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Abstract

We characterize isochronous centers of real planar polynomial quadratic-like Hamiltonian systems, i.e.,
planar differential systems x = —Hy (x,y), y = Hy(x,y) where H(x,y) = A(x) + B(x)y + C(x)y2 with
A(x), B(x), C(x) € R[x]. Given a polynomial quadratic-like Hamiltonian system with a center at the origin
we can determine whether it is isochronous or not. Conversely, we can construct most of the polynomial
quadratic-like Hamiltonian systems with an isochronous center, up to the determination of a particular Belyi
function. Our results show the strong algebraic properties that are forced by the isochronicity of the center.
© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

MSC: 34C25; 34C07
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1. Introduction

In this paper we study isochronous centers of real polynomial Hamiltonian systems. The prob-
lem of characterizing isochronous centers, either for polynomial or analytic planar systems, has
attracted the attention of several authors. However there are very few families of polynomial dif-
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ferential systems in which a complete classification of the isochronous centers has been found.
Quadratic systems were classified by Loud [10] and cubic systems with homogeneous nonlineari-
ties by Pleshkan [14]. Kukles’ systems were classified by Christopher and Devlin [2]. Concerning
Hamiltonian systems, i.e., planar differential systems of the form

{szy(xv y),

1
Y.Z—Hx(x,Y)a ( )

there are also very few results. It is well known, see for instance [1], that the only polynomial
potential system having an isochronous center is the linear one. Several authors proved inde-
pendently (see [2,4,15]) that there are no Hamiltonian systems with homogeneous nonlinearities
having an isochronous center at the origin. Cubic Hamiltonian systems, i.e., differential systems
of the form (1) with H (x, y) being a fourth degree polynomial, were classified in [3]. Apart from
few other special cases, the knowledge of polynomial systems with isochronous centers is slight.
For some other results on isochronicity we refer the reader to [2,5,11,12] and references therein.

For any center p of a planar differential system, the largest punctured neighborhood of p
which is entirely covered by periodic orbits is called the period annulus of p and we will denote
it by P. A center is said to be global when its period annulus is R? \ {p}. The function which
associates to each periodic orbit in P its period is called the period function. The center is called
isochronous when the period function is constant. By a result that goes back to Poincaré, it is
well known that a center of an analytic differential system is isochronous if and only if it is lin-
earizable, i.e., there exists an analytic local change of coordinates transforming the initial system
to the linear center ¥ = —wy, y = wx, with w € R\ {0}. In particular, only non-degenerate
centers can be isochronous, see for instance [2]. Moreover it is also well-known that the period
annulus of an isochronous center is unbounded, see [2] again. When the differential system is
polynomial one can compactify the vector field to S and in doing so the boundary of the pe-
riod annulus has two connected components; the center itself and a polycycle. If the center is
isochronous then the polycycle can only have critical points at infinity.

Our aim with the present study is to go further in the knowledge of isochronicity in the so-
called quadratic-like Hamiltonian systems, namely the planar differential systems (1) associated
to a Hamiltonian of the form H(x,y) = A(x) + B(x)y 4+ C(x) y2. These Hamiltonian systems
were previously studied in [3], where the authors obtained several results for the case in which
the functions A, B and C are analytic or polynomial. In the present paper we focus on the latter
case. Thus, we are interested in the isochronous centers of the differential system

{X=B(X)+2C(X)y, @

y=—A'(x) - B'(x)y — C'(x)y>,

where A, B, C € R[x]. Clearly there is no loss of generality in assuming that the center is at the
origin and, since it must be non-degenerate, we can perform a rotation and a constant rescaling
of time so that

A(x) =x%/2 4 0(x?), B(x) =o(x) and C(0) = 1/2.

Here, the notation o(-) is one of the Landau symbols to symbolically express the asymptotic
behavior of a given function and throughout the paper we use in a neighborhood of x = 0. Given
two analytic functions f(x) and g(x) in a neighborhood of x = 0 we say that f(x) = o(g(x)) if
limy 0 f(x)/g(x) =0.
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Let us define
G :=4AC — B*

and note that then G(x) = x4+ o(xz). Isochronous centers can be characterized in terms of the
polynomials C(x) and G (x) alone as follows. We define the following two algebraic functions

G VG
M(x):= % and N(x) := Tﬁ(j’)(x) (3

where the square root is taken such that /G(x) = x + o(x). Then M(x) = 2x% + o(x) and
N(0) =1/2. Since M has a local minimum at x = 0, there exists a unique analytic involution o
with o (x) = —x + o(x) such that M = M o ¢ in a neighborhood of x = 0. (Recall that an
involution is a function o # Id such that o> = Id, where Id denotes the identity.) Note that o is
an algebraic function because M is rational. With this notation (see Proposition 2.2) the center is
isochronous if, and only if, for all x &~ 0

N(x)+ N(o(x)) =1, where o (x) = —x + o(x) verifies M (x) = M (o (x)). “)

Observe, see (3), that the above condition depends on G and C only. This fact leads us to the
following definition:

Definition 1.1. We say that (G, C) is an isochronous pair if G and C are real polynomials with
G (x) = x>+ 0(x?) and C(0) = 1/2 for which the functions M and N given in (3) verify (4). O

Our first main result shows that G needs to be a squared polynomial.

Theorem A. If (G, C) is an isochronous pair then G = G% where Gy(x) = x + o(x) is a real
polynomial.

The function M as introduced in (3) is rational by definition. The previous result shows that
this is also the case for N when (G, C) is an isochronous pair. It also enables us to suppose
without loss of generality that any isochronous pair is of the form (G2, C) with Go(x) = x +0o(x)
being a real polynomial. Moreover, as a byproduct of Theorem A, we have that any quadratic-
like Hamiltonian polynomial differential system with an isochronous center has odd degree, see
Corollary 5.8. This reinforces the conjecture posed in [8] about the degree of the Hamiltonian
polynomial differential systems having an isochronous center.

Our second main result states that if N(x) s 1/2 then the study of isochronous pairs can be
reduced (essentially) to the simplest involution, namely, the M&bius transformation.

Theorem B. Let (G2, C) be an isochronous pair with N(x) % 1/2. Then there exist an
isochronous pair (é(z), é) and a real polynomial t with t(x) = x + o(x) which satisfy

_ Got(x)

Golx) = nd C(x) = S

O T W)y

&)



C. Christopher, M. Grau and J. Villadelprat Journal of Differential Equations 480 (2026) 114670

Gt . s . .
é" (i.e., verifying the identity

and such that the involution & defined by the rational function M=

M =Mo&)is6(x) = 12 with k € R.

Although Theorem B narrows the isochronicity problem in the quadratic-like Hamiltonian
differential systems, the determination of all the isochronous pairs with ¢ being a Mobius
transformation is still an open problem. The properties of the trio Go, C and 1 giving rise to
polynomials Gy and C by means of the equalities in (5) are described in Proposition 4.1. In
particular this result enables us to construct isochronous pairs by composition. In this regard it is
also worth to note, following the notation in the statement of Theorem B, thatf o0 =6 o t.

It is obvious but nevertheless important to remark, that the conditions in (4) for the pair
(G, C) to be isochronous depend on M and N, which in turn are only defined by means of
the polynomials G and C, see (3). That being said, we point out that in Theorem B we do not
suppose that (G2, C) comes from a quadratic-like Hamiltonian differential system (2) for which
4AC — B’ = G%. This is not the case of our next result and this fact naturally leads to the fol-
lowing definition.

Definition 1.2. We say that (G, C) is a liftable pair if G, C € R[x] with G(x) = x> + o(x?)
and C(0) = 1/2 for which there exist A, B € R[x] with A(x) = $x? + o(x?) and B(x) = o(x)
satisfying that G =4AC — B>. O

We study liftable pairs in Proposition 3.1 and Lemma 4.2. In Example 5.7 we give an
isochronous pair (G2, C) with N(x) = 1/2 that is not liftable. Moreover, in Example 5.9 we
construct an isochronous liftable pair that leads to an isochronous center with a specific type of
period annulus whose existence was posed as an open question in [3, p. 408].

There are examples of isochronous pairs (G2, C) with N(x) = 1/2 for which the conclu-
sion of Theorem B is not true, see Example 5.3. Our next result deals precisely with the case
N (x) =1/2. Observe that in this case the condition (4) is trivially verified, so that (G2, C)is an
isochronous pair. In this regard one can readily verify from (3) that

N@x)=1/24 GoC'=2C(Gy,— 1) 6)

In this case the characterization of isochronicity entails the determination of a Belyi function.
(Recall that a Belyi function is a rational function with at most three critical values.) The fol-
lowing is our third main result and in its statement & denotes the complex conjugate of a given
a € C. Moreover, here and in the rest of the paper, N denotes the set of natural numbers greater
or equal than 1.

Theorem C. Let (G2, C) be a liftable pair. Then N = 1/2 if, and only if. either Go(x) = x and

C(x) =1/2, or there exist k1, ko, ..., k, e NU{=2, —1} with Z?:] ki = 1 and pairwise distinct
ar,02,...,0, € C\ R such that

Go() =x [ [(1 = i) (1 —@x) and C(x) = %1‘[((1 — a0l —@x) ()

i=1 i=1
2
with Go(1/a;) = =2/ k; fori =1,2,...,n. Moreover in this case M = % is a Belyi function.

4
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With regard to this result let us note that there are isochronous pairs (G2, C) with N = 1/2
that are not liftable (see Example 4.4).

The paper is organized in the following way. In Section 2 we show some auxiliary results
needed for the proofs of our main theorems. We begin by proving, see Proposition 2.2, that the
center at the origin of (2) is isochronous if, and only if, (G, C) is a liftable isochronous pair
(cf. Definitions 1.1 and 1.2). We also state Liiroth’s Theorem, which is a key tool to study the
generating function of the involution ¢ verifying M = M o o. Section 3 is devoted to prove a
number of results about the liftability of polynomial pairs (G, C). In Section 4 we are concerned
with the construction of isochronous pairs by composition. In particular, the properties of Go, C
and ¢ which, by means of the equalities in (5), may give rise to polynomials G and C. Finally,
the proofs of the main theorems are carried out in Section 5.

2. Auxiliary results

Lemma 2.1. Let us consider the planar differential system
{ X =—y/fx),
y=x/fx),

where f is an analytic function in a neighborhood of x = 0 with f(0) = 1. Then the origin is an
isochronous center if and only if f(x) + f(—x)=2 forall x =0

Proof. The solution of the differential system under consideration with initial condition (xg, 0)
ist (x(2),y() = (xo cos(6(1)), xg sin(@(t)) where 6 verifies

/ _ 1 —
0) = 5 os@y M@ =0

On the other hand, since H (x, y) = x> + y? is a first integral, all the solutions in a punctured
neighborhood of the origin are periodic. The period of the one passing through the point (xg, 0)
is given by

T (x0) = / f(x0cos(6))do
0

By using the Taylor expansion of f at x = 0 one can readily show that T (xg) = 27 if and only
if the function x — f(x) — lisodd, i.e., f(x)+ f(—x)=2. O

Proposition 2.2. Consider the differential system (2) and, setting G = 4AC — B>, let M and N
be the functions defined in (3). Then the center at the origin is isochronous if, and only if, the
identity N(x) 4+ N (o (x)) = 1 holds for all x = 0, where o (x) = —x + 0(x) is the unique analytic
involution such that M = M o o.

Proof. One can verify that the local change of variables given by

{ _ _ v B B(x)}
TERYE V2C(x) 2C(x)

5
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and the constant rescaling of time ¢ — —t brings the differential system (2) to

X =—v4/2C(x)
b= 1/2C0OM' (x),

where M is the function defined in (3) taking G = 4AC — B?. Next, we perform an additional

change of variables given by {u = g(x), v = v}, where g(x) = 5,/ @ = x + o(x). It brings the
above differential system to

{u= —v/f ).

. _ -1
b= u/f ). with f(u) _2N(g (u)),

where N is the function defined in (3). Hence, by applying Lemma 2.1, the differential system (2)
has an isochronous center at the origin if and only if N(g’1 (u)) + N(g’1 (—u)) =1,ie,

N(u)+N(g '(—gw))=1.
Since M(g_l(x)) = M(g_l(—x)) =4x2, setting o (x) = g_l(—g(x)), weget M =Moo. 0O

It is to be pointed out that the previous result can also be obtained from [3, Theorem C]. We
give here a different proof for the sake of completeness.

The following lemma will be used to prove Theorem A. Even though it is quite classical, we
prove it here for reader’s convenience. In its statement & is any field of characteristic zero but in
our application we shall take £k = R.

Lemma 2.3. If ¢ is an algebraic function over k(x) such that ¢'(x) = /x (x) for some x € k(x),
then there exists q € k(x) and n € k such that ¢ = q.\/x + 1.

Proof. We denote by K the normal closure of k(¢(x), ~/x(x), x), that is K is the minimal ex-
tension field of k(x) which is normal. As usual, Gal(K /k(x)) denotes the Galois group of K
over k(x). We denote by H the subgroup of Gal(K /k(x)) which fixes k(y/x (x), x). We define

Yx) =Y cle@)).

ceH

We note that i is the field trace of ¢(x) and, thus, ¥ (x) belongs to the base field k(v/x (x), x).
Hence, there exist two rational functions r, s € k(x) such that ¥ (x) = r(x) + s(x)/x (x). We
derive with respect to x and we get

¥ () =r(x) + (s’<x) +5(x) XX(X) ) Vx ). ®)

2x(x)
On the other hand, we recall that if ¢ € Gal(K /k(x)) and ¢ is an algebraic function, then
s (@) =5 (¢ ). ©)

6
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Indeed, if P(x,y) € k(x)[y] is such that P (x,¢(x)) = 0, then ¢(¢(x)) is another y-root of
P (x, y) because the extension K /k(x) is normal, that is P (x, ¢c(¢(x))) = 0. We derive the last
two identities with respect to x and we get

P P ,
I (x, p(x)) + By (x,9(x))¢'(x) =0 and
aP aP / (10)
" (x, s (p(x)) + —— (x, s(p(x))) s(p(x)) = 0.
X ay

The coefficients of P(x, y) are in k(x) and, therefore, they are fixed by ¢. We apply ¢ to the first
identity of (10) and we have

P P ,
Ty $rs@@)) + == (x, s(9(x)) s (¢ (x)) = 0.
X dy

This last expression together with the second identity of (10) lead to (9).
We derive the definition ¥ (x) := > ceH ¢ (p(x)) with respect to x and we get

Y@ =) @) =Y clpx))=> s(/x(x),

seH ceH ceH

where we have used (9) and the hypothesis ¢’ (x) = +/x (x). Since ¢ is an automorphism which
fixes /% (x), we deduce that ¥’ (x) = |H|+/x (x), where |H| denotes the cardinal of the sub-
group H. Equating with (8), we obtain that r'(x) =0 and s"(x) +s(x) x'(x)/2x (x)) = |H|. We
can integrate the last expression to get that s(x) = (c + |H|¢(x))/+/ x (x) for a certain constant
¢ € k. Hence, equating ¢(x) we get

o =—— + 9 .

|H|  |H]

We denote s(x)/|H| by g(x) and —c/|H| by n and we have shown that ¢ = q./x + n for
geCx)andnek. O

Next we state Liiroth’s Theorem (see [16, p. 218]), that will be used to study the generating
function of the involution.

Theorem 2.4 (Liiroth). Let k(t) be a transcendental extension of a field k. Any subfield K C k(t),
such that k C K, is of the form K = k(r) for some r € k(t).

The following result gives a property of a field generated by a polynomial.

Lemma 2.5. Let t (x) and p(x) be two nonconstant real polynomials such that p(x) € R (t(x)).
Then, p(x) = q (t(x)) with q(x) a real polynomial.

Proof. Since p(x) € R (¢(x)), we have that p(x) = g (t(x)) with g(x) € R(x). Let us write
q(x) =q1(x)/q2(x) with g1 (x) and g2(x) two coprime real polynomials. If g2(x) is not a con-

stant, there exists ¢ € C such that g»(c) = 0. Let us consider the equation ¢ (x) = ¢, which has at

7
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least one solution & € C. Since p(«) € C, we deduce that g (t («)) = g1 (c) = 0, which is in con-
tradiction with g1 and g» being coprime. The fact that ¢(x) is indeed a polynomial follows. O

At this point we recall the definition of critical point and critical value of a rational function.
So let us take ¢ € C(x) and cons1der ¢ : ¢ — (C where C denotes the Rlemann sphere, i.e.,
the extended complex plane C=cu {oo}. In order to study the points of ¢ close to oo, we take
a local chart. Let Uy and U, be, respectively, neighborhoods of 0 and oo in C. A local chart in
Uno is ¢ : Use —> Uy with p(x) := 1/x. Using this local chart, we can define ¢’(c0) as #'(0)
with ¢(x) 1= ¢(1/x) if ¢ (c0) € C or ¢(x) := 1/¢(1/x) if ¢(c0) = co. Analogously, if xg € C
is such that ¢ (xg) = oo (a pole), then ¢’ (xo) is defined by qg’(xo) with @(x) =1/¢(x). We say
that xg € C is a critical point of ¢ if ¢’ (xg) = 0. In such a case, the value ¢ € C with co = ¢ (xp)
is a critical value of ¢. The multiplicity of a critical point coincides with its multiplicity as a zero
of ¢ (x) — co; namely, it is equal to m > 2 if the consecutive derivatives of ¢ satisfy

¢'(x0) =0, ¢"(x0) =0, ..., " D(x)) =0 and ¢ (xo) # 0.

For a rational function, it is clear that the set of critical points and the set of critical values
are finite. Note that if xq is a critical point, then its multiplicity is at least 2. For instance, any
polynomial of degree k > 2 has oo as a critical point of multiplicity k with critical value oo.
A rational function without critical points needs to be a Mobius transformation, i.e., of the form
o(x) = af{i’g with a, B, ¥, 8 € C such that a8 — By # 0 (see [9, Chapter 1] for instance).

We recall as well the Riemann—Hurwitz formula (called also Hurwitz’s theorem) in the case of
arational function defined on the Riemann sphere. Let ¢ : C — C be a nonconstant rational func-
tion and we denote by v the degree of the covering induced by ¢, that is, if ¢ (x) = p(x)/q(x)
where p(x) and g (x) are two coprime polynomials, then v := max{deg p, deg¢q}. In this context,
critical points are also called ramification points and critical values are called branch points.
Given o € C with ¢ (a) € C, we define its multiplicity m, as the maximum integer number such
that p(x) — ¢ (a)g(x) = (x — o)™ r(x) where r(x) is a polynomial such that r () #0. If« € C
is a pole of ¢, that is ¢ (o) = 0o, then m,, is the multiplicity of « for the rational function 1/¢ (x).
For o = 0o, we define mq as the multiplicity of O for the rational function ¢ (1/x) if ¢ () € C
and for the rational function 1/¢(1/x) if ¢ (o) = co. Note that my > 1 and that this value co-
incides with the multiplicity of « in case that « is a critical point of ¢, as we have previously
defined. For maps between genus zero surfaces, the Riemann—-Hurwitz formula reads as

2=20—) (my—1), an
aeC

see [9, p. 23] or [7, p. 301] for instance. Note that the sum runs all over @ € C but the summand
is different from zero only if « is a critical point of ¢. We know that the number of critical points
is finite because a critical point is a zero of ¢’(x) and a rational function has a finite number of
Zeroes.

Given a nonconstant rational function ¢, let {«q, ..., «,} be the set of its critical points and
let {c1, ..., cp} be the set of its critical values. Since the value ¢ («;) can coincide with the value
¢(aj) when i # j, itis clear that b < r. For each critical value c;, we define r; as the cardinal
of the set {d)’l (c j)}, that is, r; is the number of points « € (@, either critical or not, such that
¢(a) = c;. Note that, since ¢ is not constant r; > 1.

8
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Lemma 2.6. If ¢ be a nonconstant rational function then 2 — Z};:l ri=v(2-0>b).

Proof. In the Riemann—Hurwitz formula (11) we can run the sum over the finite set formed by
the union of the sets {d)_l(cj)}, for j =1,2,...,b because in its complement set the sum is
zero. Therefore we can write that

b b b
Yoma—=1) = Y Y ma—D=|> > ma|-Yri. (12
we

j=1a6{¢_'(0j)} jzlae{qb_l(Cj)} Jj=1

Assume that we have a critical value ¢ € C and that the set {¢>‘1 (c)} only contains finite points.
Then, from the factorization of the polynomial p(x) — cg(x) and the definition of v we have that

E My = V.

ac{p~(0)}

The cases where either ¢ or one element of {¢_1 (c j)} are oo satisfy the same identity by taking
local charts as we have explained before. Therefore we have that

b
Z Z My = Z v=vb.
i=lae{p=1(c)} J=1

We substitute the latter expression in (12) and we have that Zae@ (meg — 1) =vb — Zl]’-zl rj.
We substitute in the Riemann—Hurwitz formula (11) and we get the result. O

The following result is Lemma 1.1 in [13] written in our notation.

Lemma 2.7. Consider a nonconstant rational function ¢ with exactly two critical points, o
and a. Let h be a Mébius transformation such that h(oo) = a1 and h(0) = «y. Then,

¢ (h(x) =h (x")
where v is the degree of the covering induced by ¢ and h is a Mébius transformation.

Next result determines the form of those rational functions of C (x) with at most two critical
values. It is a classical result but we include here a proof for the sake of completeness.

Lemma 2.8. Let ¢ be a nonconstant rational function with induced covering degree equal to v.
Assume that ¢ has at most two critical values on C. Then ¢ has exactly two critical values or it
has none. In the first case v > 2 and there exist two Mobius transformations h1 and hy such that
¢ =hy o (hy)’. In the second case ¢ is a Mobius transformation, i.e., v = 1.

Proof. Let b denote the number of critical values of ¢. Then
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1. If b =0 then, by Lemma 2.6, 2 = 2v and thus v = 1. Any rational function with v=11is a
Mobius transformation.

2. If b =1 then, by Lemma 2.6 again, 2 — r; = v. Since a Mobius transformation has no
critical points, v > 2. This yields 2 — r; > 2 and, hence, r; < 0. This is impossible because
by definition ry > 1.

3. If b =2 then we have, as before, v > 2. Moreover, by Lemma 2.6, we deduce that r| +r, = 2.
Since 1 and ry are positive integers with r; > 1 and r, > 1, we have that r] =r, = 1. We
are now under the hypothesis of Lemma 2.7, which gives the result.

This exhausts all possibilities, and so the proof follows. O
3. Liftability

The following result characterizes liftable pairs, see Definition 1.2, of the form (G2, C). As
usual, given two polynomials p(x) and g(x), we write p(x)|q(x) to indicate that p(x) divides

q(x), i.e., that there exists another polynomial r(x) such that g(x) =r(x) p(x).

Proposition 3.1. Given Go, C € R[x] with Go(x) = x + o(x) and C(0) = 1/2, the pair (G(z), C)
is liftable if, and only if,

(x —a)¥|C(x) witha € R = (x — ) */?1|Go (x). (13)

Proof. The necessity of (13) follows easily from the identity 4AC = G(z) + B? and the fact that
all the polynomials are real. We are going to show that (13) is also sufficient. We decompose C
as

14 k k
c) =c[[er—a® [Jr—wyi [Jex —wi),
i=1 i=1 i=1

R(x) L(x)

where ¢ 20, o; € R fori =1,2,...,¢ and w; € C \ R has positive imaginary part for i =
1,2,..., k. Here, as usual, 7 is the complex conjugate of z € C. Accordingly C = RLL. On the
other hand, by the assumption (13),

4
G3) =22 [ [ — )™ /2 G3 ),
i=1

where (~70 € R[x]. We also define the real polynomial

i=1

12
R(x):= (H(x - a,-)”kfm> /R(),

so that G(z)(x) =x2R(x) R(x) G%(x). We then consider the real polynomials

10
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£
A(x):=x*R(x)A(x) and B(x):=x ][] —a)™/ B,
i=1

for certain A, B € R[x] to be chosen such that the equation 4AC = G% + B? is verified. On
account of the previous definitions the equation writes as

4x°R(x)A(x)R(x)L(x)L(x) = x>R(X) R(x)G3(x) + x> R(x) R(x) B> (x),
which implies
4ALL = G2+ B~ (14
We claim that there exist K € C[x] and B € R[x] satisfying that, cf. (14),
Go+iB =2KL (15)

where, as usual, i = «/—1 denotes the imaginary unit. Once we prove the claim the result will
follow because then, setting A = KK,

4ALL = QKL)QKL) = (Go + ié) (GO — iE’) =G+ B2,

as desired. In order to prove the claim we set d := deg L and n := max {d, deg Go— d}. We shall

find ~K with deg K < n. Note that in this case, due to deg Go <d-+n, frgm (15) we must have
deg B < d + n. We identify the unknown coefficients of K € C[x] and B € R[x] as vectors in
R+ and R4+ respectively, and define the linear map

Tr R2(+1D) o Rd+n+l o R2(n+d+1)

(K, B) > 2K()L(x) —iB(x).

Let us denote the image and kernel of 7;, by im(77) and ker(7}), respectively. We aim to de-
termine the dimension of im 7}, so that we can guarantee that the coefficients of the given real
polynomial G belong to it. We have that

ker(Ty) = {(K B) 2K (x)L(x) — iB(x) Eo} .

If 2K (x)L(x) — iB(x) = 0 then, due to B € R[x], we deduce that 2K (x)L(x) +iB(x) = 0.
Hence, both complex polynomials, L(x) and L(x), divide the real polynomial B(x) and we get
that B = LLD for some D € R[x] with deg D < n — d. The substitution of this expression for
B in the identity 2K (x)L(x) — iB(x) =0 yields K = $iLD. Accordingly

ker(T;) = {(%iZD, LLD): forany D € R[x] with deg D <n —d}

and so we can assert that dim (ker(TL)) =n —d + 1 Therefore, by applying Grassmann’s for-
mula,

11
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dim (im(Tp)) =2n4+2+d+n+1—(—d+ 1) =2 +d+1)

and we deduce tllat Ty is surjective. Hence, given L € C[x] with deg L = d and Go e R[x], one
can always find B € R[x] and K € C[x] such that (15) is satisfied. This shows the validity of the
claim and so the result follows. O

The proof of Proposition 3.1 is constructive, i.e., given Gg, C € R[x] satisfying the assump-
tions, a method to find A, B € R[x] verifying A(x) = x2/2 + o(x?) and B(x) = o(x) together
with 4AC = G2 + B? is provided. We note however that the solution of this problem is not
unique. Indeed, taking any p € R[x] with p(x) = o(x?), the polynomials A:= A+ Bp+ Cp?
and B := B £ 2Cp also satisfy that A(x) = x2/2 + o(x?), B(x) = o(x) and 4AC = G2 + B.

In the next result we determine the set of A, B € R[x] that verify 4AC — B> =G for a given
C,G eR[x].

Lemma 3.2. Consider G, C € R[x] with C # 0 and assume that there exist A1, By, Ay, By €
R[x] such that

4A1C — B} = G and 4A,C — B3 =G.

Then, either A1 = A, and By = £ By, or there exist py, pa, C1, Ca € R[x] such that
By =Cypr—Cip1, B=Cip1 +Copa, Ao =A1+ p1p2and C = C1C3.

Proof. From 4A,C — 312 =4A,C — 322 we deduce that

4(Ay—A)C=(By— B1)(B2a+ By). (16)
If either B, = B or B, = — By, since C is not identically null, we deduce that Ay = A;. Other-
wise, let C be the polynomial formed by the factors of C which divide the polynomial B, — B
and let C; be the polynomial formed by the factors of C which divide the polynomial B; + Bj.
It is clear that C = C1C, and that B — B} = 2Cjp; for a certain real polynomial p; and
By + By =2C; p» for a certain real polynomial p,. From (16) we deduce that A, — A1 = p1p2

and equating B and B> from the identities B, — B; = 2C1 p; and B, + B = 2C3 p>, we have
the desired result. Note that if pj, p», C1 and C; are real polynomials such that

=Copr—Cip1, By=Cip1+Carpa, A=A+ pip2
and C = C(C», then easy computations show that 44,C — 322 =4A,C — Blz. O
4. Composition via canonical changes

By a canonical change we mean a change of variables (u, v) = ®(x, y), analytic in a neigh-
borhood of the origin, that preserves area (i.e., such that the Jacobian of & is identically
one). It is well-known (see for instance [6, Lemma 8]) that if we perform a canonical coordi-
nate change (1, v) = ®(x, y) to a Hamiltonian differential system with Hamiltonian function
H(x, y), then we get a differential system which is also Hamiltonian with Hamiltonian function

12
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(H ) lI!) (u,v) where W = ®~!_ In this paper we study quadratic-like Hamiltonians and to pre-

serve this structure we consider the particular canonical changes given by W(u, v) = (t (u), %)

where t(u) =u+t o(u)is a ratlonal function. This rational change of variables brings the Hamilto-
nian H(x y) = A(x) + B(x)y + C(x)y to the Hamiltonian H (1, v) = A(u) + B(u)v + C (u)v?,
where

Baw) Cl C(t ()

A(u) = A(t(w)), B(u) = ) T (W)

Moreover, setting G =4AC — B? and following the obvious notation for M and N , cf. (3), one
can verify that

M(u) =M (t(u)) and N () = N (t(u)).

The isochronicity is preserved by the coordinate change but not necessarily the polynomiality of
the Hamiltonian system. In our next results we study when this is also preserved.

I:roposition 4.1. Consider real rational functions Go, C and t such that éo(x) =x + o(x),
C(0) =1/2 and t(x) = x + o(x). Define the rational functions

Golx) = 20D oy o= EEXD)

t'(x) )

a7

Then the following statements hold.:

(a) (62, é‘) satisfies (4) for M and N if and only if (G2, C) satisfies (4) for M and N.
(b) If Go, C € R[x] then there exist Go, C,ie R[x] such that

Golx) = M and €y = S ).
7(0) ")

Moreover, Go =Gooh™ !, C=Coh'andi=hot with h(x)= ﬁfor some y € R.

(¢) Assume that éo, Ce R[x]. Then Go, C € R[x] if and only if t is a polynomial with only
simple roots and whose critical values are roots of Go and C. Moreover, if xo is a critical
point of t of multiplicity strictly greater than 2, then t(xg) is a root of multiplicity at least
two of C.

(d) Assume that Go, C, Go, C t € R[x], degC > 2 and degt > 2. Then deg Gy > deg Go and
deg C > deg C.

Proof. Since ¢(x) = x 4+ 0(x), Go(x) = x +0(x) and C(0) = 1/2, by (17) we have that Go(x) =
x 4+ o(x) and C(0) = 1/2. Following (3) we define the rational functions

A2 A 2
11;1:ﬂ N:= Go M::ﬂ N = Go
é? éM/? C? CM/’

13
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and from (17) it is clear that the following identities hold:
M@x)=M((x)) and N(x)=N (t(x)).

We denote by o (x) = —x + o(x) the involution deﬁned by M(x) = M(o(x)) and we denote
by 6 (x) = —x 4 o(x) the involution defined by M (x) = M (6 (x)) We have that the involution
o(x) = —x 4 o(x) defined by M(x) = M (o (x)) satisfies that M (t(x)) = M (t(o(x))) which
implies that 7 (o (x)) = ¢ (¢(x)). Hence,

N@x) +N@@x) =N (tx)+ N (o) =Nx) + N(E@x)=N) + N(6®G),

where we have denoted y = 7 (x) which is a change of variable since 7 (x) = x 4 o(x) is a diffeo-
morphism. By Proposition 2.2 we have that statement (a) is proved.

We prove now statement (b). Assume first that #(x) is a polynomial. Then the polynomial
Go(x)t'(x) € R (1(x)), which by Lemma 2.5 implies that Go(x) ¢'(x) = Gg (¢ (x)) with Go(x)
a real polynomial. In an analogous way we have that C(x) (t/ ()c))2 =C (t(x)) with ¢ (x) areal
polynomial.

Assume now that 7(x) is not a polynomial. We write the rational function 7 (x) as the quotient
of two coprime polynomials # (x) = 11 (x)/12(x) with t1(x) = x +o(x) and 1, (0) = 1. In the same
way, we write the rational functions Go(x) and C(x) as the quotient of two coprime polynomials:
Go(x) = Gl(x)/GZ(x) and C(x) = C1(x)/Ca(x) with G1(x) =x +0(x), G2(0) = 1, €1(0) =
1/2 and CZ(O) = 1. We also define the two-variable homogeneous polynomials coming from the
homogenization of the polynomials éi and C‘i, i =1, 2. That is, consider the two real variables
x and y and

A S
Gri(x,y):=G;(x/y)y %,

where § G = deg G, fori =1,2. The homogeneous polynomials Cp;(x, y) are defined analo-
gously for i =1,2. On account of (17) we have that

A (1)
G (z(—>) 12(x)

Go(x) = ~ 7 7
T, (&—3) 1 (0R®) — 1015 (x)

_ Gai (1), nx)) tz(x)(sf;z_'sf?]+2

T G ((x), a(x)) 1 ()n(x) — ()5 (x)

(18)

and

)
o (n(x)) t5(x)

C(x) =~
& (28) (1) (x) — 1 (X)tﬁ(x))2

_ Chi (1(x), 12(x)) 1y (x) 2 % T

 Caa (). 2(0)) (1 ()2 (x) — 1 (D)2 (x))*

19)

14
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Let us assume first that 8@2 -4 i +2 < 0 and let a € C be such that #,(«) = 0. Then, in order
that Go(«) € C, from (18), we need that G g (¢ (), t2(r)) = 0. By construction of G g1 (x, y)
this implies that #; (o) = 0 which is not possible because #; and f, are assumed to be coprime.
Thus, we deduce that 562 — 5('}'1 + 2 > 0 and, analogously, that 8@2 — 8@1 + 4 > 0. We consider

now two cases, either there is a value ¢ € C such that Gz(c) 0 or ég(x) is a constant, that is
Go(x) is a polyn0m1al If there is a value ¢ € C such that Gz(c) 0, then this value cannot be
zero because GQ(O) = 1 by definition. We have a value ¢ € C, ¢ # 0, such that Gg(c) =0 and
we consider the equation 1 (x) — cty(x) = 0. If such equation has a complex solution « € C, we
have that G g (t1 (), t2()) = 0. From (18) and the fact that Go(«) takes a complex value, we
have that either Gy (f1 (), t2()) = 0, which is not possible because Gl and éz are coprime,
or 1 () = 0, which is neither possible because then 1 (o) = 0 and this is a contradiction with the
fact that #; and t, are coprime. Thus, the equation #1(x) — ct2(x) = 0 cannot have any complex
solution, which implies that #{(x) — ctp(x) = k, with k € C and k # 0 because #; and 7, are
coprime. From #; (x) = x 4+ o(x) and #,(0) = 1 we can write that fp(x) = 1 4+ yt;(x) with y € C.
Hence #{1, — 111, =] and from (18) we deduce that the polynomial Got; € R(t1). The fact that
Gy and t; are real polynomials implies that the base field is R and y € R. Then, by Lemma 2.5
we have that there exists a real polynomial Go(x) such that Got; = Go (t1). And we are as in the
previous case because #1(x) is a polynomial.

We can discard the case that C(x) is not a polynomial using analogous reasonings to the
previous paragraph. If we assume the existence of a value ¢ € C such that Ca(c) =0, we can
construct a polynomial #; (x) out from the rational function #(x) and we can show the existence

of a polynomial C(x) such that C (ti)2 =C ).
We need to analyze the case that Go and C are polynomials. Analogously to (18) and (19) we
can write

Go(x)=G <t1 (x)> : tzz(x) _ Gﬂg(n (x). 12(x)) tz()/c)z_aG o)
n(x) ) 11 ()i (x) — 11(x)15(x) 11 ()2 (x) — t1 (X)) (x)
and
Clx)= <t1 (X)> t;(x) s = Cy (11 (x), (x)) l2(x)4_526 on
RO/ (1 (D6 —n@5E)" (6 @)nE) — 6 @)

where §» = deg C and Cp (x, y) is the homogenization of the polynomial C. Following the same
reasoning as in the previous paragraph it is clear that 2 — § Go >0and 4 — 3§, > 0. We consider
now the number of critical values of the rational function #(x) = #;(x)/f2(x). If this rational
function has no critical values, then by Lemma 2.8, it is a Mdbius transformation and since
1(x) =x + o(x) we deduce that #(x) = x/(1 4+ yx) with y € R. Then {t; — t1#; = 1 and #(x)
only changes the position of the roots of the polynomials G and C with respect of the roots of the
polynomials G and C and the statement is true taking the Mobius transformation x /(1 —yx). On
the other hand, assume that there exists o € C such that (titz —1 té)(oc) =0, that is « is a critical
point of the rational function 7 (x). Note first that o 7 0 because 7(x) = x 4+ o(x). Let c € C be
the critical value corresponding to «, that is # () = c. Since 8@0 <2 and éo(x) =x 4 o(x), we

have that there exists ¢g € R such that éAo(x) = x(lA—i— cox). From (20) and (21), we have that ¢
needs to be a root of both polynomials Go(x) and C(x). Since C(0) = 1/2, we have that ¢ # 0.
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We have that 7 (x) has at most two critical values, one is (o) = ¢ and the other one is 7 (c0). This
is because the critical values of ¢ (x) are roots of Go(x) = x(1 + cgx) or ¢ (c0) and O cannot be a
critical value. By Lemma 2.8, 7(x) takes the form

ay(bo + b1x)" + ao(by + b3x)"
az(bo + b1x)" + ax(by + b3x)"’

t(x)=
where a;, b; € C, fori =0, 1,2, 3, (bobs — b1b3)(apaz —ajaz) #0and n € N with n > 2. Then

n(bobs — biby)(apas — ajaz)(bix + bo)" = (b3x + by)" !
(a3(bo + b1x)" + az(by + b3x)")? '

t'(x) =
Since o and oo are critical points, we have that « = —bg/b; and b3 = 0. We can write

pr(x —a)" + uo

1= w3(x — o) + o’

with u; € C,i =0,1,2,3 and puousz — 12 # 0. Note also that ¢ # 0 because £ (x) = x +0(x).
The numerator of ¢ is #1 (x) = w1 (x — )" + o and the denominator is t>(x) = u3(x — )" + uo.
We can take £g = up — o3/ and €1 = u3/uq and we write f(x) = o + £1t1(x). Since
t1(x) =x 4+ o(x) and £ (0) = 1, we deduce that #p(x) = 1 4+ y#;(x) for y € R. And the statement
follows reasoning as in the previous paragraph.

We provide now the proof of statement (c). The proof of the “if” part of statement (c) is
straightforward. Assume that Go and C are polynomial and 7 (x) is a polynomial with only simple
roots and whose critical values are roots of G and of C, with multiplicity at least 2 in C if the
corresponding critical point has multiplicity > 2 in #(x). In order to show that Gy and C are
polynomial, we will prove that they take a complex value at any root of #'(x). Let & € C be such
a root, that is, #'(a) = 0. Thus, « is a critical point of 7(x). Assume that it has multiplicity m
and recall that m > 2. Denote by c the corresponding critical value. We have that f(x) —c =
(x — a)™i(x) with 7(a) # 0. Hence ' (x) = (x — @)™~ (mi(x) 4+ (x — a)f’(x)). By assumption
Go(x) =(x - C)Go(x) for some polynomial éo(x). Thus

Got)) _ (1) = Go(t(x)) _ @ — )" i) Go(t (x))
' (x) ' (x) (x — )" (mi(x) + (x — )i’ (x))

Go(x) = (22)

Note that « is a root of Go of multiplicity > 1. Analogously, by assumption C x)=x-— c)eC (x)
for some polynomial C and ¢ >2if m > 2. Then

Ct(x) () —)Cx) (x — )" (7(x))*C (x)

Cx) = - = :
SRRTIEE (') (xr — )22 (mi(x) + (x — )7 (x))’

(23)

We see that if m =2 and £ > 1, then C(x) takes a complex value at . If m > 2 and £ > 2 then,
m{ > 2m which is greater than 2m — 2. Thus, Go(x) and C(x) are polynomials.

To prove the “only if” part, assume that there is « € C such that 7 («) = t'(«) = 0. The poly-
nomial C(x) takes a complex value in « and since ¢ (0) = 1/2 we get a contradiction. Thus, all
the roots of the polynomial ¢ (x) are simple. Let us consider now a critical point « € C of 7(x),

16
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that is, (o) = 0. Let ¢ = ¢ (@) be its critical value. It is clear that éo(c) and C (¢) need to be zero
in order that the polynomials Go(x) and C(x) evaluate at a complex value when x = . I[f ¢ is a
critical point of multiplicity m, then #(x) — ¢ = (x — &)™ f(x) with f(x) a polynomial such that
7(cr) # 0. We write Go(x) = (x — ¢)Go(x) with Go(x) a polynomial. Then identity (22) shows
that Go(«) = 0. With analogous computations and using identity (23) it is clear that ¢ needs to
be a root of the polynomial C(x), of multiplicity at least 2 if m > 2, in order to have that the
polynomial C takes a complex value at x = «. This proves the statement in (c).

Let us turn finally to the proof of (d), so assume that degt > 2. We consider polynomial pairs
(éz, ¢ ) and, from them, the polynomial pair (G2, C) defined by (17). We aim at showing that
the degrees of the polynomials (G(z), C) are strictly greater than the degrees of the polynomials
(éz, (:’). We first show that deg Go > 1. If deg éo =1 then éo(x) =x and Go(x) =r(x)/t'(x)
which is not a polynomial because 7 (x) is a polynomial with only simple roots. Accordingly,

degGozdegGO -degt —degt+1 =degt<degéo— 1) +1 >2degéo —1 >degéo

where we take degt > 2 and deg G > 1 into account. Thus deg Gy > deg Go. On the other hand,
by hypothesis we have that deg C > 2. By (17) we have that

degC:degé - degt —2degt+2=degt(degé—2) +2>2deg@ —2>degé

where we use that deg? > 2 and degé > 2. Therefore, deg C > deg C. This shows (d) and
concludes the proof of the result. O

Assertion (b) in Proposition 4.1 shows that the search for polynomials G and C satisfying
(17) can be restricted to Go, C and ¢ that are polynomial as well. Note moreover that in the
statement of Proposition 4.1 we do not assume that (Gz, C) is a liftable pair, i.e., the existence of
A, B € R[x] such that G% =4AC — B?. We relate the existence of such polynomials A and B for
the pair (GZ, C) with the existence of A, Be R[x] such that G% =4AC — B? in the following
result.

Lemma 4.2. Let Go(x) = x + 0(x), Go(x) = x +0(x), C(x) and C (x) with C(0) = C(0) = 1/2
and t(x) = x + o(x) be real polynomials verifying the equalities in (17). If (G2, C) is a liftable
pair then so it is (Gg, C).

Proof. By hypothesis there exist real polynomials A(x) = x2 /2 + o(x?) and 1§(x) = o(x) such
that 4AC = G(z) + B?. Then we define

B(t(x))

A(x) := A(t(x)) and B(x) := T

(24)

Since 1 (x) = x +o(x), A(x) = x2/2 +o(x?) and é(x) = o(x) it is clear that (24) implies that the
rational functions A(x)AaAnd BA(x) saEisfy that A(x) = x2 + o(x2) and B(x) = o(x). We substitute
x by #(x) in identity 4AC = G3 + B? and we divide by (#'(x))? to get that
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Cow) _ Giew) | B
e RO R IS

4A(t (x))

Thus, by (17) and (24) we deduce that 4AC = G% + B2. Tt is clear that A(x) = A(t (x)) is areal
polynomial and since 4AC = G(Z) + B? we deduce that the real rational function B(x) is indeed
areal polynomial. O

The converse of Lemma 4.2 is not true as the following example exhibits.

Example 4.3. Consider A(x) = x>(1 + 5x +7x2)/2, B(x) = +/3x%, C(x) = $(1 +x + x?) and
Go(x) = x(1 +x)(1 4+ 2x), which verify the identity 4AC = G% + B2. Let us also take (x) =
x 4 x2 together with @(x) =1+ x)(1 +4x)/2 and Go(x) = x(1 + 4x). Then it is easy to
check that the relations (17) are satisfied. However, by Proposition 3.1, there do not exist real
polynomials /i(x) and é(x) such that 4AC = é(z) +B% O

The previous example is not isochronous and the existence of such an example in the
isochronous case is an open problem.

Example 4.4. One can easily check that G(x) = x>(1 + ax?)? and C(x) = %(1 + ax?)3 verify
N(x)=1/2 for all a € R, see (3). However Proposition 3.1 shows that if a < 0 then (G, C) is
not a liftable pair. The same happens with the following pair of real polynomials

Go(x) = % (fz; +x) (fzg n 2x) (3[2; 23 + 6x) (3\6; +2V3¢0 + 6x) ,

and

1
2837./6

Cx) = (3«/5( —2V3¢ +6x)5 (3«/5; +2V3¢ +6x>5,

with ¢ =v6. O
5. Proofs of the main results

Let us recall that the rational function M defined in (3) in terms of G and C defines an
involution o verifying M = M o o. In what follows we consider the field

F={peRx):p=¢ooc}.
Note that R C .% because M is not constant and belongs to .%. Moreover . C R(x) because
x & % due to o(x) = —x + o(x). Therefore, by Liiroth’s Theorem (see Theorem 2.4), there
exists a non-constant rational function R so that .# = R(R). We aim at knowing properties of

the generator R(x).

Lemma 5.1. Consider G(x) and C(x) two real polynomials such that G(x) = x*> + o(x) and
C(0) = 1/2. The generator R € R(x) of the field .F satisfies the following statements.
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(a) There are two coprime polynomials r(x) and s(x) such that r(x) = x2 +o(x?), s(0) =1
and R(x) =r(x)/s(x).
(b) The polynomial r divides the polynomial G.

Proof. Note thatif o, 8, §, y € R with a§ — By # 0, then

R(R):R(aR+/3).

YyR+6

Thus, by choosing «, 8, y and § conveniently, we can assume without loss of generality that
the Taylor development of R at x =0 is R(x) = x" 4+ o(x") with n > 1. Since R(x) = R(o(x))
and o (x) = —x +0(x), we deduce that n is even. The function M belongs to the field % = R(R),
therefore there exists a rational function ¢ such that M = ¢ (R). Since M (0) =0 and R(0) =0,
we have that the Taylor development of ¢ at x =0 is

¢ (x) =axf +o(x*) withk >1and a #0.

Recall that M (x) = 2x2 + o(x?). Equating the lowest order terms in the Taylor developments at
x =0 in identity M = ¢(R), we get that « = 2, k = 1 and n = 2. Hence the generator verifies
R(x) = x2 4+ o(x?). Let us fix that the generator is R = r/s, where r and s are relatively prime
polynomials verifying that r(x) = x2 4+ o(x?) and 5(0) = 1. We have proved statement (a) and
that M = ¢(R), with ¢ (x) = 2x + o(x).

In order to prove statement (b), we can write the function ¢ as the quotient of two coprime
polynomials ¢ = P/ Q. We define the homogeneous and coprime polynomials

X X

Py (x,y) =y P (y) and  Qp(x,y) =" Q (y) :
where ép denotes the degree of the polynomial P. Thus, putting R =r/s and M = G/C we get

G s°0Py(r.s)

C s Qu(rs)

Thus %7 Qg (r, s) G = 5°¢ Py (r,s) C. We evaluate at x = 0 and we recall that s(0) = 1, 7 (0) =
0, G(0) =0 and C(0) = 1/2, to get that 0 = Py (0, 1)/2. Therefore, Py (x,y) =x P(x,y) for
some homogeneous polynomial P (x, y). Hence,

s Qp(r,s)G =5%2r P(r,s)C.

The polynomials r and s are coprime and the polynomials Py and Qg are coprime, therefore r
divides G. O

Proof of Theorem A. Since G (x) =x2+o0(x?), C(0) = 1/2 and M (x) = 2x? 4+ 0(x?), from the
definition of N given in (3) we get that N (0) = 1/2. We deal with two cases: either N(x) = 1/2
(i.e., N is a constant function) or N (x) = 1/2 + wx®*~1 + o(x?*~1) with w £ 0 and k > 1. The
fact that the Taylor development of N (x) — 1/2 at x = 0 has a lower term of odd degree (if N is
not constant) comes from the identity N (x) + N(o (x)) = 1 and that o (x) = —x + o(x).
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The case N(x) = 1/2 is trivial because, from (3), we have that

Y 2
61— (M)

Thus, G(x) is a squared polynomial, that is, G = G(z) with Go(x) = x 4+ o(x).
Assume now that

Nx) =172 + ox?* 1 + o(x*1)  withw#0and k > 1. (25)
By (3) we can write G(x) = (N(x) C(x) M’(x))2 and we aim at proving that N (x) is a rational
function in order to deduce that G is a squared polynomial. Since N (x) + N (o (x)) =1, we get

N’(x) + N'(o(x)) o’ (x) = 0. Moreover the generator R of .Z satisfies R(x) = R(o (x)) and we
have that R'(x) = R'(o(x)) o’(x). Hence,

N N
70 =g @)

Note also, see (3), that (N')% € R(x). Therefore (N//R’)2 € .7 and there exists ¥ € R(x) such
that N'/R' = \/y1 o R. This implies that

N'(x) = VY1 (R(x) R'(x). (26)

Note that R(x) = x2 + o(x?) by Lemma 5.1. We set p(x) := x+/R(x)/x2, which is a local dif-
feomorphism, and take the change x +— p~1(x). Since p2(x) = R(x) we have x2 = R(p~ ! (x)).
We derive the former expression with respect to x to get 2x = R’ (p~1(®)) (p~ 1Y (x). Then (26)

yields
N'(p ' (x) = /Y1 (R(p~1 () R (o' (x)).

Thus, N'(p~1(x)) (01 (x) = 2x /¥1 (x2). We deduce that

(Nop_1>/(x)=2x,/l/f1(x2). 7

By Lemma 2.3 there exist g(x) € R(x) and n € R such that
(Nor™) 0 =xq() /11 +n.
Note, also, that from (27) we deduce that ¢ (x) is an odd function. Thus,

(Nor™) @ =2 + (28)

for a rational function v, and a constant n. We substitute x by p(x) in (28) to get
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N(x) =+/¥2(R(x)) + n, (29)
where we have used that p2 = R. Recall that R(x) = x% 4+ 0(x2) and we evaluate 29)atx =0to

get 1/2 = /Y2 (0) + n. Moreover, since we are under the hypothesis (25), from (29) we deduce
that the Taylor development of ¥ (x) at x =0 1is

Y (x) = by 4 bex’ + o(xh), (30)

with bg, by € R and by £ 0 (because N is not constant), £ > 1. From (25) and (29), we deduce
that

Vin(Rx)) = % —n 4 wx? T fo®* ), 31)

with w # 0 and k > 1. We recall that R(x) = x2 4+ o(x) and we take the Taylor development of
VY2 (R(x)) at x = 0. Consider (30) and we have that

e if by # 0, the Taylor development of \/y»(R(x)) at x =0 is

b
Vi (R(x)) = v/bo + 5 J‘;}_O 20 4 o(x2);

e if by = 0, the Taylor development of /> (R(x)) atx =0 is
Vin(R() = Vbex' + o(xh).

Equating the lowest order terms in (31), we deduce that by =0, /by = w, n =1/2 and £ =
2k — 1. In short

N(x) =+/¥2(R(x)) + 1/2. (32)
Therefore,
N 12—N2 N+ Lo R
(v-1) e h e

Since N% € R(x) and Y2 o R € R(x), we deduce that N (x) is a rational function. We conclude
that G is a squared polynomial. O

At this point we focus on the case that (G, C) is an isochronous pair with N (x) £ 1/2, see (3).
The case N (x) = 1/2 will be studied later on. In either case let us note that, thanks to Theorem A,
G= G% with Gy € R[x]. That being said, we study next the case of an isochronous pair (G3,0)
with N (x) # 1/2 and we will give a more detailed expression of the generator R of the field .%.

Lemma 5.2. Assume that (G2, C) is an isochronous pair with N % 1/2 and consider the field
F. Then there exist a polynomial t (x) = x + o(x), whose roots are all simple, and a constant

Kk € R such that
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F =R ((—t(") )2> .
14+ xt(x)
Proof. By Lemma 5.1, R(x) =r(x)/s(x) with (r, s) = 1 (i.e., r and s are coprime polynomials),
r(x) = x2+o0(x?) and s(0) = 1. From the proof of Theorem A, N (x) = 1/24wx?~1 fo(x?~1)
with w € R \ {0}. Moreover, see (32), we have that N(x) — 1/2 = /¢ (R(x)), where Y (x) is
a rational function such that ¥, (x) = w?x%*~! 4 o(x%~1). We write the rational function ¥ (x)

as the quotient of two coprime polynomials and its numerator and denominator in linear factors.
Thus we can write

m

V2 (R()) = 1—[ a;r(x) + Bis(x)

Mo ir () + Bryis()”

where m € N is the maximum of the degrees of the numerator and denominator of yr»(x) and
i, Bi € C fori =1,2,...,2m. We remark that the number of factors m in the numerator of
the previous expression coincides with the number of factors in the denominator m. So the total
number of factors is 2m.

As a consequence of /1 (R(x)) € R(x), we have that any factor in the above decomposition
repeated an odd number of times must be a square. Thus, r(x) needs to be a square, because
Yr> has an odd order 2k — 1 at x = 0. This implies that there is at least another factor with odd
multiplicity. Therefore, ot jr + s = u? for some aj, Bj, with B; # 0. We can choose «j, 8; € R
and u(0) = 1, because r(x) is a real polynomial. We take

R _ r _t2
a;R+B;  ajr+Bjs u?

as a generator of the field .%. Since r(x) = x2 4+ o(x?) and s(0) = 1, we can choose t(x) =
x +o(x) and u(0) = 1. Note that

2
F=R( ) cr (W)
u(x)? u(x)
We know that M € R (tz/uz) since M € .%. Let us show next that N € R (¢/u). To this end we
note first that

() _ 1o@)
u@® "~ ue @)

Moreover, on account of N(x) + N(o(x)) =1, N(x) =1/2 + /¥2(R(x)) and N(x) € R(x),
we deduce that

(N —1/2)(x) = —=(N — 1/2)(c (x)).
Thus, (t/u) (N — 1/2) € %. And, therefore,

1 £2

N=—-+ L /2 <—2> ,  with ¢¥3 € R(x). (33)
2 u u
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On the other hand, recall that M = G%/C and N = Gy/(CM'). So, Go = M/(NM'). Since
M € R(R), there exists ¢ € R(x) such that M = ¢(R). We have that R = 2/u?. Thus,

t\ tu—tu
R=2(-) ——.
()=

M 1 #(R) 1
+Lys(R) P(R) 2 (L) L

u u

L ew ()

From (33), we get

D=

=

Therefore,

t t
Go=<p(—) 7u/’ for some ¢ € R(x). (34)

u) t'u —tu

Recall that we have proved that .% = R(R) with R = 12 /u® and t(x) and u(x) two coprime
real polynomials such that 7 (x) = x 4+ o(x) and #(0) = 1. By Lemma 5.1 we have that 12 divides
G(z). Thus, ¢ divides Gy, i.e., there exists a polynomial G, with G1(0) = 1, such that Go =¢G].

From (34) we obtain
G — t u
VEO\Y) =

Since G1(0) =1, t(x) =x + o(x) and u(0) = 1, we get that ¢(0) = 1. We write the rational
function ¢ as a quotient of two coprime polynomials and we expand these polynomials in linear

faCtOl’S. Hence, we can erte

1

where m € N is the maximum of the degrees of the numerator and the denominator of ¢ and
8i,vi € C. Since ¢(0) =1 we have that y; 20 fori =1, 2, ..., 2m. Hence,

G _ﬁ 8it + yiu u
' 1 Omtit + Ymiu t'u —tu'

Since G is a polynomial, we get that any factor in the denominator of the previous expression
is either a nonzero constant or it cancels with a factor in the numerator. In the first case, there
are constants &, y, with y # 0, such that ¢ + yu is a nonzero constant and, thus, we deduce that
u =1+ «t for some « € R. In the second case, all the factors in the denominator need to cancel
with the numerator « and, thus, either m =0 or m = 1. That is,
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. ot +yu .
Gi= 0 if =0 or Gi= r’:w if (m=1).
Since G1(0) =1, t(x) = x + o(x) and u(0) = 1, we have y = 1. We denote by & = u in the
case (m =0) and & = u + 8¢ in case (m = 1). We have 2(0) =1 and G| = at/(t'it — tit’).
We consider the rational function ¢ = ¢/u. If xo € C is a critical point of ¢, since G is a
polynomial, then u(xp) = 0. Hence, ¢ has at most two critical values: ¢ (xg) = oo and ¢ (c0). By
Lemma 2.8, either ¢ (x) is a M&bius transformation or there exist two Mobius transformations,
hi(x) = (ajx + Bi)/(yix +6;),i =1,2,and d > 2, such that

d
ajx+p
R a2<—y:x+511) + b2

_i® h
ux
D (s e

¢ (x)

If ¢(x) is a Mobius transformation, then 7(x) = x and u(x) = 1 + kx for k¥ constant. In the
second case, let xp be a finite critical point of ¢ with critical value co. Let ¢ (co) be the other
critical value. Recall that d > 2 and we have

ar(aix + B + Pr(yix + 81)¢
ya(orx 4+ B4 + Sa(yix +81)4°

d(Biyr — 181 (Bay2 — a282) (a1 x + B4 Hyix + 814!
(r2(a1x + B? + S (yix + 51)”l)2

¢ (x)

¢’ (x)

Then xo = —B1 /a1, 62 =0 and y; = 0. We can write

(x —x0)? + uo
wi(x — xg)¢

¢ (x) =

’

for constants w;, i =0, 1, wou; # 0. We have that u(x) = 1 + k¢(x) for ¥ constant. Since
i =u + &t, we deduce that there exists x € R such that u =1 + «¢.
We aim at proving that all the roots of 7 are simple. We have u = 1 + «t,

G — t u _ t 1+ «kt
1= u t’u—tu’_q) 1+«t t

and that ¢(0) = 1. Since G (x) is a polynomial we deduce that if x* is such that ¢’ (x*) = 0, then
e (™) /(1 +kt(x*)))(1 4+ «t(x*)) = 0. Hence ¢ (x*) = 0 would contradict ¢(0) =1. O

We are in position of proving Theorem B.

Proof of Theorem B. We are under the hypothesis of Lemma 5.2 and from its proof we have
that Go =1 G1, with t and G| polynomials and

t 1+ «t
G| = _,
! (p<1+l<t) t
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with ¢ a rational function. Thus, Got’ € R(¢). As a consequence of Lemma 2.5 we have that
there exists a real polynomial, we denote it by Gy, such that

Go (t)

Go(x) = 700

On the other hand, since we have that the rational function M = G(z) /C belongs to the field .#

and, using Lemma 5.2,
o t) \°
F =R <<71 +/<t(x)) ) CR(z(x))

we deduce that (t/ )2 C e R(?). Again, from Lemma 2.5, there exists Ce R[x] such that

C (1(x))
' @)*

Clx)=

Smce t(x)=x4+o0(x), Go(x) =x + o(x) and C(0) =1/2, we have that Go(x) =x 4+ o(x) and
C(O) =1/2. By (a) in Proposition 4.1, (GO, C) is an isochronous pair because so it is (G2, C).
The involution o (x) = —x + o(x) defined by M (x) = M (o (x)) satisfies that

t t
(x) __ (o (x)) . (35)
1+xt(x) 1+«kt(ox))
We consider the rational function M := é% / o) , which defines an involution & (x) = —x + o(x)
that satisfies M x)= (a (x)) From the proof of statement (a) of Proposition 4.1 we have that

t(o(x)) =6 (¢ (x)). We substitute this identity in (35) to deduce that

t(x)

GO ==

The fact that ¢ (x) = x +o0(x) is a diffeomorphism provides that 6 (x) = —x /(14 2« x) as desired.
This concludes the proof of the result. O

Example 5.3. There are isochronous pairs (G2, C) verifying N (x) = 1/2 for which the conclu-
sion of Theorem B is not true. Indeed, consider for instance

1
Go(x)=x(x+1DBx+1)and C(x) = E(x + D(Bx + 1)
One can readily verify, see (3), that

2x2(x +1) 1

M(x)= Gr g 1) and N(x) = 3
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If there exist polynomials Go(x) =x 4 o(x) and 7(x) = x + o(x) such that Gg = G‘;,(t) , see (5),

then either {deg(éo) =2,degt =2} or {deg(éo) = 3,degt = 1}. In the first case, taking the
coefficients of Go and ¢ as unknowns, it is easy to conclude that there is not any choice so that

Go= % holds. In the second case #(x) = x and consequently, according to Theorem B, the
involution associated to M (x) should be o (x) = — 77 for some « € R. However the equation
M (x) = M(z) yields to 9z°x + z2 + 10zx + z 4+ 9zx2 + z> + x = 0 and some computations show
that this cannot be verified with z = — 7% for any choice of k. O

In Theorem B we prove that isochronous pairs with N(x) £ 1/2 can be reduced to an
isochronous pair whose corresponding involution is o (x) = —ﬁ where x € R. In the case
that k = 0 we have that o(x) = —x. The following result (that was previously proved in [3,
Theorem C]) and the next example deal with this case.

Proposition 5.4. Assume G(x) and C(x) are real even polynomials with G (x) = x> + o(x?) and
C(0) =1/2. Then (G, C) is an isochronous pair if, and only if, N(x) = 1/2.

Proof. Since G and C are even functions then, see (3), so they are M and N. Hence 0 = —Id.
Then, if (G, C) is an isochronous pair, from (4) we get that N (x) = 1/2. This proves the neces-

sity. The sufficiency of this condition is obvious. O

The following example shows that there are isochronous pairs (G, C) where G and C are not
even functions but the associated involution is o = —Id.

Example 5.5. Let ¢ € R and ¢ # 0. Define the real polynomials

Go(x) = x(1 +cx) Clx) = %(1 —cx)(1 +Cx)3.

In this case M (x) = 13)212 is an even function and N (x) = %(1 —cx).Since N(x)+ N(—x) =1,

(G%, C) is an isochronous pair. Note also that (G2, C) is not a liftable pair by Proposition 3.1. O

As we already mentioned, the isochronicity problem for quadratic-like Hamiltonian differen-
tial systems was studied previously in [3] using tools from qualitative theory. Using our notation,
Theorem D in that paper asserts the following:

Proposition 5.6. If (G, C) is a liftable isochronous pair then, either G (x) = x* and C(x) =1/2,
ordegG =degC > 4.

As the following example shows, the liftability assumption in Proposition 5.6 is essential.
Example 5.7. One can readily check that (G(x), C(x)) = (x2, (1 + kx)/2) is an isochronous
pair for all k € R. However, by applying Proposition 3.1, it is not liftable when k # 0. The
isochronous pair given by

(G(x),C(x)) = (x2(1 Tkx 4 K2x2/2)2(1 4+ kx)?, (1/2)(1 + kx + kK2x2/2)(1 + kx)4)

is another example of this situation when k 20. O
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Corollary 5.8. If the polynomial Hamiltonian differential system (2) has an isochronous center
then deg A and deg C are both even and deg A + deg C = 2deg B. In particular the Hamiltonian
has even degree.

Proof. Recall that H(x, y) = A(x) + B(x)y + C(x)y? so that the degree of this polynomial is
given by deg H = max {deg A, deg B 4+ 1, degC + 2}. By Theorem A, G = G% with Go € R[x]
and, consequently, deg C is even because either C(x) = 1/2 or degC = 2deg G¢ by Proposi-
tion 5.6.

e IfG(x) =x%and C(x) =1/2,by G =4AC — B?, we have that 2A = x2 + B2, which implies
that deg A is even. Recall that B(x) = o(x) by hypothesis. The fact that 24 = x2 + B also
implies that if deg B < 1 (that is B(x) = 0) then deg A = 2 (because A(x) = x2/2 +o0(x?)
by hypothesis) and deg H = 2. If deg B > 1 then the identity 2A = x> + B? implies that
deg A = 2deg B. This also gives that deg B + 1 =deg A/2 4+ 1 < deg A because deg A > 2.
Therefore deg H = deg A, which is even.

e Ifeither G(x) # x2 or C(x) #£1/2 then deg C = 2deg G and we argue as follows. Observe
first that deg A is even because G(z) + B2 = 4AC and degC is even. On account of this it
suffices to verify that

deg B+ 1 < max{degA,degC + 2}. (36)

To show this observe that 2 max(deg Go, deg B) = deg A +deg C = deg A +2deg G, which
easily implies that deg Gg < deg B due to A(x) = %xz + o(x2). Therefore we obtain that
2deg B =2deg G + deg A, which in turn yields 2deg B 4+ 2 = 2deg Gy + deg A + 2. By
using this equality one can readily prove by contradiction that (36) holds.

This exhausts all possibilities, and so the result follows. O

Example 5.9. Some easy computations show that the only liftable isochronous pair (G2, C) with
—X

deg C =2deg Go = 6 (cf. Proposition 5.6) and associated involution o (x) = 757 is given by

1
Go(x) =x(1 +2x +2x%) and C(x) = S +2x+ 2x2)3.

In this case one can choose for instance A(x) = %xz(l —2x+2x2)and B(x) = 2x3(1 +2x +2x2)
sothat4AC — B = G(z) holds (cf. Proposition 3.1). Thus the Hamiltonian differential system with
H(x,y)=Ax)+ Bx)y + C(x) y2 has an isochronous center at the origin. The particularity of
this isochronous center is that the projection of its period annulus on the x-axis is not the whole
real line. The existence of such isochronous centers with A, B, C € R[x] was posed as an open
question in [3, p. 408]. O

Let us consider next the case N (x) = 1/2. This, recall (6), is equivalent to require that
GoC' =2C(Gy— 1). 37

The next result gives some properties of the real polynomials G and C satisfying this condition.
Recall that given k € N, & € C, a # 0, and a polynomial ¢(x) we write (1 — ax)¥||g(x) to
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indicate that the polynomial (1 — ax)* divides g(x) and k is the maximum multiplicity that
divides ¢ (x), i.e., that there exists another polynomial »(x) such that g(x) = r(x)(1 — ax)k and

r(1/a) #0.

Proposition 5.10. Ler Go(x) = x + o(x) and C(x) = 1/2 + o(1) be real polynomials satisfy-
ing (37), i.e., so that N(x) = 1/2. Then, either Go(x) = x and C(x) = 1/2, or the following
hold:

(a) degC =2degGy.

(b) All the roots of G are simple.

(¢c) If C(@) =0 witha € C then Go(a) =0.

(d) Let a € C\ {0} be such that Go(1/a) =0 and (1 — otx)k+2||C(x) with k € Z>_3. Then
k #0and Gf)(l/a) =-2/k.

(e) The factorization of Go and C over C is

Go(x) :xl_[(l —a;x) and C(x) = %]’[(1 —ox)kit?, (38)

i=1 i=1

respectively, where a; € C \ {0} and k; e N U {=2,—1} for i =1,2,...,n. Moreover

iz ki=2.
(f) If (G2, C) is a liftable pair then all the roots of G but x =0 are in C \ R.

Proof. It is clear that if Go(x) = x and C(x) = 1/2, then identity (37) is satisfied. Moreover if
Go(x) = x, then identity (37) implies that C(x) = 1/2 and the other way round. We discard this
trivial case for the rest of the proof.

(a) Assume that £ :=degGo > 1 and s := degC > 0. Let us write Go(x) = ggxZ + ... and
C(x) = cgx® + ..., where the dots denote terms of lower order and g¢,cs; € R\ {0}. By
equating the higher order terms in (37) we get ggscs = 2cs€g¢. This implies that s = 2¢
which is deg C = 2deg Go.

(b) We have that x = 0 is a simple root of Gy. Let 1/a € C be a root of Go(x) of multiplicity
m, withm € N, m > 2. Thatis Go(x) = (1 — ax)"Go(x) where Go(x) is a real polynomial
such that Go(1/a) # 0. If C(1/e) # 0, then the multiplicity of the root 1/« in the left hand
side of (37) is at least m, whereas the right hand side of (37) does not vanish at 1/, this
gives a contradiction. If C(1/a) = 0, we write C(x) = (I — ax)* C(x) with C(x) a real
polynomial such that C(1/e) # 0. Note that u € Z is such that 4 > 1. The multiplicity of
the root 1/« in the left hand side of (37) is m + u — 1 and its multiplicity in the right hand
side is u (because Gf)(l/oc) = 0 when m > 2). Therefore m + u — 1 = p which givesm =1,
a contradiction. We deduce that all the roots of G are simple.

(¢) We write C(x) = (x — a)* C(x) with > 1 and C € R[x] such that C(e) # 0. Since the
multiplicity of « in C’(x) is exactly u — 1, from (37) it follows that Go(a) = 0.

(d) Note first that for the root x = 0 we have that Gy(0) =0, GE)(O) =1and C(0) =1/2. By
abuse of notation, we can relate to the root x = 0 the value of k = —2 and the statement is
also satisfied. Now we are concerned with the rest of roots of G. Consider « € C, a # 0,
such that Go(1/a) = 0. By statement (b), this root is simple in Gy, that is, we can write
Go(x) = (1 — ax)Go(x) with Go(x) a real polynomial such that Go(1/«) # 0. Following
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the notation of the statement, we can write C(x) = (1 — ozx)k+2C~‘ (x) with C (x) a real
polynomial such that C(1 Ja) #0.If C(1/a) # 0, then the value of k corresponding to this
root is k = —2. Moreover evaluating (37) at x = 1/a, we get that G((1/a) = 1 and the
statement is satisfied. If C(1/a) =0, then k > —1 and (37) reads for

(1 — ax)Go(x) ((k +2)(1 — ax)* (—a)E(x) + (1 — ax)k“é/(x)) =
2(1 — ax)F ¢ (x) ((—a)éo(x) + (1 — ax)Gl(x) — 1) .

)k+2

We divide the previous identity by (1 — ax and we get

Go) ((k+2(=e)Cx) + (1 —an)C'(x))
=20 ((~)Go() + (1 —a0)Gy) ~ 1).
We evaluate in x = 1 /o and we have that
Go(1/a)(k +2) ()€ (1 /) =26 (1 fa) (=) Go(1 fe) — 1) .
We sum 2aGo(1 /a)é (1/a) in both sides of the previous expression to get that
—aGo(1/a)C(1/a)k = —2C(1/a).

We divide by C (1 /ar) which, by assumption, is different from zero and we have that

—aGo(1/a) k= —2.
This implies that k # 0 and that

—aGo(1/a) = =2/k.
Note that since Go(x) = (1 — o:x)éo(x), we have that Gé)(l/a) = —aéo(l/a) and we are
done.

(e) The decompositions of the statement are a consequence of the previous statements. Note that
degGo=n+1anddegC =i+ ;_, k;. By statement (a), we have that deg C =2deg G
and, thus, Y /' k; = 2.

(f) Since (G2, C) is a liftable pair by hypothesis we can apply Proposition 3.1. In doing so,
since all the roots of G are simple by assertion (b), if Go() = 0 with o € R \ {0} then
either C () # 0 or x = « is a simple root of the polynomial C. Following the notation in
(d) we have that its corresponding value of k is either —2 or —1, and in both cases we have
that G6(a) > (. Note moreover that G6(O) = 1. Thus Gy is increasing at all its real roots,
which leads to a contradiction if there are other ones apart from x = 0.

This concludes the proof of the result. O
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By (b) in Proposition 5.10, if (Go, C) is an isochronous pair with N(x) = 1/2 then all the
roots of G are simple. This is not always the case when N (x) # 1/2 as the following example
shows.

Example 5.11. Let us take Go(x) = x(1 + x)? and C(x) = %(1 + x)0. Then the functions in (3)
are

2
X
Mx) = —— d N = —.
@)= T3z 4 VO =375
It is easy to see that the involution defined by M(x) = M(o(x)) is o(x) = _Hicﬁ and that

N(x) + N(o(x)) = 1. Thus, (Gz, C) is an isochronous pair and the roots of G are not all
simple. Note that (G2, C) is not a liftable pair, see Proposition 3.1. O

The following result will allow us to prove the sufficiency conditions in Theorem C.
Proposition 5.12. Assume that Go, C € C[x] factorize as in (38), where ay, ..., o5 € (; \ {0} are
pairwise distinct, ki € N U{=2, —1} and Gy(1/o;) = =2/ ki fori =1,...,7, and Y ;}_ ki =2.
Then the equality in (37) holds, i.e., N(x) =1/2.

Proof. Let us consider the polynomial V(x) := Go(x)C'(x) — 2C(x) (G{(x) — 1). We will
show that V(x) =0, i.e., that (37) holds. From (38) we have that degGo =n + 1 and

n n
degC=> (ki +2) =) ki +2i=2+2i,
i=1 i=1

where we have used the assumption that Z?:l ki =2. Therefore deg V < 3n + 2.

Note that, since Go(0) = 0 and G6(0) =0, we have V(0) =0. Let us fix i € {1,2,...,n}.
From (38) we can write that

Go(n) = (1 —x)Go(x) and €)= (1 — ) *2C(x),
where Go(x) and C(x) are polynomials. We can write that
V@) = (=02 (Go) (ki +2)(-a)C) + (1 = ain ') = 2600 (Gox) —1)).
Thus V vanishes at least k; 4+ 2 times at x = 1/«;. We will show that it vanishes at least one

more time. Note that from Go(x) = (1 — a;x)Go(x) we have that G{)(l/ai) = —q; Go(l/ai).
We consider the polynomial

V() = Goto) (i +2)(~a)C ) + (1 = ain)€'()) = 260 (Gox) — 1),

which verifies V (x) = (1 — ;x)% 2V (x). Observe that
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V(l/a)) = (—a;Go(1/ap)(ki +2)C(1/a;) —2C(1/a;) (Gy(1/e;) — 1)
C(1/0)(Gy(1 /o) (ki +2) —2(Gp(1/a) — 1) ) = C(1 /o) (ki Gy (1 /ati) +2).

Since, by assumption, G{)(l/ai) = —2/k;, we have that V(l/ai) =0
Hence, we have proved that V (x) vanishes at 0 and vanishes at 1/«; with multiplicity at least
ki +3,fori =1,2,...,n. Therefore, the polynomial V (x) vanishes at

L4+ i+3)=1+4) k+3i=3i+3
i=l i=1

points, counting multiplicity, where we used that Zf’zl k; =2.This, due to deg V < n+2, yields
V(x) =0, so that (37) holds. O

We are now in position to prove Theorem C.

Proof of Theorem C. The necessity follows by Proposition 5.10. Indeed, since «; € C \ R for
alli=1,2,...,n, we obtain (7) from (38) taking into account that Go and C are real polynomi-
als and settmg n = n/2. The sufficiency is a consequence of Proposition 5.12. So it only remains

to be proved that if N(x) =1/2 then M = G is a Belyi functlon (i.e., a rational function with at

most three critical values). To this end note that, due to N = C M,, the assumption N = 1/2 im-

plies M’ = % Thus M’(x) can only vanishatx =0, x = 1/o; and x = 1/&; fori =1,2,...,n,
2

and x = oo. Since M = % each one of these points is either a zero or a pole of M or the value

M (00). Hence M has at most three critical values, which are contained in the set {0, oo, M (c0)}.
This concludes the proof of the result. O
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