Barcelona 3 july 1959

Prof. Re Ps Boas
Evanston

DDear Professor Boas,

Enclosed T have the plessure to sed you a paper to be published in
the Proce.Am. Math, Soes if you think it convenient. If you think more
proper you may cut out the §29§uﬁlconmunicate the contents of the same
to lir. Rahman for the ca=e he would like to make personally the cerrec-
tlon.

Thanking you in antlecipation I remein

yours sincerely




Some remarks on Q.I. Rahman's paper "On entire

Functions defined by a Dirichlet series

F, Sunyer i Balaguer

1l The first part of the theorem 2 of Rahwan |1| () can be impro-
ved and we may state the following resultf’/:

THEOREM Ae If h=<°% then the type T.mof £(8) in each horizental
a
SBiwp S(l=), with a>0, satisfy 'T‘S:ﬂ_‘-

Proof. If a>ea’>0, evidently
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where S=S(fa) and 8°=S(fa’); and therefore
= '
Tty

rrem theorem 2 of RPahmen it follows
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and hence, fmx if a’—0,

But ebviously T=1T, and thersfore T =T.
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2. The fheorem A is included in the following theorsm




THEOREM Be As we suppose h >0y in each horizontal strip S(/a).with
a>D, the typs

where f=[D+D(7=3'Log(hD) ;.

If h=~°, we have D=0 and therefore f =C, and since from theorem B fo-
lliows '5,‘,3=T, the theorem B inelude the theorem A,as we have sald before,

Proof,of theorem B, According %o a result of Mandelbrojt [2,theoren

a] for any s =0+ilg, inside the ecircle

0
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where & 1s a given pesitive quantilty, arbitrarily small, but fixed,

there will exist & point s’ at which &
2) log |P(s")| > - - log ( Yk
(2) log |£(s")| > 1og |a |2 g= log (A /A )=¢,,

ghere ¢, is a constant which depends on £ ; and this inequality will
hold for every vaiue of n.
On the other hand, according te a result contained in the same paper

of Mandelbrojt [2,p.355] for values of n sufficiently large

- 108 O\ A e, > <\ (D€7« 3 log(hD) )4+ 2)

Then evidently, if 0 1s smaller than a certain negative guantity, Xk

the value of n which makes maxijuylthe expression;
log |a_|=N, 0
will be one of those whieh satisfy (3). As a conseguence of (2), we

cirele (1) there will exist a point s  at which the Pollewing inequa-

lity will held;




log | £(8")] >log HAO +a+E) e

where d=D(7-3 log(hD)). NMereover, according to Sigimura |3, theorem 5|,
as D is finite,

log/«L(D')=(1-o(l))log u(&

and conseqguently we shall have

)1 > (1-0(1)) log L1(0+d+£)

Therefore if we write s'=0"+1t", we shall have;

log M ((07) > (1l-0(1))1log M(p +3+0)
S o

And, sinceo"z (70-/[ D={, and ¢ ie arbitrary,

m z.e"ﬁf)'.f_‘

On the other hand, the insguality

=27
" w2

i evident.

3. 6n representing by the maximum density oféx,,,_g introduced by &
Polja [4], we can state the folileowing theorem.

TYEORFM Ce AS we suppose h> O, in each herizontal strip () a8)y with
2> A s1he type wakdmftyne T, satisfy TS'—‘-_T_.

Gines A ean be > D, this theorem not contains the theorem Be

The theorem C is a corollary of my generalization of a result due
to Polya [5, lema 2,3|.

4,1 believe that proefs of @ theorem 1 and of the second part of

the theorem 2 of Rahman are not complety correct {); since 0¥ can be
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a diseontinuous function of 5, and we can neither affirm that
Js

-T."'ll

log log M. (0‘)
=As

0’?—;\—0" ....C’J.*

ner thet

lcg 's'r f
lim inf -n______l_ ‘I’

Oyr=  =p%

and therefore we can neither affirm that )\ > N ner that ”[éz:e
3
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FOOT=NOTES

N
ff)". Numbers in brackets refer to the biblioegraphy at the end eof th
paper.

(%. For notations see [1].

é)- When the Dirichlet series contalnsg a constant tersm counstant ithe

definition of the /| (r) and,therefore, of the /]* given by kandelbrojt
n

must vary slightly.

(25. The results however might be exaet; particularly if‘péoc I think

it likely they are exsct, but the proofe of these results seems to be

rather @ifficuit.
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