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1.~ INTRODUCTION, - Let

n

_— g :
(1) 25 8 ® ChpSApyy Lo h= o)

be a Dirichlet series absolutely convergent at every point s ani

let F(s) be the entire function represented by (1). Suppose that
(2) §(u) = o(u) + it(w)

is a continuous function of the real variable u(0 < u<ool such
that %z;li s{u) = . Aceording to the theory of the almost Iﬁfe—;iodic
fmiction only if | O{u)! —> o0 ag u —> o0 the path (2) cani'be
asymptotie. It is evidemt that if O(u) —>—ob then F(s> = a, but
thege asymptat.lc paths are not interesting.

On the cont.raryiwhen o(u)—>+oo and Flg(uw))-> clc = a finite
constant) we have an interesting asymptotic path. In 2°I give a
theorem on the number of these paths which are contained in a given
strip and are distinet:

i
T shall suppose that hetween these paths F(s) is not bounded.  The

when I say that two asymptotic paths are a{ﬁ%w{:

proof ig obtained using the interesting method used by Macintyre IL T




‘where Zane "

in the proef of the Denjoy-Carlemang-Ahlfors theorem.
In 3 I obtain a translation to a claBS_OfASEFies of a

classzical theorem of Wiman for the Taylor series,

2.= 1 again consider a continuous curve (not necessarily e

gsymptotic pa't‘hé)

(a) s(u) = olw) + 1t{u)

such that s(u)—> © as u -—-‘7+06 ani now: I supposge that if U<ty
then O (u)< O(uy) and that C(0) = O, Then I define the strip

S ={e=0 + 1t:0<uc+m, tlw)=t<tl) + 43
On the other hand I write

M(o,F) = sup |F(C+ it)]

L E L tae
and
M{TyFyS) = Sup [F(O+ it)]

0L frg +

_ Say
With these definitions we can state the following theorem:
TEECREM I,- If
s i

. X
- F{s) =§_ane n | i,

An is dbsolutely convergent at every point s amd if F(s)

"has n distinet asymptoticf paths in 8, then

e log M(CT L F) .t log M( O, F,S)
lim inf eff(n-l)e—i}ﬁ > lim inf 7= 1) Ef./i_ > C
) =

Proof.~ Evidéntly' without loss of generality we can suppose




w
S

th'a‘.t__‘ the n asymptotics paths ﬁk(k = 1eZ ane n) 4o not intersegt.
Now congider the part Sé of S for which C"é% then by a
method used by Macintyre 1] we cen mep S & cut by the n curves--fk

on the rectangle'

(37 Oz=x= B’ Iyl=a/2 . of the plane 2z = x + iy

cut along n paralels to the axis of the x;this mapping will be
represented by z = ?’(s) and it is conformal except on the cuts.

Then again following Wacintyre we can prove.

LEHM&SL.- Ir I{%.s the lower bound of the lengt;h in the s
plane of all curves belonging to S’é and joining a point of the
=0 to a point of & =§ but not interseeting any curve fk’ then

é' verifies the inequality

3'=17/¢

It is evident that the rectangle (3) is formed by at most
n + 1 rectangles of which n - 1 are bounded by the n parslels cor-

PeSpGﬁding to the ak (k = lr 2; G-od'_} n)a

HEAtH These rectangles!mll be denoted by ﬂ (k = 1,2, ....)n - 1.
¢
Therefore at least one of thefe rectangles has a width not greater

than A/(n = 1) T denote ‘it by ﬂ .
Under the hypothesis that we suppose it is possible to
prove that thegs exists a value >0 such that if @ > © we can

determine a X, such that for every k

Ll

sup  [F(P 1) >1
}_(:xé‘,geé-& Le{) [ .

-9 . a . ‘w
where (71" is ‘the inverge function of 7




Therefore according to a precision of 2 theorem 6f Lindelsf

we have

log M(§',F(¥1), A0
lin inf —. 82t il so
Froe a1 (S-x,)/A

' Sinee L >4, following the lemma 1, P'>§ enias
M(@,F,S};M(é’,?(ﬁv-l),.zfé;)

1t follows theorem I.

3.- Let F(s) be aﬁfenmre function rapresented by a Dirichlet
28

gseries Zanﬁ where the sequence %'Xn% has an upper density 2

end is such that inf (A _,q,-A_)>h. Moreover I suppose that we

have defined the function p (07) such that
lim p(o) =f (3'(@')0*—-}0;;

)
log M(O’,F)éee(m&

where P is the Ritt's order of F(s).
On the other hani 'f‘ellem.ng a result of Mandelbmj‘b DA

-

there exists a sequence { o} % such that for every

= ot it

there exists a’'point s' such that

lg' = S!CH,E'D + @(lj




{0r_) o -f& .
log [F(s*)|>e T 7 f (1-8(1))

where d = D{(7 - 3log(hD))-
Now I need a result of Milloux, 1. e.,

LEMMA 2.- Let £(g) be 2 holomorphic function in |s|<R
‘guch that

log 1£(S)leM

#nd if on a path jeining s = O with a point of [g| = R the function

is bounded by
log If(sdism ; m<M ,
then for [sl< r<R

= - v
log [£(e)] <M = (¥ - ) 2 arg sin 3 L.

If F(s) hag an asymptetiec path in which (> +co we denote

by s, a point such that s belongs to the asymptotic path and

s,= O it, using lemma 2 and the properties of P (¢) we can prove

that for every R>/TD we have

S - 7D _-pd-pR 3
1 7 are sin P -!-,r-'D e : _ :

Therefore if Pﬂ:} ig 2 funection éf D and 4 such that there exists 2

value of R> 7/ D which verefies

B -/D _'?od"FoR
= &

’ _ l—j;%a'r’gsulﬁ-,,_—}:'ﬁ—

then for the game valus of R and f’ar EC P we shall have m

- - pa-rR /“‘r’ llowing:
j 1 fgf are sin +JZ’D< e ave proveﬂ the following:




THEOREY II.- If
. N
F(g) = Zanen
is a Dirichlet series convergent at every point s and if { = re-

presents the function of D and 4 definaﬁ?@gggg}where D is the upper
density of {’\n? and

d = {7 - 3 log(hD})

+hen if the Ritt's order f) of Flg) verifies P“’“P +he function F(g)
. ’ ]
has no asymptotiec path such that O —> +coo.

This is the translation of a classical thecorem of Wiman to

the Dirvi_chlet geries.
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