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Combinatorial Convexity

Victor Alvarez, Jeong Hyeon Park

April 20, 2009

Abstract

Erdős-Szekeres theorem is one of classic results in combinatorial ge-
ometry. In this project we consider the colored version of the problem.
Especially, we are interested in the number of empty monochromatic tri-
angles and the existence of an empty monochromatic convex quadrilateral.
We give some minor results and plausible ideas to solve the problems.

1 Introduction

The following problem is quite well known among combinatorial geometry
problems : given n points in the plane that are in general position, are
there k points in convex position when n is very large? This problem
was solved by Erdős and Szekeres[7]. They proved the result by Ramsey
numbers and it becomes one of the most fundamental and famous results
in combinatorial geometry. This problem has many relatives. One of its
famous relative proposed by Erdős is as follows : given n points in the
plane that are in general position, are there k points in convex position
whose convex hull is empty when n is very large? How many such k tuple
of points are there? Those problems are investigated by many researchers
and there are many results on the problem.

We are interested in the chromatic variant of the problem. The chro-
matic variants of the problem is as follows

Question 1. We are given n points in the plane that are in general posi-
tion and each point is colored with red or blue. Then, are there k points of
the same color in convex position whose convex hull is empty? How many
such monochromatic k tuple of points are there?

Those problems were recently proposed but there are already some
nontrivial results. In this project, we present some minor results related
to the problems and plausible ideas which may be helpful.

2 Related Work

2.1 On Empty k-gons

The existence of an empty quadrilaterals is obvious by a classic observation
: if there are five points in the plane, there is a convex quadrilateral
among them. The existence of an empty convex pentagon is proved by
Harboth[9]. On the contrary, there is an arbitrarily large point set which
doesn’t contain empty convex k-gons, k ≥ 7. Such a point set is called
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Figure 1: An example of an empty monochromatic quadrilateral

Figure 2: The Horton set

the Horton set, found by Horton[10]. The Horton sets are constructed in
a recursive way : H+(n/2) are lie high above H−(n/2).

The existence of an empty convex hexagon was a wide open problem
for many years. Recently, Gerken[8] proved the existence of an empty
hexagon. He characterized a point set without an empty convex hexagon
that layered convex polygons and proved that there can’t be such point set
when the number of point is large. Nicholas[13] also proved the argument
in a different way and Valtr[16] simplified Gerken’s proof.

How many empty convex k-gons are there? It is easy to show that there
are quadratic number of empty triangles. Katchalski, Meir[12] proved that
there are

(
n−1
2

)
empty triangles. Bárány, Füredi[3] improved the bound

to n2−O(n logn) which is the best lower bound so far known. The upper
bound on the number is again quadratic. Katchalski, Meir[12] constructed
a point set which have only c · n2, c ≤ 800 empty triangles. Bárány,
Füredi[3] asserted there is a point set with only 2n2 empty triangles by
a probabilistic argument. Valtr[17] constructed a point set which gives
≤ 1.8n2 empty triangles. His construction is to place the Horton sets
in four layers. His technique is improved several times : Dumitrescu[6],
Bárány, Valtr[4]. So far the best known upper bound is ≤ 1.62n2. With
those results on the lower bound and the upper bound, the number of
empty triangles is now believed to be (1 + c)n2, c > 0.

It is known that the number of empty convex k-gons is dependent on
the number of empty triangles. Pinchasi, Radoičić, Sharir[14] derived the
relation among the number of empty convex k-gons. They defined and
proved moment sums on the number of empty convex k-gons and that
gives the number of empty convex quadrilaterals is quadratic and the

2

8



H(n)
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Figure 3: Valtr[17]’s upper bound construction

number of empty convex pentagons is quadratic as well if the conjecture
is true. We will briefly review their result.

2.2 On Empty Monochromatic k-gons

The existence of an empty monochromatic triangle is given by Devillers,
Hurtado, Káryoli, Seara[5] proving the number of empty monochromatic
triangles is at least dn/4e − 2. But there is a point set without an empty
monochromatic pentagon. It is again given by Devillers, Hurtado, Káryoli,
Seara[5] coloring the Horton set. We don’t know whether there is an empty
monochromatic convex quadrilateral in a large point set. It is known that
there is a point set of 36 points without an empty monochromatic con-
vex quadrilateral[11]. And Devillers, Hurtado, Káryoli, Seara[5] proved
there is an empty monochromatic convex quadrilateral in the Horton set.
Recently, Aichcholzer, Hackl, Huemer, Hurtado, Vogtenhuber[2] showed
there is an empty monochromatic quadrilateral(possibly non convex) in a
large point set.

The lower bound on the number of empty monochromatic triangles
is proven by Aichholzer, Fabila-Monroy, Flores-Peñaloza, Hackl, Huemer,
Urrutia[1]. They shows there are Ω(n5/4) empty monochromatic triangles.
Their proof is based on the discrepancy lemma, there are at least Ω((nr−
nb)

2) empty monochromatic triangles. Their technique is improved by
Pach, Tóth[15] to Ω(n4/3). The upper bound is still quadratic and it is
conjectured that there are always Ω(n2) empty monochromatic triangles.

3 Empty Monochromatic Triangles

3.1 Relation among the number of empty convex
k-gons

Pinchasi, Radoičić, Sharir[14] derived the following inequalities with very
long analysis.

Theorem 3.1.1. Let Xk(P ) be the number of empty convex k-gons in the
point set P . Then, the following inequalities hold

X4(P ) ≥ X3(P )− n2

2
−O(n)

3
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X5(P ) ≥ X3(P )− n2 −O(n)

Here, we give a very simple proof of the first inequality.
Our proof is based on Bárány and Füredi[3]. First, let l be an arbitrary

line which is very far from the point set P . Then, for each segment pipj ,
consider points in the strip sij defined by li and lj that are orthogonal to
l. Then, if we count empty k-gons in each strip which are incident with
pi and pj , they are counted only once.

l

pi

pj

li lj

Figure 4: Empty k-gons counted only once

Let tij be the number of points in sij that forms empty triangles
with pi, pj . Then, X3(P ) =

∑
tij . Let qij be the number of empty

quadrilaterals in sij which are incident with pi, pj . Then, qij and tij have
the following relation.

Observation 1. qij ≥ tij − 1

Proof. Let t+ij(t
−
ij) be the number empty triangles incident with pi, pj such

that the other point is above(below) the segment pipj . Then,
(1) Two adjacent triangles form a convex quadrilateral
(2) Two triangles in different sides form a convex quadrilateral

pi

pj

pi

pj

Figure 5: Two kinds of empty quadrilaterals
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Thus, qij ≥ max{tij − 1, t+ij · t−ij}.

By the observation, we get the following relation between X3(P ) and
X4(P ).

Theorem 3.1.2. X4(P ) ≥ X3(P )−
(
n
2

)

Proof. X4(P ) =
∑
qij ≥

∑
tij − 1 = X3(P )−

(
n
2

)

Unfortunately, we couldn’t derive a relation betweenX3(P ) andX5(P ).
But we believe there is a simpler proof.

3.2 Simple Upper Bound

Aichcholzer, etc [1] showed that there is a bi-colored point set which only
has 1

4
T (n) empty monochromatic triangles where T (n) is the minimum

over the numbers of empty triangles of n points. Their construction is
merely to duplicate the point set which has the the smallest number
of empty triangles among the point sets with the same cardinality and
move them in ε. Then, for every empty triangle there is only one empty
monochromatic triangle. See the following figure.

Figure 6: Only one triangle is monochromatic and empty

Here, we give an probabilistic construction which gives a similar upper
bound.

Theorem 3.2.1. There is a bi-colored point set of cardinality n such that
the number of monochromatic empty triangles is strictly less than 1

4
T (n)

Proof. Let P be the point set of cardinality n which has the smallest
number of empty triangles. Then, we color each vertex red or blue with
probability 1

2
. The probability that an empty triangle remains an empty

monochromatic triangle is 1
4
: the triangle could be red or blue with prob-

ability 1
8
, respectively.

Thus, by the following simple calculation, the expectation of the num-
ber Tm(n) of empty monochromatic triangles is

E[Tm(n)] =
∑

triangle t is empty

Pr[t is monochromatic] =
1

4
T (n)

And we may color the point set with one color which has T (n) monochro-
matic empty triangles. That is bigger than the expectation number so

5
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Pr = 1
8 Pr = 3

8 Pr = 3
8 Pr = 1

8

Figure 7: All the possible cases

there must be point set which has empty monochromatic triangles of car-
dinality strictly less than 1

4
T (n).

3.3 Towards the Quadratic Lower Bound

Our method is based on Bárány and Füredi’s construction, see [3], of the
lower bound for empty triangles when the given set of points is colorless,
which we briefly describe here.

Given a colorless set P of n points, let us consider the complete graph
KP

n defined by each pair of points of P . Now let us consider any straight
line l such that Conv(P )∩l = ∅. We will label the points of P with integers
1, . . . , n according to how the appear on their othorgonal projection on
l from left to right. Note that this labelling has the property that for
any two labels i, j, 1 ≤ i < j ≤ n, the slab that is delimitated by the
orthogonal projection on l of pi, pj ∈ P contains only points with labels
strictly between i and j.

Now let us call an edge eij = pipj of KP
n good if and only if eij

constitutes a side of at least two empty triangles of P where the third
vertex pk is such that i < k < j. That is, pk is contained in the slab
defined by the orthogonal projection on l of pi, pj .

In [3], Bárány and Füredi showed that KP
n contains essentially n2 −

O(n logn) good edges and hence, that many empty triangles.
Having described the previous construction, we can now proceed to

explain our idea.
From now on let us consider a bi-colored set of points P = R ∪ B of

2n points in general position, where |R| = |B| = n and R and B will
stand for red and blue respectively. Let us choose one chromatic class,
say R, and let us label its points with Bárány et al.’s labelling. Our idea
is based on the fact that most of the edges of KR

n are good edges, without
considering the blue chromatic class. That is, let eij = rirj ∈ R be a
good edge of KR

n such that i < j. If at least one of the red triangles
that have eij as one its sides is empty of blue points, then we will charge
such a triangle to eij and we will continue choosing another edge of KR

n .
Note that such a triangle will not be counted twice. However, it might be
possible that both triangles are pierced by at least one point of B. In such
a case, let us consider the slab Sl

ij formed by the orthogonal projection
on l of ri and rj and let us suppose for one moment that in this slab
we can find an empty blue triangle TB , we will explain later on why this
assumption makes some sense. Being TB fully contained in Sl

ij , the only
edges of KR

n for which this triangle can be counted more than one time
are the edges that have at least one endpoint outside Sl

ij , and that do
not intersect TB as we are not trying to count empty blue triangles that
intersect our original edge eij . Now, such set of edges can be divided into
three parts, the edges that lie strictly above eij and possibly containing as

6
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one endpoint either ri or rj , called this set Aij . The edges that lie strictly
below eij and again possibly containing as one endpoint either ri or rj ,
called this set Bij . Finally, the set of edges that intersect the interior of
eij properly, called this set Iij .

Figure 8: ”Walking” along red edges to find a blue empty triangle

Let us assume without loss of generality, that TB lies above eij . For
this blue triangle, crucial will be the edges in Aij and Iij only, as for
the edges of Bij , if we do not first find one empty red triangle, we would
find one empty blue triangle that intersects eij or that is outside Sl

ij , and
hence we could not charge such blue triangle to eij .

Now, let us divide the analysis into two cases:

• Aij 6= ∅. Let V (Aij) be the set of vertices of the edges of Aij . Now,
let V (Aij)left and V (Aij)right be the set of vertices of V (Aij) that
lie to the left and outside of Sl

ij , and to the right and outside of Sl
ij

respectively. Note that the former is on the side of ri and the latter
is on the side of rj .

The idea is to consider all the triangles formed by the vertices ri, rj
and rk ∈ V (Aij)left. Note that by construction k < i < j. If at
least one of these triangles is empty, then we are done and we can
charge this triangle to eij and continue with another edge of KR

n . If
none of these triangles is empty, then there is one blue point b that
along with two other vertices of TB form another empty blue triangle
that is intersected by all the edges rjrk, with rk ∈ V (Aij)left, and
therefore such triangle will not be charge to any of those edges. We
can handle similarly the vertices of V (Aij)right and as a final product
we would get an empty blue triangle that is intersected by all the
edges of Aij and therefore that will not be counted for any of those
edges.

• Iij 6= ∅. This case is still not fully clear to us how to handle as here
the things get more complicated since a combination of good and bad
edges of KR

n might lead us to the same blue triangle TB and hence
to an overcounting. We have some ideas on how to fix this problem

7
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that we believe are correct, however, the details are quite intrincated
and we have not finished to analyze all the details, therefore we have
decided to leave those details out of this note until we come up with
the right proof.

Figure 9: How many times can a blue triangle be charged?

We still have to discuss why the assumption of the existence of TB

makes some sense. The idea behind this intuition is that as we said before,
the number of good edges of KR

n is essentially n2 − O(n logn), that is to
say, if eij is a good edge, most probably the edges that complete the empty
red triangles (without taking the blue chromatic class into consideration)
that have eij as a side are also good and so on, note that for n sufficiently
large O(n logn) is negligible against n2. Therefore, for each one of this
edges we have at least two empty red triangles, if none of these triangles
is empty of blue triangles, then as we follow the chain of good edges inside
Sl
ij we go collecting blue points that eventually will help us to form the

desired empty blue triangle TB .
Details are vague at this point but we keep on working and we are

confident that this method could lead us to the desired quadratic bound.

4 Empty Monochromatic Quadlaterals

4.1 Generalization of Odd Cycles

In this section, we give a new idea to find a convex quadrilateral. Consider
a graph G and bicoloring of the vertice of G. When does G contain a
monochromatic edge whose ends are of the same color for every coloring of
G? Probably you can easily answer the question: G has a monochromatic
edge if and only if G contains an odd cycle. And it is well known that G
doesn’t have any odd cycle if and only if G is bipartite. As a result, if
|E(G)| ≥ t2(n) where t2(n) is the maximum number of edges a bipartite
graph G can have, G contains an odd cycle.

Our idea is to generalize it to hypergraphs. Consider a bicoloring of a
hypergraph G. Now the question is what kind of a hypergraph G contains
an edge which contains four vertices of the same color for every coloring
of G? The following example shows one class of such a graph.

Example 4.1.1. Consider a vertex set V = {1, . . . , 6k+ 1}. Construct a
hypergraph G on V : every consecutive 6 vertices i, . . . , i+5( mod 6k+1)
forms an edge. And consider any bi-coloring of G. To prevent all the edges
from having four vertices of the same color, every edge must contain three

8
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red vertices and three blue vertices. And it is easily seen that two edges,
(i, . . . , i+ 5), (i+ 6, . . . , i+ 11) must have the same coloring. But it is not
possible for every edge because the number of vertices is not divisible by 6.
Thus, there must be an edge with four vertices of the same color.

6k + 1 1 2 3 4

. . .. . .

Figure 10: ”Odd Cycle”

This hypergraph can be realizable in the plane. An edge of six ver-
tices represents a convex hexagon in the plane. Then, that represents a
convex 6k + 1-gon such that every consecutive 6 vertices form a empty
hexagon. For any bi-coloring of this polygon, there must be an empty
monochromatic quadrilateral.

Possibly
not

empty

Figure 11: Example of an ”odd cycle” in the plane

However, this example is not very interesting. In this example, there
is already an empty 7-gon : either the convex 6k+1-gon is empty or there
is a point which forms an empty 7-gon with vertices (i, . . . , i + 5). Note
that the existence of an empty convex 7-gon implies the existence of a
convex quadrilateral. So, we ask the following question.

Question 2. Is there a simple but nontrivial ”odd cycle”?

We believe that there must be such an ”odd cycle” in a very large
point set. And the existence of an empty hexagon is probably related to
an ”odd cycle”. In other words, an empty hexagon plays an important
role in an ”odd cycle”.

5 Concluding Remarks

As far we know, every result on the number of empty monochromatic
triangles is based on the discrepancy lemma. However, we felt the lemma

9
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is not powerful enough to give a better lower bound. It is because the
statement of the lemma and its proof are very loose. Of course, one may
improve the discrepancy lemma and that would give a slightly better lower
bound. But we think the lower bound would not be drastically improved.
So we think a proof not based on the discrepancy lemma is close the
solution.

The upper bound on the number of monochromatic empty triangles is
still believed to be quadratic. We also believe that conjecture but on the
other hand, one might construct a point set with subquadratic number of
empty monochromatic triangles. That might be achieved by coloring the
point set with very small number of empty triangles or by randomized ε
duplication of the point set.

The existence of empty monochromatic k-gons can be generalized in
the following way. Instead of considering monochromatic k points in con-
vex position, the goal is to find monochromatic k points whose convex
hull doesn’t contain other points. This generalization would be helpful :
if we find such monochromatic 5 points that would imply the existence
of an empty monochromatic quadrilateral. This problem is interesting by
itself.
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Abstract – One certainly knows, what the convex hull of a finite point set looks like

- it’s a polytope. But what does it look like if the point set is discrete but inifinte? In

this article, the convex hull of an infinite discrete point set in En will be described. It

will be shown that even all extreme points of its closure are contained in the discrete

set. Furthermore, one will see that boundary regions, which have an empty intersec-

tion with the convex hull, are unbounded and that in each boundary point exists at

least on direction in which the boundary is linear.

Keywords: discrete set, convex hull, extreme points, boundary segments

MSC 2000 classification: 52A20, 32F27

1 Introduction and Notation

If one reviews the literatur on convex geometry (cf. e.g. [4, 5]), one notices that
the considered convex sets are nearly always assumed to be compact or at least
to be closed. But as one gets non-closed convex sets very natural as convex
hulls of infinite discrete point sets, it is worthwhile to investigate these sets in
more detail.

To get an idea of the shape of the convex hull of an infinite discrete point
set, we want to have a look on its boundary. The first thing one thereby notices
is that it has not to be closed. So it is interesting to examine the extreme
points of its closure (see Section 2). Furthermore, we will investigate what kind
of boundary regions can occure and show that thoses boundary regions, which
have an empty intersection with the convex hull, are unbounded (see Section
3). Surely, the convex hull of a discrete set cannot be arbitrarily round. We
will show that in each boundary point exists at least one direction in which the
boundary is linear (see Section 4). These results are one part of the Ph.D. thesis
[7].

Let En be the Euclidean space of dimension n and denote the Euclidean
norm by ‖.‖ and the standard scalar product by 〈., .〉. We denote the interior
of a set M ⊂ En by M◦ and the boundary by ∂M . We assign a dimension to a
set M by dimM := dim(affM), the dimension of the affine space generated by
M . Let K ⊂ En be a convex set. Then we say that x ∈ K is an extreme point
of K if x is not representable as a non-trivial convex combination of points of
K \ {x}. We denote the set of all extreme points of K by Ext(K). If a point
y ∈ K is a face of K, we call y an exposed point of K, and we denote the set of
all exposed points of K by Exp(K). Exists only one supporting hyperplane of
K in z ∈ K, we call z a regular point. The convex hull of a set M is denoted by
conv(M). It is well known that for any set M ⊂ En holds Ext(conv(M)) ⊂M .

1
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Figure 1: Examples: conv(P1), conv(P2), conv(P3)

Furthermore, we know that for any convex set K ⊂ En holds Exp(K) ⊂ Ext(K)
and we have Ext(K) ⊂ Exp(K), if K is closed and convex. For more details
about convex theory see e.g. [1]. We define a polyhedron as the intersection of
finitely many half spaces. A polytope is a bounded polyhedron. Equivalently,
we can describe each polytope as the convex hull of a finite point set. A set
P ⊂ En is called discrete if the intersection of P with every bounded set is
finite. For the boundary points of conv(P) that are contained in the discrete
set P, we want to use the notation ∂P := P ∩ ∂ conv(P).

We want to start with some first observations. If the point set is finite, we
know that its convex hull is a closed polytope. But for an infinite discrete point
set the convex hull can be non-polyhedral, as one can easily see by considering
the set P1 := {(z, z2) | z ∈ Z} ⊂ E2, see Figure 1 (left). Furthermore, the
convex hull of an infinite discrete point set has not to be closed. It is even
possible that no point of the point set P lies on ∂ conv(P):

Example 1.1 (point set without boundary points) Let P2 := {(n, 1 −
1/n) | n ∈ N} ∪ {(−n,−1 + 1/n) | n ∈ N} ⊂ E2. Then we get conv(P2) = {x ∈
E2 | 〈x, vi〉 < 1, i = 1, 2} with v1 := (0, 1), v2 := (0,−1). Therefore, conv(P2) is
not closed and ∂P2 = ∅, see Figure 1 (middle).

By combining the above examples, one can also easily find a discrete point
set, whose convex hull is neither closed nor is the closure of its convex hull
polyhedral. Let P3 := {(n, n2) | n ∈ N} ∪ {(−n, 1 + 1/n) | n ∈ N} ⊂ E2. Then
conv(P3) is non-polyhedral and ∂ conv(P3) 6⊂ conv(P3), see Figure 1 (right).

Furthermore, the discreeteness of the point set yields directly that if its
convex hull is not closed, then it has to be unbounded and the point set has to
be infinite. To sum up these results, we already have the following properties:

Property 1.1 (obvious properties) Let P ⊂ En be a discrete point set.

(1) If P is infinite, then conv(P) has not to be closed.

(2) If P is infinite, then conv(P) can be non-polyhedral.

(3) If conv(P) is not closed, then P has to be infinite and conv(P) is un-
bounded. �
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Figure 2: Example 2.1: {(0, 1)} = Ext(conv(P4)) 6= Ext(conv(P4)) = ∅

2 All extreme points are in P
Now, we want to have a look at the extreme points. One should notice that
generally, there is no inclusion between the set of extreme points of a convex
set and the set of extreme points of its closure. Obviously, for x ∈ Ext(K) with
x ∈ K holds x ∈ Ext(K). But in general, an extreme point of K has not to be
contained in K. Considering for example K = B◦(x, r) := {y ∈ En | ‖y − x‖ <
r} the open ball with radius r and center x, we see that Ext(K) 6⊂ Ext(K). The
next example shows that there also exist convex sets with Ext(K) 6⊂ Ext(K):

Example 2.1 (extreme point of conv, but not of the closure) Consider
the discrete set P4 := (Z×{0})∪{(0, 1)}. Then we see that (0, 1) is an extreme
point of the convex set conv(P4), but (0, 1) 6∈ Ext(conv(P4)), see Figure 2.

But we know that for every set M holds Ext(conv(M)) ⊂M . In the follow-
ing, we will show that for a discrete set P also holds Ext(conv(P)) ⊂ P.

Lemma 2.1 (minimal distance) Let K ⊂ En be a convex set and P ⊂ K be
a polytope. Then there exists always an extreme point of P in which the minimal
distance between P and the boundary ∂K is attained.

Proof. Because P and ∂K are both closed and because P is bounded, there
exist points x0 ∈ ∂K and y0 ∈ P in which the minimum distance is attained.
We now consider the translation K0 of the set K by x0 − y0. It holds P ⊂ K0

and P ∩ ∂K0 6= ∅. Thus ∂K0 contains a face and therefore an extreme point of
P . As all points of ∂K0 ∩ P attain the minimum distance between P and ∂K,
the assertion follows. �

Lemma 2.2 (exposed points) Let P ⊂ En be a discrete point set. Then
Exp(conv(P)) ⊂ P.

Proof. We show that a point x ∈ conv(P) \ P is never an exposed point of
conv(P).

As it is known that Ext(conv(P)) ⊂ P, it suffices to show that no point
x ∈ ∂ conv(P) \ conv(P) is exposed for conv(P).

Let x ∈ ∂ conv(P)\conv(P). Then there exists a sequence (xi)i∈N ⊂ conv(P)
converging against x. Caratheodory’s Theorem (see [2, 3]) yields that we can
find for each point xi of this sequence finitely many points p1(i), . . . , pk(i)(i) ∈ P
such that xi ∈ conv(p1(i), . . . , pk(i)(i)) =: Pi. As (xi)i∈N converges against x,

the sequence (xi)i∈N converges against a supporting hyperplane H of conv(P)
in x. Therefore, also the minimal distance between the corresponding polytopes
Pi and H tends to zero. By the Minimal-Distance Lemma 2.1 we know, that
for each polytope Pi the minimal distance to H is attained in an extreme point
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Figure 3: Construction of proof of Lemma 2.2

of Pi. Thus we maintain a sequence (pj0(i))i∈N of points in P that converges
against the hyperplane H, see Figure 3. Because P is discrete, we can find an
ε > 0 such that the ball B(x, ε) contains no point of P. Thus conv(xi, pj0(i))
has to contain more than one point for all xi ∈ B(x, ε). Furthermore, because
(xi)i∈N and (pj0(i))i∈N converge against H, we can find a sequence of points
yi ∈ conv(xi, pj0(i)) converging against H as well and such that (yi)i∈N does
not converge against x. Therefore, we have found another accumulation point
of a sequence of conv(P) in a supporting hyperplane of conv(P) in x. As we
can find such a sequence for every supporting hyperplane in x, we have shown
that x is not exposed for conv(P). �

Theorem 2.1 (extreme points) Let P ⊂ En be a discrete point set. Then
Ext(conv(P)) ⊂ P.

Proof. By a theorem of Straszewicz (cf. [6]) we know that for every
closed convex set K holds Ext(K) ⊂ Exp(K). Thus, we obtain Ext(conv(P)) ⊂
Exp(conv(P)). The Exposed-Points Lemma 2.2 yields Exp(conv(P)) ⊂ P. As
P is discrete, we get directly Ext(conv(P)) ⊂ P. �

Thus, we know that for a discrete point set P holds

Ext(conv(P)) ⊂ P as well as Ext(conv(P)) ⊂ P.

3 Boundary regions

To get an even better perception of the shape of the convex hull of a discrete
point set, we partition the boundary into two types of regions: boundary regions
that are contained in the convex hull and regions that have an empty intersection
with it.

Definition 3.1 (boundary regions) Let K ⊂ En be a convex set which is
not necessarily closed. We set T (K) := {T ⊂ ∂K | T connected}, T ⊂(K) :=
{T ∈ T | T ⊂ K} and T 6⊂(K) := {T ∈ T | T ∩K = ∅}. Furthermore, we want
to call a boundary region T ∈ T ⊂(K) maximal (in T ⊂(K)) if there exists no
T ′ ∈ T ⊂(K) with T ( T ′. Analogously, we define maximal elements in T 6⊂(K).

As the maximal boundary segments in T ⊂(K) (in T 6⊂(K), respectively)
are exactly the connectivity components of the set {x ∈ ∂K | x ∈ K} (of
{x ∈ ∂K | x 6∈ K}, respectively), the existence of such maximal elements is
assured.

4
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Theorem 3.1 (polytopal boundary) Let P ⊂ En be a discrete set and T ∈
T ⊂(conv(P)) be maximal and bounded. Then it exists a polytope P such that T
equals the union of a collection of faces of P .

Proof. As T ⊂ conv(P), one can find for each x ∈ T finitely many points
p1(x), . . . , pk(x)(x) ∈ ∂P such that x is representable as a convex combination
of these points. Because conv(p1(x), . . . , pk(x)(x)) ⊂ ∂ conv(P), and because T
is maximal, it follows conv(p1(x), . . . , pk(x)(x)) ⊂ T . Thus we obtain conv(T ) =
conv(T ∩ P). Since T is bounded and P is discrete, conv(T ∩ P) is a polytope
and the assertion follows. �

Lemma 3.1 (unbounded face) Let P ⊂ En be discrete, conv(P) not closed
and t ∈ ∂ conv(P) \ conv(P). Let Ht be a supporting hyperplane of conv(P) in
t. Then Ht ∩ ∂ conv(P) is unbounded.

Proof. Suppose, Tt := Ht ∩ ∂ conv(P) is bounded. As Tt = Ht ∩ conv(P)
is the intersection of two closed convex sets, Tt is closed and convex. Thus, Tt
is a compact convex set and it holds Tt = conv(Ext(Tt)). Because of Ext(Tt) =
Ext(conv(P) ∩ Ht) = Ext(conv(P)) ∩ Ht, we get Ext(Tt) ⊂ Ext(conv(P)).
By the Extreme-Points Theorem 2.1 we know Ext(conv(P)) ⊂ P, what yields
Ext(Tt) ⊂ P. Thus it follows Tt ⊂ conv(P), what is a contradiction. �

Theorem 3.2 (unbounded boundary) Let P ⊂ En be discrete and conv(P)
not closed. Then, every T ∈ T 6⊂(conv(P)) is unbounded.

Proof. Let T ∈ T 6⊂(conv(P)). Suppose, T is bounded. Then, for every
t ∈ T , the set T ∩Ht is bounded, where Ht denotes a supporting hyperplane of
conv(P) in t. By the Unbounded-Face Lemma 3.1, Ht∩∂ conv(P) is unbounded
and thus containes a ray. Hence, if a ray S ⊂ Ht ∩ ∂ conv(P) has a non-empty
intersection with T , it has to contain at least one point of conv(P). If we denote
the set of all those rays by ST := {S ⊂ Ht ∩ ∂ conv(P) | S ray, S ∩ T 6= ∅}, it
follows T ∩Ht ⊂ conv(S∩conv(P) | S ∈ ST ) and thus we get T ∩Ht ⊂ conv(P),
a contradiction. �

4 Line segments

We want to show that the boundary of the convex hull of a discrete set is in
each point in at least one direction linear, that is, in each boundary point exists
a supporting hyperplane of conv(P) which intersects ∂ conv(P) in more than
one point.

Definition 4.1 (linear segment) Let K ⊂ En be closed and convex and
∂K 6= ∅. We say that ∂K containes a non-trivial linear segment in x ∈ ∂K (or
∂K is in x ∈ K in at least one direction linear) if a supporting hyperplane Hx

of K exists such that {x} ( K ∩Hx.

If x ∈ conv(P) \ P, there exist points p1, . . . , pk ∈ ∂P such that x ∈
conv(p1, . . . , pk), and the existence of a non-trivial linear boundary segment
follows. For a point x ∈ ∂ conv(P) \ conv(P), the Unbounded-Face Lemma 3.1
yields directly the assertion. Thus, it remains to investigate the points p ∈ ∂P.
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Lemma 4.1 (sets with regular exposed points) Let K ⊂ En be a closed
convex set in which exists at least one regular, exposed point p ∈ ∂K. Then

(1) dimK = n = dim(aff ∂K),

(2) ∂K is connected,

(3) K is line-free.

Proof. (1) Let ∂K 6= ∅ and p ∈ ∂K regular and exposed. Thus, it exists
exactly one supporting hyperplane Hp of K in p and Hp ∩K = {p} is a face of
K. This implies {p} ( ∂K and ∂K 6⊂ Hp. Hence it follows dim(aff ∂K) = n
and therefore dimK = n.
(2) It is known that the boundary of a convex set is not connected if and only if
it is the union of two parallel hyperplanes, that is, if the convex set is a stripe.
Since K containes at least one exposed point, K cannot be a stripe. Thus, ∂K
is connected.
(3) Assume, K containes a line L. Then it follows that Hp containes a line
parallel to L meeting p. But this is a contradiction, since p is exposed. �

Lemma 4.2 (extreme points accumulate) Let K ⊂ En be a closed convex
set and p ∈ ∂K regular and exposed. Then, for all ε > 0 it exists an extreme
point of K in B(p, ε) ∩ ∂K \ {p}.

Proof. Here, we only want to sketch the idea of the proof. For the exact
processing see [7]. Consider a sequence of boundary points (qi)i∈N ⊂ ∂K, con-
verging against p. Then, for each qi, we can find a polytope Pi which containes
qi and whose vertices are extreme points of K or are contained in extreme rays
of K. One can show that the Pi’s can be choosen in such a way that each
of them has at least one extreme point of K as a vertex. As the sequence
(qi)i∈N converges against p, the distance of the corresponding polytopes Pi to
the supporting hyperplaneHp ofK in p converges against zero. By the Minimal-
Distance Lemma 2.1 we know that for each Pi the minimal distance to Hp is
attained in a vertex of Pi. One further shows that all Pi can be constructed
in such a way that the following holds: every Pi has at least one vertex ei in
which the minimum distance to Hp is achieved and which is an extreme point
of K. Thus we have found a sequence of extreme points (ei)i∈N of K converg-
ing against Hp. Because p is regular and exposed, the sequence (ei)i∈N has to
converge against p. �

One could remark that the Extreme-Point-Accumulation Lemma 4.2 is a
converse statement to the theorem by Straszewicz [6] that for a closed convex
set, each extreme point is the limit of a sequence of exposed points. Now, we
have in addition that each regular exposed point is the limit of a non-trivial
sequence of extreme points if the convex set is closed.

Corollary 4.1 (no regular exposed points) Let P ⊂ En be discrete. Then
conv(P) containes no regular exposed points. �

Thus, if p ∈ ∂P is regular, it is not exposed and hence the supporting
hyperplane of conv(P) in p contains additional points of ∂ conv(P). That is,
∂ conv(P) contains a non-trivial linear segment in p. On the other hand, if a
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point q ∈ ∂P is not regular and we assume conv(P) to be full dimensional,
it follows that at least one supporting hyperplane Hq of conv(P) has to fulfill
{q} ( Hq ∩ ∂ conv(P) (see [7] for the details). Hence, ∂ conv(P) is in at least
one direction linear in q, and the whole assertion follows.

Theorem 4.1 (linear boundary segments) Let P ⊂ En be discrete. Then
∂ conv(P) is in each point in at least one direction linear. �

5 Conclusion

We have gained a geometrical perception of the shape of the convex hull of an
infinite discrete point set: We have revealed the fact that not only all extreme
points of the convex hull but also all extreme points of its closure are contained
in P. We have proven that bounded boundary regions which are contained in
the convex hull look polyhedral, and that those boundary regions which have
an empty intersection with the convex hull are unbounded. And finally, we
have established that each boundary point of the convex hull is contained in a
non-trivial linear boundary segment.
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ten von positiven harmonischen Funktionen, Rend. Circ. Mat. Palermo 32
(1911), 193–217.

[4] P.M. Gruber, J.M. Wills, Handbook of convex geometry, Vol. A, North-
Holland Publishing Co., Amsterdam, 1993.

[5] P.M. Gruber, J.M. Wills, Handbook of convex geometry, Vol. B, North-
Holland Publishing Co., Amsterdam, 1993.
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f -VECTORS AND RADON PARTITIONS
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Abstract

We consider a simplicial polytope whose vertices are in general posi-
tion. We give a characterization of its faces in terms of Radon partitions,
an alternative proof of Barnettes lower bound Theorem for special cases.
Moreover, we give a conjecture on the f -vectors of simplicial k-neighborly
polytopes.

1 Introduction

The f -vector (f0, f1, . . . , fd−1) of a d-polytope P is the integer vector with
fi equal to the number of faces of dimension i. There are many results
on the f -vector of a d-polytope. The upper bound theorem[8] says the
f -vector of a d-polytope is maximal, coordinate-wise if and only if the
polytope is neighborly. That is if all the bd/2c-tuples of vertices define
simplicial faces. On the other hand, The lower bound theorem[1] says the
f -vector of a simplicial d-polytope is minimal if and only if the polytope
is a stacked polytope.

One can easily see that a k-tuple S of vertices doesn’t define a k − 1-
face if there is a Radon partition (Z+, Z−), S = Z+. Now one may ask
the following question : What’s the relation between Radon partitions
and f -vectors? In this project, we tried to answer this question. The
goals of the project are

(1) Characterization of faces in terms of Radon partitions
(2) To find another proof of the lower bound theorem

2 Related Work

2.1 Radon Theorem and Oriented Matroids

In this project, the following old theorem are the most basic theorem.

Theorem 2.1.1 (Radon’s Theorem). Given set of points S in Rd with
|S| ≥ d + 2, S can be partitioned into (Z+, Z−) such that conv(Z+) ∩
conv(Z−) 6= ∅

This elementary theorem can be easily proved by affine dependency.
And it has a lot of generalized theorems and related results. Among
them the most interesting result is every point set can be represented in a
combinatorial way with oriented matroids. For the definition of oriented
matroids, see Ziegler[14] and Bjorner and et al. [5]. For every point set,
the following holds

(1) Minimal affine dependencies form circuits

1
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(2) Minimal affine functions form cocircuits
Oriented matroids on the point set in Rd produced a lot of results :

see Ziegler[15].

2.2 Upper Bound on f-vectors

What is the upper bound of f -vectors? The following is the definition of
the cyclic polytope whose f -vector is the maximum.

Definition 2.2.1. Cyclic Polytopes The moment curve in Rd is defined
by

x : R← Rd, t 7→ x(t) :=




t

t2
...

td


 ∈ Rd

The cyclic polytope Cd(t1, . . . , tn) is the convex hull

Cd(t1, . . . , tn) := conv{x(t1), x(t2), . . . , x(tn)}
Another way to define the cyclic polytope is by Gale’s evenness con-

dition. The cyclic polytope Cd(n) is b d
2
c-neighborly that is any subset S

of the vertices with |S| ≤ d
2

forms a face.
McMullen[8] proved f -vectors of d-polytope are bounded above by the

f -vector of the cyclic polytope.

Theorem 2.2.2 (Upper bound theorem). If P is a d-polytope with n = f0
vertices, then for every k it has at most as many k-faces as the correspond-
ing cyclic polytope :

fk−1(P ) ≤ fk−1(Cd(n))

Here equality for some k with b d
2
c ≤ k ≤ d implies that P is neighborly.

In the proof of the theorem, the shelling order and the h-vector play im-
portant roles. A shelling of a polytope P is a linear ordering F1, F2, . . . , Fs

of the facets of P such that
⋃k

i=1 Fi is connected for 1 ≤ k ≤ s in some
sense(For the details, see Ziegler[14].). The h-vectors of a polytope P is a
vector h(P ) = (h0, h1, . . . , hd) such that hi is the number of new i−1-faces
in shelling P . The h-vector has the following properties.

Observation 2.2.3. We consider the f-polynomial

f(x) := fd−1 + fd−2x+ . . .+ f0x
d−1 + f−1x

d =
d∑

i=0

fi−1x
d−i

and the h-polynomial

h(x) := hd + hd−1x+ . . .+ h1x
d−1 + h0x

d =
d∑

i=0

hix
d−i

Then,

h(x) = f(x− 1)

And the following theorem says h-vectors are symmetric[6][?].

Theorem 2.2.4 (Dehn-Sommerville equations). The h-vectors of the d-
polytope P satisfies

hk = hd−k for k = 0, 1, . . . , d

2
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Based on these two observation and theorem, McMullen showed the
following lemma which implies the upper bound theorem.

Lemma 2.2.5. Let P be a simplicial d-polytope on f0 = n vertices. Then
for 0 ≤ k ≤ d,

hk(P ) ≤
(
n− d− 1 + k

k

)

Equality holds for all k with 0 ≤ k ≤ l if and only if l ≤ b d
2
c and P is

l-neighborly.

2.3 Lower Bound on f-vectors

The lower bound theorem says the f -vector of a simplicial polytope is
larger than the f -vector of a stacked polytope. The following are the
definitions of stack operations and stacked polytopes.

Definition 2.3.1 (Stacking onto a facet). P ′ = P ∪ (F ∗ p) where p is
beyond F but beneath all other facets of P . In other words, P ∩(F ∗p) = F
and all proper faces of F are faces of P ′

p

Figure 1: Staking operation

Definition 2.3.2 (Stacked polytopes). A stacked d-polytope on d + n
vertices arises from a d-simplex by (n− 1)-times stacking onto a facet.

Figure 2: A staked polytope

After stacking a vertex p, the f -vector of P ′ is

f0(P ′) = f0(P ) + 1

3
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fi(P
′) = fi(P ) + fi−1(F ) for 0 ≤ i ≤ d− 2

fd−1(P ′) = fd−1(P ) + fd−2(F )− 1

Thus, you can easily show that the f -vector of a stacked polytope P
is

fi ≥
(
d

i

)
f0 −

(
d+ 1

i+ 1

)
i for all 1 ≤ i ≤ d− 2

fd−1 ≥ (d− 1)f0 − (d+ 1)(d− 2)

Barnette[1] proved the following lower bound theorem.

Theorem 2.3.3 (Lower bound theorem). For a simplicial d-dimensional
polytope, the following inequalities hold

fk ≥
(
d

k

)
f0 −

(
d+ 1

k + 1

)
k for all 1 ≥ k ≥ d− 2

fd−1 ≥ (d− 1)f0 − (d+ 1)(d− 2)

The proof of the theorem consists of three parts. First, the following
theorem says it is enough to prove the inequality for f1.

Theorem 2.3.4. If the lower bound theorem is true for edges of simplicial
polytopes, then it is true for faces of all dimensions.

Then, Barnette showed it’s enough to show f1 ≥ df0 − g(f0) where g
is a function on d and f1 ≥ df0 − 2

(
d+1
2

)
.

The g-theorem generlizes the upper bound theorem and the lower
bound theorem. The g-vectors are defined as follows

Definition 2.3.5. The g-vector of d-polytope P , g(P ) := (g0, g1, . . . , gb d
2
c)

with g0 := h0 = 1, gk = hk − hk−1 for 1 ≤ k ≤ b d
2
c

Billera and Lee[3][4] and Stanley[12][13] showed following theorem.

Theorem 2.3.6 (The g-theorem). A sequence g = (g0, g1, . . . , gb d
2
c) ∈

N
b d
2
c+1

0 is the g-vector of a simplical d-polytope if and only if it is an
M-sequence where an M-sequence is a f-vector of a multicomplex.

From this theorem, Björner[2] derived the ”McMullen coresspondence”
which implies the upper bound theorem and the lower bound theorem.

We have more a generalized lower bound conjecture on f -vectors of a
simplicial d-polytope proposed by McMullen and Walkup[9].

Conjecture 2.3.7. Let P be a simplicial d-polytope, then for k = 0, 1, . . . , b d
2
c+

1,
∑k

j=−1(−1)k−j
(
d−j
d−j

)
fj(P ) ≥ 0 with equality for some k if and only if

there is a triangulation without interior (d− k − 1)-faces.

Note that the necessity is proved by g-theorem[13].

3 Characterization of Faces

3.1 Characterization of Faces in terms of Radon
Partitions

From now on, we consider d-polytopes whose vertices are in general po-
sition. That is, for a subset S, |S| ≤ d + 1 of the point set, S spans a
dim(|S| − 1)-affine subspace. That implies the polytopes are simplicial.

4

30



aff(S)

conv(T )

conv(S′)
S

Figure 3: Illustration of Lemma 3.1.2

Lemma 3.1.1. A subset S of vertices of P defines a simplicial face if
and only if there is no Radon partition (Z+, Z−) with Z+ ⊂ S.

Proof. ⇒) Suppose that there is a Radon partition (Z+, Z−) with Z+ ⊂ S.
Consider a point set S′, S ⊂ S′, |S′| = d which forms a facet. (conv(S) is
a face of conv(S′)) Then, Z+ ⊂ S′ and Z− ∩ aff(S′)− 6= φ. (The latter
follows from the definition of facets)
Without loss of generality, let aff(S′) := {x|xd = 0}. Then, for z ∈ Z−,
if z ∈ aff(S′)+, zd > 0. Thus, the Radon partition can be simplified
to (Z+, Z

′
−), Z+, Z

′
− ⊆ S′. But this constradicts the assumption that the

points are in general position.
⇐) Suppose that S is not a face. Then, aff(S) ∩ conv(P − S) 6= φ.

Otherwise, there is a separating hyperplane between aff(S) and conv(P−
S), which implies S is the vertice set of a face.
For the remaining part of the proof, we need the following lemma.

Lemma 3.1.2. Let S, T be point sets in Rd with |S| + |T | ≥ d + 2. If
aff(S)∩conv(T ) 6= φ, there is a subset T ′ ⊆ T , with aff(S)∩conv(T ′) 6=
φ, |S|+ |T ′| ≤ d+ 2.

Proof. Choose affinely independent points S′ in aff(S) such that |S′| =
|S| and their convex hull contains aff(S)∩conv(T ) in its relative interior.
By Kirchberger’s theorem[10], there is a subset T ′ ⊆ T , |S′|+ |T ′| ≤ d+ 2
with conv(S′)∩ conv(T ′) 6= φ. Note that we can’t take a proper subset of
S′ otherwise the intersection would be empty. Then, aff(S)∩conv(T ′) 6=
φ.

By the lemma, there is a subset T ′ ⊆ P−S with aff(S)∩conv(T ′) 6= φ,
|S| + |T ′| = d + 2. Here, the equality follows from the general posi-
tion assumption. Then, |aff(S) ∩ conv(T ′)| = 1 by the general posi-
tion assumtion. Let p = aff(S) ∩ conv(T ′). aff(S) is homeomorphic
to R|S|−1. Thus, S ∪ {p} has a Radon partition on aff(S) because

5
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|S ∪ {p}| = dim(aff(S)) + 2. Let (Z+, Z−) be the Radon partition.
Then, either Z+ or Z− is contained in S. Without loss of generality, Z−
be such a set. Then, (Z+, Z− − {p} ∪ conv(T ′)) is a Radon partition in
Rd with Z+ ⊆ S. This contradicts the assumption.

By Lemma 3.1.1, we get the following corollary.

Corollary 3.1.3. P is k-neighborly if and only if for every Radon parti-
tion (Z+, Z−), min(|Z+|, |Z−|) > k.

Proof. ”if” part is obvious. ”only if” part is true by Lemma 3.1.1.

4 Lower bound theorem and Radon Par-
titions

4.1 f-vectors

We introduce the notion of f -vectors. The following is the definition.

Definition 4.1.1. Let P be a polytope in d-dimensional space. Then, fk
is the number of k+ 1-tuples of the vertices of P that don’t define k-faces.

You may ask what the relationship between f -vectors and f -vectors
is. For example, for k-neighborly polytopes, fi =

(
f0
i+1

)
, 0 ≥ i ≥ k − 1

while fi = 0, 0 ≥ i ≥ k − 1. Then, what about fk and fk? The following
lemma tells you about the relationship.

Lemma 4.1.2. For a k-neighborly polytope P , fk =
(

f0
k+1

)
− fk.

Proof. By Lemma 3.1.1, a k+1-tuple T of the vertices of P doesn’t define
a k-face if and only if there is a Radon partition (Z+, Z−) such that Z+

or Z− are the same as T .

Then, we can reformulate the lower bound theorem in terms of f -
vectors.

Theorem 4.1.3 (Lower Bound Theorem Revisited). For a simplicial
polytope P in d-dimensional space, Barnette’s lower bound theorem is true
if and only if

f1 ≤
(
f0 − d

2

)

Proof. Proof is just by simple calculation

f1 =

(
f0
2

)
−f1 ≥

(
f0
2

)
−
(
f0 − d

2

)
=
f0(f0 − 1)

2
− (f0 − d)(f0 − d− 1)

2
= d·f0−

(
d+ 1

2

)

And and by Lemma 2.3.4, this inequality implies the lower bound
theorem.

Our problem is to prove the inequality in the language of Radon par-
titions. The inequality, f1 ≤

(
f0−d

2

)
, looks more elegant and simpler than

the original inequality. Our goal is to prove the inequality with the Gale
transform.
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d

n

x1 xn
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

basis of
orthogonal
complement

Gale transform

P

P

P ′ g1 gn

Figure 4: Pictoral summary of the Gale transform

4.2 Gale Transform

In this section we introduce the notion of the Gale transform. For details
see Matoušek[7] and Ziegler[14]. The Gale transform is a mapping from n
points in Rd to n vectors in Rn−d−1 which transforms Radon partitions
in Rd to linear functions on Rn−d−1. The following is the definition.

Definition 4.2.1 (Gale Transform). Let {x1, . . . , xn} be points in Rd.
Let P be a matrix in Rn×(d+1) such that

P =

(
1 . . . 1
x1 . . . xn

)

Let P ′ be the matrix in R(n−d−1)×n which is orthogonal to P and each
column is linearly independent. Then, the Gale transform of {x1, . . . , xn}
is {g1, . . . , gn} such that each gi is a column of P ′.

For convenience, we denote gi = g(xi).
The Gale transform has the following property which is useful in prov-

ing the theorem.

Property 4.2.1. Let P = {x1, . . . , xn} be points in Rd. Then, there
is a Radon partition (Z+, Z−), Z+, Z⊆P if and only if there is a vector
c ∈ Rn−d−1 such that

c · v =





0 if v ∈ g(P \ (Z+ ∪ Z−))
> 0 if v ∈ g(Z+)
< 0 if v ∈ g(Z−)

Example 4.2.2. The following figure is about the Gale transform from
a convex pentagon in R2. For every Radon partition in the primal space,
there is a vector c which satisfies the condition specified in Property. For
example, (12, 34) forms a Radon partition while there is a linear hyper-
plane pass trough g(5) which separates g(1), g(2) from g(3), g(4).

4.3 Proof of the Lower bound theorem for poly-
topes with d+ 3 vertices

We can easily prove the lower bound theorem for polytopes with d + 3
vertices with the Gale transform.

Theorem 4.3.1. For a simplicial polytope P with d+ 3 vertices, f1 ≤ 3.
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1

2

5

4

3

g(1)

g(2)

g(5)

g(4)

g(3)

→
g

Figure 5: Example of the Gale transform

Proof. Consider a Gale diagram of P . It is enough to count the number
of pairs (g(pi), g(pj)) that can be separated from the other vectors in
the Gale diagram. Let’s assume that there are already three pairs of
vectors, (g(p1), g(p2)), (g(p3), g(p4)), (g(p5), g(p6)) , separated from the
other vectors. Then, we have three cases.

i) pi 6= pj for every i, j
Label the vectors g(pi1,1) . . . g(pi3,2) in counterclockwise order if necce-

sary. If there is a vector between g(pij,2) and g(pij+1,1), (g(pij,1), g(pij,2))
or (g(pij+1,1), g(pij+1,2)) can’t be separated from the other vectors. If
there is a vector between g(pij,1) and g(pij,2), (g(pi1,1), g(pi1,2)) can’t be
separated from the other vectors.

g(pi11 ) g(pi12 )

g(pi32 )

g(pi31 )

g(pi21 )

g(pi22 )

g(pk)

Figure 6: Illustration of Case i)

ii) Two pairs have a common vector and d ≥ 3 Without loss of gener-
ality, let (g(p1), g(p2)),(g(p2), g(p3)) be such pairs. Then, the other pair,
which can be separated from the other vectors, should have g(p1) or g(p3).
Suppose not. Let (g(p4), g(p5) be such a pair. Then, there can’t be any
vectors between g(p1) and g(p4), g(p3) and g(p5). That implies d = 2,
which contradicts the assumption.

Similarly, there can’t be another pair which can be separated.
iii) Four pairs among five vectors
This is the case of convex pentagons in the plane.
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g(p1)
g(p2) g(p3)

g(p4)

Figure 7: Illustration of Case ii)

g(p1)

g(p2)

g(p3)

g(p4)

g(p5)

Figure 8: Illustration of Case iii)

5 Conjecture on f-vectors

5.1 Stacked Polytope

5.2 Conjecture on f-vectors of k-neighborly poly-
topes

Recall the stacking operation. In stacking a vertex p, p doesn’t kill any
faces except one facet. And stacked polytopes have the smallest f -vectors.
In this section, we give a conjecture on k-neighborly polytopes based on
a generalized construction.

Imagine that the following operation is possible
1) After add a new vertex p to a 2-neighborly polytope, that is still

2-neighborly.
2) p doesn’t kill any faces except d− 1-faces, d− 2-faces.
We don’t know whether we can do this operation but it feels like a

stacking operation. Based on this operation, we can calculate the partial
part of f -vectors as follows.
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fi ≥
(
d+ 1

i+ 1

)
+

n∑

i=d+2

(
d− 1

i− 1

)
i−
(
d

i

)
· (i− 1)

=

(
d− 1

i− 1

)(
n

2

)
−
(
i− 1

1

)(
d

i

)
n+

(
i

2

)(
d+ 1

i+ 1

)
2 ≤ i ≤ d− 3

Pi−1
vi

1-neighborly

Figure 9: Generalized staking operation

The term in the summation represents the f -vector of the vertex fig-
ure of p. We may generalize it to k-neighborly polytopes that gives the
following conjecture.

Theorem 5.2.1. For a simplicial d-dimensional k-neighborly polytope,

fi ≥
(
d− k + 1

i− k + 1

)
fk−1 −

(
i− k + 1

1

)(
d− k + 2

i− k + 2

)
fk−2 . . .

+(−1)k
(
i

k

)(
d+ 1

i+ 1

)
for all k ≤ i ≤ d− k − 1

Note that this conjecture doesn’t tell anything about neighborly poly-
topes because we can’t guess the remaining part of the f -vector. And we
are curious about how this conjecture is related to the generalized lower
bound conjecture.

6 Conclusion

Our goal was to prove the lower bound theorem with oriented matroid
axioms without considering any geometric flavors. But now we believe
it’s not possible. There may be nonrealizable oriented matroids. It leads
to the following question.

Question 6.0.1. A collection V ⊆ {+,−, 0}n is the set of circuits of an
oriented matroid M and M satisfies the following conditions

(1) Every circuit has k nonzero components
(2) There is no circuit with only one + component.
Among such oriented matroids M , is there a nonrealizable oriented

matroid?

One might extend the proof to the cases with d + 4 vertices by the
affine Gale transform. In this case, a naive case analysis would be painful
because of many cases. If you find a combinatorial behavior of the point
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set in the affine Gale diagram that may be helpful with proving general
cases.

We couldn’t guess the remaining part of the f -vectors on k-neighborly
polytopes because we don’t know how many d− 1-faces, . . ., d− k-faces a
new vertex kill. Probably an analysis of k-stacked polytopes would give an
estimate. And we are curious about the relation between the generalized
lower bound conjecture and our conjecture. Now we believe those two
conjectures are equivalent.
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Independence complexes of perfect graphs

Ragnar Freij, Matthias Henze

Abstract

The motivation behind this project is Gil Kalai’s conjecture from
1989 that a centrally symmetric d-polytope must have at least 3d faces.
We study the centrally symmetric Hansen polytopes, associated to
perfect graphs. Among them, we find an infinite family of polytopes
with 3d + 16 faces.

1 Introduction

The present work is a summary of the authors investigations on a problem
proposed by Günter M. Ziegler during the I-Math Winter School - DocCourse
Combinatorics and Geometry 2009 at the Centre de Recerca Matemàtica
(CRM), Barcelona. The problem is based on a work by Sanyal, Werner and
Ziegler [10] and continues the quest for examples with properties related to
validity questions of crucial conjectures in polytope theory.

Our main concern is about centrally symmetric polytopes P which have
the origin as the center of symmetry, i.e., P = −P . For a d-polytope
P the number of its i-dimensional faces is denoted by fi(P ) and f(P ) =
(f0(P ), . . . , fd−1(P )) is called the f-vector of P . We write s(P ) = 1 +∑d−1

i=0 fi(P ) for the total count of non-empty faces (P itself is also considered
as a face). Gil Kalai posed the following central problem about this quantity
which is well-known as the “3d-conjecture”.

Conjecture 1.1 (Kalai [8], 1989). Every centrally symmetric d-polytope P
has at least 3d non-empty faces, i.e., s(P ) ≥ 3d.

Although, our main focus is on combinatorial aspects, occasionally we
will also talk about relations to the Mahler-conjecture. In order to state it,
we need the concept of the polar of a given convex body K ⊂ Rd which is
defined as

K? =
{
y ∈ Rd | xᵀy ≤ 1, ∀x ∈ K

}
.

1

39



Conjecture 1.2 (Mahler [9], 1939). For centrally symmetric d-dimensional
convex bodies K the volume product M(K) = vol(K)vol(K?) is minimized

by the unit cube Cd = [−1, 1]d, i.e., M(K) ≥M(Cd) = 4d

d!
.

The connection between these two problems is made by Hanner polytopes,
since they attain equality in each case. They were first considered by Hanner
[5] in 1977 and are recursively defined as follows.

Definition 1.3 (Hanner polytopes). Any line segment is a Hanner polytope.
A d-polytope P with d > 1 is a Hanner polytope if it can be written as
the cartesian product of two Hanner polytopes or as the polar of a Hanner
polytope.

Note, that the polar operation of taking cartesian products of two convex
bodies K ⊂ Rk and L ⊂ Rl is the so called free-sum defined by K ⊕ L =
conv{K × {0}l, {0}k × L}.

All centrally symmetric polytopes considered in the sequel are instances
of so called Hansen polytopes (see Section 2) arising from perfect graphs. Re-
call, that a graph G is called perfect, if the chromatic number of each induced
subgraph of G equals the size of its maximal clique. A fundamental result on
perfect graphs is the Strong perfect graph theorem which was a long stand-
ing conjecture by Berge from 1960 and eventually proved by Chudnovsky,
Robertson, Seymour and Thomas in 2006.

Theorem 1.4 ([2]). A graph G is perfect if and only if it neither contains
odd cycles of length at least five nor its complements as induced subgraphs.

As our main result, we will give a family of perfect graphs whose Hansen
polytopes have f-vector sum 3d + 16. Furthermore, we will give some evi-
dence that the Mahler volume of these polytopes tends to the lower bound
in Conjecture 1.2 if the dimension tends to infinity.

This work is organized as follows. In Section 2 we introduce the reader to
Hansen polytopes which are the central objects in consideration. The work
of Ziegler et al (see [10]) motivated us to detailly study self dual Hansen
polytopes in Section 3. The subsequent part identifies many Hanner poly-
topes among Hansen polytopes. These are essential for our construction of
the family with small f-vector sum which will be explained in Section 5.

Acknowledgements. We like to thank Günter M. Ziegler for showing us
this beautiful problem and for valuable discussions.

This work has been done while the two authors enjoyed the hospitality
of the Centre de Recerca Matemàtica in Barcelona.
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We are also grateful to M. Joswig and E. Gawrilow for the development
of polymake, without its help a big deal of this work would not have been
possible.

2 Hansen polytopes

Our main object of study will be the so called Hansen polytopes, first defined
by Hansen [6]. They are interesting because of their appealing combinatorial
description, but also because they have in some senses proved to have ”few
faces”. More precisely, certain Hansen polytopes occur in [10] as counterex-
amples to Kalai’s so called B- and C-conjectures (see [8]), that would have
been stronger versions of the 3d-conjecture.

A natural pattern for constructing centrally symmetric (d+ 1)-polytopes
is the following. Start with any d-polytope P and take the twisted prism.
This means, embed P in the hyperplane x0 = 1 and −P in the hyperplane
x0 = −1, and take the convex hull, i.e.,

tprism(P ) = conv {{1} × P, {−1} × (−P )} .

In this way, we get a centrally symmetric polytope, each of whose faces is the
convex hull of a face in P and another one in −P . The Hansen polytopes
are a special case of this construction. Recall, that a stable set (independent
set) in a graph G is a set of nodes, no two of which are connected by an edge
and a clique in G is a set of nodes where any two are connected by an edge.

Definition 2.1 (Hansen polytopes). Let G = (V,E) be a finite graph on
n = |V | nodes. The stable set polytope Stab(G) of G (see [4, Section 9.2])
is the convex hull of indicator vectors of stable sets in G, i.e.,

Stab(G) = conv

{∑

i∈I
ei

∣∣∣ I ⊆ V a stable set in G

}
.

The Hansen polytope of G is the twisted prism

Hans(G) = tprism(Stab(G))

over the stable set polytope.

Therefore, we obtain the vertex description

Hans(G) = conv

{
±(e0 +

∑

i∈I
ei)
∣∣∣ I ⊆ V a stable set in G

}
, (1)
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and the vertices of the Hansen polytope are in two-to-one correspondence
with the stable sets in G.

For any graph, it is clear that a clique and a stable set cannot meet in
more than one point. So for any point x ∈ Hans(G) and any clique C ⊆ V
in G, we have −1 ≤ −x0 + 2

∑
i∈C xi ≤ 1. It is easily seen that there are no

redundancies among these inequalities. Moreover, they give a full inequality
description of Hans(G) if and only if G is perfect, as proven by Hansen [6].

In the rest of this paper, if not stated otherwise, we will assume that G
is perfect, so we get the facet description

Hans(G) =

{
x ∈ Rn+1

∣∣∣ − 1 ≤ −x0 + 2
∑

i∈C
xi ≤ 1, C a clique in G

}
. (2)

In particular, we have a two-to-one correspondence between facets of Hans(G)
and cliques in G.

Examining the vertex description (1) and the facet description (2) of
Hans(G), we get a complete combinatorial description of the vertex-facet
incidences. Indeed, a facet of a Hansen polytope corresponds to a clique C
together with a sign ε ∈ {−1, 1}, and a vertex corresponds to a stable set
I together with a sign δ. The vertex (I, δ) is included in the facet (C, ε) if
δ = ε and C ∩ I 6= ∅, or if δ 6= ε and C ∩ I = ∅.

It follows immediately that every facet of Hans(G) contains exactly half of
the vertices, so Hans(G) will be a so called weakly Hanner polytope, meaning
that it is the twisted prism over any of its facets.

1 2

K2

Hans(K2)

(∅,+)

(2,+)

(1,+)

(12,+)

(∅,−)

(2,−)(12,−)

(1,−)

Hans(K2)

(∅,+)

(2,+)

(1,+)

(∅,−)

(2,−)

(1,−)

Figure 1: The cube and the crosspolytope as Hansen polytopes.

Let G denote the graph complement of G. Then a stable set in G is just
a clique in G, and a clique in G is a stable set in G. Therefore, the vertices
of Hans(G) are in natural correspondence to the facets of Hans(G) and vice
versa. By the combinatorial description of the vertex-facet incidences, these
carry over under this natural correspondence. Since the vertex-facet inci-
dences determine the combinatorial type, we get a combinatorial equivalence
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Hans(G)? ' Hans(G). In particular, if G ∼= G is a self-complementary graph,
then Hans(G) ' Hans(G)? will be self-dual.

As an example, consider the complete graph Kn. A set of nodes in Kn

is stable if only if it has cardinality 0 or 1. Thus, Stab(Kn) is the standard
full dimensional n-simplex. Hence, the Hansen polytope as the twisted prism
over this simplex is an (n+ 1)-dimensional crosspolytope Hans(Kn) ' C?

n+1.

Dually, any set of nodes in the empty graph Kn is stable. Thus, Stab(Kn)
is the n-dimensional 0/1-cube, and Hans(Kn) is (affinely equivalent to) an
(n + 1)-cube. Figure 1 shows the Hansen polytopes of the complete and
empty graph on 2 nodes.

3 Self dual Hansen polytopes

This section is devoted to the study of Hansen polytopes that come from a
special class of graphs. Recall that a graphG is said to be self-complementary,
if it is isomorphic to its complement, i.e., G ∼= G. Note, that such graphs
only exist on 4t and 4t + 1 nodes, since they must have exactly half the
number of possible edges. For a survey on self-complementary graphs see
Farrugia [3]. In the previous section we have seen that the Hansen polytopes
of those graphs are combinatorially self dual. Besides the occurrence of these
polytopes in [10] the motivation to study this special class comes from the
fact, that in dimensions five and six they minimize the gap of the f-vector
sum to 3d among all Hansen polytopes that do not attain equality.

To make a start, we investigate all self-complementary graphs on 8 nodes.
Alter [1] characterized these graphs and also gives a list of the 10 examples.
It turns out that 9 of them are perfect and with the help of polymake [7]
we analyzed the corresponding Hansen polytopes in terms of the 3d- and the
Mahler-conjecture. The result is, that the graph in Figure 2 minimizes both
values in this particular class (for exact data we refer to Figure 3).

Figure 2: “Minimal” self-complementary graph on 8 nodes.

We have drawn the picture in such a way that one easily recognizes the
two involved fourpaths and we propose the following generalization to graphs
on 4t and 4t+ 1 nodes.
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Definition 3.1 (Iterated fourpath construction). Let G1 be the path on four
nodes and for all t ∈ N, t ≥ 2, define Gt recursively by the disjoint union of
Gt−1 and G1 and additional edges between all nodes of Gt−1 and the middle
nodes of G1 having degree two.

Moreover, define G′t as the graph arising from Gt joined with an additional
node that is connected to exactly those nodes of Gt that have degree ≥ 2t.

In Figure 3 the first five instances1 of this construction are given. We
abbreviate the f-vector of the Hansen polytope of a graph G = (V,E) on
|V (G)| = d − 1 nodes by f(G) = f(Hans(G)) and the f-vector sum by
s(G) = s(Hans(G)) = 1 +

∑d−1
i=1 fi(G). Furthermore, we give rounded values

for the quotients sq(G) = s(G)
3d

and mq(G) = M(Hans(G))
M(Cd)

.

The recursive nature of Gt and G′t allows us to explicitely count the num-
ber of vertices (which equals the number of facets) of the Hansen polytopes
Hans(Gt) and Hans(G′t). Note, that they live in dimension 4t+ 1 and 4t+ 2,
respectively.

Proposition 3.2. For all t ∈ N we have

f0(Gt) = f4t(Gt) =
2

3
(7 · 4t − 4)

and

f0(G
′
t) = f4t+1(G

′
t) =

2

3
(7 · 4t − 4) + 22t+1.

Proof. Independent sets in Gt and vertices of Hans(Gt) are in one-to-two
correspondence. To count this number, say I(Gt), we proceed by induction
on t. For t = 1 we deal with the fourpath which has exactly I(G1) = 8 =
1
3
(7 · 4 − 4) independent sets. Now, let t > 1 and count the independent

sets in Gt by containment of nodes from the last added fourpath. Since,
its two middle nodes are adjacent to each node of Gt−1 there are only four
independent sets in Gt that contain one of these. Conversely, the two outer
nodes are not connected to any node of Gt−1 which means that we come up
with four (any subset of the two) times the number of independent sets in
Gt−1. Thus, by induction hypothesis we have

I(Gt) = 4 · I(Gt−1) + 4 = 4 · 1

3
(7 · 4t−1 − 4) + 4 =

1

3
(7 · 4t − 4).

The additional node in G′t has no connection to the independent set of size
2t that comes from all the outer nodes of the involved fourpaths, but it is

1We thank Ewgenij Gawrilow from TU Berlin for computing Hans(G3).
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connected to any other node. Therefore, for any subset of the 2t nodes we
get one additional independent set in G′t which explains the summand 22t+1

in the second equality, since we have to multiply by two by the one-to-two
correspondence.

Although, it is possible to similarly count the number of independent sets
of any given size i in Gt and G′t, we do not have a formula to count the face
numbers fi of the corresponding Hansen polytopes for i 6= 0. Nevertheless,
by the results in low dimensions we suspect them to be “minimal” in the
following sense.

Conjecture 3.3. The polytopes Hans(Gt) and Hans(G′t) have the minimal
f-vector sum and the minimal Mahler-volume among all self dual Hansen
polytopes in their respective dimensions.

Remark 3.4. The speciality of these graphs is also known to graph theorists.
Rao proved (see [3, Chapter 2]) that the graphs Gt and G′t have the following
extremal properties.

• There is no other graph with the same degree sequence.

• They maximize the number of triangles among all self-complementary
graphs of the same order.

As can be read off of the data in Figure 3 the third instance G3 of the
iterated fourpath construction has a worse f-vector quotient sq(G3) than G1

and G2. Therefore it is reasonable to neglect the supplementary condition of
self-complementarity to continue the search for even closer examples.

But, before we pay detailed attention to other graphs, we like to point out
that the above construction is just a very particular case of a more general
one.

To this end we need the notion of a split graph, which is a graph whose
nodes can be partitioned into an induced clique and an induced independent
set. It is well-known that these graphs belong to the class of perfect graphs.
Let F1 be an arbitrary perfect self-complementary graph and F2 be a self-
complementary split graph. We now define a new graph G = [F1, F2] as the
disjoint union of F1 and F2 with additional edges between any node in F1

and any node of the clique in F2. As special instances we find Gt = [Gt−1, G1]
and G′t = [G′t−1, G1].

The following statement shows how the properties of the graphs F1 and
F2 carry over to G in this construction.
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f(G1) = (16, 64, 98, 64, 16)
s(G1) = 259 = 35 + 16

sq(G1) ≈ 1.06584, mq(G1) ≈ 1.00833

f(G′1) = (24, 116, 232, 232, 116, 24)
s(G′1) = 745 = 36 + 16

sq(G′1) ≈ 1.02195, mq(G′1) ≈ 1.00278

f(G2) = (72, 596, 2216, 4652, 5922, 4652, 2216, 596, 72)
s(G2) = 20955 = 39 + 1272

sq(G2) ≈ 1.064624, mq(G2) ≈ 1.008667

s(G′2) = 60361 = 310 + 1312
sq(G′2) ≈ 1.022219, mq(H(G′2) ≈ 1.002977

s(G3) = 1700611 = 313 + 106288
sq(G3) ≈ 1.06666, mq(G3) ≈ 1.0087256

Figure 3: First examples of Gt and G′t.
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Proposition 3.5.

(1) If F1 and F2 are self-complementary and F2 is a split graph, then
[F1, F2] is self-complementary.

(2) If F1 is perfect and F2 is a split graph (thus also perfect), then [F1, F2]
is perfect.

Proof. ad (1): To see that G = [F1, F2] is self-complementary we only need
to observe that the clique and the independent set in which F2 splits up have
to be of the same size when F2 is self-complementary. The remainder follows
immediately from the definition.

ad (2): For the perfectness ofG we apply the strong perfect graph theorem
(see Theorem 1.4) and show that there are no induced odd cycles of length
at least five in G. This suffices because the complement of G is given by
G = [F 1, F 2] and therefore has the same structure. Since, F1 and F2 were
chosen to be perfect, we only have to consider induced subgraphs H with
nodes in both of them. We observe that H can have at most two nodes in
the split graph F2 and that these have to be clique nodes, because otherwise
we would get triangles in H. To complete an odd cycle the remaining nodes
of H would induce a path of length at least three in F1. But then again we
get triangles in H since the clique in F2 is connected to any node in F1 by
construction.

Remark 3.6. The definition of G = [F1, F2] gives a recursive formula for
the number of independent sets in G of any given size depending on those in
F1 and F2.

4 Hanner graphs

Recall that one of our goals is to find Hansen d-polytopes with f-vector sum
close to 3d. Our approach is to start with polytopes with exactly 3d non-
empty faces, and then try to deform them in a way that does not change the
face number too much. To this end, we make the following definitions.

Definition 4.1 (Hanner graph). A graph G is a Hanner graph if Hans(G)
is a Hanner polytope.

Definition 4.2 (recursive Hanner graph). Denote by ◦ the one node graph.
The class of recursive Hanner graphs (RHG) is defined as follows.

1. ◦ is a RHG.
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2. If G is a RHG, then G and the disjoint union G t ◦ of G and ◦ are
RHGs.

The next lemma implies that Hansen polytopes of RHGs have exactly 3d

non-empty faces.

Lemma 4.3. Any RHG is a Hanner graph.

Proof. Clearly, the vertices of Hans(◦) are ±(1, 0) and ±(1, 1). So, Hans(◦)
is affinely equivalent to a square, and hence a Hanner polytope. Hanner
polytopes are closed under the polar operation and we have already seen
that Hans(G) ' Hans(G)?. Thus, it suffices to show that Hans(G t ◦) is a
Hanner polytope whenever Hans(G) is.

But a stable set in G t ◦ is just a stable set in G with or without the
vertex of ◦ added. So the vertices of Hans(G t ◦) are

{
±(e0 +

∑

i∈I
ei) ,±(e0 +

∑

i∈I
ei) + en+1

∣∣∣ I a stable set in G

}
,

where ◦ gets the label n+ 1.
By the affine transformation e0 7→ e0 − en+1, en+1 7→ 2en+1, ei 7→ ei for

i = 1, . . . , n, we get that Hans(G t ◦) ' Hans(G)× [−1, 1]. This proves the
lemma.

Consider the graph join G ∗ H, i.e., the graph with all nodes and edges
from G and H, and an edge between every node in G and every node in H.

Note, that G ∗ H = G tH. Thus, an alternative way of defining recursive
Hanner graphs is that they are closed under the operations Gt ◦ and G ∗ ◦.

It is trivial to see that neither of these operations destroy perfectness,
so every RHG is perfect, and thus has a Hansen polytope with the facet
description from (2).

1 2 3 4

5

6

Figure 4: The RHG corresponding to the sequence 10011.

We have a surjection from 01-sequences to RHGs, where a digit 1 cor-
responds to joining with ◦, and a digit 0 means taking the disjoint union
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with ◦. Hence, sequences of length n corresponds to graphs on n + 1 nodes
(the empty sequence corresponds to ◦). Moreover, every RHG either has an
isolated node, or one that is connected to every other node, but not both.
Deleting such a node gives a new RHG. This shows that the construction
of a given RHG is unique, so the map from 01-sequences is bijective and so
there are exactly 2n−1 RHGs on n nodes.

An example of a RHG is given in Figure 4, where the labels indicate in
which order the nodes were added.

The corresponding Hansen polytopes are pairwise non-equivalent which
means that we have at least 2d−2 Hansen d-polytopes that are Hanner poly-
topes. Since, for dimensions d ≥ 6 there are more than these 2d−2 Hanner
polytopes a natural question is the following.

Problem 4.4. Are there any Hanner graphs that are not recursive Hanner
graphs?

From the duality between free-sums and cartesian products, it now follows
that Hans(G ∗ ◦) ' Hans(G) ⊕ I. This is also easily seen geometrically, in
Figure 5.

S
ta

b 
G

−S
ta

b 
G

(1,0,...,0,1)

(−1,0,...,0,−1)

S
ta

b 
G

−S
ta

b 
G

−S
ta

b 
G

Sta
b 

G

Sta
b 

G

−S
ta

b 
G

Figure 5: The polytopes Hans(G), Hans(G ∗ ◦) and Hans(G t ◦).

Finally, the following result on recursive Hanner graphs will be useful
later.

Lemma 4.5. If G is a RHG, then every induced subgraph of G is also a
RHG.

Proof. This is proven inductively over the number n of nodes in G. For
n = 1, the statement is trivial. Suppose n > 1 and let v ∈ G be the
node added last in a recursive construction of G. Thus, Gr {v} and all its
induced subgraphs are RHGs. Now let H be any induced subgraph of G with
v ∈ H. Then, v is connected to all or none of the other nodes of H, so either
H = (H r {v}) t {v} or H = (H r {v}) ∗ {v}. Since, H r {v} is RHG by
induction hypothesis, so is H and we are done.
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5 Class of close examples

In the previous section we have seen that many Hanner polytopes are also
Hansen polytopes. Here, we would like to investigate such Hansen polytopes
that are almost Hanner polytopes in the sense that their graphs G are close
to RHGs. This is formulated very vaguely, but the essence will be that
there are only a few edges to remove from G in order to obtain a RHG. Our
motivation is to somehow check if there are possibly counterexamples to the
3d-conjecture in the “neighborhood” of Hanner polytopes and if not, to find
classes of polytopes that exceed the conjectured lower bound very little.

Experiments that were done with extensive usage of polymake [7] did not
come up with counterexamples but suggest that there could be classes of
d-polytopes with f-vector sum 3d + c, where c is a constant independent on
the dimension.

Based on these experiments we consider the following graphs. Given
a RHG Hm on m nodes, we construct a graph G[Hm] by adding an edge
between any node of Hm and each of the two middle nodes of an adjoined
fourpath (see Figure 6).

Hm

v wu x

Figure 6: Constructing G[Hm].

The corresponding Hansen polytope Hans(G[Hm]) lives in dimension m+
5 and is very close to a Hanner polytope, since removing the edge {v, w} in
G[Hm] leads to the RHG G′[Hm] on m+ 4 nodes. For more convenience, we
will deal for a moment with the complements of the graphs by considering
the cliques as corresponding to vertices and the stable sets corresponding
to facets of the Hansen polytope (recall that complementary graphs have
combinatorially dual Hansen polytopes). In order to gain some geometric
intuition for these polytopes we collect some nice properties that can easily be
derived from the inequality description (2) of the involved Hansen polytopes.

Proposition 5.1. Let Hm be a RHG on m nodes. Then

i) Hans(G[Hm]) = conv {Hans(G′[Hm]),±(e0 + ev + ew)},
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ii) the vertices ±(e0+ev+ew) see exactly two facets of Hans(G′[Hm]), i.e.,
the facets that correspond to the stable sets ±{u, v, w} and ±{v, w} of
G′[Hm],

iii) any other facet of Hans(G′[Hm]) either contains the vertex e0 +ev +ew

in its affine hull or lies beyond.

Therefore, by considering Hans(G[Hm]) as in Proposition 5.1 i), we get
exactly two new vertices and destroy exactly four facets. Furthermore, state-
ment iii) suggests that most of the faces just get extended and thus the dif-
ference of the f-vector sums s(G′[Hm]) and s(G[Hm]) is supposed to be small.
In fact, we have the following

Theorem 5.2. Let Hm be a RHG on m nodes and let d = m+ 5. Then

s(G[Hm]) = 3d + 16.

Proof. What we will show is, that there are constants c1 and c2 independent
on m such that s(G[Hm]) = c1 · 3m + c2. The example of the fourpath (Hm is
the empty graph) then will give the particular values of c1 = 35 and c2 = 16.
We distinguish between the following two types of facets of Hans(G[Hm]),
identified with their corresponding cliques in the graph.

(1) (X ∪ C, ε) for X ⊆ {x, v}, ε ∈ {−1, 1} and C a clique in Hm,

(2) (Y, ε) for Y ∈ {{u}, {u, x}, {w}, {v, w}} and ε ∈ {−1, 1}.

Each face of Hans(G[Hm]) can now be written as an intersection of some
of these facets. Therefore, it suffices to show that there are c′1 ·3m+c′2 possible
intersections and that we also counted c′′1 · 3m + c′′2 of them multiply. Again,
the constants have to be independent on m.

To this end, consider the faces that can be written as intersections only
of facets of type (1). A face F can be identified by a collection of signed
cliques (X ∪ C, ε) in G[Hm]. Let F ∗ be the face of Hans(G1) defined by the
restrictions (X, ε) of these cliques to the adjoined fourpath G1. Similarly,
let F∗ be the face of Hans(Hm) defined by their restrictions (C, ε) to Hm.
We can choose the upper and the lower parts of the cliques independently.
The upper part F ∗ will be defined by subsets of {x, v}, and the lower part
F∗ can be any face of Hans(Hm). Since, Hm is a RHG, Hans(Hm) has 3m+1

non-empty faces, so there are 3m+1+1 choices for F∗. For each of these faces,
F ∗ can be chosen in a constant number c of ways, not depending on m. This
proves that the number of faces that are intersections between facets of type
(1) is of the form c · 3m+1 + c.
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A similar argumentation can be done for faces that come as intersections
of type (1) facets with type (2) facets. Moreover, the number of faces that
arise only by intersections of type (2) facets does not depend on m at all,
since for any Hm and any dimension there are exactly the eight of them
mentioned above.

Finally, we have to consider the double counted faces. So fix a (possibly
empty) collection F of type (2) facets. We want to count the faces F that
are double-counted by these. By this, we mean that there are collections D
and E of type (1) facets, such that F = ∩D = (∩F)

⋂
(∩E).

All vertices in Hm will have the same incidences with F . With notations
from before, we thus see that for any such F we get some set of faces F ∗ that
depends on F , but we can choose F∗ independently. Again, since Hans(Hm)
is Hanner, it follows that the number of faces that are double-counted by
F is of the form c · 3m + d. Therefore, the face number of Hans(G[Hm])
equals c1 · 3m + c2 for some constants c1 and c2 that do not depend on Hm

as desired.

Remark 5.3. In Section 4 we have seen that there are 2m−1 non-isomorphic
RHGs on m nodes and therefore the above construction leads to an expo-
nential number of examples with f-vector sum 3d + 16. In particular, there
are 2m−2 of them, since the fourpath is self-complementary and therefore
G[Hm] ∼= G[H̄m].

The intuition that only very low and very high dimensional faces of
Hans(G′[Hm]) get affected when we move over to Hans(G[Hm]) gets further
support by the following observation. The difference of 16 in the f-vector sum
seems to have the same distribution over the dimensions. More precisely,

f(G[Hm])− f(G′[Hm]) = (−4,−6,−2, 0, . . . , 0, 4, 12, 10, 2),

for any choice of Hm.

m mq(Gm)

0 = 121
120
≈ 1.00833

1 = 361
360
≈ 1.00278

2 = 841
840
≈ 1.00119

3 = 1681
1680
≈ 1.000595

4 = 3025
3024
≈ 1.000331

5 = 5041
5040
≈ 1.000198

Figure 7: Mahler quotients of Gm in small dimensions.
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Moreover, the Mahler-volume of Hans(G[Hm]) is very close to the conjec-
tured lower bound and it also seems to be independent on the chosen RHG
Hm as the data in Figure 7 indicates. Here, we denote with Gm any graph
that arises from the above construction with attached RHG on m nodes.
Based on these particular values we conjecture for the Mahler-volume of
Hans(Gm) that

mq(Gm) =
(m+ 5)! + (m+ 1)!

(m+ 5)!

and therefore

M(Gm) = M(Cm+5) +
4m+5(m+ 1)!

(m+ 5)!2
.

As a final remark, we like to point out that further experiments suggest
that there might be a generalization of Theorem 5.2. Replace the fourpath
in the above construction by any split graph Sk on k nodes and for any given
RHG Hm on m nodes consider the graph G[Hm, Sk] which comes up as the
disjoined union of Hm and Sk with additional edges connecting any node in
Hm with any clique node in Sk. For example, we have G[Hm] = G[Hm, G1],
where G1 denotes the fourpath as before.

Conjecture 5.4. Let Sk be a split graph on k nodes with s(Sk) = 3k+1+c(Sk)
for some constant c(Sk). Then, for any RHG Hm on m nodes

s(G[Hm, Sk]) = 3m+k+1 + c(Sk),

i.e., the additive constant in the f-vector sum doesn’t change under the oper-
ation of joining RHGs to the clique in Sk.

Figure 8: Another split graph S5.

For instance, we computed the f-vector sum of the Hansen polytopes for
the graphs G = [Hm, S5] when m ≤ 4. Here, S5 is given by the split graph
in Figure 8 and the constant is c(S5) = 64.
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The Last Delaunay Triangulation

Vı́ctor Álvarez, Frederik von Heymann, Canek Peláez

April 20, 2009

1 Introduction

During the DocCourse 2009 in Barcelona we were presented with the following
problem: we know that the Delaunay graph of a set of n points (n pair) in the
plane in general position always contains a perfect matching [2]. The proof, by
Michael Dillencourt, relies heavily on the properties of the Euclidean metric, so
the question remains open for other popular metrics.

Last year Ábrego et al. proved that for the metrics L1 and L∞ the Delaunay
graph of points in the plane not only contains a perfect matching; the set of
points always contains a Hamiltonian path [1].

The problem presented in the DocCourse was: Is it true that the Delaunay
graph admits a perfect matching for all the Lp metrics?

Although interested in the problem, we faced a little difficulty with it: we
were not able to even visualize how the Delaunay graph looked like in metrics
different to L1, L2 and L∞. So we first started to try and understand what
happens to the Delaunay graph in arbitrary metrics Lp, and this led us to a
different problem, which we called (by a suggestion of Ferran Hurtado) The Last
Delaunay Triangulation.

2 Definitions

The Euclidean metric is defined by the usual distance function

|(x1, y1), (x2, y2)|2 =
√
(x2 − x1)2 + (y2 − y1)2 = (|x2 − x1|2 + |y2 − y1|2)

1
2 .

If we define this distance function as L2, we can generalize it to a family of
metrics Lp:

|(x1, y1), (x2, y2)|p = (|x2 − x1|p + |y2 − y1|p)
1
p .

This family of metrics are sometimes called Minkowski metrics. We define
L∞ in the obvious way as

|(x1, y1), (x2, y2)|∞ = max (|x2 − x1|, |y2 − y1|).
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(a) p = 1 (b) p = 1.5 (c) p = 2

(d) p = 5 (e) p = ∞

Figure 1: Spheres in different Lp metrics.

We can think of how the different Lp metrics behave by looking at the unit
sphere in each of them. For L2 it’s a circle, obviously, and it starts to look more
and more like a diamond when p goes to 1, and more and more like a square
when p goes to ∞ (Figure 1).

For 1 < p < ∞ every point in a sphere has exactly one support line, which
is not true for L1 nor L∞ because they have sharp corners; the spheres in Lp

with 1 < p < ∞ are a smooth curve in all of their points. Also, if two spheres
in Lp intersect each other, they do it in one or two points (or they are the same
ball); again, this is not true for L1 nor L∞ because they contain segments of
lines (Figure 2).

Because of these properties, three non-collinear points determine exactly one
sphere that passes through them in Lp, for 1 < p < ∞. Once more, this is not
true for neither L1 nor L∞; In fact, in those metrics there are many sets of three
non-collinear points, for which there is no sphere passing through all of them.

Given a set P of n points in the plane in general position, we define the
Delaunay graph DG(P ) of P as the graph with P as its vertex set, and where
two points are connected by an edge if there is a ball (given a fixed metric) that
covers them but no other point in P .

Obviously it is equivalent to consider empty spheres instead of balls, where
a sphere S is called empty if there are no elements of P in the bounded region
of S.

For L2 the Delaunay graph is a triangulation, and in fact it’s a triangulation
for all Lp with 1 < p < ∞. For L1 and L∞ it is not a triangulation, and even
more, it’s possible that it does not contains the convex hull of P (Figure 3).

Also we observe that for every edge in a Delaunay triangulation we find a
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Figure 2: Differences between L1, L∞ and Lp with 1 < p <∞.

triangle containing this edge, such that there is an empty sphere through the
vertices of the triangle. Therefore the Delaunay triangulation can be expressed
by the collection of empty spheres passing through three points of P .

3 Delaunay triangulations in Lp

Playing with different examples of sets of points and what happens when we
increase the p in Lp starting from 2, we observed the following: A triangulation
remains unchanged until one of the empty spheres that passes through three
points of P suddenly touches a fourth point. In this moment technically we
loose the general position because this sphere passes through four points, but
we ignore that and keep growing p. What happens then is that we loose one of
the edges of the triangulation, and we win the crossing edge that appears with
the fourth point (Figure 4).

The interesting moment is when the sphere (actually two spheres converging
into one) passes through these four points. Technically we have a crossing or
an empty quadrangle there, but we take only one of the diagonal edges of the
quadrangle so to get only triangulations for all 1 < p < ∞. The two original
spheres converge to a unique sphere that passes through the four points, and
then we have our flip (and consequently two other spheres: we loose the other
two because they now enclose other points of P ). This keeps happening for other
quadrangles in P as we grow p: we have flips in our Delaunay triangulations.

An interesting but erroneous idea that we had was that maybe when we
loose an edge with a flip, that edge does not appear again in any other metric.
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(a) Delaunay triangulation in L2, with Voronoi diagram in dashed
lines.

(b) Non convex Delaunay graph in L1 with the same set.

Figure 3: Delaunay graphs in the same set of points with different metrics.
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Figure 4: A flip between two different Delaunay triangulations of the same point
set.

Unfortunately this is not true: we have an example where we have a flip and
then for a larger p we have another flip (back to the first configuration) in the
same quadrangle (Figure 5).

But what does happen is that there comes a time when the spheres in our
metric Lp are so close to a square that no matter how much we keep growing p,
another flip is not possible.

And then what we have is The Last Delaunay Triangulation.

Figure 5: An edge that reappears when we grow p in Lp.
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Figure 6: How the centes diverges or converges when p grows.

4 The Last Delaunay Triangulation

Instead of focusing on the empty spheres of our Delaunay triangulations, we are
going to look at the centers of those spheres. As we grow p, the centers of those
spheres start to move as curves; we have a flip every time these curves meet
(simultaneously for the same p).

It is obvious that a curve described by a center does not intersect itself,
and we haven’t proved but we are convinced that the curves have the following
behavior (up to symmetry): Take two of the three points that determine a
sphere (without loss of generality lets assume that they do not lie on the same
horizontal line), and consider the rectangle with these two points in its corners.
If the third point is inside this rectangle, the curve described by the spheres
passing through the three points will diverge asymptotically to a line with slope
1 or -1. If the third point is outside this rectangle, the curve will be bounded
(Figure 6).

So when p is sufficiently large, the centers of the spheres will converge to a
fixed point, or they will move away from the set in a stable way. There is no
way in which they could intersect each other, and so the Delaunay triangulation
will remain the same until p “reaches” ∞.

That is The Last Delaunay Triangulation, and the name fits because in ∞
(as we already saw) there is the possibility that the Delaunay graph is not a
triangulation. Although we have sketches of proofs for all of our claims, we will
need to write them down carefully and formally before we present them.

5 Conjectures and future work

We believe that the Delaunay graph in L∞ is a subgraph of The Last Delaunay
Triangulation, and we are trying to prove it. This would give us an efficient
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way to obtain The Last Delaunay Triangulation, because we will only need to
calculate the Delaunay graph in L∞ and then complete the triangulation (in
the right way, of course).

As we saw, it’s possible that a triangulation repeats itself, for growing p.
How many times can this happen? How many times can an edge disappear and
reappear later?

We also would like to know what is the maximum number of triangulations
that a set of points can realize when we grow p starting in 2; we believe that
this number of triangulations is polynomial in the number of points in the set,
and that it will be n2 or n3.

Much of the initial insight in this problem came after we programmed a
little algorithm to calculate the circumcenter of three points in Lp for arbitrary
p. This allowed us to actually see how a given Delaunay triangulation changes
when p is growing; unfortunately our algorithm is not very fast, and we could
only work with small point sets. Although not necessary for the main result
and the conjectures we are investigating, it would be nice to come up with a
better algorithm that would allow us to see how larger sets of points behave
when growing the p.
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Lattice paths and Lagrangian matroids

Anna Gundert Edward D. Kim∗ Daria Schymura†

Abstract

Lagrangian matroids are a class of Coxeter matriods, an extension of ordinary matroids. In this paper,

we investigate Lattice Path Lagrangian matroids (LPLMs), a family of Lagrangian matroids introduced by

J. Bonin and A. de Mier. One definition for Lagrangian matroids involves ordinary matroids. Our main

result states that for LPLMs the matroids arising from this construction are, as one would hope, lattice path

matroids.

1 Introduction

Lagrangian matroids are a class of Coxeter matroids, an extension of ordinary matroids. While the precise

definition of Coxeter matroids is rather intricate, many subclasses, such as Lagrangian matroids, of Coxeter

matroids can be defined directly in terms of ordinary matroids or exchange axioms. In this paper, we will be

studying the class of lattice path Lagrangian matroids (LPLMs) which was introduced by J. Bonin and A. de

Mier. Coxeter matroids in general and also Lagrangian matroids are surveyed in [3].

Lagrangian matroids are families of transversals of the set [n]∪[n]∗ satisfying a certain exchange axiom. Here,

a transversal is a set T ⊂ [n] ∪ [n]∗ with |T ∩ {i, i∗}| = 1 for all i ∈ [n]. The precise definition of Lagrangian

matroids will be presented in Section 2, along with the definition of LPLMS and some basic notation and

terminology. We will see that it is possible to characterize Lagrangian matroids via sets of intersections with

arbitrary transversals, which turn out to be ordinary matroids.

In Sections 3 to 5 we study the ordinary matroids that arise in this context when considering LPLMs. Our

main result, Theorem 3.1, states that these are lattice path matroids, a class of ordinary matroids investigated

in [1] and [2]. Section 3 explores the question and contains a proof that this property does not characterize

LPLMs. Sections 4 and 5 contain two proofs of Theorem 3.1.

In the remaining sections, we explore other properties of lattice path Lagrangian matroids. One can define

for Lagrangian matroids most of the usual matroid theoretic operations. In Section 6, we investigate for some

of these operations whether they preserve lattice path Lagrangian matroids. Section 7 presents some open

questions on LPLMs.

2 Basic Defintions

In this section, we give basic definitions and notation. First, we recall the definition of a matroid.

∗Research partially supported by VIGRE NSF grant DMS-0135345
†Research partially supported by Deutsche Forschungsgemeinschaft Research Training Group Methods for Discrete Structures
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2.1 (Ordinary) Matroids

Let E be a finite set and let B be a non-empty family of subsets of E such that the following exchange property

holds: If B1, B2 ∈ B and x ∈ B1 \ B2, then there exists a y ∈ B2 \ B1 such that (B1 \ {x}) ∪ {y} ∈ B. Then,

the pair M = (E,B) is called a matroid, each set B ∈ B is called a basis, and each subset I ⊆ B ∈ B is called

an independent set. It is easy to see that all bases have the same size. In Section 3.1, an essential example of a

matroid for this article will be presented: the class of lattice path matroids.

Two matroids M1 = (E1,B1) and M2 = (E2,B2) are isomorphic if there is a bijective map φ : E1 → E2

that maps bases of M1 to bases of M2 and vice versa: For all B1 ⊆ E1 : B1 ∈ B1 ⇔ φ(B1) ∈ B2.

More about matroids can be found e.g. in [6].

2.2 Lagrangian matroids

Denote by [n]∗ the set {1∗, . . . , n∗} and by S the set [n] ∪ [n]∗. We consider the star operation as a function
∗ : S → S by (i∗)∗ = i. A subset B ⊂ S is a transversal of S if, for all i ∈ [n], B contains i or i∗, but not

both. For two transversals of S, we say that i is a divergence if one of the transversals contains i and the other

contains i∗. A set B of transversals of S is the set of bases of a Lagrangian matroid if the following symmetric

exchange axiom [3, Theorem 4.1.4] holds:

For all transversals X,Y ∈ B and each divergence i, there is a divergence j such that X△{i, i∗, j, j∗} ∈ B.

The symbol △ denotes the symmetric difference. Note that the case i = j is not excluded in the definition, so

it is allowed just to replace i by i∗. Furthermore, note that a Lagrangian matroid is not an ordinary matroid.

We will often simply refer to B as a Lagrangian matroid.

Two Lagrangian matroids B1, B2 are isomorphic if there exists a map φ : [n] ∪ [n]∗ → [n] ∪ [n]∗ with

φ(i∗) = φ(i)∗ and φ(i) ∈ {i, i∗} for all i ∈ [n] ∪ [n]∗, such that B ∈ B1 ⇔ φ(B) ∈ B2. Such a map is determined

by the transversal T = φ([n]): Let i ∈ [n]. If i ∈ T we have φ(i) = i, otherwise φ(i) = i∗. By definition,

φ(i∗) = φ(i)∗. Every transversal determines such a map.

The following theorem gives a characterization of Lagrangian matroids in terms of ordinary matroids.

Theorem 2.1. [3, Theorem 4.1.1] Let B be a collection of transversals of S. For all transversals T of S define

IT = {I : I ⊆ B ∩ T for some B ∈ B}.

Then, B is a Lagrangian matroid if and only if IT is the set of independent sets of an ordinary matroid on T .

Lagrangian matroids are e.g. studied in Chapters 3 and 4 of [3], in [5] and in [4].

2.3 Lattice Path Lagrangian Matroids

Fix n ∈ N. An n-path S is any n-tuple (S(1), . . . , S(n)) ∈ {+1,−1}n. The symbol S(i) is used to denote the ith

element in the n-tuple S. Where there is no ambiguity, we simply call S a path. To every path S, we associate

a height function hS : {0, . . . , n} → Z such that

hS(i) =

{
0 if i = 0,

hS(i− 1) + S(i) if i > 0.

We note that i and hS(i) have the same parity for every i ∈ {0, . . . , n}. Where convenient, we use ր for +1

and ց for −1, which is motivated by the shape of the height function hS . An n-path S also corresponds to a

transversal T of [n] ∪ [n]∗ by i ∈ T ⇔ S(i) = +1 and i∗ ∈ T ⇔ S(i) = −1.
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If P and Q are two paths, we say that Q stays above P if hQ(i) ≥ hP (i) for every i. Let P and Q be paths

such that Q stays above P . Then we say that a path X stays between P and Q if Q stays above X and X stays

above P . We define the set B[P,Q] as the set of all paths X that stay between P and Q.

It is not hard to show that the set of transversals corresponding to B[P,Q] satisfies the symmetric exchange

axiom. We call the Lagrangian matroid with set of bases B[P,Q] the lattice path Lagrangian matroid given by

P and Q. (Where convenient, we abbreviate lattice path Lagrangian matroid by LPLM.) The representation of

the bases of this Lagrangian matroid as lattice paths relies on the ordering 1 < 2 < . . . < n. We want the class

of lattice path Lagrangian matroids to be closed under reorderings and Lagrangian matroid isomorphisms: A

lattice path Lagrangian matroid is a Lagrangian matroid B for which an ordering of its ground set exists such

that B with this ordering is isomorphic to a Lagrangian matroid with set of bases B[P,Q]. The family of lattice

path Lagrangian matroids was introduced by J. Bonin and A. de Mier.

Figure 1 depicts a concrete example of B[P,Q] with n = 11 and P = (1, 1, 1,−1, 1,−1, 1,−1, 1,−1,−1) and

Q = (−1,−1, 1,−1, 1,−1, 1,−1, 1, 1, 1).

Figure 1: An example lattice path Lagrangian matroid B[P,Q]. The dashed and the dotted path depict the

graphs of hQ and hP , respectively. Also depicted is the graph of hB for a typical B ∈ B[P,Q].

Many of the proofs that follow require constructions of new paths from old paths, and we now fix our

notation here.

Let S be an n-path. We define the selection operation as follows: Given integers i1, . . . , ik ∈ [n], we use the

notation R = S(i1, . . . , ik) to define a k-path, where R(j) := S(ij). In particular, S(1, . . . , n) = S.

Let S be an n-path and R be an m-path. We define the concatenation operation as follows: We use the

notation V = S ◦R to describe the (n+m)-path obtained by following S, then following R. Put concretely,

V (i) =

{
S(i) if i ≤ n,

R(i− n) if i > n.

3 A characterization for LPLMs?

In Section 2.2 we saw a characterization of Lagrangian matroids via sets of intersections with arbitrary transver-

sals. We now want to consider this for the case of lattice path Lagrangian matroids. What are the matroids

appearing as IT for a LPLM B? We will see that these are matroids with a special structure known as lattice

path matroids.

The other question we will address is whether this gives a characterization of LPLMs. More precisely, is

every Lagrangian matroid B such that for every transversal T the matroid IT is a lattice path matroid a LPLM?

The answer to this is no, a counterexample will be presented in Section 3.3.
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3.1 Lattice path matroids

In this section, we define lattice path (ordinary) matroids. A North-East path P (also abbreviated NE-path) is

a path starting at (0, 0) that consists of North-steps N = (1, 0) and East-steps E = (0, 1). A North-East path

from (0, 0) to (m,n) has length m+n. Let P and Q be NE-paths from (0, 0) to (m,n) such that Q stays above

P , an example is shown in Figure 3.1.

Figure 2: The dotted path is an example for a path P , the dashed one for Q. The solid path is contained in

the collection of all North-East paths between P and Q.

The collection B of all North-East paths γ from (0, 0) to (m,n) between P and Q forms the set of bases of

a matroid M[P,Q] = (E,B). The ground set E is [m + n], and we identify each path γ with its set of North

steps. A path γ corresponds to a subset Bγ ⊆ [m+ n] such that step i of γ is North if and only if i ∈ Bγ .

We show that B fulfills the exchange property of ordinary matroids: Let γ1, γ2 ∈ B, and let i be a North

step with i ∈ γ1 \ γ2. If γ1 is below γ2 in step i, then there is a North step j ∈ γ2 \ γ1 with j < i since both

paths start at (0, 0). For j = maxk{k : j ∈ γ2 \ γ1 and k < i}, the path γ1 \ {i} ∪ {j} stays between P and Q.

If γ1 is above γ2 in step i, argue analogously with j > i. So M is indeed a matroid. We call a matroid that is

isomorphic to a matroid M[P,Q] of this type a lattice path matroid. Lattice path matroids are studied in [1]

and [2].

3.2 Lattice path matroids from lattice path Lagrangian matroids

Let P and Q be n-paths such that Q stays above P . Let T be a transversal of length n. We know that the set

B[P,Q] of all paths between P and Q is a Lagrangian matroid. Hence, by Theorem 2.1 the family of sets

IT = IP,Q
T = {I : there is a basis B ∈ B[P,Q] such that I ⊆ B ∩ T }

is an ordinary matroid. Our main theoretical result on the structure of IP,Q
T shows that it is actually a lattice

path matroid:

Theorem 3.1. [Conjecture posed by A. de Mier] Let P , Q, and T be paths such that Q stays above P . The set

IP,Q
T is the collection of independent sets of a lattice path matroid.

A proof of this will be presented in Section 4. Following this, Section 5 contains a constructive proof, an

algorithm that, given a transversal T , constructs the resulting lattice path matroid IT .

We will now fix some notation. The paths B such that B ∩ T gives a basis of the matroid IP,Q
T are those

paths B ∈ B[P,Q] that agree with T in as many steps as possible while staying between P and Q. They are

called maximal T -agreement paths. Where there is no ambiguity, we say T is a maximal path.
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To make everything concrete, we continue with the example from Section 2.3, Figure 1 and use the transversal

T = (1, 1, 1,−1, 1,−1, 1,−1, 1, 1, 1). Figure 3 gives an example: The maximal paths B ∈ IP,Q
T are the ones that

take only black edges. The paths P and Q are shown in gray.

Figure 3: An example of IP,Q
T with all maximal paths. The sequence of arrows depicts the transversal T .

3.3 Not a characterization - the counterexample

In the following, we will present for every n ≥ 3 a collection B of transversals of [n]∪[n]∗ that is not a Lagrangian

lattice path matroid but for which IT is a lattice path matroid for every transversal T . The latter of course

shows that B is a Lagrangian matroid.

Let n ≥ 3 and set B = {{1, 2, . . . , n}}∪{B ⊂ [n]∪ [n]∗| B transversal, |B ∩ [n]∗| = 2}. One can also directly

see that B is a Lagrangian matroid: The family B′ = {B ⊂ [n]∪ [n]∗|B transversal, |B∩ [n]∗| = 2} is obviously a

lattice path Lagrangian matroid. When adding {1, 2, . . . , n}, we thus just have to check the symmetric exchange

axiom for this transversal and transversals in B′. Because any such two transversals only differ in two places,

the axiom holds.

Lemma 3.2. The collection of transversals B is not a lattice path Lagrangian matroid.

Proof. B contains a transversal with two starred elements as well as a transversal without any starred elements.

If these transversals correpond directly to lattice paths, paths with exactly one down-step (starred element) lie

between them. These are not represented by any transversal in B. So B is not the set of all paths between two

paths P and Q, for any P,Q ∈ B.

Is it also not isomorphic to one? Reordering the elements of [n] doesn’t really change B: It still contains the

transversal without any starred elements and all transversals with two starred elements. So what is the image

of this family of sets under a Lagrangian matroid isomorphism φ? Let T be the transversal corresponding to φ.

The transversal {1, 2, . . . , n} is mapped to T . The image of a transversal B with two starred elements i and j

is (T \ {φ(i), φ(j)}) ∪ {φ(i)∗, φ(j)∗}. Thus:

φ(B) = {T } ∪ {T△{i, i∗, j, j∗}|i, j ∈ [n], i 6= j}.

As T is a transversal, we have |T ∩ [n]∗| ≥ 2 or |T ∩ [n]| ≥ 2. We can assume w.l.o.g. that T contains at least

two elements of [n]∗, say i∗ and j∗ where i < j. We have T ′ = T△{i, i∗, j, j∗} ∈ φ(B). If we consider T and T ′

as lattice paths, the path corresponding to T△{i, i∗} lies between them:

hT ′(k) =





hT (k) if 1 ≤ k ≤ i− 1,

hT (k) + 2 if i ≤ k ≤ j − 1,

hT (k) + 4 if j ≤ k ≤ n
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and

hT△{i,i∗}(k) =

{
hT (k) if 1 ≤ k ≤ i− 1,

hT (k) + 2 if i ≤ k ≤ n.

But T△{i, i∗} is not contained in φ(B).

Lemma 3.3. For every transversal T of [n] ∪ [n]∗ the set IT (B) = {I|I ⊆ B ∩ T for some B ∈ B} is the

collection of independent sets of a lattice path matroid.

Proof. For this proof, we set Bi,j = {1, . . . , i− 1, i∗, i+1, . . . , j− 1, j∗, j+1, . . . , n} for i, j ∈ [n], i 6= j such that

B = {{1, 2, . . . , n}} ∪ {Bi,j| i, j ∈ [n], i 6= j}.

Let T be a transversal of [n] ∪ [n]∗. We set k = |T ∩ [n]∗| and consider different values of k. If k = 0 or

k = 2 then T ∈ B and hence the set IT (B) consists of all subsets of T . This is a lattice path matroid defined

by just one path, the one corresponding to T .

If k = 1 then T has exactly one starred element, say i∗ ∈ T . The bases of IT (B) are determined by those B ∈
B that have the largest possible intersection with T among all elements of B. We have T ∩{1, 2, . . . , n} = T \{i∗}
and T ∩ Bi,j = T \ {j} for j 6= i. Because T /∈ B, these are thus the transversals defining the bases of IT (B).

Hence, IT (B) has bases {T \ {j}|j ∈ T } and is the lattice path matroid with boundary paths (N,N, . . . , N,E)

and (E,N,N, . . . , N).

Now consider the case where k ≥ 3, say T∩[n]∗ = {i∗1, i∗2, . . . , i∗k}. Again, the bases of IT (B) are determined by

thoseB ∈ B that have the largest possible intersection with T among all elements of B. These are the transversals

Bj1,j2 where j1, j2 ∈ {i1, i2, . . . , ik}. They have n− k+ 2 agreements with T , while all other elements of B have

n− k or n− k − 2. Thus, the set of bases of IT (B) is {([n] \ {i1, i2, . . . , ik}) ∪ {j∗
1 , j

∗
2}|j1, j2 ∈ {i1, i2, . . . , ik}}.

The set {{k+ 1, k+ 2, . . . , n} ∪ {i, j}|1 ≤ i < j ≤ k}} describes an isomorphic matroid. This is clearly a lattice

path matroid: The direct sum of the family of all paths with 2 North steps and k− 2 East steps and of the set

containing one path just consisting n− k North steps.

4 Proof of the main theorem

In this section we give a first proof for Theorem 3.1.

The following observation is simple but crucial: If two maximal paths S and R meet at step i, i.e. hS(i) =

hR(i), then neither V = S(1, . . . , i) ◦ R(i + 1, . . . , n) nor W = R(1, . . . , i) ◦ S(i + 1, . . . , n) can have more

agreements with T than S or R. Hence, S and R have the same number of agreements on steps 1 to i (and also

on steps i to n) and V and W are also maximal. (See Figure 4.)

Figure 4: The solid path V and the dashed path W are also maximal.
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From this it follows immediately that there must be a lowest maximal path Pmax and a highest maximal

path Qmax. Since the bases of IP,Q
T are determined by maximal paths, we have IPmax,Qmax

T = IP,Q
T . Thus, we

only have to consider paths between Pmax and Qmax.

Before we can come to the proof of Theorem 3.1, we will establish several lemmata that reveal the structure

of the set of maximal paths. Lemma 4.1 states that, while P and Q can be chosen with arbitrary endpoints,

Pmax and Qmax will always meet in the last step. Therefore, all maximal paths will always meet at least in the

last step.

Lemma 4.1. All maximal paths end in the same point, i.e. hPmax(n) = hQmax(n). In particular, if S and R

are two maximal paths, then hS(n) = hR(n).

Proof. Suppose, for a contradiction, that S and R are two maximal paths such that hS(n) 6= hR(n). Without

loss of generality, assume that hS(n) > hR(n). We can assume that S and R do not meet after the first step,

otherwise we just consider the interval after their last intersection. So we have hS(i) ≥ hR(i) + 2 for all i ≥ 1.

The steps in which S and R agree don’t alter the distance of the two paths. So, since hR(n) < hS(n), among

the disagreeing steps there have to be more steps in which R goes down and S goes up. Because S and R have

the same number of agreements with T , R cannot agree with T in every of these down steps. Hence, there

exists a step j with R(j) =ց and T (j) =ր. Now, consider the following path (See Figure 5):

W := R(1, . . . , j − 1)◦ ր ◦R(j + 1, . . . , n).

The path W agrees with T one more time than R and, since hS(n) ≥ hR(n) + 2, it stays between S and R

Figure 5: W is the dashed path.

because of

hW (i) =




hR(i) 1 ≤ i ≤ j − 1

hR(i) + 2 j ≤ i ≤ n.

However, a path W of this kind cannot exist, by maximality of the path R.

Consider two maximal paths S and R such that S is above R at a step i ∈ [n]. In the following, we will call

a height j ∈ [n] with hR(i) ≤ j ≤ hS(i) feasible if j = hR(i) + 2k for some k ≥ 0. This means feasible heights

are the possible heights at the i-th step for maximal paths between R and S.

There are two kinds of steps i: Either all maximal paths are parallel, i.e. they all agree at i, or there are

two maximal paths that differ at i. The next lemmata explore the behaviour of the maximal paths in these two

types of steps. First, we will see that in a parallel step all feasible heights can be reached by a maximal path.

Figure 6 tries to illustrate this - feasible heights that can be reached by maximal paths are highlighted.

7
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Figure 6: A parallel step

Lemma 4.2 (“Parallel Steps”). Suppose all maximal paths agree at step i. Then for each feasible j with

hPmax(i) ≤ j ≤ hQmax(i) there is a maximal path B with hB(i) = j.

Moreover, all maximal paths S have to agree with T at this step: S(i) = T (i).

Proof. We will prove the lemma not only for Qmax and Pmax but for two arbitrary maximal paths S and R.

So, let S and R be two maximal paths such that S is above R at i. We consider only the interval around i in

which S is always above R; w.l.o.g. this is the interval {1, . . . , n}.

To prove the first claim of the lemma, it suffices to show that we can find a maximal path B between S and

R with hB(i) = hR(i) + 2.

Let B be the path S(1)◦R(2, . . . , n−1)◦S(n) =ր ◦R(2, . . . , n−1)◦ ց. This path fulfills hB(i) = hR(i)+2

and also lies between S and R because for 1 ≤ j ≤ n − 1 we get hB(j) = hR(j) + 2 ≤ hS(j), as we assumed

that S stays above R.

The path B is furthermore a maximal path: It has as many agreements with T as S and R. This is because

neither S nor R can agree with T in the first as well as in the last step, otherwise B or R(1)◦S(2, . . . , n−1)◦R(n)

would have more agreements with T than S and R. Thus, when changing R to B we both lose and gain exactly

one agreement.

For the second part of the lemma let B ∈ B(P,Q) be a path that doesn’t agree with the maximal paths

at step i. We will show that B cannot agree with T in step i. The set B ∩ T is independent in IT and hence

contained in some basis, which corresponds to a maximal path. Thus, if B(i) = T (i), i.e. i ∈ B∩T , there would

have to be a maximal path also agreeing with T , and therefore with B, at step i.

The following lemmata consider the non-parallel steps. We will see that also in a step i in which some

maximal paths disagree, every feasible height between hPmax(i) and hQmax(i) can be reached, even from both

possible points, so that the i-th steps of the maximal paths form a zig-zag-shape.

First, we need to establish the following lemma which describes the behaviour of T on the set of disagreeing

steps of two fixed maximal paths that do not meet.

Lemma 4.3. Let S and R be two maximal paths which do not meet between steps i1 and in. Let furthermore

I = {i|i1 ≤ i ≤ in, S(i) 6= R(i)}, the set of steps between i1 and in in which S and R disagree. Then T (i) = T (j)

for all i, j ∈ I, i.e. T is constant on all disagreeing steps of S and R.

Proof. For the proof, we can assume i1 = 1 and in = n. If we let R be the lower path, we thus have

hS(i) ≥ hR(i) + 2 for all 1 ≤ i ≤ n− 1 because S and R do not meet before n. This also means that S and R

disagree in the first step: 1 ∈ I. We can w.l.o.g. assume that T (1) =ր. Now, let j ∈ I. We want to show that

8

70



T (j) = T (1) =ր. Let us first look at the case S(j) =ց, R(j) =ր. Consider the path

W =ր ◦R(2, . . . , j − 1)◦ ց ◦R(j + 1, . . . , n).

(See Figure 7.) It lies between R and S because

hW (i) =




hR(i) + 2 1 ≤ i ≤ j − 1,

hR(i) j ≤ i ≤ n.

The paths W and R agree at every step except for 1 and j. If T (j) =ց, W would agree with T at step 1 and

j while R would not. So W would have two more agreements than R which is not possible.

Figure 7: The path W

The second case, S(j) =ր, R(j) =ց, is treated similarly: Because S(n) =ց and R(n) =ր, the first case

shows that T (n) =ր. Using this, we can proceed as above, now with the path

W = S(1, . . . , j − 1)◦ ց ◦S(j + 1, . . . , n)◦ ր .

Now, we can explore the behaviour of T in the non-parallel steps. As mentioned before, this lemma will

show that every feasible height that can be reached by maximal paths from above and from below actually is

the height of a maximal path passing from above and also of one passing from below.

Lemma 4.4 (“Zig-zag steps”). Suppose that not all maximal paths agree at step i. Then for every feasible j

with hPmax(i) ≤ j ≤ hQmax(i) there is a maximal path B with hB(i) = j. Moreover, if hPmax(i− 1) ≤ j − 1 <

j + 1 ≤ hQmax(i − 1), there are maximal paths V and W such that hW (i) = hV (i) = j, hV (i− 1) = j + 1 and

hW (i− 1) = j − 1. (See Figure 8.)

Proof. We will prove the claim for all feasible j with hR(i) ≤ j ≤ hS(i) for two arbitrary maximal paths S and

R with S(i) 6= R(i) and such that S is above R at i or at i− 1: hS(i) > hR(i) or hS(i− 1) > hR(i − 1). Why

does this suffice to prove the lemma?

If Pmax(i) 6= Qmax(i), we can simply choose S = Pmax and R = Qmax. If Pmax(i) = Qmax(i), by

assumption there has to be some path B with B(i) 6= Pmax(i). Then either hPmax(i) < hB(i) < hQmax(i) and

we can apply the above claim twice, or B meets one of the maximal boundary paths and we can apply it to B

and the other boundary path.

So, let S and R be two maximal paths with S(i) 6= R(i) and such that hS(i) > hR(i) or hS(i−1) > hR(i−1).

We will proceed by induction on the minimal distance of S and R at steps i and i− 1:

d(S,R) = min{hS(i) − hR(i), hS(i− 1) − hR(i− 1)}.
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Figure 8: A zig-zag step

If d(S,R) = 0, S and R meet either at i or at i−1. In both cases there is nothing to show. So, let us assume

that d(S,R) > 0, i.e. hR(i) < hS(i) and hR(i− 1) < hS(i− 1).

It suffices to consider the interval around i in which S and R do not meet; w.l.o.g. this is the interval

{1, . . . , n}. So we have hS(j) ≥ hR(j) + 2 for 1 ≤ j ≤ n− 1.

Let us first consider the case S(i) =ր and R(i) =ց. We will find two maximal paths V and W such that

hV (i− 1) = hS(i− 1), hV (i) = hS(i) − 2 and hW (i− 1) = hR(i− 1), hW (i) = hR(i) + 2. (See Figure 9.) Then

V and W fulfill the conditions of our claim and have a smaller distance than S and R. Thus, by induction

assumption we already know that all feasible heights between hV (i) and hW (i) can be reached.

Figure 9: The paths V and W we want to construct.

How do we construct V and W? In the last step, S and R have to disagree; more precisely we have: S(n) =ց
and R(n) =ր. Lemma 4.3 tells us that T is constant on all steps in which S and R disagree, so in particular we

have T (i) = T (n). This means that neither S nor R can agree with T at both i and n. So the paths following

S, respectively R, in all steps except for steps i and n both lose and gain one agreement with T and therefore

have the same number of agreements as S and R.

More precisely, set V := S(1, . . . , i − 1)◦ ց ◦S(i + 1, . . . , n − 1)◦ ր and W := R(1, . . . , i − 1)◦ ր ◦R(i +

1, . . . , n− 1)◦ ց. (See Figure 10.)

By the argument above, these two paths are also maximal paths.

We have

hV (j) =




hS(j) 1 ≤ j ≤ i− 1, j = n

hS(j) − 2 i ≤ j ≤ n− 1
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Figure 10: The paths V and W

and

hW (j) =




hR(j) 1 ≤ j ≤ i− 1, j = n

hR(j) + 2 i ≤ j ≤ n− 1.

Thus, V and W lie between S and R and are indeed the paths we needed.

For the other case, we can use the fact that S(1) =ր, R(1) =ց and proceed with a similar argument on

the interval [1, i].

Lemma 4.5. Let 1 ≤ i0 < i1 ≤ n such that Pmax and Qmax do not meet in any step i0 ≤ i ≤ i1 − 1. Then the

following two statements are equivalent:

1. In the interval {i0, . . . , i1} there are no steps where all maximal paths agree.

2. T is constant on {i0, . . . , i1}.

Proof. We can w.l.o.g. assume that i0 = 1 and i1 = n, i.e. that Pmax and Qmax only meet at the last step.

First, suppose that there are no steps in the interval {1, . . . , n} in which all maximal paths agree. To show

that T is constant we will prove that T (i) = T (i− 1) for every i ∈ {2, . . . , n}.

So, let i ≥ 2. Because Pmax and Qmax cannot meet in step i− 1, we have hQmax(i− 1) ≥ hPmax(i− 1) + 2.

Thus, there is a feasible height j such that hPmax(i− 1) ≤ j < j + 2 ≤ hQmax(i− 1).

By Lemma 4.4 we can find maximal paths S and R that surround the square (i− 2, j + 1), (i− 1, j), (i, j +

1), (i− 1, j + 2), i.e. hS(i− 2) = hR(i− 2) = hS(i) = hR(i) = j + 1, hS(i− 1) = j + 2 and hR(i− 1) = j. (See

Figure 11.)

Figure 11: Paths surrounding a square

These paths disagree at steps i− 1 and i, thus we have T (i) = T (i− 1) by Lemma 4.3.
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Now, suppose that T is constant (w.l.o.g. T =ր (1, . . . , n)) and let again 1 < i < n. We have to show that

there are maximal paths which disagree at step i.

Because of the Lemmas 4.2 and 4.4 we know that there are two maximal paths S and R agreeing with T at

step i with hS(i) = hR(i) + 2. Until the i-th step, S has one more up step, i.e. one more agreement than R.

Thus, the path S(1, . . . , i − 1)◦ ց ◦R(i + 1, . . . , n) has the same number of agreements with T until the i-th

step as R. Therefore it is a maximal path that lies between Pmax and Qmax and disagrees with S and R at step

i.

With one more remark we have all the tools needed to prove Theorem 3.1: The proof will use some matroid

operations, Section 6 contains the definitions of these. We will also use that lattice path matroids are preserved

under taking the direct sum which is easy to see.

Proof of Theorem 3.1. It suffices to prove the theorem for paths P and Q such that Pmax and Qmax do not

meet: Suppose they meet at step i. Let I1 = {1, . . . , i}, I2 = {i+ 1, . . . , n} and W ′ = W (I1),W
′′ = W (I2) for

W = P,Q, T . Then every maximal path splits into a maximal path w.r.t. P ′, Q′ and T ′ and a maximal path

w.r.t. P ′′, Q′′ and T ′′. Thus, IP,Q
T = IP ′,Q′

T ′ ⊕ IP ′′,Q′′

T ′′ . Since lattice path matroids are preserved under taking

direct sums, it suffices to prove the statement for both summands.

So, let us assume that Pmax and Qmax do not meet. Lemma 4.2 and Lemma 4.4 show that there are only

two kinds of steps i, parallel steps and zig-zag steps. It actually suffices to prove the theorem for the case where

there are no parallel steps: Suppose step i is a step where all maximal paths agree. Then by Lemma 4.2 they

all agree with T at i which means that i is contained in every basis of IP,Q
T . Now we take the i-th step out of

all paths we are considering, i.e. we look at

P ′ := Pmax(1, . . . , i− 1) ◦ Pmax(i+ 1, . . . , n),

Q′ := Qmax(1, . . . , i− 1) ◦Qmax(i+ 1, . . . , n) and

T ′ := T (1, . . . , i− 1) ◦ T (i+ 1, . . . , n).

Then the resulting matroid IP ′,Q′

T ′ is the restriction of IP,Q
T to [n] \ {i}, IP ′,Q′

T ′ = IP,Q
T |([n] \ {i}). Because every

basis contains i, we regain the original matroid by the following direct sum: IP,Q
T = IP ′,Q′

T ′ ⊕ {{i}}. Lattice

path matroids are preserved under taking direct sums, and {{i}} is the lattice path matroid where both defining

paths are simply one North step. So it suffices to show that IP ′,Q′

T ′ is a lattice path matroid.

Thus, we can also assume that P ,Q and T are such that in every step there are two maximal paths that

disagree. We need to find two North-East-paths V and W starting at (0, 0) and ending at the same point such

that the bases of IP,Q
T are the North-steps of paths between V and W .

By Lemma 4.4 all possible paths between Pmax and Qmax are maximal paths. Thus,

IP,Q
T = {I|I ⊆ B ∩ T,B ∈ B(Pmax, Qmax)}.

By Lemma 4.5, T is furthermore constant. This means that the bases of our matroid IP,Q
T are either all sets of

up-steps of paths between Pmax and Qmax, or all sets of down-steps of such paths.

If T =ց (1, . . . , n), considering P and Q reflected on the x-axis and T ′ =ր (1, . . . , n) leads to the same

matroid. Thus, we can assume that T =ր (1, . . . , n).

If we use the following function to map up-down-paths to NE-paths

ϕ(W )(i) =




N if W (i) =ր,

E if W (i) =ց,

the paths V = ϕ(Pmax) and W = ϕ(Qmax) fulfill our conditions:
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• Since Pmax and Qmax end in the same point, also V and W do.

• The set B(Pmax, Qmax) is mapped bijectively to B(V,W ).

• Because T =ր (1, . . . , n), the bases of IP,Q
T correspond to up-steps of paths between Pmax and Qmax,

thus to North-steps of paths between V and W .

Hence, IP,Q
T is the lattice path matroid M[V,W ].

This concludes the proof of Theorem 3.1. The next section will present a second, more constructive proof.

We will see an inductive algorithm that constructs the boundary paths of the lattice path matroid IP,Q
T .

5 An algorithm to construct the lattice path matroid

Let B[P,Q] be a lattice path Lagrangian matroid of n steps and let T be a traversal of length n. In this section,

we describe an algorithm that constructs the lattice path matroid IP,Q
T by explicitly defining the boundary

North-East paths of Section 3.1. This algorithm provides a second proof of Theorem 3.1.

The matroid IP,Q
T is a lattice path matroid in the sense that it is such a matroid only up to isomorphism.

That is, the first step of the lattice path matroid may not record the first step of the maximal paths in the

lattice path Lagrangian matroid. It will be necessary to record which step in the lattice path matroid records

which step in the lattice path Lagrangian matroid by defining an explicit permutation φ ∈ Sn. We will use the

convention φ(i) = j to mean the i-th step in the lattice path matroid records the j-th step in the lattice path

Lagrangian matroid.

We approach the problem by induction on n. For the base case, n = 1, we consider the following cases:

1. If (T, P,Q) is one of the triples (ր,ր,ր), (ր,ց,ր), (ց,ց,ր), or (ց,ց,ց), then T agrees with at

least one of P or Q. In particular, the one-element path B that agrees with T is in B[P,Q]. In this case,

the associated lattice path matroid consists of the unique path from (0, 0) to (0, 1).

2. The two cases that (T, P,Q) is one of the triples (ր,ց,ց) or (ց,ր,ր) describe the situations where

T 6= P = Q. In particular, the only path B in B[P,Q] does not agree with T and the associated lattice

path matroid consists only of the path from (0, 0) to (1, 0).

The remaining two cases (where Q =ց and P =ր) do not satisfy the definition of lattice path Lagrangian

matroids. In all the base case examples, φ is of course the identity map in S1.

For the induction step, we suppose that we are given appropriate paths P and Q of length n, and a transversal

T of length n. By ignoring the nth step, we have paths P ′ and Q′ of length n− 1, and a traversal T ′ of length

n − 1 which determine an already-constructed lattice path matroid L′ and matroid isomorphism φ′, by the

induction hypothesis. The algorithm describes the construction of the lattice path matroid L and matroid

isomorphism φ corresponding to P , Q, and T by making appropriate modifications to L′ and φ′.

We may assume, without loss of generality, that T (n) =ր. If this is not the case, then we can “negate”

each of P , Q, and T , and note that I−P ′,−Q′

−T ′ = IP ′,Q′

T ′ .

Recall Lemma 4.1, which states that all maximal paths must end at the same point. We distinguish two

possibilities that can occur when moving from the triple (P ′, Q′, T ′) to (P,Q, T ).

1. In the first case, every maximal T ′-agreement path B′ for (P ′, Q′, T ′) ends on hQ (that is hB′(n) = hQ(n)

for each maximal T ′-agreement path B′) and Q(n) = −1. In this case, every path B′ must go down on

the nth step.

13

75



2. Otherwise, paths B′ may go up or down on the last step, but for maximally-agreeing paths, we extend B′

to a path B that goes up on the nth step.

In the second case, we say that the triple (P,Q, T ) is extendible.

Lemma 5.1. If the triple (P,Q, T ) is extendible, then rank(IP,Q
T ) = 1 + rank(IP ′,Q′

T ′ ).

Proof. Suppose (P,Q, T ) is an extendible triple. Let B be any maximal T ′-agreement path. Suppose that B

agrees with T ′ exactly r times. Define B+ to follow B for the first n − 1 steps and define Bn = +1. Since

(P,Q, T ) is extendible, B+ agrees with T exactly r + 1 times, so the rank increases by at least one.

Suppose, for a contradiction, that the rank increases by more than one. Then, there is a T -agreement path

C of length n with s agreements and s ≥ r + 2. From C, we obtain a path C′ of length n− 1 by ignoring the

final step. Then C′ agrees with T at least s− 1 ≥ r + 1 times. This contradicts the construction of B, which

agreed with T exactly r times and agreed maximally with T in n− 1 steps.

Lemma 5.2. If the triple (P,Q, T ) is not extendible, then rank(IP,Q
T ) = rank(IP ′,Q′

T ′ ).

Proof. Let r = rank(IP ′,Q′

T ′ ). Given any maximal T ′-agreement path B′, define B = B′◦ ց. Then, B is path

of length n that agrees with T exactly r times, thus r ≤ rank(IP,Q
T ).

Now, suppose for a contradiction that r + 1 ≤ s, where s = rank(IP,Q
T ). Then, there is a maximal T -path

B which agrees with T exactly s times. Since the triple (P,Q, T ) was not extendible, the path B did not agree

with T in the final step. The path B′ = B(1, . . . , n− 1) which ignores the last step still agrees with T ′ at least

s ≥ r + 1 times, which contradicts the definition of r.

The ordered listing φ(1), φ(2), . . . , φ(n) of the image of the permutation φ will consist of three distinct

sections. Using the terminology of Section 4, the image first contains all of the steps that are permanently

parallel steps. Then it contains all of the steps that are permanently zig-zag steps. All remaining steps i (where

it is not yet decidable if i is a parallel step or zig-zag step) are last in the image of φ. In each segment of the image,

the values are in increasing order. For example, if φ(1), φ(2), . . . , φ(10) is, in order, 2, 3, 5, 7, 1, 4, 6, 8, 9, 10, then

steps 2, 3, 5, and 7 of the lattice path Lagrangian matroid are known to be parallel steps. And, for instance,

steps 1, 4, 6, and 8 may record steps known to be zig-zag steps while it is not known what kind of steps the

ultimate three are.

The algorithm treats the extendible and non-extendible cases differently. The case that the triple (P,Q, T )

is extendible is easily handled. We describe the modifications to the lattice path matroid L′ and to φ′:

1. Given L′ which ends at (m,n), define L to be the lattice path matroid ending at (m+1, n). The boundary

paths P and Q defined for the lattice path matroid L will go North on the last step.

2. The last step of the lattice path matroid will record the last step of the lattice path Lagrangian matroid.

That is, we extend φ′ to φ by setting φ(n) = n.

The algorithm correctly handles the case that the triple (P,Q, T ) is extendible as every maximal T ′-path B′

gives a maximal T -path B′◦ ր and every maximal T -path B restricts to a maximal T ′-path B(1, . . . , n − 1).

In particular, all maximal T -paths coincide on the n-th step.

The case where the triple (P,Q, T ) is not extendible is more complicated. By the proof Lemma 5.2, every

path of length n of the form B′◦ ց is a maximal T -path, where B′ is a maximal T ′-path. Let Pmax denote the

lowest maximal path of (P ′, Q′, T ′) on n− 1 elements. We identify a special step k:

k = max
i=1,...,n−1

{i | Pmax(1, . . . , i− 1) ◦ Pmax(i)∗ ◦ Pmax(i+ 1, . . . , n− 1)◦ ր∈ B(P,Q)}. (1)
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If the set described in (1) is empty, then no modification to any step of the lowest T -path Pmax is in B[P,Q].

If the set described in (1) is non-empty, then k is the latest (or right-most) step of Pmax which can be modified

to still give a path in B[P,Q]. Let R be the path

R = Pmax(1, . . . , k − 1) ◦ Pmax(k)∗ ◦ Pmax(k + 1, . . . , n− 1)◦ ր . (2)

Note that the path R agrees with T in the n-th step. By Lemma 5.2, it follows that R(k) =ց, T (k) =ր, and

Pmax(k) =ր. Then, the path R is a maximal T -path.

Figure 12: All new maximal T -paths are found by modifying the i-th step of Pmax for k ≤ i < n and Pmax(i) =ր.

For all i such that k ≤ i < n, the following must be true:

1. If Pmax(i) =ր, then T (i) =ր (by Lemma 5.2) and Pmax(1, . . . , i−1)◦Pmax(i)∗◦Pmax(i+1, . . . , n−1)◦ ր
is a maximal T -path which disagrees with T in the i-th step.

2. If Pmax(i) =ց, then T (i) =ց (by Lemma 5.2) and Pmax(1, . . . , i−1)◦Pmax(i)∗◦Pmax(i+1, . . . , n−1)◦ ր
disagrees with T two more times than Pmax does.

Thus, the steps i such that k ≤ i < n and Pmax(i) =ր are exactly all of the steps where the lowest path

Pmax◦ ց can be modified to give a maximal T -path. In Figure 12, the shaded region shows the modifications

of Pmax at step i for k ≤ i < n. By Lemma 5.2, the set

{i | R(1, . . . , i− 1) ◦R(i)∗ ◦R(i+ 1, . . . , n− 1)◦ ր∈ B(P,Q)} (3)

must be empty. This implies that there is no maximal T -path below R, and R is the new lowest maximal

T -path. Further it implies that all new maximal T -paths must fall within the shaded region in Figure 12.

Since the set described in (3) is empty, the path on the lattice path matroid L′ encoding Pmax must be on

the right edge of L′ starting at step k. Let P ′ be the lower boundary path of L′. We modify P ′ at the step

recording the k-th step of the lattice path Lagrangian matroid by inserting an East-step. The permutation φ is

reordered so that any steps i which are known to permanently be parallel steps or zig-zig steps appear in the

first or second segments of the ordered image of φ, respectively.

6 Matroid operations on LPLMs

Unlike Coxeter matroids in general, one can define for Lagrangian matroids most of the usual matroid theoretic

operations, like duality, contraction (and deletion, by combining them), direct sums and truncations. In this
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section, we investigate for some of these operations whether they preserve lattice path Lagrangian matroids.

While lattice path (ordinary) matroids are preserved under all operations presented here [1, 2], we will see that

the direct sum of two LPLMs is not always a Lattice path Lagrangian matroid.

For each operation, we will first recapitulate its definition for matroids before adapting it to Lagrangian

matroids. For the matroid operations, we follow [6], the definitions for the constructions on Lagrangian matroids

can be found in [3, Section 3.9].

6.1 Duality

For a matroid M with ground set E and set of bases B, the dual matroid M∗ also has E as ground set. Its

bases are the complements of the bases of M: B∗ = {E \B|B ∈ B}.

This concept directly translates to Lagrangian matroids: Let B be the set of bases of a Lagrangian matriod

M on the set S = [n]∪ [n]∗. Then B∗ = {S \B|B ∈ B} is again a set of bases of a Lagrangian matroid, the dual

Lagrangian matroid M∗ of M. Using the operation ∗ we can write S \B = B∗ which even more clearly shows

that the elements of B∗ are also transversals. It is easy to see that B∗ fulfills the symmetric exchange axiom.

For lattice path Lagrangian matroids taking the dual corresponds to reflecting all paths with respect to the

x-axis: For a path B the dual path B∗ is the path taking the exact opposite steps. Thus, (B[P,Q])∗ = B[P ∗, Q∗]

and LPLMs are preserved by duality.

6.2 Deletion and contraction

For deletion and contraction the parallels between matroids and Lagrangian matroids are not as direct. We will

nevertheless first consider the definition for ordinary matroids.

Let M be a matroid with ground set E and independent sets I, and let X ⊆ E. Then the restriction M|X
of M to X is the matroid on the ground set X with independendent sets {I ⊆ X |I ∈ I}. The deletion M\X of

X from M is the restriction of M to E \X : M \X = M|(E \X). Its independent sets are {I ⊆ E \X |I ∈ I}.

The operation of contraction is the dual of the operation of deletion: The contraction M/X of X from M is

M/X = (M∗ \X)∗.

For Lagrangian matroids we will keep this concept of duality between deletion and contraction. Let B be the

set of bases of a Lagrangian matriod M on the set S = [n]∪[n]∗. In [3, Section 3.9] the contraction of one element

i ∈ S is defined as B/{i} = {B \ {i} |B ∈ B, i ∈ B}. With B/{x1, x2, . . . , xk} = (. . . ((B/{x1})/{x2}) . . .)/{xk}
this yields the following definitions for X ⊆ S:

If X is a subtransversal of S, i.e. |X ∩{i, i∗}| ≤ 1 for all i ∈ [n], the contraction M/X of X from M has the

set B/X = {B \ X |B ∈ B, X ⊂ B} as set of bases. The deletion M \ X of X from M is defined as the dual

concept and therefore has bases B \X = (B∗/X)∗ = {B \X∗ |B ∈ B, X∗ ⊂ B}.

If there is i ∈ [n] such that i, i∗ ∈ X , i.e. if X is not a subtransversal of S, the deletion and the contraction

of X from M are both empty: B \X = B/X = ∅. With this definition we have the following relations:

B \X = (B∗/X)∗ = B/X∗ and B/X = (B∗ \X)∗ = B \X∗

One can also see that B \ {x1, x2, . . . , xk} = (. . . ((B \ {x1}) \ {x2}) . . .){xk}.

Because of these observations, for lattice path Lagrangian matroids it suffices to consider the deletion of one

element. One can see that this preserves LPLMs:

Let P and Q be n-paths such that Q stays above P and let i ∈ [n]∪[n]∗. We want to consider the Lagrangian

matroid

B[P,Q] \ {i} = {B \ {i∗}|B ∈ B[P,Q], i∗ ∈ B}.
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We can w.l.o.g. assume that i ∈ [n]. Then B[P,Q] \ {i} is constructed by taking all paths B ∈ B[P,Q] that

go down at the i-th step and deleting their i-th step. If we let P ′ and Q′ be the lowest and the topmost of the

paths in B[P,Q] \ {i}, we want to see that B[P,Q] \ {i} = B[P ′, Q′].

All paths in B[P,Q] \ {i} lie between P ′ and Q′. Are also all paths in B[P ′, Q′] in B[P,Q] \ {i}? Let

B′ ∈ B[P ′, Q′]. Consider the paths

B = B′(1, . . . , i− 1)◦ ց ◦B′(i+ 1, . . . , n),

P ′′ = P ′(1, . . . , i− 1)◦ ց ◦P ′(i+ 1, . . . , n),

Q′′ = Q′(1, . . . , i− 1)◦ ց ◦Q′(i+ 1, . . . , n).

Because B′ is between P ′ and Q′, the path B lies between P ′′ and Q′′. The paths P ′ and Q′ were constructed

from P ′′ and Q′′. Thus, P ′′, Q′′ ∈ B[P,Q]. Therefore, we have B ∈ B[P,Q] and B′ ∈ B[P,Q] \ {i}.

So we see that lattice path Lagrangian matroids are preserved under contraction and deletion.

6.3 Direct sums

Let M1 and M2 be matroids with ground sets E1 and E2 and sets of bases B1 and B2. The direct sum of

M1 and M1 is the matroid M1 ⊕ M1 on the ground set E1∪̇E2, the disjoint union of E1 and E2, with bases

{B1∪̇B2|B1 ∈ B1, B2 ∈ B2}.

For Lagrangian matroids we can directly translate this concept, using shifting for the disjoint union: Let

B1 and B2 be the sets of bases of two Lagrangian matroids M1 and M2 on the ground sets [n1] ∪ [n1]
∗ and

[n2] ∪ [n2]
∗. The direct sum of M1 and M2 has the ground set [n1 + n2] ∪ [n1 + n2]

∗. Its set of bases is

B1 ⊕ B2 = {B1 ∪ (B2 + n1)|B1 ∈ B1, B2 ∈ B2}.

Lattice path Lagrangian matroids are not preserved under taking the direct sum. This is demonstrated by

the following counterexample:

Let B1 = B2 = {{1, 2}, {1, 2∗}, {1∗, 2}}. Then

B1 ⊕ B2 = {1234, 1234∗, 123∗4, 12∗34, 1∗234, 12∗34∗, 12∗3∗4, 1∗23∗4, 1∗234∗}

where abcd stands for {a, b, c, d}.

Considering all possiblities, one can see that there are only four choices of 4-paths P and Q such that the

corresponding LPLM B[P,Q] has nine elements. None of these LPLMs contains 1234 or 1∗2∗3∗4∗. They all

have hQ(4) = hP (4) + 2.

Reordering the elements of [4] doesn’t change the facts that B1 ⊕ B2 contains the transversal without any

stars and that it has nine elements. Let φ be a Lagrangian matroid isomorphism corresponding to a transversal

T . The image φ(B1 ⊕ B2) contains T and every transversal T ′ = T△{i, i∗} that differs from T in exactly one

step. If T has no or exactly one starred element, the transversal 1234 is among these and for T with three

or four starred elements the transversal 1∗2∗3∗4∗. For T with exactly two starred elements φ(B1 ⊕ B2) has to

contain at least one transversal with exactly one, one with exactly two and also one with three starred elements.

These correspond to paths B1, B2, B3 with hB1(4) = hB2(4) + 2 = hB3(4) + 4.

Thus, there is no isomorphism φ for which φ(B1 ⊕ B2) can be reordered to be isomorphic to any of the four

LPLMs with nine elements.

This shows that taking the direct sum does not preserve Lattice path Lagrangian matroids.

7 Additional topics

In this section, we explore further questions that might be interesting to study.
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7.1 Other classes of Lagrangian matroids

There are several other classes of Lagrangian matroids. This section introduces some coming from matrices,

graphs and maps. The relationship between LPLMs and these classes haven’t been studied so far.

7.1.1 Representable Lagrangian matroids

Let A and B be two n× n-matrices such that ABt = BAt and consider C = (A|B) where A is indexed by the

elements of [n], B by those of [n]∗. Then

BC = {X ⊆ [n] ∪ [n]∗|X transversal, the columns corresponding to elements of X are linearly independent}

is a Lagrangian matroid. Lagrangian matroids of this type are called representable. A description can be found

in [3, Section 3.4].

7.1.2 Eulerian Lagrangian matroids

Eulerian Lagranian matroids are introduced in [5].

Let G be a connected, simple graph where all vertices have degree 4 or 2. Assume that there are n vertices

1, . . . , n of degree 4. A transition is a set of two distinct edges that share a vertex. A bitransition is a set of

two disjoint transitions at the same vertex. At every vertex of degree 4 there are 3 distinct bitransitions, we

choose two of them. For vertex i we identify one of the chosen bitransitions with i ∈ [n], the other with i∗. A

transversal of the set [n] ∪ [n]∗ thus corresponds to a choice of one bitransition at every vertex of degree 4.

We refer to the following operation as splitting a bitransition b = {t, t′} at vertex v: Delete v from G and

add two new vertices v and v′ such that v is connected to the edges in t and v′ to the ones in t′. The resulting

graph is denoted by G|b. For a set B = {b1, b2, . . . , bk} of bitransitions with pairwise distinct ends we write

G|B for (. . . ((G|b1)|b2)| . . . |bk). We call such a set eulerian if

1. G|B is connected, and

2. B contains one bitransition with end v for every vertex v of degree 4.

Then the collection of sets

B = {B ⊂ [n] ∪ [n]∗| The set of bitransitions corresponding to B is eulerian.}

is a Lagrangian matroid.

7.1.3 Lagrangian matroids from maps on orientable compact surfaces

This class of Lagrangian matroids is described in [3, Section 4.3]. Let G = (V,E) be a graph that is embedded

on an oriented connected compact surface S. Then M := (G,S) is a map if the connected components of S \G
are open 2-cells, called the faces of M.

For a map M = (G,S), its dual map is M∗ = (G∗, S) where G∗ is defined as follows: For every face F of

M we choose a point vF inside F . Then the covertices, the vertices of G∗ are {vF |F face of M}. For every

edge e of G we let e∗ = {vF1 , vF2} where F1 and F2 are the faces adjacent to e. We choose the embedding of e∗

such that e∗ ∩ f = ∅ for every f ∈ E, f 6= e and |e∗ ∩ e| = 1. These are called the coedges.

We have |E| = |E∗| and index the the edges of G by [n], the coedges by [n]∗. A basis of M is a set B ⊂ E∪E∗

such that B corresponds to a transversal of [n] ∪ [n]∗ and S \ ⋃
e∈B e is connected. Then the collection of sets

B(M) = {B ⊂ E ∪E∗|B is a basis of M}.

is a Lagrangian matroid.
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7.2 Lagrangian matroid polytopes

Every Coxeter matroid can be represented by a polytope, the matroid polytope. The polytopes coming from

LPLMs might have a special form. Let B(P,Q) be a lattice path Lagrangian matroid of length n. We associate

to each transversal B in B(P,Q) its characteristic vector ψB ∈ Rn with

ψB(i) =





+1 B(i) =ր,

−1 B(i) =ց .
(4)

We note that the definition extends to Lagrangian matroids and to transversal matroids in general. If B is a

(partial) transversal in a transversal matroid B on S = [n] ∪ [n]∗ then its characteristic vector ψB ∈ Rn is

ψB(i) =





+1 i ∈ B,

−1 i∗ ∈ B,

0 i 6∈ B and i∗ 6∈ B.

The matroid polytope P of B(P,Q) is the convex hull of the characteristic vectors of the bases of B(P,Q). That

is,

P = conv{ψB ∈ Rn | B is a basis of B(P,Q)}.
It is known that the length of edges of P are either 2 or 2

√
2 and that P is a ±1-polytope. Beyond a simple

combinatorial interpretation of the edges of different lengths, nothing else is known about the matroid polytope

P of LPLMs. In particular, it is not known if the faces of the polytopes coming from LPLMs have a special

form or if the f -vector of these polytopes have special forms.

Acknowledgments

The authors are grateful to Anna de Mier and the Centre de Recerca Matemàtica for the opportunity to work
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Abstract

We consider trees whose vertices are numbered 1, . . . , n. A nesting
in such a tree is a pair of edges (uv, xy) with u < x < y < v, and a
crossing is a pair (uv, xy) with u < x < v < y. Our main result is a
bijective proof that there are more trees that avoid nestings than trees
that avoid crossings.

Furthermore, we show that the number of non-nesting paths is
between 1/n3/22n and 2n23n. We also give exact enumerations for
the numbers of non-crossing, respectively non-nesting, embeddings of
some particular isomorphism classes of trees, showing that there are
trees that have exponentionally many non-crossing embeddings, but
only linearly many non-nesting embeddings.

1 Introduction
We consider labelled graphs on the linearly ordered vertex set V = [n]. A
crossing is a pair of disjoint edges (uv, xy) with u < x < v < y, and a nesting
is a pair of disjoint edges (uv, xy) with u < x < y < v. If we embed the
vertices on a horizontal line and draw the edges as arcs above the line, these
two notions have an obvious geometric meaning. We call graphs that avoid
crossings non-crossing and graphs that avoid nestings non-nesting. It has
been shown in [2] that the numbers of non-crossing and non-nesting graphs
on n vertices are equal. They equal 2nsn−1 where sn is the nth Schröder
number, which grows approximately like (3 + 2

√
2)n.

Anna de Mier and Marc Noy conjectured that there are at least as many
non-nesting trees on n vertices as non-crossing trees. Our main contribution
is the proof of this conjecture, which will be presented in Sections 2 and
3. In Section 2, we will present an algorithm that allows us to generate all
non-nesting trees. We will also define two strict subclasses of the set of non-
nesting trees and give algorithms that generate all trees in these subclasses.
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In Section 3, we prove that both subclasses are in bijective correspondence
with certain lattice paths, namely North/East lattice paths from (0, 0) to
(n, 2n) that stay weakly below the line y = 2x. The number of these lattice
paths happens to be the number of non-crossing trees on n vertices, which
proves our main result. The number of non-crossing trees is well-known (see
[1]). It equals 1

2n+1

(
3n
n

)
, which is roughly (27/4)n by Stirling’s estimate. The

number of non-nesting trees seems difficult to compute. Our result and the
formula for the number of non-nesting graphs imply the following bounds on
the number of non-nesting trees on n vertices tn

(27/4)n < tn < (6 + 4
√
2)n.

Since we now know that there are more non-nesting than non-crossing
trees, we will discuss two refinements of this inequality in Sections 4 and 5.
In Section 4, we will associate with every tree G a Dyck path D = D(G).
This partitions the class of non-nesting trees and the class of non-crossing
trees into sets of trees that are associated with the same Dyck path D. Let
NN(D) be the size of the set of non-crossing trees that are associated withD,
and, analogously, let NC(D) be the number of non-crossing trees associated
with D. We study the questions for which Dyck paths NN(D) ≥ NC(D)
holds. We show that this inequality is not true in general and give examples
for both cases.

In Section 5, we study the question how many non-nesting and non-
crossing embeddings particular unlabelled trees have. We will give an exam-
ple of a class of trees that have exponentionally many non-crossing embed-
dings, but only linearly many non-nesting embeddings. We then restrict our
attention to paths. It is easy to compute that the number of non-crossing
paths on n vertices equals n2n−3. Again, the number of non-nesting paths
pn seems difficult to compute. We show that up to polynomial factors

2n < pn < 3n.

Let fn be the number of non-crossing paths on n vertices and Fn be the nth
Fibonacci number. We conjecture that

fn ≤ pn ≤ F2n

with strict lower bound for n ≥ 5 and strict upper bound for n ≥ 7.

2 Constructive algorithms for trees
In Subsection 2.1 we present some observations that will allow us to build,
iteratively, all non-nesting trees. Subsection 2.2 is devoted to an iterative
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algorithm to build the class of non-crossing trees and Subsection 2.3 presents
two strict subclasses of non-nesting trees.

2.1 Observations and construction of the non-nesting
trees

The non-nesting (and the non-crossing) property is hereditary: if G is a
non-nesting graph, then so is G \ e, where e is an edge of G. The class of
non-nesting trees is not hereditary, but the class of subgraphs of non-nesting
trees is hereditary.

The right neighbourhood of the vertex i, Ri, in a labelled graph is the
set of edges {i, j} with j > i. Notice that any labelled graph is completely
characterized by its sequence of right neighbourhoods (R1, . . . , Rn−1), which
is a partition of the edge set. We can also identify Ri = {{i, j1}, . . . , {i, jk}}
with the set {j1, . . . , jk}.

Let T be a non-nesting tree on n vertices. We say that ti is the i-th
embryonal tree of T if it is formed by the union of the right neighbourhoods
of the vertices {1, . . . , i}. Thus, the embryonal tree ti is built by adding the
edges of Ri, the right neighbourhood of i, to ti−1. As {Ri}i∈[1,n−1] is an edge
partition of T , tn−1 = T and the union ti−1 ∪ {Ri} = ti is disjoint.

Let NNT (i, j) be the class of all the embryonal trees ti, that arise from
some non-nesting tree T , where j is the last vertex reached in each embryonal
tree in the class. If j = maxk∈[1,i]{right neighbourhood of k in ti} then ti ∈
NNT (i, j). Notice that i < j.

Let ti and ti+1 be the i-th and the i+1-th embryonal tree of T respectively.
Assume ti ∈ NNT (i, j). Let Ri+1 be the right neighbourhood of i + 1 in
T . Let P([j1, j2]) denote all the possible subsets from [j1, j2]. The relation
between i+ 1 and j in ti will determine some restrictions on Ri+1.

• Ri+1 ∈ P([j, n]). If minRi+1
= min(Ri+1) < j, then the edge {i +

1,minRi+1
} is in T , but so is an edge {k, j} for some k ≤ i. Thus

the edges {i+ 1,minRi+1
} and {k, j} form a nesting, contradicting the

non-nesting property of T . Moreover, the condition Ri+1 ∈ P([j, n])
characterize the non-nesting property. As all the edges in ti have either
a smaller than i left-vertex or a smaller than j right-vertex, the new
edges do not create a nesting. All the edges in Ri+1 have the same left
vertex, so they do not create a nesting by themselves.

• If i + 1 and j belong to the same connected component in ti, then
Ri+1 ∈ P([j + 1, n]). If j ∈ Ri+1 then i + 1 and j would be connected
by two paths in T . One path is formed by the edge {i + 1, j} and
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the other path, is deduced in ti, as i + 1 and j belong to the same
connected component. As the edge {i+1, j} is not in ti, the two paths
are disjoint, so they close a cycle in T . This contradicts the fact that
T is a tree.

• If i+1 < n is the last element from its connected component in ti (the
vertex with largest label in its connected component) then Ri+1 6= ∅.
Assume Ri+1 = ∅. The edges from the right neighbourhoods {Rk}k≥i+2,
will have both vertices larger than any label from the connected com-
ponent where i + 1 lies on. Thus T will have at least two connected
components: one containing n and the other containing i + 1. This
contradicts the fact that T is a tree.

Thus, we have 4 possible cases where ti might fit. Each configuration
restricts the possible right neighbourhood Ri+1:

(C1) i+ 1 is connected with j and i+ 1 is the last element in its connected
component (this means that i+ 1 = j). Ri+1 ∈ P([j + 1, n]) \ ∅.

(C2) i+1 is not connected with j and i+1 is the last element in its connected
component. Ri+1 ∈ P([j, n]) \ ∅.

(C3) i+1 is connected with j and i+1 is not the last element in its connected
component. Ri+1 ∈ P([j + 1, n]).

(C4) i + 1 is not connected with j and i + 1 is not the last element in its
connected component. Ri+1 ∈ P([j, n]).

Notice that any choice R1, . . . , Rn−1, where Ri has been chosen appropri-
ately (depending on whether ti−1 =

⋃i−1
k=1Rk has fit in C1, C2, C3 or C4)

generates a non-nesting tree. As each tree can be decomposed in its right
neighbourhoods {Ri}, by taking all the possible choices for Ri each time, we
obtain all non-nesting trees.

2.2 Construction of the non-crossing trees

Let Tc be a non-crossing tree. Define {tc1, . . . , tcn−2, t
c
n−1 = Tc} as the embry-

onal trees of Tc. Like in the non-nesting case, tci is built from tci−1 by adding
the edges of the right neighbourhood of i, Ri, to tci−1. So, tci =

⋃i
k=1Rk,

where Rk are the edges {k, j} ∈ Tc with j > k.
LetNCT (i, j) be the embryonal trees tci , for some non-crossing tree T c. In

this setting, the variable j is the first vertex, from i+ 2 on (i+ 2 included),
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with an edge incoming from the left. If there is no such vertex, then the
embryonal tree belongs to NCT (i, n).

We can proceed by an analogous reasoning as for the non-nesting trees
and observe that, for each tci ∈ NCT (i, j), the right neighbourhood of a
non-crossing tree with the i-th embryonal tree tci , Ri+1, should be a set in
P([i+ 2, j]), otherwise we would create a crossing. Also:

• if i+ 1 is connected with j then Ri+1 ∈ P([i+ 2, j − 1]).

• if i + 1 is the last element in its connected component then Ri+1 ∈
P([i+ 2, j]) \ ∅.

As in the non-nesting case we may write down the four cases depending
on whether i + 1 is connected to j and if i + 1 is the last element in its
connected component.

However, there are no non-crossing embryonal trees fullfilling the fourth
case. Namely, in no tci ∈ NCT (i, j) we have that i+ 1 is not connected with
j and i + 1 is not the last element in its connected component. Thus, there
are just 3 possible cases for each embryonal tree in NCT (i, j).

Let us show the non-existence of the fourth case for the non-crossing
trees. Let j∗ 6= j be the last element in the component of i+1. Let rj be the
vertex connected to j with the largest index. By the definition of NCT (i, j)
we have j∗ > j.

We must have a path from i + 1 to j∗. However, this path must either
contain rj as one of its vertex or cross the edge {rj, j}, as the edge {rj, j}
closes a region with i + 1 inside. In both cases we contradict either the
assumption about the connection between i + 1 and j or the non-crossing
property of tci .

2.3 Non-nesting trees strict subclasses

With the observations in Section 2.2, it is natural to consider two (strict)
subclasses of non-nesting trees. Assume ti is a non-nesting embryonal tree
belonging to NNT (i, j) in which we may apply (C4).

Instead of trying all cases that (C4) allows, we might restrict ourselves
to consider ti as if it was a (C2) or a (C3). In the constructive algorithm,
whenever we find a (C4) embryonal tree, we may construct all possible em-
bryonal trees ti+1 out of ti as if ti was a (C2), this subclass will be called
“avoid the ∅”. If we treat ti in (C4) as if it was a (C3) we call this subclass
“do not connect i+ 1 and j”.

If n ≥ 5 both subclasses are strictly contained in the class of the non-
nesting trees with n vertices.
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3 Bijections to lattice paths

This section shows two bijections between the class of non-crossing trees
and two subclasses of non-nesting trees. This allows us to show that there
are more non-nesting trees than non-crossing trees (Corollary 3.10). The
bijections are done via lattice paths (Theorem 3.1, Theorem 3.6).

3.1 First bijection

Let us present the first bijection.

Theorem 3.1. The subclass of non-nesting trees on n+1 vertices “avoid the
∅” is in bijection with Pn; the lattice paths from (0, 0) to (n, 2n), with n East
steps and 2n North steps, and weakly below the line y = 2x.

Proof. Let p ∈ Pn be a lattice path and let T be a tree in the “avoid the ∅”
subclass.

To build T we will move along the path p, starting from (0, 0) and ending
at (n, 2n). We need to define 3n steps corresponding to the n East steps and
the 2n North steps from the lattice path p.

Let T0, T1, . . . , T3n be the intermediate steps. Each Ti consists of a 3-tuple
(ti, ui, li) where ti is a subset of edges from some non-nesting tree (they will be
embryonal trees) and ui and li are two positive integers with ui, li ∈ [1, n+1]
and ui ≤ li, for all i ∈ [1, 3n]. The initial condition is T0 = (∅, 1, 1) and the
final is T3n = (T, n+ 1, n+ 1).

To go from Ti = (ti, ui, li) to Ti+1 = (ti+1, ui+1, li+1) we look at the fol-
lowing step si+1 ∈ {North,East} in the path p.

• If si+1 is an East step then ti+1 = ti, ui+1 = ui and li+1 = li + 1. We
move the l (last) index to the right and leave everything else untouched.

• If si+1 is a North step we have two subcases:

– If we can connect ui and li then we connect them. We insert the
edge {ui, li} if it is not in ti and if the edge {ui, li} does not induce
a cycle. So ti+1 = ti ∪ {ui, li}, ui+1 = ui and li+1 = li.

– In the case we cannot connect ui and li, either because we lose
the acyclic condition for the tree or the simple graph condition,
we push ui one step to the right. So, ti+1 = ti, ui+1 = ui + 1 and
li+1 = li.

Before proceeding further, let us proof a technical proposition:
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Proposition 3.2. Let Ti = (ti, ui, li) be a configuration coming from some
path p at the step i. Let {c1, . . . , ck} be the connected components of ti with
some vertex in the set [1, ui]. Then we have:

(i) ui ≤ li

(ii) The last vertex (vertex with largest label) in each cj is in the interval
[ui, li].

(iii) If ui = li then ti is a non-nested tree on ui vertices and 2|{East steps seen}| =
|{North steps seen}|.

(iv) ti does not have a nesting.

(v) If at step i, 2|{East steps seen}| = |{North steps seen}|, then we have
ui = li.

Proof of Proposition 3.2. We proceed by induction to prove the first four
parts. Part (v) will be proved at the end. Since the path is always below the
line y = 2x the first step is always an East step, thus if i = 1 the result holds
(it also holds if i = 0). Assume the induction hypothesis: the result holds
for 1, . . . , i and let us proof it for i+ 1.

Let si+1 be the i+ 1-th step in the path p. If si+1 is an East step:

(i) ui+1 = ui ≤ li ≤ li+1 = li + 1.

(ii) Since ui+1 = ui and no edge has been added, all the connected compo-
nents {ci} are the same, also, [ui, li] ⊂ [ui+1, li+1].

(iii) We cannot have this case.

(iv) As we have not inserted any edge, we have not destroyed the non-
nesting property.

Let us assume si+1 is a North step. We have two subcases, namely ui < li
or ui = li. Assume the latter, ui = li. In this case, by induction hy-
pothesis we already have a tree on ui vertices and 2|{East steps seen}| =
|{North steps seen}|. This means that we are one the line y = 2x and a
North step in this situation is impossible.

Assume now ui < li. Suppose we are able to insert an edge without
closing a cycle. Then:

(i) ui+1 = ui < li = li+1.

(ii) As we have just inserted another edge {ui, li}, this second part also
holds.
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(iii) This part is not applicable.

(iv) The edge we have inserted does not create a nesting: there are no edges
“below” {ui, li} = {ui+1, li+1} as no edges have a left vertex larger than
ui = ui+1. Also there are no edges “above” as no edge have a right
vertex larger than li = li+1.

Suppose that the edge between ui and li close a cycle (it is not allowed
to be put in the embryonal trees) or we have already the edge {ui, li}. Thus,
we should update ui to ui + 1.

(i) ui+1 = ui + 1 ≤ li = li+1.

(ii) By the induction hypothesis all connected components in ti have a
vertex in [ui, li]. Let cui

be the connected component where the vertex
ui lies. If we cannot place an edge between ui and li, the connected
component cui

should contain also the vertex li. Thus, [ui + 1, li] =
[ui+1, li+1] contains a vertex for each connected component.

(iii) In particular, if ui+1 = ui+1 = li+1 = li the reasoning for ii shows that
we have a tree as it is clear, by the algorithm, that we do not have any
cycles. Since the North steps either insert an edge or add one to u and
the East steps add one to l, we obtain the equality y = 2x (where x
are the East and y are the North steps). If ui+1 < li+1 = li this part is
not applicable.

(iv) As we have not inserted an edge ti+1 = ti, it remains non-nesting.

Let us prove (v). Assume the contrary: at step i, ui < li (by (i) ui ≤ li).
As ti is a simple graph, acyclic and all the edges connect indices in [1, li], it has
at most li− 1 edges. As the number of North steps is ui− 1+#{edges in ti}
and the number of East steps is li− 1, we obtain that 2|{East steps seen}| >
|{North steps seen}|.

Let us present the following claims that prove the injection.

Claim 3.3. This procedure produces non-nesting trees.

Claim 3.4. The procedure is injective: two different lattice paths produce
two different trees.

Claim 3.5. All trees belong to the “avoid the ∅” subclass.

Proof of Claim 3.3. The claim follows from the third part of Proposition 3.2.
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Proof of Claim 3.4. Let p1 and p2 be two paths and let i+1 be the first step
in which they differ. Let Ti = (ti, ui, li) be the configuration at step i.

Suppose p1 takes a North step where p2 takes an East step. If the edge
{ui, li} was in ti or its presence would close a cycle in p1, then ui+1 = ui +1.
In this case the degree of ui will remain as it was in ti at the final tree.
However, in p2, as at some point we will have a North step (a North step is
the final step), ui will get at least one more edge attached to it.

If we are allowed to insert the edge {ui, li}, then p1 will have such an edge
while p2 will not have it. This make both (labelled) trees different.

Proof of Claim 3.5. Assume that, for some path p, we obtain a configuration
Ti = (ti, ui, li) where the ti might be classified as (C4). This means that the
connected component where ui belongs, cui

, is not connected to li. Also, ui
is not the last element in cui

.
In this case we never choose the empty set: whenever we find a North

step we would connect ui to the corresponding vertex lj. As the final step is
a North step and we have ui + 1 < li (meaning that i is not the last step by
Proposition 3.2), there remains a North step.

It is left to see that any non-nesting tree in the “avoid the ∅” class can be
associated with a path. This follows from the algorithm for constructing all
non-nesting trees restricted to this subclass.

The iterative algorithm presented in Section 2.2 consists of n steps. In
the i-th one, we choose a subset deciding where i should be connected to.
Assume a path is built until the i-th step of the algorithm and we should
perform the i + 1-th one. Let Tj = (tj, uj, lj) be the configuration from the
path where uj = i + 1 and lj is the last element reached in the embryonal
tree tj.

Let S be the subset where i+1 should be connected to. If S is the empty
set, then we are in the case (C3) (as the (C4) case is treated as (C2)) and
we are not able to connect uj = i+1 with lj. Thus, the next step in p would
be a North step and uj+1 = uj + 1.

So, assume S is non-empty. Let B(S) ⊂ {0, 1} × [lj, n] be the binary
representation of the set. It has a 1 in the k-th position if k is in S. Let L(S)
be the position of the rightmost one in B(S) (the largest element in S). We
will move an index o from the position lj to the position L(S) and:

• If B(S) contains a 1 in the o-th position put a North step in p, this will
mean an edge between uj and lj′ . Update Ti accordingly.

• If B(S) contains a 0 in the o-th position put an East step. This means
that we do not put any edge between uj and lj′ but there are some
more edges to put in uj so we move lj′ to lj′+1 = lj′ + 1.
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After L(S) is reached and we have placed the corresponding North step
(and an edge {uj, lj′} = {uj, L(S)}), put another North step to move uj to
uj + 1 as the edge {uj, lj′} = {uj, L(S)} is already there (so, we cannot put
that edge two times).

The number of East steps should always be below n as we would not
surpass the n+ 1 vertex.

Also, twice the number of East steps is larger than number of North steps.
An embryonal tree is a subgraph of a tree on lj′ vertices (for some suitable
last vertex reached lj′), thus the number of edges is below lj′ − 1.

Moreover, the vertex being examined, i + 1, is such that i ≤ lj′ − 1. As
lj′ − 1 is the number of East steps and i+#{edges in ti} corresponds to the
number of North steps, we obtain the desired inequality y ≤ 2x.

Figure 3.1 depicts an example of the bijection.

�
�
�
�
�
�
�
��

r r rr r
rr r
rr
rr
r rr
r

-� � �� �' $� ���r r r r r r

Figure 1: Correspondence between a path and a non-nesting tree on 6 ver-
tices.

3.2 Second bijection

Let us state a second theorem concerning the “do not connect u and l” sub-
class and the lattice paths.

Theorem 3.6. The subclass of non-nesting trees on n + 1 vertices “do not
connect u and l” is in bijection with Pn: the lattice paths from (0, 0) to (n, 2n),
with n East steps and 2n North steps, and weakly below the diagonal x = 2y.

Proof. The bijection follows the same lines as Theorem 3.1. However, instead
of looking at the densest acyclic graph, we will look at the sparsest connected
one, with an slight modification:

• If s is an East step then ti+1 = ti, ui+1 = ui and li+1 = li+1. We move
the l index one vertex to the right.
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• If s is a North step we have two subcases:

– Insert the edge {ui, li} in ti:

(a) If the vertex li has no incoming edge (or, more generally, total
degree equals zero).

(b) If ui is the last element in its connected component.

So, in these cases, ti+1 = ti ∪ {ui, li}, ui+1 = ui and li+1 = li.

– Otherwise, move ui one step to the right. So ui+1 = ui + 1, leave
ti+1 = ti and li+1 = li.

Let us proof Proposition 3.2 for this case.

Proof. As before, the induction works for the first case as we have an East
step. Assume the statement for up to i steps.

• If the i + 1-th step is an East step, then the result holds as we have
just grown the interval.

• If the i+1-th step is to the North and we put an edge, then the result
also holds: we place edges between disconnected components so we do
not produce a cycle and the new edges does not induce a nesting.

• If it is a North step, but have not put an edge, then the connected
component of ui has a member in [ui + 1, li]. The result holds by
moving ui one step to the right.

If ui = li we should obtain a connected graph as we do not move ui unless
it is connected with a larger vertex in [ui + 1, li]. As the exceptional rule
about connecting the vertices of degree zero li with ui do not create a cycle,
we will obtain an acyclic connected graph, thus it will have ui − 1 = li − 1
edges. As we are always below the line y = 2x we obtain that ui ≤ li, with
ui = li if and only if 2|{East steps seen}| > {North steps seen}|.

Claim 3.7. This procedure produces non-nesting trees.

Proof of Claim 3.7. The claim follows from the third part of Proposition 3.2.

Claim 3.8. The procedure is injective: two different lattice paths produce
two different trees.
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Proof of Claim 3.8. Let si be the first step where p1 and p2 differ. We have
i < 3n. Assume si in p1 is an East step.

Assume that li−1 has incoming degree. As the last step of p1 will be a
North step, ui−1 will have a larger degree in the tree from p1 than in the tree
from p2 (for which ui = ui−1 + 1).

If li−1 has no incoming degree, then p2 produce a tree with the edge
{ui−1, li−1}, but the tree from p1 will not have this edge.

Claim 3.9. All trees belong to the “do not connect u and l” subclass.

Proof of Claim 3.9. If the path leads to a embryonal tree, ti, of the type (C4),
and the following is a North step, we will always move ui to ui+1 = ui + 1
as li will have incoming degree and ui will not be the larger element in its
connected component.

The inverse function comes from the same reasoning: this application
mimics the algorithm to produce non-nesting trees from the subclass of “do
not connect u and l”.

3.3 Paths and non-crossing trees

In [4] it is shown that Pn, the number of paths with n East steps and 2n
North steps, from (0, 0) to (n, 2n) and strictly below y = 2x + 1 (so weakly
below y=2x) is

1

2n+ 1

(
3n

n

)
.

In [1] it is proved that the number of non-crossing trees with n+1 vertices
is 1

2n+1

(
3n
n

)
. We observe that we need five vertices to have a C4 embryonal

tree; the tree in Figure 3.1 without the sixth vertex is the example with less
vertices. Thus, from Theorem 3.1 we obtain:

Corollary 3.10. There are more non-nesting trees than non-crossing trees
on n vertices. The inequality is strict if n ≥ 5.

4 Connections to Dyck paths

4.1 Degree Sequences

In this section, we will again associate certain lattice paths to our pattern-
avoiding graphs. The starting point is observing that if we constrain a graph
to be non-crossing or non-nesting, then it is uniquely determined by some
very local behaviour.
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For a graphG on the vertex set [n] and for any i, define ri to be the number
of edges (i, j) in G with i < j. Similarily, li is the number of edges (i, j) in
G with j < i. So ri and li count the number of rightbound, respectively
leftbound, edges from i.

Note that if we know li and ri for every i, and we also know that G is
non-nesting, then we can reconstruct G completely. Because we can iterate
through the nodes 1, . . . , n, starting ri new edges at node i, and finishing li.
To avoid nestings, we must always choose to first finish the edges that were
started first.

Similarily, if we know that G is non-crossing, then anytime we finish
an edge, we must choose the last one that is started but not yet finished.
So in both the non-nesting and the non-crossing case, we can reconstruct
our graphs from left to right, from the information in the (li, ri) sequences.
This also gives a bijection between non-nesting multigraphs and non-crossing
multigraphs, via the (li, ri) sequences, illustrated in Figure 2. However, this
bijection does not respect natural graph properties, such as connectedness,
and in particular does not restrict to trees. As Figure 2 shows, it does not
even map simple graphs to simple graphs.

Figure 2: A non-crossing graph and a non-nesting graph with the same
sequence: (0, 2), (0, 1), (1, 0), (2, 1), (1, 0).

The bijection does, however, respect the multiset of vertex degrees, since
these are encoded as {li + ri | i ∈ [n]}. This proves the following lemma.

Lemma 4.1. Let A be a collection of multisets of natural numbers. Let NNA
be the number of non-nesting graphs whose degree sequence is in A, and let
NCA be the number of non-crossing graphs whose degree sequence is in A.

Then NNA = NCA.

When A contains all n-element multiset of naturals, we have just seen
again that the number of non-nesting multigraphs equals the number of non-
crossing multigraphs on n nodes. Other interesting special cases are when
A is the collection of n-element multisets that sum to m, where we get the
following corollary.

13

95



Corollary 4.2. For any n and m, the number of non-nesting multigraphs
on node set [n] with m edges, equals the number of non-crossing multigraphs
on node set [n] with m edges.

Yet another corollary will be of particular interest.

Corollary 4.3. There is a bijection between the sets of non-nesting and of
non-crossing perfect matchings on [2n].

Proof. A perfect matching is just a graph where every vertex has degree 1.
Thus, the claim follows from Lemma 4.1.

4.2 Dyck paths

To further exploit the degree sequence idea, we must understand what se-
quences can show up as (li, ri) sequences. To start with, we clearly must
have

∑
i li =

∑
i ri, since each of these sums counts the number of edges in

the graph. Moreover, when looking at the graph from left to right, we can
never have finished more edges than we have started. In terms of (li, ri), this
means that

∑
i≤j li ≤

∑
i≤j−1 ri for each j. These two restrictions lead us to

the notion of Dyck paths.
A Dyck path of length 2n is a lattice path from (0, 0) to (2n, 0) with

steps (1, 1) and (1,−1), that has no point below the x-axis. An example is
given in Figure 3. Dyck paths are counted by the well-known Catalan num-
bers 1

n+1

(
2n
n

)
, and are thus in bijection to several interesting combinatorial

structures, see [5], pages 219–229.
Relatedly to the sequences (li, ri), we can associate a Dyck path D(G) to

any graph G, in the following way. Start the path at the origin. Going from
left to right in the graph, take li steps in direction (1,−1), then take ri steps
in direction (1, 1), and continue to the next vertex.

Since
∑

i li =
∑

i ri = m is the number of edges in G, the path will go
from (0, 0) to (2m, 0). Since

∑
i≤j li ≤

∑
i≤j−1 ri for each j, the path will

never go below the x-axis, and will thus be a Dyck path. As an illustration,
Figure 3 shows the Dyck path corresponding to the two graphs in Figure 2.

If G is a perfect matching, then every node in G gives exactly one step in
D(G). Thus the mappings from non-nesting and non-crossing multigraphs
to Dyck paths are both bijective on the set of non-nesting matchings, as well
as on non-crossing matchings. This proves that there are exactly 1

n+1

(
2n
n

)

non-crossing perfect matchings, and equally many non-nesting ones.
For a Dyck path D, let NN(D) and NC(D) be the number of non-

nesting, respectively non-crossing trees G such that D(G) = D. We know
from Corollary 3.10 that

∑
DNN(D) ≥ ∑

DNC(D), so it is reasonable to
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Figure 3: A Dyck path with the corresponding non-nesting and non-crossing
matchings.

ask whether NN(D) ≥ NC(D) holds for any D, and if not, for which Dyck
paths D it does hold.

We can read NN(D) and NC(D) from the Dyck path D of length 2m as
follows. Consider the corresponding non-nesting, respectively non-crossing
matching, and then contract consecutive vertices until there arem+1 vertices
left. The contractions are restricted by declaring that when an up-step is
followed by a down-step in D, these two nodes must not be contracted.

Now, NN(D) and NC(D) count how many of these contracted graphs
are connected, in the non-nesting and the non-crossing case, respectively.
Note that since the contracted graphs will have m edges and m + 1 nodes,
they are trees if and only if they are connected.

For example, if D is the Dyck path in Figure 3, we get NN(D) =
NC(D) = 4.

Some particular cases are easy to solve. Notably, if D = EF is the
concatenation of two Dyck paths E and F , and thus has a return to the
x-axis, then NN(D) = NN(E) · NN(F ) and NC(D) = NC(E) · NC(F ).
Indeed, to connect the graph we have to contract the last node of E with
the first node of F , and then we need to connect each of the two parts of the
graph.

Another induction that goes through smoothly is the following: Suppose
D starts with j−1 up-steps immediately followed by a down-step. Let D′ be
the Dyck path obtained from D by adding one up-step and one down-step
immediately after the j−1 first steps. Then a non-crossing tree corresponding
to D′ is obtained from one corresponding to D, by contracting either (j−1, j)
or (j + 1, j + 2). So NC(D′) = 2 ·NC(D). Similarily, a non-nesting tree on
D gives one on D′ by contracting either (1, 2) or (j + 1, j + 2). This shows
that NN(D′) = 2 ·NN(D).

In particular, these inductions show that when searching for small exam-
ples where NN(D) 6= NC(D), we need only look among Dyck paths with no
returns to the x-axis. Also, we can assume that the first slope of down-steps
only is one step long, and by symmetry that the same thing holds for the
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last slope of up-steps.
A minimal example of a Dyck path where NC(D) < NN(D) has length

8, and is depicted in Figure 4.

Figure 4: A Dyck path D with NC(D) = 6 < 7 = NN(D).

Not surprisingly, we have to work slightly harder to find an example with
NN(D) < NC(D). Figure 5 shows a minimal counterexample, with length
14.

Figure 5: A Dyck path D with NN(D) = 24 < 27 = NC(D).

The number of non-crossing trees on a given Dyck path is rather easy to
calculate, as follows. Consider a non-crossing matching M on 2m vertices.
This is, by the earlier discussion, equivalent with a Dyck path of length 2m.
A cycle of length k in M is a sequence of arcs

{a1 + 1, a2}, {a2 + 1, a3}, . . . , {ak−1 + 1, ak}, {ak + 1, a1}.

Note that every arc of length greater than one, defines one cycle in which it
is the longest arc {ai + 1, a1}.

To contract the matching to a tree, we need to connect all the arcs in the
cycle to each other. But we must also avoid to build a cycle (in the ordinary
graph sense) in the contracted graph. Hence, for a cycle

{a1 + 1, a2}, {a2 + 1, a3}, . . . , {ak−1 + 1, ak}, {ak + 1, a1},

we must contract all but one of the pairs (ai, ai +1). For each k-cycle in the
matching, this gives us k choices. Hence, on the non-crossing matching M ,
we have

∏
c `(c) trees, where the product is over all cycles in M and `(c) is

the length of the cycle.
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Equivalently, we could use Dyck path terminology. Suppose the Dyck
path D passes through the points (j, i) and (ki), and stays strictly above the
i level between these points. This means that there is an arc {j + 1, k} in
the corresponding non-crossing matching. The cycle defined by this arc, will
consist of arcs that go between the returns to level i + 1, between the two
endpoints j+1 and k. So the length of the cycle will be one plus the number
of returns to level i + 1, between two consecutive returns to i. To get the
total number of NC-trees on D, we have to myliply these lengths over all
pairs of consecutive returns to the same level.

Using this, we can for example read directly from the pictures that there
are 27 = 3 · 3 · 3 NC-trees on the path in Figure 5. We also see that there
are 6 = 3 · 2 NC-trees on the path in Figure 4.

However, there seems to be no similar easy way to calculate the number
of non-nesting trees on a given Dyck path.

5 Embeddings of particular graphs

5.1 Not every unlabelled tree has more non-nesting than
non-crossing embeddings

In Section 3, we showed that the number of non-nesting trees on n vertices
is at least as large as the number of non-crossing trees on n vertices. Let
us refine this question. Is this inequality perhaps true for every tree? Is it
true that, for every tree G, the number of non-nesting embeddings of G is as
least as large as the number of non-crossing embeddings of G? The answer
to this question is negative in a strong sense. We will give an example of a
class of trees that have exponentionally many non-crossing embeddings, but
only linearly many non-nesting embeddings.

Let Sp(n,m) be the set of unlabelled trees on n vertices that have one
vertex of degree m and otherwise only vertices of degree at most 2. We call
these trees spiders on n vertices with m legs. The vertex of degree m is called
the body of the spider.

Figure 6: A tree from Sp(14, 7).
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Lemma 5.1. For each G ∈ Sp(n,m), the number of non-crossing embeddings
equals nm!∏

i mi!
2n−m−1 where mi is the number of legs of length i of G.

Proof. Embed the spider on S1. First, embed the body. Then, choose one of
the m!∏

i mi!
orderings of the spider’s legs and embed the neighbors of the body.

For each remaining vertex there are 2 possibilities; it can be embedded to
the left or to the right of its predecessor.

Figure 7: A spider embedded on S1.

There are n possibilities to cut the sphere, and each gives a different
embedding of the spider.

Corollary 5.2. If G is a spider on n vertices with m legs that have all the
same length, then G has n2n−m−1 non-crossing embeddings.

The case m = 2 gives the following corollary.

Corollary 5.3. A path on n vertices has n2n−3 non-crossing embeddings.

Let n be odd and m = bn
2
c. Then Sp(n,m) consists of one spider Spn,2

whose legs all have length 2 and that has n2b
n
2
c non-crossing embeddings.

Proposition 5.4. For n ≥ 7 and odd, the number of non-nesting embeddings
of Spn,2 equals 33bn

2
c − 49.

Proof. When we embed Spn,2, some of the neighbors of the body go to the
right and some go to the left to the body. There are bn

2
c+ 1 possibilities to

distribute the neighbors of the body to the left and right. Let j be the number
of neighbors of the body embedded to the left. For j = 0 and j = bn

2
c, there

are 5 possibilities to embed the remaining arcs. Let us look w.l.o.g. at j = 0.
For all, but 2, neighbors of the body, the embedding of the remaining arc
is unique. For the first and last neighbor of the body, there are 2 and 3
possibilities to embed the remaining arc, as is shown in Figure 5.1. One of
the combinations is forbidden because it causes a nesting.
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Figure 8: The solid arcs are determined through j = 0 and non-nestingness.

For j = 1 and j = bn
2
c − 1, there are 20 possibilities to embed the

remaining arcs. A careful count shows that for each 2 ≤ j ≤ bn
2
c − 2, there

are 33 embeddings of Spn,2. Summing over all js gives the equation.

5.2 Bounds on the number of non-nesting paths

We have seen that, in general, it is wrong that there are more non-nesting em-
beddings of a tree than non-crossing embeddings. But maybe this is true for
the simplest trees, namely for stars and paths. For stars K1,n, all embeddings
are non-crossing and non-nesting, so their number is equal.

We know the number of non-crossing embeddings of a path on n vertices,
which is n2n−3. In the next section, we will show that there are at least
Ω(n−3/22n) non-nesting embeddings of a path.

We will now use the same basic idea as in Section 4, but a different
bijection, to get some insight in the asymptotic behaviour of the number
of non-nesting paths. In fact, we will count non-nesting paths with some
restrictions. The first, and least essential restriction, is that we only look at
paths whose endpoints are also endpoints of the interval to which we embed
them, i.e. 1 and n. More essentially, we require the paths to be alternating,
so every node has either both outgoing arcs to the left, or both to the right.
In the words of Section 4, this means that for any i, (li, ri) must be either
(0, 2) or (2, 0).

With these restrictions, a non-nesting path is determined by deciding,
for each 1 < i < n, whether i should have rightbound or leftbound arcs.
These choices can be made independently, but still with the restriction that∑

i li =
∑

i ri and
∑

i≤j−1 li ≤
∑

i≤j ri for each j. We thus get a Dyck path of
length 2(n−2), where the ith step is an up-step if (li, ri) = (0, 2), and a down-
step if (li, ri) = (2, 0). It follows that there are at least 1

k

(
2k−2
k−1

)
= Ω(k−3/222k)

non-nesting paths of even length 2k. Moreover, there are obviously at least
as many non-nesting paths on 2k + 1 nodes, which we see by simply adding
an edge (2k, 2k + 1) at the end. This shows the following proposition.

Proposition 5.5. There are Ω(n−3/22n) non-nesting paths of length n.
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This is probably a rather big underestimate. It could be expected that
when we delete the restrictions on where the endpoints should be placed,
this should multiply the number of paths with a roughly a factor n2. More
notably, the request that the paths should be alternating is a huge restriction,
that should influence the exponent, and thus the growth rate, significantly.
Note that the fact that the growth rate is at least 2, does not prove that
there are more non-nesting paths paths than non-crossing paths, though we
strongly believe this to be true.

Now we will show that the number of non-nesting paths has a growth
rate that is bounded from above by 3. Thus, there is still a significant gap
between the lower and the upper bound.

Proposition 5.6. There are at most 2n(n− 1)3n non-nesting embeddings of
a path on n vertices.

Proof. Look at the situation at a vertex v. If v is a leaf, the incoming edge
can go to the left or to the right. There are

(
n
2

)
possibilities to choose the

leaves, and for each choice, there are at most 4 different situations how the
incoming edges look like. The remaining n − 2 vertices have degree 2. At
each vertex both incoming edges can go to the left, to the right, or one goes
to the left and the other one to the right. So at each vertex, there are at
most 3 configurations possible. Once we fixed the situation at the vertices,
there is at most one non-nesting path that fulfills these constraints.

Disregarding polynomial factors, we now know that the number of non-
nesting paths is between 2n and 3n. We implemented a counting algorithm
and computed the exact values up to 9. In the next table, the number of
non-crossing and non-nesting paths, as well as every other Fibonacci number
F2n are compared.

n nc paths nn paths F2n

2 1 1 1
3 3 3 3
4 8 8 8
5 20 21 21
6 48 55 55
7 112 142 144
8 256 369 377
9 576 950 987

Conjecture 5.7. The number of non-nesting paths on n vertices is at most
the 2nth Fibonacci number F2n, which is Θ((1+

√
5

2
)n), that is roughly 2.62n.
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6 Open problems
Although it seems complicated, it remains to count the number of non-nesting
embeddings of trees or, more generally, give better asymptotical bounds.

It remains to see whether Conjecture 5.7 holds or, more generally, to count
or narrow the asymptotical bounds on the number of non-nesting embeddings
of paths in n vertices.

We have shown that, for some classes of graphs, the number of non-
nesting graphs is larger than the for the non-crossing graph and viceversa.
The search for other equalities or inequalities is wide open.
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PRODSIMPLICIAL-NEIGHBORLY POLYTOPES

BENJAMIN MATSCHKE, BERNARDO GONZÁLEZ MERINO,
JULIAN PFEIFLE, AND VINCENT PILAUD

Abstract. Given integers n1, . . . , nr ≥ 1 and k ≥ 0, we are inter-
ested in polytopes whose proper faces are combinatorially equiva-
lent to faces of the product of simplices 4n1×. . .×4nr , and whose
k-skeleton is combinatorially equivalent to that of 4n1 × . . .×4nr .
We prove in particular that such a polytope exists in dimension
2k + r + 1. Using topological obstructions we see that this di-
mension is minimal if we require moreover our polytope to be ob-
tained as a projection of a polytope combinatorially equivalent to
4n1 × . . . ×4nr and if the ni’s are large compared to k. If some
ni’s are small we give even lower-dimensional examples using pro-
jections of deformed products.

Furthermore the last construction generalizes to products of ar-
bitrary simple polytopes.
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2 B. MATSCHKE, B. G. MERINO, J. PFEIFLE, AND V. PILAUD

1. Introduction

1.1. Examples of polytopes from graphs... During his course un-
titled Convex Polytopes: Examples and Conjectures given for the Doc-
Course on Combinatorics and Geometry 2009, Günter Ziegler men-
tioned two problems:

(1) the first one is our (relative) “lack of examples” on polytopes:
according to him, knowing more families of polytopes would
be profitable for our intuition on the subject (one can think in
particular of disproving conjectures);

(2) the second one is the question of the polytopality of a given
graph: for example, one of the exercises asked whether the
product of two Petersen graphs is or not the graph of a polytope
(and what may be the dimension of this polytope).

This project is related with these two points, since it gives example of
polytopes answering the following question: given an initial polytope,
what is the minimal dimension of a polytope with the same graph (or
more generally, with the same k-skeleton, k ≥ 0)? For example, for
any k ≥ 0, the (2k+2)-dimensional cyclic polytope with n+1 vertices
has the same k-skeleton as the n-dimensional simplex.

In this project, we only tackle this problem for products of simplices,
and deal with the following question: given n1, . . . , nr ≥ 1 and k ≥
0, what is the minimal dimension of a polytope whose k-skeleton is
combinatorially equivalent to that of the product of simplices 4n1 ×
. . .×4nr?

1.2. Definitions. Let 4n denote the n-dimensional simplex. For any
tuple n = (n1, . . . , nr) of integers, we denote by 4n the product of
simplices 4n1× . . .×4nr . The combinatorial structure of this polytope
is that of a product (see Appendix 0.1): its dimension is

∑
ni and its

non-empty faces are obtained as products of non-empty faces of the
simplices 4n1 , . . . ,4nr . For example, Fig. 1 represents the graphs of
4i×46, for i = 0, 1, 2, 3. We are interested in polytopes with the same
“initial” structure as such products:

Definition 1.1. Let k ≥ 0 and n = (n1, . . . , nr), with ni ≥ 1. A poly-
tope is (k, n)-prodsimplicial-neighborly – or (k, n)-PSN for short – if

(i) its proper faces are combinatorially equivalent to faces of 4n, and
(ii) its k-skeleton is combinatorially equivalent to that of 4n.

This definition is essentially motivated by two particular classes of
PSN polytopes:
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Figure 1. The graphs of the products 4(i,6) = 4i × 46,
for i = 0, 1, 2, 3.

(1) neighborly1 simplicial polytopes arise when r = 1; for example,
the cyclic polytope Cd(n + 1) is simplicial and has the same(⌊

d
2

⌋
− 1
)
-skeleton as the simplex 4n (see Appendix 0.2).

(2) neighborly cubical polytopes arise when n = (1, 1, . . . , 1) (see
[JS07], [SZ09]).

Obviously, the product 4n itself is a (k, n)-PSN polytope of dimen-
sion

∑
ni. We are naturally interested in finding (k, n)-PSN polytopes

in smaller dimensions. We denote δ(k, n) the smallest possible dimen-
sion that a (k, n)-PSN polytope may have.

Certain particular examples of such polytopes will be obtained as
projections into a smaller subspace of the product 4n itself, or of a
combinatorially equivalent polytope. For example, the cyclic polytope
Cd(n + 1) (as any polytope with n + 1 vertices) can be seen as a pro-
jection of the simplex 4n into Rd. We say that a (k, n)-PSN polytope
which is a projection of a polytope combinatorially equivalent to 4n is
a (k, n)-projected-prodsimplicial-neighborly polytope – or (k, n)-PPSN
polytope for short. We denote δpr(k, n) the smallest possible dimension
of a (k, n)-PPSN polytope.

1.3. Outline and main results. In the second section of this paper,
we present various constructions of PSN polytopes. With a well-chosen
Minkowski sum of cyclic polytopes we obtain in particular the following
theorem:

1In the literature, a polytope is k-neighborly if any subset of at most k of its
vertices forms a face. Observe that such a polytope is (k − 1, n)-PSN with our
notation, as long as it is simplicial.
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Theorem 1.2. For any k ∈ N and n = (n1, . . . , nr), there exists a
(k, n)-PPSN polytope of dimension 2k + r + 1. In other words:

δ(k, n) ≤ δpr(k, n) ≤ 2k + r + 1.

For r = 1 we recover simplicial neighborly polytopes. We then dis-
cuss improvements of this bound when some ni are small compared
to k, using projections of deformed products of polytopes. If all ni = 1
we recover the cubical neighborly polytopes of [SZ09]. This construc-
tion is not only applicable to products of simplices but also to products
of arbitrary simple polytopes.

In our third section, we use a topological obstruction method to
prove the following lower bounds on δpr(k, n):

Theorem 1.3. Let k ∈ N, n = (n1, . . . , nr), and R = {i ∈ [r] |ni ≥ 2}.
If k ≤ ∑

i∈R
⌊
ni−2
2

⌋
, then the minimal dimension of a (k, n)-PPSN

polytope satisfies:
δpr(k, n) ≥ 2k + |R|+ 1.

In particular, we obtain:

Corollary 1.4. When all ni ≥ 2 and if k ≤∑i∈[r]
⌊
ni−2
2

⌋
, the minimal

dimension is exactly

δpr(k, n) = 2k + r + 1.

2. Construction of PPSN polytopes

In this section, we give upper bounds on δpr(k, n) by constructing
examples of polytopes with the prescribed skeleton whose dimension is
as small as we can. We present four different constructions:

(1) the first (elementary) construction is just a product of cyclic
polytopes, but already proves that δpr(k, n) is at most (2k+2)r
(and thus, does not depend on how big are the ni’s).

(2) the second construction is a well-chosen Minkowski sum of cyclic
polytopes, and provides a (k, n)-PPSN polytope of dimension
2k+ r+ 1. When k is small compared to the ni’s, we will later
prove that this dimension is the best possible dimension of a
(k, n)-PPSN polytope (see Section 3).

(3) the third one is a special construction of a (2k+2)-dimensional
(k, (1, n))-PPSN polytope, that only uses elementary combina-
torial properties of the face description of the cyclic polytope.

(4) finally, our last construction uses projections of deformed pro-
ducts of polytopes, and deals more generally with the case when
some of the ni’s are small.
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2.1. Products of cyclic polytopes. As mentioned previously, the
cyclic polytope Cd(n + 1) is simplicial and has the same

(⌊
d
2

⌋
− 1
)
-

skeleton as the simplex 4n (see Appendix 0.2). Thus, we can obtain
PSN polytopes using products of cyclic polytopes.

Given the integer k and the tuple n = (n1, . . . , nr), we denote I =
{i ∈ [r] |ni > 2k + 2}. Then the product

P =
∏

i∈I
C2k+2(ni + 1)×

∏

i/∈I
4ni

is a (k, n)-PPSN polytope of dimension (2k+2)|I|+∑i/∈I ni (which is
smaller than

∑
ni when I is not empty). Consequently,

δ(k, n) ≤ δpr(k, n) ≤ (2k + 2)|I|+
∑

i/∈I
ni.

2.2. Minkowski sums of cyclic polytopes. Our second examples
will be Minkowski sums of cyclic polytopes. Despite their simplicity
they turn out to be the best possible PPSN polytopes for large ni’s.

We will choose for all i ∈ [r] an (ni + 1)-set Ii ⊂ R such that the
intervals conv(Ii) are pairwise disjoint. Then I1 × . . .× Ir indexes the
vertex set of 4n = 4n1 × . . .×4nr . For all (a1, . . . , ar) ∈ I1 × . . .× Ir
define the following points in R2k+r+1:

va1,...,ar =


a1, . . . , ar,

∑

i∈[r]
a2i , . . . ,

∑

i∈[r]
a2k+2
i




T

.

Let P be the convex hull of these
∏
(ni + 1) vertices.

Proposition 2.1. The above index sets I1, . . . , Ir can be chosen such
that the resulting (≤ 2k + r + 1)-dimensional polytope P has combina-
torially the same k-skeleton as 4n.

Observe that this proposition proves Theorem 1.2: δpr(k, n) ≤ 2k +
r+1. We will see in Section 3 that this bound is sharp when k is small
compared to the ni’s.

Proof of Proposition 2.1. Let F be a k-face of 4n whose vertex set is
A1×. . .×Ar ⊂ I1×. . .×Ir, each Ai being non-empty. We will construct
amonic polynomial (that is, a polynomial with leading coefficient equal
to 1)

f(t) = fA1,...,Ar(t) =
2k+2∑

j=0

cjt
j
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that has, for all i ∈ [r], the form

f(t) = Qi(t)
∏

a∈Ai

(t− a)2 + sit+ ri

with positive polynomials Qi(t) and certain reals ri and si. From the
coefficients of this polynomial, we build the vector

nF = (s1 − c1, . . . , sr − c1,−c2,−c3, . . . ,−c2k+2) ∈ R2k+r+1.

To prove that nF is a face-defining normal vector for F , take an arbi-
trary (a1, . . . , ar) ∈ I1 × · · · × Ir, and consider the following inequality
for the inner product:

nF · va1,...,ar =
∑

i∈[r]

(
siai −

(
2k+2∑

j=1

cja
j
i

))

=
∑

i∈[r]
(siai + c0 − f(ai))

=
∑

i∈[r]

(
c0 −Qi(ai)

∏

a∈Ai

(ai − a)2 − ri

)

≤ rc0 −
∑

i∈[r]
ri.

Equality holds if and only if (a1, . . . , ar) ∈ A1 × . . . × Ar. Given the
existence of a polynomial f with the claimed properties, this proves
that A1×. . .×Ar indexes all va1,...,ar ’s that lie on a face F ′ in P , and they
of course span F ′ by definition of P . To prove that F ′ is combinatorially
equivalent to F it suffices to show that each va1,...,ar ∈ F ′ is in fact a
vertex of P , since P is a projection of 4n. This can be shown with the
normal vector (2a1, . . . , 2ar,−1, 0, . . . , 0), using the same calculation as
before.
We still need to show how to construct our polynomial f(t). Finding

f(t) is equivalent to the task of finding polynomials Qi(t) such that

(1) Qi(t) is monic of degree 2k + 2− 2|Ai|.
(2) The r polynomials fi(t) = Qi(t) ·

∏
a∈Ai

(t− a)2 are equal up to

possibly the coefficients in front of t0 and t1.
(3) Qi(t) > 0 for all t ∈ R.
The first two items form a linear equation system on the coefficients

of the Qi(t)’s, which has the same number of equations as variables.
We will show that it has a unique solution if one chooses the index sets
Ii in a good way (the third item will be dealt with in the end). To
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do this, choose pairwise distinct reals ā1, . . . , ār ∈ R and look at the
similar equation system:

(1) Q̄i(t) are monic polynomials of degree 2k + 2− 2|Ai|.
(2) The r polynomials f̄i(t) = Q̄i(t) · (t − āi)

2|Ai| are equal up to
possibly the coefficients in front of t0 and t1.

The first equation system moves into the second when we deform
the points of the sets Ai continuously to āi, respectively. If we show
that the second equation system has a unique solution then so has
the first equation system as long as we have chosen the sets Ii close
enough to the āi’s, by continuity of the determinant (note that in the
end this closeness condition will be required for all k-faces, which are
only finitely many, hence we can fulfill that).
Note that a polynomial f̄i(t) of degree 2k + 2 has the form

(1) Q̄i(t) · (t− āi)
2|Ai| + sit+ ri

for a monic polynomial Q̄i and some reals si and ri, if and only if f̄ ′′
i (t)

has the form

(2) Ri(t) · (t− āi)
2(|Ai|−1)

for a polynomial Ri(t) with leading coefficient (2k + 2)(2k + 1). The
backward direction can be settled by assuming without loss of general-
ity āi = 0 (otherwise just make a variable shift (t− āi) 7→ t) and then
integrating (2) twice with integration constants zero to obtain (1).
Therefore the second equation system is equivalent to the following

third one:

(1) Ri(t) are polynomials of degree 2k − 2(|Ai| − 1) with leading
coefficient (2k + 2)(2k + 1).

(2) The r polynomials gi(t) = Ri(t) · (t − āi)
2(|Ai|−1) all equal the

same polynomial, say g(t).

Since
∑

i 2(|Ai| − 1) = 2k, it has the unique solution

Ri(t) = (2k + 2)(2k + 1)
∏

j 6=i

(t− āj)
2(|Aj |−1),

with

g(t) = (2k + 2)(2k + 1)
∏

j∈[r]
(t− āj)

2(|Aj |−1).

Therefore the second system also has a unique solution, where the
f̄i(t) are obtained by integrating gi(t) twice with some specific integra-
tion constants. For a fixed i we can again assume āi = 0. Then both
integration constants have been zero for this i, hence f̄i(0) = 0 and
f̄ ′
i(0) = 0. Since gi is non-negative and zero only at isolated points, f̄i
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is strictly convex, hence non-negative and zero only at t = 0. Therefore
Q̄i(t) is positive for t 6= 0. Since we chose āi = 0, we can quickly com-
pute the correspondence between the coefficients of Q̄i(t) =

∑
j q̄i,jt

j

and of Ri(t) =
∑

j ri,jt
j:

ri,j =
(
2|Ai|(2|Ai| − 1) + 4j|Ai|+ j(j − 1)

)
q̄i,j.

In particular

Q̄i(0) = q̄i,0 =
ri,0

2|Ai|(2|Ai| − 1)
=

Ri(0)

2|Ai|(2|Ai| − 1)
> 0,

therefore Q̄i(t) is everywhere positive, hence so is Qi(t) if one chooses Ii
possibly even closer to āi, since the solutions of linear equation systems
move continuously when one deforms the entries of the equation system
by a homotopy (as long as the determinant stays non-zero), since the
determinant and taking the adjoint matrix are continuous maps. The
positivity of Qi(t) finishes the proof. �
Remark 2.2. We can use the same idea to obtain another PPSN
polytope (the result is weaker, but the proof is much simpler and avoids
all technicalities). Let Ii ⊂ R be pairwise disjoint (ni+1)-sets as before.
For all (a1, . . . , ar) ∈ I1 × . . .× Ir define points

wa1,...,ar =


∑

i∈[r]
ai,
∑

i∈[r]
a2i , . . . ,

∑

i∈[r]
a2k+2r
i




T

∈ R2k+2r.

The convex hull P of these points is a (k, n)-PPSN polytope, without
further restrictions on the Ii’s.

Sketch of proof. Let A1× . . .×Ar ⊂ I1× . . .× Ir define a k-face of 4n.
To prove that the corresponding points in P defines a face, show that
the coefficient vector

∏
i∈[r]

∏
a∈Ai

(t − a)2 without the coefficient of t0

– as a normal vector – defines this face. �

2.3. Reflections of cyclic polytopes. Our third example deals with
the special case of the product 41 × 4n of a segment by a simplex,
for which the previous construction is not optimal. Even if it is only
a particular case of a projection of a deformed product of 41 × 4n

(see Section 2.4), we present it separately since we have an explicit
description and a nice combinatorial proof of it.

We consider the cyclic polytope C2k+2(n + 1) with n + 1 vertices
in dimension 2k + 2 (see Appendix 0.2). We obtain a (k, (1, n))-PSN
polytope as the convex hull of the union of this polytope with another
copy of it, reflected with respect to a well-chosen hyperplane:
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Proposition 2.3. For any λ ∈ R sufficiently large, the polytope P
defined as

conv({(ti, . . . , t2k+2
i )T | i ∈ [n+1]}∪{(ti, . . . , t2k+1

i , λ−t2k+2
i )T | i ∈ [n+1]})

is a (k, (1, n))-PSN polytope of dimension 2k + 2.

Proof. The polytope P is obtained as the convex hull of two copies of
the cyclic polytope C2k+2(n+1): the first one Q = conv({µ2k+2(ti) | i ∈
[n+ 1]} lies on the moment curve, while the second one is obtained as
a reflexion of Q with respect to an hyperplane far enough along and
orthogonal to the last coordinate vector u2k+2. During this process,

(1) we destroy all the faces of Q only contained in upper facets
of Q (those whose supporting hyperplane lies above the whole
cyclic polytope while looking at the last coordinate; see Appen-
dix 0.2);

(2) we create prisms over faces of Q that lie in at least one upper
and one lower facet of Q. In other words (see Appendix 0.4), we
create prisms over the faces of Q strictly preserved under the
orthogonal projection π : R2k+2 → R2k+1 with kernel Ru2k+2.

The projected polytope π(Q) = conv{π(µ2k+2(ti)) | i ∈ [n + 1]} is
nothing else but the cyclic polytope C2k+1(n+1). This polytope being
k-neighborly, any (≤ k − 1)-face of Q is strictly preserved by π, and
thus, we take a prism over all (≤ k − 1)-faces of Q.
Thus, in order to prove that the k-skeleton of P is that of 41 ×4n,

it only remains to prove that any k-face of Q still remains in P . It is
obviously the case if this k-face is also a k-face of C2k+1(n + 1), and
follows from the following combinatorial lemma otherwise. �
Lemma 2.4. A k-face of C2k+2(n+1) which is not a k-face of C2k+1(n+
1) is only contained in lower facets of C2k+2(n+ 1).

Proof. Let F ⊂ [n+1] be a k-face of C2k+2(n+1) contained in at least
one upper facet of C2k+2(n + 1). Then, there exists G ⊂ [n + 1] r F
such that |F ∪ G| = 2k + 2, all inner blocks of F ∪ G have even size,
and the final block of F ∪G has odd size (in other words, G completes
F into an upper facet). Then,

(1) if n+1 ∈ G, then G′ = Gr{n+1} is such that |F ∪G′| = 2k+1
and all inner blocks of F ∪G′ have even size.

(2) otherwise, n+1 ∈ F , and F ′ = F r{n+1} has only k elements
and thus, is a face of C2k+1(n), that we can complete into a face
with G′ ⊂ [n]r F .

In both cases, G′ completes F into a facet of C2k+1(n+1), which implies
that F is a k-face of C2k+1(n+ 1). �
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2.4. Projections of deformed products of polytopes. Our next
examples will be projections of deformed products of simplices. They
give better results than the construction of Section 2.2 when some of
the ni’s are small compared to k, and in particular when some of the
simplices are segments (as in the previous construction).

We first give a short description of deformed products of polytopes,
which have been invented in [AZ99] and used in [Zie04] and [SZ09], and
then apply this construction to products of simplices.

Deformed products. Let P1, . . . , Pr be simple polytopes given by
Pi = {x ∈ Rni |Aix ≤ bi} (where Ai ∈ Rni×ni and bi ∈ Rni). The
product P = P1 × . . .× Pr is then given by the inequality system



A1

. . .
Ar


x ≤



b1
...
br




with n =
∑
ni inequalities. The left hand side matrix shall be denoted

by A. In [AZ99] it is proved that one can make A to a matrix A′

by changing the zero entries below the diagonal blocks in A arbitrarily
such that for a certain new right hand side b′ the new inequality system
A′x ≤ b′ defines a polytope P ′ that is combinatorially equivalent to P .
This equivalence is given by letting the facet of P corresponding to the
i’th inequality of Ax ≤ b correspond to the facet of P ′ corresponding
to the i’th inequality of A′x ≤ b′.

Projections of deformed products of simplices. We want to con-
struct a d-dimensional polytope that has combinatorially the same k-
skeleton as 4n = 4n1× . . .×4nr , such that d is as small as possible for
fixed k, or k is as large as possible for fixed d. The former formulation
seems to be the more natural question, whereas the results for the lat-
ter one are easier to write down. Hence for the following propositions,
think of the ni’s and d as being given, and ask for the largest k. The
results fit into two propositions, since we have to do a case distinction
on the number of segments s = |{i ∈ [r] |ni = 1}| in the product.

Proposition 2.5. Suppose that s ≤ d, and assume 1 = n1 = . . . =
ns < ns+1 ≤ . . . ≤ nr. Let t ∈ {0, . . . , r − s} be maximal such that∑s+t

i=1 ni ≤ d. If further d ≥ 2k + 2(r − s) − t, then there exists a
d-dimensional (k, n)-PPSN polytope.

Proposition 2.6. Suppose that s ≥ d + 1 and d ≥ 2k + 2(r − s) + 2.
Then there is a d-dimensional (k, n)-PPSN polytope.
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Proof of Proposition 2.5. The simplex 4ni
will for us be the set {x ∈

Rni |Aix ≤ bi}, where Ai is the matrix

Ai =




1
. . .

1
−1 · · · −1




and bi is a suitable right hand side. The matrix of the inequality system
defining 4n = 4n1 × . . . ×4nr is a block matrix with blocks Ai. We
deform4n to a combinatorially equivalent polytope4′

n by changing A,
first in the block As+t+1 and then below the diagonal blocks (the right
hand side of the inequality system has to be changed accordingly). We
obtain the following matrix A′:

n−d d


Ar

. . .

As+t+2

1

. . .

1

gTd+t M

...
. . .

gTj+1 M

gTd+t+1 −1 ··· −1

gTj As+t
gTj−1

...
. . .

gTs+2
As+1

gTs+1

gTs +1

gTs −1

...
. . .

gT1 +1

gT1 −1



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The vertical line inA′ separates the first n−d from the last d columns.
It possibly slices the block As+t+1, which is the block with the smallest
index that contains elements of the left side. The left part of A′ is
denoted by AL.

The gi’s are chosen such that G = {u1, . . . , un−d, g1, . . . , gd+t+1} is a
Gale dual (see Appendix 0.3) of the cyclic polytope Cd+t(n+t+1) with
the further requirement that the vertices corresponding to g1, . . . , gd+t

lie in a facet. This makes {u1, . . . , un−d, gd+t+1} positively spanning.
Hence gd+t+1 has only negative entries. Therefore the rows of the new
block As+t+1 are still normal vectors of a simplex as long as we choose
M > 0 big enough with respect to the gi’s.

The cyclic polytope Cd+t(n + t + 1) is
⌊
d+t
2

⌋
-neighborly. Therefore,

every subset of n+ t+ 1−
⌊
d+t
2

⌋
= n− d+ 1+

⌊
d+t+1

2

⌋
vectors of G is

positively spanning.
Now, a k-face F of 4′

n is an intersection of n−k facets of 4′
n. These

n − k facets have the property that they do not contain all the facets
corresponding to some factor 4ni

. The n − k facets determine n − k
pairwise unequal row vectors in AL. Except for possibly r − s − t− 1
rows of the form (0, . . . , 0,−1, . . . ,−1, 0, . . . , 0), all of them are vectors
of G. Therefore, if we know that

(3) n− k ≥ (n− d+ 1 +

⌊
d+ t+ 1

2

⌋
) + (r − s− t− 1),

then the n − k rows are positively spanning and the face F is strictly
preserved under the projection π to the last d coordinates (see Appen-
dix 0.4). But (3) is exactly the assumption d ≥ 2k + 2(r − s) − t.
Therefore π(4′

n) is a d-polytope with the desired combinatorial k-
skeleton. �

Proof of Proposition 2.6. The situation here is similar to the previous
proof. At first we scale the Ai’s for i ∈ {d + 1, . . . , s} by a small ε,
which changes 4n only by an affine transformation. Then we deform
4n by changing A below the diagonal to the following matrix A′:

116



PRODSIMPLICIAL-NEIGHBORLY POLYTOPES 13

n−d d


Ar

. . .

As+1

+ε

−ε

1 +ε

1 −ε

1 . . .
1

+ε

−ε

1 +1

1 −1

gTd−1 +1

gTd−1 −1

...
. . .

gT1 +1

gT1 −1




where the gi’s are chosen such that G = {u1, . . . , un−d, g1, . . . , gd−1} ⊂
Rn−d is a Gale dual of the cyclic polytope Cd−2(n− 1), which is

⌊
d−2
2

⌋
-

neighborly. Therefore, each choice of n− 1−
⌊
d−2
2

⌋
= n−

⌊
d
2

⌋
vectors

of G are positively spanning. This property of G does not change if we
perturb the vectors by a small ε.

Now, a k-face F of 4′
n is an intersection of n − k facets of 4′

n.
These n − k facets have the property that they do not contain all
the facets corresponding to some factor 4ni

. The n − k facets de-
termine n − k row vectors in AL. Except for possibly the r − s
rows (0 . . . , 0,−1, . . . ,−1, 0, . . . , 0) of AL and one of the special rows
(0, . . . ,±ε, . . . , 0) of AL, all the n−k rows are up to an ε-entry elements
ofG and they are pairwise distinct. The assumption d ≥ 2k+2(r−s)+2
is equivalent to n − k ≥ (n −

⌊
d
2

⌋
+ r − s) + 1. Therefore the n − k

rows for F are positively spanning, even if we remove the possible row
(0, . . . ,±ε, . . . , 0). Hence F is strictly preserved under π, the projec-
tion to the last d coordinates. Therefore π(4′

n) is a d-polytope with
the desired combinatorial k-skeleton. �

Finally, we reformulate Propositions 2.5 and 2.6 to the following
theorem to express what is the smallest d such that for given ni’s and
k we can construct a desired d-dimensional polytope.
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Theorem 2.7. Let 1 ≤ n1 ≤ . . . ≤ nr, n = (n1, . . . , nr), k ≥ 0 and
s = |{i |ni = 1}|.

• If 3s ≤ 2k + 2r, let t ∈ {0, . . . , r − s} be maximal such that

s+t∑

i=s+1

(ni + 1) + 3s ≤ 2k + 2r.

Then δpr(k, n) ≤ 2k + 2(r − s)− t.
• If 3s = 2k + 2r + 1, then δpr(k, n) ≤ 2k + 2(r − s) + 1.
• If 3s ≥ 2k + 2r + 2, then δpr(k, n) ≤ 2k + 2(r − s) + 2.

Proof. If 3s ≤ 2k+ 2r+ 2 then apply Proposition 2.5, otherwise apply
Proposition 2.6. �

An extension to products of arbitrary simple polytopes. A very
similar construction gives us examples of d-dimensional polytopes that
are on a high skeleton combinatorially equivalent to an arbitrary prod-
uct P = P1 × . . .× Pr of simple polytopes.

Theorem 2.8. Let P1, . . . , Pr be simple polytopes. Let ni = dimPi

be their dimension, n =
∑

i ni and fi = fni−1(Pi) their number of
facets. Let χ∆

i = χ((P∆
i )1) be the chromatic number of the graph of

the polar polytope of Pi. Let q be maximal with
∑q

i=1 ni ≤ d. Define
h =

∑q
i=1 ni − d, and let ` = h+

∑q
i=1 χ

∆
i . Then for

k = d−
⌊
`

2

⌋
− 1−

r∑

i=q+1

(fi − ni),

there is a d-dimensional polytope whose k-skeleton is combinatorially
equivalent to the one of P = P1 × . . .× Pr.

Remarks 2.9. (1) Heuristically (if r is much larger than the ni’s),
one should sort the factors P1, . . . , Pr in descending order by
2fi−χ∆

i

ni
to make k large.

(2) The construction in the proof only needs P1, . . . , Pq+1 to be
simple. In fact, using the next remark we only need to assume
P1, . . . , Pq to be simple, since then h = 0.

(3) If h > 0, then one can add h intervals to the factors P1, . . . , Pr:

P̃ = (∆1)h × P , h̃ = 0, r̃ = r + h, χ̃∆
i = 1 for i ∈ {1, . . . , h},

˜̀= `, q̃ = q+h, k̃ = k. Thus, we can even find a d-dimensional

polytope whose k-skeleton is equivalent to the one of P̃ .
(4) If some of the factors P1, . . . , Pr are segments or polygons with

an even number of vertices, then we can sometimes strengthen
the result in the same way as done in Proposition 2.6 for the
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segments or in [Zie04] and [SZ09, Section 4] for polygons. That
is, assume the corresponding Ai blocks to be (diagonally) adja-
cent, scale then down by a small ε and write ones at the entries
that lie below Ai and to left of Ai−1.

Proof of Theorem 2.8. The proof is very similar to the one of Propo-
sition 2.5. At first we write Pi as {x ∈ Rni |Aix ≤ bi}, such that Ai

is a lower triangular matrix with ones on the diagonal. We can even
prescribe the entries under the diagonal that belong to the first ni rows.
Then, in the construction of A′, we also write to the left of each of the
lower blocks Ai row vectors g1, . . . , gj, but we are allowed to do some
repetitions. We obtain the following new matrix A′:

n−d d


Ar

. . .

Aq+2

1

. . .

1

gT1 1

...
. . .

gTj 1

...
Lower part of Aq+1

...

... Aq

Further gTi ’s
. . .

... A1




The “further gTi ’s” block, say G, is allowed to contain some gi’s
repeating: In the facet-ridge graph of Pi, color the nodes corresponding
to Pi’s facets with χ∆

i colors. This also colors the rows of the block
G. To see that we may use the same gi in every color class, recall that
P is simple, so that each pair of facets containing a fixed k-face of P
has a ridge in common. Thus, the gi’s corresponding to these facets
will be pairwise distinct. The further proof is analogous to that of
Proposition 2.5. �
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3. Topological obstruction

In this section, we give lower bounds on the minimal dimension
δpr(k, n) of a (k, n)-PPSN polytope. The argument is a topological
obstruction based on Sarkaria’s criterion for the embeddability of a
simplicial complex in terms of colorings of Kneser graphs [Mat03]. We
proceed in a similar way to [San09] and generalize his results. For the
convenience of the reader, we quickly recall in the Appendix most of the
usual tools used in this section: we present Gale transform in Appen-
dix 0.3, we give in Appendix 0.4 a characterization of strictly preserved
faces under projections, and we recall in Appendix 0.6 Sarkaria’s Col-
oring and Embedding Theorem.

3.1. Preserved faces, Gale transform and topological obstruc-
tion. We are interested in projections of polytopes. For the sake of
simplicity, and without loss of generality, we will only consider orthog-
onal projections. Let d > e be two integers. We denote (u1, . . . , ud)
the canonical orthogonal basis of Rd. Let π : Rd → Re denote the
orthogonal projection with image U = 〈u1, . . . , ue〉, and kernel V =
〈ue+1, . . . , ud〉. Let τ : Rd → Rd−e denote the dual projection (with
image V and kernel U).
Let P be a full-dimensional simple polytope in Rd, with 0 in its

interior. Let F1, . . . , Ff denote the facets of P and for all i ∈ [f ], let
~fi denote the normal vector of Fi, and ~gi = τ(~fi). For any face F of
P , let I(F ) denote the set of indices of the facets of P containing F ,
i.e., such that F =

⋂
i∈I(F ) Fi. These notations are convenient for the

Projection Lemma (see Appendix 0.4), that we will use extensively,
and which affirms that a face F of P is strictly preserved under the
projection π if and only if {~gi | i ∈ I(F )} is positively spanning.
Throughout this section, we assume that the vertices of P are strictly

preserved under the projection π. Let G = {~gi | i ∈ [f ]} ⊂ Rd−e denote
all the (dual) projections of the normal vectors of the facets of P .

Lemma 3.1. The vector configuration G is the Gale transform of
the vertex set X = {x1, . . . , xf} of a (full-dimensional) polytope Q
of Rf−d+e−1.

Proof. Observe first that the normal vectors of the facets of a full di-
mensional polytope in Rd span Rd. Thus, their projections span the
image space Rd−e.
In order to make the barycenter of G is 0, we choose the length of

the normal vector ~fi of the facet Fi as the (d− 1)-dimensional volume
of Fi. Given any vector ~z, we say that a facet Fi of P is ~z-upper when
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~z · ~fi > 0 (and ~z-lower when this scalar product is negative). Then, the
sum of the components on ~z of the normal vectors of the ~z-upper facets
(resp. of the ~z-lower facets) is given by the volume of the projection

of P on ~z⊥. Thus,
∑

i∈[f ]
~fi · ~z = 0, for all ~z ∈ Rd. Consequently,∑

i∈[f ] ~gi = τ(
∑

i∈[f ]
~fi) = 0, and G is the Gale transforms of a vector

configuration X (see Appendix 0.3, Remark 0.6).
Finally, given any facet Fi of P , there exists a vertex v not in Fi.

Since we assume that all vertices of P are strictly preserved under
the projection π, the normal vectors of the facets of P containing this
vertex v positively span Rd−e (Projection Lemma 0.8). Consequently,
G r {~gi} is positively spanning, for any i ∈ [f ]. Thus X is the vertex
set of a polytope Q of Rf−d+e−1 (see Appendix 0.3, Remark 0.6). �

Let F be a face of P , strictly preserved under the projection π.
Then, {~gi | i ∈ I(F )} is positively spanning, which implies that the set
of vertices {xi | i /∈ I(F )} forms a face of Q.

Let F denote a subset of the set of strictly preserved faces of P
under the projection π. Let K denote the abstract polytopal complex
obtained as the “down closure” of {[f ] r I(F ) |F ∈ F}. Since we
assumed that P is simple, K is even a simplicial complex. Furthermore,
it is (isomorphic to) a subcomplex of the face complex of the polytope
Q, and thus, it is embeddable into Rf−d+e−2 (since the face complex of
an h-dimensional polytope is embedded into the sphere Sh−1).
Thus, given the simple polytope P ⊂ Rd, and a set F of faces of

P that we want to preserve under projection, the study of the embed-
dability of the corresponding abstract simplicial complex K provides
lower bounds on the dimension e in which we can project P . To get
such a lower bound, we use the method presented in Appendix 0.6:

(1) we first choose our subset F of strictly preserved faces suffi-
ciently simple to be understandable, and sufficiently large to
provide an obstruction;

(2) we then understand the system Z of minimal non-faces of the
simplicial complex K;

(3) finally, we find a suitable coloring of the Kneser graph on Z and
apply Sarkaria’s Coloring and Embedding Theorem to bound
the dimension in which K can be embedded: a t-coloring of
KG(Z) ensures that K is not embeddable into |V (K)|− t− 2 =
f − t− 2, and thus, that the dimension e is at least d− t+ 1.

In the next subsections, we apply this method to our problem (pre-
serving the k-skeleton of a polytope combinatorially equivalent to a
product 4n = 4n1 × . . .×4nr of simplices under projection).
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3.2. Preserving the k-skeleton of a product of simplices. In this
subsection, we understand the abstract simplicial complex K corre-
sponding to our problem, and we describe its system of minimal non-
faces.

The facets of 4n are exactly the products:

ψi,j = 4n1 × . . .×4ni−1
× (4ni

r {j})×4ni+1
× . . .×4nr ,

for i ∈ [r] and j ∈ [ni + 1] (by 4ni
r {j}, we mean the facet of 4ni

opposite to the jth vertex of 4ni
). We identify the facet ψi,j with the

element j ∈ [ni+1] of the disjoint union [n1+1]] [n2+1]] . . .] [nr+1].
Let F = F1 × . . .× Fr be a k-face of 4n. Then F is contained in a

facet ψi,j of 4n if and only if j /∈ Fi. Thus, the set of facets of 4n that
do not contain F is exactly F1 ] . . . ] Fr. Consequently, if we want to
preserve the k-skeleton of 4n, then the abstract simplicial complex we
are interested in is the down closure K of

{F1 ] . . . ] Fr | ∀i ∈ [r], ∅ 6= Fi ⊂ [ni + 1] and
∑

i∈[r]
(|Fi| − 1) = k}.

The following lemma gives a description of its minimal non-faces:

Lemma 3.2. The system of minimal non-faces of K is

Z = {G1 ] . . . ]Gr | ∀i ∈ [r], |Gi| 6= 1 and
∑

i |Gi 6=∅
(|Gi| − 1) = k + 1}.

Proof. A subset G = G1 ] . . .]Gr of [n1 + 1]] [n2 + 1]] . . .] [nr + 1]
is a face of K when it is extendable into a subset F1 ] . . . ] Fr with∑

(|Fi| − 1) = k and ∅ 6= Fi ⊂ [ni + 1] (for all i ∈ [r]), that is, when

k ≥ |{i ∈ [r] |Gi = ∅}|+
∑

i∈[r]
(|Gi| − 1) =

∑

i |Gi 6=∅
(|Gi| − 1).

Thus, G is a non-face if and only if
∑

i |Gi 6=∅(|Gi| − 1) ≥ k + 1.

If
∑

i |Gi 6=∅(|Gi| − 1) > k + 1, then removing any element provides

a smaller non-face. If there is an i such that |Gi| = 1, then removing
the element of Gi provides a smaller non-face. Thus, if G is a minimal
non-face, then

∑
i |Gi 6=∅(|Gi| − 1) = k + 1, and |Gi| 6= 1 for all i ∈ [r].

Reciprocally, if G is a non-minimal non-face, then it is possible to
remove one element keeping a non-face. Let i ∈ [r] be such that we can
remove one element from Gi, keeping a non-face. Then, either |Gi| = 1,
or
∑

j |Gj 6=∅(|Gj| − 1) ≥ 1 + (|Gi| − 2) +
∑

j 6=i |Gj 6=∅(|Gj| − 1) ≥ k + 2

(since we keep a non-face). �
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3.3. Colorings of KG(Z). The next step consists in providing a suit-
able coloring for the Kneser graph on Z. Let S = {i ∈ [r] |ni = 1}
denote the set of indices corresponding to the segments, and R = {i ∈
[r] |ni ≥ 2} the set indices corresponding to the non-segments in the
product 4n. We provide a coloring for two different situations, which
proves the following theorem:

Theorem 3.3. (1) If k ≤∑i∈R
⌊
ni−2
2

⌋
, then δpr(k, n) ≥ 2k + |R|+ 1.

(2) If k ≥
⌊P

i ni

2

⌋
, then δpr(k, n) ≥

∑
ni.

Proof of (1). Let k1, . . . , kr ∈ N be such that

∑

i∈[r]
ki = k and

{
0 ≤ ki ≤ ni−2

2
for i ∈ R;

ki = 0 for i /∈ R.

Observe that

(1) such a tuple exists since k ≤∑i∈R
⌊
ni−2
2

⌋
.

(2) for any minimal non face G = G1 ] . . . ] Gr of Z, there exists
i ∈ [r] such that |Gi| ≥ ki + 2. Indeed, if |Gi| ≤ ki + 1 for all
i ∈ [r], then

k + 1 =
∑

i |Gi 6=∅
(|Gi| − 1) ≤

∑

i |Gi 6=∅
ki ≤

∑

i∈[r]
ki = k,

which is impossible.

For all i ∈ [r], we fix a proper coloring γi :
(
[ni+1]
[ki+2]

)
→ [χi] of KG

ki+2
ni+1,

where χi = 1 if i ∈ S and χi = ni−2ki−1 if i ∈ R (see Appendix 0.5).
Then, we define a coloring γ : Z → [χ1]] . . .] [χr] of the Kneser graph
on Z as follows. Let G = G1 ] . . . ] Gr be a given minimal non-face
of Z. We choose arbitrarily an i ∈ [r] such that |Gi| ≥ ki + 2, and
again arbitrarily a subset g of Gi with ki + 2 elements. We color G
with the color of g in KGki+2

ni+1, that is, we define γ(G) = γi(g).
It is easy to see that γ is a proper coloring of the Kneser graph KG(Z).

Indeed, let G = G1 ] . . . ]Gr and H = H1 ] . . . ]Hr be two minimal
non-faces of Z related by an edge in KG(Z), i.e., they do not intersect.
They may get the same color only if we choose the same i ∈ [r] with
|Gi| ≥ ki + 2 and |Hi| ≥ ki + 2, and color G with γi(g) for a certain
g ⊂ Gi of size ki + 1, and H with γi(h) for a certain h ⊂ Hi of size
ki + 1. However, since Gi ∩ Hi = ∅, we know that g ∩ h = ∅. Thus,
g and h are related by an edge in KGki+2

ni+1 and consequently, they are
colored with different colors by γi. Thus, G and H get different colors.
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This provides a proper coloring of KG(Z) with
∑
χi colors. Conse-

quently, we know that the dimension e of the projection is at least
∑

i∈[r]
ni −

∑

i∈[r]
χi + 1 = 2k + |R|+ 1.

This proves Part (1) of Theorem 3.3. �

Proof of (2). Let G = G1 ] . . . ] Gr and H = H1 ] . . . ] Hr be two
minimal non-faces of Z. Let A = {i ∈ [r] |Gi 6= ∅ or Hi 6= ∅}. Then
∑

i∈A
(|Gi|+ |Hi|) ≥

∑

Gi 6=∅
(|Gi| − 1) +

∑

Hi 6=∅
(|Hi| − 1) + |A|

= 2k + 2 + |A| >
∑

i∈[r]
ni + |A| ≥

∑

i∈A
(ni + 1).

Thus, there exists i ∈ A such that |Gi| + |Hi| > ni + 1, which implies
that Gi ∩Hi 6= ∅, and proves that G ∩H 6= ∅.

Consequently, the Kneser graph KG(Z) is independent (and we can
color it with only one color). We obtain that the dimension e of the
projection is at least

∑
ni. In other words, in this extremal case, there

is no better (k, n)-PSN polytope than the product 4n itself. �

Remark 3.4. Theorem 3.3 (2) can be strengthened sometimes a little:
If k = 1

2

∑
ni − 1, and k + 1 is not representable as a sum of a subset

of {n1, . . . , nr}, then δpr(k, n) =
∑
ni. This follows by the observation

that in this case KG(Z) is independent.

Note that there is a set of k for which Theorem 3.3 does not say any-
thing explicitly. One could simply apply the trivial formula δpr(k

′, n) ≤
δpr(k, n) for k

′ ≤ k, but the better approach is to find a better coloring.
One can extend the colorings of both proofs, but it is even better to
merge both above coloring ideas as follows:

We partition [r] = A]B and choose ki ≥ 0 (i ∈ A) and kB ≥ 0 such
that

(4)

(∑

i∈A
ki

)
+ kB ≤ k.

We will see later what is the best choice. Observe that for all minimal
non-faces G = G1 ] . . . ]Gr,

• either there is an i ∈ A such that |Gi| ≥ ki + 2,
• or

∑
i∈B|Gi 6=∅(|Gi| − 1) ≥ kB + 1.
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Indeed, otherwise

k + 1 =
∑

i|Gi 6=∅
(|Gi| − 1) ≤

(∑

i∈A
ki

)
+ kB ≤ k.

Therefore we can color KG(Z) as follows. Let nB =
∑

i∈B ni. Color

the Kneser graphs KGki+2
ni+1 (i ∈ A) and KGkB+1

nB
with pairwise disjoint

color sets with

χi =

{
ni − 2ki − 1 if 2ki ≤ ni − 2,

1 if 2ki ≥ ni − 2

and

χB =

{
nB − 2kB if 2kB ≤ nB − 1,

1 if 2kB ≥ nB − 1

colors respectively. Then for a minimal non-face G = G1 ] . . .]Gr we
either find an i ∈ A such that |Gi| ≥ ki + 2, so we take an arbitrary
subset of Gi with ki + 2 elements and take its color in KGki+2

ni+1, or we
have

∑
i∈B|Gi 6=∅(|Gi|−1) ≥ kB+1 such that we take an arbitrary subset

of
⊎

i∈B(Gi r {ni + 1}) ⊂ ⊎i∈B[ni] with kB + 1 elements and take its

color in KGkB+1
nB

. It is easy to see that this provides a valid coloring of
the Kneser graph KG(Z). Hence,

χsum = χsum(A,B, ki, kB) =
∑

i∈A
χi + χB ≥ χ(KG(Z)).

Therefore we get our desired bound

dk = dk(A,B, ki, kB) =
∑

i

ni + 1− χsum ≥ δpr(k, n).

All we have to do now is to find the best parameters A, B, ki (i ∈ A)
and kB. We will proceed algorithmically, by keeping first A and B fixed
and see how to choose the ki’s and kB to make dk large.

By the formulas for χi and χB, it makes sense to assume 2ki ≤ ni−1
for all i ∈ Ai and 2kB ≤∑i∈B ni.

Now, if all ki = 0 = kB, then

χsum(A,B, 0, 0) =
∑

i∈A
(ni − 1) + |S ∩ A|+ nB

=
∑

i∈A
ni − |A|+ |S ∩ A|+

∑

i∈B
ni

=
∑

i∈[r]
ni − r + |B ∪ S|,
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and
dk(A,B, 0, 0) = 1 + r − |B ∪ S|

(where S = {i ∈ [r] |ni = 1} denotes the set of segments).
For i ∈ A, increasing ki by one decreases χi by (i.e. increases dk by):




2, if 2ki ≤ ni − 4,

1, if 2ki = ni − 3,

0, if 2ki ≥ ni − 2.

Similarly, increasing kB by one decreases χB by (i.e. increases dk by):



2, if 2kB ≤ nB − 3,

1, if 2kB = nB − 2,

0, if 2kB ≥ nB − 1.

We will only consider the case S ⊂ B, since at the beginning when
ki = 0 = kB, it does not matter for χsum whether the segments lie in
A or B, but incrementing their k... is only useful if they lie in B.
By (4) we are allowed to do at most k of these increases. So al-

gorithmically we should first increase the k...’s that decrease χsum by
two, and then these that decrease χsum by one. Hence we get a case
distinction on k, which is also depending on A and B. Let

K1(A,B) =
∑

i∈A

⌊
ni − 2

2

⌋
+max

(⌊
nB − 1

2

⌋
, 0

)
,

K2(A,B) = |{i ∈ A |ni is odd}|+ δ[nB is even and non-zero].

Proposition 3.5. Let A ] B = [r], B ⊃ S = {i ∈ [r] |ni = 1},
K1 = K1(A,B), K2 = K2(A,B).

(1) If 0 ≤ k ≤ K1 then

δpr(k, n) ≥ r + 1− |B|+ 2k.

(2) If K1 ≤ k ≤ K1 +K2 then

δpr(k, n) ≥ r + 1− |B|+K1 + k.

(3) If K1 +K2 ≤ k then

δpr(k, n) ≥ r + 1− |B|+ 2K1 +K2.

Taking B = S, that is A = R = {i ∈ [r] |ni ≥ 2}, yields:
Corollary 3.6. If

0 ≤ k ≤
∑

i∈R

⌊
ni − 2

2

⌋
+max

(⌊ |S| − 1

2

⌋
, 0

)
,

then δpr(k, n) ≥ 2k + |R|+ 1.
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Taking instead B = [r] yields:

Corollary 3.7. If k ≥
⌊P

ni

2

⌋
then δpr(k, n) ≥

∑
i ni.

Proposition 3.5 can be made more explicit by finding A and B that
give the best results, which we will do next using the following al-
gorithm, where n is fixed and we iterate on k. The lower bound on
δpr(k, n) will be denoted by dk.

We define dk iteratively:

(1) For k = 0, take A = R and B = S, so we are in case 1 of the
proposition. Define d0 to be the lower bound that the proposi-
tion tells us.

(2) While we stay in case 1 of the proposition for k′ = k + 1 with
same A and B, we do the following:

• Increase k by one, keep the same A and B, and calculate
dk according to case 1 of the proposition.

(3) Then do the following as long as A contains i for which ni is odd:
• Increase k by one, move an i from A to B for which ni is
odd. Then we are again in case 1 and we calculate dk.

• If now nB has become odd and if |B| has become > 1, then
increase k by one and we still are in case 1, so we let A and
B as they are and calculate dk.

(4) Then do the following as long as A is non-empty:
• Increase k once more, move an i from A to B (for which
ni is even). Calculate dk.

(5) Then increase k once more. Since A = ∅, B = [r], k = K1 + 1
and K2 ∈ {0, 1}, we arrived in case 3 of the proposition. We
calculate its dk, which is just

∑
ni.

If we draw the graph of dk, then by increasing k, dk increases by two
except at the points where we move an element i from A to B. So the
algorithm makes clear how the graph looks like:

• In step 2, dk is always increasing by two.
• In step 3 part 1, dk is always increasing by one.
• In step 3 part 2, dk is always increasing by two (but we do this
part of course only if the if-clause is fulfilled).

• In step 4, dk is always increasing by one, except for the case
when B is empty at the beginning of step 4 (which means that
all ni are even): Then dk is staying the same during the first
increment (we arrived in case 2 and case 3 of the proposition:
k = K1 + K2), and during all further increments on k it is
increasing by one.

• In step 5 we arrived at what Corollary 3.7 says.
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For the rest of this section, we fix A = R, B = S, K1 = K1(R,S)
and K2 = K2(R,S). Let d0 = r + 1 − |S| and define n =

∑
i ni. We

summerize our lower bound dk explicitly with a case distinction (see
Fig. 2):

k

dk

K1 K1 + K2k

dk

K1K1 + K2

k

dk

K1 K1 + K2 k

dk

K1K1 + K2

0
d0

n

0

d0

n

0

d0

n

0
d0

n

A B

C D

Figure 2. Four different situations for the lower bound.

Case A |S| is even and non-zero: dk is increasing by two for 0 ≤ k ≤ K1,
then for each odd ni ≥ 3 we get first an increment by one and
then another increment by two. Then all increments are one
until we reach the trivial bound dk = n =

∑
i ni.

Case B |S| is odd: As in case A, except that the first block correspond-
ing to an odd ni ≥ 3 consists only of one increment by one.
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Case C |S| = 0 and there is an odd ni: As in case B, except that the
first two blocks corresponding to odd ni’s consists only of one
increment. The case that we have only one odd ni is included.

Case D All ni are even: dk is increasing by two for 0 ≤ k ≤ K1, the
next increment is zero, and all further increments are one until
we reach dk = n.

Theorem 3.8. The above defined dk is a lower bound on δpr(k, n).

Remark 3.9. There are cases in which Remark 3.4 gives a better
bound, e.g., for n = (4, 2) and k = 2.
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0. Appendix: background material

In this Appendix, we present some well known facts about polytopes,
Gale duality and embeddability of simplicial complexes. We refer to
[Zie95], [Mat02] and [Mat03] for much more detailed discussions on
these subjects.

0.1. Products of polytopes. A polytope is the convex hull of a finite
point set of Rn, or equivalently a bounded intersection of finitely many
half-spaces in Rn: we write P = conv(X) = {x ∈ Rn |Ax ≤ b}, where
X ⊂ Rn is finite, A ∈ Rn×f and b ∈ Rf .

A face of a polytope P is any subset of P of the form F = P ∩H,
where H is an hyperplane such that P is contained in one of the closed
half-spaces defined by H. The hyperplane H is supporting the face F .
If H = {x ∈ Rn |h · x = c} and h · x < c for all x ∈ P , then we say
that h is a normal vector of the face F . The dimension of a face is the
dimension of its affine span. The f -vector of an n-dimensional polytope
P is the vector f(P ) = (f0(P ), . . . , fn(P )), where fk(P ) denotes the
number of k-dimensional faces of P .

Example 0.1. An n-dimensional simplex is the convex hull of n + 1
affinely independent points (for example, 4n = conv{uk | k ∈ [n+ 1]},
where (u1, . . . , un+1) denotes the canonical orthogonal basis of Rn+1).
A face of the simplex is the convex hull of any subset of its vertices,
and in particular, the f -vector is given by fk(4n) =

(
n+1
k+1

)
.

Let k ∈ N. The k-skeleton of a polytope is the polygonal complex
formed by all its faces of dimension ≤ k. The 1-skeleton of a polytope is
its graph. The graph of a polytope P – or more generally, the k-skeleton
of P (for small k) – is not sufficient to determine P . For example, there
exists polytopes whose graph is the complete graph, but which are not
simplices: such polytopes are called neighborly (see Appendix 0.2).

The product of two polytopes P ⊂ Rn and Q ⊂ Rm is the polytope
P × Q = {(p, q) ∈ Rn+m | p ∈ P, q ∈ Q}. The dimension of P × Q is
the sum of the dimensions of P and Q. The non-empty faces of P ×Q
are precisely products of non-empty faces of P by non-empty faces of
Q (and normal vectors are obtained as products of the corresponding
normal vectors). In particular, the graph of P × Q is the product of
the graphs of P and Q: its vertex set is V (P × Q) = V (P ) × V (Q)
while its edge set is E(P × Q) = {{(p, q), (p′, q) | (p, p′) ∈ E(P )}} ∪
{{(p, q), (p, q′)} | (q, q′) ∈ E(Q)}). The f -vector of P × Q is given by
fk(P ×Q) =

∑
i+j=k fi(P )fj(Q).
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Figure 3. The graph of the product 4(3,6) = 43 ×46.

Example 0.2. Let n = (n1 . . . , nr) be a tuple of positive integers. The
polytope 4n = 4n1 × . . . ×4nr has dimension

∑
ni and its f -vector

is given by

fk(4n) =
∑

0≤ki≤ni
k1+...+kr=k

∏

i∈[r]

(
ni + 1

ki + 1

)
.

In particular, f0(4n) =
∏
ni and f1(4n) =

∑
i∈[r]

(
ni+1
2

)∏
j 6=i nj. The

graph of 4(3,6) is represented in Fig. 3.

0.2. Cyclic polytopes. Let t 7→ µd(t) = (t, t2, . . . , td)T denote the
moment curve in Rd, t1 < t2 < . . . < tn be n distinct real numbers and
Cd(n) = conv{µd(ti) | i ∈ [n]} denote the cyclic polytope (the convex
hull of any n distinct points on the moment curve always leads to the
same combinatorial polytope; and in fact, any d-dimensional algebraic
curve of degree d will also give rise to the same combinatorial polytope).
We naturally identify a face conv{µ(ti) | i ∈ F} with the subset F of [n].

Gale’s evenness criterion (see Proposition 0.3) characterizes combi-
natorially which subsets of [n] are facets of Cd(n). For this, we call
blocs of a subset F of [n] the maximal subsets of consecutive elements
of F . The initial (resp. final) bloc is the bloc containing 1 (resp.
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n) – when it exists. Other blocs are called inner blocs. For exam-
ple, {1, 2, 3, 6, 7, 9, 10, 11} ⊂ [11] has 3 blocs: {1, 2, 3} (initial), {6, 7}
(inner) and {9, 10, 11} (final).

Proposition 0.3 (Gale evenness criterion). A subset F of [n] is a facet
of Cd(n) if and only if |F | = d and all inner blocs of F have even size.
Furthermore, such a facet F is supported by the hyperplane

HF = {z | (γi(F ))i∈[d] · z = −γ0(F )},
where γ0(F ), . . . , γd(F ) are defined as the coefficients:

ΠF (t) =
∏

i∈F
(t− ti) =

d∑

i=0

γi(F )t
i.

Finally, according to the parity of the size ` of the final bloc of F :

(1) if ` is odd, then the whole cyclic polytope lies below HF (accord-
ing to the last coordinate); we say that F is an upper facet; its
normal vector is (γi(F ))i∈[d];

(2) if ` is even, then the whole cyclic polytope lies above HF ; we
say that F is a lower facet; its normal vector is (−γi(F ))i∈[d].

Proof. Observe first that

(i) Vandermonde determinant

det

(
1 1 . . . 1

µ(x0) µ(x1) . . . µ(xd)

)
=

∏

0≤i<j≤d

(xj − xi)

ensures that any d+1 points on the d-dimensional moment curve
are affinely independent, and thus, that the cyclic polytope is
simplicial.

(ii) For any t ∈ R,

(γi(F ))i∈[d] · µd(t) + γ0(F ) =
d∑

i=0

γi(F )t
i = ΠF (t).

(iii) the coefficient γd(F ) is always 1, and thus, the vector (γi(F ))i∈[d]
points upwards (according to the last coordinate).

Let F be a subset of [n] of size d. Then,

(i) for all j ∈ F , ΠF (tj) = 0; thus, HF is the affine hyperplane
spanned by F ;

(ii) for all j /∈ F , the sign of ΠF (tj) is (−1)|F∩{j+1,...,n}|.

In particular, if F has an odd inner bloc {a, a+1, . . . , b}, then ΠF (ta−1)
and ΠF (tb+1) have different signs, and F is not a facet. Reciprocally,
if all inner blocs have even size, then the sign of all ΠF (tj) is (−1)`,
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t1

t2

t3 t4

t5

t6

t1

t2

t3 t4

t5

t6

Figure 4. The cyclic polytopes C2(6) (with a unique upper
facet {1, 6}) and C3(6) (with its upper facets {i, i + 1, 6},
i ∈ [4]).

where ` is the size of the final bloc. Thus, F is an upper facet when `
is odd, and a lower facet when ` is even. �

Observe that cyclic polytopes in odd dimension have as many upper
facets as lower facets, while they have very few in even dimension.

From this criterion, it is easy to understand the complete combina-
torics of the faces of Cd(n). In particular:

Corollary 0.4. The cyclic polytope Cd(n) is
⌊
d
2

⌋
-neighborly: any subset

F ⊂ [n] with |S| ≤
⌊
d
2

⌋
forms a face of Cd(n).

0.3. Gale duality. We start with two definitions in the linear world.
Let p ≥ q denote two integers. Let A = {~a1, . . . ,~ap} be a vector

configuration in Rq. Then

(1) a linear dependence of A is a λ ∈ Rp such that
∑
λi~ai = 0;

(2) a linear evaluation on A is a µ ∈ Rp such that there exists a
linear function f : Rq → R whose values on {~a1, . . . ,~ap} give
precisely µ, i.e., such that µi = f(~ai), for all i ∈ [p].

In other words, if U denotes the matrix whose column vectors are the
~ai’s, a linear dependence is a vertex of the kernel of U . Similarly, if V
denotes the matrix whose row vectors are the ~ai’s, a linear evaluation
is a vector in the image of V .

Remark 0.5. Let A = {~a1, . . . ,~ap} be a (full rank) vector configura-
tion of Rq, U denote the matrix whose column vectors are the ~ai’s, and
~u1, . . . , ~uq denote the row vectors of U . Let (~v1, . . . , ~vp−q) be a basis
of the kernel of U , V denote the matrix whose column vectors are the

133



30 B. MATSCHKE, B. G. MERINO, J. PFEIFLE, AND V. PILAUD

~vi’s, and B = {~b1, . . . ,~bp} be the row vectors of V . The following ob-
servation will be the key observation for Gale duality to be presented
next:

(1) the linear dependencies on A are precisely the linear evaluations
on B; and

(2) the linear evaluations on A are precisely the linear dependencies
on B.

For our purpose, we will also need the following definition: the vector
configuration A ⊂ Rq is said to be positively spanning if one of the
following equivalent properties holds:

(i) any point of Rq is a positive combination of A;
(ii) A spans Rq and has a positive linear dependence;
(iii) 0 is an interior point of the convex hull of A.

Observe in particular that if A has a positively spanning subset, then
A itself is positively spanning.

We are now moving to the affine world. We define here similarly the
notions corresponding to linear dependencies and evaluations.
Let X = {x1, . . . , xp} be a point configuration in Rq. Then

(1) an affine dependence on X is a vector λ ∈ Rq such that both∑
λiai = 0 and

∑
λi = 0;

(2) an affine evaluation on X is a vector µ ∈ Rp such that there ex-
ists an affine function f : Rq → R whose values on {x1, . . . , xp}
give precisely µ, i.e., such that µi = f(xi), for all i ∈ [p].

Observe that affine evaluations give many information on the point
configuration. For example, if X is the vertex set of a polytope P , then
the faces of P are (convex hulls) of subsets of X for which there exists
a non-negative affine evaluation that vanishes exactly on X. The same
observation can be made for affine dependencies.
Let us also observe that affine and linear dependencies and eval-

uation are related by homogenization. For all x ∈ Rq, we denote
~x = (x, 1) the corresponding homogenized vector in Rq+1. This em-
bedding Rq → Rq+1 transforms affine notions in Rq into linear notions
in Rq+1: the affine dependences on X = {x1, . . . , xp} are precisely the

linear dependences on ~X = {~x1, . . . , ~xp} and the affine evaluations on

X are precisely the linear evaluations on ~X.

We are now ready to present Gale duality. We will see it as a trans-
formation from an affine configuration of p points in Rq into a linear
configuration of p vectors in Rp−q−1, that dualizes the notions of de-
pendencies and evaluations.
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We start from a point configuration X = {x1, . . . , xp} ⊂ Rq. We
denote U the p× (q + 1)-matrix whose column vectors are the homog-
enized vectors ~xi’s. We choose a basis (~v1, . . . , ~vp−q−1) of the kernel of
U , and denote V the matrix whose column vectors are the ~vi’s, and
G = {~g1, . . . , ~gp} ⊂ Rp−q−1 the row vectors of V . The sequence G is
called the Gale transform of X.

Remark 0.6. (1) G is defined up to linear isomorphism.
(2) The affine dependencies on X are precisely the linear evalua-

tions on G; the affine evaluations on X are precisely the linear
dependencies on G (see Remark 0.5).

(3) If X is the vertex set of a polytope P , then the faces of P
corresponds to the zero sets of non-negative affine evaluations
on X, and thus to zero sets of non-negative linear dependencies
of G.

(4) A vector configuration G ⊂ Rp−q−1 is a Gale transform of a
vector configuration X of Rq if and only if it spans Rp−q−1 and
has 0 as center of gravity:

∑
~gi = 0. Furthermore, this vector

configuration X is the vertex set of a polytope if and only if
Gr~gi spans Rp−q−1 and has a positive linear dependence (i.e., is
positively spanning), for all i ∈ [p].

0.4. Projections of polytopes and strictly preserved faces. Let
d > e be two integers. We denote (u1, . . . , ud) the canonical orthogonal
basis of Rd. Let π : Rd → Re denote the orthogonal projection with
image U = 〈u1, . . . , ue〉, and kernel V = 〈ue+1, . . . , ud〉. Let τ : Rd →
Rd−e denote the dual projection (with image V and kernel U). Finally,
let P be a full-dimensional simple polytope in Rd, with 0 in its interior.
We want to characterize what faces of P are preserved under the

projection π (see Fig. 5):

Definition 0.7. A proper face F of a polytope P is strictly preserved
under the projection π if

(i) π(F ) is a face of π(P ),
(ii) F and π(F ) are combinatorially isomorphic, and
(iii) π−1(π(F )) equals F .

The characterization of strictly preserved faces of P uses the normal
vectors of the facets of P . Let F1, . . . , Ff denote the facets of P and

for all i ∈ [f ], let ~fi denote the normal vector of Fi, and ~gi = τ(~fi).
For any face F of P , let I(F ) denote the set of indices of the facets of
P containing F , i.e., such that F =

⋂
i∈I(F ) Fi.
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Figure 5. (a) Projection of a tetrahedron into R2: the
edge pq is strictly preserved, while neither the edge qr, nor
the face qrs, nor the edge qs are (because of conditions (i),
(ii) and (iii) respectively). (b) Projection of a tetrahedron
into R: only the vertex p is strictly preserved.

Lemma 0.8 (Projection Lemma [AZ99, Zie04]). A face F of the poly-
tope P is strictly preserved under the projection π if and only if {~gi | i ∈
I(F )} is positively spanning.

Proof. Let F be a face of P , and let aff(F ) = x + L, where x is any
point of aff(F ), and L is the directing linear subspace of aff(F ). Then

(1) F and π(F ) are combinatorially equivalent ⇔ π|L is injective
⇔ τ|L⊥ is surjective ⇔ {~gi | i ∈ I(F )} is spanning.

(2) the projection π(F ) is a face of π(P ) and π−1(π(F )) = F
⇔ ∃z ∈ im(π) such that z · x = z · π(x) = 1 if x ∈ F and
z · x < 1 if x ∈ P r F ⇔ there exists in im(π) = ker(τ) a

positive linear combination of {~fi | i ∈ I(F )} ⇔ 0 is a positive
linear combination of {~gi | i ∈ I(F )}.

�

0.5. Kneser graphs. Remind that a k-coloring of a graph G = (V,E)
is a map c : V → [k] such that c(u) 6= c(v) for (u, v) ∈ E. As usual, we
denote χ(G) the chromatic number of G (i.e., the minimal k such that
G admits a k-coloring). We are interested in the chromatic number of
so-called Kneser graphs.

Let Z be a subset of the power set 2[n] of [n]. The Kneser graph
on Z, denoted KG(Z), is the graph with vertex set Z and where two
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1,2

3,5
4,5 3,4

2,3 1,5

2,51,3
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Figure 6. The Kneser graph KG2
5 is the Petersen graph.

vertices X, Y ∈ Z are related if and only if X ∩ Y = ∅:
KG(Z) =

(
Z, {(X, Y ) ∈ Z2 |X ∩ Y = ∅}

)
.

Let KGk
n = KG

((
[n]
k

))
denote the Kneser graph on the set of k-tuples

of [n]. For example, the graph KG1
n is the complete graph Kn (of

chromatic number n) and the graph KG2
5 is the Petersen graph (of

chromatic number 3) – see Fig. 6.

Remark 0.9. (1) If n ≤ 2k− 1, then any two k-tuples of [n] inter-
sect and the Kneser graph KGk

n is independent (i.e., it has no
edge). Thus its chromatic number is χ(KGk

n) = 1.
(2) If n ≥ 2k + 1, then χ(KGk

n) ≤ n − 2k + 2. Indeed, the map

c :
(
[n]
k

)
→ [n−2k+2] defined by c(F ) = min(F ∪{n−2k+2})

is a (n− 2k + 2)-coloring of KGk
n.

In fact, it turns out that this upper bound is the exact chromatic
number of the Kneser graph: χ(KGk

n) = n−2k+2. This result has been
conjectured by Kneser in 1955, and proved by Lovász in 1978 applying
the Borsuk-Ulam Theorem (see [Mat03] for more details). However,
we will only need the upper bound in our topological obstruction.

0.6. Embeddability of simplicial complexes. In this last Appen-
dix, we give a short summary of a standard technique to study the
embeddability of simplicial complexes. More precisely, this technique
provides a lower bound on the dimension in which a given simplicial
complex can been embedded. Refer to [Mat03] for more details.
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Z2-spaces and Z2-index. A Z2-space is a topological space X to-
gether with a free action σ of Z2 on X (i.e., a fixed-point free involution
on X). A Z2-map between two Z2-spaces (X, σ) and (Y, τ) is a con-
tinuous map f : X → Y that commutes with the Z2-actions (i.e., such
that f ◦ σ = τ ◦ f). We write X →Z2 Y if there is a Z2-map from X
to Y .

First and foremost examples of Z2-spaces are the spheres Sd = {x ∈
Rd+1 | ‖x‖ = 1} with the antipodal action − : x 7→ −x. Borsuk-Ulam
Theorem affirms that there is no Z2-map from Sd to Sd−1. In general,
given any Z2-space (X, σ), it is interesting to know what is the minimal
sphere in which it can be Z2-mapped. The dimension of this sphere is
called the Z2-index of X, and denoted IndZ2(X):

IndZ2(X) = min{d ∈ N |X →Z2 Sd}.
Deleted joins. Let K be a simplicial complex. The deleted join of K
is the complex

K∗2
∆ = {F ]G |F,G ∈ K, F ∩G = ∅},

(where F]G denotes the disjoint union of F andG). The polyhedron of
this complex can be written as the set of “formal convex combinations”

‖K∗2
∆ ‖ = {tx⊕ (1− t)y | t ∈ [0, 1], x, y ∈ ‖K‖, supp(x) ∩ supp(y) = ∅}.

Together with the natural Z2-action σ : tx ⊕ (1 − t)y → (1 − t)y ⊕ tx
of exchange of coordinates, the deleted join forms a Z2-space.
The embeddability question of K can be understood via the Z2-index

of the deleted join. Indeed, if f is an embedding of K into Rd, then the
join-function f ∗2 : tx⊕ (1− t)y → tf(x)⊕ (1− t)f(y) Z2-maps ‖K∗2

∆ ‖
into L = (Rd)∗2 r {1

2
x⊕ 1

2
x |x ∈ R}. Since there exists a Z2-map from

L to Sd, this implies that if K is embeddable in Rd, then K∗2
∆ →Z2 Sd.

In other words, if IndZ2(K∗2
∆ ) > d, then K is not embeddable into Rd.

A lower bound via Kneser colorings. In order to gives bounds on
the possible dimension of an embedding of the simplicial complex K,
we thus “only” have to bound the Z2-index of K∗2

∆ . A combinatorial
method for this is provided by Sarkaria’s Coloring and Embedding
Theorem (there are other methods, but we only use this one here;
see [Mat03] for a detailed discussion).
We associate to the simplicial complexK the set system Z ofminimal

non-faces of K, that is, the inclusion-minimal sets of 2V (K) r K. For
example, the minimal non-faces of the k-skeleton of the n-dimensional
simplex is

(
[n+1]
k+2

)
. Sarkaria’s Theorem bounds the Z2-index of K∗2

∆ in
terms of the chromatic number of the Kneser graph of Z:
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Theorem 0.10. Let K be a simplicial complex, Z be the system of
minimal non-faces of K, and KG(Z) be the Kneser graph on Z. Then

IndZ2(K∗2
∆ ) ≥ |V (K)| − χ(KG(Z))− 1.

Therefore, if K can be realized in Rd then

d ≥ |V (K)| − χ(KG(Z))− 1.

In other words, we get good lower bounds on the possible embedding
dimension of K when we obtain good colorings of the Kneser graph on
the minimal non-faces of K. In the topological obstruction argument of
Section 3, we thus look for suitable colorings of the minimal non-faces
of the simplicial complex that we want not to be embeddable in a too
small dimensional space.
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Realization of the Delaunay Triangulation
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April 20, 2009

Abstract

1 Preliminaries and previous work

Let T = (V,E,C, φ) be a maximal planar graph such that:

• V is the set of vertices,

• E is the set of edges,

• C is the set of cycles that bound the inner cells (counterclokwise), and

• φ is a mapping from V to R2 such that φ(vi) 6= φ(vj) whenever i 6= j.

The function φ can actually be thought as the drawing of T in R2. In
addition, φ will be called non-degenerate if and only if the following four
conditions hold:

1. The boundary of the outermost cell forms a convex polygon.

2. The circumcircle of each inner cell does not contain any vertex in the
interior.

3. No three vertices of the outermost cell are collinear.

4. No four vertices lie on a common circle that circumscribes an inner
cell.

If only the first two conditions hold, then φ is called degenerate.

∗Universität des Saarlandes, Saarbrücken, Germany. alvarez@cs.uni-sb.de. Supported
by CRM Barcelona.

†ITI Prague, Czech Republic. krcal@kam.mff.cuni.cz. Supported by CRM
Barcelona.
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Figure 1:

1.1 The problem

Given a maximal plane graph G = (V,E,C), we would like to find a drawing
function φ (if possible) such that G is a Delaunay triangulation on the
embedded set of points V ⊂ R2.

The problem of finding φ or even deciding if φ exists was believed to
be time consuming roughly twenty years ago. However, near five years
after that, an answer for the decision question was given based on Linear
Programming. Hence, the decision question can be answered in polynomial
time. In this project we are searching for an algorithm for finding the actual
φ that works in polynomial time.

1.2 Recognizing the Delaunay triangulation in polynomial
time

Given G = (V,E,C), see Figure 1 for example, we observe the following:

• We can assign a variable xi per internal angle, and therefore we will
have 3|C| variables.

• Each xi > 0.

• For each face Cj , the sum of the three corresponding angle variables
must add up to 180.

• For each inner vertex, the sum of the surrounding angle variables must
add up to 360.

• For each outer vertex, the sum of the surrounding angle variables must
be less than 180.

• For each inner edge, the sum of the two opposite angle variables must
be at most 180 (empty circle property).
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The previous set of conditions can be written as a set of inequalities, for
the previous figure we would have the following:

x1 + x2 + x3 = 180

x4 + x5 + x6 = 180

x7 + x8 + x9 = 180

x1 + x4 + x7 = 360

x3 + x5 < 180

x6 + x8 < 180

x9 + x2 < 180

x2 + x6 < 180

x5 + x9 < 180

x3 + x8 < 180

x1 > 0
...

x9 > 0

And from there we can actually derive the following linear program:

x1 + x2 + x3 = 180

x4 + x5 + x6 = 180

x7 + x8 + x9 = 180

x1 + x4 + x7 = 360

u + y1 + x3 + x5 = 180

u + y2 + x6 + x8 = 180

u + y3 + x9 + x2 = 180

u + y4 + x2 + x6 = 180

u + y5 + x5 + x9 = 180

u + y6 + x3 + x8 = 180

−u − y7 + x1 = 0
...

−u − y15 + x9 = 0

subject to the maximization of u (as the Delaunay triangulation of a set
of points maximizes the minimum angle), which in case of Figure 1 would
give the drawing on the left in the following Figure:
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It is clear that any Delaunay triangulation will satisfy the variable con-
straints. However, the converse is not necessarily true, we could have the
following assignment and therefore the drawing on the right in Figure 1:

• x1 = x4 = x7 = 120,

• x2 = x3 = x5 = x6 = 30,

• x8 = 33,

• x9 = 27.

However, not everything is lost, in [4] the following Theorem was shown:

Theorem 1 Given a maximal plane graph G = (V,E,C) and the corre-
sponding linear program, then G can be drawn as the Delaunay triangula-
tion of set of points if and only if the linear program is feasible.

The proof of the previous Theorem is rather technical and messy and we
will not show it here as it is not the purpose of this note. It is our purpose
to show two rather different approaches that might lead to a solution, that
is, to find the desired function φ, that works in polynomial time.

2 Two different approaches

As we mentioned before, in the following we will show two independent
approaches that might give us at least some new insight on the problem
at hand. The first is a simple but smart incremental construction, and the
second is based on Semi-definite programming. Both, as we will see, have
their own pros and cons.
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2.1 An incremental construction

In this section we will see how the procedure that decides if a triangulation
T can be realized as the Delaunay triangulation of some set of points can be
used to produce a smart incremental construction that might work to find
the desired drawing function.

Let us start with a trivial observation:

Observation 1 If T = (V,E,C) turns out to be outerplanar, then the
solution to the linear program is a set of points in convex position, and that
solution is correct.

Let us make the non-trivial yet weak assumption that T has constant
degree, as in general the Delaunay triangulation is unlikely to have vertices of
large degree (except for the cases that one can concoct). Also, as we already
have the deciding procedure, for the sake of simplicity we will directly assume
that T can be realized as a Delaunay triangulation.

With the previous information we can start explaining how our simple
incremental construction works.

Let us pick a vertex v ∈ V of the outermost face of T and let us remove it.
Now, if we wanted to realized T ′ = T \{v}, most probably we would have to
add some edges to T ′ as this triangulation itself might not be realizable as a
Delaunay triangulation, since the removal of v also removes its adjacencies.
However, as T is realizable, we know that we can find some edges that
triangulate the set of neighbours of v, nevertheless, we do not know what
set of adjacencies is the right one. Fortunately, here is where we are going
to explode the fact that v has constant degree. We will try by brute force all
possible sets of adjacencies between the neighbours of v, including the empty
set, and we will feed the decision algorithm with each one. As such algorithm
works in polynomial time, and the number of possible triangulations of the
neighbourhood of v is of constant size, the total running time of this test
is still polynomial. Moreover, as we know that T is realizable as Delaunay,
we know that the algorithm will give positive for at least one of the input
triangulations.

If we recurse with the previous procedure over and over again, eventually
we will hit a set of points that is outerplanar, and by Observation 1 we know
that what the deciding algorithm gives back is correct, so we can actually
draw it, realize it, and then put back the vertices that we removed, in the
opposite order that we remove them.

As we could see, the previous algorithm is quite simple and it runs in
polynomial time, since per vertex we require polynomial time to decide the
right triangulation for the next step. Unfortunately, as we have one positive
side, we also have one negative side. We might find problems at the time we
insert back the vertices we had previously removed. The problems we may
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encounter are that we could potencially lose or gain adjacencies that were
or were not part of the original triangulation.

The problems arise from the fact that not each feasible solution to the
linear program is correct, hence, from iteration to iteration the values of
angles might change to a point that, as we said, we lose or gain new adja-
cencies. However, it might be possible that we could circunvent such prob-
lems by adding new constraints to the linear program with each iteration or
even by changing the objective function. We are still studying some of this
methods and we believe that this algorithm is sound enough to lead to the
first polynomial time drawing algorithm. Nonetheless, at the same time, we
are exploring different paradigms, the most promising being the one using
Semi-definite programming, as the one we will describe next.

2.2 Semidefinite Programming

Let us first recall the general form of a semidefinite programming problem.
For more details we refer reader to [5].
Primal version of semidefinite program (Primal SDP):

maximize C · X over all symmetric real n × n matrices X
subject to X � 0

D1 · X = d1
...

Dk · X = dk

where C and Dis are given symmetric real n × n matrices and, for example,
C · X is a dot product (when matrices are considered as vectors), formally
C · X = tr(CX). It is a basic fact, that (without changing the expressive
power nor solvability) we can allow linear inequalities in the definition of
the Primal SDP.

The idea of the second approach is based on the following two steps:

• Considering Primal SDP as an optimization problem over set of vectors
in Rn that will represent the vertices of the triangulation and centers
of circles circumscribing the faces of the triangulation.

• Expressing the Delaunay constraints as a linear (in)equalities in terms
of scalar products of those vectors

In more details, the well known characterization for a symmetric matrix
X ∈ Rn×n to be positive semidefinite is that there are vectors v1, v2, . . . , vn ∈
Rn such that X is their Gramm matrix, i.e. Xi,j = vi · vj.

From now on, let n denote the number of vertices (n = |V |) and m the
number of faces (m = |C|) in the triangulation. As we indicated, we will rep-
resent the set of vertices V and the set S of centers of circles circumscribing
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the inner (triangular) faces as vectors in Euclidean space, i.e. V, S ⊂ Rn+m.
Now, for each face (a, b, c) ∈ C there is one s ∈ S such that the following
holds:

||a − s|| = ||b − s|| = ||c − s||
For each d ∈ V holds ||d − s|| ≥ ||a − s||

After raising all the terms to the power of two, the previous can be
rewritten in the form of linear (in)equalities in terms of scalar products of
the vectors in V and S:

a · a − 2a · s + s · s = b · b − 2b · s + s · s = c · c − 2c · s + s · s

For each d ∈ V holds d · d − 2d · s + s · s ≥ a · a − 2a · s + s · s

Taking the previous constraints for each face (a, b, c) ∈ C we would al-
ready get a Primal SDP. For the sake of simplicity, we allow degenerate
realizations as well as nondegenerate. But still, we did not encode the con-
ditions stating that a 6= b for each a, b ∈ V and that the outer face is convex.
And at last but not least, we need to get the vertices lying in the plane, not in
a higher dimensional Euclidean space. Let us address this issues separately:

Convexity of the outer face

Here we are able to come up with a relaxed constraints that, in the case
that we will be able to get the solution in the plane, would force the outer
face to be convex.

Whenever we have a combinatorial triangulation, that can be realized
in the plane, we can add three vertices v0, v1 and v2 in such a way that
the realization lies in the interior of their convex hull. The new Delaunay
triangulation is fully described by the choice of three vertices a0, a1 and a2

of the outer face such that each vertex of the segment of consecutive vertices
of the outer face between ai and ai+1 is connected with vi.
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v2

v0 v1

a1

a2a0

For each such a choice (there is only cubically many of them) we can
ask for a realization of such an extended triangulation. Now each edge (a, b)
of the former outer face has two adjacent triangles. Let s be the center of
the circle circumscribing the triangle containing (a, b) and one of the vertices
v0, v1 or v2 and let t be the circle circumscribing the other triangle containing
(a, b).

v2

v0 v1

a

bt
s

The vector t − s is perpendicular to the vector a − b. Hence we are able
to enforce the convexity by adding the following constraint for each such
vertices a and b:

For each v ∈ V v · (t − s) ≥ a · (t − s)
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The only thing, that is left to be considered, is to enforce the centers
s and t to be nonequal. Since we can ask the vertices vi to be arbitrarily
far away from the original triangulation we can also ask the center t to
be arbitrarily far away from the original triangulation, so in particular the
constraint

||s − t||2 ≥ 1

can be added.

Making the vertices different

If we could prove a polynomial lower bound on the minimal edge length
such that any combinatorial triangulation has a realization with all edge
lengths greater (polynomial in terms of the average length of edges, say)
we could then add such a lower bound as a constraint for length of every
edge without changing the polynomial solvability of the Primal SDP. In the
current experiments we use some small fixed constant.

Making the solution planar

This seems to be a crucial part of the whole approach. The solution with
all vectors in a plane corresponds to a positive semidefinite matrix of rank
2. Even asking for a solution of a rank by one smaller than the size of the
matrix for a general Primal SDP is NP-hard ([5].) On the other hand there
are special classes of programs where the solution optimal according to some
appropriate objective function has a lower rank, see [3, 4]. In the spirit of
these results we try to come up with an objective function such that the
optimal solution would be of rank two.

We have made an experimental Python script that (by use of CSDP [2])
tries to solve the Delaunay-realization problem for a given combinatorial
triangulation. We plan to encode a bunch of promising objective functions
and run experiments for a set of triangulations. The promising objective
functions include:

∑

a∈V


 1

|D(a)|
∑

b∈D(a)

||a − b|| − 1

|N(a)|
∑

b∈N(a)

||a − b||




where the N(a) is the set of neighbors of a and D(a) is some appropriate set
of vertices (or their linear combinations) that are in some sense distant from
a. Additionally, we add a constraint

∑
facef r2

f = m where rf is a radius of
the circle circumscribing the face f . We can do this since arbitrary solution
can be arbitrarily scaled so for example we can ask for a solution with the
average area of all the circles fixed.

The particular choices for D(a) might be:

• The set of all vertices except a (V \ {a}).
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• The set of all vertices except a and its neighbors (V \ ({a} ∪ N(a))).

• The set of all vertices of the outer face, when a is an inner vertex (not
on the outer face) and the set of all vertices otherwise.

The experiments made so far include only one rather simple and naive
objective function (that we will not present here), yet most the solutions
obtained had limited rank up to 5. Visualizations of some of the successful
solutions are included:
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Recoloring Directed Graphs

Stefan Felsner∗ Clemens Huemer† Maria Saumell‡

Abstract

Let G be a directed graph and k a positive integer. We define the k-color graph of G (Dk(G)
for short) as the directed graph having all k-colorings of G as node set, and where two k-colorings
β and ϕ are joined by a directed edge β → ϕ if ϕ is obtained from β by choosing a vertex v and
recoloring v so that its color is different from the colors of all its out-neighbors. We investigate
reachability questions in Dk(G). In particular we want to know whether a fixed legal k′-coloring
ψ of G with k′ ≤ k is reachable in Dk(G) from every possible initial k-coloring β. Interesting
instances of this problem arise when G is planar and the orientation is an arbitrary α-orientation
for fixed α. Our main result is that reachability can be guaranteed if the orientation has maximal
out-degree ≤ k − 1 and an accessible pseudo-sink.

1 Introduction

Let G = (V,A) be a directed graph and k a positive integer. A k-coloring of G is an assignment of
colors from the set {1, 2, . . . , k} to the vertices of G, that is, a mapping γ : V → {1, 2, . . . , k}. A legal
k-coloring is a k-coloring with the property that the end-vertices of every edge receive different colors.

Given G and k, we define the k-color graph of G, denoted by Dk(G), as follows: its node set consists
of all k-colorings of G, and two k-colorings β and ϕ are joined by a directed edge β → ϕ if they differ
in color on precisely one vertex v of G and ϕ(v) 6= ϕ(w) for all out-neighbors w of v, in other words,
if ϕ is obtained from β by choosing a vertex v and recoloring v so that its color is different from the
colors of all its out-neighbors. A recoloring of a vertex in this way will be called a valid recoloring step.

If β and ϕ are two k-colorings of G, we may ask whether there is a path from β to ϕ in Dk(G). In
this case, we say that ϕ is reachable from β. We have studied reachability questions in Dk(G).

Traditionally the colorings that have received more attention in the literature are the legal ones,
and one may consider non-legal colorings to have bad properties. Therefore an interesting question
is to determine whether a non-legal coloring can be easily modified so as to become legal. Here the
reachability issue we answer is precisely whether any coloring can be transformed into a legal coloring
by a sequence of valid recoloring steps, that is, whether, given some coloring, it is always possible to
reach a legal one in Dk(G). We have settled this problem for a special class of directed graphs, namely,
the α-orientations.

An α-orientation of a graph G = (V,A) is an orientation of its edges such that the out-degree
of every vertex v ∈ V is given by a function α : V → N (see, for example, [9, 6, 10]). We deal
with α-orientations in which the out-degree of each vertex is bounded from above. More precisely, in
Sections 2 and 3 we look at two particular cases: 2-orientations of planar quadrangulations (of which
we describe the 3-color graph) and 3-orientations of planar triangulations (of which we consider the
4-color graph). In Section 4 we generalize our results.

∗Institut für Mathematik, Technische Universität Berlin, felsner@math.tu-berlin.de.
†Departament de Matemàtica Aplicada IV, Universitat Politècnica de Catalunya, Barcelona, Spain,
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Before we proceed, let us mention that there exists some related work in the context of undirected
graphs. If H is such a graph, the k-color graph of H has been defined as the graph with node set the
legal k-colorings of H, and where two nodes are adjacent whenever the corresponding colorings differ
in color on just one vertex v of H [5]. The connectivity of the k-color graph of undirected graphs has
been studied in [3, 4, 5].

2 The 3-color graph of a 2-orientation of a planar quadrangu-
lation

2.1 Definitions and results

A planar quadrangulation is a plane graph Q = (V ∪ {s, t}, E) such that Q is a maximal bipartite
graph with |V | = n, and s, t are two non-consecutive vertices on the outer face. A 2-orientation of Q
is an orientation of its edges such that every vertex different from s and t has out-degree two. Given
a 2-orientation of Q, it is easy to see that s and t are sinks, i.e., vertices with out-degree zero. It has
been proved that every quadrangulation admits a 2-orientation [9, 11].

Since a quadrangulation is a bipartite graph, its vertices can be divided into two groups, the white
ones and the black ones, in such a way that every edge is incident to two vertices from different groups.
Let us assume that s and t are black vertices. The following definition is useful for our purposes:

Definition 2.1. A separating decomposition is an orientation and coloring of the edges of Q with
colors red and blue satisfying that:

(1) The edges incident to s are colored red and the edges incident to t are colored blue.

(2) Every vertex v 6= s, t is incident to an interval of red edges and an interval of blue edges. Among
these edges, only one red edge and one blue edge are outgoing. If v is white, the two outgoing
edges are the first ones in clockwise order in the interval of edges of their color. If v is black, the
outgoing edges are the clockwise last in their color.

It can be shown that separating decompositions fulfill the additional property that the red edges
form a directed tree rooted in s (Tr for short) and the blue edges form a tree rooted in t (Tb for short)
[7]. See Figure 1 for an example. This ensures that there exist paths in Q from every vertex v 6= s, t
to s and t, a property that will be used later.
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Figure 1: A quadrangulation with a separating decomposition.

For each non-special vertex v 6= s, t we denote the directed paths in Tr and Tb from v to the
corresponding sink by Pr(v) and Pb(v), respectively. Then one can prove that the paths Pr(v) and
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Pb(v) only share vertex v, so they split the quadrangulation into two regions [8]. We define Rr(v)
(respectively, Rb(v)) to be the region to the right of Pr(v) (respectively, Pb(v)) and including both
paths. A nice observation here is that, for each vertex of the path, all incoming edges belonging to a
fixed region have the same color.

Separating decompositions and 2-orientations are closely related. Indeed let Q = (V ∪{s, t}, E) be
a plane quadrangulation; then it has been proved that there is bijection between separating decompo-
sitions and 2-orientations of Q [7, 9]. To be precise, a separating decomposition yields a 2-orientation,
while the edges of a 2-orientation can be colored so as to obtain a separating decomposition.

Now that we have all the necessary background, we can state our first result:

Theorem 2.2. Let G be a 2-orientation of a planar quadrangulation. Then, given any 3-coloring β
of G, it is always possible to reach a legal 2-coloring in D3(G).

We prove Theorem 2.2 in three different ways. Our proofs are constructive, that is, we provide
algorithms to obtain the path from β to the legal 2-coloring in D3(G), and we show that they are
correct.

All proofs make use of Lemma 2.3. The idea behind it is as follows. Suppose that v is a non-special
vertex such that v and all its out-neighbors have different colors in β (v is a rainbow in β). Although
the two outgoing edges from v are legal, we might need to recolor v to reach a legal coloring in D3(G),
which is not possible in one single valid recoloring step. Lemma 2.3 shows that v can nevertheless be
recolored.

Suppose that ς, τ are two different colors in the set {1, 2, 3}. The expression {ς, τ} will denote the
color in {1, 2, 3} different from ς and τ.

Lemma 2.3. Let P = {vl, vl−1, . . . , v2, s} be a directed path in G without any directed chord. Let f(vl)
denote the color of the vertex pointed by vl different from vl−1. If vl is colored ς and f(vl) = τ, there
exists a sequence of valid recoloring steps involving only vl, vl−1, . . . , v2, s such that, at the end, vl has
color {ς, τ}.

Proof. We prove the statement by induction on the length l of P . First observe that, in any situation,
we can assume that s has the most convenient color, as all edges incident to this vertex are incoming.

Let us look at the case l = 2, i. e., P = {v2, s}. Suppose s is colored ς. Then, in a valid recoloring
step, v2 can be assigned color {ς, τ}. Now assume that the lemma is valid for all paths of length at
most l − 1. If vl−1 has color different from {ς, τ}, then vl can be recolored with this color. Otherwise,
by hypothesis of induction, vl−1 can be assigned a color different from {ς, τ} by applying a sequence
of valid recoloring steps that only involves vertices vl−1, vl−2, . . . , v2, s. Since vl does not point to any
of the vertices vl−2, vl−3, . . . , v2, s, these recoloring steps do not modify the value of f(vl). Therefore,
in the new coloring vl points to a vertex with color τ and a vertex with color different from {ς, τ}, so
it can be assigned color {ς, τ}.

Observe that the previous proof already provides an algorithm to recolor vertex vl in O(l) valid
recoloring steps. It consists of visiting the vertices of the path (starting from vl) until a non-rainbow
vertex is found, changing the color of this vertex and then recoloring backwards. Figure 2 shows an
example of the steps executed by the algorithm.

2.2 First proof of Theorem 2.2

Let β be a 3-coloring of G. We prove that, from β, it is always possible to reach a coloring where all
white vertices have color 2 or 3. Our proof is based on the next lemma:

Lemma 2.4. There exists a sequence of valid recoloring steps that increases the number of white
vertices that have color 2 or 3 by one, unless all white vertices already have color 2 or 3.
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Figure 2: An example for Lemma 2.3. It is shown how vl can be recolored.

Note that Lemma 2.4 then proves Theorem 2.2. We can repeatedly apply Lemma 2.4 until no white
vertex has color 1. Then, since the graph is bipartite, each black vertex can be colored with 1 and we
obtain a legal coloring. In a last step we can even reach a legal coloring with two colors by recoloring
every white vertex with, say, color 2. This legal 2-coloring will be denoted by ψ.

Note also that in Lemma 2.4 we are only interested in the number of white vertices having colors
2 or 3; we might create many monochromatic edges (i.e., edges connecting points of the same color)
during the recoloring process.

We need an auxiliary result in order to prove Lemma 2.4.

Lemma 2.5. Let P = {vl, vl−1, . . . , v2, s} be a directed path in G without any directed chord. Then
there exists a sequence of valid recoloring steps involving only the vertices of P such that, at the end,
each white vertex in P has color 2 or 3.

Proof. Again, we prove the lemma by induction on the length l of P . The base case is l = 2. Let
P = {v2, s}; we can assume that s has color 1. Vertex v2 has two outgoing edges, where at least one
points to a vertex of color 1. Thus v2 does not point to both colors 2 and 3, and we can assign the
desired color to v2.
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Now suppose that the statement holds for each path P ′ of length l−2 (we go from l−2 to l because,
if a path starts at a black vertex, we simply ignore this vertex). Consider a path P of length l. First
we show that vl can be recolored to color 2 or 3 (by probably messing up the coloring of the whole
path). If vl already has color 2 or 3, we only have to consider the path P ′ from vl−2 to s, which, by
induction, can be well recolored without changing the color of vertex vl. The same holds if vl points
to a vertex of color 1 -then we simply recolor vl and apply induction to P ′. Let us thus assume that vl
has color 1 and points to vertices of color 2 and 3. Without loss of generality, suppose that vl−1 has
color 2. Then we apply Lemma 2.3 with f(vl) = 3, that is, we apply the sequence of valid recoloring
steps involving only vl, vl−1, . . . , v2, s such that, at the end, vl has color 2. We are left with a path
P ′ = {vl−2, . . . , v1} which can be well recolored by induction.

Following the proof of Lemma 2.5, we find that a path of length l satisfying the hypothesis can be
recolored so that each white vertex has color 2 or 3 in O(l2) steps.

Now we have all the ingredients to prove Lemma 2.4:

Proof of Lemma 2.4. Among all white vertices of color 1, pick some vertex v of minimum distance to
the sink s (here we use the property that, in a separating decomposition, there exist paths from every
vertex v 6= s, t to the sinks). Consider a shortest directed path from v to s. This path fulfills the
hypothesis of Lemma 2.5. Thus, by applying Lemma 2.5, we can recolor all vertices along the path so
as that all white vertices have color 2 or 3. Since only vertices along the path have been recolored, the
number of white vertices that are assigned 2 or 3 increases by one.

Algorithm 1 summarizes the first way we have presented to reach a legal 2-coloring in D3(G), given
a 3-coloring β of G. Let us count the number of valid recoloring steps performed by the algorithm.
Steps 3 and 4 entail a linear number of recolorings. As for Step 2, we have already pointed out
that the algorithm in Lemma 2.5 for a given vertex v takes O(d2G(v, s)) recoloring steps, where the
distance dG(v, w) between a vertex v and a vertex w is the length (i.e., the number of edges) of
the shortest directed path from v to w in G (dG(v, w) = +∞ if there are no directed paths from
v to w). Hence, if the set of white vertices in G is denoted by Vw, Algorithm 1 executes at most
O(n) +

∑
v∈Vw

d2G(v, s) = O(n3) valid recoloring steps.

Algorithm 1 Reaching a legal 2-coloring, first algorithm

1: Sort all white vertices of color 1 by increasing distance to the sink s. Let L be the ordered list
containing these vertices.

2: Let v be the first element in L. Remove v from L and apply the algorithm in Lemma 2.5 to assign
color 2 or 3 to all white vertices in the shortest path in G between v and s. Repeat until L is
empty.

3: Assign color 1 to all black vertices.
4: Recolor all white vertices with color 2.

Now let H be a directed graph and r a vertex of H. We say that r is accessible if H contains a
directed path from every other vertex to r.

Corollary 2.6. Let H be a bipartite graph with an accessible sink. Then ψ is reachable in D3(H)
from all 3-colorings of H.

2.3 Second proof of Theorem 2.2

In this subsection we propose a method that gives a shorter path in D3(G) from the coloring β to the
coloring ψ. This method is explained in Algorithm 2.

Step 2 of Algorithm 2 involves postorder traversal in the red tree. In a binary tree, postorder
traversal performs the following operations recursively at each node: (1) traverse the left subtree; (2)
traverse the right subtree; (3) visit the root. This process can be generalized in the natural way to
plane m-ary trees, as the notions of left and right are well-defined. The vertices in Figure 1 are labelled
according to postorder in the red tree.
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Let us introduce some notation. If v 6= s, t is a vertex in G, then the red (respectively, blue) edge
outgoing from v points to a vertex that will be denoted by vr (respectively, vb). If the path Pr(v) is
of the form Pr(v) = {v, vl−1, . . . , v2, s}, we define P ′

r(v) as one of the paths from v to s on a subset of
{v, vl−1, . . . , v2, s} which cannot be shortened by directed chords.

Algorithm 2 Reaching a legal 2-coloring, second algorithm

1: If necessary, recolor vertex t with 1.
2: Sort all vertices different from s and t according to the postorder traversal sequence in the red

tree. Let L be the ordered list containing the vertices.
3: Let v be the first element in L. Remove v from L.

If v is white and vr has color 2, apply the algorithm in Lemma 2.3 to recolor vr using the
path P ′

r(vr). Afterwards, assign color 2 to v.
If v is black, apply (if necessary) the algorithm in Lemma 2.3 to make vertices vr and vb have
color different from 1 by using the paths P ′

r(vr) and P
′
r(vb), respectively. Afterwards, assign

color 1 to v.
Repeat until L is empty.

4: If necessary, recolor vertices s and t with 1.

Lemma 2.7. Given β, Algorithm 2 gives a sequence of O(n2) valid recoloring steps to reach ψ.

Proof. Let us look at Step 3. Let v be the first element in L at some point of the algorithm. If v is a
white vertex, the red edge outgoing from vb belongs to the region Rb(v) (see Figure 3). This implies
that vb has already been processed and, as will be shown in a few lines, has its final color, which, in
this case, is 1. Our aim is to assign to v its final color, namely, 2. If vr is not colored 2, we can do it in
one single valid recoloring step. Otherwise we first change the color of vr by means of the algorithm
in Lemma 2.3; we use the path Pr(vr) = {vr, vl−1, . . . , v2, s}, possibly shortened by directed chords.
Since this algorithm only recolors vertices in the path and all of them are after v in L, we do not
change the color of any vertex that has already been processed.

If v is black, the red edge outgoing from vb belongs to Rr(v) (see Figure 3). Since all red edges
pointing to v are in Rb(v), vb is after v if Tr is traversed in postorder. So, in this case, neither vr nor vb
have already been processed and we might change their color to be able to assign color 1 to v. Again,
if we use the appropriate paths, we do not recolor any vertex that has already been treated.

To conclude, after an iteration of Step 3 the number of vertices that are assigned its final color and
will not be recolored in future steps increases by one. Consequently, the algorithm is correct.

As for the number of valid recoloring steps performed by the algorithm, the assignment of the final
color of each vertex v costs O(l) recolorings, where l is the length of the path Pr(v). Therefore, the
total number of recoloring steps is O(n2).

s

t

s

t

v

vb

vr

vr

v
vbRb(v)

Rr(v)
Rr(v)

Rb(v)

Figure 3: Postorder in the red tree of the vertices v, vr, vb.
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2.4 Third proof of Theorem 2.2

Finally, we provide one more algorithm to reach the coloring ψ in O(n2) steps. This algorithm has the
property that can be generalized to the k-color graph of some α-orientations (see Sections 3 and 4).

Lemma 2.8. Given β, Algorithm 3 gives a sequence of O(n2) valid recoloring steps to reach ψ.

Proof. This is a particular case of Lemma 4.3, which is proved in Section 4.

Algorithm 3 Reaching a legal 2-coloring, third algorithm

1: Sort the non-special vertices by decreasing distance to s (choose any order if there are ties). Let
L be the ordered list containing the vertices.

2: Let v be the first element in L. Remove v from L.
If v is white, apply (if necessary) the algorithm in Lemma 2.3 to make vertices vr and vb have
color different from 2 by using their shortest paths in G to s. Afterwards, assign color 2 to v.
If v is black, apply (if necessary) the algorithm in Lemma 2.3 to make vertices vr and vb have
color different from 1 by using their shortest paths in G to s. Afterwards, assign color 1 to v.

Repeat until L is empty.
3: If necessary, recolor vertices s and t with 1.

3 The 4-color graph of a 3-orientation of a planar triangulation

A plane triangulation T is a maximal plane graph with n vertices and three special vertices a1, a2, a3 in
the outer face. A 3-orientation of T is an orientation of its edges such that every vertex different from
a1, a2, a3 has out-degree three. It can be proved that every triangulation admits a 3-orientation [9].

Definition 3.1. A Schnyder wood is an orientation and coloring of the inner edges of T with colors
red, green and blue satisfying that:

(1) The edges incident to a1 are colored red, the edges incident to a2 are colored green and the edges
incident to a3 are colored blue.

(2) Every vertex v 6= a1, a2, a3 has three outgoing edges that, in clockwise order, have colors red,
green and blue. The incoming edges in an interval between two outgoing edges have the third
color.

An example of a triangulation with a Schnyder wood is shown in Figure 4.

Analogously to in the case of separating decompositions, Schnyder woods have the property that
the edges of each color form a directed tree rooted at one of the vertices in the outer face [12]. Hence,
there exist paths from every inner vertex to each of the special ones.

Another analogy with separating decompositions is the following theorem (see [7, 9]). If T is a
plane triangulation with outer vertices a1, a2, a3, then Schnyder woods and 3-orientations of T are in
bijection. Furthermore, the edges of a 3-orientation of T can be colored to obtain a Schnyder wood.

In the case of 3-orientations of a planar triangulations, we can prove:

Proposition 3.2. Let G be a 3-orientation of a planar triangulation. Then, given any 4-coloring β
of G, it is always possible to reach a legal 4-coloring in D4(G).

Proof. The path in D4(G) from β to a given legal 4-coloring of G (which exists by the 4-colour theorem
[1, 2]) is computed by Algorithm 4, which is shown to be correct in Lemma 4.3.
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a3 a2

a1

Figure 4: A triangulation with a Schnyder wood.

4 General result

In this section we generalize the previous results to a special class of α-orientations that includes
2-orientations of planar quadrangulations and 3-orientations of planar triangulations.

Let G be a directed graph in which the maximum out-degree of the vertices is k− 1, and let β be a
k-coloring of G. As in the case k = 3, we will say that a vertex v is a rainbow in β if v has out-degree
k − 1, and v and all its out-neighbors have different colors in β. We will say that v is a pseudo-sink if
it is guaranteed to be a non-rainbow in every k-coloring of G.

Theorem 4.1. Let G be a directed graph where the maximum out-degree of the vertices is k−1. Assume
that G has an accessible pseudo-sink s. Then, given any k-coloring β of G and any legal k′-coloring ψ
of G with k′ ≤ k, it is possible to reach ψ from β in Dk(G).

The proof of Theorem 4.1 uses several ingredients we have already seen. First we need a general-
ization of Lemma 2.3. We omit its proof because its very similar to the one in Lemma 2.3.

Lemma 4.2. Let P = {vl, vl−1, . . . , v2, s} be a directed path in G without any directed chord. If vl is
colored ς, there exists a sequence of valid recoloring steps involving only vl, vl−1, . . . , v2, s such that, at
the end, vl has a color different from ς.

The method we propose to obtain a path from β to ψ in Dk(G) is detailed in Algorithm 4.

Algorithm 4 Reaching a legal k′-coloring

1: Sort all vertices by decreasing distance to s (choose any order if there are ties). Let L be the
ordered list containing the vertices. For each v ∈ L, let δ≤(v) be the set of out-neighbors of v that
are after v in L.

2: Let v be the first element in L. Remove v from L.
Apply (if necessary) the algorithm in Lemma 4.2 to make the vertices in δ≤(v) have color different
from ψ(v) by using their shortest paths in G to s. Afterwards, assign color ψ(v) to v.
Repeat until L is empty.

Lemma 4.3. Given β and ψ, Algorithm 4 gives a sequence of O(n2) valid recoloring steps to reach ψ
from β.

Proof. The vertices are processed in such a way that the recolorings necessary to assign the definite
color to a vertex do not involve the vertices that have already been treated. Thus, after each iteration
of Step 2, the number of vertices that are assigned its final color and will not be recolored increases.
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The number of valid recoloring steps performed by the algorithm can be counted as in the proof of
Lemma 2.7.
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Abstract

For a given cardinality we want to find lattice point configurations such
that the number of lattice points with distance 1 to the set is small.
Sets with the smallest number possible are called optimal. It is known
that sets of points with coordinate sum less or equal to some integer
k are optimal. We show that they are unique for their cardinalities.
Also we will discuss the question of how to characterize optimal sets in
general, and if by adding the points of distance 1 to an optimal set we
will always get an optimal set. In both cases the answer is positive for
the plane.
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1 Introduction

Consider the d-dimensional lattice Zd with the distance d(x, y) =
∑

i |xi−yi|,
where x = (x1, . . . , xd) and y = (y1, . . . , yd). Given a finite set X ⊂ Zd, the
neighborhood, N(X), of X is

N(X) =
{
y ∈ Zd\X : d(y,X) = 1

}
,

and the the size of this neighborhood is n(X) = |N(X)|. Further, the
boundary, ∂X, of X are the points of X that are next to some point of N(X),
and the interior, intX, of X are the points of X for which all neighbors are
in X, i.e.,

∂X = {x ∈ X : d(x,N(X)) = 1} ,

1
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intX = {x ∈ X : d(x,N(X)) > 1} = X\∂X.
For any r ∈ N, the set Bd

r = {x ∈ Zd :
∑

i xi < r} is called the ball (of
radius r). Note that the neighborhood N(Bd

r ) of a ball Bd
r contains exactly

the points of Zd with coordinate sum r.

Figure 1: The ball B2
4 (blue) and its neighborhood (yellow).

A finite set X ⊂ Zd is called optimal if the size of its neighborhood n(X)
is minimal among all sets Y ∈ Zd with |Y | = |X|.

Background. In this paper we consider the problem of characterizing point
sets with minimum neighborhood size among all sets of fixed cardinality.
Isoperimetric problems of this kind have arisen in a number of different
contexts, with several definitions of neighborhood, and several different
underlying finite and infinite lattices. One approach to a solution is providing
an ordering of the lattice points such that the first j of them form an optimal
set of their cardinality for every j. For the Boolean lattice (chains of length
two) this is the celebrated theorem of Harper [Har66]. Kruskal-Katona, and
Clements and Lindström [CL69] solve this for chains of arbitrary length l.
Beruzkov and Serra [BS02] consider the problem for cartesian powers of
graphs.

Macaulay [Mac27] presents an ordering of the nonnegative d-dimensional
integer points Zd

+ having coordinate sum ≤ k such that the first j of them
have a minimum number of neighbors with coordinate sum k + 1 among all
sets of k-sum points. Wang and Wang [WW77a] present, as a similar (and
equivalent) result, sets in Zd

+ that minimize the number of neighbors in Zd
+,

and extended this to an ordering of the points of Zd such that the first j
of them minimize the number of neighbors in Zd. They call these optimal

2
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sets standard spheres, and we adopt this terminology. Basically, a standard
sphere is a ball plus possibly some points of the neighborhood of the ball.

As it happens, the sequence of standard spheres enjoys the property that
it is closed under the operation of adding the neighborhood. In particular,
balls Bd

r are optimal sets in Zd, which is the analogous result to the classical
isoperimetric problem in Euclidean space. In contrast with its Euclidean
counterpart, standard spheres are not, in general, the only optimal sets in
lattices.

In the case of the Boolean lattice, all optimal sets have been characterized
by Beruzkov [Bez89], while for general lattices the complete characterization
is still an open problem.

For a survey about different types of isoperimetric problems, as well as a
thorough list of references, see [Bez94].

In this paper we address the following questions.

Problem 1.1. Let X ⊂ Zd be an optimal set. Is it true that N(X) is also
an optimal set?

The answer is yes in the Boolean lattice (see [WW77b]). In Section 3 we
give a proof for Z2.

Problem 1.2. Is it true that balls are the only optimal sets of their cardinality
in the d-dimensional lattice?

The answer is again yes for the Boolean lattice (see [Bez94] and references
therein). We prove that it is also true for the d-dimensional lattice (see
Section 2).

Problem 1.3. What are necessary and sufficient conditions for sets X ⊂ Zd

to be optimal?

In Section 3 we explain some necessary conditions for optimality in Z2.

1.1 Some Basic Observations

We call a set X ⊂ Zd connected if, for any x, y ∈ X, there exists a path
(vj)1≤j≤k from x to y in X such that any two consecutive points in the path
differ by at most one in each coordinate, i.e. vj − vj+1 =

∑
i≤d ciei with

ci ∈ {−1, 0, 1}.

Proposition 1.4. A necessary condition for a finite set X ⊂ Zd to be
optimal is that X is connected.

3
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Proof. Consider a finite set X consisting of two connected components U and
V . Further let umax be some point of U with maximal first coordinate, and
vmin a point of V with minimal first coordinate. Then umax + (1, 0, . . . , 0) ∈
N(X). Thus by translating V such that umax + (1, 0, . . . , 0) = vmin we get a
set X ′ with |X ′| = |X| and n(X ′) ≤ n(X)− 1.

In the following, all considered sets X ⊂ Zd will be finite and connected.

Proposition 1.5. The optimal neighborhood size is increasing with the
cardinality of the point set: if X and Y are optimal sets with |X| < |Y |, then
n(X) ≤ n(Y ).

Wang and Wang show this for standard spheres [WW77a], and thus it
has to be true for all optimal sets.

Proposition 1.6. Consider the ball Bd
r , with |Bd

r | = s. Then the neighbor-
hood of any set X ⊂ Zd with |X| = s+ 1 has size n(X) ≥ n(Bd

r ) + d− 1.

Proof. This follows again directly from the results in [WW77a]. The standard
sphere with s+1 points is Bd

r plus a point x ∈ N(Bd
r ) in the positive orthant.

The grid point x has coordinate sum r, and thus it has in each coordinate
direction one neighbor with coordinate sum r + 1. All these neighbors must
lie in N(Bd

r ∪ {x})\N(Bd
r ). Thus the neighborhood of Bd

r ∪ {x} has at least
size n(Bd

r ) + d− 1.
As standard spheres are optimal, any set of cardinality s+ 1 needs to

have at least this neighborhood size.

Given a set X ∈ Zd, we want to consider slices of X with respect to some
coordinate direction. To this end we denote by

Lk,l(X) = {x ∈ X : xk = l}

the lth k-level of X. Every k-level lies in a (d− 1)-dimensional hyperplane,
and we denote by Ld−1

k,l (X) ∈ Zd−1 the (d− 1)-dimensional set that results
from Lk,l(X) by omitting the k-th coordinate:

Ld−1
k,l (X) =

{
(x1, . . . , xk−1, xk+1, . . . , xd) ∈ Zd−1 : (x1, . . . , xd) ∈ Lk,l(X)

}
.

In the other direction, given some set Y ∈ Zd−1 then we define the lth

k-extension of Y as the set Y d
k,l ∈ Zd that is obtained by adding a (new) k-th

coordinate with value l:

Y d
k,l =

{
(x1, . . . , xd) ∈ Zd : xk = l, (x1, . . . , xk−1, xk+1, . . . , xd) ∈ Y ⊂ Zd−1

}

4
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Observation 1.7. The size of the neighborhood of some k-level, n(Lk,l(X)),
equals the size of the neighborhood of Ld−1

k,l (X) (in d− 1 dimensions) plus
two times the size of X.

Observation 1.8. Let X ⊂ Zd and let Lk,l(X) be some level (in any
coordinate-direction) with nonempty interior I = intLd−1

k,l (X). Then adding
(any subset of) the k-extensions Idk,l−1 and Idk,l+1 to X does not increase the
size of the neighborhood n(X).

By adding we here mean taking the union of the point sets.

Observation 1.9. If X ⊂ Zd contains some level Lk,l(X) such that the
following two statements hold:

1. Ld−1
k,j+1(X) ⊆ intLd−1

k,j (X) for all j ≥ l;

2. Ld−1
k,j−1(X) ⊆ intLd−1

k,j (X) for all j ≤ l,

then the size of the neighborhood of X is n(X) = n(Lk,l(X)).

x2

x1

Figure 2: The highlighted level, L2,1(X), satisfies Observation 1.9.

Observation 1.10. The cardinality of any ball |Bd
r | is odd.

Proof. The result is trivial for d = 1. For d > 1 a ball consists of an odd
number of balls of dimension d− 1.

5
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2 Uniqueness for Balls

2.1 Dimension 2

Given a set X ⊂ Z2, assume w.l.o.g. that the origin (0, 0) is part of X, and
consider the following four diagonal tangents of X:

t++ : +x1 + x2 = c++ ≥ 0
t+− : +x1 − x2 = c+− ≥ 0
t−+ : −x1 + x2 = c−+ ≥ 0
t−− : −x1 − x2 = c−− ≥ 0

where c±,± are chosen so that for each equality there is some point in X
that satisfies it and every point in X satisfies the inequalities obtained by
replacing = with ≤. The diagonal hull DH(X) of X is the set of all integer
points in the region bounded by these tangents. Further, X is called diagonal
convex if X = DH(X).

Figure 3: A set with its diagonals (left) and the diagonal hull of the set
(right).

If a set X ⊂ Z2 is diagonal-convex, then each point on the boundary lies
on at most two of the diagonal tangents, and X resembles a parallelogram.
However, if two diagonal tangents intersect in a non-integer point, then
there is a (connected) portion of ∂X of cardinality 2 that is parallel to some
coordinate direction. We will refer to such parts as axis-aligned components
(of ∂X). Accordingly, for each of the diagonal tangents t we call ∂X ∩ t a
diagonal (of ∂X).

Note that ∂X might have none, two, or four axis-aligned components.
For example, the diagonal hull of the set X in Figure 3 has two axis-aligned
components, both of which are parallel to the horizontal axis.

6
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Proposition 2.1. Let X ⊂ Z2, then n(DH(X)) ≤ n(X).

Proof. DH(X) is obtained from X by repeatedly applying the operation
from Observation 1.8 until there are no points in any direction that can be
added.

Theorem 2.2. Balls B2
r are unique optimal sets of their cardinality.

Proof. Assume that X ⊂ Z2 is a set with |X| = |B2
r | and n(X) = n(B2

r ) for
some r ∈ Z+. Then X has to be diagonal convex. Otherwise |DH(X)| > |B2

r |
and n(DH(X)) ≤ n(X) = n(B2

r ), which contradicts Proposition 1.6.
There are four cases for the possible number and relative positions of the

axis-aligned components: ∂X can have four, two parallel (opposite), none,
or two orthogonal axis-aligned components of size 2 (see Figure 4).

Our main strategy will be to transfer parts of ∂X to some part of N(X)
without increasing the size of the neigborhood. For these new sets it is
then easy to see that they cannot simultaneously be optimal and have the
cardinality of a ball.

Figure 4: The four basic shapes of diagonal convex sets in Z2.

Case 1. ∂X has four axis-aligned components.
Consider two opposite diagonals. They both have the same length
k, and are adjacent to k + 1 points of the neighborhood. Remove
all points from one of these diagonals, and add them along the other
diagonal (from bottom to top, see Figure 5). This results in a set
X ′ with n(X ′) = n(X) that is not diagonal convex (as it contains
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an axis-aligned component of size 3), which is a contradiction to the
assumption that X is optimal and has the cardinality of a ball.

Figure 5: Case 1: Arranging all points from a diagonal along the opposite
diagonal gives the same neighborhood-size and a non-diagonal of size 3.

Case 2. ∂X has two parallel non-diagonals.
Consider the levels in the coordinate direction k in which the axis-
aligned components both constitute a level. Then every k-level has
even cardinality, and thus |X| is even. By Observation 1.10, this is a
contradiction to X having the cardinality of a ball.

4

8

6
8

6
4
2

2

10
10

Figure 6: Case 2: Even parity.

Case 3. ∂X has no axis-aligned components.
Let k and l the lengths of the diagonals (each pair of opposite diagonals
has the same length).

Case 3.1 If k = l, then X is a ball.

8
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Figure 7: Case 3: k = l (left), k = l + 1 (middle), and k > l + 1 (right).

Case 3.2 If k > l, then remove all points from one of the shorter diagonals
and add them along one of the (at least before) longer diagonals.
The resulting set X ′ has n(X ′) = n(X). Further, for k = l + 1 it is a
diagonal convex set with two parallel axis-aligned components of size
2, while for k > l + 1 , it is not diagonal convex. In either case, we
get a contradiction to the assumption that X is optimal and has the
cardinality of a ball.

Figure 8: Case 3: changed point sets. Turquoise points are additional ones.

Case 4. ∂X has two orthogonal axis-aligned components.
Consider the diagonal that connects the two axis-aligned components,
and say it has length k. Then the opposite diagonal has length k + 1
and the two other diagonals both have length l.

Case 4.1. If k = l, then this is exactly a ball minus one diagonal. These
are optimal sets, but obviously cannot have the cardinality of a ball.

Case 4.2. If k = l − 1, then this is exactly a ball plus one diagonal. Again,

9
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Figure 9: Case 4: left to right: k = l, k = l − 1, k < l − 1, and k > l.

these are optimal sets, but cannot have the cardinality of a ball.

Case 4.3. If k < l − 1, then we remove the diagonal of length k and add it
again along one of the diagonals of length l.
In the resulting point set there is at least one point missing in this new
diagonal, and adding it does not increase the size of the neighborhood.
By Proposition 1.6 this contradicts our assumptions.

Case 4.4. If k > l, then we remove a diagonal of length l and add it
along a diagonal of length k. Again, there is at least one point missing
in the new diagonal and adding it does not increase the size of the
neighborhood.

2.2 The General Case: d Dimensions

In [WW77a] the authors define a transformation of one set to another of the
same cardinality: The k-normalization Nk(X) of a set X ⊂ Zd is obtained
by:

1. replacing all (nonempty) k-levels of X by (d− 1)-dimensional standard
spheres of the same cardinality, and

2. changing the order of the levels such that the largest one is the 0th

k-level and the remaining ones are arranged half of them above and
half of them below the 0th k-level in a way that |Lk,i| ≥ |Lk,i+1| for
i ≥ 0, and |Lk,j | ≥ |Lk,j−1| for j ≤ 0.
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Figure 10: Case 4: changed point sets. Turquoise points are additional ones.

To show that standard spheres are optimal sets, they take an arbitrary
set and repeatedly apply 1-normalization and d-normalization to it. They
prove that this series of transformations terminates with a standard sphere
after a finite number of steps, and that it does not increase the size of the
neighborhood.

We are going to use their proof to show the uniqueness of balls as optimal
sets.

Theorem 2.3. Balls Bd
r are unique optimal sets of their cardinality.

Proof. The proof is by induction on the dimension d, the induction base
d = 2 being Theorem 2.2 from the last section.

For the induction step consider some optimal set X ⊂ Zd with |X| = |Bd
r |

for some r. If we repeatedly apply 1-normalization and d-normalization to
X as in [WW77a], then X is transformed to Bd

r . Consider the set Y that
occurs in this transformation process exactly before the last normalization
step. We assume the last step is in direction 1 to reduce the number of
variables in the following.

Then there is a one-to-one correspondence between the 1-levels of Y and
the 1-levels of Bd

r , such that all cardinalities match. Note that the levels of
Bd

r are (d− 1)-dimensional balls. Define

lmin := min{l ∈ Z : L1,l(Y ) 6= ∅}, and
lmax := max{l ∈ Z : L1,l(Y ) 6= ∅}.
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Then as a lower bound for the size of the neighborhood of Y we have

n(Y ) ≥ |L1,lmax(Y )|+ |L1,lmin
(Y )|+

lmax∑

l=lmin

n(Ld−1
1,l (Y ))

Now as every level L1,l(Y ) has the cardinality of a ball Bd−1
rl

for some rl,
it follows by the induction hypothesis that they all really have to be these
balls (as otherwise n(Ld−1

1,l (Y )) > n(Bd−1
rl

) and thus n(X) ≥ n(Y ) > n(Bd
r ),

which would be a contradiction to the assumption that X is optimal).
Finally consider the order of the 1-levels in Y . If they are not ordered

in the same way as for the according ball Bd
r , then there exist two adjacent

levels L1,i(Y ) = Bd−1
ri and L1,j(Y ) = Bd−1

rj such that rj < ri − 1. But then

I = int
(
Ld−1
1,i (Y )

)
\Ld−1

1,j (Y ) 6= ∅

and thus by Observation 1.8 we can add points to Y without increasing
the size of the neighborhood n(Y ). This is, once again, a contradiction
to Proposition 1.6 since Y was assumed to be optimal and of the same
cardinality as some Bd

r .
Thus X = Y = Bd

r which completes the proof.

3 Necessary Conditions for Optimal Sets

3.1 Back to Dimension 2

In Proposition 1.4 we showed that connectedness is a necessary condition for
a set X ⊂ Z2 to be optimal. As a first step towards further conditions we
consider the shapes of X and Y = X ∪N(X) for diagonal convex sets, and
the relation beween n(X) and n(Y ).

Proposition 3.1. If a set X ⊂ Z2 is diagonal convex, then Y = X ∪N(X)
is again diagonal convex and n(Y ) = n(X) + 4.

Proof. The lengths of the axis-aligned parts of N(Y ) and N(X) are identical,
while the lengths of the diagonal parts of N(Y ) are the lengths of the diagonal
parts of N(X) plus one.

This proposition tells us that diagonal convex sets have a shape that is
“stable” under the operation of adding the neighborhood, and that the size of
the neighborhood behaves in a nice way. But there is a far larger class of
sets that behaves in essentially the same way:

12

174



Figure 11: A diagonal convex set X, together with N(X) and N(X ∪N(X)).

Consider some set X ⊂ Z2, such that the neighborhood N(X) is a simple
cycle. By this we mean that for any two points in N(X) there are exactly
two disjoint paths between them (where paths are defined in the same way
as previously for the definition of connectedness).

Note that if we regard the cycle N(X) as a (not necessarily convex)
polygon, the grid points in the interior of the polygon are all points of X.
Observe that the inside and outside angles at any v ∈ N(X) are at least 90
degrees, and at least 135 degrees if one of the polygon edges adjacent to v
is in a coordinate direction. An interior angle smaller than this would give
d(v,X) > 1, and an exterior angle would lead to a subcycle of length 3 in
N(X).

We will proceed through the cycleN(X) in the counter-clockwise direction
and consider the occuring direction changes with respect to the oriented
coordinate directions (ei, σ) with i ∈ {1, 2} and σ ∈ {+,−}:

• Choose as starting (and ending) point the topmost point of the tangent
t++ : x1 + x2 = c > 0.

• Choose as starting (and ending) direction (e1,−).

• When proceeding through the cycle, remember the current coordinate
direction (ei, σ), and the number of occured direction changes. In every
step xk to xk+1

1. keep the direction (ei, σ) if σ = sign(xk+1 − xk)i,

2. otherwise change the direction to (ej , σ′) with j 6= i and σ′ =
sign(xk+1 − xk)j .
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• as the starting point is reached with a direction different from (e1,−),
the turn to this direction (according to the turning rule above) counts
an as occuring turn.

Every considered (and counted) direction change is a (left or right) turn
by 90 degrees. As we require the starting direction to be identical to the
ending direction, we turn 360 degrees in total. Thus we count an even number
k ≥ 4 of direction changes (each of the oriented directions at least once).

Also, by the above observations about the occuring angles, we notice
that for every turn there is a diagonal part of N(X) of size at least 2, that
could be seen as being in either of the two directions before and after the
turn. We will call such a diagonal part of N(X) a connecting diagonal.

We call a set X close-to-convex if N(X) is a cycle and if in the process
described above there are four changes in direction (i.e. every oriented
coordinate direction appears exactly once).

Figure 12: Proceeding through the neighborhood of a close-to-convex set.
Direction changes occur at the black arrows.

Observation 3.2. If a set X ⊂ Z2 is close-to-convex, then Y = X ∪N(X)
is again close-to-convex, and n(Y ) = n(X) + 4. Moreover, Y has the same
shape as X despite for the four connecting diagonals which each get longer
by one. See Figure 13 for an example.

Note that each connecting diagonal is identical to the intersection of
X ∪N(X) with one of its diagonal tangents.

Observation 3.3. The standard spheres that are presented in [WW77a] are
optimal sets that are close-to-convex, and for any standard sphere S, S∪N(S)
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Figure 13: A close-to-convex set and two layers of neighborhood.

is again a standard sphere (and thus optimal). This implies that for any
optimal set X ⊂ Z2 the inequality n(Y ) ≥ n(X)+4 holds for Y = X ∪N(X).

Let us go back to general connected sets X ⊂ Z2. We denote the cycle
C(X) ⊆ N(X) for which X lies in the interior of the polygon defined by this
cycle as the cycle that surrounds X. Further we call the (finite) set cl(X) of
grid points enclosed by C(X) the closure of X.

An ordered subset {x1, x2, . . . , xn} ⊂ Z2 is a lattice path if the elements
are distinct and d(xi, xi+1) = 1 for all i. For emphasis, we note that every
lattice path is a path, as defined in section 1, but not conversely.
A hole in X is a subset H ⊂ cl(X)\X such that

1. H is connected, and

2. for every h ∈ H, every lattice path from h to C(X) contains some
element of X.

Proposition 3.4. If X ⊂ Z2 is connected, then for Y = X ∪N(X) we have
n(Y ) ≤ n(X) + 4.

Proof. For any close-to-convex set this is obviously true.
Now if X is not close-to-convex, then either its neighborhood N(X) does

not form a cycle or we will get more than four turns when proceeding through
the cycle like described above.

In the latter case assume we have counted 2k + 4 turns. Then we have
counted exactly k + 4 left turns and k right turns. For every left turn the
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connecting diagonal gets longer by (at most) one, while for each right turn
the connecting diagonal gets shorter by (at least) one (see Figure 14). All
parts in between are just translated by 1 and are thus (at most) as long as
they were.
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Figure 14: All possible right turns (up to symmetry).

Note that N(Y ) need not be a cycle, and that the at most and at least
statements from above stem from the fact that points of N(Y ) might be
created duplicately from more than one part of N(X), see Figures 15 and 16
for examples.
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Figure 15: N(Y ) does not form a cycle: creating a hole.
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Figure 16: N(Y ) does not form a cycle: Right turns with short connecting
diagonal.

Now what is left is the situation when N(X) is not a cycle. Here, consider
the cycle C(X) ⊂ N(X) that surrounds X.
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For the part of the neighborhood of N(Y ) that lies outside of C(X) the
same arguments as above can be applied.

For the inside part observe that every component of N(Y ) corresponds
to a hole of X ∪N(X), see Figure 17, and thus the size of the neighborhood
inside C(X) is decreasing.

Figure 17: A connected set X visualizing some possible shapes. The lines
indicate all paths in N(X).

Proposition 3.5. If X ⊂ Z2 is not close-to-convex, then X cannot be
optimal.

Proof. Assume that X is connected but not close-to-convex, and consider
again the cycle C(X) ⊂ N(X) that surrounds X.

If C(X) ( N(X), then the set Y containing all points inside this cycle
C(X) has |Y | > |X| and n(Y ) < n(X). Thus X cannot be optimal.

If C(X) = N(X) then consider Z = X ∪ N(X). From the proof of
Proposition 3.4 we know that if N(Z) is a cycle again, then the length
of every right turn connecting diagonal is shorter than the according one
in N(X). Thus, after finitely many steps of adding the neighborhood we
obtain a set that is not optimal (as its neighborhood is not a cycle). But as
Proposition 3.4 holds for every step of adding the neighborhood, X cannot
be optimal either.

Next we show that adding the neighborhood to a set does not carry us
away from optimality. More precisely, we have:

Proposition 3.6. Consider any connected set X ⊂ Z2 and its union with
its neighborhood X ′ = X ∪N(X). Let Y and Y ′ be the standard spheres of
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cardinality |Y | = |X| and |Y ′| = |X ′|, respectively. If n(X) = n(Y ) + k for
some k ≥ 0, then n(X ′) ≤ n(Y ′) + k.

Proof. |Y ′| = |X ′| = |X|+ n(X) = |Y |+ n(Y ) + k ≥ |Y ∪ n(Y )|. Thus from
Observation 1.5, it follows that

n(Y ′) ≥ n(Y ∪ n(Y )) = n(Y ) + 4 = n(X)− k + 4 = n(X ′)− k.

Now we can state the answer to Problem 1.1, i.e., we have shown that, at
least in dimension 2, the set of optimal sets is closed under the operation of
adding the neighborhood. We record this solution in the following corollary.

Corollary 3.7. If a set X ∈ Z2 is optimal, then n(X ∪N(X)) = n(X) + 4
and X ∪N(X) is also optimal.
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