Barcelona, 14th february 1959
N\

Prof. 4.J. Macintyre
Cincinati

Dear Professor Macintyre,

In reply to the questions you asked me in your two kind letters of
the 1lth January I have the pleasure to inform you as follows:

(1) At present I should not be able to speak English, but as I trans-
late it easily I think that if I strived hard for it I could before
long give a course in this language.

(2) Imshould have no inconvenience at all in leaving Barcelona for
one rear.

(3) My task in Barcelona is merely research work amd therefore of a
thoroughly personal kind.

(4) The greatest diffieculty is that the Spanish University Authori-
ties are unable to accept an interchange of professors as they are in
lack of funds for it.

(5) In view of this difficulty I have made no enquiries from the Con-
sulate of U.S.A. on whether I should be able to get a visa, but I thinnk
there would be no difficulty.

(6) If in spite of the foresaid you were interested in knowing my
publications, age, etc. etc. I should be only too glad to send you the
same,

(7) I have been known - among other ones - by the prof€ssors Mandel-
brojt and Milloux, and I suppose it would not be difficult in having
some sgtatement from them.

Regarding the lecture you would like to develop, the result you want
to show is quite interesting. Mereover, of this result it follows that;
4 o Diés a multiply-conected open domain such that z=0<D and 2= D,
and

R=min| z|
i€C

where ¢ is the component of the complement of D such thet z=°° €¢cy then
there exists a)\=A(D) such thet any functien nang

oo
f(z)=£ anzn
M= J
where an=0 for nK<°n<<Ank and where the radius of convergence

g




% ra'nl 1/n

satisfies the condition r~R, has a singular point in D.

Thanking you for the interest shown I beg to be

yours sincerely




Barcelona 31 march 1959

Prof. A. J. lMacintyre
Cincinati

Dear "rofessor Macintyre,

I received your letter of the 7th inst. and thank you very much for
your kind interest., Regarding the contents of the same I have the plea-
sure to inform you of the following; ‘

(i) As T already told you I am suffering from a paralysis which di-
sables me from walking so that I am compelled to ride in a small bath
chair, the dimensions of which and the circumstances of its being co-
llapsible allow me to go by car (railway, etc.) as well as to use a
lift. I can not manage a staircase. Therefore I should like to live
near the University where I had to lecture.

(ii) I am 47 years old (on a sheet enclosed I am informing you of
my publicationg and any other dJdetails). )

(1ii) Your suggestion to send you a lecture recorded by magnetopho-
ne is unfortunally impracticable at present as my English pronunciatieon:
is not correct. Therefore if you could arrange for my visit to the
United States I ought to know it © or 10 months before =o as to be able
teo improve my promincistion.

Reiterating my thanks for yocur kind interests I remain

Yours sincerely




Barcelona 26 may 1959

Prof, A, J. Macintyre
Cineinati

Dear Professor Macintyre,

In my possession your kind letter of the 4 May and aceerding te
your indication I have the pleasure to submit you in the follewing
the demonstration of the general case of your bynjecture. The result
I demonstrate may be enunciated as follows:

Let D be any open domain, and let f(x) be a regular function in D

such that
f(z)= Z cﬂz“'

converge in £ |z]< r2CD, and where ¢,=0 if n,<n< A\p. For any boun-

ded_closed domain D, such that D,CDP it exist a muber ),(DyD,} such

that if /\>/\O(D,D,,), then there ls overconvergence in D,

Proof.- We $hall denote by CD the complement o D, by CD, the come

plement of D, and by{lu%the couponents of CD,. Evidently there exists
only a f‘i:ﬁt number ¢f iminsmminckimok b such that h,/) ODFO.

Let h, ha the component such that cc<h, and we supose that h, o1,
essgh, are all the boundeds componente such. that h{ﬂCD#O

Then we write

and it follows that Dy is a bounded closed domain and that D, €D.Evi=
dently we may supose that the boundary of D, 1s composet by polygons
Obwiously there exists 2(n-1l) polygonal arcs
LoyLgsesnyl,

) / !
L{,L&;ooo,Ln_,{

K

n-4
and D, - UL; are simply connected..
A

I ne 0 J--ll- A ~ M_!;'
such that L_ LOL—-(, and D, -Lj L

On the other hand we shall dencte by C(s,R) the open circle |z-s|<R
and by S(LyR) the strip




then for R sufficiently small
s(Lk_,R)ﬁ S(Lﬁ,’_,B)=O
Hence, for R sufficiently small we may define twe closed simply con-
nected domains
m=4 ) M=4 y
D, =D, - y S(L, yR) Dy =D, = 4U S(L yR)
such shat D, +D, =D,
The proof of the theorem is now immediate. Evidently we may define
a open bounded domain A =A(D,Dj) simply ccmnected and such that
B, &4 slzl<ricA Ncop
vihere A is the closure oT/\ « MIDEONISMIERITIITN Loreover it 1s known
that if ¥(z) is regular in/\and
?ﬁ(A)r—l.u-b.IF(:Z)I & =4 ) g MDD = .IF(Z)I
5 €d
we have
\ . - e '5
(1) u(p, ) = WA 1° [¢a)]”
where 0 dependonly of A ,D, and de

CObvimaly -if

i
s ~7 o T
s’w(z"* 20 s € 2

Ty v
diC VG

we
A P o
eUe De ) - : ! H{ 2 = . byl £ Z)=8 Z) = H
. ki i A Lynybal ~ (2= R,
where H and H_-are two constansts that only depends of A « Therefore
by (1)
iy & AT =6 ey
- N o, - (
¢3%.B?.|:.(z)‘ah§z)|éxr (°, (/2] |
hence if A >)§D(A,’-_)5) there is overconvergence in D; And sincey si-
milarly, we mey proof that if A\ >)\O(AJ,D;} there is overconvergence
) a1
L D,+D,;=D,> D,
it follow the theorem

Believe me to be .
yours sincerely

T e




Lengths of gaps and regilon of overconvergence,

This report is based on the method which has proved so

useful for related problems. l’}J, 'b? 2 is regular for

fgﬁz_i and for part but not the Whole of [4] = 1 then
the ¢, can be interpolated by an entire function G(z) with G(gﬂﬁcn,
and the growth propertiles of G(z) are related to the region into
which f@j) may be analytically continued. In the converse

direction the representation

£-3) = -if/_cvcz),;é‘p(é

24 >
\S‘f'i-t.- I/ é

48 useful, Its validity 1s due to the fact that the integrand .iends
to zero along arcs Ig|;4++5_ ir l}l:: 1 and the caleulus of residues
may be exploited te give the power series expansion., If however
Gtz) was sufficiently emall aleng special sequences of arcs
f;{:¢14.é; the same procedure would give overconvergence. This
conclusion could be anticipated for instance from the existence
of groups of zeros of e of a greater density than is normally
possible,

he Shvede G5 ) regular and of minimum type in an angle / 5’*’"?‘ ’l;/ = A
is associated with continuation of ff(3 ) into a region outside
131 = ! bounded by logarithmic spirals

B

£(2z) will be regular for /3[.£{ and between two spirals
meeting in z = lfmakéng angles a with Lgl:f{ °

lu“f»ﬁ—v(” ]‘e_‘g il




PR S sy FHAGSERYE SRR
If we further suppose C(/)=© fay e R E1nty oy
P tnen (cg)/s z 1s regular in 1, <[5l £, (1+ & ) for /“7 A
On the radial parts of the boundary ((£)/din 7/ is(?f&7iﬂtq» ; 4z
i Mol p & )IS T

L

b ]

From this we can infer that it is small in the interior. An exact ‘
harmonic majorant could be exhibited in terms of elliptic functions.
Approximations using the two constants inequality are enough te
establish an overconvergence region

~7 (1) whose boundary touche. the spirals at z = 1 (in accordance with

Bourion's theorem,
(1) which approaches the known region of regularity as 4 tends
to infinity.

o

Similar arguments are avallable 1if _.,;'“‘” for a

[+~
S

sufficiently dense sst of integers in the geps In this way Fabry’s
gap theorem and the gap theorem of Polya can both be exhibited as
immediate corollaries of overcongergence theorem. The larger the

AP omre SINEY on whicech 272 ) 18 regular the smaller the
e (72 5

proportion of zeraqf, )needed to establish overconvergence.
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A THEOREM ON OVERCONVERGENCE
F. SUNYER I BALAGUER

The conjecture announced by A. J. Macintyre [2; 3] is equivalent
to the theorem stated and proved below.

THEOREM. Let D be an open domain containing the origin and let
f(2) be a function regular in D with the expansion f(z) = ZS‘ Gri™Let
Dy be a bounded closed domain contained in D. Then there exists a posis
tive number ho=Ao(D, D;) such that if c,=D for a sequence of intervals
ne = n = Angp with N > Ao, then the subsequence of partial sums s,,
= > .z converges uniformly to f(z) in Dy.

Proor. Let CO and CD, denote the complements of D and D re-
spectively and let k;, i=1, 2, - - - be the components of CDy. The
components can be considered as disjoint and there exists only one
unbounded component. The one unbounded component will be de-
noted as h.

One can assert that there exists only a finite number of components
k; such that

(1) i\ ep # &,

where & is the empty set. This assertion is proved as follows. Assume
that there exists an infinite number of components #;, 1 = 2, such that
(1) is valid. A bounded sequence of points a; can be formed where
a:Eh:MNCO, 1=2. Every a; is an element of CD and hence the dis-
tance d from D; is at least §>0. The limit point a of the sequence then
must be such that d(a, D;)=6>0. Thus a is an element of CD; and
all points z in \z—a{ <6 must be in the same component.

Let the finite number of components be enumerated as k;, =1, 2,
+»«, N. Considering now

(2) Ds=D+ U Bey +
i=N+1
then Ds is a bounded closed domain and D CD,. Since Y.y hiis
. bounded and D, is bounded by hypothesis, D is bounded. Also, since
h:N\CD =, 1= N+1, then h; CD and D, is contained in D). To prove
_that D. is closed note that its complement is .., k; and is open.

Now N—1 polygonal arcs Ly, Ls, - - -, Ly-y can be chosen such
that Do— 2.0 ' L, is simply connected. Also N—1 other polygon
arcs LY, L{, -+, L§_, can be so chosen that Ly/N\L]/ =& and

D,— » Y1 L/ is simply connected. Consider now the open circle
C(s, R) or |z—s| <R and let S(L, R)=Usec. C(s, R). Thus S(L, R)
is a strip enclosing the polygonal arc L. For R sufficiently small,

3) S(Lw, R) N S(L{, R) = &.

. Hence for R sufficiently small two closed simply connected domains
can be defined, D;=D.—UY"' S(Li, R) and D3=D,—UY"' S(L}, R)
such that D3+ Dy =D,. This follows from

N—1 N=1
D;+ Di = D; — { U S(Lk,R)} -y { U 'S(L_,’,R)}

k=1 j=1

= D,

by (3).

The proof of the theorem follows. An open bounded simply con-
nected domain A=A(D, D;) can now be defined such that D;CA,
|z <R}€A, ACD where r is the radius of convergence of-f(z)

= . cyz" and A is the closure of A. From the Nevanlinna two-con- . .

stant theorem, if F(z) is regular in A
M(a) =lub. |F(x)|, M@ = lub. |F@&|,

zgl _ 121 <7/2
then [1] .
(4) M(D;) =lub. |F@)| = {M(A)}"_{‘M_(d)}l‘—'*’

zeDs
where >0 depends on D; and A. Using thé majorization of 7.,, where
r,,,._:f(z)—sn,,, Snp= 21:1 cn3" we get l'u'-b-‘::K;:fE rﬂk‘ <H(3/4)lnk af’ld
lLu.b. |r.,| <H} where H and H; are two constants depending on
A and f(z). Thus by (4),
lv-ﬂ‘

Lub. |7.,] s B {H1(3/4)

e2eDsa

K(l—ﬂ)}nk

Thus if A>Xo(A, D;) there is overconvergence in D;. Similarly there
is overconvergence in Dy if A>N(A, Dy). Now since Dy+Dyi =D»
D, the theorem is proved.

REMARK. By the same method similar results are proved for the
series of Dirichlet and for the integral of Laplace.

REFERENCES
1. G. Bourion, L'ultraconvergence dans les séries de Taylor, Paris, Hermann, 1937.
2. A. J. Macintyre, Length of gaps and size of region of overconvergence. Preliminary
report, Abstract 557-27, Notices Amer. Math. Soc. vol. 6 (1959) pp. 186.

3. ——, Size of gaps and region of overconvergence, Collectanea Mathematica

vol. 11 (1959) pp. 165-174.

UNIVERSITY OF BARCELOXNA,
BARCELONA, SPAIN

Received by the editors June 27, 1960,

Al




	0234_001
	0234_002
	0234_003
	0234_004
	0234_005
	0234_006
	0234_007
	0234_008

