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FRACTIONAL SOBOLEV INEQUALITIES:
SYMMETRIZATION, ISOPERIMETRY
AND INTERPOLATION

Joaquim Martin, Mario Milman

Abstract — We obtain new oscillation inequalities in metric spaces in terms of the
Peetre K —functional and the isoperimetric profile. Applications provided include a
detailed study of Fractional Sobolev inequalities and the Morrey-Sobolev embedding
theorems in different contexts. In particular we include a detailed study of Gaussian
measures as well as probability measures between Gaussian and exponential. We
show a kind of reverse Polya-Szeg6 principle that allows us to obtain continuity as a
self improvement from boundedness, using symmetrization inequalities. Our methods
also allow for precise estimates of growth envelopes of generalized Sobolev and Besov
spaces on metric spaces. We also consider embeddings into BMO and their connection
to Sobolev embeddings.
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PREFACE

This paper is devoted to the study of fractional Sobolev inequalities and Morrey-
Sobolev type embedding theorems in metric spaces, using symmetrization. The con-
nection with isoperimetry plays a crucial role. The aim was to provide a unified
account and develop the theory in the general setting of metric measure spaces whose
isoperimetric profiles satisfy suitable assumptions. In particular, the use of new point-
wise inequalities for suitable defined moduli of continuity allow us to treat in a unified
way Euclidean and Gaussian measures as well as a large class of different geometries.
We also study the role of isoperimetry in the estimation of BMO oscillations. The
connection with Interpolation/Approximation theory also plays a crucial role in our
development and suggests further applications to optimization...

The authors are grateful to the institutions and agencies that supported their
research over the long course of time required to complete this work. In particular,
the second named author acknowledges a one semester sabbatical provided by FAU.






CHAPTER 1

INTRODUCTION

In this paper we establish general versions of fractional Sobolev embeddings, in-
cluding Morrey-Sobolev type embedding theorems, in the context of metric spaces,
using symmetrization methods. The connection of the underlying inequalities with
interpolation and isoperimetry plays a crucial role.

We shall consider connected, measure metric spaces (2, d, 1) equipped with a finite
Borel measure . For measurable functions v : © — R, the distribution function is
defined by

pu(t) =p{z e Q:u(z) >t} (t€R).

The signed decreasing rearrangement of u, which we denote by uy, is the right-

continuous non-increasing function from [0, x(f2)) into R that is equimeasurable
with u; i.e., uj, satisfies

pu(t) = pfe € Q:u(z) >t} =m ({s € [0,u(Q)) s uy(s) > t}), teR

(where m denotes the Lebesgue measure on [0, 14(€2)). The maximal average of u}, is
defined by

uy*(t) = —/0 uy,(s)ds, (t>0).

t
For a Borel set A C (2, the perimeter or Minkowski content of A is defined by

P(4;Q) = lim inf © (feec@: d(x,;u <hy) —p(4)

The isoperimetric profile Io(t),t € (0, u(€2)), is maximal with respect to the in-
equality

(1.1.1) To(u(A)) < P(A;Q).

From now on we only consider connected metric measure spaces whose isoperimetric
profile I is zero at zero, continuous, concave and symmetric around u(Q)/2.
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The starting point of the discussion are the rearrangement inequalities (V) of [70]
and [71], where we showed that (2) under our current assumptions on the profile I,
for all Lipschitz functions f on Q (briefly f € Lip(f2)),

t

(11.2) 15760 = I£15 () < 75 9417 0, 0 < ¢ < (@),

where

|Vf($)| _ limsup |f(£L') — f(y)l
d(zy)—0  dT,Y)
In fact, in [70] we showed that (1.1.2) is equivalent to (1.1.1).

Since the integrability properties do not change by rearrangements (i.e., integra-
bility properties are “rearrangement invariant”), rearrangement inequalities are par-
ticularly useful to prove embeddings of Sobolev spaces into rearrangement invariant
spaces ). On the other hand, the use of rearrangement inequalities to study smooth-
ness of functions is harder to implement. The main difficulty here is that while the
classical Pdlya-Szego principle (cf. [60], [15]) roughly states that symmetrizations are
smoothing, i.e., they preserve the (up to first order) smoothness of Sobolev/Besov
functions, the converse does not hold in general. In other words, it is not immediate
how to deduce smoothness properties of f from inequalities on f;;. From this point
of view, one could describe some of the methods we develop in this paper as “suitable
converses to the Pélya-Szego principle”.

As it turns out, related issues have been studied long ago, albeit in a less general
context, by A. Garsia and his collaborators. The original impetus of Garsia’s group
was to study the path continuity of certain stochastic processes (cf. [42], [41]); a clas-
sical topic in Probability theory. This task led Garsia et al. to obtain rearrangement
inequalities for general moduli of continuity, including L? or even Orlicz moduli of
continuity. Moreover, in [40], [44], and elsewhere (cf. [43]), these symmetrization
inequalities were also applied to problems in Harmonic Analysis and, in particular, to
study the absolute convergence of Fourier series. From our point of view, a remarkable
aspect of the approach of Garsia et al. (cf. [44]) is precisely that the sought continuity
can be recovered using rearrangement inequalities. In other words, one can reinter-
pret this part of the Garsia-Rodemich analysis as an approach to the Morrey-Sobolev
embedding theorem using rearrangement inequalities.

It will be instructive to show how Garsia’s analysis can be combined with (1.1.2).
To fix ideas we consider the setting of Garsia-Rodemich: The metric measure space

1. For more detailed information we refer to Chapter 2 below.

2. See also the extensive list of references provided in [70].

3. Roughly speaking, a rearrangement invariant space is a Banach function space where the norm
of a function depends only on the p-measure of its level sets.

ASTERISQUE



CHAPTER 1. INTRODUCTION 3

is ((0,1)™,]],dz) (that is (0,1)™ provided with the Euclidean distance and Lebesgue
measure). For functions f € Lip(0,1)" the inequality (1.1.2) takes the following

form (4)

t
"min(t, 1 —¢)1-1/n

@) = 1f7 () < e IV (@), 0<t<l.

In fact (cf. Chapter 6), the previous inequality remains true for all functions f €
W},(0,1)" (where 1 < p < 00), and W},(0,1)" is the Sobolev space of real-valued
weakly differentiable functions on (0,1)™ whose first-order derivatives belong to LP).
Moreover, as we shall see (cf. Chapter 4), the inequality also holds for (signed) rear-
rangements; i.e., for all f € W},(0,1)", we have that,

t
o min(t,1 — ¢)1-1/»

(1.1.3) @) — (@) < IVF™ (), 0<t<1.

Suppose that p > n. Integrating, and using the fundamental theorem of calculus (®),
we get

1
o)== [ o -ro T
dt
min(t,1 — ¢)1-1/»
1
min(t, 1 — ¢)1-1/»

1
< / 0

< cnp IVl 1o (by Holder’s inequality)

v’

= CrpllIVAlllLe s

where the last inequality follows from the fact that for p > n, H
0o. Summarizing our findings, we have

WHM <

1
(1.1.4) ess sup f— [ f=f"(0)—f"(1) < CopllIVFlllLs -
z€(0,1)" 0

Applying (1.1.4) to —f yields

1

1.1.5 - inf <Cnyl|lV .
(115) | e nt r<Cu 9l
Therefore, adding (1.1.4) and (1.1.5) we obtain

(1.1.6) Osc(f;(0,1)") :==ess sup f—ess inf [ <2C,,|||VfllL-
16(0,1)" 16(0,1)"

4. The rearrangement of f with respect to the Lebesgue measure is simply denoted by f*.
5. Recall that & (f**(¢)) = — U O=/70),

SOCIETE MATHEMATIQUE DE FRANCE 2014



4 CHAPTER 1. INTRODUCTION

We have shown that (1.1.2) gives us good control of the oscillation of the original
function on the whole cube (0,1)™. To control the oscillation on any cube @ C (0,1)™,
we use a modification of an argument that originates (¥) in the work of Garsia et al.
(cf. [40]). The idea is that if an inequality scales appropriately, one can re-scale.
Namely, given two fixed points z < y € (0, 1), one can apply the inequality at hand
to the re-scaled function (") f(t) = f(z + t(y — x)),t € [0,1]. This type of “change of
scale argument” can be extended to the cube (0,1)", but for general domains becomes
unmanageable. Therefore, we needed to reformulate the idea somewhat. From our
point of view the idea is that if we control |V f] on (0,1)™ then we ought to be able to
control its restrictions. The issue then becomes: How do our inequalities scale under
restrictions? Again for (0,1)" all goes well. In fact, if f € W},((0,1)") then, for
any open cube Q@ C (0,1)", we have fxg € W},(Q). Moreover, the fundamental
inequality (1.1.3) has the following scaling

t

(FxQ)™ (8) = (fxQ)" () < en a5

Using the previous argument applied to fxg we thus obtain

t
min(t, |Q| — t)!=/"

o IV ()l (1), 0< £ < QL

Ose(f:Q) < enp 1190y -

L¥'(0,|Q))

By computation, and a classical argument, it is easy to see from here that
(cf. Remark 6 in Chapter 5)

1F() = F()| < cnply — 215 IVE, s ae. y, 2.

When p = n this argument fails but, nevertheless, by a simple modification, it yields
a result due independently to Stein [90] and C. P. Calderén [23]: namely ®), if
IV flll Lna < oo, then f is essentially continuous (cf. Remark 6 in Chapter 5).

We will show that, with suitable technical adjustments, this method can be
extended to the metric setting (9.
that, since our inequalities are formulated in terms of isoperimetric profiles, to achieve

To understand the issues involved let us note

6. In the original one dimensional argument (cf. [40], [44]), one controls the oscillation of f in
terms of an expression that involves the modulus of continuity, rather than the gradient.
7. For example, consider the case n = 1. Given 0 < z < y < 1, the inequality (1.1.6) applied to
f yields 1 1/p
ess sup f — ess [;ni] f<cply—=z| (/ !f’(w + t(y — m))|P dt)
, 0

[=,9]
1 1 1/p
=coly—a (1)

8. We refer to (7.1.3), (7.1.4) for the definition of Lorentz spaces.
9. For a different approach to the Morrey-Sobolev theorem on metric spaces we refer to the work
of Coulhon [28], [27].
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CHAPTER 1. INTRODUCTION 5

the local control or “the change of scales (in our situation through the restrictions)” we
need suitable control of the (relative) isoperimetric profiles on the (new) metric spaces
obtained by restriction. More precisely, if @ C () is an open set, we shall consider the
metric measure space (Q, dq, H\Q)- Then the problem we face is that, in general, the
isoperimetric profile I of (Q, dq, /LIQ) is different from the isoperimetric profile I
of (©,d, ;1). What we needed is to control the “relative isoperimetric inequality” (10),
and make sure the corresponding inequalities scale appropriately. We say that an
isoperimetric inequality relative to G holds, if there exists a positive constant
C¢ such that

Ig(S) Z OG min(IQ(s), IQ('[L(G) - S))

We will say that a metric measure space (€2, d, i) has the relative uniform isoperi-
metric property if there is a constant C such that for any ball B in €2, its relative
isoperimetric profile Ip satisfies

Ip(s) > Cmin(Ig(s), Ia(u(B) —s)), 0<s < u(B).

For metric spaces (€2, d, 1) satisfying the relative uniform isoperimetric property we
have the scaling that we need to apply the previous analysis. This theme is developed
in detail in Chapter 4. The previous discussion implicitly shows that (0,1)" has
the relative uniform isoperimetric property. We shall show in Chapter 5 that many
familiar metric measure spaces also have the relative uniform isoperimetric property.

We now turn to the main objective of this paper which is to develop the cor-
responding theory for fractional order Besov-Sobolev spaces. This is, indeed, the
original setting of Garsia’s work, and our aim in this paper is to extend it to the
metric setting. The first part of our program for Besov spaces was to formulate a
suitable replacement of (1.1.2) for the fractional setting. To explain the peculiar form
of the underlying inequalities that we need requires some preliminary background
information.

Let X = X(R") be a rearrangement invariant space ') on R”, and let wx be the
modulus of continuity associated with X defined for g € X by

wx (t,9) = \iﬁlft lg(-+h) —g()llx -

10. Recall that given an open set G C €2, and a set A C G, the perimeter of A relative to G

(ct. Chapter 2) is defined by
cd(z, A h}) —u(A
PAG) — tim g AT € G @A) < b)) —u(4)
h—0 h
The corresponding relative isoperimetric profile of G C Q2 is given by
Ig(s) = I(G,dyﬂ)(s) =inf{P(A;G): ACG, u(A) =s}.
11. See Section 2.2.

SOCIETE MATHEMATIQUE DE FRANCE 2014



6 CHAPTER 1. INTRODUCTION

It is known (for increasing levels of generality see [40], [55], [65], [63] and the
references therein), that there exists ¢ = ¢, > 0 such that, for all functions
[ € X(R™) + Wg(R"),

tl/n
1. () — *tSCHM,t>O,
(1.1.7) LA @) = L1 ()
ox (1)
where W)l( (R™) is the homogeneous Sobolev space defined by means of the seminorm
HU‘HW}((R") = [Vl xgny» ¢x(t) is the fundamental function *?) of X, and |f|" is

the rearrangement of | f| with respect to the Lebesgue measure (13).

The inequalities we seek are extensions of (1.1.7) to the metric setting. Note that,
in some sense, one can consider (1.1.7) as an extension, by interpolation, of (1.1.2).
Therefore, it is natural to ask: How should (1.1.7) be reformulated in order to make
sense for metric spaces? Not only we need a suitable substitute for the modulus of

“t1/n7 ig required as well.

continuity wx, but a suitable re-interpretation of the factor
We now discuss these issues in detail.

There are several known alternative, although possibly non equivalent, definitions
of modulus of continuity in the general setting of metric measure spaces (£, d, u)
(cf. [47] for the interpolation properties of Besov spaces on metric spaces). Given our
background on approximation theory, it was natural for us to choose the universal
object that is provided by interpolation/approximation theory, namely the Peetre

K —functional. Indeed on R", the Peetre K —functional is defined by:
K(t, f; X(R™), Wx (R")) == inf{||f = gllx +t[|Valllx : g € Wx(R")}.

Considering the K —functional is justified since it is well known that %) (cf. [13,
Chapter 5, formula (4.41)])

K(t, f; X(R"), W (R")) =~ wx (t, f).
In the general case of metric measure spaces (2, d, i) we shall consider:

K(t, £ X (), Sx(9)) == inf{l|f — gl + ¢ 11Vgllx g : 9 € Sx ()},

where X (€2) is a r.i. space on Q, and Sx(Q) = {f € Lip(Q) : [[V[[ xq) < oo} We
shall thus think of K (¢, f; X (), Sx(Q)) as “a modulus of continuity”.

12. For the definition, see (2.2.3) below.

13. In the background of inequalities of this type lies a form of the Pdlya-Szegé principle that
states that symmetric rearrangements do not increase Besov norms (cf. [3], [65] and the references
therein).

14. Here the symbol f ~ g indicates the existence of a universal constant ¢ > 0 (independent of all
parameters involved) such that (1/¢)f < g < ¢ f. Likewise the symbol f < g will mean that there
exists a universal constant ¢ > 0 (independent of all parameters involved) such that f < cg.

ASTERISQUE
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Now, given our experience with the inequality (1.1.2), we were led to conjecture
the following reformulation *®) of (1.1.7): There exists a universal constant ¢ > 0,
such that for every r.i. space X(Q), and for all f € X(Q) + Sx (), we have

K (k. £ X(9), Sx(9)
ox (1)

We presented this conjectural inequality when lecturing on the topic. In particular,

we communicated the conjecture to M. Mastylo, who recently proved in [73] that

indeed (1.1.8) holds for ¢t € (0, u(£2)/4), and for all rearrangement invariant spaces X
that are “far away from L' and from L*”.

(1.1.8) [l @) = IfL @) <c , 0 <t < p(Q).

The result of [73], while in many respects satisfying, leaves some important ques-
tions open. Indeed, the restrictions placed on the range of ¢ (i.e., the measure of
the sets), as well as those placed on the spaces, precludes the investigation of the
isoperimetric nature of (1.1.8). In particular, while the equivalence of (1.1.2) and the
isoperimetric inequality (1.1.1) is known to hold (cf. [70]), the possible equivalence
of (1.1.8) with the isoperimetric inequality (1.1.1) apparently cannot be answered
without involving the space L'.

One of our main results in Chapter 3 shows that (1.1.8) crucially holds for all
t € (0,u(2)/2) and without restrictions on the function spaces X (cf. Theorem 7,
Chapter 3 below). The possibility of including X = L' allows us to prove the following
fractional Sobolev version of the celebrated Maz’ya equivalence 9 (cf. [75]).

Theorem 1 — Let (Q,d, ) be a metric measure space that satisfies our standard
assumptions. Then (cf. Theorems 7 and 11),

(1) For all rearrangement invariant spaces X (), and for all f € X(Q) + Sx (),

K (k. £ X(9), Sx(9))
ox(t)

(1.1.9) [l (&) = |fl, () < 16
(1.1.10)

, € (0,u(2)/2),

K (75, /: X(9), 5x(9))
ox (1)

|f = fal, () = If = fal,, (t) < 16 , £ €(0,u()),

where

1

15. At least for the metric measure spaces (€2, d, u) considered in [70] (for which, in particular,
(1.1.2) holds).

16. Which claims the equivalence between the Gagliardo-Nirenberg inequality and the isoperimetric
inequality.

SOCIETE MATHEMATIQUE DE FRANCE 2014



8 CHAPTER 1. INTRODUCTION

(i1) Conversely, suppose that G : (0, () = Ry, is a continuous function, which
is concave and symmetric around u(2)/2, and there exists a constant ¢ > 0 such
that ) for all f € X(Q) + Sx (),

K (g, £ X(9), 8x(2)
I @ =110 < e (eh " ) € (0.1()/2).

Then, for all Borel sets with u(A) < u(2)/2, we have the isoperimetric inequality

G(p(4)) < cP(A,9Q).
As a consequence, there exists a constant ¢ > 0 such that for all t € (0, u(£2)),

G(t) < cla(t).

Using (1.1.9) and (1.1.10) as a starting point we can study embeddings of Besov
spaces in metric spaces and, in particular, the corresponding Morrey-Sobolev-Besov
embedding.

We now focus the discussion on the fractional Morrey-Sobolev theorem. We start
by describing the inequalities of [44], [43], which for L? spaces (*®) on [0, 1] take the
following form

(@) = £(1/2) Y wre(t, f) dt 1
S P pEe R e (0g]

Letting  — 0 in (1.1.12) and adding the two inequalities then yields

/1 wro(t, f) dt

— i < .
esssup f —ess inf f <c¢ Iy -

[0,1] [0,1]
Using the “change of scale argument” leads to

vl o, f) dt

W?; z,y € 0,1],

1F() - f(y)] < 2¢ /

0

from which the essential continuity (*%) of f is apparent if we know that fol thplStp’f) dt <

oo. To obtain the n—dimensional version of (1.1.12) for [0, 1]™, Garsia et al. had to

develop deep combinatorial techniques. The corresponding n—dimensional inequality
is given by (cf. [43, (3.6)] and the references therein)

(@) = £(1/2) o @ fd ()
f*(1/2)—f*(1—:v)}gc/m T 6(0’2}’

17. In other words we assume that (1.1.9) holds for X = L(2), and with % replacing ﬁ

18. Importantly, Garsia-Rodemich also can deal with X = LP, or X = L4 (Orlicz space), our
approach covers all r.i. spaces and works for a large class of metric spaces.

19. An application of Holder’s inequality also yields Lip conditions.

ASTERISQUE



CHAPTER 1. INTRODUCTION 9

which by the now familiar argument yields

=9l (t, f) dt "
(1.1.13) 1) — ()| < Cpm / Ltn/pf)? T,y € {0,5] :
However, as pointed out above, the change of scale technique is apparently not avail-
able for more general domains. Moreover, as witnessed by the difficulties already
encountered by Garsia et al. when proving inequalities on n—dimensional cubes, it
was not even clear at that time what form the rearrangement inequalities would take
in general. In particular, Garsia et al. do not use isoperimetry.

For more general function spaces we need to reformulate Theorem 1 above as follows
(cf. Chapter 3):

Theorem 2(cf. Theorem 10, Chapter 3) — Let (Q2,d, ) be a metric measure space
that satisfies our standard assumptions, and let X be a r.i. space on ). Then, there
exists a constant ¢ > 0 such that for all f € X + Sx(Q),

K (0(0), £ X, Sx(2)

(L114) L (/2) — 1T (4/2) < b L0 <t < Q)
where
Y(t) = ¢Xt(t) ’ IQS(S)X(O,t)(S)HX, ,

and X' denotes the associated (20 space of X.

Remark 1 — Note that when X = L' the inequalities (1.1.14) and (1.1.9) are equiv-
alent, modulo constants.

A second step of our program is the routine, but crucially important, reformulation
of rearrangement inequalities using signed rearrangements. Once this is done, our
generalized Morrey-Sobolev-Garsia-Rodemich theorem can be stated as follows

Theorem 3(cf. Theorem 13, Chapter 4) — Let (2,d, ) be a metric measure space
that satisfies our standard assumptions and has the relative uniform isoperimetric
property. Let X be a r.i. space in ) such that

1
< 00.
‘ Ia(s) ’x'
If f € X + Sx(9Q) satisfies
X )| S X, 5x (@) gy

— < 00,

w©) K (¢x(t)
/0 by (t)

then f is essentially bounded and essentially continuous.

20. Cf. Chapter 2 for the definition.

SOCIETE MATHEMATIQUE DE FRANCE 2014



10 CHAPTER 1. INTRODUCTION

To see the connection 2! between our inequalities and those of Garsia et al. let
us fix ideas and set p(2) = 1. Observe that on account of (1.1.9), and the fact that
K(ﬁ, X, SX) is increasing and ¢x (t) is concave, we have

R

2t K %7][7)(75)(
E2/ (= )ﬁ te(0,1/2].
In2 J, ox(s) s

Combining the last inequality with (cf. [9, (4.1), p. 1222])

=3
*
—~
~+
~—
|
=3
—~
~+
~—
N

IN

(1.1.15) i (3) - rw <2050 - 1),

yields

At \ 16 2tK(ﬁ(s),f;X,Sx)ds
i(5) - s < g2 [ SEZE e 0y

Therefore, for n = 2, ...

LU (1N 1N L 1N 16, K (e fiXSx) g
f”(ﬁ>_f“(5>_;f“<ﬁ>_f“(§)SEZ/@ Py

and letting n — oo, we find

| VE (7550 1%, Sx) ds
s —frl= < —.
st i (g) = G

Likewise, applying the previous inequality to —f and adding the two resulting in-
equalities, and then observing that (—f)%(3) = —f;(3), yields

| VK (75 £ X 5x) g
esssup f —essinf f <c —.
0 Q 0 ox(s) $
From this point we can proceed to study the continuity or Lip properties of f using
the arguments (*?) outlined above.

21. The full metric version of Garsia’s inequality is given in Chapter 10.

22. Interestingly the one dimensional case studied by Garsia et al somehow does not follow directly
since the isoperimetric profile for the unit interval (0, 1) is 1. Therefore in this case the isoperimetric
profile does not satisfy the assumptions of [70]. Nevertheless, our inequalities remain true and
provide an alternate approach to the Garsia inequalities. See Chapter 10 below for complete details.
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Next let us consider limiting cases of the Sobolev-Besov embeddings connected
with these inequalities and the role of BMO. Note that the inequality (1.1.13) can be
reformulated as the embedding of By, /P ([0,1]™) into the space of continuous functions

c((0,1™)
(1.1.16) Br/P1([0,1]") € C([0,1]™), where n/p < 1.
Moreover, since
wio (1) < cpnt [ Fhw,
we also have
Wi ([0,1]") € By/([0,1]").

Therefore, (1.1.16) implies the (Morrey-Sobolev) continuity of Sobolev functions in
Wz} when p > n. On the other hand, if we consider the Besov condition defined by
the right hand side of (1.1.7), when X = L?, and n/p < 1, we find (33

wre (tu f)
[fll g roce o.1qmy = SUP ——7
B/ (o) = S T
Now, for functions in Bj/?*°([0,1]") we don’t expect boundedness, and in fact, ap-

parently the best we can say directly from our rearrangement inequalities, follows
from (1.1.7):

1.1.17 sup (f**(t) — 7€) < c||fll anseooin 11my -

(1.1.17) oup (7°°(0) = () < M~ o1

In view of the celebrated result of Bennett-DeVore-Sharpley [11] (cf. also [13])
that characterizes the rearrangement invariant hull of BMO via the left hand side
of (1.1.17), we see that (1.1.17) gives f € BL/">([0,1]") = f* € BMO|0,1]. In fact,
a stronger result is known and readily available

(1.1.18) Br/P>=([0,1]") ¢ BMO.

It turns out that our approach to the estimation of oscillations allows us to extend
(1.1.18) to other geometries. Our method reflects the remarkable connections between
oscillation, isoperimetry, interpolation, and rescalings. We briefly explain the ideas
behind our approach to (1.1.18). Given a metric measure space (2, d, 1) satisfying our
standard assumptions, we have the well known Poincaré inequality (cf. [70, p. 150]
and the references therein) given by

()

(1.1.19) /Q 1F(@) = m(f)| du < W/wa(mdu, for all f € Sy1(Q),

23. Note that we have
”fIIB;l/PvOO([Oyl]n) S Cp,n ”f”B;L/p’l([O,l]”) :
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12 CHAPTER 1. INTRODUCTION

where m(f) is a median (?**) of f. Then given a r.i. space X on Q we can extend
(1.1.19) by “by interpolation” and obtain a K —Poincaré inequality (2%) (ct. Theorem 6,
Chapter 3)

(Q)/2
/ |f — faldp < K (ittizm /i X Sx)
— — faldp <c -
dx (1())
Now, if 2 supports the isoperimetric rescalings described above, the previous inequal-
ity self improves to (cf. Theorem 24, Chapter 7])

T /|f foldu < K (it /3 5¢)
C Su
BMO(Q) ~ ba s ,u It = t<,uI;2) ¢X( )

It is easy to see that for metric spaces with Euclidean type isoperimetric profiles, i.e.,
Io(t) = t*=1/" on (0,1/2), we recover (1.1.18) (cf. Corollary 1, Chapter 7). Indeed,
the result exhibits a new connection between the geometry of the ambient space and
the embedding of Besov and BMO spaces. For further examples we refer to (7.1.14)).

In the opposite direction, we can use the insights we gained “interpolating between
a r.i. space X and the corresponding space of Lip functions Sx” to obtain analogous
results interpolating with BMO. This is not a coincidence; for recall the well known
Euclidean interpretation of BMO as a limiting Lip condition. This can be seen by
means of writing Lip, conditions on a fixed Euclidean cube Q) as

11 /Q f = forld < oo,

1
|Q |1 Oc/n

Q cub

In this fashion BMO appears as the limiting case of Lip, conditions when a — 0.
With this intuition at hand we were led to formulate the corresponding version of
Theorem 1 for BMO. It reads as follows (26)

Theorem 4(cf. Theorem 27, Chapter 7) — Suppose that (Q,d, u) is a metric measure
space that satisfies our usual assumptions and, moreover, is such that the Bennett-
DeVore-Sharpley inequality

(1.1.20) sup (fr @) = £z ) < cllfl ppoce »

holds. Then,

, 0 <t < u(Q).

24. For the definition of median, see Definition 1, Chapter 3.

25. See (1.1.11) above.

26. In particular, we arrive, albeit through a very different route than the original, to an extension
of an inequality of Bennett-DeVore-Sharpley (cf. [13, combine Theorem 7.3 and Theorem 8.8]) for
the space L1.
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From this point of view the Bennett-DeVore-Sharpley inequality (1.1.20) takes
the role of our basic inequality (1.1.2). In this respect it is important to note that
(1.1.20) has been shown to hold in great generality, for example it holds for doubling
measures (cf. [86]). Finally, in connection with BMO, we considered the role of signed
rearrangements. Here the import of this notion is that signed rearrangements provide
a theoretical method to compute medians (cf. Theorem 25) and thus quickly lead to
a version of the limiting case of the John-Stromberg-Jawerth-Torchinsky inequality
(cf. (7.2.1)).

Our approach to the (Morrey-)Sobolev embedding theorem also leads to the con-
sideration of “Lorentz spaces with negative indices” (cf. Chapter 9), providing still a
very suggestive approach (27) to these results, at least in the Euclidean case.

In Chapter 5 and Chapter 6 we have considered explicit versions of our results
in different classical contexts. In particular, in Chapter 6, we obtain new fractional
Sobolev inequalities for Gaussian measures, as well as for probability measures that
are in between Gaussian and exponential. For example, for Gaussian measure on R",
we have for 1 < ¢ < 00,6 € (0,1)

a9 1/q
2 1\ %
[ o (ls3) Tty <l

where c¢ is independent of the dimension. Likewise, the same proof yields that for
probability measures on the real line of the form (28)

dpr(x) = Z;  exp (= |z|") dz, r € (1,2]
and their tensor products
MHrn = N?nu

we have
1/4q

1/2 1 q0(1-1/r)
* q -
[ (1oe7) b <elflngg -

We refer to Chapter 6 for the details, where the reader will also find a treatment of
the case ¢ = oo, which yields the corresponding improvements on the exponential
integrability:
*% * 1 1—L1yg
swp (11, =151, 0) (1081 ) 7 < cllgps, -
te(07%) Hor,n Hor,n t BLco (ll«r,n)

Applications to the computation of envelopes of function spaces in the sense of

Triebel-Haroske and their school are provided in Chapter 8.

27. Although in this paper we only concentrate on the role that these spaces play on the theory
of embeddings, one cannot but feel that a detailed study of these spaces could be useful for other
questions connected with interpolation/approximation.

28. Where Z7 ' is a normalizing constant.

SOCIETE MATHEMATIQUE DE FRANCE 2014



14 CHAPTER 1. INTRODUCTION

The table of contents will serve to show the organization of the paper. We have tried
to make the reading of the chapters in the second part of the paper as independent
of each other as possible.

Acknowledgement— We are extremely grateful to the referees for their painstaking
review that gave us the opportunity to correct, and fill-in gaps in some arguments,
and thus contributed to substantially improve the quality of the paper.
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CHAPTER 2

PRELIMINARIES

2.1. Background

Our notation in the paper will be for the most part standard. In this paper we shall
only consider (V) connected measure metric spaces (Q,d, u) equipped with a finite Borel
measure u, which we shall simply refer to, as “measure metric spaces”. For measurable
functions u : Q — R, the distribution function of v is given by

pu(t) =p{z e Q:u(z) >t} (t€R).

The signed decreasing rearrangement (?) of a function u is the right-continuous
non-increasing function from [0, 4(€2)) into R which is equimeasurable with u. It can
be defined by the formula

uy,(s) = inf{t > 0: py,(t) < s}, s €[0,u()),
and satisfies
pu(t) = pf{z € Q:u(x) >t} =m{s € [0,u(Q)) s uy(s) >t} , teR

(where m denotes the Lebesgue measure on [0, u(£2)). It follows from the definition
that

(2.1.1) (u—l—v)z (s) gu;(s/2)+1};(s/2).

Moreover,

u’(0%) = esssupu and  u),(u(Q)7) = ess inf u.
Q Q

1. See also Condition 1 below.

2. Note that this notation is somewhat unconventional. In the literature it is common to de-
:1/7
distinguish between the rearrangements of u and |u|. In particular, the rearrangement of u can be

note the decreasing rearrangement of |u| by ¥, while here it is denoted by |uy|* since we need to

negative. We refer the reader to [85] and the references quoted therein for a complete treatment.
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The maximal average uy*(t) is defined by

wrE(t) = ;/OtuZ(s)ds— %sup{/Eu(s)du:u(E)_t}, t>0.

The operation u — u);* is sub-additive, i.e.,

(2.1.2) (u+ ’U):* (s) < uy(s) + vy (s).

*kk

o
The following lemma proved in [40, Lemma 2.1] will be useful in what follows.

Moreover, since uy, is decreasing, u,," is also decreasing and uj, < u}*.

Lemmal — Let f and f,, n =1,.., be integrable on Q). Suppose that

lim w(x) — f(x)| dpu = 0.
Then

(fn):* (t) — fu7(t), uniformly fort € [0, u(Q)], and
(fn)z (t) — fu(t) at all points of continuity of f.

When the measure is clear from the context, or when we are dealing with Lebesgue
measure, we may simply write u* and u**, etc.
For a Borel set A C (2, the perimeter or Minkowski content of A is defined by
P(A;Q) = lim inf M,
h—0 h
where Ay = {z € Q : d(z, A) < h} is the open h—neighborhood of A.
The isoperimetric profile is defined by

Ia(s) = I, (s) = inf {P(A4;Q) : p(A) = s},
i.e., Ira,a,u) ¢ [0, w(€2)] — [0,00) is the pointwise maximal function such that
(2.1.3) P(A;Q) > To(u(4)

holds for all Borel sets A. A set A for which equality in (2.1.3) is attained will be
called an isoperimetric domain. Again when no confusion arises we shall drop the
subindex €2 and simply write I.

We will always assume that the metric measure spaces (€2, d, 1) considered satisfy
the following condition

Condition L — We will assume throughout the paper that our metric measure spaces
(0, d, 1) are such that the isoperimetric profile I(q q,,.) is a concave continuous func-
tion, increasing on (0, u(Q)/2), symmetric around the point p(2)/2 that, moreover,
vanishes at zero. We remark that these assumptions are fulfilled for a large class of
metric measure spaces 3.

3. These assumptions are satisfied for the classical examples (cf. [18], [77], [10] and the references
therein).
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2.2. REARRANGEMENT INVARIANT SPACES 17

A continuous, concave function, J : [0, u(2)] — [0, 00), increasing on (0, u(£2)/2),
symmetric around the point 1()/2, and such that
(2.1.4) Io > J,

will be called an isoperimetric estimator for (£2,d, ). Note that (2.1.4) and the
fact that Io(0) = 0 implies that J(0) = 0.

For a Lipschitz function f on 2 (briefly f € Lip(Q2)) we define the modulus of
the gradient by (¥

. |f (@) — f)l
z)| = limsup —F—+-—"-.

Let us recall some results that relate isoperimetry and rearrangements (see [70],
[65]).

Theorem 5 — The following statements hold
1. Isoperimetric inequality: YA C 2, Borel set,
P(A;Q) > Io(u(A)).
2. Oscillation inequality: Vf € Lip(Q),

In(t)
t

@s) WO -1 < [V s 0<t<u@)
0

Lemma2 — Let h be a bounded Lip function on ). Then there exists a sequence of
bounded functions (hy), C Lip(S2), such that

1
1. (2.1.6) |Vh, ()] < (1+ E) |Vh(z)|, z=€Q.
2. (2.1.7) hy, — hin L.
n—oo

(<1halz) 010 s < [ 1Vl s, 0<t< (o).

3. (2.1.8) /Ot

(The second rearrangement on the left hand side is with respect to the Lebesgue
measure on [0, 1(2)).)

2.2. Rearrangement invariant spaces

We recall briefly the basic definitions and conventions we use from the theory
of rearrangement-invariant (r.i.) spaces, and refer the reader to [13] and [58] for a
complete treatment.

4. In fact one can define |Vf| for functions f that are Lipschitz on every ball in (Q,d)
(cf. [18, p. 2-3] for more details).
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Let X = X(Q) be a Banach function space on (€2, d, u1), with the Fatou property (®).
We shall say that X is a rearrangement-invariant (r.i.) space, if g € X implies
that all u—measurable functions f with ||}, = |g},, also belong to X and moreover,
IIfIlx = llgllx- The functional || - || x will be called a rearrangement invariant norm.
Typical examples of r.i. spaces are the LP-spaces, Orlicz spaces, Lorentz(®) spaces,
Marcinkiewicz spaces, etc.

On account of the fact that u(92) < oo, for any r.i. space X (£2) we have

L>=(Q) C X(Q) c L'(Q),

with continuous embeddings.

For rearrangement invariant norms (or seminorms) |||y , we can compare the size
of elements by comparing their averages, as expressed by a majorization principle,
sometimes referred to as the Calderéon-Hardy Lemma:

t
(2.2.1)  Suppose that / |f| s)ds < / |g| s)ds holds for all 0 < t < ()
0

= [lfllx < llgllx -

The associated space X'(Q) is defined using the r.i. norm given by

n(82) * *
fQ |g |d:u’ sup fO |h|# (8) |g|p, (8) dS

1]l =
@ g;ﬁO HQHX Q) g#0 Hg”X(Q)

In particular, the following generalized Hdélder’s inequality holds

2.2 [ la@h@)] di < gl Wil
The fundamental function of X () is defined by
(2.2.3) ox(s) = lIxellx, 0<s<p),

where E is any measurable subset of Q with u(F) = s. We can assume without loss
of generality that ¢x is concave (cf. [13]). Moreover,

(2:2.4) ox/(s)dx(s) =s

For example, if X = LP or X = LP9 (a Lorentz space), then ¢r»(t) = ¢ppro.a(t) = t'/P,
if 1 < p < oo, while for p = 00, ¢~ (t) = 1. If N is a Young’s function, then the
fundamental function of the Orlicz space X = Ly is given by ¢ (t) = 1/N~1(1/t).

5. This means that if f, > 0, and fn T f, then || fnllx T ||f|lx (i.e., the monotone convergence
theorem holds in the X norm). The nomenclature is somewhat justified by the fact that this property

is equivalent to the validity of the usual Fatou Lemma in the X norm (cf. [13]).
6. See (7.1.3), (7.1.4), for the definition of Lorentz spaces.
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The Lorentz A(X) space and the Marcinkiewicz space M (X) associated with X
are defined by the quasi-norms

w(€2)
(2.2.5) 1l aecxy = sup [i®ox @), [fllaco :/O fu(t) dox (t).

Notice that

dmx)(t) = dax) () = ox (1),
and, moreover,
(2.2.6) AX)Cc X Cc M(X).

Let X () be a r.i. space, then there exists a unique r.i. space X = X (0, () on
((0, 1(€2)), m), (m denotes the Lebesgue measure on the interval (0, 1(2))) such that

(2.2.7) 1fllxc = ] % 0,u0))-

X is called the representation space of X (f2). The explicit norm of X (0, u(f)) is
given by (see [13, Theorem 4.10 and subsequent remarks])

()
(2.2.8) 121 % (0,u(02)) = sup {/0 Ihl" (s) 1gl,, (s)ds < [lgll x () < 1}

(the first rearrangement is with respect to the Lebesgue measure on [0, u(f2))).
Classically conditions on r.i. spaces can be formulated in terms of the boundedness
of the Hardy operators defined by

ds
~.

t n(s2)
P =g [ feds aro= [ s

The boundedness of these operators on r.i. spaces can be best described in terms of
the so called Boyd indices (") defined by

Inh Inh
ax = inf Laxts) x(s) and gxzsupin x(5)
s>1  Ins s<1 Ins

3

where hx(s) = supjs <1 [|Esf[lx denotes the norm of the compression/dilation
operator E, on X, defined for s > 0, by

) o<t<s,
E.J () _{ 0 s <t < p(Q).

7. Introduced by D.W. Boyd in [21].
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The operator Ey is bounded on X on every r.i. space X (£2), and moreover,
(2.2.9) hx(s) < max(l,s), for all s > 0.
For example, if X = LP, then ar» = ap, = %. It is well known that

P is bounded on X < ax <1,

2.2.10 -
( ) Q is bounded on X < ay > 0.

We shall also need to consider the restriction of functions of the r.i. space X (£2)
to measurable subsets G C Q with u(G) # 0. We can then consider G as a metric
measure space (G,d|qg, it|g) where the corresponding distance and the measure are
obtained by the restrictions of the distance d and the measure u to G. We shall
denote the r.i. space X (G, d|q, pe) by X, (G). Givenu : G — R, u € X,.(G), we let
u: ) — R, be its extension to €2 defined by

(2.2.11) a(z) = { g(“’) ii%\(;.

Then,
HUHXT(G) = ||ﬁ||x(sz)'

Proposition 1 — Let X(Q) be a r.i. space on Q, and let G be a measurable subset of
with w(G) # 0. Then,

1. If u e X(), then uxg € X,(G) and
luxellx, @) < llullx @) -

2. Let X, be the representation space of X, (G) and let X be the representation
space of X (). Let uw € X, (G). Then
’X

where given h : (0, (@) — (0,00), h denotes its continuation by 0 outside
(0, u(G)). Thus by the uniqueness of the representation space, if h € X, then

s = [l
3. The fundamental function of X, (G) is given by
(2:2.12) ox,(c)(8) = dx(a)(s) (0<s<pu(G)).

4. Let (X, (@))" be the associated space of X, (G). Then

—_~—

lullx, ) = H(wmc)

(2.2.13) (X, (G) = (X)), (G).

T
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Proof. — Part 1 and 4 are elementary. For Part 2, note that if v € X,.(G), then

”u”XT(G) = Ha”X(Q)
= [(|a)7 by (2.2.7)).
[aan; . oy @27)

Since pg = p on G, it follows from the definition of @ that

(Iﬂl);—{ (uDiag () = € (0. 1(G),

0 s € ((G), n(2)).
Thus
aanz|,. = [|dubs. e xowen]|, = ||(.) ‘ 7
X
Now Part 3 follows from Part 2 taking in account that
Px(e)(s) = dx(s)- -

In what follows, when G C 2 is clear from the context, and w is a function defined
on G, we shall use the notation @ to denote its extension (by zero) defined by (2.2.11)
above.

2.3. Some remarks about Sobolev spaces

Let (£, d, 1) be a connected metric measure space with finite measure, and let X
be a r.i. space on . We let Sy = Sx () = {f € Lip(Q) : |Vf] € X(Q)}, equipped
with the seminorm

[fllse = VAl x -

At some point in our development we also need to consider restrictions of Sobolev
functions. Let G C Q be an open subset, then if f € Sx(2) we have fx¢ € Sx, (G),
and

1fxcllsy, @ < IIVIFIxalx
< MVIlx @)
= Fllsx e -
K —functionals play an important role in this paper. The K —functional for the

pair (X(Q), Sx(Q)) for is defined by

(2.3.1) K(t £ X(9),Sx(@) = _inf {I1F = gllxie + 1Vl xo -

If G is an open subset of 2, each competing decomposition for the calculation of the
K —functional of f, K (¢, f; X (), Sx(£2)), produces by restriction a decomposition for
the calculation of the K —functional of fxg, and we have
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Notice that from our definition of Sx (2) it does not follow that h € Sx implies that
h € X. However, under mild conditions on X, one can guarantee that h € X. Indeed,
using the isoperimetric profile I = I(q 4 ,,), let us define the associated isoperimetric
Hardy operator by

n(Q) s
@ﬂw:l f@ﬁg (f > 0).

Suppose that there exists an absolute constant ¢ > 0 such that, for all f € X, such
that f >0, and with supp(f) C (0, u(€2)/2), we have

(2.3.2) 1Qifllx <ellflls-

Then, it was shown in [70] that for all h € Sx,

1
h——/hH < |IIVh .
- s o] 2

Therefore, since constant functions belong to X we can then conclude that indeed

h € X. It is easy to see that if ay > 0, condition (2.3.2) is satisfied. Indeed, from

()

the concavity of I, it follows that IT is decreasing, therefore

O S 8€ (0, 1(2)/2).
It follows that if s € (0, 4(2)/2), then
< MI(S) = cl(s).

T (@)
Consequently, for all f > 0, with supp(f) C (0, u(2)/2),
w()/2 d n()/2 d
as= [ g se [ 0% =arw.
Therefore,
1Qrfllx <cll@fllg < exfllg,

where the last inequality follows from the fact that ay > 0. We can avoid placing
restrictions on X if instead we impose more conditions on the isoperimetric profile.
For example, suppose that the following condition ® on I holds:

we)/2 g
2.3.3 / — =c < 0.
(23.3) ;1)

8. A typical example is I(t) ~ t1=1/7 near zero.
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Then, for f € L*> we have
1) g

Quft) < Il / 1(s)
<cl|fllp--

Consequently, @7 is bounded on L*°. Since, as we have already seen @7 < @, it
follows that @7 is also bounded on L', and therefore, by Calderén’s interpolation
theorem, @y is bounded on any r.i. space X. In particular, (2.3.2) is satisfied.
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CHAPTER 3

OSCILLATIONS, K-FUNCTIONALS
AND ISOPERIMETRY

3.1. Summary

Let (2, d, 1) be a metric measure space satisfying the usual assumptions, and let
X be a r.i. space on . In this chapter we show (cf. Theorem 7 in Section 3.2) that
for all f € X 4+ Sx,

K %,f;X,SX
(3.1.1) I — I () < 16 (s )

¢x(t)

L0 <t < pu(Q)/2.

Moreover, if fo = ﬁ Jo, f dp, then
#(t)’ f7 X7 SX)
Px(t)

This extends one of the main results of [73]. In Section 3.3 we prove a variant of

K
(3.1.2) |f = fal,” (&) = |f = fal, (t) < 16 ( , 0<t < ().

inequality (3.1.1) that will play an important role in Chapter 5, where embeddings

into the space of continuous functions will be analyzed. In this variant we replace #(t)

by a smaller function that depends on the space X, more specifically we show that

U ) < 2K 015X, 55)
137 0) = I£1 () < 4=

L0 <t < p(Q))2,

where

0(t) = 2 | o)

In Section 3.4 we show that (3.1.1) for X = L! implies an isoperimetric inequality.

Underlying these results is the following estimation of the oscillation (without re-
arrangements): there exists a constant ¢ > 0 such that

! K (55025, 1 X, 5x)
— ~ fald
iy J, I~ Foldn < =TS

3.2. Estimation of the oscillation in terms of K —functionals

The leitmotif of this chapter are the remarkable connections between oscillations,
optimization and isoperimetry.
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Definition 1. — Let f : © — R be an integrable function. We say that m(f) is a
median of [ if

ilf > m(f)} > p(Q)/2 and p{f <m(f)} > p(€)/2

Recall the following basic property of medians (cf. [93], [70, p. 134], etc.)

1 1 . 1
3 (;Iﬁj Q|f<—fh|du) Slgfpzﬁj Q|f‘—0|d#
1
(3.2.1) g—H(Q)/Q|f—m(f)|du

<3 <ﬁm/9|f—fg|du>.

The starting point of our analysis is the well known Poincaré inequality (cf. [18],
[70, p. 150]):

()
(3.2.2) /Q|f—m(f)|du§ W/QWJ‘MM, for all f € Sp1 (Q).

Our next result is an extension of the Poincaré type inequality (3.2.2) by interpo-
lation (i.e., using K —functionals).

Theorem 6 — Let X be a r.i space on Q2. Then for all f € X,

! K (480, 1 X, 5x)
2. E— — d
(3.2:3) () /Q'f Jal dp < 2———0 0 )

Proof. — For an arbitrary decomposition f = (f — h) + h, with h € Sx, we have

1 1
m/ﬂlf—m(h)ldu=m/ﬂlf—hﬂh—m(h))ldu

1 1
7 L1 =M — [ =)
. [IVAll (by (3.2.2))

<

1

< vy W hle + s

< ﬁm 1|f il b (u(9)) +
W [1VA|[ x ¢x: (11(R2)) (by Holder’s inequality)

L _ _m)/2
= o @) (I =il + COZ il )

1 1(§2)/2

= (i) (If ~hllx + oD |||Vh||X> .
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Combining the last inequality with (3.2.1), we obtain that for all decompositions
f=(f—h)+h, with h € Sy,

HQ)2
5 [ = saldn s 2 (1l + ).

Consequently,

- p(0)/2
T A L e (LI L N
_ 1(Q)/2
- ( i X5
as we wished to show. O

The main result of this section is the following

Theorem7 — Let X be a r.i. space on Q. Then (3.1.1) and (8.1.2) hold for all
feX+ Sx.

Proof. — It will be useful to note for future use that if ||-|| denotes either |||
or [|-[|g, , we have

(3.2.4) A< A1
Let € > 0, and consider any decomposition f = f — h + h with h € Sx, such that
(3.25) If = hllx + E1IVAllLy < K (65 X, Sx) +

Since by (3.2.4), h € Sx implies that |h| € Sx, this decomposition of f produces the
following decomposition of |f] :

[f1 =[£I =R+ |h].
Therefore, by (3.2.4) and (3.2.5) we have

I = 1hlllx + eIV IRl x < [1f = Rllx + ¢ lIVR[x
<K( f;X,Sx)+e.

Consequently,

(3.2.6) nt {11 = Bl + ¢ VhllLc) < K (64 X.8x)

In what follows we shall use the following notation:

Kt f)=K({ f; X, Sx).
We shall start by proving (3.1.1). The proof will be divided in two parts.
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28 CHAPTER 3. OSCILLATIONS, K-FUNCTIONALS AND ISOPERIMETRY

Part 1: t € (0, 4(Q2)/4]. — Given 0 < h € Sx consider the decomposition

[fl=(f[=h)+h.
By (2.1.2) we have
[F1 @) < LI = RI (@) + Rl (),
and by (2.1.1) we get
|Rf}, (2t) = [1f] = Rl (t) < |1, (0).
Combining the previous estimates we can write
(3.2.7)
[l @) = 1f1, @) < AFL= AL (@) +[R1(8) = (Rl (2) = (1] = Al ()
= |fl =Rl (&) + 11f] = hl, (&) + |l (8) = |hl, (2t)
<2\f1 = Bl @) + (L (6) = [0l 20)
= 211 = bl () + (10l @) = 10l 20) + (Il 20 = [nl; 21))
= (I) + (IT) + (II1).
We first show that (1) < (III). Recall that %(—[g|"" () = lol” O 1ol ®

then using the fundamental theorem of Calculus, and then the fact that
t(lgly" () —lgl;, (1)) = f‘;j* (1) Mg|(s) ds s increasing, to estimate (1) as follows:

(1) = |h[}" (t) = |R[} (2t)
-/ NN L
<2t (|h|:* (2t) — |nl, (2t)) /t% d—j
= (Inl77 (2t) = |nl, (2t))

= (I11).

Inserting this information in (3.2.7), applying (2.1.5), and using the fact that Iq(s)
is increasing on (0, x(£2)/2), yields,

I (0 — 1L (1) <2 (||f| O+ g 19 <2t>)
(3.28) <4 (||f| ~ O+ T 9 (t))

— 4(A(t) + B(t)) .
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We now estimate the two terms on the right hand side of (3.2.8). For the term A(%) :
Note that for any g € X,

I I
= [ o @ras =7 [ gl (xon o) ds

Therefore, by Holder’s inequality (cf. (2.2.2) and (2.2.4)) we have

1
11 =10 = 3 [ 1= Bl (v (o) ds

(3:29) <1051 - )l 2240
=111 - Bl @%@
Similarly, for B(t) we get

Inserting (3.2.9) and (3.2.10) back in (3.2.8) we find that,
IS @) = 11 ) < — (1] = hllg + — V]
# BETT ox(t) X In() X))

Therefore, by (3.2.6),

[l @) = [fl, () <

4 .
~ ox(t) o <”|f| = hllx + o) ||Vh||X)

<a- (ﬁ; 2

Part II: t € (u(Q)/4, u(2)/2]. — Using that the function t(|f|z* (t) — |f|: (t)) is
increasing, we get,

1 0= 0 < /2071 G/2) = 11, (/)
/ (1115, (9) = 111 (u(s0/2)) ds

Now we use the following elementary inequality to estimate the difference |f |: (s) —
|fI7, (1(€2)/2) (ct. [40, p. 94], [55, (2.5)]): For any 0 € R, 0 <7 <7 < p(€), we have

(3.2.11) 1) = 1f1L () < Uf = ol () + 1 f = ol (u(Q) = 7).
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Consequently, if 0 < s < u(€Q)/2 and we let r = s,7 = u(2)/2, then (3.2.11) yields
[f1 () = 1fL (u()/2) < 1f — ol (s) + | = al}, (u()/2).

The term I above can be now be estimated as follows. For any ¢ € R, we have

p(2)

zg/OQ 1 = oll, (5)+ I — ol (1(€)/2) ds
n()

<2 T ir-al s
n(Q)

2 —al* d

s/o 1 ol (5) ds

Selecting o = fq, yields

() )
I'< 2/ |f = fal, (s)ds
0

:2/ |f = faldu.
Q
At this point we can apply (3.2.3) to obtain
Q)/2
R )
¢x( (€))

A well known elementary fact about K —functionals is that they are concave functions
(cf. [13]), in particular M
on (0, u(92)/2), we see that

n(€2)/2 p()/2  Ia(t) t
K<I_e<u<ﬂ>/2>’f)§ To(u(Q)/2) 1 K(Ie<t>’f>
)

W/2 Ia(u(@)/2)
S @) K(m()’f)

K (IQ( ),f) (since ¢ > () /4).

I< 2u(Q)K(

is a decreasing function. Thus, since Iq(t) is increasing

Therefore,
71 0 - 111 (< 4 @((ﬁ;j;)
< mig"izgg) (since ¢ > u(2)/4)
<16 g;j((t;)’ f) (since p. decreases).
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Let us now to prove (3.1.2). Once again we divide the proof in two cases. For t €
(0, 4(€2)/2) we claim that (3.1.2) is a consequence of (3.1.1). Indeed, if we apply (3.1.1)
to the function f — fo and then use the fact that the K —functional is subadditive
and zero on constant functions, we obtain

o * t
lf = fal, () = |f = fal, (t) < 16K <m,f—fsz)

<05 () +* ()

t
Suppose now that t € (u(€2)/2, u(2)). We have
|f = fal,” (t) = |f = fal, (t) < |f = fal, (t)
< %/o |f = fal,, (s)ds
2 n(Q) )
< m/o |f = fal, (s)ds
2
= m/9|f—fsz|d#
K ([ w(€)/2 f

A W)/
- ¢x (1(92))

. t . s . 1 . . . .
Recalling that Toq 18 increasing and T s decreasing, we can continue with

(1) ()
ox (1(K2)) T ox(u(2))
i)

an the desired result follows. O

) (by (3.2.3)).

A useful variant of the previous result can be stated as follows (cf. [73] for a
somewhat weaker result).

Theorem 8 — Let X = X(Q) be a r.i. space with ay > 0. Then, there exists a
constant ¢ = ¢(X) > 0 such that for all f € X,
(3.2.12)

(51500 75 0/2) xioarm ] < ek (L £%.8x ) 0 <1 <
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Proof. — Fix t € (0, u(2)]. We will first suppose that f is bounded. We claim that
in the computation of K (t, f; X, Sx) we can restrict ourselves to consider decompo-
sitions with bounded h. In fact, we have

(3.2.13)

h t h <2 inf —h ¢ h _
0<h<”f” {|||f| Ix +tVAllx} < Oglhnesx{lllfl Ix + VAl 5}

To see this consider any competing decomposition with 0 < h € Sx. Let
g =min(h, [|f[l.) € Sx.
Then,
|Vg| < |Vh],
and, moreover, we have
171 = glx + Vgl < [[051= B xgugyn_y|, +

|01 =110 X sy |, + 1198

< A1 =Bl + | 1A = 1) X sy |, + 2190

Now, since

A= 1710 X sy | = Ul = 1D X s g1y < B = 1D X gy

we see that

las =110 x| = [ @ = 1D X sy |, = 11— il

Consequently

1 =gllx +llIValllx <2[[[f] = hllx + VAl x

and (3.2.13) follows.

Let 0 < h be a bounded Lip(Q) function, and fix g € X’ with ||g||¢, = 1. Recall
that X’ is a r.i. space on ([0, £(Q2)],m), where m denotes Lebesgue measure. We let
lgl* :=|g|%,. Consider the decomposition

[fl=(fI=h)+h

Witing h = ||+ (— (|f] — b)), we see that [h[}, (¢) < |£]} (¢/2) + Lf| - A", (t/2). We
use this inequality to provide a lower bound for | f|; (t/2), namely

IRl (8) = |If] = Al (t/2) < |f]}, (t/2).
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Then we have

t/2
/0 (FL, () = 1£1, (£/2)) X 0.072)(8) 1" (5) ds

t/2

t/2
(3214) = / 1% () gl" () ds — £ (2/2) / 9" () ds

t/2 t/2

< [ U @lel @ as = (I 0= 1= bl 0/2) [ 1ol (s
To estimate the first integral on the right hand side without sacrificing precision on
the range of the variable *t* requires an argument. We shall use the majorization

principle (2.2.1) as follows. Since the operation f — f** is sub-additive, for any r > 0
we have

r min{r,%}
/0 15 (5)x(0.5)(5) ds = / F12 (s) ds
min{r,£} . min{r,£} .
< / 1] = Bl (5) ds + / 1B} (s) ds
min{r,£} . .
= [ (= al e+ e 9)) s

< [ (151 11 6+ 181 9) o 21(5) s

Now, since for each fixed ¢ the functions Hy = [f[};(-)x(0,£)(") and Ha = (||f| = h[},(-) +
|Al;:(-))X(0,£)(") are decreasing, we can apply the Calderén-Hardy Lemma to the
(Lorentz) function seminorm defined by (cf. [62, Theorem 1])

n(s2) . .
1H]l,, = / I (3) 9] (5) ds.

‘We obtain
[H1l[5g < [[H2]4, -

It follows that
/t/2|f|*<>| " (s)d /”m)|f|*<> (5) 9" (s)d
| MSQSS—O w (8)X(0,2)(8) lg|” (s) ds
w(€2)
< / (1= A () + B (5)) X0, () o (5) s

- /Ot/z (1171 = B (5) + 1BI; () lol” ) ds.
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Inserting this estimate back in (3.2.14) we have,
t/2
| = 110200 el (5) s
t/2
< [ (=l 0+ |h|“(s)>t/|f| (5) ds -
(I =1 = 1 0/2) [ 1ol (s
t/2 t/2
= [ = Al ) ds+ [ BNl (5)ds +
’ i
(1171 = Rl (¢/2) = nl5.0)) / lg]"(s) ds
t/2
= [ (U= Bl )+ 1= B 2 ol s) s +
t/2
| (1h ) = 8l @) ol () ds
0
n(s2)
<2 [ U= Bl ) xoa/2 6ol () ds +
0
w(€2)
L (0 = 1 0) xown (9 ol (s
<211 = hllx +||(1AL; ) = 1AL, O)xom |, Gy 2:2:8).

Now, let {h, }nen be the sequence provided by Lemma 2, Chapter 2. Then,

(17l (5) = hnl, (1)) (0,072 (5) = / (= ol )rxoerar ()

< [ (- 1hal) Oty

S

[ ) o

7 /SM (=) @10

_ ﬁ@((— hals) To)(s)

Applying ||-|| ¢ (in the variable s) and using the fact that oy > 0, we see that

[ (1l ©) = Il ) X0 O, < e [[(= )’ <->Ia<->]

IN

IN

X

t
In(t) ‘

t
< o VAl (by (21.8))
t 1
= “Tald) <1 + g) IIVhnlllx  (by (2.1.6)).
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On the other hand, by (2.1.7), h,, = hin L', and by Lemma 1 we get |hn|:1 (s) —
|h|; (s), thus applying Fatou’s Lemma in the X norm (cf. Section 2.2), we find that

(3.2.15)

(11, ) = 18, ) X0 0|, = Jim_inf | (Ial; () = 1Rl () X0 )]

t
< “To® VAl -

Combining (3.2.14) and (3.2.15) we get
(3.2.16)

n(s2) . . . t

/0 (LF1. () = [f 1 (/2)X0,/2) (8) 9] (5) ds < c([[[f] = hllx + ol VAl x)-

Since (|f|: (s) — |f|; (t/2))X(0,/2)(s) is a decreasing function of s, we can write

(1415 ) = 1115 0/2) x0.a205) = (71, ) = 11 0/2) X020 ()) (5).

Combining successively duality, the last formula and (3.2.16), we get
(11 ) = 1115 €2 X072 9)|
#(Q) N " * N
= sup / (1715 C) = 11, (/2)) X0 ()] () lgl” (5) s

llgll /<1

()
~ swp / (1715, (5) = L1 (4/2) X072 () lgl* () s

llgll /<1
t
< 26 (1= Ml + 15 119 ).

where c is an absolute constant that depends only on X. Consequently, if f is bounded
there exists an absolute constant ¢ > 0 such that

| (1710 =111 @/2)) X0 0| < e _int {||f| ~hlx+ |||Vh|||x}

0<heSx

t

Suppose now that f is not bounded. Let f,, = min(|f|,n) 7 |f|. By the first part of
the proof we have,

t

a5 () — |l (8) < K (1—@ Fui X, sx) |
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Fix n. For any 0 < h € Sx, let h,, = min (h,n). Then,

K <%afn§X78X) S H|fn| _}Nln

t
PR

t
— [||Vh .

||V

X
< |IIfI = hllx +

Taking infimum it follows that, for all n € N,
t t
K ) n7X75 SK — ,X,S .
(Isz(t) / X> (IQ(t) / X>

Since f, = min(|f|,n) 7 |f|, then by the Fatou property of the norm we have
(171, = 1715 €/2) x0ar ()| =1 || (14l () = 1£a]5, /2)) x0.4/200)|
t

In(t)’

t
SCK <M7f7XaSX>7

as we wished to show. O

»

§climK( fn;X,SX)

Remark 2 — For perspective we now show that, under the extra assumption that the
r.i. space satisfies ay >0, (3.2.12) can be used to give a direct proof of (3.1.1).

Proof. — We have,

/) =1L /2) = % /ﬁual)(lfIZ(s)-—IJWZ(t/z)) X(0,4/2)(s) ds
< (11 ) = 19 1/2)) X (] 22202)

(by Holder’s inequality)
t
Io(t)’

K (74 £ X, 5x)
=2c
Px(t)

Example 1 — For familiar spaces (3.2.12) takes a more concrete form. For example,
if X =LP,1<p< oo, then ay, >0, and (8.2.12) becomes

saan [ (0 1) b < (K (i)Y

In particular, when p =1, the left hand side of (3.2.17) becomes

552CAT( f,X,SX> ¢X;@)(by(&2i2ﬂ

O

. t/2
S (F1@/2) = 1£1L(8/2) = / (fi(s) = f(t/2)) ds.
0
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As a consequence, when X = L' and 0 <t < u()/4, (8.2.12) and (3.1.1) represent
the same inequality, modulo constants.

The next easy variant of Theorem 7 gives more flexibility for some applications.

Theorem 9 — Let X and Y be a r.i. spaces on Q2. Then, for each f € X + Sy we
have

bx (t
K(Int(t ¢f(t§’f X, SY)
ox(t)

Proof. — Since the proof is almost the same as the proof of Theorem 7 we shall only
briefly indicate the necessary changes. Let f = fy + f1 be a decomposition of f, then
using estimate (3.2.10), with Y instead of X, we get

(38218) I (¢/2) — 1fI; (¢/2) < L0 <t < ().

- IV £l
|Vf1|# (t) < Wlf)y
Therefore,
(3.2.19) \% f1|** (t) < ox(t) t |||vf1|HY

( ) T ox(t) In(t) oy (t)
Inserting (3.2.9) and (3.2.19) back in (3.2.8) we find that, for 0 < ¢t < u(Q),

)t (1 < Mol , (@)t 1Al
IR = LD < 0 TR0 o)

t IVAlly
< Jollx +éx — |-
< g (s +oxo 5 1000
The desired result follows taking infimum over all decompositions of f. O

Remark 3 — Obviously if there exists a constant ¢ > 0 such that for all t
(3.2.20) Px(t) < cpy (1),
then for each f € X 4+ Sy,

K (725, 1: X, 5y )
ox (1)

1 (t/2) = If],, (8/2) < 2 , 0 <t < p(Q).

Note that Y C X implies that (3.2.20) holds.

3.3. A variant of Theorem 7

This section is devoted to the proof of an improvement of Theorem 7 that will
play an important role in Chapter 4. In this variant we shall replace the variable
inside the K —functional, namely #(t), by a smaller function that depends on the
space X. The relevant functions are defined next.
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Definition 2. — Let X be a r.i. space on Q. Fort € (0, u(Y)) we let

(3.3.1) vx.a(t) = ¢X H szs Ot)(S)HX

(3.3.2) Uxa(t) =ox(t H . Ot)(S)HX,

If either X and/or Q are clear from the context we shall drop the corresponding
sub-index. In the next Lemma we collect a few elementary remarks connected with
these functions.

Lemma 3
(i) The function ¥x(t) is always finite, and in fact
t
Yx(t) < ——, t € (0, u(Q)).
1)< T € O.u@)
(ii) In the isoperimetric case there is no improvement: When X = L',

t
le (t) = IQ (t) .

(i11) We always have
Yx < Ux.
(iv) The function Ux is increasing

(v) A necessary and sufficient condition for Ux(t) to take only finite values is

1
(33.3) ] <
Proof
(i) Since 7 is increasing,
t t) t
¢Xt( ) ’IQ?S)X(O)t)(S)}’X/ < (bXT()IQ(t X0.6) ()|
bx (t) t
t Io(t) ox ()
ot
o IQ(t).
(ii) For X = L,
. ¢L1 (t) S
Yra(t) = . ‘ To(s) X(0,t)(5) .
B s
= sl )
ot
T Ig(t)’
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(iii) Since s 1

Yx( X(o #(s
< ox(t H X(o (s H
= WUx(t).
(iv) By inspection ﬁ(s)x(o)t)(s) . increases in the variable ¢.

(v) By (iv) for t € (0, u(%2)),

1
IQ(S)

X/'

W () < U (1) = b (1(2) \

On the other hand, by the triangle inequality

B (@)/2) > oxu@)/2) | 5| - oty ez
It follows that
ox(u)2) |75 <2 0

Remark 4 — Unless mention to the contrary, we shall always assume that (3.3.3)
holds when dealing with the functions introduced in Definition 2.

Theorem 10 — Let X be a r.i. space on Q. Then, for all f € X + Sx,

K (¢¥x(2t), f; X, Sx)
ox (t)

(3.3.4) 0@ = If1L () <8 , 0 <t < u(9)/2.

Remark 5 — Lemma 8 (i) implies that (3.5.4) is stronger than (3.1.1).

Proof of Theorem 10. — Let f € X + Sx, be bounded. Proceeding as in the proof
of Theorem 7 we can show that for any h € Sx, with 0 < h < || f|| o »

10 @) = 1f1 (@) < 4llf1 = Rl (@) + 2(1R1," (28) — |R[, (28),  0<t < pu(Q)/2.

The first term on the right hand side was estimated in (3.2.9)
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To estimate |h[," (2t) — |h[}, (2t), consider {hy}, e,
associated to h that is provided by Lemma 2. Then

- . L «\/
|l (2t) = hal, (2t) = E/ s (— |h”|u) (s)ds (integration by parts)
0

the sequence of Lip functions

:% Ozts (—|hn|;) (s)Ia(s )Iiz)

<5 |mxom)| || (=1mh) @ta)

X' X
(by Holder’s inequality)

1
2t || Lo

(
1 ]
(s
1.

IN

To(s) X©: 20 ()| MVhalllx (by (2.1.8))

S X

| /\

1
1+ — h
2% | T )X(02t)( 2) X’( +n)|||v Il x

(by (2.1.6)).

On the other hand, from (2.1.7) and Lemma 1, we have |hn|: (s) — |h|; (s), and
|hal," (s) = |hl})" (s). Consequently,

sk * 1 S
Bl 20) = W 20) < 3 | w0 Ii9AlLe
Summarizing,
=110 < =Ry HI—()X(O,%)(S) IVHl
4
- oo (1=t 258 | oo )
4
< 2 (151 = bl + w20 91
Thus,

4
Px(t) 0<h<|\f|\

8 K(1/)X(2t)7f;X, Sx)

[l @) = 1f @) < o U= Rllx + 9@ IVAIIT}

< by (3.2.13)).
When f is not bounded we consider the sequence f, = min(|f|,n) 7 |f|, and we
proceed as in the proof of Theorem 8. O

3.4. Isoperimetry

In this section we show the connection of (3.1.1) and (3.3.4) with isoperimetry.
Observe that (3.1.1) holds for all r.i. spaces. In particular, it holds for X = L!.
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Theorem 11 — Let G be a continuous function on (0, u()) which is zero at zero and
symmetric around (Q)/2. Then the following are equivalent

i) Isoperimetric inequality: There exists an absolute constant ¢ > 0, such that
(3.4.1) G(t) < cla(t), 0 <t < u(Q).

ii) There exists an absolute constant ¢ > 0 such that for each f € L*,

K (gt fi L1 500)

(3.42) INCEIIROEE: : L0<t<p@)2
Proof
(i) =(ii). Since
koK * K(#(t)’f;Ll’SLl)
LI @) = 1fl, @) <c - L0 <t< ()2

it follows that (3.4.1) implies (3.4.2).

(ii) = (i). Suppose that A is a Borel set with 0 < u(A) < w()/2. We may
assume, without loss, that P(4;Q) < co. By [18, Lemma 3.7] we can select a sequence
{fn}nen of Lip functions such that f, ;) x4, and

P(A;Q) > lim sup |||V fulll 11 -
n—roo

Going through a subsequence, if necessary, we can actually assume that for all n we

have
PA;) > IV falllpr -

From (3.4.2) we know that there exists a constant ¢ > 0 such that for all 0 < ¢t <
p()/2, t 1
K (G— fui L Sp)
*% * (t)7 s ’

We take limits when n — oo on both sides of this inequality. To compute on the left
hand side we observe that, since, f, = XA, Lemma 1 implies that:
L

[ fuly (8) = |xaly,” (t), uniformly for ¢ € [0,1], and
[ fal,, (£) = Ixal), () for t € (0,1).

Fix 1/2 > r > u(A). We have

Jim (17037 ) = 1fal} (1)) = ()" () = Geay, ()

*
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Now, to estimate the right hand side we observe that, for each n, f, € L' N Sy1.
Consequently, by the definition of K-functional, we have

K(gm: il 50) _ ([ fallys 1 Al
t = t T G(t) nilL

< min { [ foller 1 (A;Q)} .

Thus,
lim

n— 00 t

K(Gét)ufn;LlasLl) . {ILL(A) 1 p }
< — —P(4;Q)¢.
Pl

Combining these estimates we find that for all 1/2 > r > u(A),

(A) 1
" < cmP(A; Q).
Let r — u(A) then, by the continuity of G, we find
1

S Gy T
or

G(u(A)) < cP(4:9).
Thus,

G(u(A)) < cinf{P(B; Q) : u(B) = u(A)}
= cla(u(A))-
Suppose now that t € (u(Q)/2, 1(Q)). Then 1 —t € (0, u(Q)) and by symmetry,
G(t)=G(1—t)<cl(l-t)=cl(t),

and we are done. O
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CHAPTER 4

EMBEDDING INTO CONTINUOUS FUNCTIONS

4.1. Introduction and Summary

In this chapter we obtain a general version of the Morrey-Sobolev theorem on
metric measure spaces (), d, u) satisfying the usual assumptions.

4.1.1. Inequalities for signed rearrangements. — Let (£2,d, 1) be a metric
measure space satisfying the usual assumptions. We collect a few more facts about
signed rearrangements. First let us note that for ¢ € R,

(4.1.1) (f—l—c): (t) = fi(t) +c

Moreover, if X () is a r.i. space, we have

I =0y = Ll x @) = 1 lx@ = 1l %0000

where X (0, 4(9)) is the representation space of X (Q).

The results of the previous chapter can be easily formulated in terms of signed
rearrangements. In particular, we shall now discuss in detail the following extension
(variant) of Theorem 10.

Theorem 12 — Let X be a r.i. space on Q. Then, for all f € X + Sx, we have,
K (p(2t), f; X, Sx)
dx(t)

where Y (t) := PYx o(t) = $x(t) | ﬁ(s)X(O,t)(S)H)}/ is the function introduced in (3.3.1)).

S

(4.1.2) () = fi(t) <8 L0 <t< p(@)/2

Proof. — Let us first further assume that f is bounded below, and let ¢ = infg f. We
can then apply Theorem 10 to the positive function f — ¢, and we obtain

(4.1.3) (f =)™ (t) = (f — )" (t) < B W), f - X 5x)
" 8 Px(t)
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We can simplify the left hand side of (4.1.3) using (4.1.1)

(f =0 () = (f =), (&) = f"(t) — £ (D).

On the other hand, the sub-additivity of the K —functional, and the fact that it is zero
on constant functions, allows us to estimate the right hand side of (4.1.3) as follows
K (), f = X,5x) < K ($(b), f; X, Sx) + K ((t),¢; X, Sx)

= K(w(t)uvaasX) :

Combining these observations we see that,

K (y(2t), f; X, Sx)
ox (1)

If f is not bounded from below, we use an approximation argument. Let

fr@) = fut) <8

frn =max(f,—n), n=1,2,...
Then by the previous discussion we have

K (¥(2t), fn; X, Sx)
x (1)

Now f.(z) = f(x) p—a.e., with |f,| < |f|, therefore, L' convergence follows by
dominated convergence, and we can then apply Lemma 1 to conclude that

K (¥(2t), fn; X, Sx)
x (1) '

We estimate the right hand side as follows. Given ¢ > 0, select h® € Sx such that

(4.1.4) 1f = Pollx + @) VAl x < K (1), f; X, Sx) +e.

(fn)5(8) = (fn) () < 8

fir@) = fa(t) <8

For each n € N let us define hS, = max(h®, —n). Then
(4.1.5) h; € Sx with |Vh| < |VA®|.
By a straightforward analysis of all possible cases we see that
(4.1.6) M= bl < 17 =1l
Therefore, combining (4.1.4), (4.1.5) and (4.1.6), we obtain

K (1), fn: X, 8x) < K ((t), f; X, Sx) ,

thus

K ((2t), f; X, Sx)
Px(t)

and (4.1.2) follows. O

, 0<t<pu()/2.
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4.2. Continuity via rearrangement inequalities

In this section we consider the following problems: Characterize, in terms of
K —functional conditions, the functions in f € X () + Sx () that are bounded,
or essentially continuous. Omne can rephrase these questions as suitable embedding
theorems for Besov type spaces.

We consider boundedness first.

Lemmad — Let (Q,d,u) be a metric measure space, and let X () be a r.i. space.
Then if f € X + Sx is such that

/Mm K (T(t), f; X, Sx) dt
0 ox(t/2) t
then f is essentially bounded, where U(t) := Ux q(t) = ¢X(t)Hﬁ(S)X(O,t)(S)HX/ is the
function introduced in (3.3.2).

< 00,

Proof. — To simplify the notation we shall let K(t,f) := K (¢ f;X,Sx). By
Lemma 3 (i) and Theorem 10, we have
o . K (¥(t), f)
4.2.1 t/2) — t/2) < 8——F7=+
@21) /)11 /) < 87 S0
Fix0<r< @; then integrating both sides of (4.2.1) from r to u(€2), we find
n(€2) dt HS K (W(t), f) dt
/2) = | f(t/2)) — <8 s
[ (e -imam) T s [ S0

We can compute the left hand side using the fundamental theorem of calculus

L ()

[ (=i ) G = o -5 (F52).

, 0 <t < (9.

thus,
- ) MY K (0(1), f) dt
ro-r () s [
Therefore,
1)
f (T)Sm/o |f|#(s)ds+8/r ox /D) -
Thus, letting » — 0,
L ()
2 [T MO K (W), f; X, Sx) dt
o < —— d —,
e <=5 | 7 1L s+ | L
and the result follows. O

To study essential continuity it will be useful to introduce some notation. Let
G be an open subset of Q. Recall (cf. Section 2.2) that X,(G) = X(G,d|q,pc)-
When the open set G is understood from the context, we shall simply write X, and
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Sx,. We shall denote by X, = X,.(0, 4(G)) the representation space of X,., and we
let X/ denote the corresponding associated space of X, (For more information see
Section 2.2, (2.2.13).)

If f e X(Q) + Sx(€), then we obviously have that fxg € X.(G) + Sx.(G).
However, we can not apply our fundamental inequalities (3.1.1), (3.3.2) since we are
now working in the metric space (G, d|q, i) and therefore the isoperimetric profile
has changed.

Given G C 2 an open subset, and let A C G. The perimeter of A relative to G
is defined by

h—0 h
where A, = {z € G : d(x, A) < h}. Obviously
P(4;G) < P(A;Q).

The relative isoperimetric profile of G C Q is defined by (see for example [4]
and the references quoted therein)

Io(s) = Iig,au(s) =inf {P(A;G): ACG, pu(Ad) =5}, 0<s<up(G).

We say that an isoperimetric inequality relative to G holds true if there exists a
positive constant Cz such that

Ia(s) > Comin(Iq(s), In(u(G) — s)) = Ja(t), 0<s < u(G),

where Iq is the isoperimetric profile of (£2,d, ). Notice that, if 4(G) < p(€2)/2, then
Jo ¢ [0, u(G)] — [0,00) is increasing on (0, u(G)/2), symmetric around the point
1(G)/2, and such that

Ie > Jg,

i.e., Jg is an isoperimetric estimator for the metric space (G, d|q, pjc)-

Definition 3. — We will say that a metric measure space (€,d, ) has the relative
uniform isoperimetric property if there is a constant C such that for any ball
B in Q, its relative isoperimetric profile Ig satisfies:

IB(S) > Omin([gz(S),Igz(,u(B)—S)), 0<s <,LL(B).
The following proposition will be useful in what follows

Proposition 2 — Let J be an isoperimetric estimator of (Q,d,p). Let G C Q be an
open set with u(G) < pu(Q)/2, and let Z = Z([0, u(G)]) be a r.i. space on [0, u(G)].
Then

1
win(7(s), (@) — o) 00

|

1
<ol t < .
LS HJ(S)X(O,t)(S)HZa 0<t<u(G)
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Proof. — Since min(Iq(s), Io(u(G)—s5)) is anisoperimetric estimator for (G, d|, p),

we have
1
R(t) < o () To(G) = S))X(o,u(a)/z)(s) Z+
1
min(Io(s), In(u(G) — S))X(u(G)/z,t)(s) )
! 1
= T(S)X(O,H(G)m)(s) Z+ m)«“(@)/g)t)(s) )
< |00 ®)| + | Xu@ro®)
In(s)™ 2 Io(u(G) — s) < , ;

To estimate the second term on the right hand side, notice that, by the properties
of Ia(s), the functions
1 1
Tolu(G) = 5) Xw@/20(8) and 7rXue) 1@/ (3)

are equimeasurable (with respect to the Lebesgue measure), consequently

1 1
‘ Ta(u(@) =) W@z )| ’IQ( @ -tu@/n(s)]
Since 1/Ig(s) is decreasing on (0, u(G)/2

H( T —tp(@ >/2>) (s) )

(i ) © —1 [
IQ(S)X(;L(G)—t,u(G)/m , IQ(s)X(O’t’“(G)/Q) , IQ(S>X(0¢) Z
Consequently,
1
R(t) <2||—— s . 0
0 <2 o0

Theorem 13 — Let (Q,d,u) be a metric measure space with the relative uniform
isoperimetric property and let X be a 1.i. space on ). Then all the functions in
f € X 4+ Sx that satisfy the condition

/“(Q) K (Uxalt), f; X,Sx) dt
0

(4.2.2) ) — <00,

are essentially continuous.

Proof. — We will show that there exists a universal constant ¢ > 0 such that for any
function that satisfies (4.2.2) we have: For all balls B p(B) < u(2)/2,

2u(B) )
f(@) = fy)] < e / K (\I’X’ﬁf{){;’;’X’ Sx) % |

for p—almost every x,y € B.
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We shall use the following notation: X = X (), Sx = Sx(Q), X, = X,.(B),

Sx, = Sx,(B), v5(t) =¥ x,(t), and Yp = ¥x, B, Vp(t) = Vx, B, Vx =Vxq
Given f € X + Sx, then fxp € X, + Sx,. By Theorem 12

(4.2.3)  (fxs), () = (fxp), (t) = (fxB);TB (t) — (fXB);\B (t)
K (¢(2t), fxB; X+, Sx,)

<38 ox () , 0<t<u(B)/2
By (2.2.12),
K (Y5(2t), fxB; Xr, Sx,) _ K (¥B(20), f; X, Sx)
ox. (1 ST gk MstsHBP
On the other hand, for 0 <t < u(B)/
¢X (2t)
@24 vp) H Xoan®)|
X/
< ¢x,(21) HK(S) X(02,)(5) "
1
- 24 || ——
ox )| s xoan )|

1 (s)
min(Io(B), Io(u(B) — S))X(O,zt) s

< C¢X 2t H
X/

(by Proposition 2)

< cox(2t) HmX(O,%)(S) B
X/

= C\Ifx(Zt).

Consequently for 0 < ¢t < u(B)/2, we have

(fxB), (t) = (fxm);, (1) < 8K (c¥x(2t), f; X, Sx)

ox (1)
K (Ux(2t), f; X, Sx)
(4.2.5) <8C e
— A(21).

Change variables: Let ¢t = 2zr, with r = Q”#((Q)) 0 <z < (). Then,
(fxs), (ar) = (fxs), (2r) < A(22r),  0<2<p(Q).

Integrating the previous inequality we obtain

/ " xmy or) - (e (on)] £ < / " A &
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Using the formula

£ (o o) - L2 )= e
dz H )

z

we get

Similarly, considering — fx s, instead of fxp, we obtain

dz
—-

w(B)
ess sup(~x) = (~fxo)} (B2 < [ AG)
Adding both inequalities
(4.2.6) ess sup(fxp) — essinf(fxp) <
u(B) dz - -
2 [0 AL + (o)) B2+ (< Fx); (n(B)/2)

To estimate the last term on the right hand side we let t = p(B)/2 in (4.2.3),

(Yp(u(B)), fxB; Xr, Sx,)
ox, (W(B)/2) ’

and we do the same thing for the corresponding estimate for — f,

(Yp(u(B)), fxB; Xr, Sx,)
éx, (W(B)/2) '

Adding these inequalities, and recalling that, since (—fx5);(t) = (=fxB)},, 1) =
—(fxB)j, (W(B) —t) = =(fxB),(1(B) — 1), we have

(=fxB)u((B)/2) = =(fxB).(1(B)/2),

[(Fxm)y (u(BY/2) + (—fxw); (u(B)/2)] < 8%

[ Fxm); W(B)/2) + (~ )y (u(B)/2)] < 87

we see that

(Y(u(B)), fxB; Xr, Sx,)
ox, (W(B)/2)

(FxB) (1(B)/2) + (—Fxm) (u(B)/2) < 162
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Inserting this information back in (4.2.6) we obtain
ess sup(fxp) — ess inf(fxB)
n(B) '
0 * ox, (1(B)/2)

HB) K (Ux(t), f;X,Sx)dz | K (Wx(u(B)), f; X, Sx)
O</ oxt = ax(uB)2) )

B
HB) K (Ux(t), f;X,8x) dz K (Ux(u(B)), f; X, Sx)
§C</o ox® = ox(uB) )

Elementary considerations show that the second term on the right hand side can
be controlled by the first term. Indeed, we use that K(¢, f) increases and Wx(t)
increases (cf. Lemma 3 (iv) above) to derive that K (¥ x (t), f; X, Sx) increases, which
we combine with the fact that ¢x/(t) increases, and ¢x-(t)¢px (t) = t, then we obtain

IN

IN

/ 2B) | (Wx(t), f; X, Sx) dt / 2uB) ¢ (K (Ux (1), f; X, Sx) dt
0 0

ox(t) t t t
. / 2B g (K (Vx (1), f3 X, Sx) dt
(B) t t
21(B)
> ox((B)K (Ux (u(B)), f; X, Sx) / g
w(B)

¢x: (1(B))

= K (Vx(u(B)), £ X, 5x) =5 s

_ 1K (¥x(uB)), f; X, Sx)

2 ¢x (u(B))

Thus,

2u(B) .
ess sup(fxp) — ess inf(fxp) < c/ K (Wx(®), f; X, 5x) ﬂ
0 ox () t
It follows that for y—almost every x,y € B,
2B K (Wx(b), f; X, Sx) dt
@) - sl se [ &
0 ox () t

and the essential continuity of f follows. O

ASTERISQUE



CHAPTER 5

EXAMPLES AND APPLICATIONS

5.1. Summary

We verify the relative uniform isoperimetric property for a number of concrete
examples. As a consequence we shall show in detail how our methods provide a
unified treatment of embeddings of Sobolev and Besov spaces into spaces of continuous
functions in different contexts.

5.2. Euclidean domains

Let Q C R™ be a bounded domain (i.e., a bounded, open and connected set). For
a measurable function u : 2 — R, let

ut = max(u,0) and v~ = min(u, 0).

Let X = X (Q) be a r.i. space on 2. The Sobolev space Wi () := W3 is the space of
real-valued weakly differentiable functions on 2 that, together with their first order
derivatives, belong to X.

In this setting the basic rearrangement inequality holds for all f € WL11

t
Io (t)

(rearrangements are taken with respect to the Lebesgue measure). We indicate briefly
the proof using the method of [70].

It is well known (see for example [5], [97, Theorem 2.1.4]) that if u € W}, (= W})
then u*, v~ € W and

621 U OO oot [V e o<t <ol
0
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For given a measurable function g and 0 < t; < t3, the truncation gif of g is defined
by

g7 = min{max{0,g — t1},t> — t2}}.
It follows that if g € W, then gff € W} and, in fact,

V2 = VaX{t<g<ts}-

In other words, W} is invariant by truncation. On the other hand, given g € W{, the
Federer-Fleming-Rishel co-area formula (cf. [37]) states that

o0

[Vg(x)| dx = / Pq(g > s)ds.
Q

— 00

Applying this result to |g|§f , we get

22 [ Viol @)l dz = [~ Palgliz > 5)ds
{ti<lgl<t2} 0
2/ Igz(u‘q‘@ (s))ds (isoperimetric inequality)
0 e

to—t1
Z/ IQ(N‘q‘Q(S))dS'
0 !
Observe that, for 0 < s < to — t1,
1171 )] <ty (5) < 111 > 1),
Consequently, by the properties of I, we have
to—1t1
|t e s = (2 = 1) i (Ta({lal > 13D Ta{lg] > t2}).

For s > 0 and h > 0, pick t; = |g|" (s + h), t2 = |g|" (s), then
(5:23) s < [{lgl 2 1gI" (9)}] < pygpea(9) < [{lg(@) > [gl" (s + P)}| < s+ D

Combining (5.2.2) and (5.2.3) we have,

(o1 () = ll" s+ W) minllas + W) JaeN < [ (9]

At this stage we can continue as in [70], and we obtain that if f € W}, then (5.2.1)
holds. Moreover, |f|* is locally absolutely continuous, and

(5.2.4) / (1Y O Ia ()] (5) < / VFI* (5) ds.
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From here, using the same approximation method provided in the proof of Theorem 12
Chapter 4 we find that, if f € W}, then for 0 <t < |Q],

< st [

Indeed, first assume that f is bounded from below, and let ¢ = infq f, then, since
f—c¢>0, we can apply (5.2.1) to f — ¢, and we obtain

/|V —c)|" (s) ds.

Since | f —c[" (t) = (f —¢)" (t) and f**(t) = f*(t) = (f — )" (t) = (f — )" (¢), we get

Lt
2w s

If f is not bounded from below, let f,, = max(f,—n), n = 1,2,... The previous
discussion gives

(5.2.5) @) — 7 (

[f =™ @) = 1f =l (

o) =) <

* ok * t 1 ! *
<n>@%«nuwsm@—/va<@w

t
glﬂ(t /I FI(

We now take limits. To compute the left hand side we observe that f,(z) — f(x)
p—a.e., and |f,] < |f], then by dominated convergence f,, —r: f. Consequently, by
Lemma 1, we have the pointwise convergence (f,)**(¢t) — (fn)*(t) — f**(t) — f*(t),
(0 <t < p(9)), concluding the proof. e

Let X = X () be ar.i. space on . The homogeneous Sobolev space W)l( is defined
by means of the seminorm

lullyir == l[[Vulllx -
We consider the corresponding K —functional
K(t, f; X, W) = mf{||f — gllx + gl }-

The previous discussion shows that all the results of Chapters 3 and 7?7 remain valid
for functions in W or X + Wi .

5.2.1. Sobolev spaces defined on Lipschitz domains of R”. — We now discuss
assumptions on the domain that translate into good estimates for the corresponding
isoperimetric profiles.

In this section we consider Sobolev spaces defined on Lipschitz domains of R™.
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Let Q C R”™ be a bounded Lipschitz domain. Then the isoperimetric profile, satisfies
(see for example [75])

(5.2.6) Io(t) = e(n) (min(t, |Q — 1)) =

For any open ball that B, C Q with |B,| = «, we know that (see for example [75]
or [97])

Ip, (t) > q(n) (min(t, o — t))an1 , O0<t<a,
where ¢(n) is a constant that only depends on n. Moreover, since
¢(n) (min(t, a — t))n7_71 =min(Ig(t), Iola—1t)) 0<t<a,
we see that there is a constant C' = C(n) such that
Ip,(t) > Cmin(Ig(t), Io(a—1t)) 0<t<a.

In particular the metric space (€2, ||, dm) has the relative uniform isoperimetric prop-
erty.

Theorem 14 — Let X = X () be a r.i. space on ), then
WL@Q) C L* o Htl/n_lx(o)‘m/g)H? < 00 <= W(Q) C Cy(Q).

(Here Cy(2) denotes the space of real valued continuous bounded functions defined
on §.)

Proof. — Let us first observe that the condition of the Theorem can be reformulated
in terms of the isoperimetric profile of 2 as follows,

Io(t) H

Indeed, since I is symmetric around the point || /2, it follows that

=l )
X

(527) Ht / X(O ‘Q‘/2)HX/ ~

1
IQ(S)

+ -
Tals) Y0120/ Hm(s)X“Q'/Q*Q')

1
H Ta(s) X(©1921/2)
1
o .
- ‘IQ(S) X/

Now (5.2.7) follows since, in view of (5.2.6), we have

X(o,|sz|/2>HX

1 H 1/n—1
_— ~ ||t
HIQ(S) X(0,192(/2) .,
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Suppose that H#()&)HX' ~ ||t1/"_1x(01‘m/2)||X, < oo. Let f € W}((Q) Since we
have shown in the previous section that |f|" is locally absolutely continuous (cf. [60]
and [70]) we can write

(5.2.8)
el
1fll g = 117 (190) = IfI*(O)—IfI*(IQI)=/0 (= 1f71)(s) ds

< iy ds
- [y ene 5

~

< IV 7] - oy Holders nequatity)
X
1
<Vl ||, O G20),

‘We have thus obtained

1
15 <6l + 190 | 25

)
o/

HX

which applied to f — [, f yields
1
+ IVl H—
1

Hf_/nf LOOSHf_/Qf IQ(t)HX,

1 . s .
< IS + 9l | 5 | o Poincare' incquatiy)
X

L

1
< cliox (D 1195105+ 1971 | s |
X
(by Holder’s inequality)

1

=) | g5 19l

where C'(|€2]) is a constant that depends on X and the measure of Q.
Conversely, suppose that W)l( () C L, then
<c|IVIllx -

Jo- 1.

Since © has bounded Lipschitz boundary, this is equivalent (cf. [70] and [68,
Theorem 2]) to the existence of an absolute constant C' > 0 such that for all g € X,

g=>0
A2 g(s)
| /t IQ(S)dS

<Clgllx-
LOO
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Thus,

91/2 o]
sup / l91(s) ds = sup / lg] (S)7X(0,|Q\/2)(5) ds < C,
lolle<iJo  Ia(s) lll ¢ <1 o Io(s)

which, by duality, implies that

1
H Ta(s) X(©1921/2)

< 00.
%
To conclude the proof we show that (5.2.7) and the relative uniform isoperimetric
property imply that
W () € Cy(Q).
Let f € W (). Consider any open ball B, contained in Q with [B,| = a. An easy
computation shows that

1
n—1

1
o]
min(t,o — t) n (©al2)

X

~ Htl/nf

Applying the inequality (5.2.5) to fxp, and integrating, we get

ess sup (fxB,) — é/fxBa(w) dw:/oa (fxs)™ () — (fxB.)" @)

@ t 1/t . dt
< | (—IB@@g 195 (s)ds>7

l/thx " (s) ds|| ||— H
t 0 Ba X IBa(t) X/

<c(n, X)|[IVfxs.lll x Htl/nilx(oya/Q)HX, :

@
t

Similarly, considering — fxp,,, we get

. 1 n-
—essinf f (fxp) + a/fXBa(:v) dr < c(n, X) IV fxa.ll x Htl/ 1X(O,a/2)HX,.

Adding these inequalities we see that
ess inf (fxs,) = ess inf (fxi,) < VA, Ly [/ X,
Thus, for almost every z,y € B,
F@) = S @) < ) VS X x [ X2,
The essential continuity of f follows. O

Remark 6 — Let us consider the case when X = LP, with p > n. An elementary
computation shows that

Htl/nf < cparTh.

1X(0,a/2) ,

p
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Let B, be a ball with |B,| = «, then al/™ is ¢, times the radius of the ball, thus, for

almost every y,z € By such that |y — z| = c,a'/™, we get

1f(y) = F)| < en,p) Ly — 2 IV,

The method of proof fails if p = n. However, if we consider the smaller Lorentz™)
space X = L™ C L™, then X' = L7 1°°, and

1.9 9.1
sup s» lel=n = 1.
0<s<a/2

Htl/nAX(o,a/z)’

n
L n—1 )00

1/n

Thus, for almost every y,z € B, such that |y — z| = ¢, ,a/™, we have that

jy—=I" 4
1) = S < e 1Pl =) [ 190 (0

The essential continuity of f follows. Thus we recover the classical result indepen-

dently due to Stein [90] and C. P. Calderdn [23].

Remark 7 — See [25] for a related result, using a different method and involving
Orlicz norms.

5.2.2. Spaces defined in terms of the modulus of continuity on Lipschitz
domains of R". — For Euclidean domains 2 with Lipschitz boundary it is known
that (cf. [54, Theorem 1], [13, Chapter 5, exercise 13, p. 430]),

K(t,g; X (Q),Wx(Q) ~wx(g,1), 0 <t <9,

where

wx(f.)= smp [(FC+ 1) = FOxam| Lo

with Q(h) ={z e Q:x2+pheQ, 0<p<1}and h € R™
Moreover, as we have seen, (£2, ||, dm) has the relative uniform isoperimetric prop-
erty. Consequently, by Theorem 13, we have

Theorem 15 — Let X be a r.i. space on Q. If f € X + W)l( satisfies

t +
/N/(Q) (A.)X (f) ¢X( ) (min(t,‘ﬂ‘*t))nTl X(O)t) (S)HX/) dt
— < 007
; 0 (1) t

then, f is essentially bounded and essentially continuous.

1. See (7.1.3), (7.1.4).
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In particular, when X = LP, we obtain

Theorem 16 — If n/p < 1, then there exists a constant ¢ > 0, such that

==l o (f,t) dt
) - frsc |1 LI
Proof. — Let B, an open ball contained in 2 of measure o < || /2. Since p > n an
elementary computation shows that
1 1_1
T (5) o0 () i S Capt™ T

Thus, Theorem 13 ensures for almost every y, z € By,

2a K tl/n, f;Lp(Q), WZ} (Q)
1) - 1@l < ( o )%

0

oo [ et dt
) et

0‘l/n
. /<2> wp(f 1) dt
0 tn/rt

Since | By | = o, o'/™ is a constant times the radius of the ball, therefore, for almost
every y, z € By such that |y — z| = ca'/™,
V=2l G, (f, 1) dt
— < it ACR R Saedy
ORVCIEY R e
The essential continuity of f follows. O

Remark 8 — In Chapter 10 we shall discuss the connection with A. Garsia’s
work.

Theorem 17 — Let X be a r.i. space such that G(x) < % If f satisfies

U wx (f,t) dt
/0 ox (t/m) t =0

then, f is essentially continuous.

Proof. — Tt is enough to prove
1 1
R(t) = ’ : — X(Oyt)(s) < C(nyx)t” ¢X= (t), 0<t< |Q| .
(mins, (|2 = s))) ™ X

Recall that if ayx,y > 0, the fundamental function of X' satisfies (see [88,
Theorem 2.4])
Oy (s
b () = 2,

S
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and, moreover, for every 0 < v < a,(x+ the function ¢y (s)/s" is almost increasing
(i.e., e > 0 s.t. Py (s)/sT < ey (t)/t7 whenever t > s). Pick 0 < f such that
(notice that @, (x) < % implies that ayx) >1— %)

1
1__ 1Y .
— B <anx

Since I is symmetric around the point || /2, we get

1

EX(O,t)(S)
S™n

R(t) >~ )

X/

and

< ) " ds
- tl—%-l‘,@ 0 51*5
~ ¢X’(t)
=TT

=tnog(t). O

5.3. Domains of Maz’ya’s class 7, (1 —1/n<a<1)

Definition 4 (See[74], [75]). — A domain Q C R™ (with finite measure) belongs to the
class Jo (1 —1/n < a < 1) if there exists a constant M € (0,|92]) such that

S|
Po(S)
where the sup is taken over all S open bounded subsets of Q such that QN IS is a
manifold of class C* and |S| < M, (in which case we will say that S is an admissible

subset) and where for a measurable set E C ), Po(FE) is the De Giorgi perimeter of E
in Q defined by

Ua(M) = sup

< 00,

o) = sup{ [ divo d s o € [0 @ ol <1}

By an approximation process it follows that if Q is a bounded domain in J,,, then there
exists a constant cq > 0 such that, for all measurable set E C Q with |E| < |Q] /2, we
have

PQ(E) > co |E|a.
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Since E and Q\E have the same boundary measure, we obtain the following isoperi-
metric inequality

Io(t) > cq (min(t, |Q| — t))a = JQ(t), 0<t< |Q| .

Example 2 — If Q is a bounded domain, star shaped with respect to a ball, then Q
belongs to the class Jy_1n; if Q is a bounded domain with the cone property then
belongs to the class Jy_1n; if Q is a bounded Lipschitz domain, then Q belongs to the
class J1_1/n; if 2 is a s—John domain, then Q € Jn_1)s/n; if 2 is a domain with

one B—cusp (B > 1), then it belongs to the Maz’ya class J pm-1) -
Bi—D+I

Theorem 18 — Let Q be a domain in the Maz’ya classT,, and let X a r.i. space
on Q. Suppose that

1
s 2] <o
Then,
1. Wx(Q) € Cy(9).

2. If fe X+ W)l( satisfies

/mz) K (¢x(t) ‘

1 YT
mX(o,t)(S)HX, i X, W;lg) dt

— < 00,
0 ¢X (t) t
then f is essentially bounded and essentially continuous.
Proof
Part 1. — The inclusion W}((Q) C L™ follows in the same way as the correspond-

ing part of Theorem 14 (cf. inequality (5.2.8)). To prove the essential continuity we
proceed as follows. Let B be any open ball contained in Q with |B| < min(1, |2] /2).
Notice that if f € W (), then fxp € Wx(B). Now, since B is a Lip domain, by
Theorem 14 we just need to verify that

g/m=1 H < oo.
|t xoumim)| , < o0

Sincel—1/n<a<1,and 0 <t < |B|/2 < 1, we have

a+1l/n—1
sup ot/ = <@> )
0<t<|Bl/2 2
Thus,
ta+1/n71
Ht1/7171XOB 2H,: X(0,|B|/2
(’II/)X/ 1o (7||/)X,
B at+1l/n—1 1
< <%> e XOIBl/2)| <00 (by (5.3.1)).
X/
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5.4. AHLFORS REGULAR METRIC MEASURE SPACES 61

Part 2. — Let B be an open ball contained in Q with |B| < min(1, || /2). Then
K (t frs: X(B). W(B)) < K (& f: X, W4 ).

Using the same argument given in the first part of the proof, we obtain

X(0,1)(5) _ | < 2HX<0L>1(8) ‘
(min(t, [B| =)™ || ¢ T X’
1
=== S , 0O0<t<|B]|.
< | ent)] 3]
Therefore,
) () i1
i (x| 20| pexi i)
/B| ( (min(t,| B]-t) "7 || ¢ X dt
— < 00,
0 ¢X (t) 3
and Theorem 15 applies. o

5.4. Ahlfors Regular Metric Measure Spaces

Let (Q,d, 1) be a complete connected metric Borel measure space and let k > 1.
We shall say that (92, d, 1) is Ahlfors k—regular if there exist absolute constants cq, Cq
such that

(5.4.1) car® < (B(z,r)) < Cor*, VoeQ, re(0,diam(Q)).

We will consider Ahlfors k—regular spaces (Q,d,u) that support a weak
(1,1)—Poincaré inequality. In other words we shall assume the existence of constants
C > 0 and A > 1 such that for all u € Lip (),

si [ ) —us, Jduty) < 01 / T,

where up, , denotes the mean value of u in B, i.e., up, . = m fB(x,r) u(y) du(y).
Examples of spaces supporting a (weak) (1,1)—Poincaré inequality include
Riemannian manifolds with nonnegative Ricci curvature, Carnot-Carathéodory
groups, and more generally (in the case of doubling spaces) Carnot-Carathéodory
spaces associated to smooth (or locally Lipschitz) vector fields satisfying Hérmander’s
condition (see for example [4], [48] and the references quoted therein).
By a well known result of Hajlasz and Koskela (cf. [48]), (5.4.1) and (5.4.2) imply

(k—1)/k
k/(k—1
( / lu(y) — ug, | )du(y)> <D Vu(y)| dpy),
B(z,r) B(xz,2\r)

with ¢ = (20)*F~V/k
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According to [79] (see also the references quoted therein), given a Borel set E C (2,
and A C Q open, the relative perimeter of F in A, denoted by P(FE, A), is defined by

P(E,A) = inf {lim hinf / |Vup| dp = up, € Lipy, (A), up, = xg in L}DC(A)} .
gl A
Lemma’b — The following relative isoperimetric inequality holds:
(543)  min(u(E N B(w,r)), (B0 B(x,7))) < D (P(E, B(z,))** Y.
Proof. — The proof of this result is contained in the proof of [4, Theorem 4.3]. O

Theorem 19 — Let k > 1 be the exponent satisfying (5.4.1), and let B := B(z,r) be
a ball. The following statements are equivalent.

1. For every set of finite perimeter E in (),
c(k, C) (min(u(E N B), u(E* N B)))*7 < P(E, B),
where the constant c(k,C) does not depend on B.

2. Yu € Lip(Q), the function |UXB|Z is locally absolutely continuous and, for 0 <
t < p(B),

(k. 0) | t

3. Oscillation inequality: Yu € Lip(Q) and, for 0 <t < u(B),

(luxsl” (t) = luxsl’ (1) < — - [Vuxal (1),
c(k, C) (mint, ju(B) — 1)) 7

k—1

(= xs) ) minCo(B) = )T | (s)ds < [ [Funal, ().

Proof. — Consider the metric space (B ,d|Bs 1y B) , then the Theorem is a particular
case of Theorem 1 of [70]. O

The local version of Theorem 12 is

Theorem 20 — Let X be a r.i. space on £ and let B C Q be an open ball. Then, for
each f € X + Sx,

K (¥(t), fxs; X, Sx)

(fxs), (t/2) = (fxs), (t/2) <4 , 0 <t <u(B),
Px (t)
where
v = 220 o X))
c(k,C) (min(s, u(B) — s)) * <

Proof. — Let f € X +Sx, then fxp € X, (B)+ Sx, (B), where B is the metric space
(B, d|B,u|B). By Lemma 5 we know that

e(k, C) (min(u(E N B), u(E° N B)))*1 < P(E, B).
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Thus, for any Borel set £ C B,
k
c(k,C) (min(pu(E), n(B) — p(E))) =T < Pp(E).

Consequently, Jg(t) = c(k,C) (min(¢, u(B) —t))% (0 < t < p(B)) is an isoperi-
metric estimator of (B, dp, ,u|B), and now we finish the proof in the same way as in
Theorem 12. O

Theorem 21 — Let f € X + Sx and let B be an open ball, if
/u(B) K (ox(®) | min(s, 1(B) =)' x0.0(6) |, Sxmi X Sx) g
0 ¢X (t) t

then, fxp is essentially bounded and essentially continuous.

< 0

Proof. — By the proof of the previous Theorem we know that
Ta(t) = c(k, C) (min (t, u(B) ~ 1)) 77

is an isoperimetric estimator of (B,d|B,u|B). For any open ball B(z,r) C B, it
follows from Lemma 5 that, for 0 < s < u(Qp(a,r));

c(k, C) (min (£, p(B(z,)) — )7 =< c(k, C) min(Jp(t), Jo(1(Qp(e.r) — 1)
< PB(w,r)(S)'

Therefore (B,d‘ - B) has the relative isoperimetric property and Theorem 13
applies. O

Remark 9 — In the particular case X = LP, we can thus use the same argument
given in Theorem 16 to obtain that for k/p < 1, there exists an absolute constant such

that
==l K (8, fxp; X, Sx) dt

ORVCIEY) X508 e
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CHAPTER 6

FRACTIONAL SOBOLEV INEQUALITIES
IN GAUSSIAN MEASURES

6.1. Introduction and Summary

As another application of our theory, in this chapter we consider in detail fractional
logarithmic Sobolev inequalities. We will deal not only with Gaussian measures but
also with measures that interpolate between Gaussian and exponential.

In the context of classical Gaussian measures a typical result in this chapter is given
by the following fractional logarithmic Sobolev inequality. Let d~, be the Gaussian
measure on R”, let 1 < ¢ < oo, § € (0,1); then, there exists an absolute constant
¢ > 0, independent of the dimension, such that (cf. Theorem 23 below)

1/2 w e
1 2
* q _
(6.1.1) {/0 15, (0) <1ogt) dt} < elflsgac -

where Bi’f(wn) is the Gaussian Besov space, see (6.3.1) below. Note that if ¢ = 2,
(6.1.1) interpolates between the embedding that follows from the classical logarithmic
Sobolev inequality (which corresponds to the case § = 1) and the trivial embedding
L? C L? (the case # = 0). For related inequalities using semigroups see [6] and
also [39].

More generally, we will also prove fractional Sobolev inequalities for tensor products
of measures that, on the real line are defined as follows. Let @ > 0, r € [1,2] and
v =-exp(2a/(2 — 1)), (e =0 if r = 2) and let

dpir,o(x) = Zy g exp (= |a]" (log(y + [2])*)) da,
Hr.aon = M;?Zv
where Z- 2 is chosen to ensure that i, (R) =1. The corresponding results are ap-
parently new and give fractional Sobolev inequalities, that just like the logarithmic
Sobolev inequalities of [70], exhibit logarithmic gains of integrability that are directly

related to the corresponding isoperimetric profiles. For example, if a = 0, then the
corresponding fractional Sobolev inequalities take the following form. Let 1 < ¢ < oo,
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6 € (0,1), then there exists an absolute constant ¢ > 0, independent of the dimension,
such that (cf. Theorem 23 below)

1/q

e 1\ €6(1=1/r)
/O 1 () <log¥> dt | <ellflpogu,.

Likewise, for ¢ = oo (cf. (6.3.4) below)

(1-1)0
Kok * 1 "
sup (117, O 1700, ©) (108 ) T < cllsgis

te(0,1)

We also explore the scaling of fractional inequalities for Gaussian Besov spaces
based on exponential Orlicz spaces. We show that in this context the gain of integra-
bility can be measured directly in the power of the exponential.

We start by considering the corresponding embeddings of Gaussian-Sobolev spaces
into L*°.

6.2. Boundedness of functions in Gaussian-Sobolev spaces

Let « >0, r€[1,2] and v = exp(2a/(2 — 7)) (a =0 if r = 2), and let p, o be the
probability measure on R defined by
dﬂr,a(x) = Z;(i exp (— |x|T (IOg('7 + |‘T|)Q) dr = (Pr,a(x) dr, z € R,

where Z,~} is chosen to ensure that i, o(R) =1. Then we let

r,Q
SDZ,T(‘T) = (pr,a(xl) s (Pr,a(xn)a x € R",
and iy = /L?g. In other words
dﬂr,a,n(x) = ‘P:},a(x) dz.

In particular, u2 0., = v, (Gaussian measure).
It is known that the isoperimetric problem for p,. o is solved by half-lines (cf. [19]
and [16]) and the isoperimetric profile is given by

Li,.(t)=¢ (H_l(min(t,l — t))) =0 (H_l(t)) , tejo,1],

where H : R — (0, 1) is the increasing function given by

H(r)= /T o(x) du.

Moreover (cf. [7] and [8]), there exist constants ¢y, c2 such that, for all ¢ € [0, 1],
(6'2'1) clLN/T,a (t) S Iﬂr,oc (t) S C2LH7‘,04 (t)7

where

Ly (t) = mint, 1 1) (log min(t, 1 — t)) (log log (e T (1 - t)))

(=4
r
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Moreover, we have

17" 1\ 1
(6.2.2) Ly o ()=t (10g 2) (loglog (e + ;)) , fort € (O, 5) .

For the rest of the section we shall let ;1 denote the measure p, o, on R". For
a given r.i. space X = X (R",u), let Wi (R", ) be the classical Sobolev space
endowe.d with the norm HUHW}((R",H) = |lullx + [[|Vu||| x. The homogeneous Sobolev
space Wi (R™, p1) is defined by means of the quasi norm ||u||W)1( = |[|Vul| x -

The discussion of Section 5.2 applies and therefore we see that WLll(R", @) is in-
variant under truncation. Moreover, if u € W} (R",u) then the following co-area
formula holds:

/Rn |Vu(x)| du(z) = /Rn [Vu(z)| ¢y ,(x) de = /:: P, (u> s)ds.

From here we see that inequalities (5.2.1), (5.2.4) and (5.2.5) hold for all W} (R™, u)
functions (of course, the rearrangements are now with respect to the measure p).
Finally, if we consider

Kt 3 X, W) = int {1 = gllx +2 19l o }
all the results that we have obtained in Chapter 3, remain true.
Theorem 22 — If 4 = pr,a.n then

Wi (R", 1) € L.

Proof. — By [70, Theorem 6] the embedding W (R", 1) C L™ is equivalent to the

existence of a positive constant ¢ > 0, such that for all f € X, supported on (0, %) we
have
Y2 O1f(s)]
su ————ds<c s -
t>IO)\/t LH’I",OC,’VL(S) - HfHX
In particular this implies that
/1 /2 ds §
—<ec
0 Lur,a,n (S) o
But this is not possible since 1/L,,, ., (s) ¢ L*. O

It follows that the results of Chapter 5 cannot be applied directly to obtain the
continuity of functions in the space W.

Remark 10 — Let us remark that since continuity is a local property, a weak ver-
sion of the Morrey-Sobolev theorem (that depends on the dimension) is available.
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Let b = fir am, and let X = X (R"™, 1) be a r.i space on (R™, ) such that

< 0.

X/

1
H min(1,1 —¢)1-1/n»
Then every function in W)l( (R™, p) is essentially continuous.

Proof. — Let f € W)l( (R™, ) and let B C R™ be an arbitrary ball with Lebesgue
measure equal to 1. To prove that f is continuous on B let us note that fxp €
W(B,u), i.e.,

IV Ixsllx < oo
Let m be the Lebesgue measure on R™, it is plain that for all £ > 0,

cem{zx € B:|Vf|>t}<p{zeB:|Vf|>t} <Cpm{x e B:|Vf|>t},
where cg = inf,cp gpgm(x) and Cp = max,ecp wg)p(x). Therefore,
cQ |||VfXB|||X(B,m) < ”lvaB'HX(]Rn,#) < Cq |||vaB|||X(B,m) :
Consequently, fxp € Wi (B, m), and by Theorem 14, fxp € C(B). O

6.3. Embeddings of Gaussian Besov spaces

In what follows unless it is necessary to be more specific we shall let p := pir o .
We consider the Besov spaces B}o(’q(u), B?;q(u) can be defined using real interpolation
(cf. [14], [94]). In other words for 1 < g < oo, 8 € (0,1), and let

B ) = {f + 1l gy < o0},
(6.3.1) B () = {f < 1F N goagy = £ ooy + IF1lx < 00},
where
. q 1/q
(fo (B (52 £ X (), Wk () 570) 2) i g < o0
sup, (K (5,/; X(u), W) s™)  ifq=oo.

The embeddings we prove in this section will follow from
(6.3.2)

”f”Bg(vQ(#) =

K (b £ X (), W ()
¢x(t)

To simplify the presentation we shall state and prove our results only for the

@) = [f, @) <c L0<t<1/2, (feX+Wk).

Gaussian measures fr 0., 7 € (1,2], which include the most important examples:
Gaussian measures and the so called interpolation measures between exponential and
Gaussian.
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Theorem 23 — Let 1 < ¢ < o0, 0 € (0,1), r € (1,2]. Then there exists an absolute
constant ¢ = c¢(q,0,7) > 0 such that,

12 [\aoa-1/r) e
(6.3.3) /0 1 ) <10g¥> dt o <clfllpoau o

Let ¢ = oo, then there exists an absolute constant ¢ = ¢(0,r) > 0 such that

" . 1\ =
©030)  sw (177, 011, @) (067) < el

te(0,3)

Proof. — We shall let p =: pir0.n, K (s, f) := K(s, £ L9(p), Wi, (14)). Suppose that
1 < g < 0. We start by rewriting the term we want to estimate

1/2 1 q0(1—1/r) 1/q
{ | i (10s7) dt}
_ _ 1/q
) {/01/2|f|:1 0y </tl/2 (1og é)qe(l 1/7) 1%_,_(1%2)(19(1—1#)) dt} /
1/2 1\900=1/r)=1 1 s 1/q 1/2 1/q
5{ [ (10s3) s (t)thds} +{ / IfIZ(t)“dt}

The term (1) is under control since
(D) <10 < Wty -

To estimate (I) we first note that the elementary inequality (V: |z|? < 2971 (|z — y|?+
ly|?), yields

L N N APPSR
S < S [0 - ) de g

Consequently,

1/q

" {/01/2 (10g§>q9(11/r)1 G /0 (If|; (t) — 1 f1 (s))th) ds} +
{/01/2 (log§>q9(1—1/r)—1 |f|z(s)qd8}l/q

= (I1) + (I3), say.

1. Which follows readily by Jensen’s inequality.
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To control (I;) we first use Example 1 in Chapter 3 and (6.2.2) to estimate the inner
integral as follows

%/O (11 ) - IfIZ(s))th < é <K <(1og§>l/r_l J))q, 0<s<1/2.

Thus,
1/2 1 0(1—1/r) 1 1/r—1 q ds 1/q
(1) = {/0 <<10g g) (K <<log E) ,f>>> Slog%}

The change of variables u = (log £)1/7=* then yields

(1) 2 1l po.a ) -

It remains to estimate (I3). We write

1/2 1 g0(1—1/r)—1 . 1/q
)< [ (10s3) A s b

then, using the fundamental theorem of calculus, we have

A e 1l/4
() < {/01/2(1%%) 0(1—1/r) 1(/51/2(|f|:* (2) - |f|: (Z)) % n Iflff (1/2)> ds}
1/2 —1/r)=1/q ,1/2 q 1/q
< {/0/ <<log§)0(l o /S/ (|f|:* (2)—|f|: (Z)) %) ds} +
1/2 q0(1—1/r 1/q
I (1/2){ / / <1og%> ey ’dt}

= (A) + (B), say.

To use the Hardy logarithmic inequality of [12, (6.7)] we first write

—1/r)—1/q q 1/q
e {/01/2 ((logé)e(l 1/r)-1/ Sl/q/sl/z (|f|Z* (2) = If1, (2)) %) %}

and then find that
1/2 1\ ea-1/n=1/a\ 1 5 e
3k _ * 1/ - i
(A)j{ / <(If|u (9= 17T, () s (1057 s
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Now we use the fact that in the region of integration s'/9 < 1, combined with (6.3.2)
and (6.2.2), to conclude that

1/2 . i} 1\ 00=1/m=1/a\ 7 5 1/a
[ (st 2

1/2 1\ ! LR ES VO B
{/O <K <<1og ;) ,f>> (log §> Tloa D) (log%)}

=
(1o52) 7! w)” 1\
~ / (K (u, f))?u%9— (change of variables u = (10g —) )
0 u S
< fllpog g -

Finally it remains to estimate (B):

_ _ 1/q
1 1/2 . 1 g0(1-1/r)—1 dt
= — ok /2 — _—
(B) =3 (2|f|# (1/2)) {/O t (10g t) Y

1 gf(1—-1/r)—1 1/2 dt
<4 sup t/? (lo —) / —
< AUl (te(o,llz)/2] % o t/?

2l < M1z

< loa ) -

We consider now the case ¢ = co. We apply (6.3.2), observing that for X = L,
we have ¢~ (t) = 1, and obtain that for ¢ € (O, %} ,

11
0 =171 () < K ((mg ) ,f>
11 —(:-1)8 (1-1)0
=K ((log%) ,f) <1og%) <1og%)
1\ G-De
< (log ;) (stip (K(u,f)u—9)>

1\ (-1
S CH

as we wished to show. O
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Remark 11 — Gaussian measure corresponds to r = 2, in this case, for ¢ = 2, (6.3.3)
yields the logarithmic Sobolev inequality

1/2 X 1/2
{/ Iflin(t)2(log;> dt} < clfllpoze,, € 01)

Formally the case @ = 1 corresponds to an L? Logarithmic Sobolev inequality, while
the case @ = 0, corresponds to the trivial L> C L? embedding. One could formally
approach such inequalities by complex interpolation (cf. [6] as well as the calculations
provided in [76])
[L?, W}2]e C [L? L?LogL)y = L*(LogL)®.

The case r = 2, ¢ = 1, corresponds to a fractional version of Ledouz’s inequality
(cf. [59]). Besides providing a unifying approach our method can be applied to deal
with more general domains and measures.

Remark 12 — When q = oo the inequality (6.5.4) reflects a refined estimate of the
exponential integrability of f. In particular, note that the case 6 = 1, formally gives
the following inequality (cf. [L7] and the references therein)

Ml = st (175 @0 =185, @) < ellf i
(cf. (7.1.4) below for the definition of the LI»9 spaces). The previous inequality can
be proved readily using
ok * 1
f5, @) =115, () <c

Gog iz | VIR () 1€ (0,1/2]

Remark 13 — Using the transference principle of [70] the Gaussian results can be
applied to derive results related to the dimensionless Sobolev inequalities on Euclidean
cubes studied by Krbec-Schmeisser (cf. [56], [57]) and Triebel [95].

6.4. Exponential Classes

There is a natural connection between Gaussian measure and the exponential
class eL’. Likewise, this is also true with more general exponential measures and
other exponential spaces. Although there are many nice inequalities associated with
this topic that follow from our theory, we will not develop the matter in great detail
here. Instead, we shall only give a flavor of possible results by considering Besov
embeddings connected with the Sobolev space Wele = Wele (R™, vy,).

In this setting (6.3.2) takes the form

K((log 1y ,f;eLQ,Wle) 1
< /L te (0,—] .
¢6L2 (t) 2

I () = I, () < e
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Now, since ¢,z (t) = (log %)_% ,t €(0,3) we formally have

1

(1713 0 = 1113, 1) < e ((w%) 2 7f;eL2,Wele> (10s7)"

<elfl,,
or

(64.1) Il < €115, -
More generally,

—3+% = g
(1 0= 1115, 0) (1e7) < er <<1og 1) e v‘v;z) (10s7)

<clfllge,
oL

,00

which shows directly the improvement on the exponential integrability in the B(’L2
€
scale.
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CHAPTER 7

ON LIMITING SOBOLEV EMBEDDINGS
AND BMO

7.1. Introduction and Summary

The discussion in this chapter is connected with the role of BMO in some limiting
Sobolev inequalities. We start by reviewing some definitions, and then proceed to de-
scribe Sobolev inequalities which follow readily from our symmetrization inequalities,
and will be relevant for our discussion.

Let (Q,d, 1) be a metric measure space satisfying the usual assumptions, including
the relative uniform isoperimetric property. The space BMO(Q)) = BMO, introduced
by John-Nirenberg, is the space of integrable functions f : 2 — R, such that

1
= sup X inf —/ —cd>:BballinQ}<oo.
a0 =sup fint (o [ 17 = cla

In fact, it is enough to consider averages fp = ﬁ fB fdu, or a median m(f) of f
(cf. [Definition 1, Chapter 3]),

1
f zsup{—/ f—de,u:BballinQ}<oo.
H HBMO B ,LL(B) Bl |
To obtain a norm we may set
Hf”BMO* = Ifllpazo + £l L1 -

Remark 14 — One can also control || f||, through the use of maximal operators
(cf. [38], [26], [1]). Let
1
fHa) =sup s [ 17 = falda,
( ) Boszx /L(B) B| B|

where the sup is taken over all open balls containing x. Then we have

1l aro = ||f#Hoo :
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Let 6§ € (0,1),1 < p < 00,1 < ¢ < co. Consider the Besov spaces bz’q(Q)
(resp. b97(Q2)), defined by

() ) L dt 1/q
(7.1.1) 1£1l50.0 0y = (/0 (K (t, f; LP(2), St» (%)) 7)

1oy = 1 ig o + 1/ 1o

For ready comparison with classical embedding theorems, from now on in this
section, unless explicitly stated to the contrary, we shall consider metric measure
spaces (€, d, i) such that the corresponding isoperimetric profiles satisfy

(7.1.2) Y < Io(t), t e (0, u()/2).

We now recall the definition of the LP>? spaces. Moreover, in order to incorporate in a
meaningful way the limiting cases that correspond to the index p = oo, we also recall
the definition of the modified L[4 spaces . Let 1 < p < 00,1 < ¢ < oo (cf. [11],
[9]), and let

n(s2) . qds Ha
(7'1'3) L;D#Z(Q) = f : ||f||Lp,q = (A (|f|# (5)81/17) ?> < o0

For1 <p<oo,1<q< o0, welet
(7.14)

() . . as\ "’
L@y =S f (1 fllpiwa = </0 ((|f|# (s) =11, (S))sl/p)q 5) < o0

It is known that (cf. [71] and the references therein)
LPA(Q) = LIP(Q), for 1 <p < 00,1 < ¢ < .

Then, under our current assumptions on the isoperimetric profile of 2, Theorem 7
states that
K (Y, f; LP(2), S1r(2))
ti/p

(7.1.5) 0@ = If1, ) < c , 1€ (0, u(82)/2).

The following basic version of the Sobolev embedding follows readily

Proposition 3

_ 1 0
g, N _
(7.1.6) b () € LP9(Q), where 5= -

D=

1. The LP9 and L[P:d] spaces are equivalent for p < oo.
2. With the usual modifications when ¢ = oco.
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Proof. — Indeed, from the relationship between the indices and (7.1.5), we can write

(I£157 @) = A1, ) 17 67 F K7, f5 LP(9), 510(2), T € (0, 5(©)/2)

If ¢ = oo, (7.1.6) follows taking supremum on both sides of the inequality above.
Likewise, if ¢ < oo, then the desired result follows raising both sides to the power ¢
and integrating from 0 to u(€)/2. In reference to the role of the LI>4 spaces here
let us remark that, in the limiting case 8p = n, we have p = co. O

We consider the limiting case, § = %, p > n, in more detail. In this case (7.1.6)
reads (cf. [65])

bp/P(Q) C LI9(Q), p>n, 1< g< o0

Note that when ¢ = 1, LI°U(Q) = L°°(Q), and we recover the well known result (for
Euclidean domains),

n/p,1 00
(7.1.7) br/PL(Q) C L°(Q).
On the other hand, when ¢ = oo, from (7.1.6) we only get
(7.1.8) br/Pe(Q) € LIl ().

In the Euclidean world better results are known. Recall that given a domain
Q C R™ the Besov spaces Bzvq(Q) (resp. BS1(9)), are defined by

t

o) . A
(719)  fllgoem = ( /O (#05, £27(9), Wi () —)

1l gy = 11l + 1110 -
Indeed, for smooth domains, we have a better result than (7.1.7), namely
(7.1.10) B (Q) C O(Q),
and, moreover, it is well known that (cf. [20])
(7.1.11) B/P([Q) € BMO().
We note that since we have ) BMO([0,1]") € LIl : je.,

sup (/17 () = /1" () < C £l a0

then (7.1.11) is stronger than (7.1.8).
In Chapter 4 we have shown that for Sobolev and Besov spaces that are based
on metric probability spaces with the relative uniform isoperimetric property,

3. This is an easy consequence of (7.1.15) below.
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the rearrangement inequality (7.1.7) self-improves to (7.1.10). Let X be a r.i. space
on 2, we will show that the K —Poincaré inequality (cf. Theorem 6, Chapter 3)

¥ £ X, Sx)

1 K (In(u(ﬂ)/2)’
(7.1.12) o) /Qlf ~foldp < c ox (1))

combined with the relative uniform isoperimetric property self improves to (7.1.11).

7f€X+SX7

In fact, the self improve result reads

K (4902 7, 5x)
PR
7.1.13 f sC sw ) ’
( ) 1/l Baro @) 0<t<() ox (1(S2))

and is valid for our the general class of isoperimetric profiles considered in this paper.
Indeed, the result exhibits a new connection between the geometry of the ambient
space and the embedding of Besov and BMO spaces. For example, for an Ahlfors
k—regular space (€, d, u) (cf. Section 5.4) given a ball B, consider the metric space
(B, d|B, /L|B) then

(7.1.14) ||f||BM0(B) < CHf||l3§.f/p’°°(B) » P>k

We shall also discuss a connection between our development in this paper and a
characterization of BMO provided by John [53] and Stromberg [91].

Finally, re-interpreting BMO as a limiting Lip space we were lead to an analog
of (3.1.1) which we now describe. We argue that in R™ the natural replacement
of (1.1.2) involving the space BMO is given by the Bennett-DeVore-Sharpley inequality
(cf. 1], [13], 1], [2])

(7.1.15)  [f™ @) = 1fI" (t) < e(fF)* (1), 0<t < %, where B is a ball on R".

Variants of this inequality are known to hold in more general contexts. For our
purposes here the following inequality will suffice

(7.1.16) I (8 = £ () < C | pasos 0 <t < p(9):

We shall therefore assume for this particular discussion that our metric measure space
(Q,d, p) also satisfies the following condition: There exists a constant C' > 0 such that
(7.1.16) holds for all f € BMO. For example, in [86, see (3.8)] it is shown that (7.1.16)
holds for doubling measures on Euclidean domains. More general results can be found
in [1].

Assuming the validity of (7.1.16), and using the method of the proof of Theorem 7,
we will show below (cf. Theorem 27) that if X (Q) is a r.i. space, then we have (4)

(ox (1), f; X(22), BMO(Q))
#x (1)

(T1T) AT — @) < 2 L0<t< ()2

4. On R™ (7.1.17) is known and can be obtained by combining (7.1.15) with [13, theorem 8.8].

ASTERISQUE



7.1. INTRODUCTION AND SUMMARY 79

This result should be compared with Theorem 7 above. For perspective, we now show
a different road to a special case of (7.1.17). Recall that for Euclidean domains it is
shown in [13, (8.11)] that

t ~ (F4) ()
Combining this inequality with (7.1.15), we obtain a different approach to (7.1.17) in
the special case X = L', at least when ¢ is close to zero.

7.1.1. Self Improving inequalities and BMO. — We show that (7.1.12) com-
bined with the relative uniform isoperimetric property yields the following embedding

Theorem 24 — Let (2,d, ) be a metric space satisfying the standard assumptions
and with the relative uniform isoperimetric property. Let X be a r.i. space on £,
then, there exists an absolute constant C > 0 such that,

K( 2 X, SX)
Il srro@ <€ sup
0<t<p(2) ¢X( )

Proof. — Given an integrable function f and a ball B in €2, consider fxp. By The-
orem 6, applied to the metric space (B,d|p, f1|5), we have

K (482 xm; X.(B), Sx, (B)
ox, (u(B)) '

1
@/BU—JCBM#SC

Since (€, d, ) has the relative uniform isoperimetric property, we have

K (7480, fxp: Xo(B), Sx,(B)) <CK(%JXB;X,SX)
ox. (1(B)) = 3 (P)
K (5 11 X, Sx)

<C sup
0<t< () ¢X( )
Consequently,
/|f feldu<C K (it 11X, 5x) O
sup —JBlop = sup
B WB) Jp 0<t<u() ox (1)

We now give a concrete application of the previous result.

Corollary 1. — Let  C R™ be a bounded domain that belongs to the Maz’ya’s class
Ji—1/n (cf. Section 5.3). Suppose that p > n, then

B/P>(Q) € BMO(9).
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Proof. — Since ) belongs to the Maz’ya’s class J;_1,, the following isoperimetric
estimate holds.
2 I (t), t € (0,19 /2).
On the other hand, for any ball B in (2, we have
I5(t) > c(n)min(s, (|B] —s)) =, 0<s<|B|.

Since 2 C R™, using the same argument we provided in Section 5.2, it follows readily
that the inequality (3.2.3) remains valid for all functions in f € X + Wi, i.e.,

. K (s p X, W)
. E— — d
(7.1.18) um)/g'f Jaldp < e———7 )

Thus, by the argument given in the previous Theorem, we see that

K (/2" f: 20,
tl/p

1
m/BU—fBWNSC(n) sup

o<t<(|Q]/2)t/™
<C(n) sup 17K (1 5 L0 W)
0<t<|Q|

= C(TL) ||f||B;L/Pv°°(Q) . O

7.2. On the John-Stromberg characterization of BMO

Our discussion in this chapter is closely connected with a characterization
of BMO([0,1]™) using rearrangements due to John [53] and Stromberg [91]. Let
A € (0, 3], then

Hf”BMO* ~ sup inf ((f - C)XQ)* ()‘|Q|)
Qclo,1] ceR

See also Jawerth-Torchinsky [52], Lerner [61], [30], and the references therein.

Theorem 25 — Let (Q,d, ) be a measure metric space satisfying our standard as-
sumptions, let f : Q — R be an integrable function. For a measurable set Q) C €,

(fxQ)% (1(Q)/2) is a median of f on Q.
Proof. — 1t is easy to convince oneself that Definition 1 of median in is equivalent to

p{f >m(f)} <w(@Q); and p{f <m(f)} < Q).
Now

{fxq < (fxQ)n((@)/2)} = n{—Fxq > —(fx@),(1(Q)/2)}
But since
(—fx@), (t) = —(fx@);(n(@) — 1)
it follows that
(—=fxa), (MQ)/2) = =(fxQ)(1(Q)/2).
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Consequently

w{fxq < (fxQ)n(u(@)/2)} = p{—fxq > —(fxq),(mQ)/2)}
= p{~fxe > (—=fxq), (11(Q)/2)}
< u(Q)/2 (by definition).

Therefore (fxq);,(#(Q)/2) is a median as we wished to show. O

As a consequence we have the following John-Stromberg inequality: for any ball B,

(7.2.1) ((Fxm)i (1(B)/2) ~ (FXm)(n(B)/2)) < 2 7o

Theorem 26 — Let (Q2,d, ) be a metric space satisfying the standard assumptions.
Then there ezists a constant C > 0 such that for all f, it holds

I/ lspo@ <€ sup {(fxB); " (1(B)) = (fxs)(1(B))} -

all in €

Proof. — For t € (0, u(£2)) let us write
LT () = Fa(h) —/0 (fu () = fu(t)) dp
n(s2)
= /0 max (O,f:j(x) - f;(t)) dp

-/ max (0, £(z) — £1(1)) dp.
{s:f(s)>15 ()}
Fix a ball B and apply the preceding equality to fxp and t = u(B) :
w(B) ((fxz);"(W(B)) = (fxB),(W(B)))

-/ max(0, £ ()~ (Fxa)(u(B) .
(s€B:£(5)>(fxp)s (u(B))}

To estimate the right hand side from below we observe that

1 1 u(B) . .
o= /B @) du = = / (Fxs)(s) ds > (Fxs)s(u(B)),

therefore
f(s) = (fx@)u(u(B)) = f(s) — fb.
Consequently,

/ max(0, fx5(s) — (Fxs)(u(B))) du.
{s€B:f(s)>(fxs);(n(B))}

> max(0, fxp(s) = (fxB)(1(B))) du

/{SGB: f(s)>fs}

— 5] dp.
Z/{meB: f(S)>fB}[f(8) el
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We will verify in a moment that
7
/L(B) {z€B: f(s)>fB}

Combining (7.2.2) with the previous estimates we see that

(P uB) = (Fxo )i B)) = g [ 165) = fldn

(7.2.9) 1(5) = fldn = =g [ 1) = Tl

Hence

1
|f|BMo—sgpm/B|f<s>—fB|du

< 2sup ((fxB)i" (u(B)) = (fxs)(1(B))) |

as we wished to show.
It remains to see (7.2.2). Since

F(s) — fu)dp+ / F(s) = faldu =0,

/{IGB: f(s)>fB} {zeB: f(s)<fB}

we have that

/ F(s) — faldp = / 5 — £()) du.
{z€B: f(s)>fB} {zeB: f(s)<fB}
Consequently,
/ F(s) — faldu = / F(s) — f)dp+ / 5 — £()) du
B {z€B: f(s)>fB} {z€B: f(s)<fr}

2 [ () = f5) d. 0
{z€B: f(s)>fr}

7.3. Oscillation, BMO and K —functionals

As is well known in the Euclidean world or even for fairly general metric spaces
(cf. [26]) one can realize BMO as a limiting Lip space. The easiest way to see this is
through the equivalence

1
171 :supﬁ/ \f — foldz < co.
Pe g QI Jo

From this point of view BMO corresponds to a Lip space of order a = 0.
This observation leads naturally to consider the analogs of the results of Chapter 4
in the context of BMO.

Theorem 27 — Suppose that (2, d, ) is a metric space with finite measure and such
that there exists an absolute constant C > 0 such that for all f € L*(2) we have

(7.3.1) I (8 = 175 (8) < Cllfllpagos 0 <t < pl(S):

ASTERISQUE



7.3. OSCILLATION, BMO AND K—-FUNCTIONALS 83

Then, for every r.i. space X () there exists a constant ¢ > 0 such that

7.3.2 (t)2) = 1fIF (t/2) < ¢ , 0<t < pu(Q),
(7.3.2)  |fI @/2) = |f1, (/2) < ox (0 ()
where

Kt X(9), BMO(@)) = inf (If = hllx + bl o).
Proof. — The proof follows exactly the same lines as the proof of Theorem 7, so we

shall be brief. We start by noting three important properties that functional || f|| 5,0
shares with |||V f]]| :

(i) for any constant ¢, || f + ¢l gpr0 = I fll srros
(i) £l zaro < £l paro » and more generally
(ili) for any Lip 1 function ¥, | (f)|l a0 < Il 5o -

Let ¢t > 0, then using the corresponding arguments in Theorem 7 shows that we have

(733) _inf (]~ Bl 6 (8) 1Al paso} < K(x (2), 1 X(2), BMO(®),

To prove (7.3.2) we proceed as in the proof of Theorem 7 until we arrive to
[l (8/2) = 1f1 &/2) < |11 =Rl @) + |11 = Al () + [BL, (2) = |8l (2t)
which we now estimate as
7 (/2) = 1£15 (6/2) < 21171 = Bl @)+ (1Bl (0) = 115 (6)) + (IBE, @) = 0l (20))

Note that

Gﬂ—@fW%—%AGﬂ—MHQ%
ol Hlxon@)
= nl
=270

Holder’s inequality)
(since gx(t)px (t) =1).
On the other hand, by (7.3.1)

IRl (8) = 1Al () < Cllkll gpro -

While by (1.1.15)

B[ () = B[ 26) < 2 (I (26) = [n;, (20))
< C o (again by (7.3.1).
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Therefore, combining our findings we see that

1w -t <o, Ry gy, oL

C
B ox(t) OghiggMO{mﬂ —hllx +ox@) [hllpaot
C

ox ()

<

K(ox(t), f; X (), BMO(Q)) (by (7.3.3)). O
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CHAPTER 8

ESTIMATION OF GROWTH “ENVELOPES”

8.1. Summary

Triebel and his school, in particular we should mention here the extensive work
of Haroske, have studied the concept of “envelopes” (cf. [49], a book mainly devoted
to the computation of growth and continuity envelopes of function spaces defined
on R™). On the other hand, as far as we are aware, the problem of estimating growth
envelopes for Sobolev or Besov spaces based on general measure spaces has not been
treated systematically in the literature. For a function space Z(2), which we should
think as measuring smoothness, one attempts to find precise estimates of (“the growth
envelope”)

EZ(t)=sup [f]"(1).
£l 7y <1

A related problem is the estimation of “continuity envelopes” (cf. [49]). For example,
suppose that Z := Z(R™) C C(R"), then we let
oo t
e = sp “=])
lFllz<1

and the problem at hand is to obtain precise estimates of EZ(t).

In this chapter we estimate growth envelopes of function spaces based on met-
ric probability spaces using our symmetrization inequalities. Most of the results we
shall obtain, including those for Gaussian function spaces, are apparently new. Our
method, moreover, gives a unified approach.

In a somewhat unrelated earlier work [64], we proposed some abstract ideas on
how to study certain convergence and compactness properties in the context of inter-
polation scales. In Section 8.6 we shall briefly show a connection with the estimation
of envelopes.
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8.2. Spaces defined on measure spaces with Euclidean type profile

To fix ideas, and for easier comparison, in this section we consider metric proba-
bility () spaces (Q,d, i) satisfying the standard assumptions and such that the cor-
responding profiles satisfy

(8.2.1) =V < Ig(t), t € (0,1/2).

Particular examples are the J;_1—Maz’ya domains on R™. By the Lévy-Gromov
isoperimetric inequality, Riemannian manifolds with positive Ricci curvature also
satisfy (8.2.1).

In this context the basic rearrangement inequalities (cf. (1.1.2), (1.1.9)) take the
following form, if f € Lip(Q), then

(8.2.2) @) = 1f15, (6) < /™ (VLT (8), ¢ € (0,1/2),
and, if f € X 4+ Sx, then

K(tl/nafaXa SX)
Px (1)

(8.2.3) [fl @) = 11, () = , 1€ (0,1/2).

Theorem 28 — Let X = X () be a r.i. space on Q, and let Sx () be defined by

Sx () = {f € Lin(@) : If 5@ = IV Fllx + I1£llx < o}

Then,

- 1
(8.2.4) ESX(Q)(t)j/ sl/"—lgz))—(,(s)%, te€(0,1/2).
t

In particular, if X = LP,1 < p < n, then (compare with [49] and see also Remark 15
below)

(8.2.5) ESrr @) 2 ¢/n=r e (0,1/2).

1. Note that, when we are dealing with domains 2 with finite measure, we can usually assume
without loss that we are dealing with functions such that |f|**(co) = 0. Indeed, we have

1
@) < 5 Il ey -

For the usual function spaces on R™, we can usually work with functions in Cp(R™), which again
obviously satisfy |f|**(c0) = 0.
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Proof. — Let f be such that [|f|5, ) < 1. Using the fundamental theorem of
Calculus we can write

1/2
(8.2.6) L@ = 171 (1/2) = / (171 ) = 111, ()

This representation combined with (8.2.2) and Hélder’s inequality @), yields

ok 1/2 s’k dS ok
@ <en [ VA ) E 17 072)

ds

S

1
- d
<o [ #1910 g 20 T+ 20

1
e ds
<Wlsgen [ 5710506 S + 2051,
t

1
d
< cn/ sV h o0 (s) ?S + 2e¢,
t

where in the last step we used the fact that |[f|s, (o) < 1, and [|f[[,: < c[[f]lx-
Therefore,

B = sup|fI5 (1)
17155 ) <1
< sup |fS @)
Hf“SX(Q)Sl
! 1/n-1 ds
<c (/ st/m= ¢X((S)? —|—1) , te€(0,1/2).
t
The second part of the result follows readily by computation since, if X = LP,
1 < p < n, then
1 1
/ Sl/n71¢X/ (S) @ _ / Sl/nflslfl/pﬁ
t s t s
< /OO Sl/n—lsl—l/p @
=, p
~ tl/n—l/p7
and
1< ett/mVP for t € (0,1/2). O
2. Write

s\w\**@:/o V1 (u) du
< H‘v.ﬂ X(O,s)”)’{ HX(O,S)”X/

= IV £l x0.9 |l 5 o5/ (5)-
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Remark 15 — We can also deal in the same fashion with infinite measures. For
comparison with [49] let us consider the case of R™ provided with Lebesgue measure.
In this case Ign(t) = c ™= for t > 0, and (8.2.2) is known to hold for all t > 0,
and for all functions in Co(R™) (c¢f. [69]). For functions in Co(R™) we can replace

(8.2.6) by

- [ ST ) - 1T () .

s
Suppose further that X is such that
/ sV 1g o0 (s) % < 00.

t
Then, proceeding with the argument given in the proof above, we see that there is no
need to restrict the range of t's for the validity of (8.2.4), (8.2.5), etc. Therefore, for
1 < p < n, we have (compare with [49, Proposition 3.25])
(8.2.7) ESx®) () < ¢ </ sV 1o o, (s) 2 + 1) , 1> 0.
: S

The use of Holder’s inequality as effected in the previous theorem does not give
the sharp result at the end point p = n. Indeed, following the previous method for
p = n, we only obtain

1
EWLln(Q) (t) < / sl/n=141-1/n @

t S
1
<In—, t€(0,1/2).

Our next result shows that using (8.2.2) in a slightly different form (applying Holder’s
inequality on the left hand side) we can obtain the sharp estimate in the limiting cases
(compare with [49, Proposition 3.27]).

Theorem 29 — E5:()(t) < (In %)1/,1', fort € (0,1/2).
Proof. — Suppose that | |z, ) < 1. First we rewrite (8.2.2) as

<|f|# (siJnlfI# (s)) < (9 @) 5012,

Integrating, we thus find,

/tl/z (|f|;* (s) = £, (s))"% _ /tl/z <|f|;* (5217n|f|;(s)>”ds

< cn /tl (1417 )" ds

< Cy IVFIII;- (by Hardy’s inequality)

< Cn.
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Now, for ¢t € (0,1/2),
o1 am= [ (e -1 ) &

<( (117 ) =175, )" d>/(/d—>

(Holder’s inequality)

1 1/n’

1/n’

Therefore,
* % n 1
o= (W) i
1
<yl <1n;) 1l
<l < %) , for t € (0,1/2).
Consequently,
5 1
(8.2.8) EStn () < (m t) , for t € (0,1/2). O

The case p > n, is somewhat less interesting for the computation of growth en-
velopes since we should have E°:*(Y)(t) < ¢. We now give a direct proof of this fact
just to show that our method unifies all the cases.

Proposition 4 — Let p > n, then there exists a constant ¢ = ¢(n,p) such that
ESrr (1) < ¢, t €(0,1/2).

Proof. — Suppose that | f||g,, ) <1, and let s € (0,1/2). We estimate as follows
t
k3K _ * l/n—l *
1 O =111 0 < a9 s as
1 1/p
< et!/n < / VI (s)Pds) o
0

< ctt/n=1/p,
Thus, using a familiar argument, we see that for ¢ € (0,1/2),
1
LI @) = 1f1T (1/2) < C/ Ry
t

1— tl/n—l/p

= “Um—1/p)

c

= /n=1/p)
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It follows that

UMORNNOES I (1/2)

1/n—1/p)
«___°
~ (1/n—=1/p)’
and we obtain

ESer @) (1) < ¢, t € (0,1/2).

O

The methods discussed above apply to Sobolev spaces based on general r.i. spaces.
As another illustration we now consider in detail the case of the Sobolev spaces based
on the Lorentz spaces L™ (€2) , where Q C R™ is a bounded Lip domain of measure 1.
The interest here lies in the fact that in the critical case p = n, the second index ¢ plays
an important role. Indeed, for ¢ = 1, as is well known, we have WLln,l C L, while
this is no longer true for W}, , if ¢ > 1. In particular, for the space W},.. = W}..
The next result thus extends Theorem 29 and provides an explanation of the situation

we have just described through the use of growth envelopes.

Theorem 30 — Let 1 < q < oo, then EWina@ (1) < (In2)"?  for t € (0,1/2).

Proof. — Consider first the case 1 < ¢ < oo. Suppose that ”fHWin,q(Q)

From (8.2.2) we get

(17 ) = 111 ()" < e (191 (5)5V7)", s € (0,1/2).

Then,

1/2 S
=1 a2 = [ (1 6 = 17) 5

S

IN

IN

IN

1 1/q'
i lna (107)

Therefore, as before

1/4’
1170 el e (7)) + 1117 1/2

1 1/11/
Sc(ln;) , t€(0,1/2),

and the desired estimate for EWLI""?(Q)(t) follows.

ASTERISQUE
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( / P @ -1 o) d—) ( /
. </1/2 (|Vf|;* (s)sl/")q @> 1/q </1/2 §>1/q,

1/2 g d
B

< 1.
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When ¢ = 0o, and HfHWin,oo(Q) <1, we estimate

17 () = 1f17 (5) < en [V (5)sM/m
< e llIVFllpnee

< cp.
Consequently,
ok ok ! dS
Il @) =1 (1/2) < e S
and we readily get
1
EWLI,n,oo(Q)(t) S C <ln ¥> N t e (O7 1/2) O

Remark 16 — Note that, in particular,
EWzn,l(Q) (t) S c,
which again reflects the fact that W7, ,(Q) C L>=(%).
Remark 17 — As before, all the previous results hold for the W}, ,(R™) spaces.

We now show that a similar method, replacing the use of (8.2.2) by (8.2.3), allow
us to obtain sharp estimates for growth envelopes of Besov spaces (see (7.1.9)).

Theorem 31 — Letp>n>1,1<q <oo. Then
n/p.q n 1 1
EB;D (10,1] )(t) j <10g ¥> 5 te (0, 1/2)

Proof. — The starting point is

Wrr (tl/na f)

v te€(0,1/2).

@) — 11 () < e
Then,

@i am= [ (o -1 ) &

< V2 wre(s/7, f) ds
<c T s

S

q /4 1/q
Y rwre (st PN ds ' Lds
SC([ (5 <) ()

(Hslder’s inequality)

1 1/q
< C”f”Bg/p’q([O,l]") <1Og ;) .
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Thus, a familiar argument now gives (compare with [49, (1.9)])

/g 117 1\
EB/T100M) 4y < (log ;) , t€(0,1/2). O

8.3. Continuity Envelopes

Suppose that Z := Z(R™) C C(R™), then (cf. [49] and the references therein) one
defines the continuity envelope by

oo (T
Eg(t) = sup wr=thJ) ( ’f).
11l 2 gemy <1 t

At this point it is instructive to recall some known interpolation inequalities. Let
Il = T IVFI (s)s'/m42. We interpolate the following known embeddings
L™

(cf. [89)): for f € C§°(R™), we have
iy < Wi

Consequently,
It is well-known that for continuous functions we have (cf. [13])

K(t, f; L*(R"), Wi (R")) = wie (t, f) = Sup. 1FC+h) = FOllpe -

On the other hand using [67, Theorem 2] and Holmstedt’s Lemma (see [14,
Theorem 3.6.1]) we find

t’Vl
. . . d
Kt L Wha @)W @) = [ 91" ()5
0
Inserting this information back to (8.3.1) we find

¢ N ds
() = [ VI

Therefore,

Wr oo (t,f) 1 /t" * 1/n ds
LA\ 4 - il
LD wir s

n 1/(1,
1 t L d
= = IVl (/ s(1/n=1/p)q _S>
t 0 5

1 —-n
IVl £

A

PN

Thus, we have (compare with [49, (1.15)]) that for 1 < ¢ < oo,

(8.3.2) EYera & () < g/,
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Remark 18 — [t is actually fairly straightforward at this point to derive a general
relation between EZ and EZ. In [65] we have shown for f € C§°(R™) we have

(8.3.3) LI () = 117 (1) < entwre (/7 f), £ > 0.

We now proceed formally, although the details can be easily filled-in by the interested
reader. From (8.3.3) we find

7@ =17 @) | wee (" f)

. <en - L t>0.

Then
IFI7 @) < 117 ()
_ /w ) =) 4y fsince £+ (00) = 0)

t

0 w(gl/m
< Cn/ wd&
t

- s
Taking supremum over the unit ball of Z(R™) we obtain

EZE (1) < / EZ™)(s) ds.

t1/n

Thus, for example, from (8.8.2) we find that for p <n

EWhna®) (1) < /OO /P g
- tl/n
~ tl/nfl/pv

which should be compared with (8.2.5).

8.4. General isoperimetric profiles

In the previous sections we have focused mainly on function spaces on domains with
isoperimetric profiles of Euclidean type; but our inequalities also provide a unified
setting to study estimates for general profiles. For a metric measure space (€,d, u)
of finite measure we consider r.i. spaces X (2). Let 0 < § < 1 and 1 < ¢ < oo, the
homogeneous Besov space bg( 4(§2) is defined by

1/q
. n(s2) ds
D) ={feX+8x: 1 llio.0) = (/0 (K (s, f; X, Sx) s7%)" ?> <oy,
with the usual modifications when ¢ = co. The Besov space bgg (82, 1) is defined by
”f”bgéq(g#) = ”fHX + Hf”i;géq(gz) :
Notice that if X = L?, then b9:4(Q) = bg’q(Q) (resp. b52(Q) = b5:1(Q)) (see (7.1.1)).
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Theorem 32 — Let X be a r.i. space on Q. Let g(s) = ToGy Where Io denotes the
isoperimetric profile of (,d, ). Let bg&q(Q) be a Besov space (0<0<1,1<qg<o0),
then for t € (0, u(2)/2) we have that

() /2 1a\
W) . ) 9(5) L
E t) < (1 + (/t <g( ) (g’(s)) ) (s(bx(s))q,)) ,

where, as usual 1/¢' +1/q = 1.

Proof. — Let f € X+ Sx, and let us write K (¢, f; X, Sx) := K (¢, f). By Theorem 7
we know that

K (g(t), f)
ox (1)

Taking in account that, ( — [f[}" ) () = ([ @) = [£1, () /t, we get

n(2)/2 / w(9)/2 5 o
P8 = 11T ((2)/2) :/t (_ |f|Z*) (S)dsgc/ K(g( K(g(s), f) ds.

t ox(s) s

Since Iq(s) is a concave continuous increasing function on (0, u(2)/2), g(s) is differ-
entiable on (0, 1(€2)/2). Then, by Holder’s inequality we have

MK K (g(s), f) ds
R(t)_/t ox(s) s

-/ R (%)6 (ggé; ) N (5/(<?>>1/q e

< Ri(t)Ra(t),

[fl @) = 1fL () <c , 0 <t < p(Q).

where

and

, 1/q
(g N s
(8.4.1) Ra(t) = ( /t <9(5) (g’(S)) (sox(s)? |

By a change of variables

0 (1(9)/2) e
(8.4.2) Rl(t)—</g (K(z,f)z")q7> < I fllos, ()

Q)
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Combining (8.4.1) and (8.4.2) we obtain
10 < ellFllig,_ oy Ro®) + 2111
<2¢(1+ Ba0) s, (o)
Therefore, taking sup over all f such that ||f||bg( () < 1 we see that
EYS (1) < 2¢ (14 Ry(t)) , t € (0, () /2). O

Example 3 — Consider the Gaussian measure (R™,~y,). Then (cf. [16]) we can take
as isoperimetric estimator

1/2
I,Yn(t)_t<1og%> ,  te(0,1/2).

Thus,
(t) = — d g'(s) !
9(t) = ———75 and g'(s) = —————,
(1og%)1/2 2 (1og%); s
and

=

¢;@><Mg%>m@'

Therefore we find that

(1-%)
By (R ) 1 1
E ) (t) < ox D <1og t) ,  te(0,1/2).

8.5. Envelopes for higher order spaces

In general it is not clear how to define higher order Sobolev and Besov spaces
in metric spaces. On the other hand for classical domains (Euclidean, Riemannian
manifolds, etc.) there is a well developed theory of embeddings that one can use to
estimate growth envelopes. The underlying general principle is very simple. Suppose
that the function space Z = Z () is continuously embedded in Y =Y (2) and Y is
a rearrangement invariant space, then, since (cf. (2.2.6)) Y € M (Y'), where M(Y)
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is the Marcinkiewicz space associated with Y (cf. Section 2.2), we have (cf. (2.2.5))
for all f € Z,

sup [ )y (1) < Ilflly < cllflz

where ¢y (t) is the fundamental function of Y, and ¢ is the norm of the embedding
Z C Y. Consequently, for all f € Z, with ||f]|, < 1, for all ¢ > 0,

7)<

c

oy (t)

Therefore,

1
EZ(t) < 50

For example, suppose that p < , then from

3|

1
k n s : _
LL;D (R ) C Lqp, Wlth a =

D=

and
Gran(t) =t/1 = ¢}/r=k/n
we get (compare with (8.2.5) above and [49, (1.7)])
EWe ®)(4) < ¢h/n=1/p,
In the limiting case we have (cf. [9], [78])
Wi (R™) C L%,
For comparison consider Wg (Q), where Q is a domain on R", with |[2] = 1. One can

readily estimate the decay of functions in LI>%! as follows:

17 O =177 @) = [ 1 @) =111 ) 5

<([ 0 -ur e %)1“’” (f %wzy

1\ "
<1l (108 7)

Combining these observations we see that for functions in the unit ball of W% (Q) we

have
1—k

LFI7(t) < e (log %) ' , for t € (0,1/2).

Consequently
k 1 1_%
E"+ W) < (log ;) .
In particular, when £ = 1 then 1 — % = #, and the result coincides with Theorem 29
above.
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Likewise we can deal with the case of general isoperimetric profiles but we shall
leave the discussion for another occasion.

8.6. K and E functionals for families

It is of interest to point out a connection between the different “envelopes” discussed
above and a more general concept introduced somewhat earlier in [64], but in a
different context. One of the tools introduced in [64] was to consider the K and F
functionals for families, rather than single elements.

Given a compatible pair of spaces (X,Y) (cf. [14]), and a family of elements,
F C X +Y, we can define the K —functional and E—functional ®) of the family F by
(cf. [64])

Kt F;X,)Y)=sup K(¢, f; X,Y).
fer
Et,F;X,Y)=sup E(t, f; X,Y).
feF
The connection with the Triebel-Haroske envelopes can be seen from the following
known computations. If we let || f|| o = p{suppf}, then

[fI" (8) = B(¢, f; L°, L™).
Therefore,
EZ®) () = E(t,unit ball of Z(); L°(2), L>=(Q)).
Moreover, since on Euclidean space we have
wree (t f) = K(t, f; LF(R™), Wi (R"))
we therefore see that
EZ®D () = K(t, f; unit ball of Z(R™); L®(R™), Wi« (R™)).
This suggests the general definition for metric spaces
EZ(t) = K(t, f;unit ball of Z(€); L™(), Sy ().

This provides a method to expand the known results to the metric setting using the
methods discussed in this paper. Another interesting aspect of the connection we
have established here lies in the fact, established in [64], that one can reformulate
classical convergence and compactness criteria for function spaces (e.g., Kolmogorov’s
compactness criteria for sets contained in L?) in terms of conditions on these (new)

3. Recall that (cf. [14], [64]),

K(t, f; X, Y) =inf{||f —gllx +tlglly : g€ Y}
Bt f;X,Y) =inf{[|f —glly : llgllx <t}
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functionals. For example, according to the Kolmogorov criteria, for a set of functions
F to be compact on LP(R™) one needs the uniform continuity on F' at zero of wp»(t, F').
In our formulation we replace this condition by demanding the continuity at zero of

K(t,F;LP, Wi,).
Again, to develop this material in detail is a long paper on its own, however, let us note
in passing that the failure of compactness of the embedding W}, () C L? (Q2), for
p = n, is consistent with the blow up at zero predicted by the fact that the converse
of (8.2.8) also holds. One should compare this with the estimate (8.2.7) which is

consistent with the Relich compactness criteria for Sobolev embeddings on bounded
domains, when p < n.
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CHAPTER 9

LORENTZ SPACES WITH NEGATIVE INDICES

9.1. Introduction and Summary

As we have shown elsewhere (cf. [9], [66]), the basic Euclidean inequality

F) = £ < et VT (1)

leads to the optimal Sobolev inequality

010 Ul ={ [ (077 © =117 @) )’ %}W < el Sl

where 1 < p < n, % = % - % The use of the L[P? conditions makes it possible to
consider the limiting case p = n in a unified way. Now (9.1.1) is also meaningful when
p > n, albeit the only reason for the restriction p < n, is that, if we don’t impose it,
then p < 0, and thus the condition defined by || f|| ., < oo is not well understood.
It is was shown in [78] that these conditions are meaningful. In this chapter we show
a connection between the Lorentz LIP?! spaces with negative indices and Morrey’s

theorem.

9.1.1. Lorentz conditions. — Let (§,d, ;) be a metric measure space. Let 0 <
q < 00, s € R. We define

Ll — Ll (0, 0(9)

) . 1/q
_Jreri): {/0 " (it @ =111 @) 77) %} -
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For 0 < ¢ < 00, s € [1,00], these spaces were defined in Chapter 7. They coincide
with the usual L*? spaces when 0 < ¢ < 00, s € [1,00) (cf. [71]).
Our first observation is that LI* # &. Indeed, for s < 0, we have

0 Sq:ﬂ A)/5—a _ 1)1/q
< Ixallgis.a (0= a/s [1(A) ]
PG
CETOR

It is important to remark that the cancellation at zero afforded by |f[" (t) — | f[}, (t)
is crucial here. Indeed, if we attempt to extend the usual definition of Lorentz spaces
by letting s < 0, then we find that ||xall; .0 = fo”(A) t9/5dt < o0 iff p(A) = 0.

9.2. The role of the LP?! spaces in Morrey’s theorem

For definiteness we work on R™ with Lebesgue measure m. We show that many
arguments we have discussed in this paper are available in the context of Lorentz
spaces with negative index.

Let f € LPP! where % == — % < 0. Then, for 0 < t; < t2, we can write

1
p

dt

e = ) = [ - ) e

: (/ (- ropee) ) " ( / ) v
e ([ tp'/p%)”” |

Note that since =2~ —1 = —£_("=P) _ 1 = _L_[n=P=n] ~ ( the function ¢ #'/P~1 is
p p np p—1 n

decreasing and therefore,

2 dt N - v’
/ Lrp/p_g/ tfp/p_:_%’|t2_tl|7p'
t1 t 0 t p

Thus,

_a\ /P _
9.2.1) P () - P (k) < (p—p) 1l 2 — ]

<
)

The localization property in this context takes the following form. Suppose that
f € LIPPl is such that there exists a constant C' > 0, such that VB open ball, it
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follows that fxp € LIPPH(0,m(B)), with || x5 ;.01 < C || f]l Lisp1- Then, from (9.2.1)
we get

_\ 1/p’
ok ko —-p &
()" ) = (e () <€ () Ul lta = 0],
where o =1 — %. Applying this inequality replacing ¢; by t;m(B), i = 1,2; we get

—p 1/p . .
(Fxs)™ (im(B)) — (fxs)™ (tam(B)) < C (p—) 1l 2 — 0] m(B) 5.

Letting ¢t; — 0,t2 — 1, we then find

1 _ﬁ 1/17/ /
- <C|— . B)e/™,
cssswp (1) = iz [ 120 (Z2) 7 Ul m(m)
Applying this inequality to —f and adding we arrive at

_=\ /P
ess sup (f) — ess inf f < 2C (—f?) (£l Lo (B ™.
B B p

Let z,y € R", and consider B = B(xz,3|z — y|) (i.e., the ball centered at z, with
radius 3 |z — yl), then

|f(z) — f(y)] < esssup f — ess i%ff
B

—p 1/p
< cp2 (7) Cllifllpwn Iz —yl".

At this point we could appeal to (9.1.1) to conclude that

_ =\ U
(@) — f@)] < en2 (p—p) CIVAI, le - l°

Similar arguments apply when dealing with Besov spaces. In this case the point of
departure is the corresponding replacement for (9.1.1) that is provided by the Besov
embedding

[l -1 o) 5] L <e [ [rmerm i) S

t?
-2 0€(0,1),1

IN

where % = q < oco. Notice that we don’t assume anymore

that p < n.

1
p

Remark 19 — In the usual argument the use of the Lorentz spaces with nega-
tive indices was implicit. The idea being that we can estimate (fttf ((f*(t) —
Fx() t/P)” 4EN/P through the use of

PO = 1) < et V7 (1),
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Namely,
-1 = [ 0To - o)

t1 t

to
< / YV FI (8) dt (basic inequality)

ty

to 1/p ta 1/p’
g(/ |Vf|**(t)”dt> (/ t”(l/"_l)dt)
tl tl

(Hélder’s inequality)

ta 1/p’
<V, (/t P (1/n=1) dt) (Hardy’s inequality)
1

1/p'
lta—ta] | ,
< IIVAI, (/0 P’ (1/n=1) dt) (since t? /"= decreases)

1/n—1
= cpn IV FIIl, 12 — 2|77/

= cpn IV Al b2 — 217"

At this point it is not difficult to reformulate many of the results in this paper
using the notion of Lorentz spaces with negative index. As an example we simply
state the following result and safely leave the details to the reader.

Theorem 33 — Let (2,d, 1) be a probability metric space that satisfies the relative
isoperimetric property and such that
= < I (t), t€(0,1/2).
Then, if p >n
b;/p,l (Q) c LP?

— L Moreover, if f € b;}/”*l (), then VB C Q, fxp € LP%,
and || fxBl|ps: = |f||bn/p,1(ﬂ), with constants independent of B. In particular, it
follows that f € C(£2).

where L =

S|

9.3. An interpolation inequality

In this section we formulate the basic argument of this chapter as in interpolation
inequality.

Lemma 6 — Suppose that (Q,d, ) is a probability measure. Let s < 0,1 < g < o0,
and suppose that —q' > s. Then for all f € L' (Q) we have,

S

o\
wums(?> 1l + 1L
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Proof. — We use the argument of the previous section verbatim. Let 0 < ¢; < t2 < 1.
By the fundamental theorem of calculus, we have

il =1 e = [ (1 0 =17 0) §

= [ -1t ) e

to th 1/q to l dt 1/(1/
< L@ = 11 (1) ¢/ _} {/ tq/s_}
{/tl {( i H ) } t t t
1/4’
s o
<(22) 7 Wl len -l

Therefore letting ¢; — 01, ¢t — 17, we find

1/q'
—S
mumwmps(?) T 0

9.4. Further remarks

Good portions of the preceding discussion can be extended to the context of real
interpolation spaces. In this framework one can consider spaces that are defined in
terms of conditions on M — K'(t, f; X), where X is a compatible pair of Banach
spaces. An example of such construction are the modified Lions-Peetre spaces defined,
for example, in [50], [51] and the references therein. The usual conditions defining
these spaces are of the form

o AR
1 1lix0, %100, = {/0 (tO(K(t, f; Xo, X1) — tK'(t, f; X0, X1)))" 7} < o0,

where 6 € (0,1),q € (0,00]. Adding the end points § = 0,1, produces conditions
that still make sense and are useful in analysis (cf. [66] and the references therein).
Observe that when X = (L!, L>), we have

BOTX) ke, 5. %) =101 0 - 191 ),
and therefore
[Xo, X1]p.q = LIT79.
Therefore the discussion in this chapter suggests that it is of interest to consider, more

generally, the spaces [Xo, X1]gq, for 6§ € R. In particular this may allow, in some
cases, to treat L and Lip conditions in a unified manner. For example, in [29] and [71]
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results are given that imply that for certain operators T, that include gradients, an
inequality of the form

1 livo vi1ag.00 < CIT S llixg x4

90,490 01,01
can be extrapolated to a family of inequalities that involve the [Yp,Y1]e,,q, SPaces

defined here. In particular
[fll g < ellV il  f € C&(Rn)
implies
K(t, f; LY L>®) —tK'(t, f; L}, L) < ct'/" K (t,V f; L', L™).
Thus from one inequality we can extrapolate “all” the classical Sobolev inequalities
through the use of the [Yp, Y119, 4 spaces with 6 possibly negative. To pursue this point

further would take us too far away from our main concerns in this paper, so we must
leave more details and applications for another occasion.
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CHAPTER 10

CONNECTION WITH THE WORK OF GARSIA
AND HIS COLLABORATORS

In this section we shall discuss the connection of our results with the work of Garsia
and his collaborators (cf. [41], [40], [42], [44], [43], [81], [31]...). We argue that our
results can be seen as an extension the work by Garsia [43], [44], and some (M) of the
work by Garsia-Rodemich [40], to the metric setting. Indeed, [44], [43] were one of
the original motivations behind [65] and some of our earlier writings.

In [44] it is shown that for functions on [0, 1], if @) p > 1,

fr(@) = f(1/2) 4/
(10.1.1) F1(1/2) = f*(1—2) } = log 2 / (6 51+1/p

(see Section 4.1.1 above), and where

1/p
1 p
6ﬁ—{g//;ydvm»<ﬂw|mm} .

In particular, if fol Qp(0, f )(;lf—‘f/p < 00, then f is essentially continuous, and in fact,
a.e. z,y € [0,1]
q1/p lel ds
(10.1.2) @) =10l <2 [ @ gy
Moreover, in [44] more general moduli of continuity based on Orlicz spaces are con-

sidered: for a Young’s function A, normalized so that A(1) =1, let

QA(é,f):inf{)\>0:%//Iw_yldfl(w) dedy < 1}.

1. The results of [40], while very similar, are formulated in terms of moduli of continuity that in
some cases cannot be readily identified with the ones we consider in this paper.
2. The case p =1 is also trivially true since

1 ds
/O QU )5 < oo,

readily implies that f is constant.
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In [44] and Deland [31, (1.1), (1.3)] the following analogues of (10.1.1) and (10.1.2)
are shown to hold:

FH@) = f*(1/2) 2 [ 14,48
(10.1.3) F/2) — ) }g 1Og%/m Qa(6,/)A™(5)
and
lz—yl N
(10.1.4) f@-1wi<e [ Qa6.pa (DT

We will show in a moment that our inequalities readily give the following version
of (10.1.3) for all r.i. spaces X[O 1] :

() — 1/2 K(9, f X W ) do
(10.1.5) P - O ) } / 2 X 5

To relate this inequality to Garsia’s results we compare the modulus of continuity
to K —functionals. Thus, we let

wa(d, f) = inf{)\ >0: sup/léA <|f(x—|—h))\—f(x)|) dx < 1}, 5 €(0,1).

h<s Jo

Then, as is well known (cf. [13], [65]),
(10.1.6) K (6, f1LaWi,) ~wa(, f),

and we have
Lemma 7 — supg.,.5Qalo, f) 2 K (6, f; La, W} ).

Proof. — To see this note that, for all A > 0, § € (0,1), we have

5// 2,y)€[0,1]2: |z —y| <5} (|f( I )|>d dy
S%/O/;5A<|fx+h;—f(x>|>dxdh

Ssup/l6A<|f(x+h))\_f(x)|>dx.

h<§Jo

Therefore, if we let A = wa(d, f), by the definitions,

//z €[0,1]2:|z—y|<5} <|f() ()|>dxdy<1

and consequently

QA(67 f) < 2WA(67 f)
= K(6,f;La, W) O
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To complete the picture let us also note that
1

t) = ————.

PLA ( ) A-1 (%)

We now show in detail (10.1.5). One technical problem we have to overcome
is that the results of this paper do not apply directly for functions on [0, 1], since
the isoperimetric profile of [0,1] is I(t) = 1, and therefore I does not satisfy the
required hypotheses to apply our general machinery (cf. Condition 1 in Chapter 2,
and [70], [71]). Therefore while the inequalities (1.1.8), and their corresponding
signed rearrangement variants are valid (cf. Chapter 4), our results cannot be applied
directly. However, we will now show that our methods can be readily adapted to yield
the one dimensional result as well.

To prove (1.1.8) for n = 1, we need to establish the following inequality (compare
with (1.1.2), letting formally I(t) = 1)

Fre)y = @) <t(1fD7 (1)t € (0,1).
While [70] formally does not cover this case, it turns out that we can easily prove this
inequality directly using the method of “truncation by symmetrization”, which was
apparently introduced in [72]. Indeed, a known elementary result of Duff [35] states
that

1) N zoo.ny < 1 Moo -

The truncation method of [72] (cf. also [36, discussion before Corollaire 2.4]), as it is
developed in detail in [60], when applied to the case p = 1, yields the corresponding
Pélya-Szegé inequality (as formulated in [72])

L)) @ <t D7 (@), te(0,1).

We can (and will) assume without loss that f is bounded, then (cf. [60]),
t
L@ = [ 101 = o) =50 <o
Now, since f**(0) = f*(0), and f** is decreasing, we have
£~ 70 < F10) ~ 510 = 7 0) - £ (0

Therefore, combining these estimates we arrive at

O =0 <tf/N” @), te(0,1),
as required. At this point the proof of Theorem 7 applies without changes to yield
for 0 <t <1/2,
K(t, f; X, WL)

Moreover, using [9, (4.1)] we have

fr/2) = 1) <207 @) - 7)) -
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Thus,
. i1
£ a2) - s T
< 20% (since K(t’f;j(’ W) and 3 1(t) decrease)
X
K(s f X W ) ds
(10.1.7) < 1n2/ e X2 =

Given t € (0,1/2), let N = N(t) be such that £ <2=0V+D < ¢ < 2N < 1 then

) = £1(1/2) < W) — £1(1/2)

(s, /: X, W) ds
<CZ/ ox(s) s

(G+1)
1/2 . 1
SC/ K(Saf7X7WX)§
2-(N+1) ¢X( ) s

f K(s, /; X, W}) ds V2 K (s, f; X, W)) ds
o C/ (N+1) (S) S 5T 2—N ¢X(5) S '

Now,
1/2K(SvfaXaW)1()§< 1/2K(57f7X5W)1()§
2-N Px(s) s Px(s) s

Moreover, we will show in a moment that
(10.1.8)

2= N . ir1 1/2

K X 1 4 . 1 d
/ — ds < K (s, [ X, Wh) —— .
2-(N+D) s ox(s) In(1/2) J; Px(s) s

Collecting these results we see that there exists a universal constant ¢ > 0 such that,

* . 1/2 - 1 ds
FO-£O2<e [ KX S

The previous inequality applied to — f yields the second half of Garsia’s inequality

t e (0,1/2).

1/2 . 1 ds
fFa2)-r-t)<e K(s, f; X, W)

t o) s t e (0,1/2).
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We complete the details of the proof of (10.1.8) using various monotonicity properties
of the functions involved and the position of ¢ in the interval:

2—N . ¥
/27”“) K(s, f,j(, Wx) ¢X1(S) s
< K(T(];i)&.{if( ) ¢X(2_1<N+1>)2<N+1> (@ i’¢%(r> V)
=K@ AKX, W}()¢X(271<N+1>) 1n(2—1N/t) /jN %
< ﬁ/tﬂ Kls X W == (K152 )
< [ KX

In particular, our results thus give versions of (10.1.1), (10.1.2), (10.1.3), but re-
placing Q 4 (9, f) with the usual modulus of continuity K (4, f; La, WLlA ). We also note
that Deland [31] found the following improvement to (10.1.3)

fr(x) = f(1/2) 1 e
f(1/2) = f*(1—=z) }jL Qa(9, f)dA (5), 0<z<1/2

This is of particular interest when dealing with the space X = el Indeed, in this
case A(t) = e’ — 1, and therefore
1

oN1/2°
(In§)

ox(t) =

Consequently, from (10.1.4) (or (10.1.5)) one finds that a sufficient condition for con-
tinuity can be formulated as: there exists 0 < a < 1, ¢ > 0, such that

@ c\ /2 dd
(10.1.9) /0 Qa(6, f) (111 5) = <o
On the other hand, Deland’s improved condition for continuity replaces (10.1.9) by
@ do
0 (ln %) 0

In our formulation (10.1.10) corresponds to a condition of the form

a ' . 1 1
/0 K(é,f,LA,WLA)d<—¢A(t)> < o0
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While we don’t have any new insight to add to Deland’s improvement we should point
out here that Deland’s improvement is automatic for spaces far away from L°°, in the
sense that ay(y) > 0. Indeed, we have

Lemma8 — Suppose that X = X|0,1] is a r.i. space such that ayxy > 0. Then
there exists a re-norming of X, that we shall call X, such that

(10.1.11) /OlK(cS,f;X,W}() d(ﬁ) <:>/ K(s, f X WX) do

5
Proof — Let ¢(t) fo ox (s ds, then, since ¢XS(S) decreases, we have ¢(t) > ¢x(t),
and

Logx(®) _ 1 _ 1
o(t)2 t T o)t T tox(t)

Moreover, since a,(x) > 0, we have (cf. [88, Lemma 2.1])

o(t) < ox(t).

Therefore there exists an equivalent re-norming of X, which we shall call X, such that

ox(t) = ¢x(t) = o(t).

(e =

Moreover, we clearly have

We can also see that,

12

dx(t)t
Consequently (10.1.11) holds when ayx) > 0. O

—~
~—

On the other hand Deland’s improvement does not follow from the previous Lemma,
since from the point of view of the theory of indices « A(eE?) = 0. For more details on
how to overcome this difficulty for spaces close to L we must refer to Deland’s
thesis [31].

For applications to Fourier series, the appropriate moduli of continuity defined for
periodic functions on, say, [0, 27|, are defined by (cf. [44], [31, (1.1), (1.3)])

WA(h,f):inf{)\>0:/(J2FA<|f(x+h))\_f(x)|>d:c§1}.
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Then, we also have
sup Qa (o, f) 3 K (8, f; La[0, 2m], W, [0, 2])
o<

=~ sup Wa(h, f).
h<s

It follows from our work that the results of [44] can be now extended to r.i. spaces.
In this connection we note that (just like in [44] for LP spaces) one could also use the
boundedness of the Hilbert transform on r.i. spaces where one has control of the Boyd
indices (cf. [21], [13]). However, to continue with this topic will take us too far away
from our main concerns here so we must leave the discussion for another occasion.

For further applications to: the path continuity of stochastic processes, Fourier
series, random Fourier series and embeddings we refer to [40], [44], [43], [31] and the
references therein. Moreover, under suitable assumptions on the connection between
the isoperimetric profile and the measure of balls (cf. [92]) one can also formulate the
Besov conditions as entropy conditions as it is customarily done in probability (cf. the
discussion in Pisier [84, Remarque, p. 14]).
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APPENDIX A

SOME REMARKS ON THE CALCULATION
OF K-FUNCTIONALS

A.1l. Introduction

It seemed to us useful to collect for our reader some known computations of
K —functionals of the form K (t, f; X (Q), W (Q)), where X is a r.i. space. We don’t
claim any originality, but we provide detailed proofs when we could not find suitable
references.

In the Euclidean case, for smooth (Lip) domains, these estimates are well known
for LP spaces (cf. [13], [54], [94]), and can be readily extended to r.i. spaces (cf. [65]):

K(t, f; X (), Wy (Q) ~ wx(t, f)
= sup H(f(- +h) - f(.) XQ(h)HX

[n|<t
where
Qh)={zeQ:z+theQ0<¢t<1}.
Consider (R™, ||, dvp), i.e., R™ with Gaussian measure. The fact that this measure

is not translation invariant makes the computation of the K-functional somewhat
more complicated. We discuss the necessary modifications in some detail for n = 1.
We consider spaces on (R, |-|,dv1). Let p € [1,00], and let

Kt £, 27, W) = {11 = gll gy + 19 ars) | -

This functional was studied by the approximation theory community (cf. Ditzian-
Totik [34], Ditzian-Lubinsky [33] and the references therein). For example, from [34,
p. 183], we have

P 1) ~ _
(ALD) K0 220 2 sup () = SOl g+

f | f = €ll o (& s0yam) TS = €llLo((— o, 52).0m)
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The main part of the right hand side of (A.1.1) is the modulus
Q,(t f) = oil}lf;t If(-+h) - f(')HLp((fﬁyﬁ)yd'n) :

Indeed, Q,(t, f) controls the characterization of the corresponding interpolation
spaces. For example, it follows (cf. [34, Theorem 11.2.5]) that for 6 € (0, 1),

(A.1.2) Ko (t, f,LP, W) = O(%) <= Q,(t, f) = O(t").

More generally, a similar result holds for (R, dvy), where for A > 1, dyx(z) = e da.
Indeed, in this case (A.1.1) holds replacing % throughout by W :

(A13) Koy (t f, L7 W) = sup |[f(.+h) = f()]

0<h<t Le ((* VRV e R vavIs =y )d’h)
ugf If— CHLP((MU(IFM o)) +
ugf If— CHLP((*OO-MU?LM )1d'yx) .

Again the main part of the right hand side is the modulus of continuity

Q. f) = sup [ F(+h) = FO)ll o
0<h<t

x}bl/(llfz\) ) )\hrl/%l—)\) )sdva)

Likewise the analogue of (A.1.2) holds.

More generally, the estimates above have been extended to the class of the so called
“Freud weights” of the form w(z) = e?(*). Here we assume that @ is a given function
in C*(R) such that Q is even, lim,_,~ Q'(z) = o0, and such that there exists A > 0,
such that Q'(z + 1) < AQ'(z), for all x > 0. For complete details we refer again
to [34].

Although one would expect that the n—dimensional extensions of the K —functional
estimates above should not be very difficult, we have not been able find references, even
after consultation with many experts. On the other hand, as is well known, one can
avoid this difficulty through the use of an alternate characterization of K —functionals
for Gaussian measure using appropriate semigroups. We provide some details in the
next sections.

For the last section of this chapter, connecting semigroups and Gaussian Besov
spaces, we are grateful to Stefan Geiss and Alessandra Lunardi for precious infor-
mation, in particular, for pointing out the relevant literature. In this last regard
we also refer to the recent paper by Geiss-Toivola [46]. In connection with this last
section we should mention the recent formulation of fractional Poincaré inequalities
in [80].
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A.2. Semigroups and Interpolation

A family {G(t)}+>0 of operators on a Banach space A is called an equibounded,
strongly continuous semigroup if the following conditions are satisfied:

() G(t+ s) =G(t)G(s)
(ii) There exists M > 0 such that sup ||G(¢)|| 4,4 <M
>0
(iii) lim ||G(t) a — al|, = 0, for a € A.
t—0

The infinitesimal generator A is defined on

D(A) = {a € A:lim % exists}

t—0

by
Ag = i ZB)a—a
t—0

We consider
K(t,a; A,D(A)) = inf {||aol| 4 + t[[Aa1||, : a = ap+ a1} .

For equibounded strongly continuous semigroups we have the well known estimate,
apparently going back to Peetre [82] (cf. [14], [32], [83])

(A.2.1) K(t,a; A, D(A)) ~ S (G (s) = D)all,,

where [ =identity operator on A. The proof can be accomplished using the decom-

position
I I
a= (a——/ G(s)ads>+—/ G(s)ads.
t Jo t Jo

ageA areD(A)
Note that the right hand side of (A.2.1) should be thought as a generalized modulus
of continuity which in the classical case corresponds to the semigroup of translations
G(s)f = f(s+>).

In [32, Corollary 7.2] the following alternate estimates were pointed out

K(ta A D) = 7 [ 1(G(s) =Tyl ds
1 t

N_‘

t

/ (G(s) — I)ads

0 A
1 t
~ = (G(s)—=1I)ads
U Jes2 A
1 t
=3 [ 6 - Dads|,.
t/2
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The preceding estimates can be further improved under more restrictions on the
semigroups. Recall that a semigroup is said to be holomorphic if:

(i) G(t)a € D(A) foralla € A,
and

”“”A,va €A t>0.

(ii) There exists a constant C' > 0 such that [[AG(t)al|, < C "

In [32] it is shown that for holomorphic semigroups we have the following improvement
of (A.2.1)

(A.2.2) K(t,a; A, D(A)) = [|(G(t) —Dal 4 -

Peetre [83, p. 33] pointed out, without proof, that for holomorphic semigroups we
also have

K(t,a; A, D(A)) ~ sup |[AG(s)al| 4 -
s<t
However, we can only prove a somewhat weaker result here.

Lemma 9 — Suppose that {G(t)}i>0 is an holomorphic semigroup on a Banach space
A. Let ¢; > 1, be such that for all t > 0, and for all a € A (cf. (A.2.2) above),

é (G(t) = Dall 4 < K(t,0; A, D(A)) < 1 [[(G(E) = Dal 5 -

Then, there exist absolute constants ca(m), cs(m) such that for allt > 0, for all a € A,
for all m > 2,

(A.2.3) K(t,a; A,D(MN)) — K (%,a;A,D(A))

< calm) sup [AG(s)al < ea(m)K (1,054, D(A)).

Proof. — Tt is easy to show that there exists an absolute constant C' > 0 such that
(A.2.4) sup |[AG(s)al| , < CK(t,a; A, D(A)).
s<t

Indeed, let a = ag + a1, be any decomposition with ag € A, a; € D(A). Then, using
the properties of holomorphic semigroups, we have

sups |[AG(s)a| 4 < sups|G(s)Aao|| 4, +sups ||G(s)Aai]| 4
s<t s<t s<t
< C(llaoll o+t [[Aanl4) -

Consequently, (A.2.4) follows by taking infimum over all such decompositions.
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We now prove the left hand side of (A.2.3). Observe that, for ¢ > 0 we have
G(t)a € D(A), therefore we can write % (G(t)a) = AG(t)a. Consequently, for
all m > 2,

K(t,a; A, D(A)) < er [[(G(t) — T all o
/t/m AG(s)ads
0

= a [(G(t/m) = Da 4, +

¢
AG(s)ads
t/m

<c +c1

A

A

¢
/ fAG(s)ads
t/m S

A

t
1
< lGtt/m) ~Dalla e [ S IsAGE)aly ds
t/m

m m—1
< er (Gle/m) — Dal + 1 sup saGs)all Py
s<t
t
< c%K(E, a; A, D(A)) + ci(m — 1) sup ||sAG(s)al| 4 ,
s<t
as we wished to show. O

Recall the definition of real interpolation spaces. Let 6 € (0,1), ¢ € (0, 00),

(A,D(A))o,q = {a €A: ||0JH((1A7D(A))9,Q = /Ooo (f"K(s,a;A,D(A)))q % < oo} ;
and
(4. D)0 = {0 € Al piny, . = 50p {1 K(s,0:4,D(A))} < oo}
From the previous Lemma we see that

Proposition 5 — Suppose that {G(t)}i>0 is an holomorphic semigroup on a Banach
space A. Then (A,D(A))g,q can be equivalently described by

(4, D(A))og = { : { I (t-es;g; ||AG<s>a|A)q %}/ < oo} |

with the obvious modification if ¢ = oo, and where the constants of the underlying
norm equivalences depend only on 6.

Proof. — One part follows readily from (A.2.4). For the less trivial inclusion we
proceed as follows. Given 6 € (0,1), select m such that m~%?2 < 1. Then from
Lemma 9, there exists an absolute ca(m) > 0 such that

K(t,a; A, D(A)) < ca(m)sup [[AG(s)all , + C%K( ,a; A, D(A)).
s<t

t
m
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Thus

(/OOO (K (t,a; A, D(A)))" %)Uq < es(m) (/O” (t_ei‘;fj |AG(8)G|A>Q %W .

&2 </0°°(teK(%,a;A,D(A)))q%)Uq

—eafm) ([ (05w IAGS)al,) %/ .

Em~0 (/Ooo (t 7K (t,a; A, D(A)))" %)w .

Hence,
> g dt\ "
</ (t_eK(t,a;A,D(A))) ?)
0 o) q dt 1/q
<(1=Em " tey(m) (/ (te sup |AG(s)a||A) ?> . O
0 s<t

We have the following well known result (cf. [22], [14])

Theorem 34 — Let {G(t)}+>0 be an equibounded, strongly continuous semigroup on
the Banach space A. Let 8 € (0,1),q € (0,00]; then (with the usual modifications
when ¢ = 00)

() (A DA, = { RGeSO m)q %}/ < oo} .

(i1) Moreover, if the semigroup is analytic then we also have the following character-
izations (with the usual modifications when q¢ = 00)

(i) (A,D<A>>e,q—{a:{/0°°(t9||G< Ja—all,)" } }

(iis) (A, D(A))gq = {a €A: /Ooo (t O sup s [|AG (s a||A> =< oo}

s<t

i) (4D, = {eeas [T IAGHaL) T <o}

Proof. — The characterizations (i), (¥i; ) and (iig ) follow (respectively) from (A.2.1),
(A.2.2) and Proposition 5. To prove (iis ) we remark that, on the one hand,

* e q dt R ©dt
(t |AG(t)all 4) < < < t~sup s |[AG(s)al| , -
0 0 s<t
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On the other hand, since %( (t)a) =

>

G(t)a,

> dt Tat
[T rema-al) = [T (0| [ aceaas] ) o
0 0 Al t
!t
< / (t_‘g/ |AG(s)ads||A> —
0 0 t
IV dt
<eoq [ (7 1AGW0alL)" T
where the last step follows from Hardy’s inequality. O

Remark 20 — Related interpolation spaces (obtained by the “complexr method”) can
be characterized, under suitable conditions, using functional calculus. By the known
relations between these different interpolation methods one can obtain further char-
acterizations and embedding theorems for the real method (cf. [96]). In this setting
fractional powers of the infinitesimal generator A, play the role of fractional deriva-
tives. We must refer to [94] and [83] for a complete treatment.

A.3. Specific Semigroups
Two basic examples of semigroups on LP((R™), dv,), which are relevant for this
paper are given by
1. Ornstein-Uhlenbeck semigroup, defined by
e 20 (lz? +y|? ~2(=.u))

G(t)f(x) = (1 — e 2) /2 / L)

with generator

A= %Am —(x, V).

2. Poisson-Hermite semigroup

s =7 [ (tQ)f(””)dS’

Aijp = —(=M)"2.

For example, P; on L (R™) is analytic although not strongly continuous. Restricting
P, to L*(R™), the subspace of elements of L>°(R™) such that lim || P, f — f|,, =
remedies this deficiency and we have (cf. [94])

(LOO((Rn)ad’Yn)aD(Al/Z))B,OO = (LOO((RH) an)aD(Al/Z))G,oo = Lip, (Rn)
In particular, it follows from Theorem 34 that f € Lipy (R™), iff
1PLf = flloe = 0(t°).

with generator
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For other characterizations of Besov spaces we must refer to [83], [94] and the refer-
ences therein. For a treatment of fractional derivatives in Gaussian Lipschitz spaces
using semigroups and classical analysis we refer to [45].
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We obtain new oscillation inequalities in metric spaces in terms
of the Peetre K —functional and the isoperimetric profile. Ap-
plications provided include a detailed study of Fractional Sobolev
inequalities and the Morrey-Sobolev embedding theorems in differ-
ent contexts. In particular we include a detailed study of Gaussian
measures as well as probability measures between Gaussian and ex-
ponential. We show a kind of reverse Polya-Szegd principle that
allows us to obtain continuity as a self improvement from bounded-
ness, using symmetrization inequalities. Our methods also allow
for precise estimates of growth envelopes of generalized Sobolev
and Besov spaces on metric spaces. We also consider embeddings
into BMO and their connection to Sobolev embeddings.




