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1.~ INTRODUCTION,- Let 

— e 

( ac £ CAn S À ma Ha o) 

be a Dirichlet series absolutely convergent at every point s and 

let F(s) be the entire function represented by (1). Suppose that 

(8) S (u) = O (u) + it(u) 

is a continuous function of the real variable u(O < u('oo'}_' such 

that %2?, s(u) = w. According to the theory of the almost ;e;iodíc 

fuáctionàonly if | OQu)l — co ag u —P oo the path (2) can;f_be 

asymptotie. It is evident that if C(u) —è-oü then Fís) — a, but 

these asymptotic paths are not interesting. 

On the cont.raryiwhen C (u)—i too and Fís(u))— e(c = a finite 

constant) we have an interesting asymptotic path. In 2°I give a 

theorem on the,number of these paths which are contained in a given 

strip and are dïstïmt; when I say that two asymptotie paths are didrd 

T ghall suppose that betveen these paths F(s) is not bounded, ' The 

proof is obtained using the interesting method used by Macintyre ['LÍI 



| in the proof of the Denjoy-Carlemang-Ahlfors theorem. 

| In 3 I Obtain a trenslation to a class of series of a 

\ 
I 

classical theorem of Viman for the Teylor series, 

2.- I again consider a continuous curve (not necessarily aa 

asymptotie paths) 

(a) s(u) = O(u) + it{w) 

I 

I 

| 
l 

i’ such that s(u)— P 88 U —3 +o0 and now I suppose that if uys ug 

then O(uy) X O(ug) and that C(O) = O, Then I define the strip 
| 2 i 
| 
I s = {s'=0’(u) 4 itiOguacto, tí(u)ztstu) + A}“ 

/ 

‘On the other hand I write 

N(G,E) = sup ÍF(G- it)l 
ma beTee 

and 

M(UryFyS) = Sup |F(O+ it)j, 
0oL bad 
Sed 

With these definitions we can state the folloving theorem: 

TREOREM I,- If 

A8 i 
Fís) = Zane h h 

Àn , ’ i if F(s) where ïane is absolutely convergent at every point s and i s 

has n distinet asymptotic$ paths in S, then 

im 10 log M(C 3 F) s s~ log N( C, F3S) ln nt a oA )O Mn it iE/A > O 
e 

Proof.- Evidently without loss of generality ve can suppose 



that the n asymptotics paths Qk(k = 1924 -y n) do not intersegt. 

Yow congider the part SE of S for which O‘éf then by a 

method used by Macintyre U we can mep S : cut by the n curves fk 

on the rectangle 

(3) O=x< g' , Iyl=ase . of the plane z = x + iy 

cut along n paralels to the axis of the xj this mapping vill be 

represented by z = 7‘/(3) and it is conformal except on the cuts. 

Then again following Macintyre we can prove. 

LENNA'd.- 1f Ifis the lover bound of the length in the s 
plane of all curves belonging to SÉ and joining a point of the 

C- Q toa point of U=% but not interseeting any curve fk’ then 

é' verifies the inequality 

g'a Vè 

It is evident that the rectangle (3) is formed by at most 

nt 1 rectangles of whieh n - 1 are bounded by the n paralels cor- 

responding to the Ík(k S L2 des Q)a 

EE These rectangles!:nll be denotel by 4, (k = 1,2 un- 1). 

Therefore at least one of thefs rectangles has a width not. greater 

than A/(n - 1); I denote'it by Aè_ . 

Under the hypothesis that we suppose it is possible to 

prove that thege exists a value 950 such that if é'} © we can 

determine a x, such that for every E 

- P TN >1 xe P GT NA 
-lis tné i , L 

whare (71) is the inverge function of Ç 



Therefore according to a precivsion‘ of a theorem òf Lindelòf 

we have 

log M(S', RV D,A,) 
lim inf —o ita i. so 
gor — D (El og )/A 

Sinee L Xé, following the lemma 1, Í'Zá and as 

m(«}',F,S);M(á',?(?'l),zfé,) 

it folloms theorem I. 

B.- Let F(s) be afifenmre function represented by a Dirichiet 
ns 

series Zane where the sequence %)(ná has an upper density D 

and is such that inf (Àml')\n)> h. Moreover I suppose that we 

have defined the funetion P (07) such that 

lim ç((ï)=f> ' ç'(à)O’—B»O'; 

log E(G,P) ca (T 

where P is the Ritt's order of F(s). 

On the other hani folloving a result of Mandelbmj‘o IM 
m 

there exists a sequence í O’n% sueh that for every 

=0t 1t 

there exists a'point s' such that 

lst - gl</ID+ &(1) 



(o ) o ~pd 
log |F(s’)]>eP n'a f (1-0(1)) 

where d = D(7 - 83iogínd)): 

Now I need a result of Milloux, i,'e., 

LEMMA 2.- Let f(g) be a holomorpíúc function in [s|< R 

such that 

log If(S)iE M 

nd if on a path joining s = O with a point of lel = R the function 

ig bounded by 

log lfís)iec m meM , 

qnen for [sl< r<R 

c— - 
108 If(S)I EM - (M - m) 5-2_ arg sín% ï 

1f F(s) has an asymptetic path in which C — +oo we denote 

by s, 8 point sueh that Sy, belongs to the asymptotic path and 

n 

that for every RD/ID ve have 

SaT 0‘n+ i‘tn using lemma 2 and the properties of f(O‘) we can prove 

t 

ED - R 3 
arè gin ; T pa-p ; 1 -5 

o
 

Therefore if F’a is a function of D and d such that there exists a 

value of R> /7D which verefies 

-¢ 3~ R L RD _ P 
1- % aré sin -R—,,_/::]—)— e 

then for the same value of R and for P € P, ve shall have ER — 

a-pR 
2 R-/TD eP / have pr’ovefl +the following: 

1- q arc sin I < 



THEOREM II.- If 

P} 
F(s) = Zanen 

is a Dirichlet series convergent at every point s amd if P, re- 

presents the function of D and dvdefined fi;c?ig}where D is the upper 

density of {}\ng and 

d = D{7 ~ 8 log(hD)) 

then if the Ritt's order P of F(g) verifies P p the funetion F(s) 
c 

hag mo asymptotic path such that O —3 to0. 

This is the translation of a classical theorem of Wiman to 

the Dirichlet series. 
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