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This note is concerned with the usual Sherrington-Kirkpatrick model of interacting spins, that
can be briefly described as follows: for N > 1, set ¥y = {—1, 1}, called the space of config-
.,0N) € Xy, the quantity o; will stand for the value of the
spin of the configuration. We will suppose that the spins randomly interact according to a

urations. For a given o = (o7, ..
Z‘th
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Abstract

In this note, the Sherrington Kirkpatrick model of interacting spins is under consider-
ation. In the high temperature region, we give an asymptotic expansion for the expected
value of some genereral polynomial of the overlap of the system when the size N grows to
infinity. Some of the coefficients obtained are shown to be vanishing, while the procedure
to get the nontrivial ones has to be performed by a computer program, due to the great
amount of computation involved.

Introduction

mean field model represented by a Hamiltonian Hy given by
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where {g;;;1 <i < j < N} is a family of independent standard Gaussian random variables,
defined on a probability space (€2, F, P). For a given positive parameter 3 (that stands for the
inverse of the temperature of the system), set then

Iy = Z exp (—BHn(0)).

TEXN

We will consider here the random Gibbs measure G,, on Xy, that gives the highest weight to
those configurations minimizing the energy Hy, and whose density with respect to the uniform
measure is given by Zy' exp(—B3Hy(0)) for all ¢ € By. For any N,n > 1 and any function
3% — R, we will then set (f) for the average of f with respect to dG%", i.e.

(fy=2y" Z flot,...,a™)exp (—QZHN(01)> :

ol,...,oneXy I<n

and the quantity E(f) will be denoted by v(f).

Parisi’s analysis of the SK model (see [4] for a complete discussion) showed that a family
of functions of particular interest, summarizing a great amount of information about the whole
spin system, is the family {R;;;1 <1 <’ < oo}, where

1 /
_ § 1l
Rl’l/ — N O'ZO'Z 5

<N

and o, o' are understood as two independent configurations under the measure def}Q. The

quantity R, (which will be the main object of study of the present paper) is called overlap
between the configurations o! and ¢, and can be easily related to the number of spins of ¢
and o' which are in the same direction.

While the efforts of Physicits generally aim at the understanding of the low temperature
regime of the SK model, and of the related phenomenon of non self averaging (see e.g. [5] and
[7]), the high temperature domain (i.e. 5 € [0,1)) is still of mathematical interest: indeed, in
that case, a rather complete description of the limiting behavior of the system when N — oo can
be given, generally amounting to some asymptotic theorems concerning Zx and R; . Among
those results, we can cite [8] concerning the L2-limit of + log(Zy), as well as [1], [2] and [3], that
provide some Central Limit Theorems for Zy and R;,. However, the possibilities of getting
some sharp estimates for the above quantities have been greatly enhanced by the rigorous
introduction and proof of the cavity method, summarized in [9], leading among other results
to a number of interesting CLT for the family {R;;;1 <[ <! < co}.

In this paper, we would like to go one step further into that line of investigation, and try to
give a complete expansion (in terms of power series of ;) for the quantity v(R3,), and more
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generally, for any quantity of the form

v (H JNJNRJz 1> ; (1)

for an arbitrary sequence of indexes (j;, ;). This is indeed a natural question, quoted as Research
Problem 2.3.1 in [9]. Furthermore, it can be shown, using the stochastic calculus methods
introduced in [2], as well as the large deviations estimates for semi-martingales given by [6],
that a moderate deviation principle could be obtained for % log(Zy) as long as we can prove
the boundedness in N of some exponential moments for the random variable

N ((NR?72> - 1%52) .

This, in turn, can be easily reduced to the asymptotic behavior of quantitites of the form

k
<H R%j—1,2j> )
j=1

for any £ > 1. This article can be understood then as a preliminary step towards the moderate
deviations principle for Zy.

Let us now present the main results of our paper. The general expansion in terms of N for
(1) is given by the following theorem:

Theorem 1.1 For any n > [%} and B < 1, there ezist constants C(f3,j) such that

n C 7.
A okma = 3 “8lvo(hs).

=[]

Remark 1.2 One would also expect to get some terms of order N*= in that expansion. Qur
result shows that the coefficients corresponding to those terms are all vanishing.

As a particular case of our general result, we have the following
Theorem 1.3 For anyn > 1 and § < 1, there exist constants C((3,j) such that

" C(B, ] 1
V(R%Q):Z%'FO(]\WH)’

J=1




where

1
)
_ =0+
A=y
Cia.3) - 0197 +49* = 55%)

(1—p2)7

In fact, Theorem 1.1 will be an easy consequence of the next proposition, whose proof will
be detailed in the sequel of the paper.

k
Proposition 1.4 For any n > [%} and 3 <1, a term v HO‘ aﬁVR .) can be written as a

=1
finite sum of terms of the type

57 _V HUNUNRJM

with j,m >0, j+3 > k 5 plus a remainder of order O ( e >, where K (3, 1) denotes a constant

depending on (3 and the family of indexes I = {(ji,1;),1 < i < r}. Moreover, when j + § = k

2
then j > 0.

Remark 1.5 Notice that when r = 0 we get the terms of the form NJ’ ) with jeNandj> g

These terms are the unique ones that appear in the decomposition given in Theorem 1.1.

Note that the bulk of the computations one has to perform in order to obtain the expansion
of V(Riz) does not allow us to give a closed formula for all the constants C(3, j). However, the
analysis of the mechanism needed to obtain those fomulae lead us to write a computer program
performing this kind of calculations. The listing of the program will be given in an Appendix.

Our paper will be divided as follows: in the next Section, we will recall some basic facts and
methods concerning the SK model. At Section 3, for sake of readability, we will explain our
methods by calculating the first two terms of the expression of v(R7,). Then, at Section 4, we
will prove our main result (i.e. Proposition 1.4). Section 5 will be devoted to the explanation
of the algorithm of our program, which will be given in the Appendix.

Troughout the paper all constants appearing in the proofs are called K, K(3), K((3, k) and
K (3, k,n), although they may vary from one part to another. We will omitt the dependence
on the family of indexes I.



2 The cavity method

Let us recall now the basic features of the cavity method (taken from [9]), that allows to reduce
integrals with respect to a N-spins system to a N — 1-spins one: set

o= (%)éﬁ, ¢l

and (.)_ the averaging with respect to Gy at temperature 3_. Let n > 1 and o!,... 0™ be
n independent copies of a N-spins configuration. For any j € {1,...,n}, we will also denote
o) = (p’,e?), where p/ € ¥y_; and & € {—1,1}. Set

9 = Y9iN
B
g(p) = N1/2 Z 9i0i-

i<N-1

Then it is easily shown that for one configuration o, setting oy = ¢, we have

—BHN(0) = —B-Hn-1(p) + 29 (p),
and hence, for f: 3% — R, we can decompose (f) into

(AvfEn)_

<f>: n ’

where, for a function ¢ : {—1,1}" — R, we set

1
Avg0:2—n Z o€ty ..., En),

€1,-en€{—1,1}"

and

£, = exp (Zﬁlg(Pl)>

I<n

Z = (Av&)_ = (cosh (g(p")))_

The path between the original spins system and a system in which the last spin is decoupled
from the other ones, can be defined as follows: for ¢ € [0, 1], set

_ 12

9:(p) 9(p)-



Forn>1, f: X% — Rand t € [0, 1], let then (f); be the quantity defined by

()= 2" (AVfE)

where

Ent = €xp (Zflgt(pl))

I<n

Zy = (Av&,) = <cosh (gt(pl)))>_

Set also v4(f) = E[(f):] for t € [0,1], and notice that v(f) = v1(f).
The following propositions, that we label for further use, are then shown in [9].

Proposition 2.1 For a function f on X%, and t > 0, we have

v(f) = B Z v(fecr Riy)

1<i<l/<n

- 52” Z vi(feient1Ripng1)

I<n

nin—+1
+ 62%Vt(f5n+1€n+2Rn+l,n+2)-

Proposition 2.2 If f is a function on X%, then

K(GB,k,n)

O =

. 2
3 Expansion of v(Rf,)
We begin by introducing some notation.
Definition 1 Given an expression Hle g€, Rj, 1, we define the e-order of this expression as

the number of different indexes that appears an odd number of times in the set {j;, l;; 1 <i < k}.
Notice that the e-order can be computed as

Z ( mod (Zk:(l{zi:n} + 1{ji:n})72)>'

n i=1



Notice that the e-order is always a nonnegative even number. Note also that

k k
H €5:€l; Rji,li and H €5:€l; Rji,li
i=1 =1

are of the same e-order.
In order to get the expansion of ¥(R?,) we need the following technical lemma that allows

us to obtain of a lot of terms.

k
Lemma 3.1 Given ngigliRjiJi,
=1

set \ its corresponding c-order. Then for all § < 1

k
(a) I/o(H ejen ;) =0 when A >0,
=1

K(k,
|V0(H5ji€lle < ( n when A =0,
i=1 Nz
k
K(k, B)
0 Qe <
k
K(k,
() v(]]esenRin)l < ( Eﬁ)
i=1 Nz,

Proof: The case (a) when A > 0 follows immediately from the definition of vj.

The other cases follow easily from the estimates v(R3%) < K](\f;ﬁ ) V((Riy)%) < Kf@;ﬁ ) and
vi((Riy)*) < K(k, B)v((Ry,)*) given by Talagrand (see (2.88), (2.89) and (2.91) in [9]), and
the following version of Holder’s inequality: if 7,7 > 1, % + % =1, then for all ¢ € [0, 1]

vl fifa) < v A (| )7

Then we are able to prove the following expansion.

Proposition 3.2 For all 3 <1 we have

2 _ 1 1+ 5% 1
V(RLQ) = N(l _52) - N2(1 _52)4 +0 (N ) .




Proof: Using the symmetry property and the relation e162R1 2 = % +e182 Ry, we get

1
V(R%,Q) = V(€1€2R1,2) = N + I/(€1€2R1_’2), (3)

Performing a Taylor expansion and using Proposition 2.2 and Lemma 3.1 in order to bound
the last term we get

V<€1€2R1_’2) = 7/0(6182R1_’2) + V/()(61€2Ri2)

1 1 1
#yhCeisali) + g et +0 (). @)

2 2

Notice first that (162, 5) = 0. To deal with the k-derivative term we will apply Proposition
2.1 k times iteratively and we simplify all the null terms using the first part of Lemma 3.1.
Study of viy(e122R; ). It is easy to check that

vo(er2Ri,) = B ro((Ri)?).
Using again a Taylor’s expansion we can write

vo(ereaRiy) = Bo((Rip)?)
1

= B |l i) - i o ()] @

5
2

From Proposition 2.1 and Lemma 3.1 we get that v(((R;,)?) = 0. On the other hand, using
again the relation e1e9Ry 2 = % +e169R 5, we can write

A(Rip)?) = v(RS ) — wev(ereafis) + 1 (0

Finally
Vo((Rip)?) = 8" [((Ri,)") — 4no((Ri)*(Ris)*) + 3v0((Ry)*(R3.4)”)]
= 8 [l - (R R bR 0 () @

where the first equality follows from the computation of the derivative and the second one is
again an easy consequence of the relation e1e9R; 2 = % + 51€2R1’72. Then, putting together (5),
(6) and (7) and using v(e162R12) = v(R},), we obtain

vo(e1e2Ry,) = B*v(Ri,) — 2—62V(R2 )+ g
1,2 1,2 N 1,2 N2
1 3 1
PR U ) - Do) +0 ().
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Study of V'o(e162R; ;). Using similar arguments, that is, computation of the derivatives,
Taylor’s expansions and the relation e;69%1 9 = % + elngiQ we can easily prove that

Vo(e1e2Rr,) = —48'w(Ri,Ry3Ry3)

= —4ﬁ4 [V(Rf,le_,st_,s) vo(Ry, 231 3R2 3 < 3)

3 1
= —454 (Rl oI 3Rz 3) - NV(Rl o2 35253)] +0 (N >

5
2

1
= —4ﬁ4y(R1,2R173R273) + O <N5> . (9)

2

Notice only that we have used that vo(R;,R; 3R;3) = 0 by Proposition 2.2 and Lemma 3.1
and that by the symmetry property and again by Lemma 3.1

K

2

\V(Ry 2Ry 362e3)| = [V(R12R13R23)| <

Study of Vé3)(€152R1_72). By similar arguments we can now obtain
3 _ _ _ _
) (122Ris) = 0 [o((Ryn)") = 1200((Rip)*(Rys)?)
2

(
+905((Ry,)*(R54)?) + 36vo( Ry, Ry s Ry 4 R3]
56 [V<Ri2) - 12’/(R%,2R§,3> + 9V(R%,2R§,4)

1
+36V(R172R173R274R374)] + O (N ) . (10)

5
2

Using the same ideas, it is also easy to check that |v(Ry 2Ry 3R24R34)| < 5. Then, putting
together (3), (4), (8), (9) and (10), and observing that some terms cancels out we get

1 ﬁz 2ﬁ2
v(R},) = ~ (R ,) + NN

1 1
—2B*(R1 2Ry 3Ra3) — gﬁﬁV(Ril,ﬁ +0 ( 5) ,
N2

V(81€2R172)

or the equivalent equality

1 2 93
()

2
v(R,) = N N2 N

4 1 6 4 1

=20 (R1 2R 3R23) — 55 V(R1,2>> +0 N

(11)

[N
\/
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Study of V(R‘iQ). Applying the same type of arguments it is easy to get
’/(Rzllg) = V(5152Rz1)),2)

_ V(5152<R;2)3>+%V((Rb)z“O( : )

3

N

) . 3 2 1

= Bw(Riy) + NV((RI’Q)) O ( >
3

= ﬁQVo(Rilz) + m 0 (F)

where we have used that (11) implies that v(R},) = m +0 <L> So it is clear that

) = s +© () "

Study of v(Ry2R13R23). Using the same ideas it is not difficult to obtain
1 1
V(R 2R 3Ry 3) = M= P +0 NI/ (13)
Then, plugging (12) and (13) into (11), and applying iteratively this new equality we get

__ 1 g 2601
V(R%,Q) = N(1 - 3?) + N2(1 — [3?) N N(1—3?)?
24 o3 1
N 3Ny (N_>

B 1 B2+ B 1
= Na-® gy (N_) '

4 Proof of the main result

In this section we give the proof of Proposition 1.4. This proof is based on a sequence of
transformations that generalizes the tools used in the proof of the expansion of v(R7,). We
begin by introducing a new definition and explaining the four transformations we will use.

10



Definition 2 We will say that a term is of order m if its absolute value can be bounded by a
constant times N—lm

k
1
Remark 4.1 From Lemma 5.1, notice that the terms N7 Hsjzsl i) Hsjzel )

1 o
and MVO(E e, Rj,1,) are of order j + k

Let us now introduce the four transformations that we will use througout this paper.

Transformation a. From R to R™.
Using the relation €6, Rj, 1, = €56, R} ;. + +, we get

k
V(H gjigliRjiali) = Nk + V thgl R]z l; T
=1

where T, is a finite sum of terms of the type

k—m
1
WV< H gjigliR
with k& —1 > m > 1, that are of order greater than or equal to £ (see Remark 4.1).

Transformation b. Taylor’s expansion.
For a fixed n > g, using Taylor’s formula, we obtain

k k n—k
_ 1
V(H ey, ) = VO(H eqen ) + Z o Heﬁgl R, ,)+0 (N”*é) )
=1 i=1 m=1

Applying Proposition 2.1 m times we get that Vom)(l_[f:1 gje, 1, ;) 1s a finite sum of terms of

the form
ﬂQmK(m k, I 1/0 ngzgl Gili ngfgl, ],1,> (14>
=1

where I” designates the sequence {(j;,1;),1 <i < m}.
So we can write

Alereui) =TT + sz + 750 ().

1
2

11



where T}, is a finite sum of terms of the type

p
K 6)V0(H €ji€liRj_i,li)
=1

with 2n > p > k + 2. These terms are all of order greater than or equal to g + 1 (see Remark
4.1).

Transformation c. Inverse Taylor’s expansion.
Fixing again n > %, using a Taylor’s formula we get

2n—k

H%gl i) H“’:ngl il Z Hgﬁgl )+0 (Z\fir ) '

1
2
m:l

Using again the expression (14) we can write
k k
I/o(H gjiEZiR‘;Ji) = V(H gjiEZiR‘;Ji)
i=1 - 1
_ ZzﬁmekVOHg]’gl ”H@,al/ ],z, O(N* )

m=1 I

N[

m
Repeating this procedure with all the terms I/()(H gqenlt ), H i€, I, .,), we obtain that
i=1 j=1

1
nglgl ]21 _VH(C:JZE:I jl)+T+O<Nn+ )7
i=1

1
2

where T, is a finite sum of terms of the type

p
v([[eeuR;0)
=1

with 2n > p > k + 1 that are of order greater than or equal to kgl (see Remark 4.1).

Transformation d. From R~ to R

12



Using the relation €6, R | = €j,61, Rj, i, we get now that

_ 1
N7
k 1 k

V(H ejen ;) = (— N)k + V(H ejie Ry, ;) + Ta,
=1

i=1

where T} is a finite sum of terms of the type

k—m
I\m _
=1

with k& — 1 > m > 1, that are of order greater than or equal to £ (see Remark 4.1).
The following remarks explain how can we apply these transformations.

Remark 4.2 For any fized n, j, k integers applying transformation ¢ and transformation d we
can develop the expression

k
1 _
MVO(H ek )
i=1
into a remainder of order n + % plus a finite sum of terms of the type

1 m
K(ﬁ) ﬁl/(H gjigliRjiJi)
=1

withn > 1+ 5 > 7+ g, l+m >7j+k, 1> 7. Notice again that all this new terms are of order
greater than the initial one, except for the term

k
1
ﬁy(g €j5,€1, RjiJi)

that is of the same order.

Remark 4.3 Fized n, j, k, using transformation b and Remark 4.2 we can expand the expres-
s10m
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into a remainder of order n + % plus a finite sum of terms of the type
1 m
K(B) ﬁV(H gjicu i)
i=1

ambn > 1+ 5 > j+ g, l+m >j+k,l>j. Notice also that all this new terms are of order

k
K,
greater than the initial one, except the term ]0\;]6)1/(1_[ ;e Rj,1;) that is of the initial order.
i=1
k
Moreover, if we denote by A the c-order of our initial expression WV(H et ), we can
i=1

check that Ko(B) = 3% when A = 0 and Ko(3) = 0 when A > 0.

k
Proof:[Proposition 1.4] Set A for the e-order associated to H gj.€1, 5,1, We need only to
i=1
consider 3 cases.

o Case a): A > 4.

Applying Transformation a we obtain that

k k
V(H gjigliRjiyli) = V(H gjigliR;,li) + T;7
=1 =1

where T is a finite sum of terms of the type

R ~
ﬁy(g Ejz‘gliRji,li)

with j + 5 > g Notice that all these terms can be studied by Remark 4.3.
k

So, it suffices to deal with the term V(H gje, 1Y, ;). Since A > 4 it is easily seen that
i=1

k k
VO(H EjigliR_;,li) = V/O(H gjigliRj:,li) =0
i=1 i=1
and moreover, applying Transformation b we get a finite sum of terms of the type
K(ﬁ)VO(H EjigliRj_i,li)
i=1
with » > k + 2. Remark 4.2 completes the proof of this case.

14



o Case b): A =2.

Applying Transformation a we can write
k k
V(H gjieliRjiJi) = V(H 6ji6liRj_¢,li) + T;* + 52*7 (15)
i=1 i=1

where 77" is a finite sum of terms of the type

1 k—1
Ny<g €4 €l Rj_’“ll)

and S7* is a finite sum of terms of the type

[~ _
ﬁy(g €4:€l; Rji,li)

withj>1,r+j=k t+j>5+1
k
Let us study first the term V(H et ;). Since A = 2 a trivial verification shows that

i=1
k

VO(H 5%811.}%]:711) = (0 and that there exists jgi1,lx+1 verifying

=1

k k
VIO(H gjz‘gliRj:,li> = 62V0<<H 8ji€liR;,li)<€jk+1€lk+le7€+1,lk+l ))7
=1 =1

k
and such that the e-order of (H giieu 1, 1) (€ Elpn L,

i Jk+1slk41
=1

Transformation b we can write

) is zero. So, applying

2

k k
— — — kkk 1
V(H gjigliRji,li) = 621/0((1_[ gjz‘gliRji,li)(gijglkH Rjk+1,lk+1)) + Tb +0 (W) ) (16>
=1 =1

where T, is a finite sum of terms of the type
KBwo(] [ ejeRio)
i=1

15



with » > k + 2.
Let us study now the term G2u(([TL, .61 R ) (Ej i, g,,))- Notice first that

v ((TTE, 560 R ) (Ejncin i, ,,,)) = 0. Then applying Transformations c and d we
can write

VO ngzgl R 6Jk+1€lk+1Rjk+l,lk+l))

k
. 1
= BQV((H €j¢51iRji,l¢)(€jk+1€lk+1Rjk+17lk+1)) +Teq + O (Nn+1) ) (17>

i=1

where T7, is a sum finite of terms of the type

VO | | 6]7«8l ‘727 Z

Withn2j+£>%.

Finally, by a symmetry argument it is clear that

k k
V((H 5jigliRji7li)(Ejk+1€lk+1Rjk+1ylk+1)) = V((H Rjiali)Rjk+1:lk+1)
=1 =1
k k
V(ejk+1€lk+1 H R‘mlz’) = V(H gjigliRjiyli>' (18>
=1 =1

Putting together (15), (16), (17) and (18) we obtain

1

1
2

or equlvalently

k
1 1
v([Tesenfon) = 1 (T + 87+ T+ T2) + 0 ( ) -
i=1 N™T2

Applying Remark 4.3 to the terms of 7" and S)*, and Remark 4.2 to the terms of 7;**

it is clear that we only obtain a sum of terms of the type
1 T

_V(H gjigliRji:li)
i=1

16




with j + 5 > &1
Finally observe that the terms satisfying j + § = % come from 77" and so they have
j=1

e Case c): A= 0.

By symmetry we have
k k-1
V(H 5jigliRji7l1:) - V(H 5ji€liRj1:,li)‘
=1 =1

The expression Hf:_ll €, R, 1, 1s of e-order equal to 2, so we can reduce this case to the
case b). Notice that since we have now order %, applying the case b), we will obtain
terms of order g , but with 57 > 0.

5 Computer Program

In the proof given in the above section we found the basis of the algorithm that allows us to
k

compute the expansion of a term V(H g Ri)
i=1

The algorithm is the following

e 1. Study of e-order. When the e-order is equal to 0 or to 2 we keep away part of the term

2 k
—1ﬁ—ﬁ2u(H gj.€,Rj, 1;) that will be simplified later. When the e-order is equal to 0 we

i=1
also use a symmetry argument.

e 2. From Rj; to Rj,;. (transformation a).

k k
e 3. From I/(H eje, Ry, ,,) to I/O(H eje, Ry, ,,). (transformation b)

=1 =1

k k
e 4. From I/O(H e, Y, ) to V(H eje, 5, ,,). (transformation c)
i=1 i=1

17



e 5. From R}, to R;;. (transformation d).

After each one of these steps we have a procedure that simplifies the terms obtained. That
is, we eliminate the terms with greater order than the grade of our expansion. In order to do
it we give a refinement of Lemma 3.1 that allows us to simplify more terms.

k

Proposition 5.1 Given ngiéliRji,li, set A its corresponding c-order. Then
i=1

: K
V(ngigliRj:-,liN < N§+ )

K
ngzgl Jisl z

N3+

>

<

NP

Proof:
The case A = 0 has been studied in Lemma 3.1. Assume now A > 0.
Let us study first (a). Using a Taylor’s expansion we get

k k
V(H EjigliRj_i,li) = I/O(H gjigliR;,li)
=1 ]
7—1

n 1 () r -
ZUO Hgﬂzgl Jm (A)|Vt (H €ji€liRji,li)7
2/ i=1

for some ¢ € [0, 1]. Notice that all the terms except the last one have strictly positive e-order.
So, from Lemma 3.1 we easily get

k
V(H gjigliRj_i,li)
=1

From Proposition 2.2 and Lemma 3.1 we get

|Vt HE]LEl Ji,l 7.

Hg'hgl Jisl z

w|> —

[\
N|=

IA
i
I
»—\Ew

IA

= | =
VN
2\

N NN

[STES

—
i
+
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To deal with (b) we will use the relation €., R, 1, = €561, 1, ), + +. Then

k k k—j
_ 1 _
i=1 =0 I =l
k—j
Notice that all the terms HsjisliR;’li are of e-order greater than or equal to max(0, A — 2j).
i=1

So, using the inequality obtained for (a) we have

< —

1
ﬁy(g gjz‘gliRj_i,li)

O

In the Appendix you can find the main parts of a computer program where we have devel-
opped this algorithm. This computer program has been written in Maple7. The program is of
k

free use and is available from the authors. One must introduce the expression V(H e R, 1)

i=1
using the notation [[j1, 1], [ja, l2], - - -, [Jk, lx]]- Then to call the computer program and to obtain
the expansion of such expression until order m, one has to write tot([[[j1, l1], [j2, L2, - - -, [k le]]], m)-
Remark 5.2 For instance we can get
erealrali) s 0 (37 ) tordl,2)1,3]),2)
V(E9gE — _— _— [0} .
2c2411.2411 .3 (1 —62)3]\[2 N3 ) y “ly [ s <)
(RysRysRasRos) L0 L o(LY) o2 1,3 (2,41, [3, 4]0, 3)
UV — . - .
1,2411,3412 3172 4 (1— B2)5N3 Nt Y y &)y [y 9]y (49 %]5 |95 %] |5 9)5
1

V(1626364 Ry 2R3 4)

Hj@ﬁﬁ+o<§g,tmmn%mﬂmm

Appendix

Main program (tot) Parameters: ezpres indicates the expression we want to expand and
derivord is the order of the expansion

> tot:=proc(expres,derivord)

local taula,coef,i,k,m;
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global resfin,resfin2 kdes,hnm;
taula := expres; coef := [1]; resfin:=0; resfin2:=0; kdes:=derivord; hnm:=1;
maxima(taula[l]); k:=0;
for i from 1 to r do;
- m:=(numboccur(taula[j],i) mod 2); if m=1 then k:=k+1; end if;
end do;
if kdes < ((1/2)*nops(taula[l]))+k/2 then hnm:=0; resfin2:=0; end if;
while (nops(taula)*hnm)>0 do
inici (taula,coef); taula:=tauls; coef:=coefs; resfin:=collect((resfin+resu),1/N);
end do;
for i from 1 to kdes do resfin2:=resfin2+(simplify(coeff(resfin,N,-1))*N" (-i)); end do;
print (RESULT, resfin2);

end proc;

Procedure inici This procedure calls the four transformations explained in the paper
> inici:=proc(taulai,coefi)

local i;
global taulax,taulaa,coefx,coefa;

coefa:=coefi; coefx:=coefi; taulax:=taulai; taulaa:=taulai;
rseparar (taulaa,coefa);

taulax:=taulv; coefx:=coefv;

rmesamenys(taulz,coefz);

simplif(taulabb,coefbb);

vdesenvola(tauls,coefs);

simplif(tauldh,coefdh);

vdesenvolb(tauls,coefs);

simplif(tauldj,coefd;);

rmenysames(tauls,coefs,resb);
taulax:=[op(taulax),op(taulag)]; coefx:=[op(coefx),op(coefg)];

simplif(taulax,coefx);

end proc;

Procedure rseparar We study the value of the e-order associated to each term. When it is
equal to 0 or to 2 we keep away a part of the term that will be simplified later.
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Procedure maxima Compute the mazimum of a list
Procedure rmesamenys Transformation a

> rmesamenys:=proc(taull,coefl)

local i,j,11.k,1,m kter,long,coefll,coef, taula,taulab,fer,coefb;
global taulabb,coefbb,resb;

taula:=taull; coef:=coefl; resb:=0; taulab:=[]; coefb:=[];
for i from 1 to nops(taula) do;
long:= nops(taulali]);
for j from 0 to 2" long-1 do;
kter:=0; conversio(j,long); 1l:=[]; coefll:=coef[i];
for k from 1 to long do;
if jbase[k]=0 then coefll:=coefll*(1/N);
else kter:=kter+(1/2); ll:=[op(1l),taula[i][k]]; end if;
end do;
kter:=kter-degree(coefll,N)+(comptar(1l) /4);
if kter<kdes+(1/2) and 1l<>[] then
taulab:=[op(taulab),ll]; coefb:=[op(coefb),coefll];

end if;
if kter<kdes+(1/2) and ll=[] then resb:=resb+-coefll; end if;
end do;
end do;
taulabb := []; coefbb := []; taulabb := [op(taulabb),taulab[1]];

coefbb := [op(coefbb),coefb[1]];
for i from 2 to nops(taulab) do
for j from 1 to nops(taulabb) while (taulab[i]<>taulabblj] or
degree(coefbl[i],N)<>degree(coefbb[j],N)) do
if j=nops(taulabb) then taulabb := [op(taulabb), taulabli]|;
coefbb := [op(coetbb), 0];
end if;
end do;
fer:= coefbb[j]+coefbli]; coefbb:=subsop(j=fer,coefbb);
end do;
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end proc;

Procedure conversio Convert a number to a binary expression given in a list
Procedure comptar It counts the ocurrences of each number in a list
Procedure simplif It joins all the terms with the same expression
Procedure vdesenvola Transformation b

> vdesenvola:=proc(taull,coefl)

local taula,coef taula2,taulad,vtaulad,vcoef4,coef2,coef3,
vtaulad,vcoef2,vcoef3,coefb,coeft,1l,i,1.j,ik k,x, kh kter;
global tauldh, coefdh;

tauldh:=[]; coefdh:=[]; kh:=kdes; taula:=taull; coef:=coefl; taula2:=[]; coef2:=[];

for i from 1 to nops(taula) do;
kter:=2*(kh-((nops(taulali])/2)-degree(coef]i],N)));
vtaulad:=<< 0 >>; vecoef3:=< <coef[i] >>;
for ik from 1 to nops(taulafi]) do; vtaula3:=<<vtaula3 | taula[i][ik]>>; end do;
vtaula3:=SubMatrix(vtaula3,1..1,2..nops(taula[i])+1);
vtaulad:=vtaulad; vcoef4d:=vcoef3;
vanulareps(vtaulad,vcoef4,1);
tauldh:=[op(tauldh),op(taulde)]; coefdh:=[op(coefdh),op(coefde)];
for j from 1 to kter do;
vderivar(vtaula3,vcoef3);
vtaulad:=vtauld; vcoef3:=vcoefd;
vanulareps(vtauld,vcoefd,j);
tauldh:=[op(tauldh),op(taulde)]; coefdh:=[op(coefdh),op(coefde)];
end do;
end do;

end proc;

Procedure vanulareps It cancels all the terms that are null or that are of order greater that
our expansion (using Proposition 5.1)

Procedure vderivar It gives us the derivative of an expression
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> vderivar:=proc(vtaull,vcoefl)

local vtaulad,vcoef4,ll.i,j,k,n,gh.x1,x2,nn,tk kl;
global vtauld,vcoefd;
vtaulad:=vtaull; vcoefd:=vcoefl; gh:=ColumnDimension(vtaull)+1; n:=[]; nn:=0; fk:=1;
for i from 1 to RowDimension(vtaula4) do;
mmaxima(<Row(vtaula4,i)>); n:=[op(n),r]; nn:=nn+1/2*(r" 2+r+2);
end do;
vtauld:=Matrix(nn,gh); vcoefd:=Matrix(nn,1);
for i from 1 to RowDimension(vtaula4) do;
for kI from 1 to gh-1 do; vtauld[fk..tk-14+1/2*(n[i]” 24nli]+2),kl]:=vtaulad[i,kl];
end do;
for j from 1 to n[i]-1 do;
for k from j+1 to nli] do;
vtauld|[fk,gh]:=[j,k]; veoefd[tk,1]:=vcoefd[i,1]*B; tk:=tk+1;
end do;
end do;
for j from 1 to n[i] do;
vtauld[fk,gh]:=[j,n[i]4+1]; vcoefd|[fk,1]:=vcoefd[i,1]*B*(-n[i]); tk:=fk+1;
end do;
vtauld[fk,gh]:=[n[i]+1,n[i]+2]; vcoefd[tk,1]:=vcoefd[i,1]*B*n[i]*(n[i]+1)/2; fk:=tk+1;
end do;

end proc;
Procedure mmaxima Compute the mazimum of a table
Procedure vdesenvolb Transformation c
> vdesenvolb:=proc(taull,coefl)
local taula,taula2,taula3,taulad,tauldh,coefdh,ik, vtaula4,
vcoef4,coef,coef2,coef4,coefb,11,i,1,j,k,x,kj, kter,n;

global tauldj, coefdj;
tauldj:=[]; coefdj:=[]; taulad:=[]; taula2:=[]; coef2:=[]; coefd:=[];

kj:=kdes; taula:=taull; coef:=coefl;
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for n from 1 while nops(taula)>0 do;
tauldh:=[]; coefdh:=[];
tauldj:=[op(tauldj),op(taula)]; coefdj:=[op(coefdj),op(coef)];
taula3:=taula; taula:=[];
for i from 1 to nops(taula3) do;
kter:=2*(kj-((nops(taula3[i]) /2)-degree(coef[i],N)));
vtaulad:=<< 0 >>; veoefd: =< <-coef[i] >>;
for ik from 1 to nops(taula3[i]) do; vtaulad:=<<vtaulad|taula3[i][ik]>>; end
do;
vtaulad:=SubMatrix(vtaula4,1..1,2..nops(taula3[i])+1);
for j from 1 to kter do;
vderivar(vtaulad,vcoefd);
vtaulad:=vtauld; vcoef4:=vcoefd;
vanulareps(vtauld,vcoefd,j);
tauldh:=[op(tauldh),op(taulde)]; coefdh:=[op(coefdh),op(coefde)];

end do;
taulad:=[]; coefd:=[];
end do;
taula:=tauldh; coef:=coefdh;
end do;

end proc;

Procedure rmenysames Transformation d
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