U "‘ B Diposit digital
de documents
Universitat Autonoma de la UAB

de Barcelona

This is the accepted version of the book part:

Debernardi Pinos, Alberto. «Hankel transforms of general monotone functionsy.
A: Topics in Classical and Modern Analysis: in memory of Yingkang Hu. 2019,
p. 87-104. Basel: Birkhéuser/Springer. DOI 10.1007/978-3-030-12277-55

This version is available at https://ddd.uab.cat/record /288468

IN .
under the terms of the - COPYRIGHT license


https://ddd.uab.cat/record/288468

Hankel transforms of general monotone functions

Alberto Debernardi

Abstract: We show that the Hankel transform of a general monotone function converges uniformly
if and only if the limit function is bounded. To this end, we rely on an Abel-Olivier test for real-
valued functions. Analogous results for cosine series are derived as well. We also show that our
statements do not hold without the general monotonicity assumption in the case of cosine integrals
and series.
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1 Introduction

In this paper we consider the Hankel transform of order o > —1/2,

Ho f(u) = /OOO t20H L f(t)ja (ut) dt, (1.1)

where j, is the normalized Bessel function of order a. We are interested in studying the
conditions on f that are equivalent to the uniform convergence and boundedness (as a
function of u) of (1.1). By uniform convergence of (1.1), we mean that the partial integrals

N
/ 29T £ (1) 5o (ut) dt (1.2)
0

converge to H, f uniformly in v as N — oo.

As is well known, the Hankel transform of order o = d/2 —1 (with d € N) appears as the
Fourier transform of a radial function defined on R?. More precisely, for a radial function
F(z) = fo(|z|) defined on R?, one has (cf. [16])

Fy) = 18] [ 007 foaga- (2alyle)
0
where [S?~!| denotes the area of the unit sphere S™! = {z € R? : |2| = 1}. If d = 1, we

take |S°| = 2, and H_, s2fo corresponds to the cosine transform of the even function fo.
Note that if F' is radial, then F' is also radial.



The study of the convergence of Fourier transforms (or series) often requires monotonicity-
type assumptions on the functions (or sequences) involved (see [4, 6, 7, 8, 11, 17] and the
references therein). We also refer the reader to the classical paper [2], where the problem
of uniform convergence and boundedness of sine series was first considered for monotone
sequences (see also [19, Ch. V]). In the present paper the so-called general monotonicity
(cf. [13, 18]) will play a central role. From now on, all the functions we consider will be
locally integrable, locally of bounded variation on (0,00), and vanishing at infinity. We
denote Ry := [0, +00). The integral (1.1) as well as the integrals over infinite intervals are
understood as improper Riemann integrals.

Definition 1.1. Let f: Ry — C. We say that f is general monotone, written f € GM, if
there exist constants C; A > 1 such that for every = > 0,

2 Az
|f(t)]
/x |df(t>|gc/m/A Ol

We define the general monotone sequences likewise. We say that a complex-valued
sequence {a,} € GMS if there exist constants C, A > 1 such that for every n,

2n An |(1 |
S o aval <0 3 1l
k=n

k=n/\

We assume, without loss of generality, that the constant A from the definitions of GM
and GM S is a natural number of the form 2", v € N.

If we denote by M the class of (nonnegative) monotone functions, it is clear that M C
GM. In this paper we are mainly concerned about real-valued GM functions. Those have
shown to preserve several desired properties of monotone functions, not only when they are
nonnegative, but also in the general real-valued case (see [4, 7, 8, 11]). Here we go one step
further and prove Abel-Olivier’s test for GM functions (see also [14]).

Theorem 1.2. Let f € GM be real-valued. If the integral

/ F(t) dt (1.3)
0
converges, then

tf(t)—0 as t — oo.

If f > 0, then the convergence of (1.3) is equivalent to f € L'(R,), and the statement
of Theorem 1.2 follows easily from known estimates for GM functions (see Lemma 4.1 in
Section 4).

Theorem 1.2 can be easily improved to an “if and only if” statement.

Corollary 1.3. Let f € GM be real-valued and v € R\{0}. Ift"f(t) — 0 as t — 0, then
fooo t'=Lf(t)dt converges if and only if

t'f(t) = 0 ast — oo and / tYdf (t) converges,
0

> v—1 __l > v
/O P F () dt = V/O (L),

and moreover,



The main goal of this paper is to show that if f € GM the boundedness of the function
H, f is equivalent to the uniform convergence of the partial integrals (1.2), which is not true
in general. In fact, in Section 4 we discuss the general case in detail for the cosine transform
(as well as for the cosine series), and show the sharpness of our main results with respect to
the general monotonicity assumption.

It is known that if f € GM and t?**+1f(¢) € L'(0,1), then the uniform convergence of
(1.2) is equivalent to the convergence of [~ t2*T1 f(t)dt (see [4], where such a statement
has been proved under the assumption that Theorem 1.2 is true). Our main result reads as
follows.

Theorem 1.4. Let o > —1/2. Let f € GM be real-valued and such that t>*t1f(t) €
LY(0,1). The following are equivalent:

(i) The integral [J° t**+1f(t)dt converges.
1) The partial integrals Nt20‘+1f t)jo(ut) dt converge uniformly in uw € Ry as N — oo.
0 +
(Z’LZ) The function Haf(“) = fooo t2"‘+1f(t)ja(ut) dt is bounded on R+.

Moreover, in any of those cases, Maa12(f) 1= Sup,cp, 1222\ f(t)| is finite and for every
N € Ry, the estimate

’/ t2a+1f ut dt‘ ‘/ t2a+1f )dt’ 11N2a+2|f( )l

CA(2))%F2 A S
20042 2(a+2)  a+3/2

)M2a+2(f)

(1.4)

t2a+2
su
O<a<lI2)<oo ‘ / 20 + 2
holds, where So := sup, s, 2+1/2|j,(z)|.

Note that for any 0 < a < b, the boundedness of the integral f; t22T2qf(t) in (1.4)
follows from the convergence of fooo t22F1£(t) dt and Corollary 1.3.

It is obvious from the estimates for the Bessel function given in Section 2 that the
conclusion Theorem 1.4 holds if f > 0.

As an important example we mention the cosine transform, which is the Hankel transform

of order a« = —1/2. For the sake of completeness, we give its corresponding version of
Theorem 1.4.

Corollary 1.5. Let f € GM be real-valued and such that f € L*(0,1). The following are
equivalent:

1) The integral t) dt converges.
(i) gral [~ g
(i) The partial integrals foN f(t) cosutdt converge uniformly in u € Ry as N — co.

(iii) The function fCOS fo ) cosut dt is bounded on R,.



Moreover, in such case, sup,cg, t|f(t)| is finite and the estimate

N N /\4
’/ f(t) cosutdt‘ < ‘/ ft) dt’ +2N|f(N) +20)\2(3 + 1) sup t|f(t)]
0 0

teR,

+  sup ‘/abtdf(t)'

0<a<b<oo
holds.

We are also interested in the discrete part of Corollary 1.5. In [17], Tikhonov mentioned
the following.

Theorem A. Let {a,} € GMS be such that nla,| — 0. Then the cosine series

Zan cos nx (1.5)
n=0

converges uniformly on [0,2x] if and only if the series

> an (1.6)
n=0

CONVETJES.

By means of a discrete version of Theorem 1.2 we are able to improve the statement
of Theorem A by dropping the hypothesis n|a,| — 0, and eventually allows us to obtain
equivalent conditions similarly as in Theorem 1.4.

Theorem 1.6. Let {a,} € GM be real-valued. The following are equivalent.
(i) The series Y.~ an converges.
(i) The series ZTJLO ay cosnx converges uniformly as N — oo.

(iii) The function >~ a, cosnz is bounded.

Observe Theorem 1.6 is trivial if a,, > 0.

The paper is organized as follows. In Section 2, we state some of the basic properties of
the Bessel functions j, that we use later. We also prove upper and lower estimates for j,(¢),
valid for small ¢. In Section 3, we prepare the machinery needed to prove Theorem 1.4. In
particular, Theorem 1.2 and its analogue for GM S are proved, as well as Corollary 1.3.
Finally, in Section 4 we prove Theorems 1.4 and 1.6, and describe which implications do
and do not hold in the general case.

2 Bessel functions

We first present some known properties of the Bessel functions (which can be found in [9,
Ch. VII)), as well as an auxiliary lemma that will be useful later. Throughout this section



we let © € Ry. For o > —1/2, the normalized Bessel function of order « is defined as the

power series
ja(@) =T(a+1) Y m

n=0

(2.1)

where I' denotes the Euler gamma function. Such series converges uniformly and absolutely
on any bounded interval. We recall that j_; 5(x) = cos .
The following property concerning the derivatives of j, is satisfied:

d . _y
= (427011 (2)) = (20 + 222+ o 2). (2.2)
For any o > —1/2 and any x > 0, one has

ja(@)] < ja(0) = 1.
Finally, we have the following estimate for = > 1:
()] < Sea™ 712, (2.3)

Remark 2.1. We refer the reader to [15], where sharp upper bounds for S, are obtained.
It is known that for @ > 1/2, S,, is strictly increasing to infinity as a function of « and the
supremum is attained at the first maximum of the function 2%j,(z) (see [12]). Also, it is
shown in [15] that
. Sa
lim

— = 0.6748.. ..
a=oo q1/620T (o + 1)

We now prove upper and lower estimates for the Bessel function near the origin, based
on its expansion as power series.

Lemma 2.2. Let a > —1/2. For every x < 2v/a+ 1 and every m € NU {0} there holds

2m+-1 n 2n 2m n 2n
(=D)"(z/2) , (=D)"(z/2)
T(o+1 AW o (@) <T(a+1) S L
(o );nlf(n—i—a—kl)_J(x)_ (a+ )nz:%nlf(n—&-a—kl)
Proof. The proof relies on the fact that for every alternating series > - ,(—1)"a, with
terms a,, decreasing to zero, the estimate

2m—+1 0o 2m
Z (_1)nan S Z(_l)nan S Z(_l)nan
n=0 n=0 n=0

holds for every m € N U {0}. Thus, the result follows if we just prove that for any fixed
x < 2y/a+ 1, the terms of the series (2.1) are decreasing to zero (in absolute value). That
is equivalent to say

(z/2)%" (z/2)"*2

— > 0.
n'n+a+1) M+DITn+a+2) 20

Routine simplifications show that the above inequality is equivalent to

z<2y/(n+1)(n+a+1),
and the latter holds for every n € NU {0} if and only if it holds for n = 0, i.e., if and only

if x <2va+1. ]



3 Abel-Olivier test for GM functions and sequences

In order to prove Theorem 1.2 we adapt two lemmas obtained by Dyachenko and Tikhonov
in [8] to the framework of GM functions. Let us define, for any function f and any n € N,

A, = sup |f(t)],
n St§2n+1
B, = sup L)

2n—2u<t<2n+2u

For n € NU {0}, we say that n is a good number if either n = 0 or B,, < 2*’A,,. The
rest of natural numbers consists of bad numbers. Recall the parameter v comes from the
GM condition.

To illustrate such definitions we give a couple of examples. On the one hand, if f(t) =
1/t for t > 1, since

1 1

= 92n’ By = 922n—4v’

An
then B, = 2% A,,, and all natural numbers n (associated to f) are good. On the other
hand, if f(t) = 1/t for t > 1, since

1 1

An=gg Bn=gme

then B, = 24, £ 2% A, thus all natural numbers n are bad. More generally, if f
decreases rapidly enough (faster than 1/t2, as for instance 1/t% or e~*), then all numbers
n # 0 associated to f are bad.

Lemma 3.1. Let f be a GM function. For any good number n > 0, there holds
2”

> )

— 8C2%v

B = H € 27, 27 ¢ | ()] > A }]

RC22 (3.1)

where |E| denotes the Lebesgue measure of E and C' is the constant from the GM condition.

Proof. The proof just consists on rewriting that of [8, Lemma 2.1] (dealing with sequences)
in the context of functions. Assume (3.1) does not hold for n > 0. Let us define D,, :=
[27~v 2"tVY]\ E,,. Then, since n is good,

2n+u

[y [ VO, [ e,
v X D, g, =
v AL "B, B, A, A,
< = L il
— 8C22von—v + 8C25von—v (2% + 8C ~ 4
The GM condition implies that for any z € [27,2"1]
gntt ont
t A,  An
f@Iz A= [ )z - VOl > 4, 2n > 2n,
which contradicts our assumption. O

Before stating the next lemma, let us introduce the following notation:

Ef :={x € E,: f(z) >0}, E, ={x € E,: f(z) <0}



Lemma 3.2. Let f € GM be real-valued. For any good number n > 0 there is an interval
(b, my) C [2777,2"1Y] such that at least one of the following holds:

1. for any x € (€y, my,), there holds f(z) > 0 and

2"1

EFn(n,my)| > =
| n ( , M )‘ - 256032151/

2. for any x € (b, my,), there holds f(x) <0 and

2n

Ei gnv n > AFc/ Y2015, 0
B 0 (b mn)| 2 S mssn

where C' is the constant from the GM condition.

n

Proof. First of all, note that by Lemma 3.1 one has that either |E;| > 605

27l
Let us construct a system of disjoint intervals {I; = [s;, t;]}7, in [2"7", 2"V 4 o=Zer |
as follows: Let s; = inf E;Y, and

or |[E | >

. We assume the former, and prove that item 1. holds.

7 = inf{z € [s1,2"""] : f(z) < 0}.

If such 71 does not exist, then we simply let ¢t; = 27T and finish the process. Contrarily,
we define

2’ﬂ
t = P —
LT o56cEaty
Once we have the first interval Iy = [s1,#1], if |[E;F\I1| > 0, we let so = inf E;F\I;, and
define 75 similarly as above, thus obtaining a new interval Iy = [s3,%2]. We continue this

process until our collection of intervals is such that

IEf\(LULU---UI,)| =0.

By construction, for any 1 < j < p,, —1, we can find y; € [s;, 7;] such that y; € E;}", and
zj € [15,t;] such that f(z;) < 0. Thus,

/I af (1)) = / ldf @) = Fys) = f(23) = F(5) > 8&,47

Hence,
2n+u

/n—u

On the other hand, the GM property and the fact that n is good imply that

) A,
LOIEDY J o= .- gz

J

gntv on+2v

gn+2v
|aonzew [ M conn, [7 La

n—2v x on—2v X
= C2uB, log 2" < C2*8v% A4, log2 < C2™ A,,.



We can deduce from the above estimates that
pn < 8C%2% 41 < 8C%2107,

By the pigeonhole principle (or Dirichlet’s box principle), there is an integer j such that
Jr n
En 0131 = agcmgmen
Given this j, we set ({n,my) = (s5,t; — 25602%) = (sj,7;) C [2"77,2"""], and we are
done. O

We are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Recall that the convergence of (1.3) is equivalent to

N
'/ f(t)dt‘ﬁo as N > M — oo.
M

We distinguish two cases, namely if there are finitely or infinitely many good numbers.
Assume first there are infinitely many.
For any good number n > 0, it follows from Lemma 3.2 that

1 m
L W —
"2048C 21T ’ /e J(t)at

and moreover f(z) > 0 (or f(z) < 0) for all x € (¢,,,m,,) C [2"7¥,2""¥]. Since the integrals

fg:"‘ f(t) dt vanish as n — oo (by the convergence of (1.3)) we deduce that

)

2"A, =0 as n — 00, n good. (3.2)

We now prove that 2" A,, also vanishes as n — oo whenever n is bad. If n is a bad
number, then A, < 2% B, and B,, = A,,, with |n — s1| < 2v. Let us first suppose that
s1 < n and find the largest good number m which is smaller than n. If there is any good
number in the set {s1,s1 + 1,...,n — 1}, we just choose m to be the largest good number
from such a set and conclude the procedure. On the contrary, s; is a bad number. Then
there exists sy satisfying |s; —sa| < 2v such that Ay, < 274 B, = 274 A,,. Also, note that
s < s1; the opposite is not possible, as it would imply As, < B, which is a contradiction.
Similarly as before, if there is any good number in {s2,$2 + 1,...,s1 — 1}, we choose m to
be the largest good number from such a set and we are done.

Repeating this process, we arrive at a finite sequence n = sg > 81 > -+ > s;_1 > 55, j >
1, where all the numbers in the set {s;_1,s;_1+1,..., 50} are bad, and there exists a good
number m satisfying s; < m < sj_; (fix it to be the largest from {s;,s; +1,...,s;-1 —1}).
Note that A,, <27%A,, , and |sp — sg41]| < 2v for any 0 < k < j — 1, thus n < s; + 2jv.
Also, the number m obtained by this procedure tends to infinity whenever n — oo, since
there are infinitely many good numbers. Then, since m is good,

A, <2VTWA << 2MTUVA < 2%TRVA < 2TTRIVAL, < 22V2TAL, — 0

as n — oo, by (3.2).
Suppose now that n < s;. Then either there is a good number m such that n < m < sy,
or $1 is bad, in which case we can find sy < s1 such that |s2 — s1| < 2v and A, < 2_4”/152



(note that the case sy < s;1 is not possible, since it leads to a contradiction as above).
Similarly as before, we iterate the procedure until we find a set {s;j_1,s5;-1 +1,...,s;}
that contains at least one good number. Since there are infinitely many good numbers, we
arrive at a finite sequence n = sp < 57 < --- < s;_1 < s;, where the numbers in the set
{s0,80 +1,...sj_1} are bad, and there is a good number m such that s;,_1 <m < s;. Fix
m to be any good number from {s; 1 +1,s;_1 +2,...,s;}. Since n < m, we have

A, <2VTWA < <2VTVVA < 2MTYYB, <2 A, — 0

as n — oo, by (3.2).
Assume now there are finitely many good numbers n. Assume that N € N is such that
m < N for all good numbers m. If n > N, then n is a bad number, so that 4, < 274 B,,,
and B,, = Ay, for some s; satisfying |n — s1| < 2v. If 51 < n, one can find, in a similar way
as above, a sequence n = sg > s1 > --- > s;_1 > §;, where sg,s1,...,5;—1 are bad and s;
is good, and moreover n < s; + 2jv. Since s; < N,
._.n—8 _n—N
Jjz > )
2v 2v

(3.3)

and we deduce

A, <2MWA, << 2”*4j"AS7. < 25j*2j”A57 < 2N72Y max Ay
: : 0<k<N
The latter vanishes as n — oo, since in such a case j — 0o, by (3.3).

Finally, we are left to investigate the case s; > n. We actually show that this case is not
possible. Let n be such that A,, > 0 (if this n does not exist, our assertion follows trivially).
If s; > n, then there is an infinite sequence of bad numbers n = sy < s1 < 83 < -+ such
that A,, <27%B,, =2""A,, , for every j > 0. Hence,

Sj+1

As,
Aiﬁl > 2% for all j > 0,

Sj

i.e., the sequence Ag, does not vanish as k& — oo. This contradicts the hypothesis of f
vanishing at infinity, showing the case s; > n is not possible and thus completing the
proof. [

A version of Theorem 1.2 for GM S can be derived easily:
Corollary 3.3. Let {a,} € GMS be real-valued. If the series > - a, converges, then
na, — 0 as n — oo.
Proof. Let
f(z) = an, x € (n,n+1], n € NU{0}.

It is clear that f € GM if and only if {a,} € GMS. Moreover, the convergence of (1.6) is
equivalent to the convergence of (1.3). Applying Theorem 1.2, we derive that zf(z) — 0 as
x — 00, or in other words, n|a,| — 0 as n — . O

Proof of Corollary 1.3. First we note that if f € GM, then t" f(t) € GM for every v € R.
Integration by parts along with the condition ¥ f(t) — 0 as t — 0 implies that for any
N € R_A,_,
N 1 1 /N
/t“ﬁ@ﬁ:<WﬂM——/t%m)
v v Jo

0



Letting N — oo yields the desired result, where we apply Theorem 1.2 to prove the “only
if” part. O

An analogous result to Corollary 1.3 holds for GMS. This can be easily proved by
combining Corollary 3.3 and Abel’s summation formula.

Remark 3.4. A multidimensional version of Corollary 1.3 for the so-called weak monotone
sequences (which are not comparable to GM.S) is proved in [5].

4 Proofs

Let us now prove Theorems 1.4 and 1.6. We also show that in the general case, the assertions
of Corollary 1.5 and Theorem 1.6 are not true, or in other words, these results are sharp
with respect to the general monotonicity condition. However, some of the implications of
Corollary 1.5 and Theorem 1.6 remain true even in the general case, as we will see.

We remark that the main contribution of this paper is the proof that (i) implies (ii) in
both theorems, since the rest was already known or is rather trivial. In fact, that (i) implies
(ii) in Theorem 1.4 was known to be true under the assumption

t29T2£(1) = 0 as t — oo, (4.1)
see [3, 6]. The fact that (i) implies (ii) in Theorem 1.6 under the assumption
nay, — 0 as n — 0o (4.2)

is included in the statement of Theorem A. Theorem 1.2 and Corollary 3.3 allow us to show
that (4.1) and (4.2) are redundant if [~ > f(¢)dt and Y . a, converge, respectively,
with f € GM and {a,} € GMS.

We emphasize that we deal with real-valued GM functions and GM S, since in the
non-negative case, the problems discussed are trivial.

Before proving Theorem 1.4, we need to show that Ma,12(f) is finite given the hypothe-
ses of Theorem 1.4. To prove this, we use the following known estimate for GM functions
(see [13]):

Lemma 4.1. Let f € GM. The estimate
At
sors [ 9,
t/x S
holds for every t > 0.

Lemma 4.2. Let f € GM be real-valued and o € R. Ift**T1f(t) € L*(0,1) and [;° t2*T1f(t) dt
converges, then Maa12(f) = Supyer, 2921 £(1)| < oo.

Proof. On the one hand, the fact that t?***2f(t) — 0 as t — 0 follows from t?***1f(t) €
L'(0,1) and the estimate given in Lemma 4.1. On the other hand, t>**2f(t) — 0 as t — oo
follows from the convergence of [ t***! f(t)dt and Theorem 1.2 (recall that t2*1f(t) €
GM provided that f € GM). Finally, since f is locally of bounded variation, 22| f(t)| is
bounded on any compact set, which yields the desired result. O

10



Proof of Theorem 1.4. 1t was proved in [3] that (i) and (ii) are equivalent provided that
Theorem 1.2 is true.

We now prove that (i) and (iii) are equivalent. That (iii) implies (i) is clear even in the
general case, since if Ho f(u) is bounded, then Hy f(0) = [;° ¢2*T1 f(t) dt converges. So we
are left to prove that if f € GM, then (i) implies (iii). It suffices to prove estimate (1.4),
and the claim follows by letting N — oc.

Let w > 0 (the case u = 0 is trivial, since j,(0) = 1). First of all, we write

’/ONt%Jrlf(t)ja(ut) dt‘ < ‘/ON £201 £ (¢) dt' i ‘ /ON 2ot () (1 —ja(ut))dt‘.

Applying integration by parts to the second integral on the right hand side of the latter
together with (2.2) and the fact that |j,(¢)| < 1 for all ¢ > 0, we get

Nt2a+1 H(1 . ) di t2a+2 b t t N
/o FOA = Ja(ut)) ’ ’2 1 Ja+1(u))f()t:0
t2a+2
‘/ 2012 jaH(Ut))df(t)‘
§a+1N2(x+2|f( )|
t2a+2
‘/ 2a+2 — Jotr1(ut))df (1)],

where in the last inequality we have used that t?*+2f(t) — 0 as t — 0, which follows from
t22*1f(¢) € L1(0,1), f € GM, and Lemma 4.1.

Assume now that v < 1/N. By Lemma 2.2, we have j,1(ut) > 1— (ut)?/(4(a+2)) for
t < N, and therefore

1

t2a+2 N
[0 et < o [ e

where B, = 4(a+ 2)(2a + 2).
Let ng = min{k € Z : 2¥ > N}. Using the GM condition, we have

1 22(1 ng) Mo

N
o [ )< 3 e / (1)

a 2k—1

2(1-ng) 10 A2kt
S 02 ( O) Z 2(20¢+4)k/ ‘f(t)| dt
Ba b — oo Zk_l/A t

A

25| f (1)) dt

C22(1=no) (9))(2a+4) o pA2t
: J
2

o B, o k=1/)

(22(1=n0) (93 )(22+5) A2mo—1t
< Qéa ) M2a+2(f)/0 tdt
O(z)\)(2a+7)

= 6B Maa2(f). (4.3)

11



Assume now u > 1/N. Then

t20¢+2 1/u t2a+2 .
[ s atana| = ([ )20 - o)

On the one hand, using the estimate (4.3) we get

0(2/\)(2a+7)

1/u t2a+2 .
‘/0 20 + 2(1 - th-&-l(Ut))df(t)’ < WMQOH_Q(f).

On the other hand,

t20‘+2
' <
‘ /w 2072 9a+1(ut))df(t)‘ <

N t2a+2

t2a+2
.
1/u

200+ 2
The first integral on the right hand side of the latter is less than or equal to

(e >\

t20¢+2
su
O§a<£§oo ‘ / 20+ 2
which is finite due to the convergence of [*t***2df(t), by Corollary 1.3. Finally, let
ny = max{k € Z : 2¥ < 1/u}. Using the GM condition and estimate (2.3), we derive

t2a+2 Sa+1 ee] toc+1/2
[ aegientao] < 22 [ S Do

200+ 2 L 200+ 2

2k+1

Z o(k+1)(a+1/2) / df (1)

k
k:nl 2

- 2(n1+1)(a+3/2)sa+1
- 20042

k
L C2mHDO32 5, 1 i o(k+1)(a+1/2) /A2 LFOL
= 20+ 2 o

Pl 2k /2

Since

= 1) N
3 2<k+1>(a+1/2>/ e < A(zA)a“/Q/ 2 f ()] dt

Pael okt 271 /)
< AN Y2 Moo o (f) /OO o2 gt
271 /A
= QO(a+3/2)M2a+2(f),
we conclude that
N 2 a
L 2t: fzja“(“t)df 0)] < (aci(:j/Az))Q(zziaz)MM“(f )
Collecting the above estimates, we arrive at (1.4). O
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Remark 4.3. Although the proof of Theorem 1.4 can be done in a much simpler way if
we disregard the estimate (1.4) (as in Theorem 1.6), we prefer to include it to show its
dependence on the parameter a.

In order to prove Theorem 1.6, we need the following observation.

Remark 4.4. In the proof of Theorem A, the hypothesis n|a,| — 0 is only used to prove
the “if” part, whilst the “only if” part only requires the convergence of (1.6).

Proof of Theorem 1.6. The convergence of (1.6) implies n|a,| — 0 as n — oo, by Corol-
lary 3.3. Therefore, according to Remark 4.4, the equivalence of (i) and (ii) follows by ap-
plying Theorem A, since we have shown the hypothesis n|a,| — 0 is redundant in order to
prove the “if” part. Also, as we observed in the Introduction, the uniform convergence of the
partial sums Zg:o an cosnz implies the boundedness of the limit function ZZOZO Qp, COSNT,
i.e., (ii) implies (iii). Finally, (iii) trivially implies (i) by choosing = 0. O

Sharpness. To conclude, let us discuss what implications of Corollary 1.5 and Theorem 1.6
hold in the general case and which ones do not. We start with the cosine transform. For
a given f € L'(0,1), since feos(0) = [° f(t)dt, the convergence of the integral (1.3) is
necessary for the (pointwise, and therefore also uniform) convergence and boundedness of
fcos, but not sufficient. Indeed, consider the integral (cf. [10, pp. 7-8])

~ o0 1 1
cos(u) = t=1/2 cost cos ut dt = ﬁ( + >, u > 0.
Jeos () /0 22\ Vu+1  Vu—1

It is clear that, for 0 < u < 1, fcos(u) does not even converge, and moreover it tends to
infinity as u — 1, although, as is well known, the integral [;~¢~/?costdt converges (see
Fresnel integrals, [1, pp. 300-301]). We also show that uniform convergence implies the

boundedness of the limit function, but not vice-versa. Certainly, if fCOS converges uniformly,
for a fixed € > 0 we can find N € R, such that

Mo
’/ f(t)cosutdt’ <&, if N < My < Mo,
M,

and hence,
oo N
‘/ f(t)cosutdt‘g/ F(0)]dt + & < oo,
0 0

since f € L'(0,1) is locally integrable on (0,00). To see the contrary is not true, we just
take

ft) =

et f0<t<1,
0, ift>1.

It can be easily shown, integrating by parts twice, that

1—etcosu+etusinu

g(u) := ﬁOS(U) = 1+ u2

Since f is piecewise smooth and integrable, we have that geos(t) = f(t) almost everywhere

int € Ry. In particular, geos is bounded and converges to a discontinuous function, thus the
. . s N .
convergence cannot be uniform, since the partial integrals fo g(u) cosut du are continuous.
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In the case of cosine series, the situation is analogous. The convergence of ZZOZO an
is necessary but not sufficient to guarantee the uniform convergence and boundedness of
Yoo o an cosnz. Indeed, the necessity part is trivial, as for the sufficiency part let us consider
a, = <, n > 1. By the well known Dirichlet test for series convergence, it follows that

o0
S €0 converges. However, the cosine series

n=1 n
o0
cosn
E cosnx
n

n=1

diverges at x = 1, thus it is not bounded neither its partial sums converge uniformly. Indeed,
to see this we first observe that

N

N N ; — 2 2 —92;
ezn + e m N e m +e m N D 2 _ 1
I Sl e e S s

n=

1
where Dy (z) denotes the Dirichlet kernel (see [19])

N .
; sin(N + 1/2)x
D _ ik _
v = 3 ehe - SO
Applying Abel’s transformation, we obtain

COSTL
E :fECOS’I’L—E ECOSTL

n=1

Joining the above equalities, it readily follows that the series > -, n~1 cos? n diverges.

The fact that the uniform convergence of partial sums of a cosine series imply its bound-
edness may be proved in the same way as the analogue for cosine integrals we showed above.
One may also apply the following argument: since the partial sums are continuous, the limit
function g(z) = > a, cosnz is continuous, because continuity is preserved by the uniform
convergence. The function g(z) is periodic, thus its boundedness follows, since a periodic
continuous function must be bounded. Finally, we prove the boundedness of a cosine series
does not imply its partial sums converge uniformly. Indeed, consider the function

o(o) = {1, if @ € [/2,37/2),

0, otherwise.

If we extend g periodically to be defined on R is not hard to show that the Fourier series of
g, say G, is actually a cosine series, since g is even, and

g n—lCOS ((2n —1)z).

Since g(z) € L'(0,27) and it is piecewise smooth, G(z) = g(z) almost everywhere in
x € [0,27). Since the continuous partial sums

>4

converge almost everywhere to a discontinuous function as N — oo, the convergence cannot
be uniform.

cos ((2n —1)x)
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