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Abstract

It is well-known that duality theory is a fundamental tool in various areas of mathe-
matics. There are great advantages to including or using the dual problem and duality
statements. Especially, solving the dual problem can be done using other methods of
analysis or numerical mathematics. We consider a primal vector optimization prob-
lem with an objective function acting between a linear topological space X and a
linear topological space Y equipped with a pointed closed convex cone D C Y with
nonempty interior. The feasible set is supposed to be a closed convex cone. The aim
of this paper is to construct a simple and easy-to-handle dual problem by exploiting
the special structure of the primal problem and using a suitable nonlinear scalariza-
tion. The computation of the dual image set involves the minimization of a nonlinear
scalarization of the primal vector-valued objective function subject to only one lin-
ear inequality constraint. We introduce a new concept of upper semicontinuity for
a vector-valued function and prove (weak and strong) duality statements under the
assumption that the vector-valued objective function is D-quasiconvex and D-upper
semicontinuous. Furthermore, we study special cases.
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1 Introduction

It is well-known that duality theory is a fundamental tool in various areas of mathe-
matics. There are great advantages in including or using dual problems and duality
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statements. Especially, solving the dual problem can be done using other methods
of analysis or numerical mathematics. Furthermore, the objective function values of
feasible elements of one problem generate bounds for the objective function values of
the other problem. Duality statements are used to derive effective primal-dual algo-
rithms to solve the given optimization problem. In addition, important interpretations
of dual variables include the Lagrange method, saddle points, equilibrium points in
game theory, shadow prices in economics, perturbation methods, and dual variational
principles. In order to adequately exploit these advantages, a carefully and appropri-
ately designed dual problem is required. Duality statements are particularly useful
when the dual problem has a simpler structure than the primal problem.

As is known from scalar optimization, a (dual) maximization problem can be linked
to a given (primal) minimization problem in such a way that, under suitable assump-
tions, there is no duality gap. Deriving duality statements is also of great interest in
vector optimization for theoretical statements and for the development of numerical
methods.

A difficult problem in deriving duality statements in vector optimization is the
question of how to handle the “inner” optimization problem when using Lagrange
techniques or conjugation. Naturally, one obtains a set of solutions of the “inner”
optimization problem. The question of how to deal with the infimum and supremum
of a subset of a partially ordered space is also very important. There are three main
approaches that can be taken to overcome the difficulties that arise when extending
duality theory from scalar to vector optimization (see Lohne and Tammer (2007)):

e The first approach is to employ a suitable scalarization in the formulation of the
dual problem (see Schonfeld (1970); Breckner (1972); Jahn (1983, 1986, 2011);
Bot et al. (2009); Gopfert et al. (2023); Giinther et al. (2024a) and references
therein). In this approach, scalarization concepts and well-known duality assertions
from scalar optimization are applied to derive appropriate dual problems for the
primal vector optimization problem and to show duality statements. With this
approach, it is possible to derive useful duality assertions, optimality conditions,
and primal-dual algorithms based on a scalarization.

e In compliance with the observation that a dual vector optimization problem is nat-
urally set-valued, another group of dual problems is presented in the literature (see
Tanino and Sawaragi (1979); Corley (1981); Tanino (1988, 1992); Luc (1989);
Nakayama (1999); Tammer (1991); Dolecki and Malivert (1993); Pallaschke and
Rolewicz (1997); Song (1998)), where the dual problem to the primal vector opti-
mization problem is considered as set-valued optimization problem. Moreover, the
paper by Dolecki and Malivert (1993) employs a set-valued approach in combina-
tion with Lagrangian techniques and perturbations of marginal relations to prove
duality assertions for general vector optimization problems, where the solution
concept is described by a transitive translation-invariant relation. Lohne and Tam-
mer (2007) discussed embedding of the image space of the vector optimization
problem into a complete lattice without linear structure, namely a sublattice of the
power set of the image space where the primal and dual problems are set-valued.
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In this approach, duality assertions are mostly formulated for solutions to set-
valued optimization problems, which are more difficult to generate than solutions
to vector optimization problems.

e A third approach to duality assertions in vector optimization, where the solution
concept is formulated with respect to the supremum and infimum in the sense of a
vector lattice, is studied in the literature. Pallaschke and Rolewicz developed a dual-
ity theory for objective functions with values in vector lattices using corresponding
notions of infimum and supremum in the sense of utopia minimum (maximum) in
Pallaschke and Rolewicz (1997). However, these infima and suprema may not be
solutions in the sense of vector optimization (Pareto) because they may not belong
to the image set of the objective function. In Pallaschke and Rolewicz (1997),
notions of vector-convexity, vector-subgradients and vector duality analogously
to the scalar case are studied taking into account the order in the vector lattice.
Nieuwenhuis (1980) introduced solution concepts based on infimal (supremal)
sets closely related to weakly (Pareto) efficient elements. The duality assertions
for these solution concepts are presented in Nieuwenhuis (1980) and Tanino (1988,
1992). These concepts were extended by Dolecki and Malivert (1993) to infimal
sets, which are also closely related to other kinds of efficiency. A consistent use
of the lattice structure in Lohne and Tammer (2007) makes it possible to transfer
the formulations, statements, and proof techniques from the scalar optimization
theory.

In our paper, we follow the first approach.

We consider a primal vector optimization problem where the vector-valued objec-
tive function is D-quasiconvex and D-upper semicontinuous and the feasible set is a
closed convex cone. The goal of this paper is to formulate a useful dual problem with
a simple structure by exploiting the special structure of the primal problem and using
a suitable nonlinear scalarization. The computation of the dual image set involves the
minimization of a nonlinear scalarization of the primal objective function subject to
only one linear inequality constraint. We prove (weak and strong) duality statements
in our paper and study special cases.

To the best of our knowledge, duality for quasiconvex vector minimization over a
closed convex cone has not been studied earlier, in spite of its potential applications
to portfolio optimization (risk measures are often quasiconvex; see, e.g., the recent
paper Bellini et al. (2026) and the references contained therein), among other fields.
The scalar case was considered for the first time in Martinez-Legaz and Sosa (2022)
as a natural extension of the classical duality for convex minimization over a closed
convex cone in Rockafellar (1970, Theorem 31.4). The special structure of the problem
we consider has the advantage of yielding a simple dual, involving only one linear
inequality constraint, in sharp contrast with the classical vector dual problems. From a
computational point of view, the easy handling of a single linear inequality is obvious.
To derive weak and strong duality statements for quasiconvex vector optimization
problems, we introduce a new concept of upper semicontinuity for a vector-valued
function and compare it with the concept of upper semicontinuity for vector-valued
functions by Corley (1980).
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Our paper is organized as follows. In Sect.2, we introduce the solution concepts
for vector optimization problems. Nonlinear scalarization methods that are important
for deriving our duality statements are recalled in Sect. 3. The relationships between
vector optimization problems and the corresponding scalarized problems are described
in Sect.4. Our main results are derived in Sect.5, where we show weak and strong
(direct, converse) duality assertions for quasiconvex vector optimization problems.
Special scalarization methods and corresponding duality assertions are discussed in
Sect. 6. Finally, we give some conclusions in Sect. 7.

2 Preliminaries

In this section, we are going to take a look at some of the well-known solution concepts
in vector optimization (see Jahn 2011, Chapter 4 or Khan et al. 2015, Section 2.4) for
an overview).

Throughout this paper, let Y be a real topological vector space partially ordered by
a pointed closed convex cone D with nonempty interior and S € Y; we recall that
D being pointed means that D N (—D) = {0}, which is equivalent to saying that it
contains no lines. It is well-known that D induces on Y a partial order relation <p
defined, for any two points y,y € Y, by

y<py &= yey-D.

For convenience in notation, we consider the binary relations SOD and <p that are
defined, for any two points y,y € Y, by

IA

= yey—(D\{0) (&= y=py. y#),

y
y &= yey—intD.

y
y <
Definition 1 (Minimality) A pointy € S is said to be a minimal element of S w.r.t.
D if for any y € S condition y <p y implies y = j. The set of all minimal elements
of S w.r.t. D is denoted by
MIN(S, D) :={jeS|VyeS: y<pi=y=3)={(7eS|ByeS:y=<h 7
Definition 2 (Weak minimality) A pointy € S is said to be a weakly minimal element
of S wrt. D if there is no y € S such that y <p . The set of all weakly minimal
elements of S w.r.t. D is denoted by
WMIN(S, D) :={yeS|HyeS: y<py}={yeS| SN —int D) = @}.
In order to introduce the solution concept of (weakly) maximal elements of the dual

vector optimization problem (see Sect. 5.1), we consider

MAX(R, D) := MIN(R, —D) and WMAX(R, D) := WMIN(R, —D),
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for a nonempty set R C Y.
We will show duality statements for weakly mimimal elements of the primal
problem and weakly maximal elements of the dual problem in Sect. 5.

3 Nonlinear scalarization

We are using nonlinear scalarization as the main tool for the construction of the dual
problem to the nonconvex primal problem and for the proofs of the duality statements.
Suppose B is a proper closed subset of Y that contains the rays generated by

k € Y\{0}, i.e.,
B + 1[0, +00)k € B. (1)

We consider the nonlinear functional

¢_pi(y):=inf{t e R |y € tk — B}. 2)

The following properties of the functional ¢ := ¢_p i are described in Gopfert
et al. (2023, Theorem 2.4.1).

Theorem 3 Let B C Y be a closed proper set and k € Y\{0} be such that (1) holds.
Then @ is Ls.c., dom o = Rk — B,

VieR: {yeY|o(y) <Ai}=2xrk—B, (3)
and ¢ is translation invariant along k, i.e.,
VyeY, VAeR: o+ rk)=9()+A. “4)

Moreover,

(a) @ is convex if and only if B is convex; o(Ly) = Ap(y) forall . > 0andy € Y if
and only if B is a cone.

(b) ¢ is proper if and only if B does not contain lines parallel to k, i.e.,
VyeY,3teR : y+1tk ¢ B. (5)
(¢) ¢ is finite-valued if and only if B does not contain lines parallel to k and
Rk—B =Y. (6)

(d) Let E C Y; ¢ is E-monotone (i.e., y —y| € E = ¢(y1) < ¢(n)) if and only
ifB+ECB.

Suppose, furthermore, that
B + (0, +00)k C int B. @)

Then
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(e) ¢ is continuous and

VieR: {yeY|e(y) <A}=xrk—intB, (8)
VieR: {yeY|e(l)=1r}=xrk—bdB. ©)

) If  is proper and E C Y, then
¢ is E-monotone < B+ E C B bdB+ E C B.

Moreover, if ¢ is finite-valued, then ¢ is strictly E -monotone (i.e., y2 — y| €
EN{0} = ¢(y1) < ¢(y2)) & B+ (E\{0}) S int B < bd B+ (E\{0}) < int B.

4 Vector optimization problems, scalarized problems, and their
relationships

Let Y be areal topological vector space, B a proper, closed subset of ¥ with nonempty
interior, S € Y and yg € S. Concerning weakly minimal elements of S w.r.t. D
introduced in Definition 2, we have the characterization by means of the functional
¢_pB .k in (2) with —B :=a — D, where D C Y is a pointed closed convex cone with
nonempty interior, k € int D and a € Y, given in Theorem 4 below.
We consider
Ya—pk(y) :=inf{t e R |y e tk +a — D}. (10)

Using the nonlinear functional in (10), we formulate the scalarized problem
®a—pk(y) —> min. (Pa—D.k,s)
yeS

Furthermore, we consider the

t —> min
subject to
yetk+a—D
yeS, teR.

(11)

The equivalence of the scalarized problem (P,—p k. s) and the optimization problem
(11) is shown in Tammer and Weidner (2020, Theorem 5.1.3(b)).

The assertions of the following theorem are derived in Tammer and Weidner (2020,
Theorem 6.2.37).

Theorem 4 Assume that Y is a linear topological space, S, D C Y, D is a nontrivial,
closed, convex, cone with nonempty interior and there exists a € Y such that § C
a +int D. Then

WMIN(S, D) ={y" e S| 3k eint D : p,_px°) = min ¢, p.x ()}
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Furthermore,
MIN(S, D) = {y0 eS|3keintD: yo is the unique minimizer of 9,—p y over S}.

The functions @,—p i are finite-valued, convex and continuous.

5 Duality assertions for quasiconvex vector minimization problems

Given two real linear topological spaces X and Y, a nonempty feasible set K C X
supposed to be a closed convex cone, and a vector-valued objective function f : X —
Y, we consider the following primal vector optimization problem:

i r.t. D
)j: (ex)K—> min W.r. (VP)

where the image space Y is partially ordered by a pointed, closed, convex, cone D
with nonempty interior and there exists an elementa € Y such that f(K) € a+int D.

In the study of the vector optimization problem (VP), we are looking for efficient
solutions of (VP) belonging to the set

Eff(K, f, D) := f~/(MIN(f(K), D))
and weakly efficient solutions of (VP) belonging to the set

WESf(K, f, D) := £ '(WMIN(f(K), D)).

In the following, we denote the topological dual space of X by X™* with the duality
product (-, -) : X x X* — R. Furthermore, we denote the dual cone to the cone
KCXbyKT:={x*ecX*|VxeK: (x,x*)>0}.Forafunction f : X — Y
from X into another linear topological space Y and y* € Y*, we will use the notation

(fLy*)=yof.
5.1 Primal and dual vector optimization problems

We suppose that the objective function f : X —> Y acting between a linear topo-
logical space X and a linear topological space Y equipped with the cone D C Y is
quasiconvex in the sense of the following definition.

Definition 5 The function f : X — Y is called D-quasiconvex, if for any y € Y,
the set f~! (y — D) is convex.

Concerning the quasiconvexity of the composition ¢,—p o f, where ¢,—p i
is given by (10), the following result by Giinther et al. (2024b, Proposition 4.2) is
important.
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Proposition 6 Suppose that D is a proper, closed, convex cone in Y with nonempty
interior and k € int D. For any vector function f : X —> Y, the following assertions
are equivalent:

1. fis D-quasiconvex.
2. Forevery a € Y, the scalar function ¢,_p o f : X —> R is quasiconvex.

Furthermore, we assume the upper semicontinuity of the objective function f with
respect to D. We will use the following definition.

Definition7 We will say that f : X — Y is u.s.c. with respect to D (for short,
D-uppsc) if f~! (a — int D) is open for every a € Y.

In the case where D is a polyhedral cone, our definition of upper semicontinuity
admits a nice characterization, as shown next.

Proposition 8 Suppose that D is a closed, convex cone in Y with nonempty interior,
andlet f : X —> Y. If f is D-uppsc, then {f, y*) is upper semicontinuous for every
y* € DT If. moreover, D is polyhedral, that is, there exist Viseons y; e DT\ {0} such
that

D={yeY:(y,y)=0foreveryi=1,..,p}, (12)

then the converse also holds true; in fact, in this case, it is sufficient that ( f, yl*) be
upper semicontinuous for every i = 1, ..., p. In particular, if Y = RP and D = RF
then f = (fl, e fp) is D-uppsc if and only if f; is u.s.c. for everyi =1, ..., p.

Proof Assume that f is D-uppsc, and let y* € Dt and y € R. We will prove that

(£ ooy = |J fl@—intD). (13)
(a’aﬁ{:)’

The inclusion 2 is immediate. To prove the converse inclusion, let x €
(f,y*)_l ((—=o0,¥)), and take k € int D. We have (k,y*) > 0 and, since
(f (x), ¥y*) <y, we may assume, without loss of generality, that

(k, y) =y = (f @), y%).

Then setting a := f (x) + k, we have (a, y*) = y and x € f~! (a —int D). This
proves the inclusion C. Since f is D-uppsc, the equality (13) shows that the set
(f, y*)~! ((—=o0, y)) is open, thus proving the upper semicontinuity of (f, y*) .
Suppose now that (12) holds for yf, ..., y5 € D*\{0} and (f,y}) is upper
semicontinuous for every i = 1,...,p, and let a € Y. Using the equality
intD = {y eY: <y, y;") > Qforeveryi =1, ..., p}, one can easily prove that

fY(a—intD) = mip:l (f. y;")_l ((—o0, (@, y#))) , which, by the upper semicon-
tinuity of the functions (f, y}), shows that f~! (a — int D) is open. |

@ Springer



Surrogate duality for quasiconvex vector minimization

An alternative definition of upper semicontinuity was proposed in Corley (1980),
where f : X — Y is said to be D-u.s.c. if f~! (a + D) is closed for every a € Y.

These two definitions are clearly equivalent in the scalar case. In the general vector-
valued case, our definition is stronger when Y is locally convex, as the following
proposition establishes.

Proposition 9 Under the assumptions of Proposition 8, if Y is locally convex and
f : X — Y is D-uppsc, then it is also D-u.s.c..

Proof The local convexity of Y implies the equality
D={yeY:(y y")=0forevery y* € D"},

using which one can easily prove that, for every a € Y, one has

farpy= ) {757 ([fay). +00)).

y*eDt

Since, by Proposition 8, the functions ( f, y*) are upper semicontinuous, this equality
shows that f~! (a 4+ D) is closed, thus proving that f : X — Y is D-u.s.c.. O

However, in the vector-valued case, these two definitions of upper semicontinuity
are not equivalent, as illustrated in the following example.

Example 10 Let Y = R%, D = R, and define f = (f1, f») : R — R? by

0 if x=0,
fi(x) =
1 if x #0,
0 if x=0,
falx) ==
In |x| if x #0.
Fora = (a1, ap) € R2, one has
? ifa; > 0,

fFHa+RY) =] (o0, —e®] U [e®, +00) U{0} ifa; <Oanda, <0,
(—o0, —e“z] U [8“2, +00) in all other cases.

Thus, f is upper semicontinuous in the sense of Corley. However, since f] is not upper
semicontinuous, in view of Proposition 8§, we see that f is not D-uppsc.

Proposition 11 Consider k € intD anda € Y. If f : X — Y is D-uppsc, then
@a—D.k © [ is upper semicontinuous.
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Proof Let 1 € R. We have
{xeX | (pa—piof) ) <rf=f"({yeYlvapr (<2}, (14
From Theorem 3(e), we get
{yeY |gapi(y) <A} =ik+a—intD. (15)
Taking into account (14) and (15), we obtain
{x € X | (pa—piof)(x) <r}=f"' Ak +a—int D),

which, since f is supposed to be D-uppsc, shows that the sets (14) are open, thus
proving that ¢,_p x o f is upper semicontinuous. O

Remark 12 1t is possible to relax the assumptions of Proposition 11 by replacing the
assumption” f : X — Y is D-uppsc” by the weaker condition” f ! (Ak + a — int D)
is open for all A € R”.

In the following, we consider (VP) with f : X — Y being D-quasiconvex and
D-uppsc. The dual vector problem to (VP) is defined as follows:

y — max w.r.t. D (VD)
yew,
where W C Y is the dual feasible set. More precisely, we are interested in the following
instance of (VD) with W := W!:
Compute an element of MAX(W!, D) or WMAX(W!, D), where

U ={yey|Ix*eKkt,IkeintD: %nf
Jx,x*

xeX

120 Pa-D.k(f (X)) = @a—Dk(¥)}

and MAX(¥', D) = MIN(W!, —D), WMAX(¥!, D) = WMIN(¥!, —D).

Remark 13 The nonlinear functional ¢,_ p  given by (10) is involved in the construc-
tion of the dual image set W!. For deriving the duality statements, the properties of
@a—p.k (see Theorem 3) are essential.

The choice of the dual set W! is motivated by the surrogate duality approach to the
scalar case presented in Martinez-Legaz and Sosa (2022), in which the dual objective
function incorporates the simple linear inequality constraint (x, x*) > 0. This con-
straint is a relaxation of the original constraint x € K, due to the condition x* € K.
This is a typical situation in quasiconvex duality; in contrast with convex duality, in
which the constraints are incorporated to the objective function using Lagrange mul-
tipliers, in the quasiconvex case the multipliers do not yield an unconstrained dual
objective function but replace the original constraints with a nonnegative linear com-
bination of them. Thus, in the case of a scalar quasiconvex minimization problem over
a closed convex cone K, the optimal multipliers x* € K represent a homogeneous
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halfspace, defined by the linear inequality (x, x*) > 0, which contains the original
constraint set K, and are such that, under the relaxation (x, x*) > 0, the optimal
value remains the same. Note that the condition x € K can be written equivalently as
"(x, x*) > 0 for every x* € K+ ", so that, in this case, the surrogate duality method
shows that, under suitable assumptions, infinitely many homogeneous linear inequal-
ity constraints may be relaxed by replacing them with a single one. It is worth noticing
that no convexity, but just quasiconvexity, of the objective function is required for this
approach to work.

5.2 Duality statements for the scalarized primal and dual problem
Furthermore, we study the following scalarizations of (VP) and (VD):

min ¢, p k (f (x)), (Pa—D k. f(K))
xekK

where a € Y and k € int D. The surrogate dual problem to (P,_p k, r(k)) in the sense
of Greenberg and Pierskalla (1970) is

max inf _ . D._
x*eKt xeX, (x,x*)ZO(pa D’k(f(x)) (Dy D,k,f(K))

Using Propositions 6 and 11, from Martinez-Legaz and Sosa (2022, Thms. 9 and
10), one obtains the following results.

Theorem 14 If f : X — Y is D -quasiconvex and D-uppsc, k € int D anda € Y, then
there is no duality gap between (Py_p k. f(k)) and (Da—p i, f(k)) and (Da—p k. f(K))
has an optimal solution.

Theorem 15 Letk € int D, a € Y, xo be a solution to (Pa_p , f(k)), and x* € K.
If f : X — Y is D-quasiconvex and D-uppsc, then the following equivalence holds

true:
x* is an optimal solution to (Dy_p , f(k))

=
(pa—D,k(f(x())) = mianX, (x,x*)>0 (pa—D,k(f(x))~

5.3 Duality assertions for weakly minimal elements

From Theorems 4, 14, and 15, we obtain the following result under the assumption
that the objective function is D-quasiconvex and D-uppsc.

Theorem 16 Let xo € K and suppose that there exists a € Y such that f(K) C
a+int D.If f : X — Y is D-quasiconvex and D-uppsc, then the following conditions
are equivalent:

(1) xo is a solution to WMIN (f(K), D)),
(2) 3x* € KT such that xq is a weakly minimal solution to

WMIN(f(K), D),
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where K == {x € X | {(x,x*) > 0}.
Theorem 17 (Weak duality) Consider the pair of dual vector optimization problems
(VP) and (VD) with W := W' and suppose that f : X — Y is D-quasiconvex and
D-uppsc. Then the weak duality condition holds:
F(K)N (W' —int D) = ¢. (16)

Proof Let y be an arbitrary element of W' with the corresponding x* € K+ and
k € int D. Then we obtain

Pa—Dk(Y) < inf @ pr(f(x)) (17
xeX, (x,x*)>0
< @a—pk(f(x)) forall x € X with (x, x*) > 0, (18)

ie.,
®a—Dk(¥) < @a—p i (f(x)) forall x € K. (19)

Suppose that (16) does not hold. Then there are X € K and y € Ww! with the corre-
sponding X* € KT and k € int D such that f(X) € ¥ — int D. Taking into account
Theorem 3(f), ¢,_p, 5 is strictly int D-monotone. This yields

upi(f ) < 0y_p i),
a contradiction to (19). O

Theorem 18 (Strong (direct) duality) Consider the problems (VP) and (VD) with
U := W! and assume that f : X — Y is D-quasiconvex and D-uppsc.

If xo is a weakly efficient solution of (VP), i.e., f(xo) € WMIN(f(K), D), then
f(x0) is weakly maximal for (VD), i.e., f(xg) € WMAX(\IJl, D).

Proof Let xo be a weakly efficient solution of (VP), i.e., f(x9) € WMIN(f(K), D).
According to our assumptions, there exists an element a € Y such that f(K) C
a + int D. Then from Theorem 4, we find that there is an element & € int D such that
Xo solves the scalar problem (P, p «, r(k))- Taking into account Theorems 14 and 15,
we obtain

_ = inf -
$a-Dk(f(x0)) = max, LY D.k(f(x))

= inf  @api(f(x))
*) 0

xeX,(x,xO >

for some xj € K.

This yields f(xg) € W' with the corresponding x5 € K T and k € int D. From
the weak duality assertion in Theorem 17, we can conclude that f(xg) is a weakly
maximal element for W!, ie., f(xg) € WMAX(V!, D). O
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6 Special scalarization

In this section, we study well-known special cases of the functional ¢,_p x in (10)
involved in the formulation of the dual problem (VD), namely the norm introduced
in Jahn (1987) and the Hiriart—Urruty functional introduced in Hiriart-Urruty (1979).
Using the general duality statements in Sect. 5, we can derive the corresponding duality
statements for these special cases. Our goal is to create a straightforward and practical
structure for the dual problem, which could be helpful in solving it more efficiently.

6.1 Norm scalarization

The first goal is to construct the dual problem to the primal problem (VP) using norm
scalarization. This is possible because, under certain conditions, the functional ¢, p
in (10) coincides with specific Minkowski functionals and norms.

For k € int D and y € Y, we define (see Jahn 1987) the following norm:

Iylpx :=inf{k>0:%ye(—k+D)ﬂ(k—D)}. (20)

Remark19 If Y = R", D = R’} and k = (ki,...,k;) € intR}, then [|yllp, =
i—’ ‘ (see Tammer and Weidner 2020, Remark 9.1.9).

maXi<i<n

The relationship between the scalarized problem (P,_p k s) and a scalarization
by the norm ||| 4 in (20) is given in the following proposition as a special case of
(Tammer and Weidner, 2020, Proposition 5.5.2).

Proposition 20 Assume thatY is a linear topological space, S, D C Y, D is a nontriv-
ial, closed, convex, cone with nonempty interior and k € int D. Let the norm ||| p 4
be given by (20). Then,

ly —alpr = @a—Dr(y)ify €a+ D.

Suppose that there exists a € Y such that S C a + int D. Then problem
min [y —allp 4
yeS

is equivalent to the problem (Py—p k.s).
We obtain the following result as a special case of Theorem 4.

Theorem 21 (Jahn 1987, Thm. 2.1). If there exists a € Y such that S C a +int D, for
Yo € S the following equivalence holds:

Yo is a weakly minimal element of S
<
3k € int D such that ||yo — allp = minyes |y —allp g -
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Taking into account Proposition 20, we consider the scalarized primal problem

min || f(x) —allp . (Pl p s, f(K))
xek !

where a € Y and k € int D.
We get the following properties of the objective function in problem (P).j, ,. r(k))
from the assertions concerning the general functional ¢,_p i derived in Sect. 5.1.

Corollary22 Let k € intD and a € Y be such that S € a + intD. If [ is D-
quasiconvex, then || f — allp x is quasiconvex.

Proof The quasiconvexity of || f — a|| p 4 follows from Proposition 6 and Proposition
20. O

Corollary 23 Letk € int D and a € Y be such that S C a + int D. If f is D-uppsc,
then || f — allp 4 is u.s.c..

Proof The upper semicontinuity of || f —allp follows from Proposition 11 and
Proposition 20. O

We now consider the scalarized primal problem (P, ,, r(k)) under the assump-
tions that f : X — Y is D-quasiconvex and D-uppsc. The corresponding surrogate
dual problem to (Py.|,, . r(k)) in the sense of Martinez-Legaz and Sosa (2022) is

max inf — . Dy.
K xeX, (x,x%ollf(x) allpk (D)-ip g f(K))

Using the general results derived in Sect. 5.2, we obtain the following duality
statements for the problems (P”'HD,lnf(K)) and (D”'HD,ksf(K))'

Corollary 24 Suppose f(K) € a + int D for some a € Y. If f : X — Y is D-
quasiconvex and D-uppsc, then there is no duality gap between (P, . f(k)) and
(DH-Hka,f(K)) and (DH-Hka,f(K)) has an optimal solution.

Proof The assertion follows from Theorem 14 and Proposition 20. O

Corollary 25 Suppose f(K) C a + int D for some a € Y. Let k € int D, xo be
a solution to (P|.|, . r(k)) and x* € KT.If f : X — Y is D -quasiconvex and
D-uppsc, then the following equivalence holds true:

x* is an optimal solution to (D”'HD,kxf(K))
<
I f (x0) —allpx =ming x>0 [l f (x) —allp -

Proof We obtain the assertion from Theorem 15 and Proposition 20. O

Using these results for the scalarized problems (Py., .. r(k)) and (D, .. f(k)),
we can apply the duality assertions in Theorems 17 and 18 derived in Sect. 5.3 to the
primal problem (VP) and the dual problem
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y — max w.r.t. D

Y€V,

with the dual image set given by

Wiy, ={yeY|Ix*e K",k eintD : inf -
o == {Y | 3x n xex’l(r;vx%ollf(x) allp k

> lly —allp}-

With regard to the aim of this paper, which is to obtain structures for the dual problem
that are as simple and manageable as possible, we now return to the finite-dimensional
case Y = R".

We consider the special case of the primal problem (VP) where Y = R", D = R" |
k eintRY, f = (f1,..., fu), anda €R" is such that f(K) C a+int R, . We denote
this special case of the primal problem (VP) by (VPRi ).

We consider the scalarized problem of the form (P o f( K)) to (VPR1 )

: fi (x) —a;
min max ————,
xeK 1<i<n ki

21

where a € R" and k € int R’} .
Taking into account Remark 19, we obtain the corresponding dual problem to
(VPRQ ) in a very useful structure.
n

y — max w.rt R
Y € Wlllgy i

with the dual image set given by

(%) — a:
Wi =1y €R" [Ix* € K¥, 3k € intRY, : inf max fit—ai
RY & xeX, (x,x*)>01<i<n k,‘
o
> max Yi i }
1<i<n i

The corresponding surrogate dual problem to (21) in the sense of Martinez-Legaz
and Sosa (2022) is

fi @) —a; .

]

max inf max (22)

x*eKt xeX, (x,x*)=01<i<n

Remark 26 Using our approach to duality, we have thus obtained a dual problem to the
vector optimization problem (VPg») that is highly amenable to numerical methods.
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6.2 Scalarization using the Hiriart-Urruty functional

Now, we consider the Hiriart—Urruty functional (see Hiriart-Urruty (1979)) to derive
the dual problem to (VP).

Definition 27 (Hiriart-Urruty 1979) Let Y be a normed space, d : ¥ x ¥ — R
the distance function in_Y and S C Y. The Hiriart-Urruty (or oriented distance)
function Ag(-) : Y — R is defined by

VyeY: Ag(y) :=d(y,S) —d(y, (¥Y\S)). (23)

Remark 28 Under the assumption that Y is equipped with the norm || - || p x (see (20))
given by the Minkowski function of the order interval [—k, k]p as

1
||y||D’k=inf{)L>O:Xye(—k+D)ﬂ(k—D)}, (24)

where k € int D, the function ¢_p  in (10) coincides with the function A_p ; =
A_p in (23) corresponding to the distance function d induced by the norm || - | p ¢ in
(24), see Tammer and Weidner (2020, Theorem 9.3.5). This means that we have

0-pk(y) =A_pi(y)

forally e Y.
The corresponding dual problem to (VP) is given by

y — max w.r.t.D 25)
YyEWYA 5,
with respect to the dual image set
- * + . . .
Ua ppi=|yer |3 ekt keimD: M A DK@ 2 A p i}

Under the assumption f(K) C int D, we can employ the duality assertions derived
in Sect. 5.3 for the primal problem (VP) and the dual problem (25).

7 Conclusion

In our paper, we derived new duality statements for weakly minimal elements of
quasiconvex vector minimization problems using the special structure of the primal
problem. For the quasiconvex primal vector optimization problem, it was possible to
derive a useful dual problem, where the computation of the dual image set involves the
minimization of a nonlinear scalarization of the primal vector-valued objective func-
tion subject to only one linear inequality constraint (Theorem 16). We have shown
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corresponding weak and strong duality assertions (Theorems 17 and 18, respectively),
thus extending the surrogate duality theory for scalar quasiconvex minimization prob-
lems over closed convex sets established in Martinez-Legaz and Sosa (2022) to the
vector setting.

A limitation of our approach stems from the fact that it relies upon the existence of
an ideal point, that is, an element a € Y such that f(K) € a + int D. Even though
this assumption holds in many cases (for instance, it can be easily proved that it holds
when f is continuous, K is compact and D D R’i), it may be worth investigating if
it can be relaxed, but this would require a rather different approach.

For further research, it is interesting to prove a converse strong duality statement,
showing how every weakly maximal element of the dual problem yields a weakly
minimal element of the primal. Furthermore, duality statements for properly minimal
elements of the primal quasiconvex vector-valued minimum problem and maximal
elements of a suitably constructed dual problem are of interest.

It should be investigated how the duality statements proven in our paper can be
used to derive primal-dual algorithms for solving quasiconvex vector optimization
problems, especially to get estimates of lower bounds for the primal problem and
stopping criteria in primal-dual algorithms. This is a promising avenue given the
simple formulation of the dual objecive function, involving only a linear constraint.

Another potential field for future research is portfolio optimization, since, as we
have mentioned in the Introduction, risk measures are often quasiconvex.
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