}

0 {lefﬂz,(ﬂa} _ {(ﬂl
0z3 {(P17(ﬂ2a(/73} {(01
{o.

0 {zlv¢2v(ﬂ3} _ {(ﬂl

{zz’

a‘l’z»(ﬂg} {(.01»21»(/73}

,237(/’3} {4017(/’2’(/’3}

<P27(P3}

f/’zﬂl’s}

{¢1v¢2’(p3} {(Pl

o | {z0203)  {o

{fﬂls

{Zl’

,(Pz’(ﬂs} {(Pl,zz,%}

22,03} { @1, 90203}

(Pzﬂﬂs}

(Pz’(ﬂ3}

{fﬂl,%:%} {‘/’1

{@.

,Z17€03} {901,402:903}

(ﬂz’(ﬂs}

17
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{23 @2, (ﬂ3}

0 {Zz,waﬂz} _ {‘ﬂl ®2, ‘/’3} {(/’1=22"/’3}

{(Ph(ﬂza(ﬂa} 7237(P3} {(Ph(ﬂza(ﬂa}

{o1
{(Pl’(ﬂz,(h}

{z2,¢2,(p3}

a {z3,q02,<p3} _ {‘qu’za%} {fl’la%%}

0| {o1, 0203} {122,903} {01, 02.03}
{(P1JP2,(P3}
{le(ﬂb(PS}

o |{zmo0s} {or00.03} {02505}

{o1.21.03} {@1.02.03}
{¢1,

(/’2#’3}

{@1. 02,05}

Therefore

23,03} — {23, 02, 03 } {01,

i<{21,(ﬂ2s(ﬂ3}{§01,

Zl»<ﬂ3})

=0,
0z3 {@1.02.03}
L( {z1.00.03}{o1.22. 03} - {227(02,%}{%’21,(03}) —o
0z, {(m’fﬂzsf%} |
i( {22»(02’%}{‘/’1»21"#3} - {zl,w2,<p3}{<p1,zz,,<p3} ) -0
0z {(Ps’(ﬂzs(ﬂs} |

(18)

i( {Zz,fﬂzﬁfﬂ_z}{fﬂl’zas%} - {Z3Jﬂ2a(/’3}{f/’1,zzn<ﬂ3} 0
0z3 {(131»(472,(133} |
i( {z3.02.03}{01.22. 03} - {Zz’(ﬂzs%}{(m»zz’?s}) —o
0zy {(P17(P2s(p3} ’
i( {z3.00.03}H{o1.21. 03} - {Zlv¢2:¢3}{¢lvz3s(p3}) —o
0z, ’

{fﬂ3’fﬂz’(ﬂ3}

Finally in view of the first identity (5) we get that

{2102, 03} {@1. 23,03} = {23, 02, 03 } {01, 21, 03}
{01.902.03}
®
= {le(P3’23} = ;:
{2102, 03} {01, 22,03} = {22, 02, 03 } {1, 21, 03}
{@1.02.03}
2z =20
1> P3>22 FE
{20, 00, 03} {01, 21,03} = {21, 02. 03} {01, 2., 03}
{03.02.03}
®
= {Zzs%’zl} = ;}3
{zz,(pz,(p3}{(p1,23,¢3} - {Z3sf/’2’¢’3}{¢1’227¢3}
{‘/’1,%»‘/’3}
®
= {Zz,fl’a’za} = yf
{2300 03} {01, 20,03} = {22, 02, 03} {01, 23, 03}
{(ﬂl,(lJz,(o}}
= {23,032 }:_‘)ﬂ
*3s P35 22 621 ’
{23,(p2,(p3}{¢1,z1,¢3} - {lefﬂz,fﬂs}{%’zyfpa}
{(ﬂ3,<l’2’(/’3}
= {13#/’3’11} -5

0z,
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Thus in view of (18) we get that

0% @3 0? @3 0? @3

0230z, B 023024 - 02,0z, -

>

then @3 = @5(z3). Consequently { F), F,}* = 0.
If there exists the first integral

P? .
F3=27/{(p1’(p2’z/}

j=1 {(Pp(l’z,@s}

{(Pls(ﬂwf}
{(ﬂls(Pz,(ﬂs},

then in an analogously way we can prove that {F;, F;}* =0 and
%o, 0%, 2o,
{F;, F,}* =0. if and only if L= L= !
0230z,  0z30z;  0z,0%,
Consequently ¢, = ¢,(z;) and ¢, = ¢,(z,). Thus the involution of the

given first integrals is proved and consequently the theorem follows. O

=0, forj=1,2.

3. Applications of the solution of the Stickel inverse problem II.

We shall illustrated the solution of the Inverse Stédckel problem II in
the next examples.

Example 1. The following problem is the inverse problem of two fixed
centers (for more details see [17,19]).

Let P be a particle of infinitesimal mass which is attracted by two
fixed centers C,, and C; with masses m; and m,, respectively. Selecting
coordinates so that the origin coincides with the center of mass and
the abscissa passing through the points C, and C; and designating by
ro. r1 and 2c the distances between Cy(x,,0,0) — P(x, y, z), C(x;,0,0) —
P(x,y,z) and Cy(x(,0,0) — C;(x,,0,0) respectively, we obtain that

ro=A(x=x02+y2+z22, ri=1(x—=x)2+y +2z% 2c=]|x;—xgl.

With these notations the particle moving in the configuration space
m m
R3 with the Lagrangian function L = %(x2 +37+2%) - (—0 + —1>f,
o r
where f is the attraction constant (see [11]).
After the change of coordinates

my—m
x=—Letciu y=c V2= 1)1 = u2) cosw,
0

my +m,

z=cV(A% =D - u?) sinw,

we obtain that the Lagrangian function L writes

L= ¢ < (O L Vel 0 R et V.8 Bl 0 Lot >

4(A2 -1) 4(1 — u?) 2
_f((mo +m)A+ (my —my)p)
(A2 = u?) '

and rg = c(A+ p), r; =c(A—pu), where 1 < A <400, -1 <pu<land0<
w < 2z. Hence we get that the generalized momenta are

_ 2 (/12 - MZM-

, AU T N U d VO S T
= -

221 TFT T 21— Y 2

Clearly that the matrix G™! in this case is

242 -1) 0 0
c2(/12 _ MZ)
0 2(1 - 4% 0
2(A2 — u2)
0 0 !

(A2 =D - p?)

Now we solve the inverse Stéckel problem 17 for the problem is the
of two fixed centers.
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Hence the Eq. (10) now write

202 -1) 99; 201 -u?) 99, 1 09;
(A2 —u2) 04 (A2 —p?) ou AR -1DA-p2)ow’
ji=12,
Lo 2D 9y 21— Ios 1 093
A2 —u2) 04 22 —u?) o A2 -DA-p2)ow’
o [ 242-1) ) a(z(l—,ﬂ) >
0= —|(—=—"— {00 + —( ——— (01,02
6/1<c2(,12—;42){(p1 ®2, 93} o cz()ﬂ—;ﬂ){q)l ©2, 93}
a (200 —u?)
+aw<02(/12—,42) {o1, 02,03} ),
19
and
22 -1 9% 2(1-4%) 0¥ 1 oY _
A =p?) 04 AR =)o AW -DA-pu)ow
The functions
-1 u-1 1 1 1 1
= log|iT= 41002 - .y
#1 ogliy el e =gt ot T

my +m, —m; +m,
o3= A+, W:fc(%lnlﬂz—1|+#ln|1—yzl>

. 4c2(A2 - )
satisfy the Eq. (19). Thus |A| = {¢y, @,, = =7
y q. (19) Al = {@1, 03, 03} 2D -D
Thus the Stiackel matrix becomes

1 1+ 2
#-17 @1

A= 1 R )
(U2 = 1)? (u? = 1)?

0 2 0

After some computations we obtain that the function (12) in this case is

A 2 m; +m
S = / LRSS e PR SOl Tl S PO
W YG2-12 -1 : 2 12—l

/”\/ : a 1442 a + e (m —mo) ay dp
1= 2 3= 1

w Y (2 =12 (12 = 1)? 2 -1

+\/§w,

@, a,, and a3 are constants such that F = a; for j = 1,2, 3. This function
is the classical Jacobi function for the problem of the two fixed centers.
By considering that the inverse matrix A~! is

A-pHZ -1 _A-pF - P+ P+’ -3

2(22 = p?) 2(22 = u?) 41 - Hf)(ﬂz -1
0 0 5
#-1 (1—p?) 1
c2(A2 = p?) (A2 — ) (A2 =11 - p?)
Consequently
(m; +my) 2
2 A2—-1
ATy —mg)  p
2 ”2 -1
0

/lzf_—cﬂz ((my + m)(A = uP)A+ (=my + my)u(A* = 1))

= 0
fe
3 (

FE— (my + mg)A + (m; —mo)M)
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Therefore the first integrals (14) are

R D)ttt
+A2}:—Cﬂz (Omy +mo)(1 = u)A+ (=my + me)u(4* = 1))

he 282 = 114)2)11’i 282_—”/24)2)1)’2‘ (32 - 11)(1 —F zw
+,12f_C”2 ((my +mo)A + (my = mg)p),

3.1. Solution of the inverse Stdckel problem II for the extended
kepler-Coulomb system

We shall study the Hamiltonian system with Hamiltonian
M

M
1w b
H=Zy?/2+Vl(\/x%+x§+,..+xﬁl)—EZ—IZ,
j=1 j

=X

where f,, f,. ...,y are constants.
We recall that the Hamiltonian system with M degrees of freedom
and having S > M independent first integrals is called superintegrable.

Proposition 1. The extended Kepler-Coulomb system is superintegrable for
M > 2.

Proof. Indeed, after some computations we can prove that this system
have (M — 1)M /2 first integrals

b b
Fyo= (me =)+ 0G4 x5 + ) Jok =L M. <k
J k
(20)

By considering that the matrix (F};) has the rank equal to 2M - 3, see
[24]. Therefore the system has 2M — 2 independent first integrals taking
into account the Hamiltonian. Since for M > 2 we have that 2M —2 >
M. O

Now we solve the inverse Stéckel problem 71 for the extended
Kepler-Coulomb system and consequently we prove that this sytem
when #, = 0 is integrable by separation of variables.

Proposition 2. The extended Kepler-Coulomb system with p; = 0, i.e. the
Hamiltonian system with Hamiltonian

M M
B,
H:Zy}z./2+Vl(\/x%+x§+...+x%W)—%z—/z, 21)
=1 j=2%j

is integrable by separation of variables.

Proof. Thus after the change of coordinates

M-2

xp= rsindy_; []sin9; #0,
J=1
M-2

Xy = rcosdy_, sind;,
j=1
M-3

X3 = rcosdy o sind;,
=3
M-4

X4 = rcosdy_s sind;,

~.
Il
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Xp_p =  rcosdysind;sind,,
Xp_1 = rcosd,sind,
Xy = rcos 9y,

M
we get that Z sz. = r? and the Hamiltonian function (21) becomes
j=1
M
Y GIP 2+ V() +

Jj=1

BPm + By

r2 cos 19% 12 cos? 9, sin® 9,

g
+ 2 ,

M=2
2 2 L2
recosd,, I I sin® 9,
j=l

where G™! = (G/) is the inverse Riemann metric given by

1 0 0 0
1
o
0 0 >
G = r2sin“(9;)
0 0 0 1
M=2
r2 H sin2(19j)
k=1

Now we solve the inverse Stédckel problem II. Therefore the differential
system (10) in this case can be written as

Yo 1iw, 1 ine
ar 129 psin?9) 909
[él
! Pk 0, k=2.....M,
M—2 99y,
r? H sin2(19j)

k=1

aﬂ 1 do; 1 0@, 1 0p,

1,
M=2 09y

r? H sinz(Sj)
k=1

1w 1 ov Lo
ar 1209, y2sin(9,) 09, M-2 09
rZHsinz(Ql-)
k=1

=14 —L 4.
or 209, 2 sin2(19|) 09,

=U,

d a 1
5({¢19--~’¢M}) + E(Z{(ﬂlww(ﬂM}) + ...

M-2
L0 ({(ﬂp--;(ﬂM}H | >=0
091 r k=1 sin"(9;)

The particular solutions of this system are

1
PL=rpr =2 +38, 03 =cot(@)+ 5, ...,0p =cot@p_)+Ip_1,

M-1

‘P:/V(r)dr+ Y Brrsi—ytand),

Jj=2
then the Stickel matrix becomes
1

1 = 0 w0 0
r2 1
0 1 -—
sin“ (9
A= :(l) : s
0 0 0 _;
sin®(9p7_1)
0 0 0 .. 0 1

Al = (@1, @y ) = 1.
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Therefore the inverse matrix is

M-1
1 1 1 1 I 1
Psin(9) 2 sin?(@)sin?(9) 12 oy sin’(9))
M-1
0 1 . !
Al = sin®(9;) j2 sin®(9))
0 0 1 1
sin®(9,,_;)
0 0 0 1
Consequently the first integrals (14) becomes
By P N
F=H=P+——+ .+ L[] —— +U.
r2 sin”(9,) reg sint(9)
F
F=P + # +—,
Iocos* ()  sin®*(9)
F,
Fy_y==P} ++ 2ﬂ3 +— M
M2 cost(9p0)  sin*(Ip_y)
Ji23
Fy == P?

2
-1 cos2(9p_1)

Finally we observe that if V,(r) = 1 then the studied Hamiltonian system
r

is the extended Kepler-Coulomb system, and if V; () = r?> then we deduce
the extended harmonic oscillator (see for instance [25,26]). O

3.2. The Stark problem in arbitrary dimension

In this subsection we illustrate the solution of the inverse Stédckel
problem II in the study of the Stark problem for arbitrary dimension
(see [27D]).

The main integrable problems of Celestial Mechanics is the Kepler
problem and the Stark problem. This small number of integrable prob-
lems explains why the Stark problem, corresponding to the motion in a
Newtonian gravitational field subjected to an additional uniform force
of constant magnitude and direction, has received special attention over
almost two and one-half centuries (see for instance [28-31]). The inte-
grability in the Jacobi sense of the two and three dimensional Stark
problems was first established in [30,32]. In [27] we extend this prob-
lem to arbitrary dimension and show that it continues being integrable
in the Jacobi sense. In this section we solve the Stéckel problem II for
this mechanical system.

Two dimensional Stark problem. In the (x, y) plane we consider the mo-
tion of an arbitrary point P in the gravitational field induced by a body
at the origin, and subjected to an additional constant inertial force. With-
out loss of generality we can assume that this force is in the y-direction
since the arbitrary direction can be arrived by means of a trivial coor-
dinate rotation. The corresponding planar equations of motion are

. Hx . uy
X=—-—=, y=—-—7+¢,

3 3
where r = y/x2 + y? and ¢ is a parameter fixing the value of the constant
force.

The Lagrangian function is L= %(x2 + %) - % —¢ey. Under the
change of variables
p g-n
c: x=8&n, y=5—,

we get that the function I becomes

2u
&+

L= L], = 2@ +PE + i) - - (@ -).

Physica D: Nonlinear Phenomena 497 (2026) 135395

Hence the Hamiltonian function A in coordinates (&, #) can be written
as follows

2. 2
ST B TRRPYP
28 +nn) S+ 2 '
. 1
Consequently, from (9) we obtain that G'! = and G*? = )
q y © s 21y

Now we solve the invers Stickel problem II for the two dimensional
Stark problem. Thus we have
loi.8) _ 1 lopny _ 1
{o, 008 &2+ {02} & +np2
Therefore the partial differential Eqgs. (10) and (11) in this case are

0 P

A

a9 on

0 0

b e R R 3
o0& " o

i<{¢1»¢2}>+i<{¢1a¢2}> -0
(35 §2+,’2 ,);1 §2+le

3.3
The solutions of these equations are ¢, = ¢ —nand ¢, = il . There-
fore {@, @2} = & + 2.
On the other hand, by solving the equation
(0. ¥) = -2u~ 5 (&' - &),
we get that ¥ = —u(& + 1) — 15—0 (&% = %). Therefore
W= —p— S8 W =t Syt
& 1 25 " u+ 51
The Stiickel matrix A and A~! are
, L
1 4 S (7R 242
= = n &+
A <—1 n2>’ . 1 SR |
52 +”2 52 +,12
Therefore, the first integrals are
" &n - e,
F= Hl = o s~ ah 5T
282 +n1) 2 +n?) &2 +n 2
2, 2
P: P
F, = =t 2_”_£(§2_,72).
282 +n%) 249> 2

Clearly that Jacobi-Stédckel function is

¢ n
S=—at+/ vy + ayé? d§+/ \/ —a; + ayn? dn.
o o

Returning back to Cartesian coordinates the first integral H, can be writ-
ten as

2 2
Hy =it - - 22 4 5 < ‘;_‘; 2
where F = (yx — x)?/2 + 2u\/x% + y2. In [30] the integrals of motion
are determined, and the resulting quadratures are analytically given.
A complete list of exact closed-form solutions is deduced in terms of
elliptic functions.

Three dimensional Stark problem. As in the 2D case we can assume
without loss of generality that this force is in the z-direction. The corre-
sponding equations of motion are

_px S__ My so_MZ L, 22)

r3 ’ 7'3 ’ 7'3

Clearly that the functions

Hy = xy-—yx,
z
Hy= (2% —x2) = jyi - 2§) = ——ee + S(2 + 1)
Vi z2 2
oF x2 + 32
= — te—,
0z 2
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where 2F = (x2 + % + 22)(x2 4+ y? + 2%) — (xx + yy + z2)?, are first inte-
gral of the differential system (22).
After the change of variables through the following relations:
&-n

y=¢&nsin®, z=——,

: = éncos D,
c x=¢&n 2

and doing some computations we get that the Hamiltonian function H
becomes

2 2
. Perm oy 2 L@ o)
722+ pD) 2822 B24p2 2 ’

where p; = (&% + nz)%, and p, = (&% + rlz)%. Thus, from (8) we obtain
that

s
Now we solve the inverse Stickel problem II for the three dimensional
Stark problem. Since

lo16) _ 1
{p1.02) & +n?

G”=022= ,
&+

lopny _ 1
(o102} & +n?

(. @) _ 1

{102}~ 22

5

for determining the Stéckel matrix we need to solve the partial differ-

ential equations from (10):

99, %9 99,
& oan 0D

—_— =0, j=12,

52 + ,12 52,12 J
993 L 993 0py

9 Iy 0D _
—+ ==,

52 +’72 ;;'2”2
9 {o1, 9203} +i (o1, 02,03} +i (o1, 02,03} -0
N\ 2+n om\ &+n 0P &n? |
Clearly that this system can be rewritten as follows
dp; 99, 1 1 09,
— 4+ —+(z+=5)=——=0, j=12

& T T Et e J
7] 7] 0
ﬂ+ﬂ (L+L)ﬂ=§2+ 2’

o8 " on g2 P od
0 {®1, 02, 03} +i (o1, 92, 03} +i (o1, 92, 03} -0
o0& 2452 on E2 4+ 52 oD 22 -
Particular solutions of this system are

1,1 E 4y

{01, 02,03) =& + 1.

(ﬂ1=—+—+q),
& o

Therefore the Stidckel matrix is

Pry=¢-n, 3= T

1 2
A= 1 2 |,
- -1 g
1 0 0

with |A| = €2 + #%. Consequently the inverse matrix is

0 0 1
| ? ~ & 0 — &
AT = 0+ &2 02+ &2 n2E2
1 1 1

,’2 + 52 ,12 + 52 ,7252
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The first integrals (14) in this case become

Fy = H|, =p}.

"12 9
= H)|, = 2yt

2 2
_ & p2 ’/2—":21[,2_‘#‘('7 _é)_féznz
242 22 @ 0?2 + &2 2 ?
1 2u €
F3=H| — p2+ p2+_p2+ __52_,,2.
° E2 42 ¢ E2 42t g2y @ E2 42 2< )

The Jacobi-Stickel function is

¢ a; ) n a; )
S=—at+d+ —S tom+adi+ - — @+ rtaydn
o 4 no n

M - dimensional Stark problem. Now we shall illustrated the integrabil-

ity in the Jacobi sense for the Stark problem in dimension N > 3 whose
M

kinetic energy for unit of mass is T = Z xf and its potential function
Jj=1

N
sU=-£ —¢ex ~»> Where r = Z sz.. Hence the Lagrangian function is
r
j=1
L=T-uU.

The equations of motion are

HXj . HXN
- 5%

X. =

A B R VR
Pk - 3 5 =1, 5 -1,
. X
hu=— M4, (23)
)
whose Hamiltonian is
FI:ZEJ+E—£XM. 24)
=1 r

This Hamiltonian system is not integrable in Jacobi sense in cartesian
coordinates. However, as we see in the previous results, the authors of
[28,31] and others have found that it becomes separable in parabolic co-
ordinates when M =2 and M = 3. We develope these results and prove
that (23) is integrable in the Jacobi sense for all M.

The Hamiltonian system with Hamiltonian (24) is called the Stark
system.

Proposition 3. The Stark system for M > 3 has (M — 1)(M —2)/2 first
integrals Fy=x;y = xpy; Jok=1,....M—1, the Hamiltonian H and

where G = ||x||?||y||*= < x,y >2 +u|| x||. Consequently for M >3 the
Stark system is superintegrable.

Proof. Trivially it follows after some computations and by considering
that the matrix (Fir) forj,k=1,...,M — 1 has the rank equal to 2M -5,
see [24]. Therefore the system has 2M — 3 independent first integrals.
Since for M > 3 we have that 2M -3 > M. O
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Proposition 4. The Stark
(91,94, ..., 902, &, 1) where

system in the
M-3

Ensindy,_, H sind; #0,
j=1

X =

M-3

Xy = éncosdy_, H sind;,
J=1
M—4

x3=  &ncosdy s H sind;,
Jj=1

M-5
X4 = EncosIy_y H sind;,
=1
Xp_on = &ncosd,sindy, @5)
Xpyo1 = &Encosdy,
g-n
M= T

is integrable in the Jacobi sense.

Proof. First we prove that Hamiltonian function (24) in the new coor-
dinates becomes

M
i i 2u €02 _ 2
H=H| =) G/p*+ - (2 -7, (26)
where G~! = (G//) is the matrix
1
P — 0 0 0
&+ |
0 0 0
&+ |
0 0 W 0 0
G '=|o 0 _ 0
&2 sin” 9,
0 0 0 0 1
M-3
En? H sin’ 9;
j=1
(27)

Indeed by considering that

M-l 2 _ 2\ 2 24 2\2
2, .2 22, (€N s+
Zl"f”M:i“(T):( )

=

after some computations we get that the Lagrangian function becomes

3 2 )
L, = B _L(@-p?)+ (2 +n7) (8 +2)+

L= -
&4nr 2

&2 (92 + (sin? 9,) 82 + (sin? 9, sin® 9,) 62

M-3
+.. 4 (H sin219j>19i42).

Jj=1

(28)

Since the Riemann metric G is

E4n2 0 0 0 0
0 E+n> 0 0 0
0 0 Ex2 0 0

22 sin? 9, 0

G=|o 0 0

M-3
2.2 G2
& H sin” 9
j=1

coordinates o :=

10
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and its inverse G~! is given in (27). Hence after Legendre transformation
we obtain the Hamiltonian (26).
Now we solve the inverse Stickel problem II. From the relations

(@1, 00, ..., 001, &} _ 1 (o1, 00, ..., 0p_1:1} _ 1
{01,902, 03. 0} 42’ {01,902, 03. 0} 4?2
{01, 92, 001,91} _ 1 {01, 02, 001,92} _ 1
{o1, 02,03, 0} &2’ {o1. 02,03, 00} E292 sin® 191’
{o - om1:9v3) _ 1
(01,0203 00} M4 ’
252 H sin? 9;
j=1
(@1 Op_1- 92} _ 1
{01,902, 03, 0} M=3 ’
£2n2 H sin’ 9;
j=1
we get that the partial differential systems (10) and (11)
d(pj 0(pj
0= a—é + l+
- 42 242
do, oy o,
1[99, 09, 08y ., . s
En2| 091 sin? 9, sin® 9, sin 9, M=3 i
sin? 19j
j=1
0Py 0@
1= 0—§ + L+
- 42 242
0Py 0P 0Py
1 a(pM 6192 0193 ath_z
Ex2| 991 sin?9 sin® 9, sin® 9 M3 ’
! ! g H sin® 9,
J
j=1
¥ o¥
o on
T
o o o
1 [oy | 99, 99, 9942
&2n2| 091 sin? 9, sin? 9, sin® 9, M3
H sin? 191
j=1
_ 2u E(g2 _ 2
= P 5 (& =),
0= i( 1Al >+i< 1Al >+L<ﬂ>
ENE+n2) om\&+n>) 09 \&n?
d [A

09, \ £242sin? 9,

2 |A] 9 N
093 \ 242 sin? 9, sin® 9, 09y M-3
&2 H sin’ 9;
j=1

After tedious computations we get that the following functions are so-
lutions of the previous system of linear first order partial differential
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equations
Q= :9j+l+cot19j, j=1...,.M-3
1,1 &+
o= - +-+9, 4 =E&-1, =l—,
Pm-2 P 9. ou1=¢-n Pm 3
&
¥ = HE+m) - — (& —7n).

10
Hence we deduce the Stickel matrix.
Fy= ) AR A2,
k=1
(P(i,sz, B P p—E 2P n4/2)T then the first

integrals (14) becomes

By  considering  that where A=

=2
Fy = P,yM_z,
2

F=p 4+ Poya _ 2 F

2= Py, 2 I YR 02 ’

3 sin® 9y 5 3 sin® 9y
2

Fy = 1 P vz | _ 2 F

370y - 9 - Py . ’

M=t sin? 9y g M3 sin? 9,4 M=t sin? 9y,

Far_y
Fy_s=p> + ,
’ 2 gin? 9,
Fys
Fyo=py + = = FM-z(Ps ’SI’FM—3(FM—4(1).9 92, Fprs )))
U sin? 9, ! :
2.0 g2
F P&y 52—'12F +”(”2_§2) £ 2
M-1= - M2t H—F—— — 3 )
§2 + ;12 52,72 ,12 + 52 2
2, 2
F _H_pf‘l'P,, Fyn 2u _5(52_ 2)
M= " ar e apg Tarp 2 ).

Since the Stark system is integrable in Jacobi sense for arbitrary dimen-
sion. Thus the proposition is proved. [

By determining the inverse transformation ( ¢~!) of (25) and going back

to cartesian coordinates (x,, x,, ... , X). The first integral F; = F j‘ _, for
o

j=1,....M > 4 can be written as
o2
Fl_Flz’
B2 2 2
F2_F12+F23+F31,

F2

Fo_ 2 2 2 2 2
F3_F12+F23+F31+F42+F51+ 34’

where G = [|x|*|lyl|*~ < x,y >* +ul|x||.

Corollary 2. The parametric expressions of the solution & = &(r) and n =
n(t) are
(29)

4h 4h
—, B =Pr-1)+—,

2 _ — —
& =P — 1) e e

where B is the Weierstrass function, t, t; are constants, t and and t are

t= / (‘,B(r —19) + Pz - 71))d‘r.

70

11
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Proof. By solving the equations

Fyo=ay—, Fy_y=ay-, Fy= h,
2.2 _ 2,2 2 _ g2
;- &, £ +ﬂ(f1 —5)_552;12_0[ _ o
242 g2 M2 W+ 2 M-1 ’
2, 2
P5+P,, Apr_n 2u —£(§Z—n2)—h= 0
E2 42 22 E4q2 2 :
with respect to pi and pg we get
s EESHARE  2—p + 20y )E — 2ap s
p; = 2w ,
—en® +4hp* -2 )
5 en° +4hn (u+ap_n A2
P, = 27 .
Since
\2
45217? = (28 +nP)E)" =2(88 +4REY + 2(—p + ap_DE = 2ap )
=5,
4}12p3’ = (271(112 + nz)i])z = 2(—67[6 +4hn* +2(u + aM_l)nz - ZaM_z) :
= R0,

By introducing the new time 7 through dt = (£ + %)dr we get that

d
%= VSED. & =8,
d
%= VRmy), n =n%

Thus after the integration the following relations hold

d d
N =17-71 dl =71, (30)
v R(m) VS
where 7, and 7| are arbitrary constants.
After the change
4h 4h
: =X-—, =Y + —
T 131 E m 3e
we get that the polynomials R(y,) and S(¢,) become
Py(X) = R(n)|,, O3(Y)= S,
Consequently (30) can be rewritten as
(3D

/ X . / D SE—
VP(X) v VO, !

Thus the problem is reduced to quadratures, more specifically to el-
liptic integrals. The key point now is to invert these integrals to find
parametric expressions in the variables X and Y of the functions and
with the new time 7. By inverting the integrals (31) we get that
X =PB(r — 1), Y =B — 1),

where 5 is the Weierstrass function. Therefore
N =% = Br — 4h

& =& =Pt -1 3 M= =Pz -1+ 3
On the other hand, from the relation dt = (£2 + n%)dz we get that

dt = (‘B(T —19) + Pz — Tl))dT.

Hence after integration we get (29). In short the corollary is
proved. [

From (30) it follows that the trajectories of the Stark system lies on
the family of curves of the plane (&, 7,)

/ ¢

=C = T
VS

dn;

Neonl

— 7p-
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4. The Stark-Coulomb problem

In this section for the first time we introduce and study the Stark-
Coloumb Hamiltonian

M M-

H=Zyjz.+ 2u —%2—12+£XM,
j=1 x4+ X, =t %

where B, 5, ..., By, are constants.

Proposition 5. The Stark-Coulomb Hamiltonian is superintegrable when
M > 3.

Proof. After some computations we can prove that this Hamiltonian
system admits (M — 1)(M — 2)/2 first integrals

B B
Fipo= (e = xy P+ G2+ 202 + %), jk=1...M~1 j<k
X. x
Jj k
(32)
It is possible to prove that the rang of the matrix (Fj;) et Mt is
Jok=1,... -

2M -5, see [24]. Therefore the maximum number of independent func-
tions of the set (32) is 2M — 5. On the other hand, it is easy to show the
existence of the first integral

M-1
H= g5 %, = 2wyl =y <x3>)
2 IR Mol g (33)
T AT
X+ X5+ Xy, Jj=1 j=1 7
where

) B
Z ((x,yk x¥,)? +(x +xk)(x_+x_k)>

Jk=1,j>k j k

Pm=0
M-1

= IXIPHYIP= <x y>2+ )
Jj=1

B,
<x—’2 X112+ (M =2)8; | +2ulIx]|.
J
By adding the Hamiltonian we get that the system has 2M — 3 inde-
pendent first integrals. Thus 2M — 3 > M if and only if M > 3. In short

the proposition is proved. [

Proposition 6. The Stark-Coulomb Hamiltonian is integrable by separation
of variables.

Proof. First we prove the proposition for M = 2. In this case the Hamil-
tonian H and the function H, given in (33) become

leﬂ_g 2

2
s —ﬂ—+ex2, o
2

\/x%+x 2x

F=(x1y2—x2y1)2+(x%+x§)ﬂ—i+2/4\/x%+x§. Under the
x

1

H=y+y+

where

change of variables

&—n
o . X1 = ) Xy = >
1 =én 2 )
we get that the functions F; and F, become
22 2 2
Fi:= H|, = TP £h _52_n2,4_f,,2§2_ﬂp
1 Hem a0 242 2 ey '
2, .2
B o= H=f| =t 2 SE@ )+
’ AL+ B4 2 e’

d
&+ 112)—6 and p, = (& + nz)d—'z. By solving the relations

F;=a;forj=1,2 w1th respect to p; and p, we get

where p; =

B
pg = e&* + 40,82 — 2(ay + p) — f_;,

B
pz —en* +dayn? — 2(ay + p) — ’1—

12
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By introducing the change X = &2, Y = 5? we get the following dif-

ferential system

dx\? X3

(E) =—€2 —QX? = (a + 21X — fy,
dy \> _eY?

(7) =S +ar-ca+zr-s

Clearly the solutions of this system can be expressed through elliptic
functions.
For M = 3 we get that the first integrals are

b B
Hy = Fpp = (x1y, = 0 + (] + x%)(—l + =)
XX
_O0F €., »
2= 50 5O +x)),
2u

where F = Fjo+ Fo3 + F3y|, _o +2u1/x*> +x2 +x2, the functions
12 23 311p3=0 1 2 3
F|,, Fy; and F;; are given in (32).
After the change of coordinates
&-n
o x; =¢&ncosdy, X, =£&nsindy, X3 =,
we get that the first integrals H,, H, and H; become
B b
F = H||,=p + ,
! ! |5 91 sin 19% cos 19%
2.2 _ 2.2
Fae | SR @) e @)
2 2lo n?+ &2 n? + &2 2 ez b
2. 2
_ Pyt p; 2u €
F,=H=H|, = —— +EE@ P+ == F,
3 ls W+E . g2 2(5 ) n2E2 1

d dd
&+ =L and p} = 222 —L

d
where p; = (&% + nz)d—f, Py = o

By solving the equations F, = a, and F; = a3 with respect to pé and
p,, and taking F = a; we get
&p; = e£® +4a3E” = 2ay + 218" — 2y,

2.2

np, = —en® + 4(13;14 —2(ap + wn? - 2q;.

By introducing the change (&2 + 1%) % =4 andx = E2, Y = 5? we ob-
T

tain the following ordinary differential system

2
(T) =%

3
(‘%) = % + Y2+ (@ = 20)Y + a3

+a, X2 — (@) + 21X + as,

Denoting by X(r) and Y (z) the solutions of these systems and inserting

into the equation plz9 + .ﬂl + 2 = | we deduce that
sind2  cosd?
B b )
X(0)+Y - -
( do\? X @) <a1 sin92  cos 9?2
dr (X(0)Y(r) '

Hence the solutions of this system can be expressed through elliptic func-
tions.

For M > 3 the problem on the separation of variables for the Stark-
Coulomb Hamiltonian system can be obtained in an analogous form than
in the Stark Hamiltonian system by applying the transformation (25).
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Indeed, the Stéckel first integrals become

_ _ 2 Bri—4 Br—3
Fi= Fol,=p, ,+— 2 ,
M- sin 9M—2 CoS 9M72
Pyv— F
Fy=  (Fp+Fs+Fyl,=p + )
|o‘ O3 cos? 9M—3 sin2 9M—3
Fy=  (Fip+ Fy3+ F3 + Fy + Fs) + Fy|, = 12 Pyt
3 T fe s Bl =Py T o0,
5
sin’ On—a
Pu- Fj .
F= ..=n > — s =l M2,
M—j-1 COS 9M—1—j sin 0M—1—/
M-1 2,2 _ g2
F _ oF € 2 _npé épﬂ ﬂ(fz_ﬂz) 652'12
M-1= S 73 il = - -5
oxy 2 = J £2 + 2 E2 + 2 2
2_ 2
- 5> Py
&n
_ o mtp
Fy = H=H|, = i
M
where F = Z F; +u fo As in the previous results
LTI PR j=1
by solving the equations Fj,_; =ay_, and F,, =a, and taking

Fyr_n = ap;_p, we deduce that the trajectories on the plane (¢, #) can
be expressed through elliptic functions. Therefore the proposition is
proved. O

5. Inverse Stickel problem II in the Riemann spaces of constant
curvature

In this section we study the inverse Stickel problem II in the Rie-
mann spaces of constant curvature. First we introduce the following well
known concepts and notations.

Let (M, G) be a Riemannian (pseudo Riemann) manifold, and X(M)
be the space of all vector fields on M. We define the Riemann curvature
tensor as the map

XM) x (M) x X(M) — X(M),
that send the vector fields (X, Y, Z) to the vector field
RX.Y)Z=VyVyZ—-VyVyZ,

where V is the Levi-Civita connection (see for instance [5,33]).
A Riemannian manifold is a space of constant curvature if the Rie-
mann tensor is of the form

Rabcd =K (Gachb - GadGcb)!

where K is a constant and G;; are the components of the Riemann met-
ric. The three most fundamental Riemannian manifolds with constant
curvature are the Euclidean n-dimensional space E", the n-dimensional
sphere S", and the hyperbolic space H".

For S” the curvature is K = 1, for E” the curvature is K = 0, and for
H" the K = —1.

Now we give the Eisenhart results related with the Riemann spaces of
constant curvature. Eisenhart see [5,25] proved that the necessary and

n

sufficient conditions in order that the H = 2 e pjz. is in the Stickel
i=

form are
Pu__0n oy 0% 0n 0% 0r 34)
0z;0z);  0z; 0z  0zy 0z; 0z 0z;
. . InG;; |
where i, j,k=1,...,n with i, j and k distinct, 7= being 6 #0 a

constant. An orthogonal coordinate system on a Riemann space of con-
stant curvature satisfies these conditions. In particular this coordinate

(III) H” the Riemann metric is G =

13
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system in the Riemann spaces E”, S” and H" always exist. In [25] the
author gives a classification of separable coordinate systems on these
spaces.

Thus we get that the variable separation in

(D E” the Riemann metric is:

H(Zj - %)

.. . k#j
In elliptic coordinates G;; = ——————, wheree; <z, <e, <
n
(zj—en)
m=1
...<e, <z,
H (z—z)
. . k#j
In parabolic coordinates G il ,  where
P
(z; —em)
m=1
zp<e <zp<ey<..<z, | <e,_; <2z,
H (Z/ - 2z)
. .. k#j
(II) S" the Riemann metric is G;; = , where e, < z; <
Jjj 1 1 1
n+

—41:[1 (zj —em)
H(Zj_zk)

k#j
n+1

41:[[ (Zj _em)

In all these previous expressions the e;’s are constants.

€ <...<e,<z,<e,.

>

Now we solve the inverse Stickel problem II in the Riemann (pseudo-
Riemann) spaces of constant curvature.

We determine the Stiickel matrix when G// = for j =

1(z)
M

H (2= 2)
ki
I
I,....M where f(z)=a[] (z -
m=1
ey, ...,e; are convenient constants. Clearly that the metric of the given
space of constant curvature is a particular case of this metric.

en), 121 is an integer, a # 0 and

Consequently
GV = {(pl’(pZ""’(prl’zj} (35)
{(pl,(p2, ,(pM,l,(PM}

Therefore to solve the inverse Stdckel problem II in this case we need to
solve the first order partial differential equations from (10)

AL S
4 M 0z, =Y J=1..., s
J=1 j
H(Zj_zk)
k]
3 TG oew
M 0z, =45
s .
’ H(Zj_zk>
kj
M
d f(z))
;a M—j{w1,<p2,...,<pM_l,¢M} =0.
H(Zj—zk)
khj
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The solutions of these equations are

M ZM-1 J J
(P-‘/Z T ezt
;=

= S(zp)

M M
~talz tag

S(zp)

Zk

(01,02, - op) = 1Al =det @ [] fz0),
k=1

where ocM Do ,a(’; for j =1,..., M are constants.
In particular we have the following solutions

= dz,, saens
“ / f(Z)Zk ?= / f<zk> i

M M 1

Pm = / f(zk)

then the Stickel matrix in this case becomes

M-1
1 zy Zy
f(zy) f(zyp) T f@
1 2 2!
f(z3) f(zy) f(z3)
A=
1 ZM-1 7‘%:}
f(zpro1) Sy Fzp-1)
1 Zy z%_l
f(zp) F(zpp) T few)

The inverse Stickel matrix is

M M
e | e | EA
k#1 k#2
M M
H(zl —Zk) H(Zz_zk)
k#1 k#2
M M
Al | f@ Xz S Yz
- k#1 k#2
M M
H(Z| —Zk) H(Z2_Zk)
k#1 k#2
f(z; f(zy)
M M
H(zl_zk) H(ZZ_Zk)
k#1 k#2

dz;, j=1,...

M
f(zpr) Z Zk

k#EM
M

H (zm = 2¢)

K#M

Sf(zp)
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The first integrals can be obtained from formula (14). Consequently

M M
ENI B2 el B2
=P%/2 _ k#1 +p§/2 _ k#2
H(Zl_zk) H(Zz—zk)
k#1 k#2
f(zp) H Zy

k#EM
+... +pi’l/2M—’

H (zm = 2c)

k#EM

M
f(z3) Z Z
k#2
Fy_1=p /2H 1= 2k +112/2
k#1
H (22— 2)
k#2
M
IR IEN
kEM

+ ..+pfw/2—M ,

H (zm = 2¢)

k#M

Fy=H=p/2— /@) +03/2— fz)
H(zl —Zk)

H(Zz - z)
k#2
f(ZM)

+... +P%,,/2M—,

H (zm = 2c)

k#M

5.1. The Hamiltonian Stdckel function in the spaces of constant curvature

From the previous results we get that the geodesic Hamiltonian
in the Riemannian (pseudo-Riemannian) manifold (M,G) is F, =
M 2

Py f(z;)

e ) M

Jj=1
H (2 — )
k#j
The complete homogeneous symmetric polynomial of degree k in M

variables (zy, ..., z,,) is the sum of all monomials of total degree k in

these variables, i.e.
2 ny _ny nap
Zl Z2 ey ZM .

ny+...+npr=k>1

Pz, ..., zp) =
Now we determine the potential function U such that H = Fy; + U
is the Hamiltonian-Stéckel function.
From (10) and (35) we get that the potential U is

M
f(z)) o
Z‘; — %, =U(zys .. Zpy)s (36)
j=
H(Zj—zk)
ki
Mooz
where'{’:Z/ ¥;(z;)dz;
j=172jo

Proposition 7. The Stdckel potential function U that is a solution of the
partial differential Eq. (36) is the complete homogeneous symmetric polyno-
mial of degree k in the variables (z,, ..., z)). Moreover the functions '¥;(z;)
are

zk+M—1

fz)~

where v is a convenient non-gero constant.

¥,(z)) —‘I‘(k)(z)—v
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Proof. Indeed, after tedious computations from (36) we get that
M k+M 1

Z f(z)) /
= 62 2o ) )
H z; - z;)
k#j
=v 2 z?‘...,zﬁ”:Uk(zl,‘..,zM),
ny+...+np =k
for k > 1. Therefore we get
M k+M—1
z zj _ z ny nyy (37)
- = 22y

Jj=1 H(Z 2 ) ny+...+npyr=k
i~ 2k

k#j

for k > 1. We observe that this equality was proved in [34]. O

Therefore we deduce that the require Hamiltonian Stéckel function

M k+M-1
f(z) z5
H=Y " (2p+v—)
= f(z))
H (Zj - z;)
k#1
M
f(z))
:Zplz./ZM J v E z';‘ z';/’y
j=1 ny+...4npr=
' H (zj—z) 1 "
k#j
for k > 1.
Now we shall study the case when f (z;) = z; . Thus we determine
Z:
the Stiickel matrix when G// = m / for j=1,..., M. Thereby
H (z/ - Zk)
k#j

we have the following solutions

M M M M-1
<P1:103|H2j|a <P2=zzk’ > (pM:Z]\;_l
j=1 k=1 k=1
Then the Stickel matrix in this case becomes
L 1 ZM-2
z 1
1 _
Z 1 zé” 2
A=
1 M=2
T 1 Zy
The inverse Stidckel matrix is
M M M
[Tz I1= I1=
k=1 k=1 k=1
M M M
H(Zl - %) H(Zz‘zk) H (23 = %)
k#1 k#2 k#M
M M M
Al = Z sz Z zzk ZM Z Zk
k#1 k#£2 k#EM
m m m
H(Zl—zk) H( 2—Zk) H(ZM—Zk)
k#1 k#2 K#M
Z1 22 ZM
M M M
H(zl —Zk) H(zz—zk) H (ZM—Zk)
k#1 k#2 k#M
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We take in this case ¥,(z;) := ‘I’;.M )z )= szz_M -1 Therefore the first in-
tegrals (14) become

M 2k

=

F

m p12./2+vl72M,

P -2

k)

Zp/Zz sz

k#j

Fyo=—; + VU425

H (zj—z)
ki

ZP/Z'/Z Zj
j=1

M

H(Zj -z)

ki

+v Upyrs

where U; for j =2M, ..., M + 2 are symmetric polynomials of degree j
and Uy, is a complete symmetric polynomial.
The Jacobi-Stéckel function can be written as

M /Zk
z k
1712

In particular for M = 3 we have that the previous first integrals are

M
2M -1 n—1
vz + sz a, dz;.
n=0

F = 212223 p2 ) 212723 pz
L=
%)(7412— z3) 1 (zp — 21)(22 — z3) 2
12223
P3/2 v 212,23U;,

(z3 = z1)(z3 — 23)
_ zy(zy + z3)p%/2 zy(zy + z3)p§/2 z3(zy + z)p§/2
2Tz )z —23) (- z2)(z—23) (23— 2)(23 — 2))

2,2, .2
+v (21 + 25)(z2) + 23)(23 + 24)(2] + 25 + 23),

z1p}/2 203/2
Fy=H =
(z; T z)(z1 —2z3) (20 —2)(22 — z3)
z3 pg/z
- +v Uy,

(z3 — 21)(z3 — 2)

where U; and U, are complete symmetric polynomials of degree 3 and
4, respectively.

In [35] the authors present two quasi-biHamiltonian systems with
three and four degrees of freedom, they proved that they belong to
a family of integrable flows obtained in [36] as stationary flows of
the Korteweg-de Vries hierarchy [37]. This family contains the classi-
cal Hénon-Heiles system as its second member, so the higher members
can be considered as multi-dimensional extensions of Hénon-Heiles. The
third member of this family, which is a stationary reduction of the sev-
enth order KdV flow, is defined in a six dimensional phase space with
coordinates (q,, g5, q3) and (y;, t4,, #3) by the Hamiltonian

Hy = (15 +2p30)/2 = 541 /8 + 5¢102/2 + q143 /2 — 43 /2.
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After the change of coordinates

(21, 25, 23, Py P2 p3) given by

03(q1> 92> q3» H1» Ho» H3) =

1
q, = _i(zl + 25 + 23),

1
@ = —g((zl +2z,+ z3)2 —4z12p + 2123 + zzz3)),

3 = /212223,
z1(=zy + zp + z3)p;
My ==

(z1 — 2p)(z) — 23)
z3(z1 + 2y — z3)p3 )

(z3 = 2)(z3 — z1)
=-2
Ha ((zl —z))(zy — 23)

21P1
Pi
Hy =24/21 273
p

z2y(z1 — 2y + 23)p)
(2o — 21 )(z5 — 23)

2P
(zy =z )(zp — z3)

Z3P3 )
(23 = 2)(z3 = 2) /)

(21 — 25)(z; — 23)
g

GG — ) | Gz

and by applying the identity (37) we get the Hamiltonian

3
21’12'/2 zZj
F = ’;1 +v Uy = H,,.
H(Zj—zk)
ki

The second example is a Hénon-Heiles system with four degrees of
freedom. It can be constructed as a stationary reduction of the nineth or-
der KdV flow. Its phase space is eight dimensional, and the Hamiltonian
is
i = (2 2 54 _ 5.3 2

4= (,u4 +2p pu3 + ;42>/2 +34,/4-547a0:/2 + 24,49,

+5¢%03/2+ 4143 /2 — 4243

After a convenient change 64(q1, 92, A3, 44 H1» Hos H3My) =
(21,29, 23, 24P P2, P3- P4)» See [35] and by applying the identity
(37) we get that

4
202z

Fy = ’;' +vUs= Hy, .
H(Z/“Zk>
ki

The following question arise: Is it possible to construct the Hénon-
Heiles system with M degree of freedom related with the Hamiltonian
F); as a stationary reduction of the 2M + 1 order KdV flow, i.e.

M
2727
Fy = v Uy = Hyl,,?
H (z; = z)
ki
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