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Pròleg

Aquest llibre tracta de funcions de variable complexa i és la continuació
natural del càlcul en una o diverses variables reals. Està pensat principalment
per a alumnes dels primers cursos de f́ısica i de matemàtiques.

El llibre té cinc caṕıtols amb t́ıtols autoexplicatius. En el primer presentem
els nombres complexos, les seves propietats, les formes d’expressió i els aspectes
topològics del pla complex. No té requeriments previs llevat del coneixement
dels nombres reals i de les seves propietats.

En el segon caṕıtol presentem les funcions de variable complexa i els con-
ceptes de ĺımit, continüıtat i derivada, que són similars als del càlcul real. La
part del caṕıtol dedicada a la derivada requereix el coneixement previ de les
derivades parcials d’una funció real de diverses variables reals. El caṕıtol con-
clou amb el concepte de funció anaĺıtica (o holomorfa), que té un paper central
en el càlcul complex.

El tercer caṕıtol es dedica a la integració sobre contorns del pla complex i ens
porta al teorema més important del càlcul complex, el teorema de Cauchy, del
qual s’obtenen la major part dels resultats que es presenten a la resta del llibre.
Com a prerequisit només cal tenir un coneixement elemental de les integrals de
ĺınia i de superf́ıcie, de funcions reals de diverses variables.

En el quart caṕıtol es tracten les sèries numèriques i de funcions. S’estudien
en detall les sèries de potències (de Laurent i de Taylor), la seva relació amb les
funcions anaĺıtiques i la seva utilitat per classificar les singularitats d’una funció.

Finalment, en el cinquè caṕıtol arribem al concepte de residu d’una singu-
laritat äıllada i mostrem la seva utilitat per al càlcul d’integrals definides reals i
la suma de sèries.

Tots els teoremes estan demostrats i el final de cada demostració s’indica amb
el śımbol ⋄. Al llarg del text també hi ha exemples (destacats sobre fons gris).
Quasi tots són aclariments o aplicacions directes de les definicions i teoremes
que els precedeixen, però alguns són incursions breus a temes més avançats.

Al final de cada caṕıtol hi ha una col·lecció de problemes amb les seves
solucions. També s’ha inclòs un apèndix amb una col·lecció d’exàmens resolts
realitzats a la UAB entre els anys 2000 i 2003.
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1 Nombres complexos

El conjunt dels nombres reals, R, és un cos ordenat, arquimedià i complet (és
l’únic amb aquestes propietats), però té una limitació, els nombres reals negatius
no tenen arrel quadrada o, equivalentment, l’equació x2 + 1 = 0 no té solució
dins R. Aquest és un cas particular d’un problema més general, les equacions
polinòmiques no sempre tenen solució real. Per aquest motiu cal una ampliació
de R: els nombres complexos.

1.1 El cos CCC dels nombres complexos

Sigui C el conjunt

C = {(x, y) : x, y ∈ R}.
Designem els seus elements (seran els nombres complexos) per z = (x, y) i
definim les operacions suma + i producte · mitjançant

z + z′ = (x, y) + (x′, y′)
def
= (x+ x′, y + y′), (1.1)

z · z′ = (x, y) · (x′, y′) def
= (xx′ − yy′, xy′ + yx′). (1.2)

És fàcil comprovar que C, amb les operacions suma + i producte · , té l’estructura
de cos, ja que

1) C amb l’operació + és un grup abelià:

(a) La suma + és associativa: z + (z′ + z′′) = (z + z′) + z′′, ∀z, z′, z′′.
(b) Hi ha un element neutre o zero, 0

def
= (0, 0), que compleix la relació

z + 0 = 0 + z = z, ∀z.
(c) Per a cada z = (x, y) existeix l’element simètric, −z = (−x,−y), tal

que z + (−z) = 0 .

(d) La suma + és commutativa: z + z′ = z′ + z, ∀z, z′.

2) C− {0} amb l’operació · és un grup abelià:

(a) El producte · és associatiu: z · (z′ · z′′) = (z · z′) · z′′, ∀z, z′, z′′.
(b) Hi ha un element neutre o unitat, 1

def
= (1, 0), que compleix la relació

z · 1 = 1 · z = z, ∀z.
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(c) Per a cada z = (x, y) diferent del zero (z ̸= 0) existeix l’element invers

z−1 =

(
x

x2 + y2
,

−y

x2 + y2

)
,

tal que z · z−1 = z−1 · z = 1.

(d) El producte · és commutatiu: z · z′ = z′ · z, ∀z, z′.

3) El producte · és distributiu respecte de la suma + , és a dir, satisfà la
relació z · (z′ + z′′) = z · z′ + z · z′′, ∀z, z′, z′′.

Normalment ometrem el śımbol · i escriurem, per exemple, zz′ en comptes de
z · z′. També usarem la notació z − z′ = z + (−z′), 1/z = z−1 i z/w = zw−1.

Definició 1.1 (Cos dels nombres complexos) El conjunt C amb les operacions
(+, ·) és un cos que anomenem el cos dels nombres complexos.

CCC conté a RRR
Podem identificar els nombres complexos de la forma (x, 0) amb els nombres
reals, ja que (x, 0) + (x′, 0) = (x + x′, 0) i (x, 0) · (x′, 0) = (xx′, 0), és a dir,
l’aplicació R → C que transforma x → (x, 0) és un homomorfisme injectiu
(figura 1.1). En altres paraules, R és subcòs de C. En endavant escriurem x en
comptes de (x, 0) i, en particular, 0 i 1 en comptes de 0 i 1.

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓
<latexit sha1_base64="tx7+qckNmfZ36K9PHZnumypBi+w=">AAAB63icbVA9SwNBEJ2LXzF+XbTTZjEIVuFOMFoGbCwjmA9IjrC32cst2b07dveEcOQnaGOhiK29f8PWzh9i716SQhMfDDzem2Fmnp9wprTjfFmFldW19Y3iZmlre2d3zy7vt1ScSkKbJOax7PhYUc4i2tRMc9pJJMXC57Ttj65yv31HpWJxdKvHCfUEHkYsYATrXOolIevbFafqTIGWiTsnlXr53v4+/Hhv9O3P3iAmqaCRJhwr1XWdRHsZlpoRTielXqpogskID2nX0AgLqrxseusEnRhlgIJYmoo0mqq/JzIslBoL33QKrEO16OXif1431cGll7EoSTWNyGxRkHKkY5Q/jgZMUqL52BBMJDO3IhJiiYk28ZRMCO7iy8ukdVZ1a9XzG5NGDWYowhEcwym4cAF1uIYGNIFACA/wBM+WsB6tF+t11lqw5jMH8AfW2w+3WZGv</latexit>

�
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

x
<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1 <latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="tnyHv/QyW0rWRv7hifcfeieDOls=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2A9sQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpUaAmVCkUelCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfra4eEYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMn+fDLlCZsTUEsoUt7cSNqaKMmNDKtkQvNWX10m7VvXq1av7WqVRz+MowhmcwyV4cA0NuIMmtICBhGd4hTdHOy/Ou/OxbC04+cwp/IHz+QOAWJDH</latexit>

les arrels
<latexit sha1_base64="bN7MVkeIpKyYSZrZOLapfHDtmxQ=">AAAB83icbVDLSgMxFM3UV62vqks3wSK4KjMFq8uCG5cV7APaoWTSO21okhnyKJShv+HGhSJu/Rl3/o1pOwttPXAvh3PuJTcnSjnTxve/vcLW9s7uXnG/dHB4dHxSPj1r68QqCi2a8ER1I6KBMwktwwyHbqqAiIhDJ5rcL/zOFJRmiXwysxRCQUaSxYwS46Q+J1jD1DUryKBc8av+EniTBDmpoBzNQfmrP0yoFSAN5UTrXuCnJsyIMoxymJf6VkNK6ISMoOeoJAJ0mC1vnuMrpwxxnChX0uCl+nsjI0LrmYjcpCBmrNe9hfif17MmvgszJlNrQNLVQ7Hl2CR4EQAeMgXU8JkjhCrmbsV0TBShxsVUciEE61/eJO1aNahXbx5rlUY9j6OILtAlukYBukUN9ICaqIUoStEzekVvnvVevHfvYzVa8PKdc/QH3ucPmpmRYA==</latexit>

la seva suma

<latexit sha1_base64="C4EZ0fB1G97pKfdFb+kqFP6EUMg=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbsHoRCl48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/lVeduoDsoVt+YugNaJl5MK5GgNyl/9YUxSQaUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SiQXVQbY4doYurDJEUaxsSYMW6u+JDAutpyK0nQKbsV715uJ/Xi810U2QMZmkhkqyXBSlHJkYzT9HQ6YoMXxqCSaK2VsRGWOFibH5lGwI3urL66Rdr3mN2tVDvdJs5HEU4QzO4RI8uIYm3EMLfCDA4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCHxY3R</latexit>

n = 6

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x
<latexit sha1_base64="U/uut1Xek2NZCvRjNfUEauqxxfM=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIcmIZegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeP8pEV</latexit>

x0
<latexit sha1_base64="s/b+Zd4lwXqeAQoUvj1CiV4gULQ=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZKVjdWXDjsqK9QDuUTJppQzOZIclIy9BHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xIs6Utu0vK7W0vLK6ll7PbGxube9kd/dqKowloVUS8lA2PKwoZ4JWNdOcNiJJceBxWvf6l+O8fkelYqG41cOIugHuCuYzgrWxbgaD43Y2ZxfsidAiODPIXbznvz8eWieVdvaz1QlJHFChCcdKNR070m6CpWaE01GmFSsaYdLHXdo0KHBAlZtMRh2hI+N0kB9K84RGE/d3R4IDpYaBZyoDrHtqPhub/2XNWPvnbsJEFGsqyPQjP+ZIh2i8N+owSYnmQwOYSGZmRaSHJSbaXCdjjuDMr7wItWLBKRVOr+1cuQRTpeEADiEPDpxBGa6gAlUg0IV7eIJni1uP1ov1Oi1NWbOeffgj6+0Ha7eRlw==</latexit>

xx0
<latexit sha1_base64="IECmHyJv///LgeWVCw3DTegkLB4=">AAAB63icbZDLSgMxFIbP1Futl1ZduHATLKIglBnBqisLblxWsBdoh5JJ0zY0mRmSjLQMfQU3LhRx69u4ciH4NDXTdqGtPwQ+/v8ccs7xQs6Utu1vK7W0vLK6ll7PbGxubWdzO7tVFUSS0AoJeCDrHlaUM59WNNOc1kNJsfA4rXn9mySvPVCpWODf62FIXYG7PuswgnViDU4Hx61c3i7YE6FFcGaQvx7vf1yNv7LlVu6z2Q5IJKivCcdKNRw71G6MpWaE01GmGSkaYtLHXdow6GNBlRtPZh2hI+O0USeQ5vkaTdzfHTEWSg2FZyoF1j01nyXmf1kj0p1LN2Z+GGnqk+lHnYgjHaBkcdRmkhLNhwYwkczMikgPS0y0OU/GHMGZX3kRqmcFp1g4v7PzpSJMlYYDOIQTcOACSnALZagAgR48wjO8WMJ6sl6tt2lpypr17MEfWe8/PZCSHA==</latexit>

x + x0

<latexit sha1_base64="MMR2FFbHeyrfoh0ipxGXOGFxAgo=">AAAB7HicbVBNS8NAEJ3Ur1q/qoIXL4tFqCAlEaw9Frx4rGDaQhvKZrtpl242YXcjltDf4MVDRfToD/Im+mPcfhy09cHA470ZZub5MWdK2/anlVlZXVvfyG7mtrZ3dvfy+wd1FSWSUJdEPJJNHyvKmaCuZprTZiwpDn1OG/7geuI37qlULBJ3ehhTL8Q9wQJGsDaSW3w4t886+YJdsqdAy8SZk0L1KH4bf39Vap38R7sbkSSkQhOOlWo5dqy9FEvNCKejXDtRNMZkgHu0ZajAIVVeOj12hE6N0kVBJE0Jjabq74kUh0oNQ990hlj31aI3Ef/zWokOKl7KRJxoKshsUZBwpCM0+Rx1maRE86EhmEhmbkWkjyUm2uSTMyE4iy8vk/pFySmXLm9NGmWYIQvHcAJFcOAKqnADNXCBAINHGMOzJawn68V6nbVmrPnMIfyB9f4DxLSRtg==</latexit>

(x, 0) <latexit sha1_base64="Kh9f6l0UY08y8ZGppcac+4Vk1Ug=">AAAB7XicbVDLSgNBEOyNrxhfUcGLl8UgRpCwKxhzDHjxGME8IFnC7GQ2GTM7s8zMimHJP3gRVCRX/8eb6Mc4eRw0saChqOqmu8uPGFXacT6t1NLyyupaej2zsbm1vZPd3aspEUtMqlgwIRs+UoRRTqqaakYakSQo9Bmp+/2rsV+/J1JRwW/1ICJeiLqcBhQjbaRa/uHkzDltZ3NOwZnAXiTujOTKB9Ho+furVGlnP1odgeOQcI0ZUqrpOpH2EiQ1xYwMM61YkQjhPuqSpqEchUR5yeTaoX1slI4dCGmKa3ui/p5IUKjUIPRNZ4h0T817Y/E/rxnroOQllEexJhxPFwUxs7Wwx6/bHSoJ1mxgCMKSmltt3EMSYW0CypgQ3PmXF0ntvOAWCxc3Jo0iTJGGQziCPLhwCWW4hgpUAcMdPMILvFrCerLerNG0NWXNZvbhD6z3HyXgkec=</latexit>

(x0, 0)

<latexit sha1_base64="FpQFNZFKL4af1vPZXoj4gxPAEtA=">AAAB83icbVDLSgMxFL3js9ZXVXDjJljEilJmBGuXBTcuK9gHtEPJpJk2NJMZkoy0DP0NEQQVcevPuBP9GNPHQlsPXO7hnHvJzfEizpS27U9rYXFpeWU1tZZe39jc2s7s7FZVGEtCKyTkoax7WFHOBK1opjmtR5LiwOO05vWuRn7tjkrFQnGrBxF1A9wRzGcEayM1c/0z++Q01z82rZXJ2nl7DDRPnCnJlvajp4fvr2K5lflotkMSB1RowrFSDceOtJtgqRnhdJhuxopGmPRwhzYMFTigyk3GNw/RkVHayA+lKaHRWP29keBAqUHgmckA666a9Ubif14j1n7RTZiIYk0FmTzkxxzpEI0CQG0mKdF8YAgmkplbEeliiYk2MaVNCM7sl+dJ9TzvFPIXNyaNAkyQggM4hBw4cAkluIYyVIBABPfwDC9WbD1ar9bbZHTBmu7swR9Y7z8MlJNz</latexit>

(x, 0) + (x0, 0)

<latexit sha1_base64="uvWT+lA/fmAVmJoegwuGfhI/p7A=">AAAB+XicbZDLSgMxFIYz9VbrbVRw4yZYxApSZgRrlwU3LivYC7RDyWQybTCTDEmmtAx9DxciuFDErW/iTvRhTC8Lbf0h8PGfczgnvx8zqrTjfFqZpeWV1bXsem5jc2t7x97dqyuRSExqWDAhmz5ShFFOappqRpqxJCjyGWn4d1fjeqNPpKKC3+phTLwIdTkNKUbaWB3bLgzOnNM2DoQuDE4Mduy8U3QmgovgziBfOYgf77+/ytWO/dEOBE4iwjVmSKmW68TaS5HUFDMyyrUTRWKE71CXtAxyFBHlpZPLR/DYOAEMhTSPazhxf0+kKFJqGPmmM0K6p+ZrY/O/WivRYdlLKY8TTTieLgoTBrWA4xhgQCXBmg0NICypuRXiHpIIaxNWzoTgzn95EernRbdUvLgxaZTAVFlwCI5AAbjgElTANaiCGsCgDx7AM3ixUuvJerXepq0ZazazD/7Iev8B+/uVpw==</latexit>

(x, 0) · (x0, 0)

<latexit sha1_base64="/Xn/i94BR5AniyPFpvHKaeyi4RU=">AAAB8HicbVC7SgNBFL3rM8ZX1NJmMAixCbuC0c6AjWUU85DsEmYns8mQmd1lZlYIS77BwsZCEVu/wcpPsPND7J1NUmjigQuHc+7lnnv9mDOlbfvLWlhcWl5Zza3l1zc2t7YLO7sNFSWS0DqJeCRbPlaUs5DWNdOctmJJsfA5bfqDi8xv3lGpWBTe6GFMPYF7IQsYwdpIt67Auu/76LpTKNpleww0T5wpKZ6/l74/7t2jWqfw6XYjkggaasKxUm3HjrWXYqkZ4XSUdxNFY0wGuEfbhoZYUOWl48AjdGiULgoiaSrUaKz+nkixUGoofNOZBVSzXib+57UTHZx5KQvjRNOQTBYFCUc6Qtn1qMskJZoPDcFEMpMVkT6WmGjzo7x5gjN78jxpHJedSvnkyi5WKzBBDvbhAErgwClU4RJqUAcCAh7gCZ4taT1aL9brpHXBms7swR9Ybz+WPJP4</latexit>

R

<latexit sha1_base64="0zeZxitdU6ZQK97NOQWjiI7W54Q=">AAAB8HicbVC7SgNBFL3rM8ZX1NJmMAixCbuC0c5AGssI5iHZJcxOZpMhs7PLzKwQlnyDhY2FIrZ+g5WfYOeH2DubpNDEAxcO59zLPff6MWdK2/aXtbS8srq2ntvIb25t7+wW9vabKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vKHtcxv3VGpWCRu9CimXoj7ggWMYG2kWzfEeuD7qNYtFO2yPQFaJM6MFC/fS98f9+5JvVv4dHsRSUIqNOFYqY5jx9pLsdSMcDrOu4miMSZD3KcdQwUOqfLSSeAxOjZKDwWRNCU0mqi/J1IcKjUKfdOZBVTzXib+53USHVx4KRNxoqkg00VBwpGOUHY96jFJieYjQzCRzGRFZIAlJtr8KG+e4MyfvEiap2WnUj67tovVCkyRg0M4ghI4cA5VuII6NIBACA/wBM+WtB6tF+t12rpkzWYO4A+stx9/gJPp</latexit>

C

Figura 1.1: Representació abstracta de l’homomorfisme x → (x, 0) entre R i C.

Producte d’un nombre real per un nombre complex

Si λ ∈ R i z = (x, y) ∈ C, d’acord amb (1.2) tenim λz = (λ, 0)(x, y) = (λx, λy).
Aquest fet, juntament amb la forma (1.1) de sumar dos nombres complexos, fa
que el conjunt dels nombres complexos tingui també l’estructura d’espai vectorial
de dimensió 2 sobre R, i que puguem visualitzar el nombre complex (x, y) com
un vector d’un pla que anomenem pla complex (figura 1.2). Els vectors d’aquest
pla se sumen seguint la regla del paral·lelogram, però, a més a més, també es
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poden multiplicar usant (1.2). Els nombres reals se situen sobre l’eix horitzontal
(“eix real”) del pla complex (figura 1.3).

Representarem els nombres complexos com vectors (figura 1.2) o com punts
(figura 1.3) segons ens convingui en cada cas.

<latexit sha1_base64="+UurPZIkYjjr5v/uuFTPamSs7xI=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjeFkIFty4bMFeoB1KJj3TxiaTIckIZejSvRsXirj1Fdz6Cu58Bn0I08tCW38IfPz/OeScE8ScaeO6n87c/MLi0nJmJbu6tr6xmdvarmqZKAoVKrlU9YBo4CyCimGGQz1WQETAoRb0Lod57RaUZjK6Nv0YfEE6EQsZJcZa1aYU0CGtXN4tuCPhWfAmkL94/7rbeyt/l1q5j2Zb0kRAZCgnWjc8NzZ+SpRhlMMg20w0xIT2SAcaFiMiQPvpaNoBPrBOG4dS2RcZPHJ/d6REaN0Xga0UxHT1dDY0/8saiQnP/JRFcWIgouOPwoRjI/FwddxmCqjhfQuEKmZnxbRLFKHGHihrj+BNrzwL1aOCd1I4Lrv54jkaK4N20T46RB46RUV0hUqogii6QffoET050nlwnp2XcemcM+nZQX/kvP4AokGTng==</latexit>!

<latexit sha1_base64="60NTl4Baw2o3oHthaEMubKXtvcQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gpdCMGBjmYi5QLKE2cnZZMzs7DIzK4SQ0srGQhFbn8LWV7DzGfQhnFwKTfxh4OP/z2HOOX7MmdKO82ml5uYXFpfSy5mV1bX1jezmVkVFiaRYphGPZM0nCjkTWNZMc6zFEknoc6z63YthXr1FqVgkrnUvRi8kbcECRok2Vumqmc05eWckexbcCeTO37/udt9K38Vm9qPRimgSotCUE6XqrhNrr0+kZpTjINNIFMaEdkkb6wYFCVF5/dGgA3vfOC07iKR5Qtsj93dHn4RK9ULfVIZEd9R0NjT/y+qJDk69PhNxolHQ8UdBwm0d2cOt7RaTSDXvGSBUMjOrTTtEEqrNbTLmCO70yrNQOcy7x/mjkpMrnMFYadiBPTgAF06gAJdQhDJQQLiHR3iybqwH69l6GZemrEnPNvyR9foDvrGRWQ==</latexit>

R

<latexit sha1_base64="ZPQ3DqMENZ9xCbgbHbvp3hSCZ2E=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGfBw8BLx4MwHzgGQJs5PeZMzs7DIzK4SQL/DiQRGvfpI3/8ZJsgdNLGgoqrrp7goSwbVx3W8nt7a+sbmV3y7s7O7tHxQPj5o6ThXDBotFrNoB1Si4xIbhRmA7UUijQGArGN3O/NYTKs1j+WDGCfoRHUgeckaNler3vWLJLbtzkFXiZaQEGWq94le3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+aHTsmZVfokjJUtachc/T0xoZHW4yiwnRE1Q73szcT/vE5qwmt/wmWSGpRssShMBTExmX1N+lwhM2JsCWWK21sJG1JFmbHZFGwI3vLLq6RZKXuX5Yt6pVS9yeLIwwmcwjl4cAVVuIMaNIABwjO8wpvz6Lw4787HojXnZDPH8AfO5w+o54zV</latexit>

O

<latexit sha1_base64="rva5PttAoNTG3O1YcVQ1yxCPYco=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrsBH4VFwMYyAfOAZJHZyd1kzOzsMjMrhCVfYGOhiK2fZOffOEm20MQDA4dzzmXuPUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwE49uZ33lCpXks780kQT+iQ8lDzqixUrPxUK64VXcOskq8nFQgh81/9QcxSyOUhgmqdc9zE+NnVBnOBE5L/VRjQtmYDrFnqaQRaj+bLzolZ1YZkDBW9klD5urviYxGWk+iwCYjakZ62ZuJ/3m91ITXfsZlkhqUbPFRmApiYjK7mgy4QmbExBLKFLe7EjaiijJjuynZErzlk1dJu1b1LqsXzVqlfpPXUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0W04OQzx/AHzucPqmuM1g==</latexit>

P
<latexit sha1_base64="N/juuTqlsVAtAERls4vfL4PJ9nw=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gpdCMGBjmYC5QBLC7ORsMmZ2dpmZFcOS0srGQhFbn8LWV7DzGfQhnFwKTfxh4OP/z2HOOV7EmdKO82ml5uYXFpfSy5mV1bX1jezmVkWFsaRYpiEPZc0jCjkTWNZMc6xFEkngcax6vYthXr1BqVgornQ/wmZAOoL5jBJtrNJtK5tz8s5I9iy4E8idv3/d7b6Vvout7EejHdI4QKEpJ0rVXSfSzYRIzSjHQaYRK4wI7ZEO1g0KEqBqJqNBB/a+cdq2H0rzhLZH7u+OhARK9QPPVAZEd9V0NjT/y+qx9k+bCRNRrFHQ8Ud+zG0d2sOt7TaTSDXvGyBUMjOrTbtEEqrNbTLmCO70yrNQOcy7x/mjkpMrnMFYadiBPTgAF06gAJdQhDJQQLiHR3iyrq0H69l6GZemrEnPNvyR9foD+EmRfw==</latexit>x

<latexit sha1_base64="BbH7Qi0jGdhJBWKqBco7s4hQx78=">AAAB6HicbVDJSgNBEK2JW4xbVPDipTEInsKM4HLwEPDiMQGzQDKEnk5N0qZnobtHGYZ8gRcPingS/CRvfoD/YWc5aOKDgsd7VVTV82LBlbbtLyu3tLyyupZfL2xsbm3vFHf3GipKJMM6i0QkWx5VKHiIdc21wFYskQaewKY3vB77zXuUikfhrU5jdAPaD7nPGdVGqqXdYsku2xOQReLMSKly0HiI0+/3arf42elFLAkw1ExQpdqOHWs3o1JzJnBU6CQKY8qGtI9tQ0MaoHKzyaEjcmyUHvEjaSrUZKL+nshooFQaeKYzoHqg5r2x+J/XTrR/6WY8jBONIZsu8hNBdETGX5Mel8i0SA2hTHJzK2EDKinTJpuCCcGZf3mRNE7Lznn5rGbSuIIp8nAIR3ACDlxABW6gCnVggPAIz/Bi3VlP1qv1Nm3NWbOZffgD6+MHr/+QjQ==</latexit>y

<latexit sha1_base64="ZZ9LMXeIPAEBEkgRamUmXkCz37c=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZweUgGPDiMQGzQBJCT6cmadOz0N0TCEOOnrx4UMSrT+HVV/DmM+hD2FkOmvhDw8f/V9FV5UaCK23bn1ZqYXFpeSW9mllb39jcym7vVFQYS4ZlFopQ1lyqUPAAy5prgbVIIvVdgVW3dzXKq32UiofBjR5E2PRpJ+AeZ1Qbq9RvZXN23h6LzIMzhdzl+9fd/lvpu9jKfjTaIYt9DDQTVKm6Y0e6mVCpORM4zDRihRFlPdrBusGA+qiayXjQITk0Tpt4oTQv0GTs/u5IqK/UwHdNpU91V81mI/O/rB5r77yZ8CCKNQZs8pEXC6JDMtqatLlEpsXAAGWSm1kJ61JJmTa3yZgjOLMrz0PlOO+c5k9Kdq5wAROlYQ8O4AgcOIMCXEMRysAA4R4e4cm6tR6sZ+tlUpqypj278EfW6w/1QZF9</latexit>v

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="4s21392JGs1IeJFGyXcAB4weXic=">AAAB5HicbZC7SgNBFIbPeo3rLdoKshgEq7ArqOkM2FgmYC6QLGF2cjYZMzu7zMwKYUlpZWOh2PoYqXwIO5/Bl3ByKTTxh4GP/z+HOecECWdKu+6XtbK6tr6xmduyt3d29/bz9kFdxamkWKMxj2UzIAo5E1jTTHNsJhJJFHBsBIObSd54QKlYLO70MEE/Ij3BQkaJNlbV7eQLbtGdylkGbw6F649x9fvxeFzp5D/b3ZimEQpNOVGq5bmJ9jMiNaMcR3Y7VZgQOiA9bBkUJELlZ9NBR86pcbpOGEvzhHam7u+OjERKDaPAVEZE99ViNjH/y1qpDkt+xkSSahR09lGYckfHzmRrp8skUs2HBgiVzMzq0D6RhGpzG9scwVtceRnq50XvsnhRKJdgphwcwQmcgQdXUIZbqEANKCA8wQu8WvfWs/U2K1yx5h2H8EfW+w/GRo/W</latexit>

0
<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x <latexit sha1_base64="wTa8Tw3iEHY71VYYTioYZA1r75k=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAIESTsCmqOQS8eI7hJIFnC7GQ2GTI7u8zMinEJ+AdePCji1Q/wU7wJfoyTx0ETCxqKqm66u/yYM6Vt+8taWFxaXlnNZHNr6xubW/ntnZqKEkmoSyIeyYaPFeVMUFczzWkjlhSHPqd1v3858uu3VCoWiRs9iKkX4q5gASNYG8kt3h3bR+18wS7ZY6B54kxJobJ3/519+LiotvOfrU5Ekp AKTThWqunYsfZSLDUjnA5zrUTRGJM+7tKmoQKHVHnp+NghOjRKBwWRNCU0Gqu/J1IcKjUIfdMZYt1Ts95I/M9rJjooeykTcaKpIJNFQcKRjtDoc9RhkhLNB4ZgIpm5FZEelphok0/OhODMvjxPaicl56x0em3SKMMEGdiHAyiCA+dQgSuoggsEGDzCM7xYwnqyXq23SeuCNZ3ZhT+w3n8AxCeQ+A==</latexit>

(x, 0)

<latexit sha1_base64="jWnI8y9HZV/ZenLqXKUMMMaNcDM=">AAAB8nicbVDLSsNAFL3xWeur6lKQwSK4KomgdmehG5ct2AekoUymk3boZBJmJkIJXfoJblwo4tYP6MqPcOc3+BNO2i609cCFwzn3cs+9fsyZ0rb9Za2srq1vbOa28ts7u3v7hYPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb8YTXzW/dUKhaJOz2KqRfivmABI1gbyU07IdYD30fVcbdQtEv2FGiZOHNSvPmY1L8fTia1buGz04tIElKhCcdKuY4day/FUjPC6TjfSRSNMRniPnUNFTikykunkcfozCg9FETSlNBoqv6eSHGo1Cj0TWeWUC16mfif5yY6KHspE3GiqSCzRUHCkY5Qdj/qMUmJ5iNDMJHMZEVkgCUm2nwpb57gLJ68TJoXJeeqdFm3i5UyzJCDYziFc3DgGipwCzVoAIEIHuEZXixtPVmv1tusdcWazxzBH1jvP8eolVU=</latexit>

C
<latexit sha1_base64="niQ7Mp2V6E5Q23umsVUJsfgpcqI=">AAAB8nicbVDLSsNAFJ34rPVVdSnIYBFclURQu7PgxmUr9gFpKJPppB06yYSZG6GELv0ENy4UcesHdOVHuPMb/AknbRfaeuDC4Zx7uedePxZcg21/WUvLK6tr67mN/ObW9s5uYW+/oWWiKKtTKaRq+UQzwSNWBw6CtWLFSOgL1vQH15nfvGdKcxndwTBmXkh6EQ84JWAkN22HBPq+j29HnULRLtkT4EXizEjx6mNc+344Glc7hc92V9IkZBFQQbR2HTsGLyUKOBVslG8nmsWEDkiPuYZGJGTaSyeRR/jEKF0cSGUqAjxRf0+kJNR6GPqmM0uo571M/M9zEwjKXsqjOAEW0emiIBEYJM7ux12uGAUxNIRQxU1WTPtEEQrmS3nzBGf+5EXSOCs5F6Xzml2slNEUOXSIjtEpctAlqqAbVEV1RJFEj+gZvVhgPVmv1tu0dcmazRygP7DefwDec5Vk</latexit>

R

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="UCvlRbe7OcURk285QzrzSIRCdGc=">AAAB7nicbVDLSgNBEOyNryS+ol4EL4NBiCBhV1BzEYJePEYwD0iWMDuZTYbMzi4zs+ImBPwFLx4U8erZT/Em+DFOHgeNFjQUVd10d3kRZ0rb9qeVWlhcWl5JZ7Kra+sbm7mt7ZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7l2K/fUqlYKG50ElE3wF3BfEawNlJ9cF64O0oO27m8XbQnQH+JMyP58u7gK3P/flFp5z5anZDEARWacKxU07Ej7Q6x1IxwOsq2YkUjTPq4S5uGChxQ5Q4n547QgVE6yA+lKaHRRP05McSBUkngmc4A656a98bif14z1n7JHTIRxZoKMl3kxxzpEI1/Rx0mKdE8MQQTycytiPSwxESbhLImBGf+5b+kdlx0Tosn1yaNEkyRhj3YhwI4cAZluIIKVIFAHx7gCZ6tyHq0XqzXaWvKms3swC9Yb9+WdZIM</latexit>

z = (x, y)

Figura 1.2: Representació d’un
nombre complex com un vector
de R2 (el pla complex).

<latexit sha1_base64="+UurPZIkYjjr5v/uuFTPamSs7xI=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjeFkIFty4bMFeoB1KJj3TxiaTIckIZejSvRsXirj1Fdz6Cu58Bn0I08tCW38IfPz/OeScE8ScaeO6n87c/MLi0nJmJbu6tr6xmdvarmqZKAoVKrlU9YBo4CyCimGGQz1WQETAoRb0Lod57RaUZjK6Nv0YfEE6EQsZJcZa1aYU0CGtXN4tuCPhWfAmkL94/7rbeyt/l1q5j2Zb0kRAZCgnWjc8NzZ+SpRhlMMg20w0xIT2SAcaFiMiQPvpaNoBPrBOG4dS2RcZPHJ/d6REaN0Xga0UxHT1dDY0/8saiQnP/JRFcWIgouOPwoRjI/FwddxmCqjhfQuEKmZnxbRLFKHGHihrj+BNrzwL1aOCd1I4Lrv54jkaK4N20T46RB46RUV0hUqogii6QffoET050nlwnp2XcemcM+nZQX/kvP4AokGTng==</latexit>!

<latexit sha1_base64="60NTl4Baw2o3oHthaEMubKXtvcQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gpdCMGBjmYi5QLKE2cnZZMzs7DIzK4SQ0srGQhFbn8LWV7DzGfQhnFwKTfxh4OP/z2HOOX7MmdKO82ml5uYXFpfSy5mV1bX1jezmVkVFiaRYphGPZM0nCjkTWNZMc6zFEknoc6z63YthXr1FqVgkrnUvRi8kbcECRok2Vumqmc05eWckexbcCeTO37/udt9K38Vm9qPRimgSotCUE6XqrhNrr0+kZpTjINNIFMaEdkkb6wYFCVF5/dGgA3vfOC07iKR5Qtsj93dHn4RK9ULfVIZEd9R0NjT/y+qJDk69PhNxolHQ8UdBwm0d2cOt7RaTSDXvGSBUMjOrTTtEEqrNbTLmCO70yrNQOcy7x/mjkpMrnMFYadiBPTgAF06gAJdQhDJQQLiHR3iybqwH69l6GZemrEnPNvyR9foDvrGRWQ==</latexit>

R

<latexit sha1_base64="ZPQ3DqMENZ9xCbgbHbvp3hSCZ2E=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGfBw8BLx4MwHzgGQJs5PeZMzs7DIzK4SQL/DiQRGvfpI3/8ZJsgdNLGgoqrrp7goSwbVx3W8nt7a+sbmV3y7s7O7tHxQPj5o6ThXDBotFrNoB1Si4xIbhRmA7UUijQGArGN3O/NYTKs1j+WDGCfoRHUgeckaNler3vWLJLbtzkFXiZaQEGWq94le3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+aHTsmZVfokjJUtachc/T0xoZHW4yiwnRE1Q73szcT/vE5qwmt/wmWSGpRssShMBTExmX1N+lwhM2JsCWWK21sJG1JFmbHZFGwI3vLLq6RZKXuX5Yt6pVS9yeLIwwmcwjl4cAVVuIMaNIABwjO8wpvz6Lw4787HojXnZDPH8AfO5w+o54zV</latexit>

O

<latexit sha1_base64="rva5PttAoNTG3O1YcVQ1yxCPYco=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrsBH4VFwMYyAfOAZJHZyd1kzOzsMjMrhCVfYGOhiK2fZOffOEm20MQDA4dzzmXuPUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwE49uZ33lCpXks780kQT+iQ8lDzqixUrPxUK64VXcOskq8nFQgh81/9QcxSyOUhgmqdc9zE+NnVBnOBE5L/VRjQtmYDrFnqaQRaj+bLzolZ1YZkDBW9klD5urviYxGWk+iwCYjakZ62ZuJ/3m91ITXfsZlkhqUbPFRmApiYjK7mgy4QmbExBLKFLe7EjaiijJjuynZErzlk1dJu1b1LqsXzVqlfpPXUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0W04OQzx/AHzucPqmuM1g==</latexit>

P
<latexit sha1_base64="N/juuTqlsVAtAERls4vfL4PJ9nw=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gpdCMGBjmYC5QBLC7ORsMmZ2dpmZFcOS0srGQhFbn8LWV7DzGfQhnFwKTfxh4OP/z2HOOV7EmdKO82ml5uYXFpfSy5mV1bX1jezmVkWFsaRYpiEPZc0jCjkTWNZMc6xFEkngcax6vYthXr1BqVgornQ/wmZAOoL5jBJtrNJtK5tz8s5I9iy4E8idv3/d7b6Vvout7EejHdI4QKEpJ0rVXSfSzYRIzSjHQaYRK4wI7ZEO1g0KEqBqJqNBB/a+cdq2H0rzhLZH7u+OhARK9QPPVAZEd9V0NjT/y+qx9k+bCRNRrFHQ8Ud+zG0d2sOt7TaTSDXvGyBUMjOrTbtEEqrNbTLmCO70yrNQOcy7x/mjkpMrnMFYadiBPTgAF06gAJdQhDJQQLiHR3iyrq0H69l6GZemrEnPNvyR9foD+EmRfw==</latexit>x

<latexit sha1_base64="BbH7Qi0jGdhJBWKqBco7s4hQx78=">AAAB6HicbVDJSgNBEK2JW4xbVPDipTEInsKM4HLwEPDiMQGzQDKEnk5N0qZnobtHGYZ8gRcPingS/CRvfoD/YWc5aOKDgsd7VVTV82LBlbbtLyu3tLyyupZfL2xsbm3vFHf3GipKJMM6i0QkWx5VKHiIdc21wFYskQaewKY3vB77zXuUikfhrU5jdAPaD7nPGdVGqqXdYsku2xOQReLMSKly0HiI0+/3arf42elFLAkw1ExQpdqOHWs3o1JzJnBU6CQKY8qGtI9tQ0MaoHKzyaEjcmyUHvEjaSrUZKL+nshooFQaeKYzoHqg5r2x+J/XTrR/6WY8jBONIZsu8hNBdETGX5Mel8i0SA2hTHJzK2EDKinTJpuCCcGZf3mRNE7Lznn5rGbSuIIp8nAIR3ACDlxABW6gCnVggPAIz/Bi3VlP1qv1Nm3NWbOZffgD6+MHr/+QjQ==</latexit>y

<latexit sha1_base64="ZZ9LMXeIPAEBEkgRamUmXkCz37c=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZweUgGPDiMQGzQBJCT6cmadOz0N0TCEOOnrx4UMSrT+HVV/DmM+hD2FkOmvhDw8f/V9FV5UaCK23bn1ZqYXFpeSW9mllb39jcym7vVFQYS4ZlFopQ1lyqUPAAy5prgbVIIvVdgVW3dzXKq32UiofBjR5E2PRpJ+AeZ1Qbq9RvZXN23h6LzIMzhdzl+9fd/lvpu9jKfjTaIYt9DDQTVKm6Y0e6mVCpORM4zDRihRFlPdrBusGA+qiayXjQITk0Tpt4oTQv0GTs/u5IqK/UwHdNpU91V81mI/O/rB5r77yZ8CCKNQZs8pEXC6JDMtqatLlEpsXAAGWSm1kJ61JJmTa3yZgjOLMrz0PlOO+c5k9Kdq5wAROlYQ8O4AgcOIMCXEMRysAA4R4e4cm6tR6sZ+tlUpqypj278EfW6w/1QZF9</latexit>v

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="4s21392JGs1IeJFGyXcAB4weXic=">AAAB5HicbZC7SgNBFIbPeo3rLdoKshgEq7ArqOkM2FgmYC6QLGF2cjYZMzu7zMwKYUlpZWOh2PoYqXwIO5/Bl3ByKTTxh4GP/z+HOecECWdKu+6XtbK6tr6xmduyt3d29/bz9kFdxamkWKMxj2UzIAo5E1jTTHNsJhJJFHBsBIObSd54QKlYLO70MEE/Ij3BQkaJNlbV7eQLbtGdylkGbw6F649x9fvxeFzp5D/b3ZimEQpNOVGq5bmJ9jMiNaMcR3Y7VZgQOiA9bBkUJELlZ9NBR86pcbpOGEvzhHam7u+OjERKDaPAVEZE99ViNjH/y1qpDkt+xkSSahR09lGYckfHzmRrp8skUs2HBgiVzMzq0D6RhGpzG9scwVtceRnq50XvsnhRKJdgphwcwQmcgQdXUIZbqEANKCA8wQu8WvfWs/U2K1yx5h2H8EfW+w/GRo/W</latexit>

0
<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x <latexit sha1_base64="wTa8Tw3iEHY71VYYTioYZA1r75k=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAIESTsCmqOQS8eI7hJIFnC7GQ2GTI7u8zMinEJ+AdePCji1Q/wU7wJfoyTx0ETCxqKqm66u/yYM6Vt+8taWFxaXlnNZHNr6xubW/ntnZqKEkmoSyIeyYaPFeVMUFczzWkjlhSHPqd1v3858uu3VCoWiRs9iKkX4q5gASNYG8kt3h3bR+18wS7ZY6B54kxJobJ3/519+LiotvOfrU5EkpAKTThWqunYsfZSLDUjnA5zrUTRGJM+7tKmoQKHVHnp+NghOjRKBwWRNCU0Gqu/J1IcKjUIfdMZYt1Ts95I/M9rJjooeykTcaKpIJNFQcKRjtDoc9RhkhLNB4ZgIpm5FZEelphok0/OhODMvjxPaicl56x0em3SKMMEGdiHAyiCA+dQgSuoggsEGDzCM7xYwnqyXq23SeuCNZ3ZhT+w3n8AxCeQ+A==</latexit>

(x, 0)

<latexit sha1_base64="jWnI8y9HZV/ZenLqXKUMMMaNcDM=">AAAB8nicbVDLSsNAFL3xWeur6lKQwSK4KomgdmehG5ct2AekoUymk3boZBJmJkIJXfoJblwo4tYP6MqPcOc3+BNO2i609cCFwzn3cs+9fsyZ0rb9Za2srq1vbOa28ts7u3v7hYPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb8YTXzW/dUKhaJOz2KqRfivmABI1gbyU07IdYD30fVcbdQtEv2FGiZOHNSvPmY1L8fTia1buGz04tIElKhCcdKuY4day/FUjPC6TjfSRSNMRniPnUNFTikykunkcfozCg9FETSlNBoqv6eSHGo1Cj0TWeWUC16mfif5yY6KHspE3GiqSCzRUHCkY5Qdj/qMUmJ5iNDMJHMZEVkgCUm2nwpb57gLJ68TJoXJeeqdFm3i5UyzJCDYziFc3DgGipwCzVoAIEIHuEZXixtPVmv1tusdcWazxzBH1jvP8eolVU=</latexit>

C
<latexit sha1_base64="niQ7Mp2V6E5Q23umsVUJsfgpcqI=">AAAB8nicbVDLSsNAFJ34rPVVdSnIYBFclURQu7PgxmUr9gFpKJPppB06yYSZG6GELv0ENy4UcesHdOVHuPMb/AknbRfaeuDC4Zx7uedePxZcg21/WUvLK6tr67mN/ObW9s5uYW+/oWWiKKtTKaRq+UQzwSNWBw6CtWLFSOgL1vQH15nfvGdKcxndwTBmXkh6EQ84JWAkN22HBPq+j29HnULRLtkT4EXizEjx6mNc+344Glc7hc92V9IkZBFQQbR2HTsGLyUKOBVslG8nmsWEDkiPuYZGJGTaSyeRR/jEKF0cSGUqAjxRf0+kJNR6GPqmM0uo571M/M9zEwjKXsqjOAEW0emiIBEYJM7ux12uGAUxNIRQxU1WTPtEEQrmS3nzBGf+5EXSOCs5F6Xzml2slNEUOXSIjtEpctAlqqAbVEV1RJFEj+gZvVhgPVmv1tu0dcmazRygP7DefwDec5Vk</latexit>

R

Figura 1.3: Inclusió de R en C. Concreció de la re-
presentació abstracta de la figura 1.1 al pla complex.

La “unitat imaginària”

Els nombres complexos de la forma (0, y) s’anomenen nombres imaginaris i se
situen sobre l’eix vertical (“eix imaginari”) del pla complex. A diferència del que
passa amb els nombres reals, els imaginaris no tenen l’estructura de cos, ja que
el producte no és intern (el producte de dos nombres imaginaris és un nombre
real).

Definició 1.2 (Unitat imaginària i) La unitat imaginària és el nombre complex

i
def
= (0, 1).

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="Rn9h6TGaf8FwLyZQz3eZlc3NwA8=">AAAB9HicbVDJSgNBEK2JWxK3qBfBS2MQPMWZQDQXIejFYwSzQDKEnk5P0qRnSXdPYBwC/oUXD4p49eCneBP8GDvLQRMfFDzeq6KqnhNyJpVpfhmpldW19Y10Jru5tb2zm9vbr8sgEoTWSMAD0XSwpJz5tKaY4rQZCoo9h9OGM7ie+I0RFZIF/p2KQ2p7uOczlxGstGTHl205FCqxSuOzYieXNwvmFGiZWHOSrxzef2cePq6qndxnuxuQyKO+IhxL2bLMUNkJFooRTsfZdiRpiMkA92hLUx97VNrJ9OgxOtFKF7mB0OUrNFV/TyTYkzL2HN3pYdWXi95E/M9rRcot2wnzw0hRn8wWuRFHKkCTBFCXCUoUjzXBRDB9KyJ9LDBROqesDsFafHmZ1IsF67xQutVplGGGNBzBMZyCBRdQgRuoQg0IDOERnuHFGBlPxqvxNmtNGfOZA/gD4/0HRq+Uvg==</latexit>

y =
p

15/2

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="B2cf7+BEKuQJ/mIciKJVLLkiO/c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHV5O8cYdSsUjc6GGMXkh6ggWMEm2sKuvkC07Rmcr+C+4cCpfv4+rX/eG40sl/tLsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zx8bp2kEkzRPanro/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4sp/oX5adM+LZ1WnUC7BTFk4gCM4ARcuoAzXUIEaUEB4gCd4tm6tR+vFep2VZqx5zz78kvX2DZcDkTU=</latexit>

i

<latexit sha1_base64="cd8vGGaXiwbtHCcJwzMiyF2Mbvo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KklB7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3U7luVsv1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AejuMsw==</latexit>

1

<latexit sha1_base64="10xVGSZ2ivLj/jICtPJWW+6TQ5k=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWiEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCwx5FG</latexit>z

<latexit sha1_base64="qli6PMX7Z2U5T6rQ0ryJ3M3HZ80=">AAAB6nicbZC7SgNBFIbPxluMt6ilIINBEIuwK6jpDNhYJmgukKxhdjKbDJmdXWZmhbiktLSxUMTWh0jlQ9j5DL6Ek0uhiT8MfPz/Ocw5x4s4U9q2v6zUwuLS8kp6NbO2vrG5ld3eqaowloRWSMhDWfewopwJWtFMc1qPJMWBx2nN612O8todlYqF4kb3I+oGuCOYzwjWxrq+vz1uZXN23h4LzYMzhdzFx7D8/bA/LLWyn812SOKACk04Vqrh2JF2Eyw1I5wOMs1Y0QiTHu7QhkGBA6rcZDzqAB0ap438UJonNBq7vzsSHCjVDzxTGWDdVbPZyPwva8TaL7gJE1GsqSCTj/yYIx2i0d6ozSQlmvcNYCKZmRWRLpaYaHOdjDmCM7vyPFRP8s5Z/rRs54oFmCgNe3AAR+DAORThCkpQAQIdeIRneLG49WS9Wm+T0pQ17dmFP7LefwDKEpHi</latexit>

z⇤

Figura 1.4: La unitat imaginària, i.

La unitat imaginària es representa a la figura 1.4. Observem que

i2 = i · i = (0, 1) · (0, 1) = (−1, 0) = −1,



4 Materials Emili Bagan, Antoni Méndez i Oriol Pujolàs

és a dir, i és l’arrel quadrada del nombre real −1. Veiem, doncs, que el problema
de l’arrel quadrada dels nombres reals negatius queda resolt. En efecte, si a és un
nombre real positiu, i

√
a és l’arrel quadrada de −a, ja que (i

√
a)2 = i2a = −a.

Veurem més endavant que el problema de l’arrel (no només quadrada) queda
completament resolt a C.

CCC no és un cos ordenat

Un cos ordenat és un cos amb una relació d’ordre total, ≤ , compatible amb les
operacions + i · del cos. És a dir, que per a tot a, b i c es compleix

a ≤ b ⇒ a+ c ≤ b+ c , (1.3)

0 ≤ a, b ⇒ 0 ≤ a · b . (1.4)

Comprovem ara que això no pot passar a C.

Teorema 1.1 C no és un cos ordenat.

Demostració: En efecte, si aquesta ordenació exist́ıs, com que
i ̸= 0 tindŕıem 0 < i o 0 > i. En ambdós casos arribaŕıem a una
contradicció:

0 < i
(1.4)

=⇒ 0 < i2 = −1





(1.3)

=⇒ 1 < 0
(1.4)

=⇒ 0 < (−1)2 = 1



 (contradicció)

0 > i
(1.3)

=⇒ 0 < −i
(1.4)

=⇒ 0 < (−i)2 = −1

{
com abans

}
(contradicció)

⋄

No existeix, doncs, cap ordenació de C compatible amb la suma i el producte
que hem definit. No tenim, per tant, nombres complexos positius ni negatius.
De fet, si z i z′ són dos nombres complexos, no té cap sentit escriure, per exem-
ple, z < z′. Aquestes expressions només tenen sentit en un cos ordenat, com R.

Parts real i imaginària d’un nombre complex

Definició 1.3 (Part real i part imaginària) Si z = (x, y), definim la part real i
part imaginària de z per

Re z
def
= x, Im z

def
= y.
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Observem que tant Re z com Im z són nombres reals. Els nombres reals
són nombres complexos amb la part imàginària nul·la, mentre que els nombres
imaginaris són nombres complexos amb la part real nul·la. Notem també que
un nombre complex s’escriu de manera única com la suma d’un nombre real i un
nombre imaginari

(x, y) = (x, 0) + (0, y).

Complex conjugat

Definició 1.4 (Complex conjugat) El complex conjugat de z = (x, y) és1

z∗
def
= (x,−y).

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="Rn9h6TGaf8FwLyZQz3eZlc3NwA8=">AAAB9HicbVDJSgNBEK2JWxK3qBfBS2MQPMWZQDQXIejFYwSzQDKEnk5P0qRnSXdPYBwC/oUXD4p49eCneBP8GDvLQRMfFDzeq6KqnhNyJpVpfhmpldW19Y10Jru5tb2zm9vbr8sgEoTWSMAD0XSwpJz5tKaY4rQZCoo9h9OGM7ie+I0RFZIF/p2KQ2p7uOczlxGstGTHl205FCqxSuOzYieXNwvmFGiZWHOSrxzef2cePq6qndxnuxuQyKO+IhxL2bLMUNkJFooRTsfZdiRpiMkA92hLUx97VNrJ9OgxOtFKF7mB0OUrNFV/TyTYkzL2HN3pYdWXi95E/M9rRcot2wnzw0hRn8wWuRFHKkCTBFCXCUoUjzXBRDB9KyJ9LDBROqesDsFafHmZ1IsF67xQutVplGGGNBzBMZyCBRdQgRuoQg0IDOERnuHFGBlPxqvxNmtNGfOZA/gD4/0HRq+Uvg==</latexit>

y =
p

15/2

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="B2cf7+BEKuQJ/mIciKJVLLkiO/c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHV5O8cYdSsUjc6GGMXkh6ggWMEm2sKuvkC07Rmcr+C+4cCpfv4+rX/eG40sl/tLsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zx8bp2kEkzRPanro/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4sp/oX5adM+LZ1WnUC7BTFk4gCM4ARcuoAzXUIEaUEB4gCd4tm6tR+vFep2VZqx5zz78kvX2DZcDkTU=</latexit>

i

<latexit sha1_base64="cd8vGGaXiwbtHCcJwzMiyF2Mbvo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KklB7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3U7luVsv1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AejuMsw==</latexit>

1

<latexit sha1_base64="10xVGSZ2ivLj/jICtPJWW+6TQ5k=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWiEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCwx5FG</latexit>z

<latexit sha1_base64="qli6PMX7Z2U5T6rQ0ryJ3M3HZ80=">AAAB6nicbZC7SgNBFIbPxluMt6ilIINBEIuwK6jpDNhYJmgukKxhdjKbDJmdXWZmhbiktLSxUMTWh0jlQ9j5DL6Ek0uhiT8MfPz/Ocw5x4s4U9q2v6zUwuLS8kp6NbO2vrG5ld3eqaowloRWSMhDWfewopwJWtFMc1qPJMWBx2nN612O8todlYqF4kb3I+oGuCOYzwjWxrq+vz1uZXN23h4LzYMzhdzFx7D8/bA/LLWyn812SOKACk04Vqrh2JF2Eyw1I5wOMs1Y0QiTHu7QhkGBA6rcZDzqAB0ap438UJonNBq7vzsSHCjVDzxTGWDdVbPZyPwva8TaL7gJE1GsqSCTj/yYIx2i0d6ozSQlmvcNYCKZmRWRLpaYaHOdjDmCM7vyPFRP8s5Z/rRs54oFmCgNe3AAR+DAORThCkpQAQIdeIRneLG49WS9Wm+T0pQ17dmFP7LefwDKEpHi</latexit>

z⇤

Figura 1.5: Un nombre complex, z, i el seu
complex conjugat, z∗.

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="Rn9h6TGaf8FwLyZQz3eZlc3NwA8=">AAAB9HicbVDJSgNBEK2JWxK3qBfBS2MQPMWZQDQXIejFYwSzQDKEnk5P0qRnSXdPYBwC/oUXD4p49eCneBP8GDvLQRMfFDzeq6KqnhNyJpVpfhmpldW19Y10Jru5tb2zm9vbr8sgEoTWSMAD0XSwpJz5tKaY4rQZCoo9h9OGM7ie+I0RFZIF/p2KQ2p7uOczlxGstGTHl205FCqxSuOzYieXNwvmFGiZWHOSrxzef2cePq6qndxnuxuQyKO+IhxL2bLMUNkJFooRTsfZdiRpiMkA92hLUx97VNrJ9OgxOtFKF7mB0OUrNFV/TyTYkzL2HN3pYdWXi95E/M9rRcot2wnzw0hRn8wWuRFHKkCTBFCXCUoUjzXBRDB9KyJ9LDBROqesDsFafHmZ1IsF67xQutVplGGGNBzBMZyCBRdQgRuoQg0IDOERnuHFGBlPxqvxNmtNGfOZA/gD4/0HRq+Uvg==</latexit>

y =
p

15/2

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="B2cf7+BEKuQJ/mIciKJVLLkiO/c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHV5O8cYdSsUjc6GGMXkh6ggWMEm2sKuvkC07Rmcr+C+4cCpfv4+rX/eG40sl/tLsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zx8bp2kEkzRPanro/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4sp/oX5adM+LZ1WnUC7BTFk4gCM4ARcuoAzXUIEaUEB4gCd4tm6tR+vFep2VZqx5zz78kvX2DZcDkTU=</latexit>

i

<latexit sha1_base64="cd8vGGaXiwbtHCcJwzMiyF2Mbvo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KklB7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3U7luVsv1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AejuMsw==</latexit>

1

<latexit sha1_base64="10xVGSZ2ivLj/jICtPJWW+6TQ5k=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWiEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCwx5FG</latexit>z

<latexit sha1_base64="qli6PMX7Z2U5T6rQ0ryJ3M3HZ80=">AAAB6nicbZC7SgNBFIbPxluMt6ilIINBEIuwK6jpDNhYJmgukKxhdjKbDJmdXWZmhbiktLSxUMTWh0jlQ9j5DL6Ek0uhiT8MfPz/Ocw5x4s4U9q2v6zUwuLS8kp6NbO2vrG5ld3eqaowloRWSMhDWfewopwJWtFMc1qPJMWBx2nN612O8todlYqF4kb3I+oGuCOYzwjWxrq+vz1uZXN23h4LzYMzhdzFx7D8/bA/LLWyn812SOKACk04Vqrh2JF2Eyw1I5wOMs1Y0QiTHu7QhkGBA6rcZDzqAB0ap438UJonNBq7vzsSHCjVDzxTGWDdVbPZyPwva8TaL7gJE1GsqSCTj/yYIx2i0d6ozSQlmvcNYCKZmRWRLpaYaHOdjDmCM7vyPFRP8s5Z/rRs54oFmCgNe3AAR+DAORThCkpQAQIdeIRneLG49WS9Wm+T0pQ17dmFP7LefwDKEpHi</latexit>

z⇤ <latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="UCvlRbe7OcURk285QzrzSIRCdGc=">AAAB7nicbVDLSgNBEOyNryS+ol4EL4NBiCBhV1BzEYJePEYwD0iWMDuZTYbMzi4zs+ImBPwFLx4U8erZT/Em+DFOHgeNFjQUVd10d3kRZ0rb9qeVWlhcWl5JZ7Kra+sbm7mt7ZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7l2K/fUqlYKG50ElE3wF3BfEawNlJ9cF64O0oO27m8XbQnQH+JMyP58u7gK3P/flFp5z5anZDEARWacKxU07Ej7Q6x1IxwOsq2YkUjTPq4S5uGChxQ5Q4n547QgVE6yA+lKaHRRP05McSBUkngmc4A656a98bif14z1n7JHTIRxZoKMl3kxxzpEI1/Rx0mKdE8MQQTycytiPSwxESbhLImBGf+5b+kdlx0Tosn1yaNEkyRhj3YhwI4cAZluIIKVIFAHx7gCZ6tyHq0XqzXaWvKms3swC9Yb9+WdZIM</latexit>

z = (x, y)

<latexit sha1_base64="vUDe8Hjwd3Zs++L+M+f37fcTINU=">AAAB6nicbVDLSgNBEOyNryS+ol4EL4NB8BR2hWiOQS8eI5oHJEuYncwmQ2Znl5lZIdkE/AEvHhTx6hf4Kd4EP8bJ46CJBQ1FVTfdXV7EmdK2/WWlVlbX1jfSmezm1vbObm5vv6bCWBJaJSEPZcPDinImaFUzzWkjkhQHHqd1r3818ev3VCoWijs9iKgb4K5gPiNYG+l2NBy1c3m7YE+BlokzJ/ny4fA78/BxWWnnPludkMQBFZpwrFTTsSPtJlhqRjgdZ1uxohEmfdylTUMFDqhyk+mpY3RilA7yQ2lKaDRVf08kOFBqEHimM8C6pxa9ifif14y1X3ITJqJYU0Fmi/yYIx2iyd+owyQlmg8MwUQycysiPSwx0SadrAnBWXx5mdTOCs55oXhj0ijBDGk4gmM4BQcuoAzXUIEqEOjCIzzDi8WtJ+vVepu1pqz5zAH8gfX+A+3rkTE=</latexit> |z|

Figura 1.6: El mòdul d’un nombre com-
plex z.

Geomètricament, z∗ és el “vector” simètric de z respecte de l’eix real (vegeu
la figura 1.5). Es comproven fàcilment les propietats següents:

(z∗)∗ = z,

(z + w)∗ = z∗ + w∗,

(zw)∗ = z∗w∗,

z + z∗ = 2 Re z,

z − z∗ = 2i Im z,

z ∈ R ⇔ z = z∗,

z imaginari ⇔ z = −z∗.

Mòdul d’un nombre complex

Definició 1.5 (Mòdul) El mòdul del nombre complex z és el nombre real no
negatiu

|z| def
= +

√
zz∗ =

√
x2 + y2 =

√
(Re z)2 + (Im z)2 .

1També s’utilitza la notació z per designar el conjugat de z.
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Quan z és real, el seu mòdul és el seu valor absolut. Per tant, el mòdul estén
a tot C el concepte de valor absolut definit a R. Geomètricament, el mòdul és
la “llargada” del vector z (figura 1.6).

El mòdul compleix les propietats següents:

|z| ≥ 0,

|z| = 0 ⇔ z = 0,

|zz′| = |z||z′|,
|z−1| = |z|−1,
|z∗| = |z|,

|Re z|, | Im z| ≤ |z|,
|z| ≤ |Re z|+ | Im z|.

Teorema 1.2 (Desigualtats triangulars) Per a tot z, z′ ∈ C es compleix

|z + z′| ≤ |z|+ |z′|, (1.5)

|z − z′| ≥ ||z| − |z′||. (1.6)

Demostració: Notem, primer, que si a i b són nombres reals no
negatius, a ≤ b ⇔ a2 ≤ b2. Per tant, la desigualtat (1.5) equival a

|z + z′|2 ≤ (|z|+ |z′|)2. (1.7)

Per demostrar-la desenvolupem els dos costats

|z + z′|2 = |z|2 + |z′|2 + 2Re(z∗z′),

(|z|+ |z′|)2 = |z|2 + |z′|2 + 2|z||z′|.

i com que Re(z∗z′) ≤ |Re(z∗z′)| ≤ |z∗z′| = |z||z′|, queden de-
mostrades les desigualtats (1.7) i (1.5).

Pel que fa a la desigualtat (1.6), només cal observar que usant (1.5)
tenim

|z| = |z− z′+ z′| ≤ |z−z′|+|z′| ⇒ |z|−|z′| ≤ |z−z′|,
|z′| = |z′−z+z| ≤ |z′−z|+|z| ⇒ |z′|−|z| ≤ |z′−z| = |z−z′|.

⋄

Argument d’un nombre complex

Definició 1.6 (Argument) L’argument, arg z, d’un nombre complex z = (x, y)
és l’angle que forma el vector (x, y) amb l’eix real positiu, mesurat en el sentit
positiu (“antihorari”).
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<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="Rn9h6TGaf8FwLyZQz3eZlc3NwA8=">AAAB9HicbVDJSgNBEK2JWxK3qBfBS2MQPMWZQDQXIejFYwSzQDKEnk5P0qRnSXdPYBwC/oUXD4p49eCneBP8GDvLQRMfFDzeq6KqnhNyJpVpfhmpldW19Y10Jru5tb2zm9vbr8sgEoTWSMAD0XSwpJz5tKaY4rQZCoo9h9OGM7ie+I0RFZIF/p2KQ2p7uOczlxGstGTHl205FCqxSuOzYieXNwvmFGiZWHOSrxzef2cePq6qndxnuxuQyKO+IhxL2bLMUNkJFooRTsfZdiRpiMkA92hLUx97VNrJ9OgxOtFKF7mB0OUrNFV/TyTYkzL2HN3pYdWXi95E/M9rRcot2wnzw0hRn8wWuRFHKkCTBFCXCUoUjzXBRDB9KyJ9LDBROqesDsFafHmZ1IsF67xQutVplGGGNBzBMZyCBRdQgRuoQg0IDOERnuHFGBlPxqvxNmtNGfOZA/gD4/0HRq+Uvg==</latexit>

y =
p

15/2

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="B2cf7+BEKuQJ/mIciKJVLLkiO/c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHV5O8cYdSsUjc6GGMXkh6ggWMEm2sKuvkC07Rmcr+C+4cCpfv4+rX/eG40sl/tLsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zx8bp2kEkzRPanro/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4sp/oX5adM+LZ1WnUC7BTFk4gCM4ARcuoAzXUIEaUEB4gCd4tm6tR+vFep2VZqx5zz78kvX2DZcDkTU=</latexit>

i

<latexit sha1_base64="cd8vGGaXiwbtHCcJwzMiyF2Mbvo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KklB7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3U7luVsv1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AejuMsw==</latexit>

1

<latexit sha1_base64="10xVGSZ2ivLj/jICtPJWW+6TQ5k=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWiEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCwx5FG</latexit>z

<latexit sha1_base64="qli6PMX7Z2U5T6rQ0ryJ3M3HZ80=">AAAB6nicbZC7SgNBFIbPxluMt6ilIINBEIuwK6jpDNhYJmgukKxhdjKbDJmdXWZmhbiktLSxUMTWh0jlQ9j5DL6Ek0uhiT8MfPz/Ocw5x4s4U9q2v6zUwuLS8kp6NbO2vrG5ld3eqaowloRWSMhDWfewopwJWtFMc1qPJMWBx2nN612O8todlYqF4kb3I+oGuCOYzwjWxrq+vz1uZXN23h4LzYMzhdzFx7D8/bA/LLWyn812SOKACk04Vqrh2JF2Eyw1I5wOMs1Y0QiTHu7QhkGBA6rcZDzqAB0ap438UJonNBq7vzsSHCjVDzxTGWDdVbPZyPwva8TaL7gJE1GsqSCTj/yYIx2i0d6ozSQlmvcNYCKZmRWRLpaYaHOdjDmCM7vyPFRP8s5Z/rRs54oFmCgNe3AAR+DAORThCkpQAQIdeIRneLG49WS9Wm+T0pQ17dmFP7LefwDKEpHi</latexit>

z⇤ <latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="UCvlRbe7OcURk285QzrzSIRCdGc=">AAAB7nicbVDLSgNBEOyNryS+ol4EL4NBiCBhV1BzEYJePEYwD0iWMDuZTYbMzi4zs+ImBPwFLx4U8erZT/Em+DFOHgeNFjQUVd10d3kRZ0rb9qeVWlhcWl5JZ7Kra+sbm7mt7ZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7l2K/fUqlYKG50ElE3wF3BfEawNlJ9cF64O0oO27m8XbQnQH+JMyP58u7gK3P/flFp5z5anZDEARWacKxU07Ej7Q6x1IxwOsq2YkUjTPq4S5uGChxQ5Q4n547QgVE6yA+lKaHRRP05McSBUkngmc4A656a98bif14z1n7JHTIRxZoKMl3kxxzpEI1/Rx0mKdE8MQQTycytiPSwxESbhLImBGf+5b+kdlx0Tosn1yaNEkyRhj3YhwI4cAZluIIKVIFAHx7gCZ6tyHq0XqzXaWvKms3swC9Yb9+WdZIM</latexit>

z = (x, y)

<latexit sha1_base64="vUDe8Hjwd3Zs++L+M+f37fcTINU=">AAAB6nicbVDLSgNBEOyNryS+ol4EL4NB8BR2hWiOQS8eI5oHJEuYncwmQ2Znl5lZIdkE/AEvHhTx6hf4Kd4EP8bJ46CJBQ1FVTfdXV7EmdK2/WWlVlbX1jfSmezm1vbObm5vv6bCWBJaJSEPZcPDinImaFUzzWkjkhQHHqd1r3818ev3VCoWijs9iKgb4K5gPiNYG+l2NBy1c3m7YE+BlokzJ/ny4fA78/BxWWnnPludkMQBFZpwrFTTsSPtJlhqRjgdZ1uxohEmfdylTUMFDqhyk+mpY3RilA7yQ2lKaDRVf08kOFBqEHimM8C6pxa9ifif14y1X3ITJqJYU0Fmi/yYIx2iyd+owyQlmg8MwUQycysiPSwx0SadrAnBWXx5mdTOCs55oXhj0ijBDGk4gmM4BQcuoAzXUIEqEOjCIzzDi8WtJ+vVepu1pqz5zAH8gfX+A+3rkTE=</latexit> |z|

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="ymO7qMGeRESIkDT2E4cnsmMyCI4=">AAAB9HicbVC7SgNBFJ2NrxhfG+20GQyCVdgVjDZCwMYygnlAdgmzk9lkyOzsOnM3EEM+wdrGQhFb8Tds7fwQeyePQhMPXDiccy/33hMkgmtwnC8rs7S8srqWXc9tbG5t79j53ZqOU0VZlcYiVo2AaCa4ZFXgIFgjUYxEgWD1oHc59ut9pjSP5Q0MEuZHpCN5yCkBI/kedBmQC4+oDr5r2QWn6EyAF4k7I4Vy/t7+3v94r7TsT68d0zRiEqggWjddJwF/SBRwKtgo56WaJYT2SIc1DZUkYtofTo4e4SOjtHEYK1MS8ET9PTEkkdaDKDCdEYGunvfG4n9eM4Xw3B9ymaTAJJ0uClOBIcbjBHCbK0ZBDAwhVHFzK6ZdoggFk1POhODOv7xIaidFt1Q8vTZplNAUWXSADtExctEZKqMrVEFVRNEtekBP6NnqW4/Wi/U6bc1Ys5k99AfW2w8QIpVL</latexit>

✓ = arg z

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="UIa7HLCbNWAvLLqFoTJ9eY7U+sQ=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZKVjdWXDjsqK9QDuUTJppQzOZIckI7dBHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xIs6Utu0vK7W0vLK6ll7PbGxube9kd/dqKowloVUS8lA2PKwoZ4JWNdOcNiJJceBxWvf6l+O8fkelYqG41YOIugHuCuYzgrWxbobD43Y2ZxfsidAiODPIXbznvz8eWieVdvaz1QlJHFChCcdKNR070m6CpWaE01GmFSsaYdLHXdo0KHBAlZtMRh2hI+N0kB9K84RGE/d3R4IDpQaBZyoDrHtqPhub/2XNWPvnbsJEFGsqyPQjP+ZIh2i8N+owSYnmAwOYSGZmRaSHJSbaXCdjjuDMr7wItWLBKRVOr+1cuQRTpeEADiEPDpxBGa6gAlUg0IV7eIJni1uP1ov1Oi1NWbOeffgj6+0Hcc2Rmw==</latexit>

zz0

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r

<latexit sha1_base64="Wbm7OTWqq6p6EeP90e52u3SRWlk=">AAAB6XicbZDLSgMxFIbPeK31VnXpJljEuikzgtWdBTcuq9gLtEPJpJk2NJMMSUYoQ99AEBeKuPU1XPkI7nwQ96aXhbb+EPj4/3PIOSeIOdPGdb+chcWl5ZXVzFp2fWNzazu3s1vTMlGEVonkUjUCrClnglYNM5w2YkVxFHBaD/qXo7x+R5VmUtyaQUz9CHcFCxnBxlo36qidy7tFdyw0D94U8hfvhe+Ph9ZxpZ37bHUkSSIqDOFY66bnxsZPsTKMcDrMthJNY0z6uEubFgWOqPbT8aRDdGidDgqlsk8YNHZ/d6Q40noQBbYywqanZ7OR+V/WTEx47qdMxImhgkw+ChOOjESjtVGHKUoMH1jARDE7KyI9rDAx9jhZewRvduV5qJ0UvVLx9NrNl0swUQb24QAK4MEZlOEKKlAFAiHcwxM8O33n0XlxXielC860Zw/+yHn7AYbUkQ8=</latexit>

r0

<latexit sha1_base64="fH8a4/FL5ONA8K81VsdXmc70pDE=">AAAB6nicbZDLSgMxFIbPeK31VnXpJljEuikzgtWdBTcuK9oLtEPJpJk2NJMMSUYoQx9BBBeKuPUxXPkI7nwQ96aXhbb+EPj4/3PIOSeIOdPGdb+chcWl5ZXVzFp2fWNzazu3s1vTMlGEVonkUjUCrClnglYNM5w2YkVxFHBaD/qXo7x+R5VmUtyaQUz9CHcFCxnBxlo3Sh21c3m36I6F5sGbQv7ivfD98dA6rrRzn62OJElEhSEca9303Nj4KVaGEU6H2VaiaYxJH3dp06LAEdV+Oh51iA6t00GhVPYJg8bu744UR1oPosBWRtj09Gw2Mv/LmokJz/2UiTgxVJDJR2HCkZFotDfqMEWJ4QMLmChmZ0WkhxUmxl4na4/gza48D7WTolcqnl67+XIJJsrAPhxAATw4gzJcQQWqQKAL9/AEzw53Hp0X53VSuuBMe/bgj5y3H1l1kYs=</latexit>

rr0

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="VKyb0xpNDT5Vc3jnHALJ3/p0EMM=">AAAB7nicbZC7SgNBFIbPxluMt6ilzWAQYxN2BaOdARvLCOYC2SXMTmaTIbMXZs4KIeQZxMZCEVsfwspHsPNB7J1cCk38YeDj/89hzjl+IoVG2/6yMkvLK6tr2fXcxubW9k5+d6+u41QxXmOxjFXTp5pLEfEaCpS8mShOQ1/yht+/GueNO660iKNbHCTcC2k3EoFgFI3VcLHHkR638wW7ZE9EFsGZQeHyvfj9ce+eVNv5T7cTszTkETJJtW45doLekCoUTPJRzk01Tyjr0y5vGYxoyLU3nIw7IkfG6ZAgVuZFSCbu744hDbUehL6pDCn29Hw2Nv/LWikGF95QREmKPGLTj4JUEozJeHfSEYozlAMDlClhZiWsRxVlaC6UM0dw5ldehPppySmXzm7sQqUMU2XhAA6hCA6cQwWuoQo1YNCHB3iCZyuxHq0X63VamrFmPfvwR9bbD0+0k0E=</latexit>

✓0

<latexit sha1_base64="Ctl1Jijz9KdK+hIybk1vxrZjkZ8=">AAAB9XicbVDLSgMxFM3UV62PVl24cBMsoiCUGcGqKwtuXFawD2jHkknTNjSTGZI7Shn6H25cKOLWH3HlQvBratrpQlsPXO7hnHvJzfFCwTXY9reVWlhcWl5Jr2bW1jc2s7mt7aoOIkVZhQYiUHWPaCa4ZBXgIFg9VIz4nmA1r3819mv3TGkeyFsYhMz1SVfyDqcEjHTXhB4Dcpy0w1YubxfsCfA8caYkfzna/bgYfWXLrdxnsx3QyGcSqCBaNxw7BDcmCjgVbJhpRpqFhPZJlzUMlcRn2o0nVw/xgVHauBMoUxLwRP29ERNf64HvmUmfQE/PemPxP68RQefcjbkMI2CSJg91IoEhwOMIcJsrRkEMDCFUcXMrpj2iCAUTVMaE4Mx+eZ5UTwpOsXB6Y+dLRZQgjfbQPjpCDjpDJXSNyqiCKFLoET2jF+vBerJerbdkNGVNd3bQH1jvP85klnQ=</latexit>

✓ + ✓0
<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="NmyDI47+4hFWrFBvfmQY3/zVrxw=">AAAB/3icbVC7SgNBFJ31GeNrVUhjMxiE2IRdwZgyIIJlBPOAZFlmJ7PJkNmZZWZWiGsK/8LKwsZCEVt/w070Y5w8Ck08cOFwzr3ce08QM6q043xaC4tLyyurmbXs+sbm1ra9s1tXIpGY1LBgQjYDpAijnNQ01Yw0Y0lQFDDSCPpnI79xTaSigl/pQUy8CHU5DSlG2ki+nUvbGDF4PvTbJFaUCV648Z0j3847RWcMOE/cKclXcvHD/fdXuerbH+2OwElEuMYMKdVynVh7KZKaYkaG2XaiSIxwH3VJy1COIqK8dHz/EB4apQNDIU1xDcfq74kURUoNosB0Rkj31Kw3Ev/zWokOy15KeZxowvFkUZgwqAUchQE7VBKs2cAQhCU1t0LcQxJhbSLLmhDc2ZfnSf246JaKJ5cmjRKYIAP2wQEoABecggq4AFVQAxjcgkfwDF6sO+vJerXeJq0L1nRmD/yB9f4DX2iZZA==</latexit>E✏(z0)

<latexit sha1_base64="o1WpUgJrZosVdV+kaJYLeAma4cM=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkVw5JP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPw8yQYA==</latexit>x0

<latexit sha1_base64="Wnvkj5CjupT1pEBOU15KotrzqhI=">AAAB6nicbVDLSsNAFL2pr1pfqe50M1gEVyURWl0W3LisaB/QhjKZTtqhk0mYmQgh9BO6caGIWz/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1vf2NzKbxd2dvf2D+ziYVNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh66rceqFQsEvc6jakX4oFgASNYG+ku7Tk9u+SUnRnQKnEXpFQrTuzv44/3es/+7PYjkoRUaMKxUh3XibWXYakZ4XRc6CaKxpiM8IB2DBU4pMrLZqeO0ZlR+iiIpCmh0Uz9PZHhUKk09E1niPVQLXtT8T+vk+jgysuYiBNNBZkvChKOdISmf6M+k5RonhqCiWTmVkSGWGKiTToFE4K7/PIqaV6U3Wq5cmvSqMIceTiBUzgHFy6hBjdQhwYQGMAEnuDZ4taj9WK9zltz1mLmCP7AevsBr4OREA==</latexit>y0 <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="NmyDI47+4hFWrFBvfmQY3/zVrxw=">AAAB/3icbVC7SgNBFJ31GeNrVUhjMxiE2IRdwZgyIIJlBPOAZFlmJ7PJkNmZZWZWiGsK/8LKwsZCEVt/w070Y5w8Ck08cOFwzr3ce08QM6q043xaC4tLyyurmbXs+sbm1ra9s1tXIpGY1LBgQjYDpAijnNQ01Yw0Y0lQFDDSCPpnI79xTaSigl/pQUy8CHU5DSlG2ki+nUvbGDF4PvTbJFaUCV648Z0j3847RWcMOE/cKclXcvHD/fdXuerbH+2OwElEuMYMKdVynVh7KZKaYkaG2XaiSIxwH3VJy1COIqK8dHz/EB4apQNDIU1xDcfq74kURUoNosB0Rkj31Kw3Ev/zWokOy15KeZxowvFkUZgwqAUchQE7VBKs2cAQhCU1t0LcQxJhbSLLmhDc2ZfnSf246JaKJ5cmjRKYIAP2wQEoABecggq4AFVQAxjcgkfwDF6sO+vJerXeJq0L1nRmD/yB9f4DX2iZZA==</latexit>E✏(z0)
<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

Figura 1.7: Argument d’un nombre complex, z.

L’argument d’un nombre complex z es representa a la figura 1.7. Un nombre
complex té, de fet, una infinitat d’arguments que difereixen entre ells en múltiples
enters de 2π, però únicament un d’ells, l’anomenat argument principal, Arg z
(amb majúscula), és a l’interval (−π, π]. La relació entre Arg z i les components
x i y de z és

Arg z = arctan
(y
x

)
+ kπ, (1.8)

on k = 0 si z és al primer o quart quadrant, k = 1 si és al segon i k = −1 si és
al tercer. Òbviament, es compleix que Arg z∗ = −Arg z.

Exemple 1.1 L’argument principal de z = (−1, 1) és

Arg z = arctan

(
1

−1

)
+ π = −π

4
+ π =

3π

4
,

ja que z és al segon quadrant.

1.2 Expressió dels nombres complexos

A part de la forma cartesiana (x, y), que suggereix la representació “vectorial” al
pla complex, hi ha altres formes més còmodes d’expressar els nombres complexos
que descrivim tot seguit.

Forma binomial d’un nombre complex

El nombre complex z = (x, y) es pot expressar (x, y) = x(1, 0) + y(0, 1) =
x · 1 + y · i, és a dir,

z = x+ iy (forma binomial de z).
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Si tractem x + iy com un polinomi real de primer grau en la variable i i
recordem que i2 = −1, tenim

(x, y) + (x′, y′) = (x+ iy) + (x′ + iy′) = (x+ x′) + i(y + y′) = (x+ x′, y + y′),

(x, y)(x′, y′) = (x+ iy)(x′ + iy′) = xx′ + i(xy′ + x′y) + i2yy′

= (xx′ − yy′) + i(xy′ + x′y) = (xx′ − yy′, xy′ + x′y),

és a dir, reprodüım les definicions (1.1) i (1.2). Això mostra el bon funcionament
de la “recepta” següent:

Recepta: Es pot tractar i com si fos una variable real
però tenint en compte la propietat i2 = −1.

Aquesta recepta ens servirà per definir les funcions elementals dels nombres
complexos.

Forma trigonomètrica d’un nombre complex

Si utilitzem coordenades polars al pla complex, la forma binomial del nombre
complex z = x + iy es pot reexpressar en termes del mòdul r i de l’argument θ
de z: x = r cos θ, y = r sin θ

z = r(cos θ + i sin θ) (forma trigonomètrica de z).

La forma trigonomètrica ens dona una interpretació geomètrica del producte
de dos nombres complexos. En efecte, si z = r(cos θ + i sin θ) i z′ = r′(cos θ′ +
i sin θ′)

zz′ = rr′(cos θ + i sin θ)(cos θ′ + i sin θ′)

= rr′[(cos θ cos θ′ − sin θ sin θ′) + i(sin θ cos θ′ + cos θ sin θ′)]

= rr′[cos(θ + θ′) + i sin(θ + θ′)]. (1.9)

Tenim, doncs,

|zz′| = rr′ = |z| |z′|, arg(zz′) = θ + θ′ = arg z + arg z′,

és a dir (figura 1.8),

El mòdul del producte és el producte dels mòduls.
L’argument del producte és la suma dels arguments.
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<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="Rn9h6TGaf8FwLyZQz3eZlc3NwA8=">AAAB9HicbVDJSgNBEK2JWxK3qBfBS2MQPMWZQDQXIejFYwSzQDKEnk5P0qRnSXdPYBwC/oUXD4p49eCneBP8GDvLQRMfFDzeq6KqnhNyJpVpfhmpldW19Y10Jru5tb2zm9vbr8sgEoTWSMAD0XSwpJz5tKaY4rQZCoo9h9OGM7ie+I0RFZIF/p2KQ2p7uOczlxGstGTHl205FCqxSuOzYieXNwvmFGiZWHOSrxzef2cePq6qndxnuxuQyKO+IhxL2bLMUNkJFooRTsfZdiRpiMkA92hLUx97VNrJ9OgxOtFKF7mB0OUrNFV/TyTYkzL2HN3pYdWXi95E/M9rRcot2wnzw0hRn8wWuRFHKkCTBFCXCUoUjzXBRDB9KyJ9LDBROqesDsFafHmZ1IsF67xQutVplGGGNBzBMZyCBRdQgRuoQg0IDOERnuHFGBlPxqvxNmtNGfOZA/gD4/0HRq+Uvg==</latexit>

y =
p

15/2

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="B2cf7+BEKuQJ/mIciKJVLLkiO/c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHV5O8cYdSsUjc6GGMXkh6ggWMEm2sKuvkC07Rmcr+C+4cCpfv4+rX/eG40sl/tLsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zx8bp2kEkzRPanro/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4sp/oX5adM+LZ1WnUC7BTFk4gCM4ARcuoAzXUIEaUEB4gCd4tm6tR+vFep2VZqx5zz78kvX2DZcDkTU=</latexit>

i

<latexit sha1_base64="cd8vGGaXiwbtHCcJwzMiyF2Mbvo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KklB7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3U7luVsv1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AejuMsw==</latexit>

1

<latexit sha1_base64="10xVGSZ2ivLj/jICtPJWW+6TQ5k=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWiEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCwx5FG</latexit>z

<latexit sha1_base64="qli6PMX7Z2U5T6rQ0ryJ3M3HZ80=">AAAB6nicbZC7SgNBFIbPxluMt6ilIINBEIuwK6jpDNhYJmgukKxhdjKbDJmdXWZmhbiktLSxUMTWh0jlQ9j5DL6Ek0uhiT8MfPz/Ocw5x4s4U9q2v6zUwuLS8kp6NbO2vrG5ld3eqaowloRWSMhDWfewopwJWtFMc1qPJMWBx2nN612O8todlYqF4kb3I+oGuCOYzwjWxrq+vz1uZXN23h4LzYMzhdzFx7D8/bA/LLWyn812SOKACk04Vqrh2JF2Eyw1I5wOMs1Y0QiTHu7QhkGBA6rcZDzqAB0ap438UJonNBq7vzsSHCjVDzxTGWDdVbPZyPwva8TaL7gJE1GsqSCTj/yYIx2i0d6ozSQlmvcNYCKZmRWRLpaYaHOdjDmCM7vyPFRP8s5Z/rRs54oFmCgNe3AAR+DAORThCkpQAQIdeIRneLG49WS9Wm+T0pQ17dmFP7LefwDKEpHi</latexit>

z⇤ <latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="UCvlRbe7OcURk285QzrzSIRCdGc=">AAAB7nicbVDLSgNBEOyNryS+ol4EL4NBiCBhV1BzEYJePEYwD0iWMDuZTYbMzi4zs+ImBPwFLx4U8erZT/Em+DFOHgeNFjQUVd10d3kRZ0rb9qeVWlhcWl5JZ7Kra+sbm7mt7ZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7l2K/fUqlYKG50ElE3wF3BfEawNlJ9cF64O0oO27m8XbQnQH+JMyP58u7gK3P/flFp5z5anZDEARWacKxU07Ej7Q6x1IxwOsq2YkUjTPq4S5uGChxQ5Q4n547QgVE6yA+lKaHRRP05McSBUkngmc4A656a98bif14z1n7JHTIRxZoKMl3kxxzpEI1/Rx0mKdE8MQQTycytiPSwxESbhLImBGf+5b+kdlx0Tosn1yaNEkyRhj3YhwI4cAZluIIKVIFAHx7gCZ6tyHq0XqzXaWvKms3swC9Yb9+WdZIM</latexit>

z = (x, y)

<latexit sha1_base64="vUDe8Hjwd3Zs++L+M+f37fcTINU=">AAAB6nicbVDLSgNBEOyNryS+ol4EL4NB8BR2hWiOQS8eI5oHJEuYncwmQ2Znl5lZIdkE/AEvHhTx6hf4Kd4EP8bJ46CJBQ1FVTfdXV7EmdK2/WWlVlbX1jfSmezm1vbObm5vv6bCWBJaJSEPZcPDinImaFUzzWkjkhQHHqd1r3818ev3VCoWijs9iKgb4K5gPiNYG+l2NBy1c3m7YE+BlokzJ/ny4fA78/BxWWnnPludkMQBFZpwrFTTsSPtJlhqRjgdZ1uxohEmfdylTUMFDqhyk+mpY3RilA7yQ2lKaDRVf08kOFBqEHimM8C6pxa9ifif14y1X3ITJqJYU0Fmi/yYIx2iyd+owyQlmg8MwUQycysiPSwx0SadrAnBWXx5mdTOCs55oXhj0ijBDGk4gmM4BQcuoAzXUIEqEOjCIzzDi8WtJ+vVepu1pqz5zAH8gfX+A+3rkTE=</latexit> |z|

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="ymO7qMGeRESIkDT2E4cnsmMyCI4=">AAAB9HicbVC7SgNBFJ2NrxhfG+20GQyCVdgVjDZCwMYygnlAdgmzk9lkyOzsOnM3EEM+wdrGQhFb8Tds7fwQeyePQhMPXDiccy/33hMkgmtwnC8rs7S8srqWXc9tbG5t79j53ZqOU0VZlcYiVo2AaCa4ZFXgIFgjUYxEgWD1oHc59ut9pjSP5Q0MEuZHpCN5yCkBI/kedBmQC4+oDr5r2QWn6EyAF4k7I4Vy/t7+3v94r7TsT68d0zRiEqggWjddJwF/SBRwKtgo56WaJYT2SIc1DZUkYtofTo4e4SOjtHEYK1MS8ET9PTEkkdaDKDCdEYGunvfG4n9eM4Xw3B9ymaTAJJ0uClOBIcbjBHCbK0ZBDAwhVHFzK6ZdoggFk1POhODOv7xIaidFt1Q8vTZplNAUWXSADtExctEZKqMrVEFVRNEtekBP6NnqW4/Wi/U6bc1Ys5k99AfW2w8QIpVL</latexit>

✓ = arg z

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="UIa7HLCbNWAvLLqFoTJ9eY7U+sQ=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZKVjdWXDjsqK9QDuUTJppQzOZIckI7dBHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xIs6Utu0vK7W0vLK6ll7PbGxube9kd/dqKowloVUS8lA2PKwoZ4JWNdOcNiJJceBxWvf6l+O8fkelYqG41YOIugHuCuYzgrWxbobD43Y2ZxfsidAiODPIXbznvz8eWieVdvaz1QlJHFChCcdKNR070m6CpWaE01GmFSsaYdLHXdo0KHBAlZtMRh2hI+N0kB9K84RGE/d3R4IDpQaBZyoDrHtqPhub/2XNWPvnbsJEFGsqyPQjP+ZIh2i8N+owSYnmAwOYSGZmRaSHJSbaXCdjjuDMr7wItWLBKRVOr+1cuQRTpeEADiEPDpxBGa6gAlUg0IV7eIJni1uP1ov1Oi1NWbOeffgj6+0Hcc2Rmw==</latexit>

zz0

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r

<latexit sha1_base64="Wbm7OTWqq6p6EeP90e52u3SRWlk=">AAAB6XicbZDLSgMxFIbPeK31VnXpJljEuikzgtWdBTcuq9gLtEPJpJk2NJMMSUYoQ99AEBeKuPU1XPkI7nwQ96aXhbb+EPj4/3PIOSeIOdPGdb+chcWl5ZXVzFp2fWNzazu3s1vTMlGEVonkUjUCrClnglYNM5w2YkVxFHBaD/qXo7x+R5VmUtyaQUz9CHcFCxnBxlo36qidy7tFdyw0D94U8hfvhe+Ph9ZxpZ37bHUkSSIqDOFY66bnxsZPsTKMcDrMthJNY0z6uEubFgWOqPbT8aRDdGidDgqlsk8YNHZ/d6Q40noQBbYywqanZ7OR+V/WTEx47qdMxImhgkw+ChOOjESjtVGHKUoMH1jARDE7KyI9rDAx9jhZewRvduV5qJ0UvVLx9NrNl0swUQb24QAK4MEZlOEKKlAFAiHcwxM8O33n0XlxXielC860Zw/+yHn7AYbUkQ8=</latexit>

r0

<latexit sha1_base64="fH8a4/FL5ONA8K81VsdXmc70pDE=">AAAB6nicbZDLSgMxFIbPeK31VnXpJljEuikzgtWdBTcuK9oLtEPJpJk2NJMMSUYoQx9BBBeKuPUxXPkI7nwQ96aXhbb+EPj4/3PIOSeIOdPGdb+chcWl5ZXVzFp2fWNzazu3s1vTMlGEVonkUjUCrClnglYNM5w2YkVxFHBaD/qXo7x+R5VmUtyaQUz9CHcFCxnBxlo3Sh21c3m36I6F5sGbQv7ivfD98dA6rrRzn62OJElEhSEca9303Nj4KVaGEU6H2VaiaYxJH3dp06LAEdV+Oh51iA6t00GhVPYJg8bu744UR1oPosBWRtj09Gw2Mv/LmokJz/2UiTgxVJDJR2HCkZFotDfqMEWJ4QMLmChmZ0WkhxUmxl4na4/gza48D7WTolcqnl67+XIJJsrAPhxAATw4gzJcQQWqQKAL9/AEzw53Hp0X53VSuuBMe/bgj5y3H1l1kYs=</latexit>

rr0

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="VKyb0xpNDT5Vc3jnHALJ3/p0EMM=">AAAB7nicbZC7SgNBFIbPxluMt6ilzWAQYxN2BaOdARvLCOYC2SXMTmaTIbMXZs4KIeQZxMZCEVsfwspHsPNB7J1cCk38YeDj/89hzjl+IoVG2/6yMkvLK6tr2fXcxubW9k5+d6+u41QxXmOxjFXTp5pLEfEaCpS8mShOQ1/yht+/GueNO660iKNbHCTcC2k3EoFgFI3VcLHHkR638wW7ZE9EFsGZQeHyvfj9ce+eVNv5T7cTszTkETJJtW45doLekCoUTPJRzk01Tyjr0y5vGYxoyLU3nIw7IkfG6ZAgVuZFSCbu744hDbUehL6pDCn29Hw2Nv/LWikGF95QREmKPGLTj4JUEozJeHfSEYozlAMDlClhZiWsRxVlaC6UM0dw5ldehPppySmXzm7sQqUMU2XhAA6hCA6cQwWuoQo1YNCHB3iCZyuxHq0X63VamrFmPfvwR9bbD0+0k0E=</latexit>

✓0

<latexit sha1_base64="Ctl1Jijz9KdK+hIybk1vxrZjkZ8=">AAAB9XicbVDLSgMxFM3UV62PVl24cBMsoiCUGcGqKwtuXFawD2jHkknTNjSTGZI7Shn6H25cKOLWH3HlQvBratrpQlsPXO7hnHvJzfFCwTXY9reVWlhcWl5Jr2bW1jc2s7mt7aoOIkVZhQYiUHWPaCa4ZBXgIFg9VIz4nmA1r3819mv3TGkeyFsYhMz1SVfyDqcEjHTXhB4Dcpy0w1YubxfsCfA8caYkfzna/bgYfWXLrdxnsx3QyGcSqCBaNxw7BDcmCjgVbJhpRpqFhPZJlzUMlcRn2o0nVw/xgVHauBMoUxLwRP29ERNf64HvmUmfQE/PemPxP68RQefcjbkMI2CSJg91IoEhwOMIcJsrRkEMDCFUcXMrpj2iCAUTVMaE4Mx+eZ5UTwpOsXB6Y+dLRZQgjfbQPjpCDjpDJXSNyqiCKFLoET2jF+vBerJerbdkNGVNd3bQH1jvP85klnQ=</latexit>

✓ + ✓0
<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="NmyDI47+4hFWrFBvfmQY3/zVrxw=">AAAB/3icbVC7SgNBFJ31GeNrVUhjMxiE2IRdwZgyIIJlBPOAZFlmJ7PJkNmZZWZWiGsK/8LKwsZCEVt/w070Y5w8Ck08cOFwzr3ce08QM6q043xaC4tLyyurmbXs+sbm1ra9s1tXIpGY1LBgQjYDpAijnNQ01Yw0Y0lQFDDSCPpnI79xTaSigl/pQUy8CHU5DSlG2ki+nUvbGDF4PvTbJFaUCV648Z0j3847RWcMOE/cKclXcvHD/fdXuerbH+2OwElEuMYMKdVynVh7KZKaYkaG2XaiSIxwH3VJy1COIqK8dHz/EB4apQNDIU1xDcfq74kURUoNosB0Rkj31Kw3Ev/zWokOy15KeZxowvFkUZgwqAUchQE7VBKs2cAQhCU1t0LcQxJhbSLLmhDc2ZfnSf246JaKJ5cmjRKYIAP2wQEoABecggq4AFVQAxjcgkfwDF6sO+vJerXeJq0L1nRmD/yB9f4DX2iZZA==</latexit>E✏(z0)

<latexit sha1_base64="o1WpUgJrZosVdV+kaJYLeAma4cM=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkVw5JP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPw8yQYA==</latexit>x0

<latexit sha1_base64="Wnvkj5CjupT1pEBOU15KotrzqhI=">AAAB6nicbVDLSsNAFL2pr1pfqe50M1gEVyURWl0W3LisaB/QhjKZTtqhk0mYmQgh9BO6caGIWz/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1vf2NzKbxd2dvf2D+ziYVNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh66rceqFQsEvc6jakX4oFgASNYG+ku7Tk9u+SUnRnQKnEXpFQrTuzv44/3es/+7PYjkoRUaMKxUh3XibWXYakZ4XRc6CaKxpiM8IB2DBU4pMrLZqeO0ZlR+iiIpCmh0Uz9PZHhUKk09E1niPVQLXtT8T+vk+jgysuYiBNNBZkvChKOdISmf6M+k5RonhqCiWTmVkSGWGKiTToFE4K7/PIqaV6U3Wq5cmvSqMIceTiBUzgHFy6hBjdQhwYQGMAEnuDZ4taj9WK9zltz1mLmCP7AevsBr4OREA==</latexit>y0 <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="NmyDI47+4hFWrFBvfmQY3/zVrxw=">AAAB/3icbVC7SgNBFJ31GeNrVUhjMxiE2IRdwZgyIIJlBPOAZFlmJ7PJkNmZZWZWiGsK/8LKwsZCEVt/w070Y5w8Ck08cOFwzr3ce08QM6q043xaC4tLyyurmbXs+sbm1ra9s1tXIpGY1LBgQjYDpAijnNQ01Yw0Y0lQFDDSCPpnI79xTaSigl/pQUy8CHU5DSlG2ki+nUvbGDF4PvTbJFaUCV648Z0j3847RWcMOE/cKclXcvHD/fdXuerbH+2OwElEuMYMKdVynVh7KZKaYkaG2XaiSIxwH3VJy1COIqK8dHz/EB4apQNDIU1xDcfq74kURUoNosB0Rkj31Kw3Ev/zWokOy15KeZxowvFkUZgwqAUchQE7VBKs2cAQhCU1t0LcQxJhbSLLmhDc2ZfnSf246JaKJ5cmjRKYIAP2wQEoABecggq4AFVQAxjcgkfwDF6sO+vJerXeJq0L1nRmD/yB9f4DX2iZZA==</latexit>E✏(z0)
<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="UIa7HLCbNWAvLLqFoTJ9eY7U+sQ=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZKVjdWXDjsqK9QDuUTJppQzOZIckI7dBHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xIs6Utu0vK7W0vLK6ll7PbGxube9kd/dqKowloVUS8lA2PKwoZ4JWNdOcNiJJceBxWvf6l+O8fkelYqG41YOIugHuCuYzgrWxbobD43Y2ZxfsidAiODPIXbznvz8eWieVdvaz1QlJHFChCcdKNR070m6CpWaE01GmFSsaYdLHXdo0KHBAlZtMRh2hI+N0kB9K84RGE/d3R4IDpQaBZyoDrHtqPhub/2XNWPvnbsJEFGsqyPQjP+ZIh2i8N+owSYnmAwOYSGZmRaSHJSbaXCdjjuDMr7wItWLBKRVOr+1cuQRTpeEADiEPDpxBGa6gAlUg0IV7eIJni1uP1ov1Oi1NWbOeffgj6+0Hcc2Rmw==</latexit>

zz0

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r

<latexit sha1_base64="Wbm7OTWqq6p6EeP90e52u3SRWlk=">AAAB6XicbZDLSgMxFIbPeK31VnXpJljEuikzgtWdBTcuq9gLtEPJpJk2NJMMSUYoQ99AEBeKuPU1XPkI7nwQ96aXhbb+EPj4/3PIOSeIOdPGdb+chcWl5ZXVzFp2fWNzazu3s1vTMlGEVonkUjUCrClnglYNM5w2YkVxFHBaD/qXo7x+R5VmUtyaQUz9CHcFCxnBxlo36qidy7tFdyw0D94U8hfvhe+Ph9ZxpZ37bHUkSSIqDOFY66bnxsZPsTKMcDrMthJNY0z6uEubFgWOqPbT8aRDdGidDgqlsk8YNHZ/d6Q40noQBbYywqanZ7OR+V/WTEx47qdMxImhgkw+ChOOjESjtVGHKUoMH1jARDE7KyI9rDAx9jhZewRvduV5qJ0UvVLx9NrNl0swUQb24QAK4MEZlOEKKlAFAiHcwxM8O33n0XlxXielC860Zw/+yHn7AYbUkQ8=</latexit>

r0

<latexit sha1_base64="fH8a4/FL5ONA8K81VsdXmc70pDE=">AAAB6nicbZDLSgMxFIbPeK31VnXpJljEuikzgtWdBTcuK9oLtEPJpJk2NJMMSUYoQx9BBBeKuPUxXPkI7nwQ96aXhbb+EPj4/3PIOSeIOdPGdb+chcWl5ZXVzFp2fWNzazu3s1vTMlGEVonkUjUCrClnglYNM5w2YkVxFHBaD/qXo7x+R5VmUtyaQUz9CHcFCxnBxlo3Sh21c3m36I6F5sGbQv7ivfD98dA6rrRzn62OJElEhSEca9303Nj4KVaGEU6H2VaiaYxJH3dp06LAEdV+Oh51iA6t00GhVPYJg8bu744UR1oPosBWRtj09Gw2Mv/LmokJz/2UiTgxVJDJR2HCkZFotDfqMEWJ4QMLmChmZ0WkhxUmxl4na4/gza48D7WTolcqnl67+XIJJsrAPhxAATw4gzJcQQWqQKAL9/AEzw53Hp0X53VSuuBMe/bgj5y3H1l1kYs=</latexit>

rr0

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="VKyb0xpNDT5Vc3jnHALJ3/p0EMM=">AAAB7nicbZC7SgNBFIbPxluMt6ilzWAQYxN2BaOdARvLCOYC2SXMTmaTIbMXZs4KIeQZxMZCEVsfwspHsPNB7J1cCk38YeDj/89hzjl+IoVG2/6yMkvLK6tr2fXcxubW9k5+d6+u41QxXmOxjFXTp5pLEfEaCpS8mShOQ1/yht+/GueNO660iKNbHCTcC2k3EoFgFI3VcLHHkR638wW7ZE9EFsGZQeHyvfj9ce+eVNv5T7cTszTkETJJtW45doLekCoUTPJRzk01Tyjr0y5vGYxoyLU3nIw7IkfG6ZAgVuZFSCbu744hDbUehL6pDCn29Hw2Nv/LWikGF95QREmKPGLTj4JUEozJeHfSEYozlAMDlClhZiWsRxVlaC6UM0dw5ldehPppySmXzm7sQqUMU2XhAA6hCA6cQwWuoQo1YNCHB3iCZyuxHq0X63VamrFmPfvwR9bbD0+0k0E=</latexit>

✓0

<latexit sha1_base64="Ctl1Jijz9KdK+hIybk1vxrZjkZ8=">AAAB9XicbVDLSgMxFM3UV62PVl24cBMsoiCUGcGqKwtuXFawD2jHkknTNjSTGZI7Shn6H25cKOLWH3HlQvBratrpQlsPXO7hnHvJzfFCwTXY9reVWlhcWl5Jr2bW1jc2s7mt7aoOIkVZhQYiUHWPaCa4ZBXgIFg9VIz4nmA1r3819mv3TGkeyFsYhMz1SVfyDqcEjHTXhB4Dcpy0w1YubxfsCfA8caYkfzna/bgYfWXLrdxnsx3QyGcSqCBaNxw7BDcmCjgVbJhpRpqFhPZJlzUMlcRn2o0nVw/xgVHauBMoUxLwRP29ERNf64HvmUmfQE/PemPxP68RQefcjbkMI2CSJg91IoEhwOMIcJsrRkEMDCFUcXMrpj2iCAUTVMaE4Mx+eZ5UTwpOsXB6Y+dLRZQgjfbQPjpCDjpDJXSNyqiCKFLoET2jF+vBerJerbdkNGVNd3bQH1jvP85klnQ=</latexit>

✓ + ✓0

Figura 1.8: Interpretació geomètrica del
producte de dos nombres complexos.

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓
<latexit sha1_base64="tx7+qckNmfZ36K9PHZnumypBi+w=">AAAB63icbVA9SwNBEJ2LXzF+XbTTZjEIVuFOMFoGbCwjmA9IjrC32cst2b07dveEcOQnaGOhiK29f8PWzh9i716SQhMfDDzem2Fmnp9wprTjfFmFldW19Y3iZmlre2d3zy7vt1ScSkKbJOax7PhYUc4i2tRMc9pJJMXC57Ttj65yv31HpWJxdKvHCfUEHkYsYATrXOolIevbFafqTIGWiTsnlXr53v4+/Hhv9O3P3iAmqaCRJhwr1XWdRHsZlpoRTielXqpogskID2nX0AgLqrxseusEnRhlgIJYmoo0mqq/JzIslBoL33QKrEO16OXif1431cGll7EoSTWNyGxRkHKkY5Q/jgZMUqL52BBMJDO3IhJiiYk28ZRMCO7iy8ukdVZ1a9XzG5NGDWYowhEcwym4cAF1uIYGNIFACA/wBM+WsB6tF+t11lqw5jMH8AfW2w+3WZGv</latexit>

�
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

x

<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1 <latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="tnyHv/QyW0rWRv7hifcfeieDOls=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2A9sQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpUaAmVCkUelCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfra4eEYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMn+fDLlCZsTUEsoUt7cSNqaKMmNDKtkQvNWX10m7VvXq1av7WqVRz+MowhmcwyV4cA0NuIMmtICBhGd4hTdHOy/Ou/OxbC04+cwp/IHz+QOAWJDH</latexit>

les arrels
<latexit sha1_base64="bN7MVkeIpKyYSZrZOLapfHDtmxQ=">AAAB83icbVDLSgMxFM3UV62vqks3wSK4KjMFq8uCG5cV7APaoWTSO21okhnyKJShv+HGhSJu/Rl3/o1pOwttPXAvh3PuJTcnSjnTxve/vcLW9s7uXnG/dHB4dHxSPj1r68QqCi2a8ER1I6KBMwktwwyHbqqAiIhDJ5rcL/zOFJRmiXwysxRCQUaSxYwS46Q+J1jD1DUryKBc8av+EniTBDmpoBzNQfmrP0yoFSAN5UTrXuCnJsyIMoxymJf6VkNK6ISMoOeoJAJ0mC1vnuMrpwxxnChX0uCl+nsjI0LrmYjcpCBmrNe9hfif17MmvgszJlNrQNLVQ7Hl2CR4EQAeMgXU8JkjhCrmbsV0TBShxsVUciEE61/eJO1aNahXbx5rlUY9j6OILtAlukYBukUN9ICaqIUoStEzekVvnvVevHfvYzVa8PKdc/QH3ucPmpmRYA==</latexit>

la seva suma

<latexit sha1_base64="C4EZ0fB1G97pKfdFb+kqFP6EUMg=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbsHoRCl48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/lVeduoDsoVt+YugNaJl5MK5GgNyl/9YUxSQaUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SiQXVQbY4doYurDJEUaxsSYMW6u+JDAutpyK0nQKbsV715uJ/Xi810U2QMZmkhkqyXBSlHJkYzT9HQ6YoMXxqCSaK2VsRGWOFibH5lGwI3urL66Rdr3mN2tVDvdJs5HEU4QzO4RI8uIYm3EMLfCDA4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCHxY3R</latexit>

n = 6

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x
<latexit sha1_base64="U/uut1Xek2NZCvRjNfUEauqxxfM=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIcmIZegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeP8pEV</latexit>

x0
<latexit sha1_base64="s/b+Zd4lwXqeAQoUvj1CiV4gULQ=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZKVjdWXDjsqK9QDuUTJppQzOZIclIy9BHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xIs6Utu0vK7W0vLK6ll7PbGxube9kd/dqKowloVUS8lA2PKwoZ4JWNdOcNiJJceBxWvf6l+O8fkelYqG41cOIugHuCuYzgrWxbgaD43Y2ZxfsidAiODPIXbznvz8eWieVdvaz1QlJHFChCcdKNR070m6CpWaE01GmFSsaYdLHXdo0KHBAlZtMRh2hI+N0kB9K84RGE/d3R4IDpYaBZyoDrHtqPhub/2XNWPvnbsJEFGsqyPQjP+ZIh2i8N+owSYnmQwOYSGZmRaSHJSbaXCdjjuDMr7wItWLBKRVOr+1cuQRTpeEADiEPDpxBGa6gAlUg0IV7eIJni1uP1ov1Oi1NWbOeffgj6+0Ha7eRlw==</latexit>

xx0
<latexit sha1_base64="IECmHyJv///LgeWVCw3DTegkLB4=">AAAB63icbZDLSgMxFIbP1Futl1ZduHATLKIglBnBqisLblxWsBdoh5JJ0zY0mRmSjLQMfQU3LhRx69u4ciH4NDXTdqGtPwQ+/v8ccs7xQs6Utu1vK7W0vLK6ll7PbGxubWdzO7tVFUSS0AoJeCDrHlaUM59WNNOc1kNJsfA4rXn9mySvPVCpWODf62FIXYG7PuswgnViDU4Hx61c3i7YE6FFcGaQvx7vf1yNv7LlVu6z2Q5IJKivCcdKNRw71G6MpWaE01GmGSkaYtLHXdow6GNBlRtPZh2hI+O0USeQ5vkaTdzfHTEWSg2FZyoF1j01nyXmf1kj0p1LN2Z+GGnqk+lHnYgjHaBkcdRmkhLNhwYwkczMikgPS0y0OU/GHMGZX3kRqmcFp1g4v7PzpSJMlYYDOIQTcOACSnALZagAgR48wjO8WMJ6sl6tt2lpypr17MEfWe8/PZCSHA==</latexit>

x + x0

<latexit sha1_base64="MMR2FFbHeyrfoh0ipxGXOGFxAgo=">AAAB7HicbVBNS8NAEJ3Ur1q/qoIXL4tFqCAlEaw9Frx4rGDaQhvKZrtpl242YXcjltDf4MVDRfToD/Im+mPcfhy09cHA470ZZub5MWdK2/anlVlZXVvfyG7mtrZ3dvfy+wd1FSWSUJdEPJJNHyvKmaCuZprTZiwpDn1OG/7geuI37qlULBJ3ehhTL8Q9wQJGsDaSW3w4t886+YJdsqdAy8SZk0L1KH4bf39Vap38R7sbkSSkQhOOlWo5dqy9FEvNCKejXDtRNMZkgHu0ZajAIVVeOj12hE6N0kVBJE0Jjabq74kUh0oNQ990hlj31aI3Ef/zWokOKl7KRJxoKshsUZBwpCM0+Rx1maRE86EhmEhmbkWkjyUm2uSTMyE4iy8vk/pFySmXLm9NGmWYIQvHcAJFcOAKqnADNXCBAINHGMOzJawn68V6nbVmrPnMIfyB9f4DxLSRtg==</latexit>

(x, 0) <latexit sha1_base64="Kh9f6l0UY08y8ZGppcac+4Vk1Ug=">AAAB7XicbVDLSgNBEOyNrxhfUcGLl8UgRpCwKxhzDHjxGME8IFnC7GQ2GTM7s8zMimHJP3gRVCRX/8eb6Mc4eRw0saChqOqmu8uPGFXacT6t1NLyyupaej2zsbm1vZPd3aspEUtMqlgwIRs+UoRRTqqaakYakSQo9Bmp+/2rsV+/J1JRwW/1ICJeiLqcBhQjbaRa/uHkzDltZ3NOwZnAXiTujOTKB9Ho+furVGlnP1odgeOQcI0ZUqrpOpH2EiQ1xYwMM61YkQjhPuqSpqEchUR5yeTaoX1slI4dCGmKa3ui/p5IUKjUIPRNZ4h0T817Y/E/rxnroOQllEexJhxPFwUxs7Wwx6/bHSoJ1mxgCMKSmltt3EMSYW0CypgQ3PmXF0ntvOAWCxc3Jo0iTJGGQziCPLhwCWW4hgpUAcMdPMILvFrCerLerNG0NWXNZvbhD6z3HyXgkec=</latexit>

(x0, 0)

<latexit sha1_base64="FpQFNZFKL4af1vPZXoj4gxPAEtA=">AAAB83icbVDLSgMxFL3js9ZXVXDjJljEilJmBGuXBTcuK9gHtEPJpJk2NJMZkoy0DP0NEQQVcevPuBP9GNPHQlsPXO7hnHvJzfEizpS27U9rYXFpeWU1tZZe39jc2s7s7FZVGEtCKyTkoax7WFHOBK1opjmtR5LiwOO05vWuRn7tjkrFQnGrBxF1A9wRzGcEayM1c/0z++Q01z82rZXJ2nl7DDRPnCnJlvajp4fvr2K5lflotkMSB1RowrFSDceOtJtgqRnhdJhuxopGmPRwhzYMFTigyk3GNw/RkVHayA+lKaHRWP29keBAqUHgmckA666a9Ubif14j1n7RTZiIYk0FmTzkxxzpEI0CQG0mKdF8YAgmkplbEeliiYk2MaVNCM7sl+dJ9TzvFPIXNyaNAkyQggM4hBw4cAkluIYyVIBABPfwDC9WbD1ar9bbZHTBmu7swR9Y7z8MlJNz</latexit>

(x, 0) + (x0, 0)

<latexit sha1_base64="uvWT+lA/fmAVmJoegwuGfhI/p7A=">AAAB+XicbZDLSgMxFIYz9VbrbVRw4yZYxApSZgRrlwU3LivYC7RDyWQybTCTDEmmtAx9DxciuFDErW/iTvRhTC8Lbf0h8PGfczgnvx8zqrTjfFqZpeWV1bXsem5jc2t7x97dqyuRSExqWDAhmz5ShFFOappqRpqxJCjyGWn4d1fjeqNPpKKC3+phTLwIdTkNKUbaWB3bLgzOnNM2DoQuDE4Mduy8U3QmgovgziBfOYgf77+/ytWO/dEOBE4iwjVmSKmW68TaS5HUFDMyyrUTRWKE71CXtAxyFBHlpZPLR/DYOAEMhTSPazhxf0+kKFJqGPmmM0K6p+ZrY/O/WivRYdlLKY8TTTieLgoTBrWA4xhgQCXBmg0NICypuRXiHpIIaxNWzoTgzn95EernRbdUvLgxaZTAVFlwCI5AAbjgElTANaiCGsCgDx7AM3ixUuvJerXepq0ZazazD/7Iev8B+/uVpw==</latexit>

(x, 0) · (x0, 0)

<latexit sha1_base64="/Xn/i94BR5AniyPFpvHKaeyi4RU=">AAAB8HicbVC7SgNBFL3rM8ZX1NJmMAixCbuC0c6AjWUU85DsEmYns8mQmd1lZlYIS77BwsZCEVu/wcpPsPND7J1NUmjigQuHc+7lnnv9mDOlbfvLWlhcWl5Zza3l1zc2t7YLO7sNFSWS0DqJeCRbPlaUs5DWNdOctmJJsfA5bfqDi8xv3lGpWBTe6GFMPYF7IQsYwdpIt67Auu/76LpTKNpleww0T5wpKZ6/l74/7t2jWqfw6XYjkggaasKxUm3HjrWXYqkZ4XSUdxNFY0wGuEfbhoZYUOWl48AjdGiULgoiaSrUaKz+nkixUGoofNOZBVSzXib+57UTHZx5KQvjRNOQTBYFCUc6Qtn1qMskJZoPDcFEMpMVkT6WmGjzo7x5gjN78jxpHJedSvnkyi5WKzBBDvbhAErgwClU4RJqUAcCAh7gCZ4taT1aL9brpHXBms7swR9Ybz+WPJP4</latexit>

R

<latexit sha1_base64="0zeZxitdU6ZQK97NOQWjiI7W54Q=">AAAB8HicbVC7SgNBFL3rM8ZX1NJmMAixCbuC0c5AGssI5iHZJcxOZpMhs7PLzKwQlnyDhY2FIrZ+g5WfYOeH2DubpNDEAxcO59zLPff6MWdK2/aXtbS8srq2ntvIb25t7+wW9vabKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vKHtcxv3VGpWCRu9CimXoj7ggWMYG2kWzfEeuD7qNYtFO2yPQFaJM6MFC/fS98f9+5JvVv4dHsRSUIqNOFYqY5jx9pLsdSMcDrOu4miMSZD3KcdQwUOqfLSSeAxOjZKDwWRNCU0mqi/J1IcKjUKfdOZBVTzXib+53USHVx4KRNxoqkg00VBwpGOUHY96jFJieYjQzCRzGRFZIAlJtr8KG+e4MyfvEiap2WnUj67tovVCkyRg0M4ghI4cA5VuII6NIBACA/wBM+WtB6tF+t12rpkzWYO4A+stx9/gJPp</latexit>

C

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x
<latexit sha1_base64="MMR2FFbHeyrfoh0ipxGXOGFxAgo=">AAAB7HicbVBNS8NAEJ3Ur1q/qoIXL4tFqCAlEaw9Frx4rGDaQhvKZrtpl242YXcjltDf4MVDRfToD/Im+mPcfhy09cHA470ZZub5MWdK2/anlVlZXVvfyG7mtrZ3dvfy+wd1FSWSUJdEPJJNHyvKmaCuZprTZiwpDn1OG/7geuI37qlULBJ3ehhTL8Q9wQJGsDaSW3w4t886+YJdsqdAy8SZk0L1KH4bf39Vap38R7sbkSSkQhOOlWo5dqy9FEvNCKejXDtRNMZkgHu0ZajAIVVeOj12hE6N0kVBJE0Jjabq74kUh0oNQ990hlj31aI3Ef/zWokOKl7KRJxoKshsUZBwpCM0+Rx1maRE86EhmEhmbkWkjyUm2uSTMyE4iy8vk/pFySmXLm9NGmWYIQvHcAJFcOAKqnADNXCBAINHGMOzJawn68V6nbVmrPnMIfyB9f4DxLSRtg==</latexit>

(x, 0)

<latexit sha1_base64="/Xn/i94BR5AniyPFpvHKaeyi4RU=">AAAB8HicbVC7SgNBFL3rM8ZX1NJmMAixCbuC0c6AjWUU85DsEmYns8mQmd1lZlYIS77BwsZCEVu/wcpPsPND7J1NUmjigQuHc+7lnnv9mDOlbfvLWlhcWl5Zza3l1zc2t7YLO7sNFSWS0DqJeCRbPlaUs5DWNdOctmJJsfA5bfqDi8xv3lGpWBTe6GFMPYF7IQsYwdpIt67Auu/76LpTKNpleww0T5wpKZ6/l74/7t2jWqfw6XYjkggaasKxUm3HjrWXYqkZ4XSUdxNFY0wGuEfbhoZYUOWl48AjdGiULgoiaSrUaKz+nkixUGoofNOZBVSzXib+57UTHZx5KQvjRNOQTBYFCUc6Qtn1qMskJZoPDcFEMpMVkT6WmGjzo7x5gjN78jxpHJedSvnkyi5WKzBBDvbhAErgwClU4RJqUAcCAh7gCZ4taT1aL9brpHXBms7swR9Ybz+WPJP4</latexit>

R

<latexit sha1_base64="0zeZxitdU6ZQK97NOQWjiI7W54Q=">AAAB8HicbVC7SgNBFL3rM8ZX1NJmMAixCbuC0c5AGssI5iHZJcxOZpMhs7PLzKwQlnyDhY2FIrZ+g5WfYOeH2DubpNDEAxcO59zLPff6MWdK2/aXtbS8srq2ntvIb25t7+wW9vabKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vKHtcxv3VGpWCRu9CimXoj7ggWMYG2kWzfEeuD7qNYtFO2yPQFaJM6MFC/fS98f9+5JvVv4dHsRSUIqNOFYqY5jx9pLsdSMcDrOu4miMSZD3KcdQwUOqfLSSeAxOjZKDwWRNCU0mqi/J1IcKjUKfdOZBVTzXib+53USHVx4KRNxoqkg00VBwpGOUHY96jFJieYjQzCRzGRFZIAlJtr8KG+e4MyfvEiap2WnUj67tovVCkyRg0M4ghI4cA5VuII6NIBACA/wBM+WtB6tF+t12rpkzWYO4A+stx9/gJPp</latexit>

C
<latexit sha1_base64="DvFng+BuIqp4AyYDS32wWHQd7T8=">AAAB9XicbVDLSgMxFL1Ttdb6qgpu3ASLIAhlpmB1Z8FNlxXsA9paMmmmDc1kxiSjlKG/4NqNC0Xc+i/u/Av/QNNOF9p64HIP59xLbo4bcqa0bX9aqaXllfRqZi27vrG5tZ3b2a2rIJKE1kjAA9l0saKcCVrTTHPaDCXFvstpwx1eTvzGHZWKBeJaj0La8XFfMI8RrI1001a3UhdPWNK7ubxdsKdAi8SZkfzFd7Wy/5V+qHZzH+1eQCKfCk04Vqrl2KHuxFhqRjgdZ9uRoiEmQ9ynLUMF9qnqxNOrx+jIKD3kBdKU0Giq/t6Isa/UyHfNpI/1QM17E/E/rxVp77wTMxFGmgqSPORFHOkATSJAPSYp0XxkCCaSmVsRGWCJiTZBZU0IzvyXF0m9WHBKhdMrO18uQYIMHMAhHIMDZ1CGClShBgQkPMIzvFj31pP1ar0loylrtrMHf2C9/wDOc5W0</latexit>p

2 + i
p

2

<latexit sha1_base64="gz7izCBh9XxLYIrgPGeqtgtoGAM=">AAAB9XicbVDLTgIxFL2Diogv1MSNm0Zi4kYyQyK6k8QNS0zkkQCSTulAQ6czth0NmfALrt240Bi3/os7/8I/0MKwUPAkN/fknHvT2+OGnClt259Waml5Jb2aWcuub2xubed2dusqiCShNRLwQDZdrChngtY005w2Q0mx73LacIeXE79xR6VigbjWo5B2fNwXzGMEayPdtNWt1MUTlvRuLm8X7CnQInFmJH/xXa3sf6Ufqt3cR7sXkMinQhOOlWo5dqg7MZaaEU7H2XakaIjJEPdpy1CBfao68fTqMToySg95gTQlNJqqvzdi7Cs18l0z6WM9UPPeRPzPa0XaO+/ETISRpoIkD3kRRzpAkwhQj0lKNB8Zgolk5lZEBlhiok1QWROCM//lRVIvFpxS4fTKzpdLkCADB3AIx+DAGZShAlWoAQEJj/AML9a99WS9Wm/JaMqa7ezBH1jvP9GJlbY=</latexit>p
2 � i

p
2

<latexit sha1_base64="IctyjK4o3WIgVDKr4HirvUAY7vw=">AAAB+HicbVDLSsNAFL2pr1ofjQpu3ASL4KYlKVjdWXDTZQX7gDaUyXTSDp1M4sxEqKG/4A+4caGIWz/FnX/hH+i06UJbD1zu4Zx7mTvHixiVyrY/jczK6tr6RnYzt7W9s5s39/abMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vJGV1O/dUeEpCG/UeOIuAEacOpTjJSWema+2JW3QpWLNO09s2CX7BmsZeLMSeHyu147/Fp/qPfMj24/xHFAuMIMSdlx7Ei5CRKKYkYmuW4sSYTwCA1IR1OOAiLdZHb4xDrRSt/yQ6GLK2um/t5IUCDlOPD0ZIDUUC56U/E/rxMr/8JNKI9iRThOH/JjZqnQmqZg9akgWLGxJggLqm+18BAJhJXOKqdDcBa/vEya5ZJTKZ1d24VqBVJk4QiO4RQcOIcq1KAODcAQwyM8w4txbzwZr8ZbOpox5jsH8AfG+w+09ZYe</latexit>

�
p

2 � i
p

2

<latexit sha1_base64="vv66oM4JQDG/xrHBYDufpAehThw=">AAAB+HicbVDLSsNAFL2pr1ofjQpu3ASLIIglKVjdWXDTZQX7gDaUyXTSDp1M4sxEqKG/4A+4caGIWz/FnX/hH+i06UJbD1zu4Zx7mTvHixiVyrY/jczS8srqWnY9t7G5tZ03d3YbMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vSGVxO/eUeEpCG/UaOIuAHqc+pTjJSWumb+tCNvhSqd0LR3zYJdtKewFokzI4XL71p1/2v1odY1Pzq9EMcB4QozJGXbsSPlJkgoihkZ5zqxJBHCQ9QnbU05Coh0k+nhY+tIKz3LD4Uurqyp+nsjQYGUo8DTkwFSAznvTcT/vHas/As3oTyKFeE4fciPmaVCa5KC1aOCYMVGmiAsqL7VwgMkEFY6q5wOwZn/8iJplIpOuXh2bRcqZUiRhQM4hGNw4BwqUIUa1AFDDI/wDC/GvfFkvBpv6WjGmO3swR8Y7z+x35Yc</latexit>

�
p

2 + i
p

2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

Figura 1.9: Representació vectorial de les
arrels quartes de −16.

En particular, si n ∈ N tenim

|zn| = rn, arg(zn) = nθ. (1.10)

Per tant, si elevem a la potència n el nombre complex de mòdul n
√
r i argu-

ment θ/n, obtenim z la qual cosa ens indica que no hi ha cap problema per
trobar l’arrel n-èsima d’un nombre complex (ni, per tant, d’un nombre real).
El problema de l’arrel queda, doncs, resolt a C. Aquesta propietat és visualment
més clara si expressem z en forma polar, una variant de la forma trigonomètrica
molt més compacta i manipulable.

Forma polar d’un nombre complex

Comencem definint l’exponencial d’un nombre imaginari. Per fer-ho, usem la
“recepta” (manipulant i com si fos real però recordant que i2 = −1) a la sèrie
de Taylor de eiθ,

eiθ = 1 +
iθ

1!
+

(iθ)2

2!
+

(iθ)3

3!
+ · · ·

=
(
1− θ2

2!
+

θ4

4!
− · · ·

)
+ i
(
θ − θ3

3!
+

θ5

5!
− · · ·

)
= cos θ + i sin θ,

la qual cosa suggereix la definició següent.

Definició 1.7 (Exponencial d’un nombre imaginari) Si θ ∈ R, definim

eiθ
def
= cos θ + i sin θ. (1.11)

Amb aquesta definició, la forma trigonomètrica de z = r(cos θ + i sin θ) es pot
expressar

z = reiθ (forma polar de z).
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Observem que la forma polar és perfectament compatible amb la “recepta”,
ja que si z = reiθ i z′ = r′eiθ

′
, i manipulem les exponencials com si fossin funcions

exponencials reals, obtenim

zz′ = reiθr′eiθ
′
= rr′ei(θ+θ′),

zn =
(
reiθ
)n

= rneinθ, (1.12)

d’acord amb (1.9) i (1.10).
Usant la forma polar s’obtenen fàcilment els resultats següents:

i) Arrels n-èsimes de z: D’acord amb (1.12), donat un nombre complex
z = reiθ, sempre en podem trobar un altre w = ρeiα tal que wn = z.
Només cal prendre ρ = n

√
r i α = φ/n. El nombre complex w = n

√
r ei(φ/n)

és l’arrel n-èsima de z.

Però, de fet, n’hi ha més d’arrels n-èsimes perquè el nombre z té infinits
arguments θ + 2πk, k ∈ Z. Cada cop que augmentem (o disminüım) θ
en 2π, l’argument de w augmenta (o disminueix) en 2π/n. Hi ha, doncs,
n arrels n-èsimes de z

n
√
z = n

√
r ei(θ+2πk)/n, k = 0, 1, 2, . . . , n− 1.

ii) Fórmules d’Euler: De les igualtats eiθ = cos θ + i sin θ i e−iθ = cos θ −
i sin θ podem äıllar cos θ i sin θ i obtenim

cos θ =
eiθ + e−iθ

2
, sin θ =

eiθ − e−iθ

2i
(Fórmules d’Euler). (1.13)

iii) Fórmula de De Moivre: Si n ∈ N, elevant a n la igualtat (1.11) tenim(
eiθ
)n

= einθ, és a dir,

(cos θ + i sin θ)n = cosnθ + i sinnθ (Fórmula de De Moivre).

D’aquesta fórmula s’obtenen les expressions de cosnθ i sinnθ en termes
de cos θ i sin θ:

cosnθ = Re[(cos θ + i sin θ)n], sinnθ = Im[(cos θ + i sin θ)n].

iv) Curiositat: Si substitüım θ = π a (1.11) obtenim una igualtat que rela-
ciona els nombres e, i, π, 1 i 0:

eiπ + 1 = 0.
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Exemple 1.2 Busquem totes les arrels quartes de z = −16. Si expressem z en
forma polar tenim z = 16 ei(π+2πk), on k ∈ Z. Llavors,

(−16)1/4 =
[
16 ei(π+2πk)

]1/4
=

4
√
16 ei(π+2πk)/4 = 2 ei(

π
4
+k π

2 ),

on k = 0, 1, 2, 3. Les quatre arrels quartes de −16 són, doncs (vegeu figura 1.9),

2eiπ/4 =
√
2 + i

√
2, 2ei3π/4 = −

√
2 + i

√
2,

2ei5π/4 = −
√
2− i

√
2, 2ei7π/4 =

√
2− i

√
2.

Exemple 1.3 Expressem cos 3θ i sin 3θ en funció de cos θ i sin θ.

cos 3θ + i sin 3θ = ei3θ = (eiθ)3 = (cos θ + i sin θ)3

= (cos θ)3 + 3i(cos θ)2 sin θ + 3i2 cos θ(sin θ)2 + i3(sin θ)3

=
[
(cos θ)3 − 3 cos θ(sin θ)2

]
+ i
[
3(cos θ)2 sin θ − (sin θ)3

]
.

Per tant,

cos 3θ = cos3 θ − 3 cos θ sin2 θ, sin 3θ = 3 cos2 θ sin θ − sin3 θ.

1.3 Topologia a CCC

Definició 1.8 (Distància) La distància entre dos nombres complexos és

d(z, z′)
def
= |z − z′|.

Notem que si z = x+ iy i z′ = x′ + iy′, aleshores

d(z, z′) =
√

|x− x′|2 + |y − y′|2 =
√
d2R(x, x

′) + d2R(y, y
′),

on dR(x, x
′) = |x− x′| és la distància sobre la recta real. Observem que, com a
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<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="Rn9h6TGaf8FwLyZQz3eZlc3NwA8=">AAAB9HicbVDJSgNBEK2JWxK3qBfBS2MQPMWZQDQXIejFYwSzQDKEnk5P0qRnSXdPYBwC/oUXD4p49eCneBP8GDvLQRMfFDzeq6KqnhNyJpVpfhmpldW19Y10Jru5tb2zm9vbr8sgEoTWSMAD0XSwpJz5tKaY4rQZCoo9h9OGM7ie+I0RFZIF/p2KQ2p7uOczlxGstGTHl205FCqxSuOzYieXNwvmFGiZWHOSrxzef2cePq6qndxnuxuQyKO+IhxL2bLMUNkJFooRTsfZdiRpiMkA92hLUx97VNrJ9OgxOtFKF7mB0OUrNFV/TyTYkzL2HN3pYdWXi95E/M9rRcot2wnzw0hRn8wWuRFHKkCTBFCXCUoUjzXBRDB9KyJ9LDBROqesDsFafHmZ1IsF67xQutVplGGGNBzBMZyCBRdQgRuoQg0IDOERnuHFGBlPxqvxNmtNGfOZA/gD4/0HRq+Uvg==</latexit>

y =
p

15/2

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="B2cf7+BEKuQJ/mIciKJVLLkiO/c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHV5O8cYdSsUjc6GGMXkh6ggWMEm2sKuvkC07Rmcr+C+4cCpfv4+rX/eG40sl/tLsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zx8bp2kEkzRPanro/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4sp/oX5adM+LZ1WnUC7BTFk4gCM4ARcuoAzXUIEaUEB4gCd4tm6tR+vFep2VZqx5zz78kvX2DZcDkTU=</latexit>

i

<latexit sha1_base64="cd8vGGaXiwbtHCcJwzMiyF2Mbvo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KklB7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3U7luVsv1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AejuMsw==</latexit>

1

<latexit sha1_base64="10xVGSZ2ivLj/jICtPJWW+6TQ5k=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWiEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCwx5FG</latexit>z

<latexit sha1_base64="qli6PMX7Z2U5T6rQ0ryJ3M3HZ80=">AAAB6nicbZC7SgNBFIbPxluMt6ilIINBEIuwK6jpDNhYJmgukKxhdjKbDJmdXWZmhbiktLSxUMTWh0jlQ9j5DL6Ek0uhiT8MfPz/Ocw5x4s4U9q2v6zUwuLS8kp6NbO2vrG5ld3eqaowloRWSMhDWfewopwJWtFMc1qPJMWBx2nN612O8todlYqF4kb3I+oGuCOYzwjWxrq+vz1uZXN23h4LzYMzhdzFx7D8/bA/LLWyn812SOKACk04Vqrh2JF2Eyw1I5wOMs1Y0QiTHu7QhkGBA6rcZDzqAB0ap438UJonNBq7vzsSHCjVDzxTGWDdVbPZyPwva8TaL7gJE1GsqSCTj/yYIx2i0d6ozSQlmvcNYCKZmRWRLpaYaHOdjDmCM7vyPFRP8s5Z/rRs54oFmCgNe3AAR+DAORThCkpQAQIdeIRneLG49WS9Wm+T0pQ17dmFP7LefwDKEpHi</latexit>

z⇤ <latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="UCvlRbe7OcURk285QzrzSIRCdGc=">AAAB7nicbVDLSgNBEOyNryS+ol4EL4NBiCBhV1BzEYJePEYwD0iWMDuZTYbMzi4zs+ImBPwFLx4U8erZT/Em+DFOHgeNFjQUVd10d3kRZ0rb9qeVWlhcWl5JZ7Kra+sbm7mt7ZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7l2K/fUqlYKG50ElE3wF3BfEawNlJ9cF64O0oO27m8XbQnQH+JMyP58u7gK3P/flFp5z5anZDEARWacKxU07Ej7Q6x1IxwOsq2YkUjTPq4S5uGChxQ5Q4n547QgVE6yA+lKaHRRP05McSBUkngmc4A656a98bif14z1n7JHTIRxZoKMl3kxxzpEI1/Rx0mKdE8MQQTycytiPSwxESbhLImBGf+5b+kdlx0Tosn1yaNEkyRhj3YhwI4cAZluIIKVIFAHx7gCZ6tyHq0XqzXaWvKms3swC9Yb9+WdZIM</latexit>

z = (x, y)

<latexit sha1_base64="vUDe8Hjwd3Zs++L+M+f37fcTINU=">AAAB6nicbVDLSgNBEOyNryS+ol4EL4NB8BR2hWiOQS8eI5oHJEuYncwmQ2Znl5lZIdkE/AEvHhTx6hf4Kd4EP8bJ46CJBQ1FVTfdXV7EmdK2/WWlVlbX1jfSmezm1vbObm5vv6bCWBJaJSEPZcPDinImaFUzzWkjkhQHHqd1r3818ev3VCoWijs9iKgb4K5gPiNYG+l2NBy1c3m7YE+BlokzJ/ny4fA78/BxWWnnPludkMQBFZpwrFTTsSPtJlhqRjgdZ1uxohEmfdylTUMFDqhyk+mpY3RilA7yQ2lKaDRVf08kOFBqEHimM8C6pxa9ifif14y1X3ITJqJYU0Fmi/yYIx2iyd+owyQlmg8MwUQycysiPSwx0SadrAnBWXx5mdTOCs55oXhj0ijBDGk4gmM4BQcuoAzXUIEqEOjCIzzDi8WtJ+vVepu1pqz5zAH8gfX+A+3rkTE=</latexit> |z|

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="ymO7qMGeRESIkDT2E4cnsmMyCI4=">AAAB9HicbVC7SgNBFJ2NrxhfG+20GQyCVdgVjDZCwMYygnlAdgmzk9lkyOzsOnM3EEM+wdrGQhFb8Tds7fwQeyePQhMPXDiccy/33hMkgmtwnC8rs7S8srqWXc9tbG5t79j53ZqOU0VZlcYiVo2AaCa4ZFXgIFgjUYxEgWD1oHc59ut9pjSP5Q0MEuZHpCN5yCkBI/kedBmQC4+oDr5r2QWn6EyAF4k7I4Vy/t7+3v94r7TsT68d0zRiEqggWjddJwF/SBRwKtgo56WaJYT2SIc1DZUkYtofTo4e4SOjtHEYK1MS8ET9PTEkkdaDKDCdEYGunvfG4n9eM4Xw3B9ymaTAJJ0uClOBIcbjBHCbK0ZBDAwhVHFzK6ZdoggFk1POhODOv7xIaidFt1Q8vTZplNAUWXSADtExctEZKqMrVEFVRNEtekBP6NnqW4/Wi/U6bc1Ys5k99AfW2w8QIpVL</latexit>

✓ = arg z

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="UIa7HLCbNWAvLLqFoTJ9eY7U+sQ=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZKVjdWXDjsqK9QDuUTJppQzOZIckI7dBHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xIs6Utu0vK7W0vLK6ll7PbGxube9kd/dqKowloVUS8lA2PKwoZ4JWNdOcNiJJceBxWvf6l+O8fkelYqG41YOIugHuCuYzgrWxbobD43Y2ZxfsidAiODPIXbznvz8eWieVdvaz1QlJHFChCcdKNR070m6CpWaE01GmFSsaYdLHXdo0KHBAlZtMRh2hI+N0kB9K84RGE/d3R4IDpQaBZyoDrHtqPhub/2XNWPvnbsJEFGsqyPQjP+ZIh2i8N+owSYnmAwOYSGZmRaSHJSbaXCdjjuDMr7wItWLBKRVOr+1cuQRTpeEADiEPDpxBGa6gAlUg0IV7eIJni1uP1ov1Oi1NWbOeffgj6+0Hcc2Rmw==</latexit>

zz0

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r

<latexit sha1_base64="Wbm7OTWqq6p6EeP90e52u3SRWlk=">AAAB6XicbZDLSgMxFIbPeK31VnXpJljEuikzgtWdBTcuq9gLtEPJpJk2NJMMSUYoQ99AEBeKuPU1XPkI7nwQ96aXhbb+EPj4/3PIOSeIOdPGdb+chcWl5ZXVzFp2fWNzazu3s1vTMlGEVonkUjUCrClnglYNM5w2YkVxFHBaD/qXo7x+R5VmUtyaQUz9CHcFCxnBxlo36qidy7tFdyw0D94U8hfvhe+Ph9ZxpZ37bHUkSSIqDOFY66bnxsZPsTKMcDrMthJNY0z6uEubFgWOqPbT8aRDdGidDgqlsk8YNHZ/d6Q40noQBbYywqanZ7OR+V/WTEx47qdMxImhgkw+ChOOjESjtVGHKUoMH1jARDE7KyI9rDAx9jhZewRvduV5qJ0UvVLx9NrNl0swUQb24QAK4MEZlOEKKlAFAiHcwxM8O33n0XlxXielC860Zw/+yHn7AYbUkQ8=</latexit>

r0

<latexit sha1_base64="fH8a4/FL5ONA8K81VsdXmc70pDE=">AAAB6nicbZDLSgMxFIbPeK31VnXpJljEuikzgtWdBTcuK9oLtEPJpJk2NJMMSUYoQx9BBBeKuPUxXPkI7nwQ96aXhbb+EPj4/3PIOSeIOdPGdb+chcWl5ZXVzFp2fWNzazu3s1vTMlGEVonkUjUCrClnglYNM5w2YkVxFHBaD/qXo7x+R5VmUtyaQUz9CHcFCxnBxlo3Sh21c3m36I6F5sGbQv7ivfD98dA6rrRzn62OJElEhSEca9303Nj4KVaGEU6H2VaiaYxJH3dp06LAEdV+Oh51iA6t00GhVPYJg8bu744UR1oPosBWRtj09Gw2Mv/LmokJz/2UiTgxVJDJR2HCkZFotDfqMEWJ4QMLmChmZ0WkhxUmxl4na4/gza48D7WTolcqnl67+XIJJsrAPhxAATw4gzJcQQWqQKAL9/AEzw53Hp0X53VSuuBMe/bgj5y3H1l1kYs=</latexit>

rr0

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="VKyb0xpNDT5Vc3jnHALJ3/p0EMM=">AAAB7nicbZC7SgNBFIbPxluMt6ilzWAQYxN2BaOdARvLCOYC2SXMTmaTIbMXZs4KIeQZxMZCEVsfwspHsPNB7J1cCk38YeDj/89hzjl+IoVG2/6yMkvLK6tr2fXcxubW9k5+d6+u41QxXmOxjFXTp5pLEfEaCpS8mShOQ1/yht+/GueNO660iKNbHCTcC2k3EoFgFI3VcLHHkR638wW7ZE9EFsGZQeHyvfj9ce+eVNv5T7cTszTkETJJtW45doLekCoUTPJRzk01Tyjr0y5vGYxoyLU3nIw7IkfG6ZAgVuZFSCbu744hDbUehL6pDCn29Hw2Nv/LWikGF95QREmKPGLTj4JUEozJeHfSEYozlAMDlClhZiWsRxVlaC6UM0dw5ldehPppySmXzm7sQqUMU2XhAA6hCA6cQwWuoQo1YNCHB3iCZyuxHq0X63VamrFmPfvwR9bbD0+0k0E=</latexit>

✓0

<latexit sha1_base64="Ctl1Jijz9KdK+hIybk1vxrZjkZ8=">AAAB9XicbVDLSgMxFM3UV62PVl24cBMsoiCUGcGqKwtuXFawD2jHkknTNjSTGZI7Shn6H25cKOLWH3HlQvBratrpQlsPXO7hnHvJzfFCwTXY9reVWlhcWl5Jr2bW1jc2s7mt7aoOIkVZhQYiUHWPaCa4ZBXgIFg9VIz4nmA1r3819mv3TGkeyFsYhMz1SVfyDqcEjHTXhB4Dcpy0w1YubxfsCfA8caYkfzna/bgYfWXLrdxnsx3QyGcSqCBaNxw7BDcmCjgVbJhpRpqFhPZJlzUMlcRn2o0nVw/xgVHauBMoUxLwRP29ERNf64HvmUmfQE/PemPxP68RQefcjbkMI2CSJg91IoEhwOMIcJsrRkEMDCFUcXMrpj2iCAUTVMaE4Mx+eZ5UTwpOsXB6Y+dLRZQgjfbQPjpCDjpDJXSNyqiCKFLoET2jF+vBerJerbdkNGVNd3bQH1jvP85klnQ=</latexit>

✓ + ✓0
<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="NmyDI47+4hFWrFBvfmQY3/zVrxw=">AAAB/3icbVC7SgNBFJ31GeNrVUhjMxiE2IRdwZgyIIJlBPOAZFlmJ7PJkNmZZWZWiGsK/8LKwsZCEVt/w070Y5w8Ck08cOFwzr3ce08QM6q043xaC4tLyyurmbXs+sbm1ra9s1tXIpGY1LBgQjYDpAijnNQ01Yw0Y0lQFDDSCPpnI79xTaSigl/pQUy8CHU5DSlG2ki+nUvbGDF4PvTbJFaUCV648Z0j3847RWcMOE/cKclXcvHD/fdXuerbH+2OwElEuMYMKdVynVh7KZKaYkaG2XaiSIxwH3VJy1COIqK8dHz/EB4apQNDIU1xDcfq74kURUoNosB0Rkj31Kw3Ev/zWokOy15KeZxowvFkUZgwqAUchQE7VBKs2cAQhCU1t0LcQxJhbSLLmhDc2ZfnSf246JaKJ5cmjRKYIAP2wQEoABecggq4AFVQAxjcgkfwDF6sO+vJerXeJq0L1nRmD/yB9f4DX2iZZA==</latexit>E✏(z0)

<latexit sha1_base64="o1WpUgJrZosVdV+kaJYLeAma4cM=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkVw5JP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPw8yQYA==</latexit>x0

<latexit sha1_base64="Wnvkj5CjupT1pEBOU15KotrzqhI=">AAAB6nicbVDLSsNAFL2pr1pfqe50M1gEVyURWl0W3LisaB/QhjKZTtqhk0mYmQgh9BO6caGIWz/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1vf2NzKbxd2dvf2D+ziYVNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh66rceqFQsEvc6jakX4oFgASNYG+ku7Tk9u+SUnRnQKnEXpFQrTuzv44/3es/+7PYjkoRUaMKxUh3XibWXYakZ4XRc6CaKxpiM8IB2DBU4pMrLZqeO0ZlR+iiIpCmh0Uz9PZHhUKk09E1niPVQLXtT8T+vk+jgysuYiBNNBZkvChKOdISmf6M+k5RonhqCiWTmVkSGWGKiTToFE4K7/PIqaV6U3Wq5cmvSqMIceTiBUzgHFy6hBjdQhwYQGMAEnuDZ4taj9WK9zltz1mLmCP7AevsBr4OREA==</latexit>y0 <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="NmyDI47+4hFWrFBvfmQY3/zVrxw=">AAAB/3icbVC7SgNBFJ31GeNrVUhjMxiE2IRdwZgyIIJlBPOAZFlmJ7PJkNmZZWZWiGsK/8LKwsZCEVt/w070Y5w8Ck08cOFwzr3ce08QM6q043xaC4tLyyurmbXs+sbm1ra9s1tXIpGY1LBgQjYDpAijnNQ01Yw0Y0lQFDDSCPpnI79xTaSigl/pQUy8CHU5DSlG2ki+nUvbGDF4PvTbJFaUCV648Z0j3847RWcMOE/cKclXcvHD/fdXuerbH+2OwElEuMYMKdVynVh7KZKaYkaG2XaiSIxwH3VJy1COIqK8dHz/EB4apQNDIU1xDcfq74kURUoNosB0Rkj31Kw3Ev/zWokOy15KeZxowvFkUZgwqAUchQE7VBKs2cAQhCU1t0LcQxJhbSLLmhDc2ZfnSf246JaKJ5cmjRKYIAP2wQEoABecggq4AFVQAxjcgkfwDF6sO+vJerXeJq0L1nRmD/yB9f4DX2iZZA==</latexit>E✏(z0)
<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

Figura 1.10: Representació gràfica de l’entorn obert Eϵ(z0).

conseqüència de les propietats del mòdul, la distància té les propietats següents:

d(z, z′) ≥ 0,

d(z, z′) = 0 ⇔ z = z′,

d(z, z′) = d(z′, z),

d(z, z′) ≤ d(z, z′′) + d(z′′, z′),

dR(x, x
′), dR(y, y

′) ≤ d(z, z′), (1.14)

d(z, z′) ≤ dR(x, x
′) + dR(y, y

′). (1.15)

Aquesta distància permet definir una topologia a C.

Definició 1.9 (Entorn obert) Un entorn obert de radi ϵ (on ϵ > 0, no ne-
cessàriament petit) i centre z0 es defineix com el conjunt dels nombres z que
compleixen d(z, z0) < ϵ. El representarem per Eϵ(z0), és a dir,

Eϵ(z0) = {z ∈ C : d(z, z0) < ϵ}.

L’entorn obert Eϵ(z0) es representa a la figura 1.10. És convenient definir
també un entorn “perforat” E∗ϵ (z0) que no contingui el punt z0, és a dir,

E∗ϵ (z0) = {z ∈ C : 0 < d(z, z0) < ϵ} = Eϵ(z0)− {z0}.

Definició 1.10 (Successió) Una successió de nombres complexos és una apli-
cació del conjunt dels nombres naturals N al dels complexos C, que associa a
cada nombre natural n un nombre complex que anomenem zn. La successió es
designa per {zn}.
Definició 1.11 (Ĺımit d’una successió) Diem que la successió {zn} té ĺımit i
que aquest ĺımit és z si per a cada ϵ > 0 existeix N ∈ N tal que d(zn, z) < ϵ
sempre que n > N . Una successió que tingui ĺımit s’anomena successió conver-
gent. Sovint es diu també que {zn} tendeix a z (o que convergeix cap a z) i ho
expressem

lim{zn} = z o també lim
n→∞

zn = z,



Càlcul en variable complexa Materials 13

o simplement
{zn} → z.

Les definicions següents són, òbviament, equivalents a la definició 1.11:

1) {zn} → z si i només si ∀ϵ > 0, ∃N ∈ N tal que zn ∈ Eϵ(z), ∀n > N ,

2) {zn} → z si i només si ∀ϵ > 0, ∃N ∈ N tal que |zn − z| < ϵ, ∀n > N ,

i les usarem indistintament.
Com en el cas de les successions de nombres reals, el ĺımit, si existeix, és únic.

També les regles de càlcul de ĺımits són les mateixes que les regles habituals per
a successions de nombres reals, ja que la definició de ĺımit a C és formalment
idèntica a la definició a R. Aix́ı, per exemple,

lim{λzn + µwn} = λ lim{zn}+ µ lim{wn} (λ, µ ∈ C),

lim{znwn} = (lim{zn}) (lim{wn}), etc.

si els ĺımits dels termes de la dreta existeixen.

Teorema 1.3 Sigui zn = xn + iyn el terme general d’una successió {zn} de
nombres complexos i sigui z = x+ iy. Aleshores

{zn} → z ⇔
{
{xn} → x

{yn} → y.

Demostració:

(⇒) Per a tot ϵ > 0, existeix N ∈ N tal que d(zn, z) < ϵ si n > N .
La desigualtat (1.14) ens assegura que també dR(xn, x) < ϵ i
dR(yn, y) < ϵ, si n > N . Per tant, {xn} → x i {yn} → y.

(⇐) Per a tot ϵ > 0, existeix N ∈ N tal que dR(xn, x) < ϵ/2 i
també dR(yn, y) < ϵ/2, si n > N . Com a conseqüència de la
desigualtat (1.15) tenim d(zn, z) ≤ dR(xn, x) + dR(yn, y) < ϵ,
si n > N . Per tant, {zn} → z.

⋄

Definició 1.12 (Successió de Cauchy) La successió {zn} és una successió de
Cauchy si ∀ϵ > 0, ∃N ∈ N tal que d(zn, zm) < ϵ si n,m > N .

Teorema 1.4 Sigui zn = xn + iyn el terme general d’una successió {zn} de
nombres complexos. Aleshores

{zn} és de Cauchy ⇔
{
{xn} és de Cauchy

{yn} és de Cauchy.
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Demostració: És idèntica a la del teorema 1.3.

⋄

Es demostra molt fàcilment que tota successió convergent és de Cauchy, però
la condició de ser de Cauchy no assegura, en general, la convergència. Recordem
que en el cos dels nombres racionals Q hi ha successions de Cauchy que no tenen
ĺımit, i aquesta deficiència és la raó principal per a la construcció del cos dels
nombres reals R en què tota successió de Cauchy és convergent. Aleshores diem
que R és un cos complet.

Definició 1.13 (Cos complet) Un cos on hi ha definida una distància és complet
si tota successió de Cauchy és convergent.

Teorema 1.5 El cos C dels nombres complexos és complet.

Demostració: Si {zn} és de Cauchy, també ho són les successions
{xn}, {yn} de R (teorema 1.4). En ser R complet, {xn} i {yn}
són convergents, amb la qual cosa {zn} és també convergent (teo-
rema 1.3).

⋄

La resta de conceptes topològics de C es defineixen de manera anàloga al
cas de R. A les definicions següents anomenem punts (del pla complex) els
elements de C.

Definició 1.14 (Punts interior, exterior i frontera) Si D ⊂ C, diem que:

El punt z0 és un punt interior a D si existeix algun entorn Eϵ(z0) ⊂ D.

El punt z0 és un punt exterior a D si és interior al seu complementari
D̄

def
= C−D.

El punt z0 és un punt frontera de D si no és ni interior ni exterior a D
(això vol dir que tots els seus entorns contenen punts de D i de D̄).

Definició 1.15 (Punt d’acumulació) El punt z0 és un punt d’acumulació de D
si tots els entorns perforats E∗ϵ (z0) contenen punts de D (o, també, si z0 és el
ĺımit d’una successió convergent de punts de D diferents de z0).

Definició 1.16 (Conjunts obert i tancat) Si D ⊂ C,

D és un conjunt obert si tots els seus punts són interiors.

D és un conjunt tancat si conté tots els seus punts d’acumulació (o, també,
si conté els ĺımits de totes les seves successions convergents).
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Teorema 1.6 Si D ⊂ C i D̄ és el seu complementari, aleshores

D és tancat ⇔ D̄ és obert.

Demostració:

(⇒) Si D és tancat, D̄ ha de ser obert perquè si no ho fos, hi hauria
algun element de D̄ no interior (a D̄). Això vol dir que tots els
entorns d’aquest punt contindrien punts de D. Seria, per tant,
punt d’acumulació de D i hauria de pertànyer a D (tancat).

(⇐) Si D̄ és obert, D ha de ser tancat perquè si no ho fos, hi hauria
algun punt d’acumulació de D no contingut a D i, per tant,
seria punt de D̄ i hauria de ser interior a D̄ (obert). Llavors,
algun entorn d’aquest punt no contindria cap punt de D i no
podria ser punt d’acumulació d’aquest conjunt.

⋄

Aix́ı doncs, una definició alternativa de conjunt tancat és aquesta:

Definició 1.17 (Conjunt tancat) D és un conjunt tancat si i només si és el
complementari d’un conjunt obert.

Cal notar que un conjunt pot no ser ni obert ni tancat. D’altra banda, el
conjunt C i el conjunt buit ∅ són els únics alhora oberts i tancats.

Definició 1.18 (Conjunt fitat) D és un conjunt fitat si el conjunt dels mòduls
dels seus elements és fitat superiorment (o, també, si està contingut en algun
entorn de 0).

Definició 1.19 (Conjunt compacte) D és un conjunt compacte si totes les suc-
cessions d’elements de D contenen alguna successió parcial convergent.

Teorema 1.7 Si D ⊂ C,

D és compacte ⇔ D és tancat i fitat.

La demostració és similar al cas de R i és general a les topologies que deriven
del concepte de distància.

Definició 1.20 (Conjunt connex) D és un conjunt connex si no és la unió de
conjunts disjunts, no buits, cap dels quals conté punts de les fronteres dels altres.
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Exemple 1.4 Considerem, dins del pla complex, el conjunt A format pels punts
de l’interval [0, 1] de l’eix real, excloent-ne el punt z = 1/2. El conjunt A no
és connex perquè el podem expressar com A = A1 ∪ A2, on A1 = [0, 1/2) ⊂ C
i A2 = (1/2, 1] ⊂ C són disjunts. A més, la frontera de A1 és l’interval tancat
[0, 1/2], que no comparteix cap punt amb A2, i anàlogament la frontera de A2

és [1/2, 0], que no comparteix cap punt amb A1.

Exemple 1.5 L’interval [0, 1] de l’eix real de C és connex. Per demostra-ho
suposarem que no ho és per arribar a una contradicció.

Si [0, 1] no és connex, existeixen B1, B2 ⊂ C que compleixen les condicions:

i. són no buits i disjunts

ii. cap d’ells no conté punts de la frontera de l’altre

iii. [0, 1] = B1 ∪B2.

De fet, B1, B2 ⊂ B1 ∪ B2 = [0, 1] ⊂ R (condició iii) i, per tant, existeixen dos
nombres reals x1 i x2 tals que x1 ∈ B1 i x2 ∈ B2 (condició i). Podem suposar
que satisfan 0 ≤ x1 < x2 ≤ 1 (amb l’ordenació de R) sense pèrdua de generalitat
(si x2 < x1 intercanviem els sub́ındexs 1 i 2). Sigui

x
def
= sup{B1 ∩ [x1, x2]},

és a dir, x és el suprem del conjunt de punts de B1 que estan a [x1, x2]. Clara-
ment, x ∈ [x1, x2] ⊂ [0, 1], però x ̸∈ B2, ja que per la seva definició x pertany a
la frontera de B1 i se satisfà la condició ii. Aleshores x ∈ B1, ja que tot element
de [0, 1] ha de ser de B1 o de B2 (condició iii). Com a conseqüència, x no pot
pertànyer a la frontera de B2 (condició ii) i ha de ser un punt exterior a aquest
conjunt. Per tant, existeix algun entorn Eδ(x) que no conté cap element de B2

(definició 1.14). En particular, existeix y ∈ Eδ(x), que satisfà x < y, amb la
qual cosa y ̸∈ B1 (per la seva definició x és fita superior de B1). Com que y
tampoc pertany a B2, tenim y ̸∈ [0, 1], però 0 ≤ x1 < y < x2 ≤ 1, que és una
contradicció.

Raonant de forma similar és possible demostrar que qualsevol corba cont́ı-
nua2 de C és un conjunt connex.

2Una corba cont́ınua de C és un conjunt de punts z(t) descrits en forma paramètrica per
z(t) = x(t) + iy(t), on x(t) i y(t) són funcions reals cont́ınues de la variable t ∈ [a, b].
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És habitual anomenar domini un conjunt obert i connex.

Teorema 1.8 Si D és un domini (obert i connex), dos punts de D sempre es
poden connectar entre ells amb una poligonal de longitud finita, continguda a D.

Demostració: Sigui z0 ∈ D i siguin D1 i D2 els conjunts següents:

D1 = {z∈D, connectables a z0 amb una poligonal finita (de D)},
D2 = {z∈D, no connectables a z0 amb una poligonal finita}.

Òbviament es compleix que D1 ∪ D2 = D i que D1 ∩ D2 = ∅. De-
mostrarem ara que D1 i D2 són oberts.

En efecte, si z1 ∈ D1, com que D és obert, hi ha algun entorn
Er1(z1) ⊂ D. Tots els punts d’aquest entorn es poden connectar a z0
amb una poligonal finita, ja que es poden connectar a z1 amb un
segment finit i z1 és connectable a z0 per hipòtesi. Això vol dir que
Er1(z1) ⊂ D1, és a dir, z1 és interior a D1. Per tant, D1 és obert.

Similarment, si z2 ∈ D2 existeix algun Er2(z2) ⊂ D (obert). Cap dels
punts d’aquest entorn és connectable a z0 amb una poligonal finita,
ja que si algun ho fos, a través d’ell també ho seria z2. Aix́ı doncs,
Er2(z2) ⊂ D2, és a dir, z2 és interior a D2 i, per tant, D2 també és
obert.

Aix́ı doncs, D1 i D2 són oberts i, per tant, cap d’ells no pot contenir
punts frontera de l’altre. Llavors, d’acord amb la definició 1.20, D2

ha de ser buit i D = D1.
⋄

Definició 1.21 (Conjunt simplement connex) Un conjunt connex D és sim-
plement connex si l’interior de qualsevol corba tancada cont́ınua de D pertany
també a D (és a dir, si D no té “forats”).

Per tal que l’interior de les corbes tancades estigui ben definit cal que aquestes
siguin simples, és a dir, que no es tallin a elles mateixes.

1.4 Problemes

P1.1 Feu les operacions següents:

(a) (−1+2i)[(7−5i)+(−3+4i)]

(b)
3− 2i

−1 + i

(c) (1− i)4

(d)
3i30 − i19

2i− 1
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(e)
5

(1− i)(2− i)(3− i)

P1.2 Trobeu x, y reals tals que 3x+ 2iy − ix+ 5y = 7 + 5i.

P1.3 Expresseu en forma polar:

(a) 2 + 2
√
3i

(b) −5 + 5i

(c) −
√
6−

√
2i

(d) −3i

P1.4 Trobeu i localitzeu gràficament les arrels següents:

(a) (2
√
3− 2i)1/2

(b) (−4 + 4i)1/5
(c) (−16i)1/4

(d)
√
5− 12i

P1.5 Resoleu les equacions:

(a) z2 + (2i− 3)z + (5− i) = 0

(b) z2(1− z2) = 16

(c) z2 − 3z + 6 + 2i = 0

(d) 5z2 + 2z + 10 = 0

(e) z2 + (i− 2)z + 3− i = 0

(f) z4 + z2 + 1 = 0

(g) z6 + 1 =
√
3i

P1.6 Si z1 = 2 + i, z2 = 3− 2i i z3 = −1/2 + i
√
3/2, calculeu:

(a) |3z1 − 4z2|

(b) z31 − 3z21 + 4z1 − 8

(c) (z∗3)
4

(d)

∣∣∣∣
2z2 + z1 − 5− i

2z1 − z2 + 3− i

∣∣∣∣
2

(e) Expresseu 2z3 en forma polar

(f) Expresseu z1 en forma polar

P1.7 Determineu les regions del pla complex següents:

(a) Im(z) > 2 (b) Re(z) < 0 (c)

∣∣∣∣
z − 3

z + 3

∣∣∣∣ < 2

(d) |z − 1| < |z + 1| (mostreu que és equivalent a Re(z) > 0)

P1.8 Representeu gràficament el conjunt de valors z que compleixen

(a) |z| > |z − 1| (b) |z + 2| > 1 + |z − 2|
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P1.9 Trobeu les expressions que determinen, en el pla complex:

(a) un cercle de radi 1 centrat a z0 = i,

(b) una el·lipsi amb focus ±2i i eix major igual a 10,

(c) una circumferència que passa per z1 = 1− i, z2 = 2i, i z3 = 1 + i.

P1.10 Si z és un nombre complex qualsevol, doneu una interpretació geomètrica
del nombre zeiϕ, on ϕ és un nombre real.

P1.11 Demostreu que si z1, z2 ̸= 0 i |z1 + z2| = |z1 − z2|, llavors,
(a) z1/z2 és imaginari,

(b) l’angle que formen z1 i z2 amb l’origen és de π/2.

P1.12 Demostreu que |x| + |y| ≤
√
2|x + iy|. Feu-ho també en coordenades

polars.

P1.13 Demostreu que si z és un punt d’una circumferèrencia de radi 1 centrada
a z0 = 1, llavors

2 Arg(z) = Arg(z − 1) =
2

3
Arg(z2 − z).

Doneu-ne una interpretació geomètrica.

P1.14 Demostreu que r1e
iθ1 + r2e

iθ2 = reiθ on

r =
√

r21 + r22 + 2r1r2 cos(θ1 − θ2), θ = arctan

(
r1 sin θ1 + r2 sin θ2
r1 cos θ1 + r2 cos θ2

)
.

P1.15 Demostreu que l’equació de la circumferència que passa pels tres punts z1,
z2 i z3 és

(z − z1)(z3 − z2)

(z − z2)(z3 − z1)
=

[
(z − z1)(z3 − z2)

(z − z2)(z3 − z1)

]∗
.

P1.16 Demostreu que si w és qualsevol arrel n-èsima de la unitat diferent d’1,
llavors

1 + w + w2 + · · ·+ wn−1 = 0.

Suggeriment: considereu la suma d’una sèrie geomètrica.

P1.17 Demostreu les igualtats

1 + cos θ + cos 2θ + · · ·+ cosnθ =
sin
[(

n+1
2

)
θ
]

sin(θ/2)
cos(nθ/2),

sin θ + sin 2θ + · · ·+ sinnθ =
sin
[(

n+1
2

)
θ
]

sin(θ/2)
sin(nθ/2).
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Solucions

S1.1 (a) −2 + 9i

(b) −5
2
− 1

2
i

(c) −4

(d) 1 + i

(e) 1
2
i

S1.2 x = −1, y = 2

S1.3 (a) 4ei
π
3

(b) 5
√
2ei

3π
4

(c) 2
√
2ei

7π
6

(d) 3ei
3π
2

S1.4 (a) 2e−
π
12

i, 2e
11π
12

i

(b)
√
2e(

3
20

+ 2
5
k)iπ, k = 0, 1, 2, 3, 4

(c) 2e(−
1
8
+ 1

2
k)iπ, k = 0, 1, 2, 3

(d) 3− 2i , −3 + 2i

S1.5 (a) z = ±(1− 4i)

(b) z = ±
(
3
2
+
√
7
2
i
)
o bé

z = ±
(
3
2
−
√
7
2
i
)

(c) 2− 2i o bé 1 + 2i

(d) (−1± 7i)/5

(e) 1− 2i o bé 1 + i

(f) 1
2

(
1±

√
3i
)
o bé 1

2

(
−1±

√
3i
)

(g) 6
√
2 e(k+

1
3)

πi
3 amb k = 0, 1, . . . , 5

S1.6 (a)
√
157

(b) −7 + 3i

(c) −1
2
−
√
3
2
i

(d) 1

(e) 2e
2π
3
i

(f)
√
5earctan(1/2)i

S1.7 Vegeu la figura 1.11.

<latexit sha1_base64="4s21392JGs1IeJFGyXcAB4weXic=">AAAB5HicbZC7SgNBFIbPeo3rLdoKshgEq7ArqOkM2FgmYC6QLGF2cjYZMzu7zMwKYUlpZWOh2PoYqXwIO5/Bl3ByKTTxh4GP/z+HOecECWdKu+6XtbK6tr6xmduyt3d29/bz9kFdxamkWKMxj2UzIAo5E1jTTHNsJhJJFHBsBIObSd54QKlYLO70MEE/Ij3BQkaJNlbV7eQLbtGdylkGbw6F649x9fvxeFzp5D/b3ZimEQpNOVGq5bmJ9jMiNaMcR3Y7VZgQOiA9bBkUJELlZ9NBR86pcbpOGEvzhHam7u+OjERKDaPAVEZE99ViNjH/y1qpDkt+xkSSahR09lGYckfHzmRrp8skUs2HBgiVzMzq0D6RhGpzG9scwVtceRnq50XvsnhRKJdgphwcwQmcgQdXUIZbqEANKCA8wQu8WvfWs/U2K1yx5h2H8EfW+w/GRo/W</latexit>

0
<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x <latexit sha1_base64="wTa8Tw3iEHY71VYYTioYZA1r75k=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAIESTsCmqOQS8eI7hJIFnC7GQ2GTI7u8zMinEJ+AdePCji1Q/wU7wJfoyTx0ETCxqKqm66u/yYM6Vt+8taWFxaXlnNZHNr6xubW/ntnZqKEkmoSyIeyYaPFeVMUFczzWkjlhSHPqd1v3858uu3VCoWiRs9iKkX4q5gASNYG8kt3h3bR+18wS7ZY6B54kxJobJ3/519+LiotvOfrU5EkpAKTThWqunYsfZSLDUjnA5zrUTRGJM+7tKmoQKHVHnp+NghOjRKBwWRNCU0Gqu/J1IcKjUIfdMZYt1Ts95I/M9rJjooeykTcaKpIJNFQcKRjtDoc9RhkhLNB4ZgIpm5FZEelphok0/OhODMvjxPaicl56x0em3SKMMEGdiHAyiCA+dQgSuoggsEGDzCM7xYwnqyXq23SeuCNZ3ZhT+w3n8AxCeQ+A==</latexit>

(x, 0)

<latexit sha1_base64="jWnI8y9HZV/ZenLqXKUMMMaNcDM=">AAAB8nicbVDLSsNAFL3xWeur6lKQwSK4KomgdmehG5ct2AekoUymk3boZBJmJkIJXfoJblwo4tYP6MqPcOc3+BNO2i609cCFwzn3cs+9fsyZ0rb9Za2srq1vbOa28ts7u3v7hYPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb8YTXzW/dUKhaJOz2KqRfivmABI1gbyU07IdYD30fVcbdQtEv2FGiZOHNSvPmY1L8fTia1buGz04tIElKhCcdKuY4day/FUjPC6TjfSRSNMRniPnUNFTikykunkcfozCg9FETSlNBoqv6eSHGo1Cj0TWeWUC16mfif5yY6KHspE3GiqSCzRUHCkY5Qdj/qMUmJ5iNDMJHMZEVkgCUm2nwpb57gLJ68TJoXJeeqdFm3i5UyzJCDYziFc3DgGipwCzVoAIEIHuEZXixtPVmv1tusdcWazxzBH1jvP8eolVU=</latexit>

C
<latexit sha1_base64="niQ7Mp2V6E5Q23umsVUJsfgpcqI=">AAAB8nicbVDLSsNAFJ34rPVVdSnIYBFclURQu7PgxmUr9gFpKJPppB06yYSZG6GELv0ENy4UcesHdOVHuPMb/AknbRfaeuDC4Zx7uedePxZcg21/WUvLK6tr67mN/ObW9s5uYW+/oWWiKKtTKaRq+UQzwSNWBw6CtWLFSOgL1vQH15nfvGdKcxndwTBmXkh6EQ84JWAkN22HBPq+j29HnULRLtkT4EXizEjx6mNc+344Glc7hc92V9IkZBFQQbR2HTsGLyUKOBVslG8nmsWEDkiPuYZGJGTaSyeRR/jEKF0cSGUqAjxRf0+kJNR6GPqmM0uo571M/M9zEwjKXsqjOAEW0emiIBEYJM7ux12uGAUxNIRQxU1WTPtEEQrmS3nzBGf+5EXSOCs5F6Xzml2slNEUOXSIjtEpctAlqqAbVEV1RJFEj+gZvVhgPVmv1tu0dcmazRygP7DefwDec5Vk</latexit>

R

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="UCvlRbe7OcURk285QzrzSIRCdGc=">AAAB7nicbVDLSgNBEOyNryS+ol4EL4NBiCBhV1BzEYJePEYwD0iWMDuZTYbMzi4zs+ImBPwFLx4U8erZT/Em+DFOHgeNFjQUVd10d3kRZ0rb9qeVWlhcWl5JZ7Kra+sbm7mt7ZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7l2K/fUqlYKG50ElE3wF3BfEawNlJ9cF64O0oO27m8XbQnQH+JMyP58u7gK3P/flFp5z5anZDEARWacKxU07Ej7Q6x1IxwOsq2YkUjTPq4S5uGChxQ5Q4n547QgVE6yA+lKaHRRP05McSBUkngmc4A656a98bif14z1n7JHTIRxZoKMl3kxxzpEI1/Rx0mKdE8MQQTycytiPSwxESbhLImBGf+5b+kdlx0Tosn1yaNEkyRhj3YhwI4cAZluIIKVIFAHx7gCZ6tyHq0XqzXaWvKms3swC9Yb9+WdZIM</latexit>

z = (x, y)

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="B2cf7+BEKuQJ/mIciKJVLLkiO/c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHV5O8cYdSsUjc6GGMXkh6ggWMEm2sKuvkC07Rmcr+C+4cCpfv4+rX/eG40sl/tLsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zx8bp2kEkzRPanro/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4sp/oX5adM+LZ1WnUC7BTFk4gCM4ARcuoAzXUIEaUEB4gCd4tm6tR+vFep2VZqx5zz78kvX2DZcDkTU=</latexit>

i

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="tpEd/5AO3/bwLXzf8Uxf7ZStZk8=">AAAB6XicbVDLSgNBEOyJrxhfUY9eBoPgxbArRHMMeBG8RDEPSJYwO5lNhszOLjOzQljyB148KOLVP/BTJBc/xLuTx0ETCxqKqm66u/xYcG0c5wtlVlbX1jeym7mt7Z3dvfz+QV1HiaKsRiMRqaZPNBNcsprhRrBmrBgJfcEa/uBq4jcemNI8kvdmGDMvJD3JA06JsdLdWamTLzhFZwq8TNw5KVTg+2M8ztxUO/nPdjeiScikoYJo3XKd2HgpUYZTwUa5dqJZTOiA9FjLUklCpr10eukIn1ili4NI2ZIGT9XfEykJtR6Gvu0MienrRW8i/ue1EhOUvZTLODFM0tmiIBHYRHjyNu5yxagRQ0sIVdzeimmfKEKNDSdnQ3AXX14m9fOie1Es3do0yjBDFo7gGE7BhUuowDVUoQYUAniEZ3hBA/SEXtHbrDWD5jOH8Afo/QcazZDI</latexit>�5

<latexit sha1_base64="37AQ1vMzS2nDtCI+EfSoFrUlaaQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V22S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+LU41K</latexit>

(c)

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="fIhw5RPSV4ZHAyGm8zQcmtFue6Q=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRahXspuQe2x4MVjRfsB7VKy2WwbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxLOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpOFaFtEvNY9QKsKWeStg0znPYSRbEIOO0Gk9u5332iSrNYPpppQn2BR5JFjGBjpYdqeDksV9yauwBaJ15OKpCjNSx/DcKYpIJKQzjWuu+5ifEzrAwjnM5Kg1TTBJMJHtG+pRILqv1sceoMXVglRFGsbEmDFurviQwLracisJ0Cm7Fe9ebif14/NVHDz5hMUkMlWS6KUo5MjOZ/o5ApSgyfWoKJYvZWRMZYYWJsOiUbgrf68jrp1Gvede3qvl5pNvI4inAG51AFD26gCXfQgjYQGMEzvMKbw50X5935WLYWnHzmFP7A+fwBjNiNSw==</latexit>

(d)

Figura 1.11: Regions corresponents al problema P1.7.

S1.8 Vegeu la figura 1.12. És útil recordar que |z − z′| és la distància d(z, z′).
A l’apartat (b) obtenim la regió definida pels punts que estan a la dreta
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de la corba definida per

x2

(1/2)2
− y2

(
√
15/2)2

= 1,

que correspon a una hipèrbola de semieix menor 1/2, semieix major√
15/2 i centrada a l’origen, tal com indica la figura 1.12.

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="B2cf7+BEKuQJ/mIciKJVLLkiO/c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHV5O8cYdSsUjc6GGMXkh6ggWMEm2sKuvkC07Rmcr+C+4cCpfv4+rX/eG40sl/tLsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zx8bp2kEkzRPanro/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4sp/oX5adM+LZ1WnUC7BTFk4gCM4ARcuoAzXUIEaUEB4gCd4tm6tR+vFep2VZqx5zz78kvX2DZcDkTU=</latexit>

i

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="Rn9h6TGaf8FwLyZQz3eZlc3NwA8=">AAAB9HicbVDJSgNBEK2JWxK3qBfBS2MQPMWZQDQXIejFYwSzQDKEnk5P0qRnSXdPYBwC/oUXD4p49eCneBP8GDvLQRMfFDzeq6KqnhNyJpVpfhmpldW19Y10Jru5tb2zm9vbr8sgEoTWSMAD0XSwpJz5tKaY4rQZCoo9h9OGM7ie+I0RFZIF/p2KQ2p7uOczlxGstGTHl205FCqxSuOzYieXNwvmFGiZWHOSrxzef2cePq6qndxnuxuQyKO+IhxL2bLMUNkJFooRTsfZdiRpiMkA92hLUx97VNrJ9OgxOtFKF7mB0OUrNFV/TyTYkzL2HN3pYdWXi95E/M9rRcot2wnzw0hRn8wWuRFHKkCTBFCXCUoUjzXBRDB9KyJ9LDBROqesDsFafHmZ1IsF67xQutVplGGGNBzBMZyCBRdQgRuoQg0IDOERnuHFGBlPxqvxNmtNGfOZA/gD4/0HRq+Uvg==</latexit>

y =
p

15/2

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

Figura 1.12: Regions corresponents al problema P1.8.

S1.9 (a) |z − i| ≤ 1

(b) |z + 2i|+ |z − 2i| = 10

(c) |z + 1|2 = 5

S1.10 Si z = reiθ, el nombre eiϕz = rei(ϕ+θ) és el nombre z girat un angle ϕ al
voltant de l’origen.

S1.11 (a) Traiem factor comú la z1 dins dels mòduls a banda i banda i obtenim
|z1(1 + z)| = |z1(1 − z)|, on definim z = z2/z1. Com que el mòdul del
producte de nombres complexos és el producte de mòduls, |z1||1 + z| =
|z1||1− z|, és a dir, |1+ z| = |1− z|, ja que z1 ̸= 0. Elevant al quadrat la
banda esquerra obtenim |1 + z|2 = (1 + z∗)(1 + z) = 1 + |z|2 + z + z∗, i
fent el mateix amb la dreta, |1− z|2 = (1− z∗)(1− z) = 1+ |z|2− z− z∗.
Igualant, concloem que Re z = 0, és a dir, z = z1/z2 és imaginari.

(b) Si z és imaginari, aleshores en forma polar z = r e±iπ/2 per a algun r
i per tant, z2 = r e±iπ/2z1. És a dir, l’argument de z2 difereix ±π/2 del
de z1.

S1.12 Notem que si a i b són dos nombres reals positius, a ≤ b ⇔ a2 ≤ b2. Per
tant,

|x|+ |y| ≤
√
2|x+ iy| ⇔ x2 + y2 + 2|x| |y| ≤ 2x2 + 2y2

⇔ 0 ≤ x2 + y2 − 2|x||y| = (|x| − |y|)2,
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que és clarament cert.

En coordenades polars:

|r cos θ|+ |r sin θ| ≤
√
2r ⇔ r2 + 2r2| cos θ sin θ| ≤ 2r2

⇔ 0 ≤ r2 (1− | sin(2θ)|) ,

que també és clarament cert.

S1.13 Recordem, equació (1.8), que l’argument principal d’un nombre com-
plex w és Arg(w) = arctan(Imw/Rew)+ kπ on k = 0,±1, depenent del
quadrant on sigui w. Com que z pertany a la circumferència de radi 1
centrada a z0 = 1, tenim que |z − 1| = 1 ⇒ z − 1 = eiθ. Aix́ı
doncs, arg(z − 1) = θ, que és a l’interval −π < θ ≤ π. D’altra banda, si
z = reiϕ tenim arg(z) = ϕ amb −π/2 < ϕ ≤ π/2 (vegeu la figura 1.13).
La relació entre θ i ϕ (arguments de z − 1 i z, respectivament) es pot
trobar fàcilment, ja que reiϕ = z = 1 + cos θ + i sin θ, i per tant,

tanϕ = tan[arg(z)] =
Im z

Re z
=

sin θ

1+cos θ
=

2 sin(θ/2) cos(θ/2)

2 cos2(θ/2)
= tan(θ/2),

és a dir, ϕ = θ/2 + kπ, amb k = 0,±1 (ambigüitat de la tangent), però
de la figura es dedueix que k = 0, ja que quan θ es mou a l’interval
(−π, π], ϕ ho fa a l’interval (−π/2, π/2]. Per tant, ϕ = θ/2, és a dir,
2Arg(z) = Arg(z − 1). Notem que la igualtat ϕ = θ/2 també es pot
obtenir a partir de consideracions geomètriques, ja que el paral·lelogram
de vèrtexs 0, 1, z, z−1 és un rombe amb els quatre costats iguals a 1. La
segona igualtat s’obté observant que

arg(z2 − z) = arg z(z − 1) = arg(z) + arg(z − 1)

= ϕ+ θ =
3

2
θ =

3

2
arg(z − 1).

<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="NmyDI47+4hFWrFBvfmQY3/zVrxw=">AAAB/3icbVC7SgNBFJ31GeNrVUhjMxiE2IRdwZgyIIJlBPOAZFlmJ7PJkNmZZWZWiGsK/8LKwsZCEVt/w070Y5w8Ck08cOFwzr3ce08QM6q043xaC4tLyyurmbXs+sbm1ra9s1tXIpGY1LBgQjYDpAijnNQ01Yw0Y0lQFDDSCPpnI79xTaSigl/pQUy8CHU5DSlG2ki+nUvbGDF4PvTbJFaUCV648Z0j3847RWcMOE/cKclXcvHD/fdXuerbH+2OwElEuMYMKdVynVh7KZKaYkaG2XaiSIxwH3VJy1COIqK8dHz/EB4apQNDIU1xDcfq74kURUoNosB0Rkj31Kw3Ev/zWokOy15KeZxowvFkUZgwqAUchQE7VBKs2cAQhCU1t0LcQxJhbSLLmhDc2ZfnSf246JaKJ5cmjRKYIAP2wQEoABecggq4AFVQAxjcgkfwDF6sO+vJerXeJq0L1nRmD/yB9f4DX2iZZA==</latexit>E✏(z0)

<latexit sha1_base64="o1WpUgJrZosVdV+kaJYLeAma4cM=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkVw5JP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPw8yQYA==</latexit>x0

<latexit sha1_base64="Wnvkj5CjupT1pEBOU15KotrzqhI=">AAAB6nicbVDLSsNAFL2pr1pfqe50M1gEVyURWl0W3LisaB/QhjKZTtqhk0mYmQgh9BO6caGIWz/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1vf2NzKbxd2dvf2D+ziYVNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh66rceqFQsEvc6jakX4oFgASNYG+ku7Tk9u+SUnRnQKnEXpFQrTuzv44/3es/+7PYjkoRUaMKxUh3XibWXYakZ4XRc6CaKxpiM8IB2DBU4pMrLZqeO0ZlR+iiIpCmh0Uz9PZHhUKk09E1niPVQLXtT8T+vk+jgysuYiBNNBZkvChKOdISmf6M+k5RonhqCiWTmVkSGWGKiTToFE4K7/PIqaV6U3Wq5cmvSqMIceTiBUzgHFy6hBjdQhwYQGMAEnuDZ4taj9WK9zltz1mLmCP7AevsBr4OREA==</latexit>y0 <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓
<latexit sha1_base64="tx7+qckNmfZ36K9PHZnumypBi+w=">AAAB63icbVA9SwNBEJ2LXzF+XbTTZjEIVuFOMFoGbCwjmA9IjrC32cst2b07dveEcOQnaGOhiK29f8PWzh9i716SQhMfDDzem2Fmnp9wprTjfFmFldW19Y3iZmlre2d3zy7vt1ScSkKbJOax7PhYUc4i2tRMc9pJJMXC57Ttj65yv31HpWJxdKvHCfUEHkYsYATrXOolIevbFafqTIGWiTsnlXr53v4+/Hhv9O3P3iAmqaCRJhwr1XWdRHsZlpoRTielXqpogskID2nX0AgLqrxseusEnRhlgIJYmoo0mqq/JzIslBoL33QKrEO16OXif1431cGll7EoSTWNyGxRkHKkY5Q/jgZMUqL52BBMJDO3IhJiiYk28ZRMCO7iy8ukdVZ1a9XzG5NGDWYowhEcwym4cAF1uIYGNIFACA/wBM+WsB6tF+t11lqw5jMH8AfW2w+3WZGv</latexit>

�
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

x

<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1 <latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="tnyHv/QyW0rWRv7hifcfeieDOls=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2A9sQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpUaAmVCkUelCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfra4eEYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMn+fDLlCZsTUEsoUt7cSNqaKMmNDKtkQvNWX10m7VvXq1av7WqVRz+MowhmcwyV4cA0NuIMmtICBhGd4hTdHOy/Ou/OxbC04+cwp/IHz+QOAWJDH</latexit>

les arrels
<latexit sha1_base64="bN7MVkeIpKyYSZrZOLapfHDtmxQ=">AAAB83icbVDLSgMxFM3UV62vqks3wSK4KjMFq8uCG5cV7APaoWTSO21okhnyKJShv+HGhSJu/Rl3/o1pOwttPXAvh3PuJTcnSjnTxve/vcLW9s7uXnG/dHB4dHxSPj1r68QqCi2a8ER1I6KBMwktwwyHbqqAiIhDJ5rcL/zOFJRmiXwysxRCQUaSxYwS46Q+J1jD1DUryKBc8av+EniTBDmpoBzNQfmrP0yoFSAN5UTrXuCnJsyIMoxymJf6VkNK6ISMoOeoJAJ0mC1vnuMrpwxxnChX0uCl+nsjI0LrmYjcpCBmrNe9hfif17MmvgszJlNrQNLVQ7Hl2CR4EQAeMgXU8JkjhCrmbsV0TBShxsVUciEE61/eJO1aNahXbx5rlUY9j6OILtAlukYBukUN9ICaqIUoStEzekVvnvVevHfvYzVa8PKdc/QH3ucPmpmRYA==</latexit>

la seva suma

<latexit sha1_base64="C4EZ0fB1G97pKfdFb+kqFP6EUMg=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbsHoRCl48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/lVeduoDsoVt+YugNaJl5MK5GgNyl/9YUxSQaUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SiQXVQbY4doYurDJEUaxsSYMW6u+JDAutpyK0nQKbsV715uJ/Xi810U2QMZmkhkqyXBSlHJkYzT9HQ6YoMXxqCSaK2VsRGWOFibH5lGwI3urL66Rdr3mN2tVDvdJs5HEU4QzO4RI8uIYm3EMLfCDA4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCHxY3R</latexit>

n = 6

Figura 1.13: Relació entre els arguments de z i z − 1 del problema P1.13.
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S1.14 En forma binomial,

(r1 cos θ1 + r2 cos θ2) + i(r1 sin θ1 + r2 sin θ2) = r cos θ + ir sin θ.

Si igualem els mòduls al quadrat obtenim

r2 = (r1 cos θ1 + r2 cos θ2)
2 + (r1 sin θ1 + r2 sin θ2)

2

= r21 + r22 + 2r1r2 cos(θ1 − θ2),

on hem utilitzat la identitat cos(a+ b) = cos a cos b− sin a sin b.

L’expressió per a θ s’obté trivialment, a partir de

θ = arctan

[
Im(reiθ)

Re(reiθ)

]
.

S1.15 Si z1, z2, i z3 pertanyen a una circumferència amb un cert radi r i centrada
en un cert z0, és a dir, definida per

|z − z0|2 = (z∗ − z∗0)(z − z0) = r2, (1.16)

aleshores necessàriament es compleix

|z1 − z0|2 = r2, (1.17)

|z2 − z0|2 = r2, (1.18)

|z3 − z0|2 = r2. (1.19)

Per trobar una equació de la circumferència on només intervinguin z1, z2 i
z3, hem d’escriure les igualtats anteriors en la forma z−z0 = r2/(z∗−z∗0)
i restar (1.17) de (1.16). D’aquesta manera obtenim

z − z1 = r2
z∗1 − z∗

(z∗ − z∗0)(z1 − z0)
⇒ z − z1

z∗ − z∗1
=

−r2

(z∗ − z∗0)(z1 − z0)
.

Similarment, si restem (1.18) de (1.16) obtenim

z − z2
z∗ − z∗2

=
−r2

(z∗ − z∗0)(z2 − z0)
,

i si dividim les dues darreres equacions, arribem a

z − z1
(z − z1)∗

(z − z2)
∗

z − z2
=

z2 − z0
z1 − z0

.

Observem que la banda dreta d’aquesta equació no depèn de z. Això vol
dir que hauŕıem obtingut el mateix resultat usant z3 en lloc de z, és a
dir, (1.19) en lloc de (1.16). Aix́ı, arribem a l’equació següent, equivalent
a la de l’enunciat:

z − z1
(z − z1)∗

(z − z2)
∗

z − z2
=

z3 − z1
(z3 − z1)∗

(z3 − z2)
∗

z3 − z2
.
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S1.16 Si Sn =
∑n−1

k=0 w
k = 1+w +w2 + · · ·+wn−1, tenim wSn − Sn = wn − 1.

Aı̈llant Sn obtenim Sn = (wn − 1)/(w − 1). Com que wn = 1 i w ̸= 1,
arribem a Sn = 0. La figura 1.14 mostra el cas n = 6.

<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="NmyDI47+4hFWrFBvfmQY3/zVrxw=">AAAB/3icbVC7SgNBFJ31GeNrVUhjMxiE2IRdwZgyIIJlBPOAZFlmJ7PJkNmZZWZWiGsK/8LKwsZCEVt/w070Y5w8Ck08cOFwzr3ce08QM6q043xaC4tLyyurmbXs+sbm1ra9s1tXIpGY1LBgQjYDpAijnNQ01Yw0Y0lQFDDSCPpnI79xTaSigl/pQUy8CHU5DSlG2ki+nUvbGDF4PvTbJFaUCV648Z0j3847RWcMOE/cKclXcvHD/fdXuerbH+2OwElEuMYMKdVynVh7KZKaYkaG2XaiSIxwH3VJy1COIqK8dHz/EB4apQNDIU1xDcfq74kURUoNosB0Rkj31Kw3Ev/zWokOy15KeZxowvFkUZgwqAUchQE7VBKs2cAQhCU1t0LcQxJhbSLLmhDc2ZfnSf246JaKJ5cmjRKYIAP2wQEoABecggq4AFVQAxjcgkfwDF6sO+vJerXeJq0L1nRmD/yB9f4DX2iZZA==</latexit>E✏(z0)

<latexit sha1_base64="o1WpUgJrZosVdV+kaJYLeAma4cM=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkVw5JP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPw8yQYA==</latexit>x0

<latexit sha1_base64="Wnvkj5CjupT1pEBOU15KotrzqhI=">AAAB6nicbVDLSsNAFL2pr1pfqe50M1gEVyURWl0W3LisaB/QhjKZTtqhk0mYmQgh9BO6caGIWz/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1vf2NzKbxd2dvf2D+ziYVNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh66rceqFQsEvc6jakX4oFgASNYG+ku7Tk9u+SUnRnQKnEXpFQrTuzv44/3es/+7PYjkoRUaMKxUh3XibWXYakZ4XRc6CaKxpiM8IB2DBU4pMrLZqeO0ZlR+iiIpCmh0Uz9PZHhUKk09E1niPVQLXtT8T+vk+jgysuYiBNNBZkvChKOdISmf6M+k5RonhqCiWTmVkSGWGKiTToFE4K7/PIqaV6U3Wq5cmvSqMIceTiBUzgHFy6hBjdQhwYQGMAEnuDZ4taj9WK9zltz1mLmCP7AevsBr4OREA==</latexit>y0 <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓
<latexit sha1_base64="tx7+qckNmfZ36K9PHZnumypBi+w=">AAAB63icbVA9SwNBEJ2LXzF+XbTTZjEIVuFOMFoGbCwjmA9IjrC32cst2b07dveEcOQnaGOhiK29f8PWzh9i716SQhMfDDzem2Fmnp9wprTjfFmFldW19Y3iZmlre2d3zy7vt1ScSkKbJOax7PhYUc4i2tRMc9pJJMXC57Ttj65yv31HpWJxdKvHCfUEHkYsYATrXOolIevbFafqTIGWiTsnlXr53v4+/Hhv9O3P3iAmqaCRJhwr1XWdRHsZlpoRTielXqpogskID2nX0AgLqrxseusEnRhlgIJYmoo0mqq/JzIslBoL33QKrEO16OXif1431cGll7EoSTWNyGxRkHKkY5Q/jgZMUqL52BBMJDO3IhJiiYk28ZRMCO7iy8ukdVZ1a9XzG5NGDWYowhEcwym4cAF1uIYGNIFACA/wBM+WsB6tF+t11lqw5jMH8AfW2w+3WZGv</latexit>

�
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

x

<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1 <latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="tnyHv/QyW0rWRv7hifcfeieDOls=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2A9sQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpUaAmVCkUelCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfra4eEYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMn+fDLlCZsTUEsoUt7cSNqaKMmNDKtkQvNWX10m7VvXq1av7WqVRz+MowhmcwyV4cA0NuIMmtICBhGd4hTdHOy/Ou/OxbC04+cwp/IHz+QOAWJDH</latexit>

les arrels
<latexit sha1_base64="bN7MVkeIpKyYSZrZOLapfHDtmxQ=">AAAB83icbVDLSgMxFM3UV62vqks3wSK4KjMFq8uCG5cV7APaoWTSO21okhnyKJShv+HGhSJu/Rl3/o1pOwttPXAvh3PuJTcnSjnTxve/vcLW9s7uXnG/dHB4dHxSPj1r68QqCi2a8ER1I6KBMwktwwyHbqqAiIhDJ5rcL/zOFJRmiXwysxRCQUaSxYwS46Q+J1jD1DUryKBc8av+EniTBDmpoBzNQfmrP0yoFSAN5UTrXuCnJsyIMoxymJf6VkNK6ISMoOeoJAJ0mC1vnuMrpwxxnChX0uCl+nsjI0LrmYjcpCBmrNe9hfif17MmvgszJlNrQNLVQ7Hl2CR4EQAeMgXU8JkjhCrmbsV0TBShxsVUciEE61/eJO1aNahXbx5rlUY9j6OILtAlukYBukUN9ICaqIUoStEzekVvnvVevHfvYzVa8PKdc/QH3ucPmpmRYA==</latexit>

la seva suma

<latexit sha1_base64="C4EZ0fB1G97pKfdFb+kqFP6EUMg=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbsHoRCl48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/lVeduoDsoVt+YugNaJl5MK5GgNyl/9YUxSQaUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SiQXVQbY4doYurDJEUaxsSYMW6u+JDAutpyK0nQKbsV715uJ/Xi810U2QMZmkhkqyXBSlHJkYzT9HQ6YoMXxqCSaK2VsRGWOFibH5lGwI3urL66Rdr3mN2tVDvdJs5HEU4QzO4RI8uIYm3EMLfCDA4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCHxY3R</latexit>

n = 6

Figura 1.14: Les arrels sisenes de la unitat i la seva suma.

S1.17 Les igualtats corresponen a les parts real i imaginària de

Sn+1(w)
def
=

n∑

k=0

wk = 1 + w + w2 + · · ·+ wn,

on w = eiθ. Procedint com en el problema anterior arribem a

Sn+1(w) =
wn+1 − 1

w − 1
=

ei(n+1)θ − 1

eiθ − 1
.

Aix́ı, doncs, només cal demostrar

Re

[
1− ei(n+1)θ

1− eiθ

]
=

sin
[(

n+1
2

)
θ
]

sin(θ/2)
cos(nθ/2),

Im

[
1− ei(n+1)θ

1− eiθ

]
=

sin
[(

n+1
2

)
θ
]

sin(θ/2)
sin(nθ/2).

Notem que

1−ei(n+1)θ

1− eiθ
=
1− ei(n+1)θ

1− eiθ
· 1 + e−iθ

1 + e−iθ
=

1 + e−iθ − ei(n+1)θ − einθ

−2i sin θ

=
1+cos θ−cos[(n+1)θ]−cosnθ−i{sin θ+sin[(n+1)θ]+sinnθ}

−2i sin θ
.
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Igualant les parts reals tenim

Re

[
1− ei(n+1)θ

1− eiθ

]
=

sin θ + sin[(n+ 1)θ] + sinnθ

2 sin θ

=
2 sin(θ/2) cos(θ/2) + 2 sin[(2n+ 1)θ/2] cos(θ/2)

2× 2 sin(θ/2) cos(θ/2)

=
sin(θ/2) + sin[(2n+ 1) θ/2]

2 sin(θ/2)
=

sin[(n+ 1) θ/2] cos(nθ/2)

sin(θ/2)
,

on hem usat les identitats trigonomètriques

sin a = 2 sin
(a
2

)
cos
(a
2

)
, sin a+ sin b = 2 sin

(
a+ b

2

)
cos

(
a− b

2

)
.

Similarment, igualant les parts imaginàries obtenim la segona igualtat.
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2 Funcions

2.1 Funcions de variable complexa

Definició 2.1 (Funció univaluada) Una funció f univaluada d’una variable com-
plexa és una aplicació d’un conjunt D (⊂ C) a C,

C ⊃ D
f−→ C

z −→ w = f(z).

Habitualment, la variable es designa per z = x + iy, i la imatge per w =
f(z) = u(x, y) + iv(x, y) o, simplement, w = u + iv. Les funcions u i v són
funcions reals de les dues variables reals x i y, és a dir,

u : R2 −→ R
(x, y) −→ u = u(x, y)

v : R2 −→ R
(x, y) −→ v = v(x, y).

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y <latexit sha1_base64="F4UhSp6hzp/hNcz/2/V/Rk5+F/k=">AAAB7nicbVC7SgNBFL0bXzG+NtppMxgEQQi7gtFGCNhYRjAPSJYwO5lNhszOLjOzYlzyCRY2ForYWvobtnZ+iL2TR6GJBy4czrmXe+/xY86UdpwvK7OwuLS8kl3Nra1vbG7Z+e2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xciv31CpWCSu9SCmXoi7ggWMYG2k+t357RFDg7ZdcIrOGGieuFNSKOfv7e/dj/dK2/5sdSKShFRowrFSTdeJtZdiqRnhdJhrJYrGmPRxlzYNFTikykvH5w7RgVE6KIikKaHRWP09keJQqUHom84Q656a9Ubif14z0cGZlzIRJ5oKMlkUJBzpCI1+Rx0mKdF8YAgmkplbEelhiYk2CeVMCO7sy/Okdlx0S8WTK5NGCSbIwh7swyG4cApluIQKVIFAHx7gCZ6t2Hq0XqzXSWvGms7swB9Ybz9Mu5KM</latexit>

z = x + iy

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="EdFC8vx97/mR7GcBMS9ntKbcR+8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVpJPLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0HKu6Q4Q==</latexit>u

<latexit sha1_base64="W4TWS5QxXXmx03RFVbij1WMBk8g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmYDYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CmwlgyrLJQhLLhUoWCB1jVXAtsRBKp7wqsu4PrSV4folQ8DG71KMK2T3sB9zij2liVYSebswv2VGQZnDnkrt7z3x8PrdNyJ/vZ6oYs9jHQTFClmo4d6XZCpeZM4DjTihVGlA1oD5sGA+qjaifTQcfkxDhd4oXSvECTqfu7I6G+UiPfNZU+1X21mE3M/7JmrL3LdsKDKNYYsNlHXiyIDslka9LlEpkWIwOUSW5mJaxPJWXa3CZjjuAsrrwMtbOCUyycV+xcqQgzpeEIjiEPDlxACW6gDFVggHAPT/Bs3VmP1ov1OitNWfOeQ/gj6+0HLHKQ4g==</latexit>v
<latexit sha1_base64="lswfibJ8QG8aFM778iLscHTJKmI=">AAAB7XicbZDLSgMxFIbPeK310qoLF26CRRCEMiNYdSEW3LisYC/QDiWTZtrYzGRIMpUy9B3cuFDErS/jyoXg09T0stDWHwIf/38OOed4EWdK2/a3tbC4tLyymlpLr29sbmWy2zsVJWJJaJkILmTNw4pyFtKyZprTWiQpDjxOq173epRXe1QqJsI73Y+oG+B2yHxGsDZW5eEyPma9ZjZn5+2x0Dw4U8hdDfc+LoZfmVIz+9loCRIHNNSEY6Xqjh1pN8FSM8LpIN2IFY0w6eI2rRsMcUCVm4ynHaBD47SQL6R5oUZj93dHggOl+oFnKgOsO2o2G5n/ZfVY++duwsIo1jQkk4/8mCMt0Gh11GKSEs37BjCRzMyKSAdLTLQ5UNocwZldeR4qJ3mnkD+9tXPFAkyUgn04gCNw4AyKcAMlKAOBe3iEZ3ixhPVkvVpvk9IFa9qzC39kvf8A9+iTIQ==</latexit>

w = u + iv

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="EdFC8vx97/mR7GcBMS9ntKbcR+8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVpJPLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0HKu6Q4Q==</latexit>u

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="cB6fTfUHfZaQw0O7JRJlDXihwG8=">AAAB+nicbVC7SgNBFJ2NrxhfGy1tFoMQm7ArGG3EgI1lBPOAJITZyWwyZHZmmbmrhjXf4BfYWChia2nlJ9j5IfZOHoUmHrhwOOde7r3HjzjT4LpfVmphcWl5Jb2aWVvf2Nyys9tVLWNFaIVILlXdx5pyJmgFGHBajxTFoc9pze+fj/zaNVWaSXEFg4i2QtwVLGAEg5HadjY+bYa+vE2IFBqwgGHbzrkFdwxnnnhTkjt7z39/3DcPym37s9mRJA6pAMKx1g3PjaCVYAWMcDrMNGNNI0z6uEsbhgocUt1KxqcPnX2jdJxAKlMCnLH6eyLBodaD0DedIYaenvVG4n9eI4bgpJUwEcVABZksCmLugHRGOTgdpigBPjAEE8XMrQ7pYYUJmLQyJgRv9uV5Uj0seMXC0aWbKxXRBGm0i/ZQHnnoGJXQBSqjCiLoBj2gJ/Rs3VmP1ov1OmlNWdOZHfQH1tsPTiOYYw==</latexit>

u = constant

<latexit sha1_base64="W4TWS5QxXXmx03RFVbij1WMBk8g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmYDYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CmwlgyrLJQhLLhUoWCB1jVXAtsRBKp7wqsu4PrSV4folQ8DG71KMK2T3sB9zij2liVYSebswv2VGQZnDnkrt7z3x8PrdNyJ/vZ6oYs9jHQTFClmo4d6XZCpeZM4DjTihVGlA1oD5sGA+qjaifTQcfkxDhd4oXSvECTqfu7I6G+UiPfNZU+1X21mE3M/7JmrL3LdsKDKNYYsNlHXiyIDslka9LlEpkWIwOUSW5mJaxPJWXa3CZjjuAsrrwMtbOCUyycV+xcqQgzpeEIjiEPDlxACW6gDFVggHAPT/Bs3VmP1ov1OitNWfOeQ/gj6+0HLHKQ4g==</latexit>v

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

Figura 2.1: La funció f transforma el punt indicat del pla z en el corresponent w = f(z) del
pla w. La correspondència s’indica amb una fletxa.

El subconjunt D (⊂ C) s’anomena domini de definició 1 de f . Veiem, doncs,
que una funció2 f associa a punts del pla C original (és costum referir-s’hi
com el “pla z”) punts del pla C (habitualment anomenat “pla w”). Podem
visualitzar f com una aplicació del pla z al pla w assenyalant amb una fletxa la
correspondència entre els diversos punts, tal com s’il·lustra a la figura 2.1.

1Cal no confondre domini (conjunt obert i connex) amb domini de definició d’una funció.
2Per definició, una funció és univaluada perquè és una aplicació. Per aquest motiu, nor-

malment ometrem el qualificatiu univaluada, llevat que pugui haver-hi confusió, ja que a la
secció 2.3 definirem funció multivaluada.



28 Materials Emili Bagan, Antoni Méndez i Oriol Pujolàs

<latexit sha1_base64="O9/xXDbco2nOAybNZOV1dYt/mB0=">AAAB6HicbVDLSgNBEOyNrxhf0Ry9LIaAp7ArqDkGvHhMwDwgWWR20knGzM4uM7PCsuTmzYsHRbz6MX6AN/0Av8APcPI4aGJBQ1HVTXeXH3GmtON8WJmV1bX1jexmbmt7Z3cvv3/QVGEsKTZoyEPZ9olCzgQ2NNMc25FEEvgcW/7oYuK3blEqFoornUToBWQgWJ9Roo1UT67zRafsTGEvE3dOitVC6e777euzdp1/7/ZCGgcoNOVEqY7rRNpLidSMchznurHCiNARGWDHUEECVF46PXRsl4zSs/uhNCW0PVV/T6QkUCoJfNMZED1Ui95E/M/rxLpf8VImolijoLNF/ZjbOrQnX9s9JpFqnhhCqGTmVpsOiSRUm2xyJgR38eVl0jwpu2fl07pJowIzZOEQjuAYXDiHKlxCDRpAAeEeHuHJurEerGfrZdaaseYzBfgD6/UH4oyRbw==</latexit>y

<latexit sha1_base64="mg7z9ubxA8yVBAnm4biaIyMHZto=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgI1lAuYCSQizk7PJmNnZZWZWDEtKKxsLRWx9ilQ+hJ3P4Es4uRSa+MPAx/+fw5xzvIgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7KukcUciawopnmWI8kksDjWPP6V+O8dodSsVDc6EGErYB0BfMZJdpY5ft2NufknYnsRXBnkLv8GJW/Hw5HpXb2s9kJaRyg0JQTpRquE+lWQqRmlOMw04wVRoT2SRcbBgUJULWSyaBD+9g4HdsPpXlC2xP3d0dCAqUGgWcqA6J7aj4bm/9ljVj7hVbCRBRrFHT6kR9zW4f2eGu7wyRSzQcGCJXMzGrTHpGEanObjDmCO7/yIlRP8+55/qzs5IoFmCoNB3AEJ+DCBRThGkpQAQoIj/AML9at9WS9Wm/T0pQ169mHP7LefwCtv5FE</latexit>x

<latexit sha1_base64="ziVh4iEzlRdKG7xivXKN9p6xHfg=">AAAB7HicbVDLSgNBEOz1mcRX1IvgZTAInuJuQM1FCHrxGMFNAskSZiezyZDZ2WVmVoxLwD/w4kERr36An+JN8GOcPA6aWNBQVHXT3eXHnClt21/WwuLS8spqJptbW9/Y3Mpv79RUlEhCXRLxSDZ8rChngrqaaU4bsaQ49Dmt+/3LkV+/pVKxSNzoQUy9EHcFCxjB2kju3blzXGrnC3bRHgPNE2dKCpW9++/sw8dFtZ3/bHUikoRUaMKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DRU4pMpLx8cO0aFROiiIpCmh0Vj9PZHiUKlB6JvOEOuemvVG4n9eM9FB2UuZiBNNBZksChKOdIRGn6MOk5RoPjAEE8nMrYj0sMREm3xyJgRn9uV5UisVndPiybVJowwTZGAfDuAIHDiDClxBFVwgwOARnuHFEtaT9Wq9TVoXrOnMLvyB9f4D+EeRGg==</latexit>

x = 1/2

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y <latexit sha1_base64="F4UhSp6hzp/hNcz/2/V/Rk5+F/k=">AAAB7nicbVC7SgNBFL0bXzG+NtppMxgEQQi7gtFGCNhYRjAPSJYwO5lNhszOLjOzYlzyCRY2ForYWvobtnZ+iL2TR6GJBy4czrmXe+/xY86UdpwvK7OwuLS8kl3Nra1vbG7Z+e2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xciv31CpWCSu9SCmXoi7ggWMYG2k+t357RFDg7ZdcIrOGGieuFNSKOfv7e/dj/dK2/5sdSKShFRowrFSTdeJtZdiqRnhdJhrJYrGmPRxlzYNFTikykvH5w7RgVE6KIikKaHRWP09keJQqUHom84Q656a9Ubif14z0cGZlzIRJ5oKMlkUJBzpCI1+Rx0mKdF8YAgmkplbEelhiYk2CeVMCO7sy/Okdlx0S8WTK5NGCSbIwh7swyG4cApluIQKVIFAHx7gCZ6t2Hq0XqzXSWvGms7swB9Ybz9Mu5KM</latexit>

z = x + iy

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="EdFC8vx97/mR7GcBMS9ntKbcR+8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVpJPLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0HKu6Q4Q==</latexit>u

<latexit sha1_base64="W4TWS5QxXXmx03RFVbij1WMBk8g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmYDYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CmwlgyrLJQhLLhUoWCB1jVXAtsRBKp7wqsu4PrSV4folQ8DG71KMK2T3sB9zij2liVYSebswv2VGQZnDnkrt7z3x8PrdNyJ/vZ6oYs9jHQTFClmo4d6XZCpeZM4DjTihVGlA1oD5sGA+qjaifTQcfkxDhd4oXSvECTqfu7I6G+UiPfNZU+1X21mE3M/7JmrL3LdsKDKNYYsNlHXiyIDslka9LlEpkWIwOUSW5mJaxPJWXa3CZjjuAsrrwMtbOCUyycV+xcqQgzpeEIjiEPDlxACW6gDFVggHAPT/Bs3VmP1ov1OitNWfOeQ/gj6+0HLHKQ4g==</latexit>v
<latexit sha1_base64="lswfibJ8QG8aFM778iLscHTJKmI=">AAAB7XicbZDLSgMxFIbPeK310qoLF26CRRCEMiNYdSEW3LisYC/QDiWTZtrYzGRIMpUy9B3cuFDErS/jyoXg09T0stDWHwIf/38OOed4EWdK2/a3tbC4tLyymlpLr29sbmWy2zsVJWJJaJkILmTNw4pyFtKyZprTWiQpDjxOq173epRXe1QqJsI73Y+oG+B2yHxGsDZW5eEyPma9ZjZn5+2x0Dw4U8hdDfc+LoZfmVIz+9loCRIHNNSEY6Xqjh1pN8FSM8LpIN2IFY0w6eI2rRsMcUCVm4ynHaBD47SQL6R5oUZj93dHggOl+oFnKgOsO2o2G5n/ZfVY++duwsIo1jQkk4/8mCMt0Gh11GKSEs37BjCRzMyKSAdLTLQ5UNocwZldeR4qJ3mnkD+9tXPFAkyUgn04gCNw4AyKcAMlKAOBe3iEZ3ixhPVkvVpvk9IFa9qzC39kvf8A9+iTIQ==</latexit>

w = u + iv

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="EdFC8vx97/mR7GcBMS9ntKbcR+8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVpJPLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0HKu6Q4Q==</latexit>u

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="cB6fTfUHfZaQw0O7JRJlDXihwG8=">AAAB+nicbVC7SgNBFJ2NrxhfGy1tFoMQm7ArGG3EgI1lBPOAJITZyWwyZHZmmbmrhjXf4BfYWChia2nlJ9j5IfZOHoUmHrhwOOde7r3HjzjT4LpfVmphcWl5Jb2aWVvf2Nyys9tVLWNFaIVILlXdx5pyJmgFGHBajxTFoc9pze+fj/zaNVWaSXEFg4i2QtwVLGAEg5HadjY+bYa+vE2IFBqwgGHbzrkFdwxnnnhTkjt7z39/3DcPym37s9mRJA6pAMKx1g3PjaCVYAWMcDrMNGNNI0z6uEsbhgocUt1KxqcPnX2jdJxAKlMCnLH6eyLBodaD0DedIYaenvVG4n9eI4bgpJUwEcVABZksCmLugHRGOTgdpigBPjAEE8XMrQ7pYYUJmLQyJgRv9uV5Uj0seMXC0aWbKxXRBGm0i/ZQHnnoGJXQBSqjCiLoBj2gJ/Rs3VmP1ov1OmlNWdOZHfQH1tsPTiOYYw==</latexit>

u = constant

<latexit sha1_base64="W4TWS5QxXXmx03RFVbij1WMBk8g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmYDYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CmwlgyrLJQhLLhUoWCB1jVXAtsRBKp7wqsu4PrSV4folQ8DG71KMK2T3sB9zij2liVYSebswv2VGQZnDnkrt7z3x8PrdNyJ/vZ6oYs9jHQTFClmo4d6XZCpeZM4DjTihVGlA1oD5sGA+qjaifTQcfkxDhd4oXSvECTqfu7I6G+UiPfNZU+1X21mE3M/7JmrL3LdsKDKNYYsNlHXiyIDslka9LlEpkWIwOUSW5mJaxPJWXa3CZjjuAsrrwMtbOCUyycV+xcqQgzpeEIjiEPDlxACW6gDFVggHAPT/Bs3VmP1ov1OitNWfOeQ/gj6+0HLHKQ4g==</latexit>v

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

Figura 2.2: La funció f(z) = z2 transforma les dues branques de la hipèrbola x2− y2 = const.
en la recta u = const.

No és possible una representació gràfica d’aquesta associació que sigui una
generalització del concepte de gràfica d’una funció real d’una variable real, ja
que ens caldria un espai de dimensió quatre. Una possibilitat seria representar
gràficament les funcions u(x, y) i v(x, y), però és molt més il·lustratiu representar
ĺınies en el pla z i les seves transformades per f en el pla w, com es mostra en
l’exemple següent.

Exemple 2.1 Considerem la funció f(z) = z2. Per a aquesta funció tenim
u = x2 − y2 i v = 2xy, ja que

f(z) = (x+ iy)2 = x2 − y2 + i 2xy.

Les ĺınies u = const. en el pla w (vegeu-ne un exemple a la figura 2.2) corresponen
a les hipèrboles x2 − y2 = const. del pla z.

Una altra forma de visualitzar la funció és observar com f transforma regions
(bidimensionals) del pla z en regions del pla w. Això s’il·lustra en l’exemple
següent, que és una continuació de l’exemple 2.1.

Exemple 2.2 Per a la funció f(z) = z2 veiem que les ĺınies v = const. són les
hipèrboles 2xy = const., assenyalades amb traç puntejat (· · · · · ·) a la figura 2.3.
Aix́ı doncs, les regions ombrejades del pla z de la mateixa figura, els punts de les
quals es caracteritzen per estar compresos entre dues ĺınies del tipus u = const.
i dues del tipus v = const., tenen per imatge la regió rectangular del pla w que
s’indica.
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<latexit sha1_base64="EdFC8vx97/mR7GcBMS9ntKbcR+8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVpJPLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0HKu6Q4Q==</latexit>u

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z <latexit sha1_base64="W4TWS5QxXXmx03RFVbij1WMBk8g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmYDYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CmwlgyrLJQhLLhUoWCB1jVXAtsRBKp7wqsu4PrSV4folQ8DG71KMK2T3sB9zij2liVYSebswv2VGQZnDnkrt7z3x8PrdNyJ/vZ6oYs9jHQTFClmo4d6XZCpeZM4DjTihVGlA1oD5sGA+qjaifTQcfkxDhd4oXSvECTqfu7I6G+UiPfNZU+1X21mE3M/7JmrL3LdsKDKNYYsNlHXiyIDslka9LlEpkWIwOUSW5mJaxPJWXa3CZjjuAsrrwMtbOCUyycV+xcqQgzpeEIjiEPDlxACW6gDFVggHAPT/Bs3VmP1ov1OitNWfOeQ/gj6+0HLHKQ4g==</latexit>v

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="EdFC8vx97/mR7GcBMS9ntKbcR+8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVpJPLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0HKu6Q4Q==</latexit>u

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z <latexit sha1_base64="W4TWS5QxXXmx03RFVbij1WMBk8g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmYDYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CmwlgyrLJQhLLhUoWCB1jVXAtsRBKp7wqsu4PrSV4folQ8DG71KMK2T3sB9zij2liVYSebswv2VGQZnDnkrt7z3x8PrdNyJ/vZ6oYs9jHQTFClmo4d6XZCpeZM4DjTihVGlA1oD5sGA+qjaifTQcfkxDhd4oXSvECTqfu7I6G+UiPfNZU+1X21mE3M/7JmrL3LdsKDKNYYsNlHXiyIDslka9LlEpkWIwOUSW5mJaxPJWXa3CZjjuAsrrwMtbOCUyycV+xcqQgzpeEIjiEPDlxACW6gDFVggHAPT/Bs3VmP1ov1OitNWfOeQ/gj6+0HLHKQ4g==</latexit>v

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

Figura 2.3: Les ĺınies discont́ınues (−−−) són les hipèrboles x2 − y2 = const. > 0 i les ĺınies
de punts (· · · · · · ), les hipèrboles xy = const. > 0. La funció f(z) = z2 transforma aquestes
ĺınies del pla z en les rectes del pla w que s’indiquen amb el mateix tipus de traç. Les dues
regions ombrejades del pla z es converteixen en l’únic rectangle ombrejat del pla w.

<latexit sha1_base64="EdFC8vx97/mR7GcBMS9ntKbcR+8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVpJPLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0HKu6Q4Q==</latexit>u

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z <latexit sha1_base64="W4TWS5QxXXmx03RFVbij1WMBk8g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmYDYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CmwlgyrLJQhLLhUoWCB1jVXAtsRBKp7wqsu4PrSV4folQ8DG71KMK2T3sB9zij2liVYSebswv2VGQZnDnkrt7z3x8PrdNyJ/vZ6oYs9jHQTFClmo4d6XZCpeZM4DjTihVGlA1oD5sGA+qjaifTQcfkxDhd4oXSvECTqfu7I6G+UiPfNZU+1X21mE3M/7JmrL3LdsKDKNYYsNlHXiyIDslka9LlEpkWIwOUSW5mJaxPJWXa3CZjjuAsrrwMtbOCUyycV+xcqQgzpeEIjiEPDlxACW6gDFVggHAPT/Bs3VmP1ov1OitNWfOeQ/gj6+0HLHKQ4g==</latexit>v

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="YgFh0FR7bqSyl387TOYqGD2ocI0=">AAAB6nicbVDJSgNBEK2JW4xbVPDipTEInuKMYMwx4MVjRLNAMoSeTk/SpKd76O4RwpBP8OLBBcGTX+RN9GPsLAdNfFDweK+KqnpBzJk2rvvpZJaWV1bXsuu5jc2t7Z387l5dy0QRWiOSS9UMsKacCVozzHDajBXFUcBpIxhcjv3GHVWaSXFrhjH1I9wTLGQEGyvdeKeqky+4RXcCtEi8GSlUDuK35++vcrWT/2h3JUkiKgzhWOuW58bGT7EyjHA6yrUTTWNMBrhHW5YKHFHtp5NTR+jYKl0USmVLGDRRf0+kONJ6GAW2M8Kmr+e9sfif10pMWPZTJuLEUEGmi8KEIyPR+G/UZYoSw4eWYKKYvRWRPlaYGJtOzobgzb+8SOpnRa9UPL+2aZRgiiwcwhGcgAcXUIErqEINCPTgHh7hyeHOg/PivE5bM85sZh/+wHn/AfsIkU8=</latexit>

1/r

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r

<latexit sha1_base64="EdFC8vx97/mR7GcBMS9ntKbcR+8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVpJPLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0HKu6Q4Q==</latexit>u

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z <latexit sha1_base64="W4TWS5QxXXmx03RFVbij1WMBk8g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmYDYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CmwlgyrLJQhLLhUoWCB1jVXAtsRBKp7wqsu4PrSV4folQ8DG71KMK2T3sB9zij2liVYSebswv2VGQZnDnkrt7z3x8PrdNyJ/vZ6oYs9jHQTFClmo4d6XZCpeZM4DjTihVGlA1oD5sGA+qjaifTQcfkxDhd4oXSvECTqfu7I6G+UiPfNZU+1X21mE3M/7JmrL3LdsKDKNYYsNlHXiyIDslka9LlEpkWIwOUSW5mJaxPJWXa3CZjjuAsrrwMtbOCUyycV+xcqQgzpeEIjiEPDlxACW6gDFVggHAPT/Bs3VmP1ov1OitNWfOeQ/gj6+0HLHKQ4g==</latexit>v

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="YgFh0FR7bqSyl387TOYqGD2ocI0=">AAAB6nicbVDJSgNBEK2JW4xbVPDipTEInuKMYMwx4MVjRLNAMoSeTk/SpKd76O4RwpBP8OLBBcGTX+RN9GPsLAdNfFDweK+KqnpBzJk2rvvpZJaWV1bXsuu5jc2t7Z387l5dy0QRWiOSS9UMsKacCVozzHDajBXFUcBpIxhcjv3GHVWaSXFrhjH1I9wTLGQEGyvdeKeqky+4RXcCtEi8GSlUDuK35++vcrWT/2h3JUkiKgzhWOuW58bGT7EyjHA6yrUTTWNMBrhHW5YKHFHtp5NTR+jYKl0USmVLGDRRf0+kONJ6GAW2M8Kmr+e9sfif10pMWPZTJuLEUEGmi8KEIyPR+G/UZYoSw4eWYKKYvRWRPlaYGJtOzobgzb+8SOpnRa9UPL+2aZRgiiwcwhGcgAcXUIErqEINCPTgHh7hyeHOg/PivE5bM85sZh/+wHn/AfsIkU8=</latexit>

1/r

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r
<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="zX5WuuK03DEUTF+YafsQAge/Vqo=">AAAB7nicbZC7SgNBFIbPeo3xkqiFhc1gEGwMu4JRKwM2lhHMBZIlzE5mkyGzF2bOCmHJQ9hYKGLrw1hZCD5NnFwKTfxh4OP/z2HOOV4shUbb/raWlldW19YzG9nNre2dXH53r6ajRDFeZZGMVMOjmksR8ioKlLwRK04DT/K6178Z5/UHrrSIwnscxNwNaDcUvmAUjVU/bWGPI23nC3bRnogsgjODwvXo4ONq9JWrtPOfrU7EkoCHyCTVuunYMbopVSiY5MNsK9E8pqxPu7xpMKQB1246GXdIjo3TIX6kzAuRTNzfHSkNtB4EnqkMKPb0fDY2/8uaCfqXbirCOEEesulHfiIJRmS8O+kIxRnKgQHKlDCzEtajijI0F8qaIzjzKy9C7azolIrnd3ahXIKpMnAIR3ACDlxAGW6hAlVg0IdHeIYXK7aerFfrbVq6ZM169uGPrPcfwlCTlw==</latexit>�✓

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

Figura 2.4: La funció f(z) = 1/z transforma l’exterior de la circumferència |z| = 1 (regió
ombrejada del pla z) en l’interior de la circumferència |w| = 1 (regió ombrejada del pla w).
La figura també mostra un punt del pla z, de coordenades r i θ, i la seva imatge per f .

2.2 Punt de l’infinit

Considerem la funció

f(z) =
1

z
=

1

r
e−iθ, on z = reiθ.

Veiem que f transforma la circumferència unitat |z| = 1 del pla z en ella
mateixa |w| = 1. Els punts exteriors al cercle unitat (|z| > 1) es transformen
per l’acció de f en punts del pla w interiors (|w| < 1) i a l’inrevés, punts interiors
en exteriors (vegeu la figura 2.4). En particular, com més distant de z = 0 és
un punt del pla z, més a prop de w = 0 és la seva imatge independentment de
la direcció en què ens allunyem de z = 0. L’antiimatge de w = 0 és el punt de
l’infinit ∞. Notem, doncs, que hi ha un únic infinit al pla complex que podem
descriure intüıtivament com l’horitzó “infinitament allunyat” del pla z. Aquest
únic punt de l’infinit compactifica el pla complex i li dona l’estructura topològica
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<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="iqGkZJPxZA7k5vf+qFeyR0mPRro=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXjxGMA/YLGF2MpsMmccyMyuGkM/w4kERr36NN//GSbIHTSxoKKq66e6KU86M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRmWa0BZRXOlujA3lTNKWZZbTbqopFjGnnXh8O/c7j1QbpuSDnaQ0EngoWcIItk4KU44RUSLl9KlfrvhVfwG0ToKcVCBHs1/+6g0UyQSVlnBsTBj4qY2mWFtGOJ2VepmhKSZjPKShoxILaqLp4uQZunDKACVKu5IWLdTfE1MsjJmI2HUKbEdm1ZuL/3lhZpObaMpkmlkqyXJRknFkFZr/jwZMU2L5xBFMNHO3IjLCGhPrUiq5EILVl9dJu1YN6tWr+1qlUc/jKMIZnMMlBHANDbiDJrSAgIJneIU3z3ov3rv3sWwtePnMKfyB9/kDRr2ROQ==</latexit>

pla complex

<latexit sha1_base64="3Vw13arRy2YD4gGGj9wyyN3zQkg=">AAAB+nicbVBNSwMxEM36WetXq0cvwSJ4KrsFq8eCF49V7Ae0S8lmZ9vQJLskWaWs/SlePCji1V/izX9j2u5BWx8MPN6bYWZekHCmjet+O2vrG5tb24Wd4u7e/sFhqXzU1nGqKLRozGPVDYgGziS0DDMcuokCIgIOnWB8PfM7D6A0i+W9mSTgCzKULGKUGCsNSmXQESiCQ8B3DASRVqu4VXcOvEq8nFRQjuag9NUPY5oKkIZyonXPcxPjZ0QZRjlMi/1UQ0LomAyhZ6kkArSfzU+f4jOrhDiKlS1p8Fz9PZERofVEBLZTEDPSy95M/M/rpSa68jMmk9SApItFUcqxifEsBxwyBdTwiSWEKmZvxXREFKHGplW0IXjLL6+Sdq3q1asXt7VKo57HUUAn6BSdIw9doga6QU3UQhQ9omf0it6cJ+fFeXc+Fq1rTj5zjP7A+fwBr+2Tmg==</latexit>

esfera de Riemann

Figura 2.5: Els punts del pla complex es corresponen biuńıvocament amb els d’una esfera.
El punt de l’infinit (és molt important observar que es tracta d’un únic punt) és el que es
correspon amb el “pol nord”.

de l’esfera S2. Una forma de visualitzar-ho és a través de l’esfera de Riemann
tal com es mostra a la figura 2.5. La ĺınia recta que uneix el “pol nord” amb un
punt del pla complex determina un únic punt de la superf́ıcie esfèrica i estableix
una correspondència biuńıvoca entre els punts de la superf́ıcie esfèrica i els del
pla, llevat del mateix “pol nord” que no té corresponent en el pla. De fet, el
seu corresponent al pla és l’infinit ∞. Notem que un “paral·lel” de l’esfera es
correspon amb un cercle (centrat a l’origen) del pla. Els punts que estan al costat
“sud” del “paral·lel” es corresponen amb els punts del pla interiors al cercle,
mentre que els que estan al “nord” del “paral·lel” es corresponen amb els punts
exteriors al cercle. D’altra banda, com més al “nord” se situa el “paral·lel” més
gran és el radi del cercle associat del pla. Aix́ı, al “casquet polar” infinitament
petit centrat al “pol nord” li correspon l’exterior d’un cercle infinitament gran
del pla, és a dir, l’infinit ∞ del pla complex.

Podem preguntar-nos per què a R parlem de dos infinits (−∞ i +∞) en
comptes d’un únic ∞ com en el pla complex. El motiu és que R és un cos
ordenat i fusionar els dos infinits trencaria aquesta propietat (d’una manera
intüıtiva, un únic infinit seria més gran i alhora més petit que tots els nombres
reals). Com que C no és un cos ordenat només parlem d’un únic ∞.

Aix́ı doncs, a C, “tendir a ∞” vol dir “fer el mòdul més i més gran”. Una
forma equivalent d’expressar-ho és que z → ∞ quan 1/z → 0. Això ens porta a
la definició següent.

Definició 2.2 Diem que

lim{zn} = ∞ si lim

{
1

zn

}
= 0.
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2.3 Funcions multivaluades i superf́ıcies de Riemann

La multiplicitat d’arguments d’un nombre complex (diferint entre ells en múlti-
ples enters de 2π) fa que algunes funcions prenguin més d’un valor en un mateix
punt. Les anomenem funcions multivaluades. Però, per definició, una funció
ha de ser univaluada (les funcions són aplicacions) i cal, per tant, convertir les
funcions multivaluades en univaluades. Una manera de fer-ho és estendre el seu
domini de definició combinant diverses còpies de C, la qual cosa ens portarà al
concepte de superf́ıcie de Riemann. L’altra manera de fer-ho és seleccionar un
dels valors que pren la funció, però això ens obligarà a introduir un tall de branca.
Normalment adoptarem aquest segon enfocament, però dedicarem aquesta secció
a descriure de forma intüıtiva les superf́ıcies de Riemann.

Un exemple senzill de funció multivaluada és la funció w =
√
z, que pren dos

valors en cada punt (diem, en aquest cas, que la funció és bivaluada). En efecte,
si z = reiθ tenim

w =
√
z =

√
r ei(

θ
2
+kπ) (amb k = 0, 1)

= ±√
r eiθ/2.

Podŕıem pensar que una manera d’obtenir una funció arrel quadrada univa-
luada és escollir un dels dos valors de k, per exemple k = 0 (en aquest cas, la
imatge de z seria w =

√
r eiθ/2), però no és tan senzill. Si partim de z i recorrem

una corba cont́ınua tancada que torni a z, és clar intüıtivament que poden passar
les dues coses esquematitzades a la figura 2.6:

I. Si la corba no envolta l’origen, al final del recorregut l’argument de z ha
tornat al seu valor inicial θ. Per tant, el valor de

√
z no ha canviat. Segueix

sent w =
√
r eiθ/2, consistentment amb l’elecció k = 0 que hem fet (corbes I

sobre els plans z i w de la figura 2.6).

II. Si la corba envolta l’origen, al final del recorregut l’argument de z s’ha
incrementat en 2π i

√
z ha passat a ser w′ =

√
r ei(θ+2π)/2 = −√

r eiθ/2

(corbes II sobre els plans z i w de la figura 2.6), és a dir, hem passat de
forma cont́ınua de l’arrel quadrada corresponent a k = 0 a la corresponent
a k = 1. Hem acabat amb dos valors diferents de

√
z.

Per tant, l’aparició del segon valor de
√
z es produeix quan el camı́ envolta

una vegada (o un nombre senar de vegades) l’origen i no es produeix quan no
l’envolta (o ho fa un nombre parell de vegades). L’origen, z = 0, s’anomena el
punt d’embrancament de la funció

√
z.

Si volem considerar només un dels valors mantenint la continüıtat al llarg
del recorregut hem d’impedir que les corbes tancades puguin envoltar el punt
d’embrancament. Això s’aconsegueix introduint un tall al llarg del semieix real
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<latexit sha1_base64="rlnwyI5IrX8ElL2yeBiDsOOYfOE=">AAAB+HicbVC7SkNBEN0bXzE+ErW0WQxCbMK9gtFGDNhYRjAPSGLYu5kkS/Y+2J0rJJd8gx9gY6GIrbWVn2Dnh9i7eRSaeGDgcM4MM3PcUAqNtv1lJZaWV1bXkuupjc2t7XRmZ7eig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9y7FfvQGkR+Dc4CKHpsa4vOoIzNFIrkx6eKwq3sWhgD5CNWpmsnbcnoIvEmZHsxXvu++O+cVRqZT4b7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M54cPqKHRmnTTqBM+Ugn6u+JmHlaDzzXdHoMe3reG4v/efUIO2fNWPhhhODz6aJOJCkGdJwCbQsFHOXAEMaVMLdS3mOKcTRZpUwIzvzLi6RynHcK+ZNrO1sskCmSZJ8ckBxxyCkpkitSImXCSUQeyBN5tobWo/VivU5bE9ZsZo/8gfX2AwQWlwg=</latexit>

z = rei✓

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r
<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="O6VmWeF2rTAo98PUsu43XYA/HhI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZ4BjMk=</latexit>

I

<latexit sha1_base64="4axqU+Z44GGI2kJ3KYjNGvMG8kY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtinlAEsLsZDYZMju7zPQKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSHZ8aLoXiTRQoeSfWnIa+5G1/cjv3209cGxGpR5zGvB/SkRKBYBSt9FCvD4olt+wuQNaJl5ESZGgMil+9YcSSkCtkkhrT9dwY+ynVKJjks0IvMTymbEJHvGupoiE3/XRx6YxcWGVIgkjbUkgW6u+JlIbGTEPfdoYUx2bVm4v/ed0Eg5t+KlScIFdsuShIJMGIzN8mQ6E5Qzm1hDIt7K2EjammDG04BRuCt/ryOmlVyl61fHVfKdWqWRx5OINzuAQPrqEGd9CAJjAI4Ble4c2ZOC/Ou/OxbM052cwp/IHz+QMx4Y0c</latexit>

II

<latexit sha1_base64="rlnwyI5IrX8ElL2yeBiDsOOYfOE=">AAAB+HicbVC7SkNBEN0bXzE+ErW0WQxCbMK9gtFGDNhYRjAPSGLYu5kkS/Y+2J0rJJd8gx9gY6GIrbWVn2Dnh9i7eRSaeGDgcM4MM3PcUAqNtv1lJZaWV1bXkuupjc2t7XRmZ7eig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9y7FfvQGkR+Dc4CKHpsa4vOoIzNFIrkx6eKwq3sWhgD5CNWpmsnbcnoIvEmZHsxXvu++O+cVRqZT4b7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M54cPqKHRmnTTqBM+Ugn6u+JmHlaDzzXdHoMe3reG4v/efUIO2fNWPhhhODz6aJOJCkGdJwCbQsFHOXAEMaVMLdS3mOKcTRZpUwIzvzLi6RynHcK+ZNrO1sskCmSZJ8ckBxxyCkpkitSImXCSUQeyBN5tobWo/VivU5bE9ZsZo/8gfX2AwQWlwg=</latexit>

z = rei✓
<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="O6VmWeF2rTAo98PUsu43XYA/HhI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZ4BjMk=</latexit>

I

<latexit sha1_base64="4axqU+Z44GGI2kJ3KYjNGvMG8kY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtinlAEsLsZDYZMju7zPQKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSHZ8aLoXiTRQoeSfWnIa+5G1/cjv3209cGxGpR5zGvB/SkRKBYBSt9FCvD4olt+wuQNaJl5ESZGgMil+9YcSSkCtkkhrT9dwY+ynVKJjks0IvMTymbEJHvGupoiE3/XRx6YxcWGVIgkjbUkgW6u+JlIbGTEPfdoYUx2bVm4v/ed0Eg5t+KlScIFdsuShIJMGIzN8mQ6E5Qzm1hDIt7K2EjammDG04BRuCt/ryOmlVyl61fHVfKdWqWRx5OINzuAQPrqEGd9CAJjAI4Ble4c2ZOC/Ou/OxbM052cwp/IHz+QMx4Y0c</latexit>

II

<latexit sha1_base64="HOH/I91+EEG5DoDLAJfk3Z4lXyY=">AAACAHicbVC7SgNBFJ31bXxttLCwGQyCVdwNGG0CARsrUTAayMYwO7kxg7MPZ+4qYdnGH/AjbCwUtfUbrOz8GyePQo0HLhzOuZd77/FjKTQ6zpc1MTk1PTM7N59bWFxaXrHzq2c6ShSHGo9kpOo+0yBFCDUUKKEeK2CBL+Hcvzro++c3oLSIwlPsxdAM2GUoOoIzNFLLXr+tePpaIVUULlLhYReQ7ZSyll1wis4AdJy4I1Ko5itH968LH8ct+9NrRzwJIEQumdYN14mxmTKFgkvIcl6iIWb8il1Cw9CQBaCb6eCBjG4ZpU07kTIVIh2oPydSFmjdC3zTGTDs6r9eX/zPayTY2W+mIowThJAPF3USSTGi/TRoWyjgKHuGMK6EuZXyLlOMo8ksZ0Jw/748Ts5KRbdc3D0xaZTJEHNkg2ySbeKSPVIlh+SY1AgnGXkgT+TZurMerRfrbdg6YY1m1sgvWO/fD0mZAA==</latexit>

w =
p

rei✓/2

<latexit sha1_base64="Kz954+WWT9t8rezV6JvdAJBTboQ=">AAACAnicbVDJSgNBEO2JW0xcRj2Jl0YRvRhnAi6XQMCLJ4lgVEhi6OlUkiY9i901ShiCF+9+hRcPLnj1Ezx582/sLAe3BwWP96qoqudFUmh0nE8rNTY+MTmVns5kZ2bn5u2FxVMdxopDmYcyVOce0yBFAGUUKOE8UsB8T8KZ1zno+2dXoLQIgxPsRlDzWSsQTcEZGqluL19vFLaq+lIhVRQuElHFNiDbzvfq9pqTcwagf4k7ImvFhcLR3XP2vVS3P6qNkMc+BMgl07riOhHWEqZQcAm9TDXWEDHeYS2oGBowH3QtGbzQo+tGadBmqEwFSAfq94mE+Vp3fc90+gzb+rfXF//zKjE292uJCKIYIeDDRc1YUgxpPw/aEAo4yq4hjCthbqW8zRTjaFLLmBDc3y//Jaf5nLub2zk2aeySIdJkhaySTeKSPVIkh6REyoSTG3JPHsmTdWs9WC/W67A1ZY1mlsgPWG9f4VaZaA==</latexit>

w0 = �p
rei✓/2

<latexit sha1_base64="FRccBYXc5El07i4/OWF8/BGnbG8=">AAAB73icbVDLSgNBEOz1GeMrKnjxshgET3E3YMwx4MVjBPOAZAmzk9lkyOzsOtMrhCU/4UVBCV79HW+iH+PkcdDEgoaiqpvuLj8WXKPjfForq2vrG5uZrez2zu7efu7gsK6jRFFWo5GIVNMnmgkuWQ05CtaMFSOhL1jDH1xP/MYDU5pH8g6HMfNC0pM84JSgkZpt7DMkF8VOLu8UnCnsZeLOSb5yHI+fv7/K1U7uo92NaBIyiVQQrVuuE6OXEoWcCjbKthPNYkIHpMdahkoSMu2l03tH9plRunYQKVMS7an6eyIlodbD0DedIcG+XvQm4n9eK8Gg7KVcxgkySWeLgkTYGNmT5+0uV4yiGBpCqOLmVpv2iSIUTURZE4K7+PIyqRcLbqlweWvSKMEMGTiBUzgHF66gAjdQhRpQEPAIL/Bq3VtP1th6m7WuWPOZI/gD6/0Hx/iTgg==</latexit>

✓/2

<latexit sha1_base64="HOH/I91+EEG5DoDLAJfk3Z4lXyY=">AAACAHicbVC7SgNBFJ31bXxttLCwGQyCVdwNGG0CARsrUTAayMYwO7kxg7MPZ+4qYdnGH/AjbCwUtfUbrOz8GyePQo0HLhzOuZd77/FjKTQ6zpc1MTk1PTM7N59bWFxaXrHzq2c6ShSHGo9kpOo+0yBFCDUUKKEeK2CBL+Hcvzro++c3oLSIwlPsxdAM2GUoOoIzNFLLXr+tePpaIVUULlLhYReQ7ZSyll1wis4AdJy4I1Ko5itH968LH8ct+9NrRzwJIEQumdYN14mxmTKFgkvIcl6iIWb8il1Cw9CQBaCb6eCBjG4ZpU07kTIVIh2oPydSFmjdC3zTGTDs6r9eX/zPayTY2W+mIowThJAPF3USSTGi/TRoWyjgKHuGMK6EuZXyLlOMo8ksZ0Jw/748Ts5KRbdc3D0xaZTJEHNkg2ySbeKSPVIlh+SY1AgnGXkgT+TZurMerRfrbdg6YY1m1sgvWO/fD0mZAA==</latexit>

w =
p

rei✓/2

<latexit sha1_base64="FRccBYXc5El07i4/OWF8/BGnbG8=">AAAB73icbVDLSgNBEOz1GeMrKnjxshgET3E3YMwx4MVjBPOAZAmzk9lkyOzsOtMrhCU/4UVBCV79HW+iH+PkcdDEgoaiqpvuLj8WXKPjfForq2vrG5uZrez2zu7efu7gsK6jRFFWo5GIVNMnmgkuWQ05CtaMFSOhL1jDH1xP/MYDU5pH8g6HMfNC0pM84JSgkZpt7DMkF8VOLu8UnCnsZeLOSb5yHI+fv7/K1U7uo92NaBIyiVQQrVuuE6OXEoWcCjbKthPNYkIHpMdahkoSMu2l03tH9plRunYQKVMS7an6eyIlodbD0DedIcG+XvQm4n9eK8Gg7KVcxgkySWeLgkTYGNmT5+0uV4yiGBpCqOLmVpv2iSIUTURZE4K7+PIyqRcLbqlweWvSKMEMGTiBUzgHF66gAjdQhRpQEPAIL/Bq3VtP1th6m7WuWPOZI/gD6/0Hx/iTgg==</latexit>

✓/2

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="Ov8yZNw40IMa4dgxffsfRhxw/QU=">AAAB7nicbVDJSgNBEK2JW0xcEj16aQyCpzAjGL0IAS+eJIJZIBlCT6cnadKz2F0jhCHfIF48KOLVox/iyZt/Y2c5aOKDgsd7VVTV82IpNNr2t5VZWV1b38hu5vJb2zu7heJeQ0eJYrzOIhmplkc1lyLkdRQoeStWnAae5E1veDnxm/dcaRGFtziKuRvQfih8wSgaqdnRdwqJ6hZKdtmegiwTZ05K1eLF9cNH/rPWLXx1ehFLAh4ik1TrtmPH6KZUoWCSj3OdRPOYsiHt87ahIQ24dtPpuWNyZJQe8SNlKkQyVX9PpDTQehR4pjOgONCL3kT8z2sn6J+7qQjjBHnIZov8RBKMyOR30hOKM5QjQyhTwtxK2IAqytAklDMhOIsvL5PGSdmplE9vTBoVmCELB3AIx+DAGVThCmpQBwZDeIRneLFi68l6td5mrRlrPrMPf2C9/wAoJJJk</latexit>p
r

Figura 2.6: Seguint el camı́ I sobre el pla complex z el valor final de l’arrel quadrada, sobre
el pla complex w, és igual a l’inicial (l’imatge del camı́ tancat I és també un camı́ tancat),
mentre que seguint el camı́ II, trobem un segon valor (la imatge de II és un camı́ obert). La
diferència rau en el fet que el camı́ I no envolta el punt d’embrancament z = 0, mentre que
el II śı que ho fa.

positiu, que anomenem tall de branca (de fet, el tall es pot fer des de z = 0
en qualsevol direcció). La funció es torna univaluada si considerem que el seu
domini de definició són dos plans complexos que etiquetem amb els diferents
valors de k. Cadascun d’aquests plans té el mateix tall de branca (que hem
escollit al llarg del semieix real positiu). Ens podem moure sobre els plans sense
que aparegui un segon valor per a

√
z perquè el tall de branca impedeix envoltar

l’origen (vegeu la figura 2.7).

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y
<latexit sha1_base64="XfC6Y4wlpjmzphV1mMvGOzmOZkQ=">AAAB6nicbZDLSgMxFIbPeK31VnXpJliEuikZwepGLLhxWdFeoB1KJs20oZnMkGSEMvQRRHChiFsfw5WP4M4HcW96WWjrD4GP/z+HnHP8WHBtMP5yFhaXlldWM2vZ9Y3Nre3czm5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/cpTX75jSPJK3ZhAzLyRdyQNOibHWTf8ct3N5XMRjoXlwp5C/eC98fzy0jirt3GerE9EkZNJQQbRuujg2XkqU4VSwYbaVaBYT2idd1rQoSci0l45HHaJD63RQECn7pEFj93dHSkKtB6FvK0Nieno2G5n/Zc3EBGdeymWcGCbp5KMgEchEaLQ36nDFqBEDC4QqbmdFtEcUocZeJ2uP4M6uPA+146JbKp5c43y5BBNlYB8OoAAunEIZrqACVaDQhXt4gmdHOI/Oi/M6KV1wpj178EfO2w8L5pFY</latexit>

k = 0
<latexit sha1_base64="f4FKIITdun/E2HDddkMMbZJ83Ws=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZwepGLLhxWdFeoB1KJs20oZnMkGSEMvQRRHChiFsfw5WP4M4HcW96WWjrD4GP/z+HnHP8WHBtHOcLLSwuLa+sZtay6xubW9u5nd2ajhJFWZVGIlINn2gmuGRVw41gjVgxEvqC1f3+5Siv3zGleSRvzSBmXki6kgecEmOtm/65287lnaIzFp4Hdwr5i/fC98dD66jSzn22OhFNQiYNFUTrpuvExkuJMpwKNsy2Es1iQvuky5oWJQmZ9tLxqEN8aJ0ODiJlnzR47P7uSEmo9SD0bWVITE/PZiPzv6yZmODMS7mME8MknXwUJAKbCI/2xh2uGDViYIFQxe2smPaIItTY62TtEdzZleehdlx0S8WTaydfLsFEGdiHAyiAC6dQhiuoQBUodOEenuAZCfSIXtDrpHQBTXv24I/Q2w8NapFZ</latexit>

k = 1

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="OFIvtOjyCTG2SGbyvK2BpEuV+II=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeaGMsQ==</latexit>

1

<latexit sha1_base64="y/dIOOyz4mMgBdfMfyos2bAsGbo=">AAACBHicbVC7TsMwFHV4lvAqMHaxqJCYqqQShbESC2NB9CE1UeU4N61Vx4lsB6mKOrDwKywMIMTKR7DxN7htBmg5kqWjc+61fU6Qcqa043xba+sbm1vbpR17d2//4LB8dNxRSSYptGnCE9kLiALOBLQ10xx6qQQSBxy6wfh65ncfQCqWiHs9ScGPyVCwiFGijTQoVzwKQoO0o4xzhUPAnmffMYiJMG7VqTlz4FXiFqSKCrQG5S8vTGgWmxspJ0r1XSfVfk6kZpTD1PYyBSmhYzKEvqGCxKD8fB5iis+MEuIokeYIjefq742cxEpN4sBMxkSP1LI3E//z+pmOrvyciTTTIOjiIZMW6wTPGsEhk0A1nxhCqGTmr5iOiCTU1KJsU4K7HHmVdOo1t1G7uK1Xm42ijhKqoFN0jlx0iZroBrVQG1H0iJ7RK3qznqwX6936WIyuWcXOCfoD6/MHg72XVw==</latexit>

fulls de
Riemann

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="OFIvtOjyCTG2SGbyvK2BpEuV+II=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeaGMsQ==</latexit>

1

<latexit sha1_base64="y/dIOOyz4mMgBdfMfyos2bAsGbo=">AAACBHicbVC7TsMwFHV4lvAqMHaxqJCYqqQShbESC2NB9CE1UeU4N61Vx4lsB6mKOrDwKywMIMTKR7DxN7htBmg5kqWjc+61fU6Qcqa043xba+sbm1vbpR17d2//4LB8dNxRSSYptGnCE9kLiALOBLQ10xx6qQQSBxy6wfh65ncfQCqWiHs9ScGPyVCwiFGijTQoVzwKQoO0o4xzhUPAnmffMYiJMG7VqTlz4FXiFqSKCrQG5S8vTGgWmxspJ0r1XSfVfk6kZpTD1PYyBSmhYzKEvqGCxKD8fB5iis+MEuIokeYIjefq742cxEpN4sBMxkSP1LI3E//z+pmOrvyciTTTIOjiIZMW6wTPGsEhk0A1nxhCqGTmr5iOiCTU1KJsU4K7HHmVdOo1t1G7uK1Xm42ijhKqoFN0jlx0iZroBrVQG1H0iJ7RK3qznqwX6936WIyuWcXOCfoD6/MHg72XVw==</latexit>

fulls de
Riemann

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="OFIvtOjyCTG2SGbyvK2BpEuV+II=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeaGMsQ==</latexit>

1

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y
<latexit sha1_base64="XfC6Y4wlpjmzphV1mMvGOzmOZkQ=">AAAB6nicbZDLSgMxFIbPeK31VnXpJliEuikZwepGLLhxWdFeoB1KJs20oZnMkGSEMvQRRHChiFsfw5WP4M4HcW96WWjrD4GP/z+HnHP8WHBtMP5yFhaXlldWM2vZ9Y3Nre3czm5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/cpTX75jSPJK3ZhAzLyRdyQNOibHWTf8ct3N5XMRjoXlwp5C/eC98fzy0jirt3GerE9EkZNJQQbRuujg2XkqU4VSwYbaVaBYT2idd1rQoSci0l45HHaJD63RQECn7pEFj93dHSkKtB6FvK0Nieno2G5n/Zc3EBGdeymWcGCbp5KMgEchEaLQ36nDFqBEDC4QqbmdFtEcUocZeJ2uP4M6uPA+146JbKp5c43y5BBNlYB8OoAAunEIZrqACVaDQhXt4gmdHOI/Oi/M6KV1wpj178EfO2w8L5pFY</latexit>

k = 0
<latexit sha1_base64="f4FKIITdun/E2HDddkMMbZJ83Ws=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZwepGLLhxWdFeoB1KJs20oZnMkGSEMvQRRHChiFsfw5WP4M4HcW96WWjrD4GP/z+HnHP8WHBtHOcLLSwuLa+sZtay6xubW9u5nd2ajhJFWZVGIlINn2gmuGRVw41gjVgxEvqC1f3+5Siv3zGleSRvzSBmXki6kgecEmOtm/65287lnaIzFp4Hdwr5i/fC98dD66jSzn22OhFNQiYNFUTrpuvExkuJMpwKNsy2Es1iQvuky5oWJQmZ9tLxqEN8aJ0ODiJlnzR47P7uSEmo9SD0bWVITE/PZiPzv6yZmODMS7mME8MknXwUJAKbCI/2xh2uGDViYIFQxe2smPaIItTY62TtEdzZleehdlx0S8WTaydfLsFEGdiHAyiAC6dQhiuoQBUodOEenuAZCfSIXtDrpHQBTXv24I/Q2w8NapFZ</latexit>

k = 1

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y
<latexit sha1_base64="XfC6Y4wlpjmzphV1mMvGOzmOZkQ=">AAAB6nicbZDLSgMxFIbPeK31VnXpJliEuikZwepGLLhxWdFeoB1KJs20oZnMkGSEMvQRRHChiFsfw5WP4M4HcW96WWjrD4GP/z+HnHP8WHBtMP5yFhaXlldWM2vZ9Y3Nre3czm5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/cpTX75jSPJK3ZhAzLyRdyQNOibHWTf8ct3N5XMRjoXlwp5C/eC98fzy0jirt3GerE9EkZNJQQbRuujg2XkqU4VSwYbaVaBYT2idd1rQoSci0l45HHaJD63RQECn7pEFj93dHSkKtB6FvK0Nieno2G5n/Zc3EBGdeymWcGCbp5KMgEchEaLQ36nDFqBEDC4QqbmdFtEcUocZeJ2uP4M6uPA+146JbKp5c43y5BBNlYB8OoAAunEIZrqACVaDQhXt4gmdHOI/Oi/M6KV1wpj178EfO2w8L5pFY</latexit>

k = 0
<latexit sha1_base64="f4FKIITdun/E2HDddkMMbZJ83Ws=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZwepGLLhxWdFeoB1KJs20oZnMkGSEMvQRRHChiFsfw5WP4M4HcW96WWjrD4GP/z+HnHP8WHBtHOcLLSwuLa+sZtay6xubW9u5nd2ajhJFWZVGIlINn2gmuGRVw41gjVgxEvqC1f3+5Siv3zGleSRvzSBmXki6kgecEmOtm/65287lnaIzFp4Hdwr5i/fC98dD66jSzn22OhFNQiYNFUTrpuvExkuJMpwKNsy2Es1iQvuky5oWJQmZ9tLxqEN8aJ0ODiJlnzR47P7uSEmo9SD0bWVITE/PZiPzv6yZmODMS7mME8MknXwUJAKbCI/2xh2uGDViYIFQxe2smPaIItTY62TtEdzZleehdlx0S8WTaydfLsFEGdiHAyiAC6dQhiuoQBUodOEenuAZCfSIXtDrpHQBTXv24I/Q2w8NapFZ</latexit>

k = 1

Figura 2.7: La funció
√
z és univaluada sobre el domini de definició format pels dos plans

complexos. Els talls de branca impedeixen envoltar el punt z = 0 i que
√
z prengui dos valors

sobre un mateix pla. Si enganxem els costats dels talls dels dos plans com indiquen les fletxes
obtenim la superf́ıcie de Riemann de la figura 2.8, sobre la qual

√
z segueix sent univaluada.

Evidentment, aquesta funció univaluada és discont́ınua als talls de branca de
cada pla; no obstant això, podem evitar la discontinüıtat si permetem travessar
els talls però canviant de pla i passant del costat inferior del tall del pla k = 0 al
costat superior del corresponent tall del pla k = 1 (fletxes negres de la figura 2.7)
i del costat inferior del tall del pla k = 1 al superior del tall del k = 0 (fletxes
blanques de la figura 2.7).
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Amb els dos plans podem construir un únic domini de definició on la funció
w =

√
z és univaluada, tot i que pren tots els seus possibles valors. Per fer-ho,

superposem els dos plans complexos i enganxem els costats dels talls de branca
com s’indica al paràgraf anterior: el costat inferior del pla k = 0 amb el superior
del pla k = 1 i l’inferior del pla k = 1 amb el superior del pla k = 0, tal com es
mostra a la figura 2.8. Anomenem superf́ıcie de Riemann la superf́ıcie resultant
i fulls de Riemann cadascun dels plans que la componen. Sobre la superf́ıcie
de Riemann, la funció w =

√
z no té discontinüıtats i és univaluada perquè els

dos valors que prenia al punt z els pren en els punts z dels diferents fulls de
Riemann.

<latexit sha1_base64="rlnwyI5IrX8ElL2yeBiDsOOYfOE=">AAAB+HicbVC7SkNBEN0bXzE+ErW0WQxCbMK9gtFGDNhYRjAPSGLYu5kkS/Y+2J0rJJd8gx9gY6GIrbWVn2Dnh9i7eRSaeGDgcM4MM3PcUAqNtv1lJZaWV1bXkuupjc2t7XRmZ7eig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9y7FfvQGkR+Dc4CKHpsa4vOoIzNFIrkx6eKwq3sWhgD5CNWpmsnbcnoIvEmZHsxXvu++O+cVRqZT4b7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M54cPqKHRmnTTqBM+Ugn6u+JmHlaDzzXdHoMe3reG4v/efUIO2fNWPhhhODz6aJOJCkGdJwCbQsFHOXAEMaVMLdS3mOKcTRZpUwIzvzLi6RynHcK+ZNrO1sskCmSZJ8ckBxxyCkpkitSImXCSUQeyBN5tobWo/VivU5bE9ZsZo/8gfX2AwQWlwg=</latexit>

z = rei✓

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r
<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="O6VmWeF2rTAo98PUsu43XYA/HhI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZ4BjMk=</latexit>

I

<latexit sha1_base64="4axqU+Z44GGI2kJ3KYjNGvMG8kY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtinlAEsLsZDYZMju7zPQKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSHZ8aLoXiTRQoeSfWnIa+5G1/cjv3209cGxGpR5zGvB/SkRKBYBSt9FCvD4olt+wuQNaJl5ESZGgMil+9YcSSkCtkkhrT9dwY+ynVKJjks0IvMTymbEJHvGupoiE3/XRx6YxcWGVIgkjbUkgW6u+JlIbGTEPfdoYUx2bVm4v/ed0Eg5t+KlScIFdsuShIJMGIzN8mQ6E5Qzm1hDIt7K2EjammDG04BRuCt/ryOmlVyl61fHVfKdWqWRx5OINzuAQPrqEGd9CAJjAI4Ble4c2ZOC/Ou/OxbM052cwp/IHz+QMx4Y0c</latexit>

II

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="OFIvtOjyCTG2SGbyvK2BpEuV+II=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeaGMsQ==</latexit>

1

<latexit sha1_base64="y/dIOOyz4mMgBdfMfyos2bAsGbo=">AAACBHicbVC7TsMwFHV4lvAqMHaxqJCYqqQShbESC2NB9CE1UeU4N61Vx4lsB6mKOrDwKywMIMTKR7DxN7htBmg5kqWjc+61fU6Qcqa043xba+sbm1vbpR17d2//4LB8dNxRSSYptGnCE9kLiALOBLQ10xx6qQQSBxy6wfh65ncfQCqWiHs9ScGPyVCwiFGijTQoVzwKQoO0o4xzhUPAnmffMYiJMG7VqTlz4FXiFqSKCrQG5S8vTGgWmxspJ0r1XSfVfk6kZpTD1PYyBSmhYzKEvqGCxKD8fB5iis+MEuIokeYIjefq742cxEpN4sBMxkSP1LI3E//z+pmOrvyciTTTIOjiIZMW6wTPGsEhk0A1nxhCqGTmr5iOiCTU1KJsU4K7HHmVdOo1t1G7uK1Xm42ijhKqoFN0jlx0iZroBrVQG1H0iJ7RK3qznqwX6936WIyuWcXOCfoD6/MHg72XVw==</latexit>

fulls de
Riemann

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="OFIvtOjyCTG2SGbyvK2BpEuV+II=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeaGMsQ==</latexit>

1

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y
<latexit sha1_base64="XfC6Y4wlpjmzphV1mMvGOzmOZkQ=">AAAB6nicbZDLSgMxFIbPeK31VnXpJliEuikZwepGLLhxWdFeoB1KJs20oZnMkGSEMvQRRHChiFsfw5WP4M4HcW96WWjrD4GP/z+HnHP8WHBtMP5yFhaXlldWM2vZ9Y3Nre3czm5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/cpTX75jSPJK3ZhAzLyRdyQNOibHWTf8ct3N5XMRjoXlwp5C/eC98fzy0jirt3GerE9EkZNJQQbRuujg2XkqU4VSwYbaVaBYT2idd1rQoSci0l45HHaJD63RQECn7pEFj93dHSkKtB6FvK0Nieno2G5n/Zc3EBGdeymWcGCbp5KMgEchEaLQ36nDFqBEDC4QqbmdFtEcUocZeJ2uP4M6uPA+146JbKp5c43y5BBNlYB8OoAAunEIZrqACVaDQhXt4gmdHOI/Oi/M6KV1wpj178EfO2w8L5pFY</latexit>

k = 0
<latexit sha1_base64="f4FKIITdun/E2HDddkMMbZJ83Ws=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZwepGLLhxWdFeoB1KJs20oZnMkGSEMvQRRHChiFsfw5WP4M4HcW96WWjrD4GP/z+HnHP8WHBtHOcLLSwuLa+sZtay6xubW9u5nd2ajhJFWZVGIlINn2gmuGRVw41gjVgxEvqC1f3+5Siv3zGleSRvzSBmXki6kgecEmOtm/65287lnaIzFp4Hdwr5i/fC98dD66jSzn22OhFNQiYNFUTrpuvExkuJMpwKNsy2Es1iQvuky5oWJQmZ9tLxqEN8aJ0ODiJlnzR47P7uSEmo9SD0bWVITE/PZiPzv6yZmODMS7mME8MknXwUJAKbCI/2xh2uGDViYIFQxe2smPaIItTY62TtEdzZleehdlx0S8WTaydfLsFEGdiHAyiAC6dQhiuoQBUodOEenuAZCfSIXtDrpHQBTXv24I/Q2w8NapFZ</latexit>

k = 1

<latexit sha1_base64="rlnwyI5IrX8ElL2yeBiDsOOYfOE=">AAAB+HicbVC7SkNBEN0bXzE+ErW0WQxCbMK9gtFGDNhYRjAPSGLYu5kkS/Y+2J0rJJd8gx9gY6GIrbWVn2Dnh9i7eRSaeGDgcM4MM3PcUAqNtv1lJZaWV1bXkuupjc2t7XRmZ7eig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9y7FfvQGkR+Dc4CKHpsa4vOoIzNFIrkx6eKwq3sWhgD5CNWpmsnbcnoIvEmZHsxXvu++O+cVRqZT4b7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M54cPqKHRmnTTqBM+Ugn6u+JmHlaDzzXdHoMe3reG4v/efUIO2fNWPhhhODz6aJOJCkGdJwCbQsFHOXAEMaVMLdS3mOKcTRZpUwIzvzLi6RynHcK+ZNrO1sskCmSZJ8ckBxxyCkpkitSImXCSUQeyBN5tobWo/VivU5bE9ZsZo/8gfX2AwQWlwg=</latexit>

z = rei✓

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r
<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="b9HYkLaZPRjRVfAoSDgBQ5jQIuo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+Hr41G</latexit>

(a)
<latexit sha1_base64="GjHdu9KKiU1w+f7cMYaldPimEDc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiTSNRw==</latexit>

(b)

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="rlnwyI5IrX8ElL2yeBiDsOOYfOE=">AAAB+HicbVC7SkNBEN0bXzE+ErW0WQxCbMK9gtFGDNhYRjAPSGLYu5kkS/Y+2J0rJJd8gx9gY6GIrbWVn2Dnh9i7eRSaeGDgcM4MM3PcUAqNtv1lJZaWV1bXkuupjc2t7XRmZ7eig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9y7FfvQGkR+Dc4CKHpsa4vOoIzNFIrkx6eKwq3sWhgD5CNWpmsnbcnoIvEmZHsxXvu++O+cVRqZT4b7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M54cPqKHRmnTTqBM+Ugn6u+JmHlaDzzXdHoMe3reG4v/efUIO2fNWPhhhODz6aJOJCkGdJwCbQsFHOXAEMaVMLdS3mOKcTRZpUwIzvzLi6RynHcK+ZNrO1sskCmSZJ8ckBxxyCkpkitSImXCSUQeyBN5tobWo/VivU5bE9ZsZo/8gfX2AwQWlwg=</latexit>

z = rei✓

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r
<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="O6VmWeF2rTAo98PUsu43XYA/HhI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZ4BjMk=</latexit>

I

<latexit sha1_base64="4axqU+Z44GGI2kJ3KYjNGvMG8kY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtinlAEsLsZDYZMju7zPQKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSHZ8aLoXiTRQoeSfWnIa+5G1/cjv3209cGxGpR5zGvB/SkRKBYBSt9FCvD4olt+wuQNaJl5ESZGgMil+9YcSSkCtkkhrT9dwY+ynVKJjks0IvMTymbEJHvGupoiE3/XRx6YxcWGVIgkjbUkgW6u+JlIbGTEPfdoYUx2bVm4v/ed0Eg5t+KlScIFdsuShIJMGIzN8mQ6E5Qzm1hDIt7K2EjammDG04BRuCt/ryOmlVyl61fHVfKdWqWRx5OINzuAQPrqEGd9CAJjAI4Ble4c2ZOC/Ou/OxbM052cwp/IHz+QMx4Y0c</latexit>

II

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

Figura 2.8: Superf́ıcie de Riemann de la funció
w=

√
z. El punt z de C ara correspon a dos

punts de la superf́ıcie de Riemann. Un en el
full 0 i l’altre en el full 1. L’origen (z = 0) és
comú als dos fulls.

<latexit sha1_base64="rlnwyI5IrX8ElL2yeBiDsOOYfOE=">AAAB+HicbVC7SkNBEN0bXzE+ErW0WQxCbMK9gtFGDNhYRjAPSGLYu5kkS/Y+2J0rJJd8gx9gY6GIrbWVn2Dnh9i7eRSaeGDgcM4MM3PcUAqNtv1lJZaWV1bXkuupjc2t7XRmZ7eig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9y7FfvQGkR+Dc4CKHpsa4vOoIzNFIrkx6eKwq3sWhgD5CNWpmsnbcnoIvEmZHsxXvu++O+cVRqZT4b7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M54cPqKHRmnTTqBM+Ugn6u+JmHlaDzzXdHoMe3reG4v/efUIO2fNWPhhhODz6aJOJCkGdJwCbQsFHOXAEMaVMLdS3mOKcTRZpUwIzvzLi6RynHcK+ZNrO1sskCmSZJ8ckBxxyCkpkitSImXCSUQeyBN5tobWo/VivU5bE9ZsZo/8gfX2AwQWlwg=</latexit>

z = rei✓

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r
<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="O6VmWeF2rTAo98PUsu43XYA/HhI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZ4BjMk=</latexit>

I

<latexit sha1_base64="4axqU+Z44GGI2kJ3KYjNGvMG8kY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtinlAEsLsZDYZMju7zPQKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSHZ8aLoXiTRQoeSfWnIa+5G1/cjv3209cGxGpR5zGvB/SkRKBYBSt9FCvD4olt+wuQNaJl5ESZGgMil+9YcSSkCtkkhrT9dwY+ynVKJjks0IvMTymbEJHvGupoiE3/XRx6YxcWGVIgkjbUkgW6u+JlIbGTEPfdoYUx2bVm4v/ed0Eg5t+KlScIFdsuShIJMGIzN8mQ6E5Qzm1hDIt7K2EjammDG04BRuCt/ryOmlVyl61fHVfKdWqWRx5OINzuAQPrqEGd9CAJjAI4Ble4c2ZOC/Ou/OxbM052cwp/IHz+QMx4Y0c</latexit>

II

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="OFIvtOjyCTG2SGbyvK2BpEuV+II=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeaGMsQ==</latexit>

1

<latexit sha1_base64="y/dIOOyz4mMgBdfMfyos2bAsGbo=">AAACBHicbVC7TsMwFHV4lvAqMHaxqJCYqqQShbESC2NB9CE1UeU4N61Vx4lsB6mKOrDwKywMIMTKR7DxN7htBmg5kqWjc+61fU6Qcqa043xba+sbm1vbpR17d2//4LB8dNxRSSYptGnCE9kLiALOBLQ10xx6qQQSBxy6wfh65ncfQCqWiHs9ScGPyVCwiFGijTQoVzwKQoO0o4xzhUPAnmffMYiJMG7VqTlz4FXiFqSKCrQG5S8vTGgWmxspJ0r1XSfVfk6kZpTD1PYyBSmhYzKEvqGCxKD8fB5iis+MEuIokeYIjefq742cxEpN4sBMxkSP1LI3E//z+pmOrvyciTTTIOjiIZMW6wTPGsEhk0A1nxhCqGTmr5iOiCTU1KJsU4K7HHmVdOo1t1G7uK1Xm42ijhKqoFN0jlx0iZroBrVQG1H0iJ7RK3qznqwX6936WIyuWcXOCfoD6/MHg72XVw==</latexit>

fulls de
Riemann

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="OFIvtOjyCTG2SGbyvK2BpEuV+II=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeaGMsQ==</latexit>

1

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y
<latexit sha1_base64="XfC6Y4wlpjmzphV1mMvGOzmOZkQ=">AAAB6nicbZDLSgMxFIbPeK31VnXpJliEuikZwepGLLhxWdFeoB1KJs20oZnMkGSEMvQRRHChiFsfw5WP4M4HcW96WWjrD4GP/z+HnHP8WHBtMP5yFhaXlldWM2vZ9Y3Nre3czm5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/cpTX75jSPJK3ZhAzLyRdyQNOibHWTf8ct3N5XMRjoXlwp5C/eC98fzy0jirt3GerE9EkZNJQQbRuujg2XkqU4VSwYbaVaBYT2idd1rQoSci0l45HHaJD63RQECn7pEFj93dHSkKtB6FvK0Nieno2G5n/Zc3EBGdeymWcGCbp5KMgEchEaLQ36nDFqBEDC4QqbmdFtEcUocZeJ2uP4M6uPA+146JbKp5c43y5BBNlYB8OoAAunEIZrqACVaDQhXt4gmdHOI/Oi/M6KV1wpj178EfO2w8L5pFY</latexit>

k = 0
<latexit sha1_base64="f4FKIITdun/E2HDddkMMbZJ83Ws=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZwepGLLhxWdFeoB1KJs20oZnMkGSEMvQRRHChiFsfw5WP4M4HcW96WWjrD4GP/z+HnHP8WHBtHOcLLSwuLa+sZtay6xubW9u5nd2ajhJFWZVGIlINn2gmuGRVw41gjVgxEvqC1f3+5Siv3zGleSRvzSBmXki6kgecEmOtm/65287lnaIzFp4Hdwr5i/fC98dD66jSzn22OhFNQiYNFUTrpuvExkuJMpwKNsy2Es1iQvuky5oWJQmZ9tLxqEN8aJ0ODiJlnzR47P7uSEmo9SD0bWVITE/PZiPzv6yZmODMS7mME8MknXwUJAKbCI/2xh2uGDViYIFQxe2smPaIItTY62TtEdzZleehdlx0S8WTaydfLsFEGdiHAyiAC6dQhiuoQBUodOEenuAZCfSIXtDrpHQBTXv24I/Q2w8NapFZ</latexit>

k = 1

<latexit sha1_base64="rlnwyI5IrX8ElL2yeBiDsOOYfOE=">AAAB+HicbVC7SkNBEN0bXzE+ErW0WQxCbMK9gtFGDNhYRjAPSGLYu5kkS/Y+2J0rJJd8gx9gY6GIrbWVn2Dnh9i7eRSaeGDgcM4MM3PcUAqNtv1lJZaWV1bXkuupjc2t7XRmZ7eig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9y7FfvQGkR+Dc4CKHpsa4vOoIzNFIrkx6eKwq3sWhgD5CNWpmsnbcnoIvEmZHsxXvu++O+cVRqZT4b7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M54cPqKHRmnTTqBM+Ugn6u+JmHlaDzzXdHoMe3reG4v/efUIO2fNWPhhhODz6aJOJCkGdJwCbQsFHOXAEMaVMLdS3mOKcTRZpUwIzvzLi6RynHcK+ZNrO1sskCmSZJ8ckBxxyCkpkitSImXCSUQeyBN5tobWo/VivU5bE9ZsZo/8gfX2AwQWlwg=</latexit>

z = rei✓

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r
<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="b9HYkLaZPRjRVfAoSDgBQ5jQIuo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+Hr41G</latexit>

(a)
<latexit sha1_base64="GjHdu9KKiU1w+f7cMYaldPimEDc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiTSNRw==</latexit>

(b)

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="rlnwyI5IrX8ElL2yeBiDsOOYfOE=">AAAB+HicbVC7SkNBEN0bXzE+ErW0WQxCbMK9gtFGDNhYRjAPSGLYu5kkS/Y+2J0rJJd8gx9gY6GIrbWVn2Dnh9i7eRSaeGDgcM4MM3PcUAqNtv1lJZaWV1bXkuupjc2t7XRmZ7eig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9y7FfvQGkR+Dc4CKHpsa4vOoIzNFIrkx6eKwq3sWhgD5CNWpmsnbcnoIvEmZHsxXvu++O+cVRqZT4b7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M54cPqKHRmnTTqBM+Ugn6u+JmHlaDzzXdHoMe3reG4v/efUIO2fNWPhhhODz6aJOJCkGdJwCbQsFHOXAEMaVMLdS3mOKcTRZpUwIzvzLi6RynHcK+ZNrO1sskCmSZJ8ckBxxyCkpkitSImXCSUQeyBN5tobWo/VivU5bE9ZsZo/8gfX2AwQWlwg=</latexit>

z = rei✓

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r
<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="O6VmWeF2rTAo98PUsu43XYA/HhI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZ4BjMk=</latexit>

I

<latexit sha1_base64="4axqU+Z44GGI2kJ3KYjNGvMG8kY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtinlAEsLsZDYZMju7zPQKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSHZ8aLoXiTRQoeSfWnIa+5G1/cjv3209cGxGpR5zGvB/SkRKBYBSt9FCvD4olt+wuQNaJl5ESZGgMil+9YcSSkCtkkhrT9dwY+ynVKJjks0IvMTymbEJHvGupoiE3/XRx6YxcWGVIgkjbUkgW6u+JlIbGTEPfdoYUx2bVm4v/ed0Eg5t+KlScIFdsuShIJMGIzN8mQ6E5Qzm1hDIt7K2EjammDG04BRuCt/ryOmlVyl61fHVfKdWqWRx5OINzuAQPrqEGd9CAJjAI4Ble4c2ZOC/Ou/OxbM052cwp/IHz+QMx4Y0c</latexit>

II

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

Figura 2.9: Superf́ıcie de Riemann de la
funció w = 3

√
z. Cada punt z ∈ C, llevat de

l’origen (z = 0), esdevé tres punts diferents
de la superf́ıcie de Riemann.

Totes aquestes consideracions es poden fer en altres funcions multivaluades.
Per exemple, la funció w = n

√
z és n-valuada, el punt d’embrancament és també

z = 0 i la superf́ıcie de Riemann té n fulls amb els costats dels talls de branca
enganxats com es mostra, per al cas n = 3, a la figura 2.9. La funció w = n

√
z − i

té una superf́ıcie de Riemann semblant, però amb el punt d’embrancament des-
plaçat a z = i. Hi ha també funcions ∞-valuades com log z que veurem a la
secció següent.

Normalment, l’elecció k = 0 va lligada a l’elecció de l’argument principal
com a argument de z i la funció univaluada que en resulta se sol anomenar
branca principal de la funció. Altres eleccions de l’argument principal donen
lloc a altres branques. Deixem, però, la definició precisa de branca d’una funció
multivaluada per a la secció 2.7, un cop definides la continüıtat i la derivabilitat.

Com ja s’ha esmentat, no treballarem amb superf́ıcies de Riemann (o, dit
d’una altra manera, ens mourem en un únic full de Riemann). Això ens obli-
garà a excloure del domini de definició de les branques els seus talls i punts
d’embrancament (on no són cont́ınues) i quedar-nos amb els dominis oberts cor-
responents.
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2.4 Funcions elementals

Hem vist que la “recepta” del final de la secció 1.1 sempre funciona, podem
manipular els nombres complexos amb les mateixes regles que els nombres reals
substituint a tot arreu i2 per −1. De fet, el criteri per definir eiθ ha estat
justament mantenir la validesa d’aquesta “recepta”. Utilitzarem ara aquest
mateix criteri per definir les altres funcions elementals.

Funció exponencial

Si z = x+ iy i utilitzem la “recepta” tenim

ez = ex+iy = exeiy = ex(cos y + i sin y).

Aix́ı doncs, definim

ez
def
= ex(cos y + i sin y)

Tenim, per tant (figura 2.10),

|ez| = ex = eRe(z), arg(ez) = y = Im(z).

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="ucCZJc9u6Xcq1TV9p6VPkiYLqTk=">AAAB8nicbZDLSgMxFIYz9VbrpVUXLtwMFkEQykzBqisLblxWsBfoDCWTZtrQTDIkZ4Qy9DHcuFDErY/iyoXg09T0stDWHwIf/38OOecEMWcaHOfbyqysrq1vZDdzW9s7u/nC3n5Dy0QRWieSS9UKsKacCVoHBpy2YkVxFHDaDAY3k7z5QJVmUtzDMKZ+hHuChYxgMFbbgz4FfFb2YtYpFJ2SM5W9DO4citfjw4+r8Ve+1il8el1JkogKIBxr3XadGPwUK2CE01HOSzSNMRngHm0bFDii2k+nI4/sE+N07VAq8wTYU/d3R4ojrYdRYCojDH29mE3M/7J2AuGlnzIRJ0AFmX0UJtwGaU/2t7tMUQJ8aAATxcysNuljhQmYK+XMEdzFlZehUS65ldL5nVOsVtBMWXSEjtEpctEFqqJbVEN1RJBEj+gZvVhgPVmv1tusNGPNew7QH1nvP4DzlSQ=</latexit>

✓ + 2⇡

<latexit sha1_base64="sDUuQQALtbtxwKemLNhOkViKo1M=">AAAB8nicbZC7SgNBFIZn4y3GS6IWFjaLQbAx7AaMWhmwsYxgLpBdwuxkNhkyO7PMnBXCksewsVDE1kexshB8mji5FJr4w8DH/5/DnHOCmDMNjvNtZVZW19Y3spu5re2d3Xxhb7+hZaIIrRPJpWoFWFPOBK0DA05bsaI4CjhtBoObSd58oEozKe5hGFM/wj3BQkYwGKvtQZ8CPit7MesUik7JmcpeBncOxevx4cfV+Ctf6xQ+va4kSUQFEI61brtODH6KFTDC6SjnJZrGmAxwj7YNChxR7afTkUf2iXG6diiVeQLsqfu7I8WR1sMoMJURhr5ezCbmf1k7gfDST5mIE6CCzD4KE26DtCf7212mKAE+NICJYmZWm/SxwgTMlXLmCO7iysvQKJfcSun8zilWK2imLDpCx+gUuegCVdEtqqE6IkiiR/SMXiywnqxX621WmrHmPQfoj6z3H4QDlSY=</latexit>

✓ � 2⇡

<latexit sha1_base64="mfdwXqmbi4bNQ5iypyRtwXh5FQM=">AAAB8nicbZC7SgNBFIZn4y3GS6IWFjaDQbAx7IpGrQzYWEYwF9hdwuxkkgyZ3VlmzgphyWPYWChi66NYWQg+TZxcCk38YeDj/89hzjlBLLgG2/62MkvLK6tr2fXcxubWdr6ws1vXMlGU1agUUjUDopngEasBB8GasWIkDARrBP2bcd54YEpzGd3DIGZ+SLoR73BKwFiuBz0G5OTMi3mrULRL9kR4EZwZFK9H+x9Xo698tVX49NqSJiGLgAqitevYMfgpUcCpYMOcl2gWE9onXeYajEjItJ9ORh7iI+O0cUcq8yLAE/d3R0pCrQdhYCpDAj09n43N/zI3gc6ln/IoToBFdPpRJxEYJB7vj9tcMQpiYIBQxc2smPaIIhTMlXLmCM78yotQPy055dL5nV2slNFUWXSADtExctAFqqBbVEU1RJFEj+gZvVhgPVmv1tu0NGPNevbQH1nvP4cRlSg=</latexit>

✓ � 4⇡

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓
<latexit sha1_base64="ZOkmezsTz7vnSp1Du5EjW+dk3v0=">AAAB7XicbVC7SgNBFL0bXzG+NtppMxgEq7ArGC0DNpYRzAOSJcxOZpMxszPLzKwQlnyCYGOhiK2tv2Fr54fYO3kUGj1w4XDOvdx7T5hwpo3nfTq5peWV1bX8emFjc2t7xy3uNrRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD4cXEb95SpZkU12aU0CDGfcEiRrCxUqPDZR+prlvyyt4U6C/x56RULd65X/vvb7Wu+9HpSZLGVBjCsdZt30tMkGFlGOF0XOikmiaYDHGfti0VOKY6yKbXjtGRVXooksqWMGiq/pzIcKz1KA5tZ4zNQC96E/E/r52a6DzImEhSQwWZLYpSjoxEk9dRjylKDB9Zgoli9lZEBlhhYmxABRuCv/jyX9I4KfuV8umVTaMCM+ThAA7hGHw4gypcQg3qQOAG7uERnhzpPDjPzsusNefMZ/bgF5zXb+NlklY=</latexit>

log r

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r

<latexit sha1_base64="eLvSJ2YIgHwsCqbJs1yPXl3gXmA=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLCOYC2SXMzs4mY2Z3lplZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ5wpbdtfVm5peWV1Lb9e2Njc2t4p7u41lUgloQ0iuJBtHyvKWUwbmmlO24mkOPI5bfmDy3HeuqNSMRHf6GFCvQj3YhYygrWxmi4JhFbdYsmu2BOhRXBmULp4L39/3LvH9W7x0w0ESSMaa8KxUh3HTrSXYakZ4XRUcFNFE0wGuEc7BmMcUeVlk2lH6Mg4AQqFNC/WaOL+7shwpNQw8k1lhHVfzWdj87+sk+rw3MtYnKSaxmT6UZhypAUar44CJinRfGgAE8nMrIj0scREmwMVzBGc+ZUXoXlScaqV02u7VKvCVHk4gEMogwNnUIMrqEMDCNzCAzzBsyWsR+vFep2W5qxZzz78kfX2A/eJkxc=</latexit> ··
·

<latexit sha1_base64="eLvSJ2YIgHwsCqbJs1yPXl3gXmA=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLCOYC2SXMzs4mY2Z3lplZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ5wpbdtfVm5peWV1Lb9e2Njc2t4p7u41lUgloQ0iuJBtHyvKWUwbmmlO24mkOPI5bfmDy3HeuqNSMRHf6GFCvQj3YhYygrWxmi4JhFbdYsmu2BOhRXBmULp4L39/3LvH9W7x0w0ESSMaa8KxUh3HTrSXYakZ4XRUcFNFE0wGuEc7BmMcUeVlk2lH6Mg4AQqFNC/WaOL+7shwpNQw8k1lhHVfzWdj87+sk+rw3MtYnKSaxmT6UZhypAUar44CJinRfGgAE8nMrIj0scREmwMVzBGc+ZUXoXlScaqV02u7VKvCVHk4gEMogwNnUIMrqEMDCNzCAzzBsyWsR+vFep2W5qxZzz78kfX2A/eJkxc=</latexit> ··
·

<latexit sha1_base64="eLvSJ2YIgHwsCqbJs1yPXl3gXmA=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLCOYC2SXMzs4mY2Z3lplZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ5wpbdtfVm5peWV1Lb9e2Njc2t4p7u41lUgloQ0iuJBtHyvKWUwbmmlO24mkOPI5bfmDy3HeuqNSMRHf6GFCvQj3YhYygrWxmi4JhFbdYsmu2BOhRXBmULp4L39/3LvH9W7x0w0ESSMaa8KxUh3HTrSXYakZ4XRUcFNFE0wGuEc7BmMcUeVlk2lH6Mg4AQqFNC/WaOL+7shwpNQw8k1lhHVfzWdj87+sk+rw3MtYnKSaxmT6UZhypAUar44CJinRfGgAE8nMrIj0scREmwMVzBGc+ZUXoXlScaqV02u7VKvCVHk4gEMogwNnUIMrqEMDCNzCAzzBsyWsR+vFep2W5qxZzz78kfX2A/eJkxc=</latexit> ··
·

<latexit sha1_base64="eLvSJ2YIgHwsCqbJs1yPXl3gXmA=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLCOYC2SXMzs4mY2Z3lplZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ5wpbdtfVm5peWV1Lb9e2Njc2t4p7u41lUgloQ0iuJBtHyvKWUwbmmlO24mkOPI5bfmDy3HeuqNSMRHf6GFCvQj3YhYygrWxmi4JhFbdYsmu2BOhRXBmULp4L39/3LvH9W7x0w0ESSMaa8KxUh3HTrSXYakZ4XRUcFNFE0wGuEc7BmMcUeVlk2lH6Mg4AQqFNC/WaOL+7shwpNQw8k1lhHVfzWdj87+sk+rw3MtYnKSaxmT6UZhypAUar44CJinRfGgAE8nMrIj0scREmwMVzBGc+ZUXoXlScaqV02u7VKvCVHk4gEMogwNnUIMrqEMDCNzCAzzBsyWsR+vFep2W5qxZzz78kfX2A/eJkxc=</latexit> ··
·

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="MOQ9b4XGbJilf3yFcH8tusOXj+c=">AAAB7HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZwU0CSQyzk7PJkNnZZWZWDEueIY2FIrY+hZWPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/tVFSWSokcjHsm6TxRyJtDTTHOsxxJJ6HOs+f2rcV67R6lYJG71IMZWSLqCBYwSbSwP79KHYTuXd4rORPYiuDPIX74Xvj9GzZNKO/fZ7EQ0CVFoyolSDdeJdSslUjPKcZhtJgpjQvukiw2DgoSoWulk2KF9bJyOHUTSPKHtifu7IyWhUoPQN5Uh0T01n43N/7JGooOLVspEnGgUdPpRkHBbR/Z4c7vDJFLNBwYIlczMatMekYRqc5+sOYI7v/IiVE+Lbql4duPkyyWYKgOHcAQFcOEcynANFfCAAoMRPMGzJaxH68V6nZYuWbOeA/gj6+0HZsuSxw==</latexit>

ex

<latexit sha1_base64="e9Y0unqJedJybPgSrjOMRHOw6Bs=">AAAB9HicbVDLSgMxFM3UV62vquDGTbCILUiZEaxdFty4rGAf0A4lk6ZtaOZhcqc4DP0OXYgo4taPcSf6MWbaLrT1wL0czrmX3BwnEFyBaX4aqaXlldW19HpmY3Nreye7u1dXfigpq1Ff+LLpEMUE91gNOAjWDCQjriNYwxleJn5jxKTivncDUcBsl/Q93uOUgJbs/N1JHgqnUdILnWzOLJoT4EVizUiuchA8PXx/laud7Ee769PQZR5QQZRqWWYAdkwkcCrYONMOFQsIHZI+a2nqEZcpO54cPcbHWunini91eYAn6u+NmLhKRa6jJ10CAzXvJeJ/XiuEXtmOuReEwDw6fagXCgw+ThLAXS4ZBRFpQqjk+lZMB0QSCjqnjA7Bmv/yIqmfFa1S8fxap1FCU6TRITpCeWShC1RBV6iKaoiiW3SPntGLMTIejVfjbTqaMmY7++gPjPcfOEqUJw==</latexit>

(x0(t), y0(t))
<latexit sha1_base64="J1i/g7w5J9s8Ic4Sw4LKH6S+oMw=">AAAB8XicbVDLSgNBEOz1GeMrKnjxshiEeAm7gjEXIeDFYwTzwGQJs5PeZMjs7DIzK8SQv/CgB4N49W+8iX6Mk8dBEwsaiqpuurv8mDOlHefTWlpeWV1bT22kN7e2d3Yze/tVFSWSYoVGPJJ1nyjkTGBFM82xHkskoc+x5veuxn7tHqVikbjV/Ri9kHQECxgl2kh3TR81uXzI+aetTNbJOxPYi8SdkWzpMB49fX8Vy63MR7Md0SREoSknSjVcJ9begEjNKMdhupkojAntkQ42DBUkROUNJhcP7ROjtO0gkqaEtifq74kBCZXqh77pDInuqnlvLP7nNRIdFL0BE3GiUdDpoiDhto7s8ft2m0mkmvcNIVQyc6tNu0QSqk1IaROCO//yIqme5d1C/vzGpFGAKVJwBMeQAxcuoATXUIYKUBDwCC8wspT1bL1ab9PWJWs2cwB/YL3/APBElCU=</latexit>

� = z(b)
<latexit sha1_base64="jaPjc6aCCXsab2NyMecG1K3ON2o=">AAAB63icbVBNSwMxEJ31s9avquDFS7AI9VJ2BWuPBS8eK9gPaJeSTbNtaJJdkqxQS/+CFw8WEW/+IW+iP8Zs24O2Phh4vDfDzLwg5kwb1/10VlbX1jc2M1vZ7Z3dvf3cwWFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwnfqNe6o0i+SdGcbUF7gnWcgINqn0UDDnnVzeLbpToGXizUm+chy/Tb6/ytVO7qPdjUgiqDSEY61bnhsbf4SVYYTTcbadaBpjMsA92rJUYkG1P5reOkZnVumiMFK2pEFT9ffECAuthyKwnQKbvl70UvE/r5WYsOyPmIwTQyWZLQoTjkyE0sdRlylKDB9agoli9lZE+lhhYmw8WRuCt/jyMqlfFL1S8fLWplGCGTJwAqdQAA+uoAI3UIUaEOjDIzzDxBHOk/PivM5aV5z5zBH8gfP+A8bUkcY=</latexit>

z(t)

<latexit sha1_base64="v5Zj66Cwto7j4k8s8+2J67FMJuU=">AAAB63icbVBNSwMxEJ31s9avquDFS7AI9VJ2BWuPBS8eK9gPaJeSTbNtaJJdkqxYSv+CFw8WEW/+IW+iP8Zs24O2Phh4vDfDzLwg5kwb1/10VlbX1jc2M1vZ7Z3dvf3cwWFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwnfqNe6o0i+SdGcbUF7gnWcgINqn0UDDnnVzeLbpToGXizUm+chy/Tb6/ytVO7qPdjUgiqDSEY61bnhsbf4SVYYTTcbadaBpjMsA92rJUYkG1P5reOkZnVumiMFK2pEFT9ffECAuthyKwnQKbvl70UvE/r5WYsOyPmIwTQyWZLQoTjkyE0sdRlylKDB9agoli9lZE+lhhYmw8WRuCt/jyMqlfFL1S8fLWplGCGTJwAqdQAA+uoAI3UIUaEOjDIzzDxBHOk/PivM5aV5z5zBH8gfP+A8PGkcQ=</latexit>

x(t)

<latexit sha1_base64="nFZ/yqXkAYAUuCOcazjM6KR9UdY=">AAAB63icbVBNS8NAEN3Ur1q/qoIXL8Ei1EtJBGuPBS8eK9gPaEPZbDft0t1N2J0IIfQvePFgEfHmH/Im+mPctD1o64OBx3szzMzzI840OM6nlVtb39jcym8Xdnb39g+Kh0ctHcaK0CYJeag6PtaUM0mbwIDTTqQoFj6nbX98k/ntB6o0C+U9JBH1BB5KFjCCIZOSMlz0iyWn4sxgrxJ3QUr1k+ht+v1Va/SLH71BSGJBJRCOte66TgReihUwwumk0Is1jTAZ4yHtGiqxoNpLZ7dO7HOjDOwgVKYk2DP190SKhdaJ8E2nwDDSy14m/ud1YwhqXspkFAOVZL4oiLkNoZ09bg+YogR4YggmiplbbTLCChMw8RRMCO7yy6ukdVlxq5WrO5NGFc2RR6foDJWRi65RHd2iBmoigkboET2jqSWsJ+vFep235qzFzDH6A+v9B8VNkcU=</latexit>

y(t)

<latexit sha1_base64="YOAAMWVgZ4zIG49LbANavyW+M8M=">AAAB8nicbVDLSgNBEJyNrxhfUcGLl8EgxEvYFYy5CAEvHiOYB2yW0DuZTYbMzi4zs0Jc8hmCeIiIV7/Gm+jHOHkcNLGgoajqprvLjzlT2rY/rczK6tr6RnYzt7W9s7uX3z9oqCiRhNZJxCPZ8kFRzgSta6Y5bcWSQuhz2vQH1xO/eU+lYpG408OYeiH0BAsYAW0ktw087sPVQxHOOvmCXbKnwMvEmZNC9SgeP31/VWqd/Ee7G5EkpEITDkq5jh1rLwWpGeF0lGsnisZABtCjrqECQqq8dHryCJ8apYuDSJoSGk/V3xMphEoNQ990hqD7atGbiP95bqKDipcyESeaCjJbFCQc6whP/sddJinRfGgIEMnMrZj0QQLRJqWcCcFZfHmZNM5LTrl0cWvSKKMZsugYnaAictAlqqIbVEN1RFCEHtEYvVjaerZerbdZa8aazxyiP7DefwC4hpSY</latexit>

↵ = z(a)

Figura 2.10: Funció ez.

Funció logaŕıtmica

Si ara fem z = reiθ i utilitzem la “recepta” tenim

log z = log
(
reiθ
)
= log r + iθ.

Aix́ı doncs, definim

log z
def
= log |z|+ i arg z
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<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="ucCZJc9u6Xcq1TV9p6VPkiYLqTk=">AAAB8nicbZDLSgMxFIYz9VbrpVUXLtwMFkEQykzBqisLblxWsBfoDCWTZtrQTDIkZ4Qy9DHcuFDErY/iyoXg09T0stDWHwIf/38OOecEMWcaHOfbyqysrq1vZDdzW9s7u/nC3n5Dy0QRWieSS9UKsKacCVoHBpy2YkVxFHDaDAY3k7z5QJVmUtzDMKZ+hHuChYxgMFbbgz4FfFb2YtYpFJ2SM5W9DO4citfjw4+r8Ve+1il8el1JkogKIBxr3XadGPwUK2CE01HOSzSNMRngHm0bFDii2k+nI4/sE+N07VAq8wTYU/d3R4ojrYdRYCojDH29mE3M/7J2AuGlnzIRJ0AFmX0UJtwGaU/2t7tMUQJ8aAATxcysNuljhQmYK+XMEdzFlZehUS65ldL5nVOsVtBMWXSEjtEpctEFqqJbVEN1RJBEj+gZvVhgPVmv1tusNGPNew7QH1nvP4DzlSQ=</latexit>

✓ + 2⇡

<latexit sha1_base64="sDUuQQALtbtxwKemLNhOkViKo1M=">AAAB8nicbZC7SgNBFIZn4y3GS6IWFjaLQbAx7AaMWhmwsYxgLpBdwuxkNhkyO7PMnBXCksewsVDE1kexshB8mji5FJr4w8DH/5/DnHOCmDMNjvNtZVZW19Y3spu5re2d3Xxhb7+hZaIIrRPJpWoFWFPOBK0DA05bsaI4CjhtBoObSd58oEozKe5hGFM/wj3BQkYwGKvtQZ8CPit7MesUik7JmcpeBncOxevx4cfV+Ctf6xQ+va4kSUQFEI61brtODH6KFTDC6SjnJZrGmAxwj7YNChxR7afTkUf2iXG6diiVeQLsqfu7I8WR1sMoMJURhr5ezCbmf1k7gfDST5mIE6CCzD4KE26DtCf7212mKAE+NICJYmZWm/SxwgTMlXLmCO7iysvQKJfcSun8zilWK2imLDpCx+gUuegCVdEtqqE6IkiiR/SMXiywnqxX621WmrHmPQfoj6z3H4QDlSY=</latexit>

✓ � 2⇡

<latexit sha1_base64="mfdwXqmbi4bNQ5iypyRtwXh5FQM=">AAAB8nicbZC7SgNBFIZn4y3GS6IWFjaDQbAx7IpGrQzYWEYwF9hdwuxkkgyZ3VlmzgphyWPYWChi66NYWQg+TZxcCk38YeDj/89hzjlBLLgG2/62MkvLK6tr2fXcxubWdr6ws1vXMlGU1agUUjUDopngEasBB8GasWIkDARrBP2bcd54YEpzGd3DIGZ+SLoR73BKwFiuBz0G5OTMi3mrULRL9kR4EZwZFK9H+x9Xo698tVX49NqSJiGLgAqitevYMfgpUcCpYMOcl2gWE9onXeYajEjItJ9ORh7iI+O0cUcq8yLAE/d3R0pCrQdhYCpDAj09n43N/zI3gc6ln/IoToBFdPpRJxEYJB7vj9tcMQpiYIBQxc2smPaIIhTMlXLmCM78yotQPy055dL5nV2slNFUWXSADtExctAFqqBbVEU1RJFEj+gZvVhgPVmv1tu0NGPNevbQH1nvP4cRlSg=</latexit>

✓ � 4⇡

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓
<latexit sha1_base64="ZOkmezsTz7vnSp1Du5EjW+dk3v0=">AAAB7XicbVC7SgNBFL0bXzG+NtppMxgEq7ArGC0DNpYRzAOSJcxOZpMxszPLzKwQlnyCYGOhiK2tv2Fr54fYO3kUGj1w4XDOvdx7T5hwpo3nfTq5peWV1bX8emFjc2t7xy3uNrRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD4cXEb95SpZkU12aU0CDGfcEiRrCxUqPDZR+prlvyyt4U6C/x56RULd65X/vvb7Wu+9HpSZLGVBjCsdZt30tMkGFlGOF0XOikmiaYDHGfti0VOKY6yKbXjtGRVXooksqWMGiq/pzIcKz1KA5tZ4zNQC96E/E/r52a6DzImEhSQwWZLYpSjoxEk9dRjylKDB9Zgoli9lZEBlhhYmxABRuCv/jyX9I4KfuV8umVTaMCM+ThAA7hGHw4gypcQg3qQOAG7uERnhzpPDjPzsusNefMZ/bgF5zXb+NlklY=</latexit>

log r

<latexit sha1_base64="FAOF1ZohH1kFtL1hWHPRBbmiCy4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV2cnlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDJmKQ3g==</latexit>r

<latexit sha1_base64="eLvSJ2YIgHwsCqbJs1yPXl3gXmA=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLCOYC2SXMzs4mY2Z3lplZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ5wpbdtfVm5peWV1Lb9e2Njc2t4p7u41lUgloQ0iuJBtHyvKWUwbmmlO24mkOPI5bfmDy3HeuqNSMRHf6GFCvQj3YhYygrWxmi4JhFbdYsmu2BOhRXBmULp4L39/3LvH9W7x0w0ESSMaa8KxUh3HTrSXYakZ4XRUcFNFE0wGuEc7BmMcUeVlk2lH6Mg4AQqFNC/WaOL+7shwpNQw8k1lhHVfzWdj87+sk+rw3MtYnKSaxmT6UZhypAUar44CJinRfGgAE8nMrIj0scREmwMVzBGc+ZUXoXlScaqV02u7VKvCVHk4gEMogwNnUIMrqEMDCNzCAzzBsyWsR+vFep2W5qxZzz78kfX2A/eJkxc=</latexit> ··
·

<latexit sha1_base64="eLvSJ2YIgHwsCqbJs1yPXl3gXmA=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLCOYC2SXMzs4mY2Z3lplZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ5wpbdtfVm5peWV1Lb9e2Njc2t4p7u41lUgloQ0iuJBtHyvKWUwbmmlO24mkOPI5bfmDy3HeuqNSMRHf6GFCvQj3YhYygrWxmi4JhFbdYsmu2BOhRXBmULp4L39/3LvH9W7x0w0ESSMaa8KxUh3HTrSXYakZ4XRUcFNFE0wGuEc7BmMcUeVlk2lH6Mg4AQqFNC/WaOL+7shwpNQw8k1lhHVfzWdj87+sk+rw3MtYnKSaxmT6UZhypAUar44CJinRfGgAE8nMrIj0scREmwMVzBGc+ZUXoXlScaqV02u7VKvCVHk4gEMogwNnUIMrqEMDCNzCAzzBsyWsR+vFep2W5qxZzz78kfX2A/eJkxc=</latexit> ··
·

<latexit sha1_base64="eLvSJ2YIgHwsCqbJs1yPXl3gXmA=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLCOYC2SXMzs4mY2Z3lplZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ5wpbdtfVm5peWV1Lb9e2Njc2t4p7u41lUgloQ0iuJBtHyvKWUwbmmlO24mkOPI5bfmDy3HeuqNSMRHf6GFCvQj3YhYygrWxmi4JhFbdYsmu2BOhRXBmULp4L39/3LvH9W7x0w0ESSMaa8KxUh3HTrSXYakZ4XRUcFNFE0wGuEc7BmMcUeVlk2lH6Mg4AQqFNC/WaOL+7shwpNQw8k1lhHVfzWdj87+sk+rw3MtYnKSaxmT6UZhypAUar44CJinRfGgAE8nMrIj0scREmwMVzBGc+ZUXoXlScaqV02u7VKvCVHk4gEMogwNnUIMrqEMDCNzCAzzBsyWsR+vFep2W5qxZzz78kfX2A/eJkxc=</latexit> ··
·

<latexit sha1_base64="eLvSJ2YIgHwsCqbJs1yPXl3gXmA=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLCOYC2SXMzs4mY2Z3lplZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ5wpbdtfVm5peWV1Lb9e2Njc2t4p7u41lUgloQ0iuJBtHyvKWUwbmmlO24mkOPI5bfmDy3HeuqNSMRHf6GFCvQj3YhYygrWxmi4JhFbdYsmu2BOhRXBmULp4L39/3LvH9W7x0w0ESSMaa8KxUh3HTrSXYakZ4XRUcFNFE0wGuEc7BmMcUeVlk2lH6Mg4AQqFNC/WaOL+7shwpNQw8k1lhHVfzWdj87+sk+rw3MtYnKSaxmT6UZhypAUar44CJinRfGgAE8nMrIj0scREmwMVzBGc+ZUXoXlScaqV02u7VKvCVHk4gEMogwNnUIMrqEMDCNzCAzzBsyWsR+vFep2W5qxZzz78kfX2A/eJkxc=</latexit> ··
·

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="JnRCMqLqJLg5dmMYHpun2YfpIWw=">AAAB6HicbVDLSsNAFJ3UV62vVHe6GSyCq5IIVpcFNy5bsA9oQ5lMb9qxk0mYmQgh9AtEcKGIW7/A33Drzg9x7/Sx0NYDFw7n3Mu99/gxZ0o7zpeVW1ldW9/Ibxa2tnd29+ziflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o6uJ37oDqVgkbnQagxeSgWABo0QbqZ727JJTdqbAy8Sdk1K1+GB/H36813r2Z7cf0SQEoSknSnVcJ9ZeRqRmlMO40E0UxISOyAA6hgoSgvKy6aFjfGKUPg4iaUpoPFV/T2QkVCoNfdMZEj1Ui95E/M/rJDq49DIm4kSDoLNFQcKxjvDka9xnEqjmqSGESmZuxXRIJKHaZFMwIbiLLy+T5lnZrZTP6yaNCpohj47QMTpFLrpAVXSNaqiBKAJ0j57Qs3VrPVov1uusNWfNZw7QH1hvP4udkG0=</latexit>y

<latexit sha1_base64="MOQ9b4XGbJilf3yFcH8tusOXj+c=">AAAB7HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZwU0CSQyzk7PJkNnZZWZWDEueIY2FIrY+hZWPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/tVFSWSokcjHsm6TxRyJtDTTHOsxxJJ6HOs+f2rcV67R6lYJG71IMZWSLqCBYwSbSwP79KHYTuXd4rORPYiuDPIX74Xvj9GzZNKO/fZ7EQ0CVFoyolSDdeJdSslUjPKcZhtJgpjQvukiw2DgoSoWulk2KF9bJyOHUTSPKHtifu7IyWhUoPQN5Uh0T01n43N/7JGooOLVspEnGgUdPpRkHBbR/Z4c7vDJFLNBwYIlczMatMekYRqc5+sOYI7v/IiVE+Lbql4duPkyyWYKgOHcAQFcOEcynANFfCAAoMRPMGzJaxH68V6nZYuWbOeA/gj6+0HZsuSxw==</latexit>

ex

<latexit sha1_base64="e9Y0unqJedJybPgSrjOMRHOw6Bs=">AAAB9HicbVDLSgMxFM3UV62vquDGTbCILUiZEaxdFty4rGAf0A4lk6ZtaOZhcqc4DP0OXYgo4taPcSf6MWbaLrT1wL0czrmX3BwnEFyBaX4aqaXlldW19HpmY3Nreye7u1dXfigpq1Ff+LLpEMUE91gNOAjWDCQjriNYwxleJn5jxKTivncDUcBsl/Q93uOUgJbs/N1JHgqnUdILnWzOLJoT4EVizUiuchA8PXx/laud7Ee769PQZR5QQZRqWWYAdkwkcCrYONMOFQsIHZI+a2nqEZcpO54cPcbHWunini91eYAn6u+NmLhKRa6jJ10CAzXvJeJ/XiuEXtmOuReEwDw6fagXCgw+ThLAXS4ZBRFpQqjk+lZMB0QSCjqnjA7Bmv/yIqmfFa1S8fxap1FCU6TRITpCeWShC1RBV6iKaoiiW3SPntGLMTIejVfjbTqaMmY7++gPjPcfOEqUJw==</latexit>

(x0(t), y0(t))
<latexit sha1_base64="J1i/g7w5J9s8Ic4Sw4LKH6S+oMw=">AAAB8XicbVDLSgNBEOz1GeMrKnjxshiEeAm7gjEXIeDFYwTzwGQJs5PeZMjs7DIzK8SQv/CgB4N49W+8iX6Mk8dBEwsaiqpuurv8mDOlHefTWlpeWV1bT22kN7e2d3Yze/tVFSWSYoVGPJJ1nyjkTGBFM82xHkskoc+x5veuxn7tHqVikbjV/Ri9kHQECxgl2kh3TR81uXzI+aetTNbJOxPYi8SdkWzpMB49fX8Vy63MR7Md0SREoSknSjVcJ9begEjNKMdhupkojAntkQ42DBUkROUNJhcP7ROjtO0gkqaEtifq74kBCZXqh77pDInuqnlvLP7nNRIdFL0BE3GiUdDpoiDhto7s8ft2m0mkmvcNIVQyc6tNu0QSqk1IaROCO//yIqme5d1C/vzGpFGAKVJwBMeQAxcuoATXUIYKUBDwCC8wspT1bL1ab9PWJWs2cwB/YL3/APBElCU=</latexit>

� = z(b)
<latexit sha1_base64="jaPjc6aCCXsab2NyMecG1K3ON2o=">AAAB63icbVBNSwMxEJ31s9avquDFS7AI9VJ2BWuPBS8eK9gPaJeSTbNtaJJdkqxQS/+CFw8WEW/+IW+iP8Zs24O2Phh4vDfDzLwg5kwb1/10VlbX1jc2M1vZ7Z3dvf3cwWFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwnfqNe6o0i+SdGcbUF7gnWcgINqn0UDDnnVzeLbpToGXizUm+chy/Tb6/ytVO7qPdjUgiqDSEY61bnhsbf4SVYYTTcbadaBpjMsA92rJUYkG1P5reOkZnVumiMFK2pEFT9ffECAuthyKwnQKbvl70UvE/r5WYsOyPmIwTQyWZLQoTjkyE0sdRlylKDB9agoli9lZE+lhhYmw8WRuCt/jyMqlfFL1S8fLWplGCGTJwAqdQAA+uoAI3UIUaEOjDIzzDxBHOk/PivM5aV5z5zBH8gfP+A8bUkcY=</latexit>

z(t)

<latexit sha1_base64="v5Zj66Cwto7j4k8s8+2J67FMJuU=">AAAB63icbVBNSwMxEJ31s9avquDFS7AI9VJ2BWuPBS8eK9gPaJeSTbNtaJJdkqxYSv+CFw8WEW/+IW+iP8Zs24O2Phh4vDfDzLwg5kwb1/10VlbX1jc2M1vZ7Z3dvf3cwWFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwnfqNe6o0i+SdGcbUF7gnWcgINqn0UDDnnVzeLbpToGXizUm+chy/Tb6/ytVO7qPdjUgiqDSEY61bnhsbf4SVYYTTcbadaBpjMsA92rJUYkG1P5reOkZnVumiMFK2pEFT9ffECAuthyKwnQKbvl70UvE/r5WYsOyPmIwTQyWZLQoTjkyE0sdRlylKDB9agoli9lZE+lhhYmw8WRuCt/jyMqlfFL1S8fLWplGCGTJwAqdQAA+uoAI3UIUaEOjDIzzDxBHOk/PivM5aV5z5zBH8gfP+A8PGkcQ=</latexit>

x(t)

<latexit sha1_base64="nFZ/yqXkAYAUuCOcazjM6KR9UdY=">AAAB63icbVBNS8NAEN3Ur1q/qoIXL8Ei1EtJBGuPBS8eK9gPaEPZbDft0t1N2J0IIfQvePFgEfHmH/Im+mPctD1o64OBx3szzMzzI840OM6nlVtb39jcym8Xdnb39g+Kh0ctHcaK0CYJeag6PtaUM0mbwIDTTqQoFj6nbX98k/ntB6o0C+U9JBH1BB5KFjCCIZOSMlz0iyWn4sxgrxJ3QUr1k+ht+v1Va/SLH71BSGJBJRCOte66TgReihUwwumk0Is1jTAZ4yHtGiqxoNpLZ7dO7HOjDOwgVKYk2DP190SKhdaJ8E2nwDDSy14m/ud1YwhqXspkFAOVZL4oiLkNoZ09bg+YogR4YggmiplbbTLCChMw8RRMCO7yy6ukdVlxq5WrO5NGFc2RR6foDJWRi65RHd2iBmoigkboET2jqSWsJ+vFep235qzFzDH6A+v9B8VNkcU=</latexit>

y(t)

<latexit sha1_base64="YOAAMWVgZ4zIG49LbANavyW+M8M=">AAAB8nicbVDLSgNBEJyNrxhfUcGLl8EgxEvYFYy5CAEvHiOYB2yW0DuZTYbMzi4zs0Jc8hmCeIiIV7/Gm+jHOHkcNLGgoajqprvLjzlT2rY/rczK6tr6RnYzt7W9s7uX3z9oqCiRhNZJxCPZ8kFRzgSta6Y5bcWSQuhz2vQH1xO/eU+lYpG408OYeiH0BAsYAW0ktw087sPVQxHOOvmCXbKnwMvEmZNC9SgeP31/VWqd/Ee7G5EkpEITDkq5jh1rLwWpGeF0lGsnisZABtCjrqECQqq8dHryCJ8apYuDSJoSGk/V3xMphEoNQ990hqD7atGbiP95bqKDipcyESeaCjJbFCQc6whP/sddJinRfGgIEMnMrZj0QQLRJqWcCcFZfHmZNM5LTrl0cWvSKKMZsugYnaAictAlqqIbVEN1RFCEHtEYvVjaerZerbdZa8aazxyiP7DefwC4hpSY</latexit>

↵ = z(a)

Figura 2.11: Valors de log z.

i tenim, per tant,

Re (log z) = log |z|, Im (log z) = arg z.

En les expressions anteriors, log r = log |z| és el logaritme habitual d’un nombre
real positiu. Notem que la indeterminació de l’argument de z en múltiples de
2π addicionals fa que la part imaginària de log z tingui una infinitat de valors
possibles que difereixen entre ells en múltiples de 2π (figura 2.11). La funció
logaŕıtmica és, doncs, multivaluada (de fet, és ∞-valuada). Tal com hem fet
amb l’argument, podem parlar de la branca (o determinació) principal de log z
restringint arg z a l’argument principal, Arg z.

És fàcil comprovar que log z és la funció inversa de ez:

elog z = z i, també, log (ez) = z (+2πik).

També es pot definir el logaritme de base complexa. Si a ∈ C definim

loga z
def
=

log z

log a

que, òbviament, es compleix quan a i z són reals. Cal, però, fixar prèviament la
determinació de log a (o, equivalentment, l’argument de a). La funció loga z és
∞-valuada.

Potència d’exponent complex i exponencial de base complexa

Si a i b són nombres reals (a > 0) tenim ab = eb log a. Si mantenim aquesta
expressió quan a i b són complexos tindrem

zb
def
= eb log z, az

def
= ez log a
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La primera funció (potència d’exponent complex) és, en general, multivaluada3,
mentre que la segona (exponencial de base complexa) és univaluada un cop
fixada la determinació de l’argument de a (i, per tant, del seu logaritme).

Funcions trigonomètriques

A les fórmules d’Euler (1.13)

sin θ =
eiθ − e−iθ

2i
, cos θ =

eiθ + e−iθ

2
,

substitüım el nombre real θ pel complex z i definim

sin z
def
=

eiz − e−iz

2i
, cos z

def
=

eiz + e−iz

2

Definim també

tan z
def
=

sin z

cos z
=

eiz − e−iz

i [eiz + e−iz]

i, similarment, cot z, sec z i csc z

cot z
def
=

1

tan z
, sec z

def
=

1

cos z
, csc z

def
=

1

sin z

Totes les funcions trigonomètriques són univaluades, ja que la funció exponencial
també ho és. Totes tenen periodicitat 2π en la direcció paral·lela a l’eix real, és
a dir,

sin z = sin(z + 2π) , cos z = cos(z + 2π), etc.

Compleixen les mateixes relacions que les corresponents funcions de variable real

(cos z)2 + (sin z)2 = 1 , cos(−z) = cos z , sin(−z) = − sin z ,

sin(z + z′) = sin z cos z′ + cos z sin z′, cos(z + z′) = cos z cos z′ − sin z sin z′, etc.

Les funcions sin z i cos z únicament s’anul·len, respectivament, als punts nπ i
(n+ 1/2)π de l’eix real (n ∈ Z).

3Però si b ∈ Z, zb és univaluada i z1/b és b-valuada.
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Funcions hiperbòliques

Novament, substitüım x per z a les funcions hiperbòliques reals

sinhx =
ex − e−x

2
, coshx =

ex + e−x

2
, etc.

i definim

sinh z
def
=

ez − e−z

2
, coshx

def
=

ez + e−z

2

i també

tanh z
def
=

sinh z

cosh z
=

ez − e−z

ez + e−z
, etc.

Les funcions hiperbòliques són també univaluades. Totes tenen periodicitat 2πi
en la direcció paral·lela a l’eix imaginari, és a dir,

sinh z = sinh(z + 2πi), cosh z = cosh(z + 2πi), etc.

Compleixen les mateixes relacions que les corresponents funcions de variable real

(cosh z)2 − (sinh z)2 = 1, cosh(−z) = cosh z, sinh(−z) = − sinh z,

sinh(z + z′) = sinh z cosh z′ + cosh z sinh z′,

cosh(z + z′) = cosh z cosh z′ + sinh z sinh z′, etc.

Les funcions sinh z i cosh z únicament s’anul·len, respectivament, als punts nπi
i (n+ 1/2)πi de l’eix imaginari (n ∈ Z).

Les funcions trigonomètriques i les hiperbòliques estan relacionades, com
fàcilment s’infereix de les seves definicions. Aix́ı, tenim

cosh z = cos(iz), cos z = cosh(iz),

i sinh z = sin(iz), i sin z = sinh(iz).

Funcions trigonomètriques inverses

Aquestes funcions les podem expressar en termes del logaritme. Veiem-ho amb
detall per al cas de la funció arcsin z. Si w = arcsin z, tenim que sinw = z, és
a dir,

eiw − e−iw

2i
= z, o també eiw − 2iz − e−iw = 0,

i si multipliquem per eiw tenim

(
eiw
)2 − 2iz

(
eiw
)
− 1 = 0.
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D’aqúı podem äıllar eiw (és una equació de segon grau)

eiw = iz ±
√
1− z2,

d’on podem fàcilment obtenir w. Tenim, doncs,

arcsin z = −i log
(
iz ±

√
1− z2

)

Aquesta funció és multivaluada a causa del logaritme (multivaluat) i de l’arrel
(bivaluada). Un càlcul similar ens porta a

arccos z = −i log
(
z ±

√
z2 − 1

)
, arctan z =

i

2
log

(
i+ z

i− z

)

Funcions hiperbòliques inverses

Procedint com en el cas anterior tenim

arcsinh z = log
(
z ±

√
z2 + 1

)
, arccosh z = log

(
z ±

√
z2 − 1

)
,

arctanh z =
1

2
log

(
1 + z

1− z

)
.

2.5 Ĺımit d’una funció

Definició 2.3 Diem que el ĺımit de f(z) quan z tendeix a z0 és w0, i ho ex-
pressem

lim
z→z0

f(z) = w0,

si ∀ϵ > 0, ∃δ > 0 tal que d(f(z), w0) < ϵ sempre que 0 < d(z, z0) < δ.

Una definició equivalent és aquesta:

Definició 2.4 limz→z0 f(z) = w0 si per a tota successió {zn} tal que {zn} → z0
es compleix que {f(zn)} → w0.

Si el ĺımit existeix és únic. Intüıtivament això és evident, ja que cap successió
(i, en particular, tampoc la sucessió {f(zn)}) pot acostar-se arbitràriament a dos
punts w0 i w′0 diferents, separats per una distància estrictament més gran que
zero.

Les regles del càlcul de ĺımits són les que coneixem del càlcul en variable
real, ja que la definició de ĺımit és formalment idèntica al cas real, com ja s’ha
esmentat al caṕıtol 1 en referència als ĺımits de successions.

La definició 2.4 i el teorema 1.3 ens porten al resultat següent:
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Teorema 2.1 Sigui z = x+ iy, f = u+ iv, z0 = x0+ iy0 i w0 = a+ ib. Aleshores

lim
z→z0

f(z) = w0 ⇔





lim
x→x0

y→y0

u(x, y) = a,

lim
x→x0

y→y0

v(x, y) = b.

D’acord amb la definició 2.2, el significat de “tendir a infinit” i de “ĺımit
quan z tendeix a infinit” és:

Definició 2.5 (Ĺımit ∞ i ĺımit quan z → ∞)

lim
z→z0

f(z) = ∞ si lim
z→z0

1

f(z)
= 0,

lim
z→∞

f(z) = w si lim
z→0

f

(
1

z

)
= w.

2.6 Continüıtat

Definició 2.6 (Continüıtat) La funció f(z) és cont́ınua a z0 si es compleix

lim
z→z0

f(z) = f(z0).

Aquesta definició pressuposa que tant limz→z0 f(z) com f(z0) existeixen (és a
dir, z0 pertany al domini de definició de f). El teorema 2.1 ens porta al resultat
següent:

Teorema 2.2 Amb la notació del teorema 2.1, la funció f(z) és cont́ınua a z0
si i només si les funcions u(x, y) i v(x, y) són cont́ınues a (x0, y0).

Diem que f(z) és cont́ınua en un subconjunt obert D de C si ho és en tots
els punts de D.

Definició 2.7 (Continüıtat uniforme) La funció f(z) és uniformement cont́ınua
a D (D ⊂ C) si ∀ϵ > 0, ∃δ > 0 depenent només de ϵ, tal que d[f(z), f(z′)] < ϵ
sempre que d(z, z′) < δ, on z i z′ són punts qualssevol de D.

Teorema 2.3 Si D és compacte i f(z) és cont́ınua a D, aleshores f(z) és uni-
formement cont́ınua a D.

La demostració és idèntica al cas de les funcions de variable real.
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2.7 Derivació i analiticitat

Definició 2.8 (Derivada) La funció f(z) és derivable a z0 si existeix el ĺımit

lim
z→z0

f(z)− f(z0)

z − z0

def
= f ′(z0). (2.1)

Si f ′(z0) existeix, s’anomena la derivada de f a z0.

L’expressió anterior també es pot escriure

f ′(z0) = lim
∆z→0

f(z0 +∆z)− f(z0)

∆z
= lim

∆z→0

∆f

∆z
,

on ∆z
def
= z − z0 i ∆f

def
= f(z)− f(z0) = f(z0 +∆z)− f(z0).

Teorema 2.4 Si f(z) és derivable a z0, aleshores és cont́ınua a z0.

Demostració: Si f ′(z0) existeix, el numerador de (2.1) ha de tendir
a 0 quan z → z0, és a dir, limz→z0 f(z) = f(z0).

⋄

Les regles de derivació que coneixem del càlcul en una variable real són
també vàlides en una variable complexa, ja que, com passa amb els ĺımits de
successions i funcions, les definicions que hem donat són formalment idèntiques
a les corresponents al cas real. Això inclou la derivada de la suma, del producte,
etc., i les regles de la cadena i de L’Hôpital (per resoldre ĺımits indeterminats).

Exemple 2.3 Calculem el ĺımit

lim
z→iπ

sinh(2z)

ez + 1
.

Observem primer que el ĺımit és una indeterminació del tipus 0/0

lim
z→iπ

sinh(2z)

ez + 1
=

sinh(2πi)

eiπ + 1
=

i sin(2π)

−1 + 1
=

0

0
.

Usem la regla de L’Hôpital

lim
z→iπ

sinh(2z)

ez + 1
= lim

z→iπ

[sinh(2z)]′

(ez + 1)′
= lim

z→iπ

2 cosh(2z)

ez

=
2 cosh(2πi)

eiπ
=

2 cos(2π)

−1
= −2,

on hem suposat sense demostrar-ho que (ez)′ = ez i (sinh z)′ = cosh z, com passa
en el cas real. La demostració és a l’exemple 2.4.
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Teorema 2.5 (Condicions de Cauchy-Riemann) Si la funció f(z) és derivable
a z0 = x0 + iy0, aleshores les funcions u(x, y) i v(x, y) satisfan les condicions
següents:

∂

∂x
u(x, y)

∣∣∣∣
(x0,y0)

=
∂

∂y
v(x, y)

∣∣∣∣
(x0,y0)

,

− ∂

∂x
v(x, y)

∣∣∣∣
(x0,y0)

=
∂

∂y
u(x, y)

∣∣∣∣
(x0,y0)

.

Aquestes condicions s’anomenen condicions de Cauchy-Riemann.

Demostració: En ser f(z) derivable a z0 tenim

f ′(z0) = lim
∆x→0
∆y→0

∆u+ i∆v

∆x+ i∆y
.

El ĺımit és independent del camı́ escollit per acostar (∆x,∆y) a (0, 0).
Fem-ho de dues maneres:

1) Mantenint ∆x = 0, aleshores

f ′(z0) = lim
∆y→0

∆u+ i∆v

i∆y
= lim

∆y→0

∆v

∆y
− i lim

∆y→0

∆u

∆y

=
∂v

∂y

∣∣∣∣
0

− i
∂u

∂y

∣∣∣∣
0

,

on el sub́ındex 0 indica que les derivades parcials s’han d’avaluar
en el punt (x0, y0).

2) Mantenint ∆y = 0, aleshores

f ′(z0) = lim
∆x→0

∆u+ i∆v

∆x
= lim

∆x→0

∆u

∆x
+ i lim

∆x→0

∆v

∆x

=
∂u

∂x

∣∣∣∣
0

+ i
∂v

∂x

∣∣∣∣
0

.

Si igualem les dues expressions de f ′(z0) obtenim les condicions de
Cauchy-Riemann.

⋄

Quan no hi hagi confusió escriurem

ux
def
=

∂u

∂x
, uy

def
=

∂u

∂y
, vx

def
=

∂v

∂x
, vy

def
=

∂v

∂y
.
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Les condicions de Cauchy-Riemann en el punt z0 són, per tant, necessàries per
tal que f sigui derivable a z0. No són, però, suficients, llevat que exigim també la
continüıtat de les derivades parcials de primer ordre de u i v en el punt (x0, y0).

Teorema 2.6 Si u(x, y) i v(x, y) tenen derivades parcials de primer ordre con-
t́ınues a (x0, y0) i satisfan les condicions de Cauchy-Riemann en aquest punt,

aleshores f(z)
def
= u(x, y) + iv(x, y) és derivable a z0

def
= x0 + i y0.

Demostració: Hem de demostrar l’existència del ĺımit

lim
∆z→0

∆f

∆z
= lim

∆x→0
∆y→0

∆u+ i∆v

∆x+ i∆y
.

Per fer-ho, observem que

∆u = u(x, y)−u(x0, y0) = [u(x, y)− u(x0, y)]+[u(x0, y)− u(x0, y0)] .

Aplicant el teorema del valor mitjà als dos darrers termes d’aquesta
expressió tenim

∆u = (x− x0)ux(ξ, y) + (y − y0)uy(x0, η),

on ξ és un nombre real comprès entre x0 i x, i η és un nombre real
comprès entre y0 i y. Òbviament, quan (x, y) → (x0, y0) (és a dir,
∆x,∆y → 0) també (ξ, η) → (x0, y0). La continüıtat de ux i uy en el
punt (x0, y0) ens assegura que

ux(ξ, y) = ux(x0, y0) + ϵux, uy(x0, η) = uy(x0, y0) + ϵuy ,

on ϵux, ϵ
u
y → 0 quan ∆x, ∆y → 0. Tenim, doncs,

∆u = ∆x [ux(x0, y0) + ϵux] + ∆y
[
uy(x0, y0) + ϵuy

]
.

De manera anàloga arribem a

∆v = ∆x [vx(x0, y0) + ϵvx] + ∆y
[
vy(x0, y0) + ϵvy

]
,

on també ϵvx, ϵ
v
y → 0 quan ∆x, ∆y → 0. Tenim doncs,

∆f

∆z
=
(ux+ϵux)∆x+(uy+ϵuy)∆y+i

[
(vx+ϵvx)∆x+(vy+ϵvy)∆y

]

∆x+i∆y
,

on hem suprimit (x0, y0) en totes les derivades parcials per alleugerir
la notació. Usant les condicions de Cauchy-Riemann tenim

∆f

∆z
=

(∆x+ i∆y)(ux + ivx)

∆x+ i∆y
+

∆x(ϵux + i ϵvx) + ∆y(ϵuy + i ϵvy)

∆x+ i∆y
,
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d’on es dedueix que
∣∣∣∣
∆f

∆z
− (ux + ivx)

∣∣∣∣ ≤
∣∣∣∣
∆x(ϵux + i ϵvx)

∆x+ i∆y

∣∣∣∣+
∣∣∣∣
∆y(ϵuy + i ϵvy)

∆x+ i∆y

∣∣∣∣ .

Com que |∆x| ≤ |∆x + i∆y| i |∆y| ≤ |∆x + i∆y|, tenim finalment
que per a qualsevol ϵ > 0, si escollim ∆x i ∆y prou petits, podem
aconseguir que

∣∣∣∣
∆f

∆z
− (ux + ivx)

∣∣∣∣ ≤ |ϵux|+ |ϵvx|+ |ϵuy |+ |ϵvy| < ϵ,

és a dir,

lim
∆z→0

∆f

∆z
= ux + ivx (= ux − i uy = vy + ivx = vy − iuy).

L’existència de f ′(z0) queda, per tant, demostrada.

⋄

Exemple 2.4 Comprovem que la funció f(z) = ez és derivable a tot el pla
complex i que f ′(z) = ez.

De la definició de ez tenim

u = ex cos y, v = ex sin y,

i, per tant,

ux = ex cos y, uy = −ex sin y, vx = ex sin y, vy = ex cos y.

Totes aquestes derivades són cont́ınues a qualsevol z ∈ C i observem que ux = vy,
−vx = uy, és a dir, se satisfan les condicions de Cauchy-Riemann. Aix́ı doncs,
el teorema 2.6 ens garanteix que f(z) = ez és derivable a tot C. A més,

f ′(z) = ux + ivx = ex cos y + iex sin y = ez.

A partir d’aquest resultat també podem demostrar que f(z) = sinh z és
derivable i que f ′(z) = cosh z a tot el pla complex. Si partim de la definició
sinh z = (ez − e−z)/2 i usem les regles elementals de derivació, que, com s’ha
esmentat, són aplicables a funcions d’una variable complexa, trobem

f ′(z) =

(
ez − e−z

2

)′
=

(ez)′ − (e−z)′

2
=

ez − (−e−z)

2
= cosh z.
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Teorema 2.7 Una funció f(z) = u(x, y) + iv(x, y) és constant en un domini D
(obert i connex) si i només si f ′(z) = 0, ∀z ∈ D.

Demostració: A partir de (2.1) és evident que, si f(z) és constant
a D, la seva derivada és zero en tots els punts de D. Per demostrar
el rećıproc notem que si f ′(z) = 0 tenim ux + ivx = vy − iuy = 0, és
a dir, ux = uy = vx = vy = 0 a tot D. Aquestes derivades parcials
són cont́ınues a D, ja que són nul·les a tot arreu. Això implica
que les funcions u(x, y) i v(x, y) són diferenciables a tot D i que els
seus gradients són ∇u = ∇v = (0, 0). Per tant, totes les derivades
direccionals de u i de v són 0 (recordem que la derivada direccional
de u en la direcció n és n ·∇u). Això fa que les funcions u i v siguin
constants al llarg de qualsevol segment rectilini de D. El teorema 1.8
ens garanteix que dos punts qualssevol del conjunt obert i connex D
es poden connectar amb un nombre finit d’aquests segments i, per
tant, f = u+ iv és constant a tot D.

⋄

Definició 2.9 (Analiticitat) Diem que la funció f(z) és anaĺıtica (o holomorfa4)
a z0 si és derivable a z0 i en algun entorn Eϵ(z0) de z0.

Exemple 2.5 Considerem la funció f(z) = |z|2. Volem veure que f ′(z) només
existeix per a z = 0. Comencem observant que:

∆f

∆z
=

(z +∆z)(z∗ +∆z∗)− zz∗

∆z
= z∗ +∆z∗ + z

∆z∗

∆z
.

Considerem separadament els casos z = 0 i z ̸= 0.

Si z = 0 tenim f ′(0) = lim
∆z→0

∆f

∆z
= 0, ja que |∆z∗/∆z| = 1.

Si z ̸= 0, el ĺımit lim∆z→0(∆z∗/∆z) no existeix perquè si ∆y = 0 tenim

lim
∆z→0

∆z∗

∆z
= lim

∆x→0

∆x

∆x
= 1,

mentre que si ∆x = 0, tenim

lim
∆z→0

∆z∗

∆z
= lim

i∆y→0

−i∆y

i∆y
= −1.

4Estrictament, aquesta és la definició de funció holomorfa a z0. La definició de funció
anaĺıtica (també vàlida per a funcions de variable real) és que sigui la suma d’una sèrie de
potències de z − z0. Tanmateix, al caṕıtol 4 veurem que f(z) és holomorfa a z0 si i només si
és anaĺıtica en aquest punt. En altres paraules, per a les funcions de variable complexa els
termes holomorfa i anaĺıtica són sinònims. En endavant, usarem únicament el terme anaĺıtica.
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Aix́ı doncs, el ĺımit

lim
∆z→0

∆f

∆z
= z∗ + z

(
lim
∆z→0

∆z∗

∆z

)

no existeix i, per tant, tot i que f(z) = |z|2 és derivable a z = 0, no és anaĺıtica
en aquest punt.

Definició 2.10 La funció f(z) és anaĺıtica a D (⊂ C) si ho és en tots els punts
de D. Direm que f(z) és entera si és anaĺıtica a tot el pla complex.

Notem que si D és un conjunt obert, f(z) és anaĺıtica a D si i només si
és derivable a D, és a dir, en un conjunt obert analiticitat i derivabilitat són
conceptes equivalents. Si el conjunt D no és obert, llavors f(z) és anaĺıtica a D
si i només si és derivable en algun conjunt obert que contingui D.

Ara estem en condicions de donar una definició precisa de branca d’una
funció multivaluada.

Definició 2.11 (Branca d’una funció multivaluada) Una branca d’una funció
multivaluada f(z) és qualsevol funció univaluada F (z) anaĺıtica en algun domini
(obert) D en cada punt del qual F (z) pren algun dels valors possibles de f(z).

Sovint s’utilitza “branca” de manera més informal, incloent el tall de branca
en el domini de definició, amb la qual cosa la “branca” és discont́ınua. Per
exemple, una branca del logaritme és log z = log r + iθ amb θ ∈ (0, 2π), però
també parlem de la “branca” amb θ ∈ [0, 2π), que és discont́ınua sobre l’eix real
positiu.

Exemple 2.6 Sigui z = reiθ,

1) La funció F (z)
def
=

√
reiθ/2 és univaluada i anaĺıtica en el domini

D = {z ∈ C : r > 0,−π < θ < π}

(D no conté ni el tall de branca, la semirecta (−∞, 0], ni el punt d’embran-
cament, z = 0). És, per tant, una branca de la funció multivaluada f(z) =√
z. Informalment, també parlem de “branca” quan −π < θ ≤ π, tot i

que aquesta és discont́ınua a l’eix real negatiu.

2) La funció F (z)
def
= log |z|+ iArg(z) és anaĺıtica en el mateix domini D. És,

doncs, una branca (la branca principal) de log z.
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3) En el caṕıtol 4 estudiarem les sèries de potències i veurem (problema P4.8)
que

F (z) =
∞∑

n=0

(2n)!

22n(n!)2
zn

és la sèrie de Taylor de f(z) = 1/
√
1− z. També veurem que F (z) és

anaĺıtica a |z| < 1. Per tant, F (z) és una branca de f(z) = 1/
√
1− z en

aquesta regió.

4) La funció

F (z) =

{√
reiθ/2, si r ∈ Q

−√
reiθ/2, si r ̸∈ Q,

tot i que pren un dels valors possibles de
√
z a qualsevol punt de D, no és

cap branca de
√
z perquè ni tan sols és cont́ınua (en cap domini).

Definició 2.12 (Singularitat äıllada) El punt z0 és una singularitat äıllada de
la funció f(z) si existeix ϵ > 0 tal que f és anaĺıtica a E∗ϵ (z0), però f ′(z0) no
existeix.

Teorema 2.8 Si f(z) = u(x, y) + iv(x, y) és anaĺıtica en un domini D (obert i
connex), aleshores f(z) és constant a D si, i només si, |f(z)| és constant a D.

Demostració: És evident que si f(z) és constant, també ho és el
seu mòdul. Per demostrar el rećıproc, observem que si f(z) i f ∗(z)
són ambdues anaĺıtiques a D, llavors han de ser constants. Això és
conseqüència de les condicions de Cauchy-Riemann aplicades a f i
a f ∗

f = u+ iv anaĺıtica ⇒ ux = vy, uy = −vx

f ∗ = u− iv anaĺıtica ⇒ ux = −vy, uy = vx,

d’on dedüım que ux = uy = vx = vy = 0 a tot D. Aix́ı doncs,
f ′(z) = 0 a tot D i, d’acord amb el teorema 2.7, f(z) és constant.

Suposem ara que |f(z)| = K (constant) a D. Si K = 0, el teorema es
compleix trivialment, ja que també f(z) = 0. Si K ̸= 0, les funcions
f(z) i f ∗(z) no s’anul·len enlloc i tenim

f ∗(z) =
f(z)f ∗(z)

f(z)
=

|f(z)|2
f(z)

=
K2

f(z)
.
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Per tant, com que f(z) és anaĺıtica (i no s’anul·la) a D, f ∗(z) també
és anaĺıtica i, com acabem de veure, això implica que f(z) és constant
a D.

⋄

2.8 Problemes

P2.1 Trobeu tots els valors de:

(a) (i− 1)i

(b) (−1)1/π

(c) 1
√
2

(d) arctan(2i)

(e) arctanh 0

(f) log(−e2i)

(g) tan i

(h) ilog 3

(i) log(e−iπ/2) i

(j) log(−3)

(k) log(
√
3− i)

(l) arcsin 2

(m) arccos 2

(n) arccos i

(o) arccosh i

(p) (cos i)1/3

(q) (sin i)3/5

P2.2 Quin és el domini de definició que se sobreentén en les funcions següents?

(a) f(z) = 1/(z2 + 4) (b) f(z) = z/(z + z∗) (c) f(z) = z/ sin z

P2.3 Demostreu que z = ±i són punts d’embrancament de (z2 + 1)1/3.

P2.4 Estudieu els punts d’embrancament de f(z) =
√
(4− z)(4 + z2) .

P2.5 Considereu la branca de la funció f(z) =
√
1− z2, en la qual f(0) = 1.

Calculeu el seu valor en el punt de la recta real z = p > 1 si ens movem
des de l’origen a aquest punt evitant el punt z = 1 per la part superior
del pla complex i preservant continüıtat.

P2.6 Considereu una branca de w = log z. Demostreu que transforma

(a) cercles amb centre a l’origen del pla z en rectes paral·leles a l’eix v
del pla w,

(b) rectes que passen per l’origen del pla z en rectes paral·leles a l’eix u
del pla w,

(c) tot el pla z en una franja d’amplada 2π del pla w.
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P2.7 Trobeu totes les solucions de:

(a) ez = −2

(b) e4z = i

(c) ez = 1 +
√
3i

(d) e2z−1 = 1

(e) sinh z = i
√
2

(f) zi = 1 + i

(g) sin z = i
√
2

P2.8 Demostreu les igualtats:

(a) ez1ez2 = ez1+z2 , ez1/ez2 = ez1−z2

(b) |ez| = ex, |eiz| = e−y

(c) sin2 z + cos2 z = 1

(d) e±iz = cos z ± i sin z

(e) sin(z1 + z2) = sin z1 cos z2 + sin z2 cos z1

(f) sin(−z) = − sin z, cos(−z) = cos z

(g) sinh(−z) = − sinh z, cosh(−z) = cosh z

(h) sinh(z1 + z2) = sinh z1 cosh z2 + sinh z2 cosh z1

(i) cosh2 z − sinh2 z = 1

(j) ez+2kπi = ez

(k) sin(x+ iy) = sin x cosh y + i cosx sinh y

(l) (sin z)∗ = sin z∗, (cos z)∗ = cos z∗

P2.9 (a) Trobeu tots els zeros de sin z i cos z i comproveu que són reals.

(b) Trobeu tots els zeros de sinh z i cosh z i comproveu que són imagi-
naris.

P2.10 Demostreu, suposant algunes restriccions, que

log(z − 1) =
1

2
log[(x− 1)2 + y2] + i arctan

y

x− 1
.

P2.11 Trobeu les parts real i imaginària de zz.

P2.12 Demostreu que lim
z→0

z/z∗ no existeix.

P2.13 Trobeu els ĺımits següents:

(a) lim
z→i

z3 + (z − i)z2 + (1− 2i)z − i

z2 + 1

(b) lim
z→i

3z4 − 2z3 + 8z2 − 2z + 5

z − i
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P2.14 Si f(z) = u + iv i z = x + iy = reiθ, demostreu que les condicions de
Cauchy-Riemann també es poden expressar:

(a)
∂f

∂z∗
= 0 (b)

∂u

∂r
=

1

r

∂v

∂θ
,

∂v

∂r
= −1

r

∂u

∂θ

P2.15 Amb els resultats del problema anterior, discutiu l’analiticitat de les
funcions:

(a) z∗

(b) (z∗)2

(c) ex(cos y − i sin y)

(d) xy + iy

(e)
2z + 1

z(z2 + 1)

(f) r2

P2.16 Fent servir les regles de derivació, trobeu les derivades de les funcions
següents:

(a) z arctan(log z)

(b) (z − 3i)(4z+2)

(c) 1/arcth(iz + 2)

(d) cos2(2z + 3i)

P2.17 Demostreu que les funcions següents són harmòniques (és a dir, satis-
fan l’equació de Laplace ∂2u/∂x2 + ∂2u/∂y2 = 0) i trobeu les seves
harmòniques conjugades v (és a dir, tals que f(z) = u+iv sigui anaĺıtica)

(a) u = 2x(1− y) (b) u = e−x(x sin y − y cos y)

P2.18 Considereu la regió D1 de la figura 2.12, definida per: 0 ≤ Re z ≤ 2;
0 ≤ Im z ≤ 1. Trobeu la imatge de D1 per a les funcions següents:

(a) f(z) = ez (b) f(z) = ez
∗

(c) f(z) = eiz
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<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+
<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1

<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1<latexit sha1_base64="saFsJAZoiyVVuhMW77AdYjUMN/A=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisaC/QDiWTZtrQTGZIMkId+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0tr6yupdczG5tb29nczm5NhbEktEpCHsqGhxXlTNCqZprTRiQpDjxO617/apzX76lULBR3ehBRN8BdwXxGsDbW7cOJ087l7YI9EVoEZwb5y9H+x8XoK1tp5z5bnZDEARWacKxU07Ej7SZYakY4HWZasaIRJn3cpU2DAgdUuclk1CE6Mk4H+aE0T2g0cX93JDhQahB4pjLAuqfms7H5X9aMtX/uJkxEsaaCTD/yY450iMZ7ow6TlGg+MICJZGZWRHpYYqLNdTLmCM78yotQKxacUuH0xs6XSzBVGg7gEI7BgTMowzVUoAoEuvAIz/BicevJerXepqUpa9azB39kvf8Ac9KRpg==</latexit>

z + 1
<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+
<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1

<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1<latexit sha1_base64="saFsJAZoiyVVuhMW77AdYjUMN/A=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisaC/QDiWTZtrQTGZIMkId+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0tr6yupdczG5tb29nczm5NhbEktEpCHsqGhxXlTNCqZprTRiQpDjxO617/apzX76lULBR3ehBRN8BdwXxGsDbW7cOJ087l7YI9EVoEZwb5y9H+x8XoK1tp5z5bnZDEARWacKxU07Ej7SZYakY4HWZasaIRJn3cpU2DAgdUuclk1CE6Mk4H+aE0T2g0cX93JDhQahB4pjLAuqfms7H5X9aMtX/uJkxEsaaCTD/yY450iMZ7ow6TlGg+MICJZGZWRHpYYqLNdTLmCM78yotQKxacUuH0xs6XSzBVGg7gEI7BgTMowzVUoAoEuvAIz/BicevJerXepqUpa9azB39kvf8Ac9KRpg==</latexit>

z + 1

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+

<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="GU/SujQvO7+RqHyhbj/JEu1RFAQ=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoPgxTAjGD0GvHiMaBZIhtDT6Uma9PQM3T1KGPIJXjwoLifxi7z5Kd7sLAdNfFDweK+Kqnp+LLg2jvOFMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/MfLrt0xpHskbM4iZF5Ku5AGnxFjpWrWP2/mCU3TGwPPEnZJCee+78P5291Jp5z9bnYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU1LJQmZ9tLxqUN8aJUODiJlSxo8Vn9PpCTUehD6tjMkpqdnvZH4n9dMTHDupVzGiWGSThYFicAmwqO/cYcrRo0YWEKo4vZWTHtEEWpsOjkbgjv78jypnRTdUvH0yqZRggmysA8HcAQunEEZLqECVaDQhXt4hCck0AN6Rq+T1gyazuzCH6CPHwPMkU8=</latexit>r�

<latexit sha1_base64="2NrxcFxNOVeUBcNOQx1/7MafKwU=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoMgCGFGMHoMePEY0SyQDKGn05M06ekZunuUMOQTvHhQXE7iF3nzU7zZWQ6a+KDg8V4VVfX8WHBtHOcLZRYWl5ZXsqu5tfWNza389k5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/YuTXb5nSPJI3ZhAzLyRdyQNOibHStWoft/MFp+iMgeeJOyWF8t534f3t7qXSzn+2OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5qWShIy7aXjU4f40CodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODcS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdHI2BHf25XlSOym6peLplU2jBBNkYR8O4AhcOIMyXEIFqkChC/fwCE9IoAf0jF4nrRk0ndmFP0AfPwDEkU0=</latexit>r+

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="plIcyddfw0kjf8fpf+1CKMWGLXA=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosKOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBiwGTGA==</latexit>D2

<latexit sha1_base64="9taLgViV1xAEZzE2TkVUnmLOcuw=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DCnqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJfZMX</latexit>D1

Figura 2.12: Regions dels problemes P2.18 i P2.19.
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P2.19 Considereu la regió D2 de la figura 2.12, definida per: 1< |z|<2; Im z>0.
Trobeu la imatge de D2 per a les funcions següents (preneu la branca amb
el tall sobre l’eix real positiu, quan calgui):

(a) f(z) = z1/2

(b) f(z) = z
3
2

(c) f(z) = z1/3

(d) f(z) = log z

(e) f(z) = 1/z

(f) f(z) = z2

P2.20 Considereu les branques principals (definides per −π < θ < π) de les
funcions següents i trobeu el valor de la discontinüıtat en els punts del
tall:

(a) f(z) = z1/2

(b) f(z) = z1/3

(c) f(z) = z1/n, n ∈ N
(d) f(z) = log z

P2.21 Expresseu en termes de z i z∗ les funcions següents i indiqueu si són
anaĺıtiques:

(a) f(z) = |z| (b) f(z) = Arg z

P2.22 Determineu on són derivables i/o anaĺıtiques les branques −π ≤ θ < π
de les funcions multivaluades següents:

(a) f(z) = z1/2

(b) f(z) = z3/2
(c) f(z) = log z

(d) f(z) = z log z

(e) f(z) = 1/ log z

Quina és la resposta quan es consideren definides sobre les superf́ıcies de
Riemann corresponents?

P2.23 Considereu la funció real u(x, y) = log(x2 + y2), definida a tot el pla x-y
llevat del punt (0, 0). És harmònica (vegeu el problema P2.17)? On?
Trobeu la seva harmònica conjugada, v(x, y), i determineu el domini
d’analiticitat de la funció complexa f(z) = u(x, y) + iv(x, y).

Solucions

S2.1 (a) e[2k−(3/4)]πei(log 2)/2

(b) e(2k+1)i

(c) ei2
√
2 kπ

(d) [k + (1/2)]π + i(log 3)/2

(e) kπi

(f) 2 + i[2k − (1/2)]π

(g) i(e2 − 1)/(e2 + 1)

(h) eiπ(log
√
3+k log 9)
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(i) 4k − 1

(j) log 3 + i(2k + 1)π

(k) log 2 + i(11/6 + 2k)π

(l) [(1/2) + 2k]π − i log(2±
√
3)

(m) 2kπ − i log(2±
√
3)

(n) [2k ± (1/2)]π − i log(
√
2± 1)

(o) log(
√
2± 1) + i[2k ± (1/2)]π

(Fins aqúı, k ∈ Z)

(p)
3
√
cosh 1 ei2πk/3 on k = 0, 1, 2

(q) [(e2 − 1)/(2e)]3/5 eiπ(4k−1)/10, on k = 0, 1, . . . , 4

S2.2 (a) C− {−2i, 2i}
(b) C−{Re z = 0}. No es pot estendre el domini de definició per incloure
el punt z = 0, ja que si escrivim z = ϵeiθ el ĺımit

limϵ→0
ϵeiθ

ϵeiθ + ϵe−iθ
=

1

1 + e−2iθ

depèn de θ i, per tant, limz→0 z/(z + z∗) no existeix.

(c) C − {zk = kπ, amb k ∈ Z} (vegeu el problema P2.9). En aquest
cas, podem estendre el domini de definició per incloure-hi z = 0, ja que
el ĺımit

limz→0 z/ sin z = 0/0
(L’Hôpital)

= limz→01/ cos z = 1

existeix. Això ens diu que la singularitat present a z = 0 és evitable i
que podem definir una altra funció g(z) cont́ınua a z = 0, que coincideix
amb f(z) a la resta de punts,

g(z) =

{
z/ sin z per z ̸= kπ, k ∈ Z,
1 per z = 1.

S2.3 La funció (z2+1)1/3 = [(z − i)(z + i)]1/3 és trivaluada. Si, com es mostra
a la figura 2.13,

z − i = r+ eiθ+ , z + i = r− e
iθ− ,

tenim
w = f(z) = r

1/3
+ r

1/3
− ei[θ++θ−+2πk]/3 on k = 0, 1, 2.

Observem que si movem el punt z (en sentit antihorari) i tornem al
punt inicial, envoltant el punt z = i, incrementem k en una unitat
(mod. 3), ja que llavors θ+ → θ+ + 2π. El mateix passa si envoltem
el punt z = −i, ja que en aquest cas θ− → θ− + 2π. Aquests dos punts



52 Materials Emili Bagan, Antoni Méndez i Oriol Pujolàs<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+

<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="GU/SujQvO7+RqHyhbj/JEu1RFAQ=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoPgxTAjGD0GvHiMaBZIhtDT6Uma9PQM3T1KGPIJXjwoLifxi7z5Kd7sLAdNfFDweK+Kqnp+LLg2jvOFMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/MfLrt0xpHskbM4iZF5Ku5AGnxFjpWrWP2/mCU3TGwPPEnZJCee+78P5291Jp5z9bnYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU1LJQmZ9tLxqUN8aJUODiJlSxo8Vn9PpCTUehD6tjMkpqdnvZH4n9dMTHDupVzGiWGSThYFicAmwqO/cYcrRo0YWEKo4vZWTHtEEWpsOjkbgjv78jypnRTdUvH0yqZRggmysA8HcAQunEEZLqECVaDQhXt4hCck0AN6Rq+T1gyazuzCH6CPHwPMkU8=</latexit>r�

<latexit sha1_base64="2NrxcFxNOVeUBcNOQx1/7MafKwU=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoMgCGFGMHoMePEY0SyQDKGn05M06ekZunuUMOQTvHhQXE7iF3nzU7zZWQ6a+KDg8V4VVfX8WHBtHOcLZRYWl5ZXsqu5tfWNza389k5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/YuTXb5nSPJI3ZhAzLyRdyQNOibHStWoft/MFp+iMgeeJOyWF8t534f3t7qXSzn+2OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5qWShIy7aXjU4f40CodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODcS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdHI2BHf25XlSOym6peLplU2jBBNkYR8O4AhcOIMyXEIFqkChC/fwCE9IoAf0jF4nrRk0ndmFP0AfPwDEkU0=</latexit>r+

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+
<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1

<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1<latexit sha1_base64="saFsJAZoiyVVuhMW77AdYjUMN/A=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisaC/QDiWTZtrQTGZIMkId+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0tr6yupdczG5tb29nczm5NhbEktEpCHsqGhxXlTNCqZprTRiQpDjxO617/apzX76lULBR3ehBRN8BdwXxGsDbW7cOJ087l7YI9EVoEZwb5y9H+x8XoK1tp5z5bnZDEARWacKxU07Ej7SZYakY4HWZasaIRJn3cpU2DAgdUuclk1CE6Mk4H+aE0T2g0cX93JDhQahB4pjLAuqfms7H5X9aMtX/uJkxEsaaCTD/yY450iMZ7ow6TlGg+MICJZGZWRHpYYqLNdTLmCM78yotQKxacUuH0xs6XSzBVGg7gEI7BgTMowzVUoAoEuvAIz/BicevJerXepqUpa9azB39kvf8Ac9KRpg==</latexit>

z + 1
<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+
<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1

<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1<latexit sha1_base64="saFsJAZoiyVVuhMW77AdYjUMN/A=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisaC/QDiWTZtrQTGZIMkId+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0tr6yupdczG5tb29nczm5NhbEktEpCHsqGhxXlTNCqZprTRiQpDjxO617/apzX76lULBR3ehBRN8BdwXxGsDbW7cOJ087l7YI9EVoEZwb5y9H+x8XoK1tp5z5bnZDEARWacKxU07Ej7SZYakY4HWZasaIRJn3cpU2DAgdUuclk1CE6Mk4H+aE0T2g0cX93JDhQahB4pjLAuqfms7H5X9aMtX/uJkxEsaaCTD/yY450iMZ7ow6TlGg+MICJZGZWRHpYYqLNdTLmCM78yotQKxacUuH0xs6XSzBVGg7gEI7BgTMowzVUoAoEuvAIz/BicevJerXepqUpa9azB39kvf8Ac9KRpg==</latexit>

z + 1

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+

<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="GU/SujQvO7+RqHyhbj/JEu1RFAQ=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoPgxTAjGD0GvHiMaBZIhtDT6Uma9PQM3T1KGPIJXjwoLifxi7z5Kd7sLAdNfFDweK+Kqnp+LLg2jvOFMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/MfLrt0xpHskbM4iZF5Ku5AGnxFjpWrWP2/mCU3TGwPPEnZJCee+78P5291Jp5z9bnYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU1LJQmZ9tLxqUN8aJUODiJlSxo8Vn9PpCTUehD6tjMkpqdnvZH4n9dMTHDupVzGiWGSThYFicAmwqO/cYcrRo0YWEKo4vZWTHtEEWpsOjkbgjv78jypnRTdUvH0yqZRggmysA8HcAQunEEZLqECVaDQhXt4hCck0AN6Rq+T1gyazuzCH6CPHwPMkU8=</latexit>r�

<latexit sha1_base64="2NrxcFxNOVeUBcNOQx1/7MafKwU=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoMgCGFGMHoMePEY0SyQDKGn05M06ekZunuUMOQTvHhQXE7iF3nzU7zZWQ6a+KDg8V4VVfX8WHBtHOcLZRYWl5ZXsqu5tfWNza389k5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/YuTXb5nSPJI3ZhAzLyRdyQNOibHStWoft/MFp+iMgeeJOyWF8t534f3t7qXSzn+2OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5qWShIy7aXjU4f40CodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODcS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdHI2BHf25XlSOym6peLplU2jBBNkYR8O4AhcOIMyXEIFqkChC/fwCE9IoAf0jF4nrRk0ndmFP0AfPwDEkU0=</latexit>r+

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="plIcyddfw0kjf8fpf+1CKMWGLXA=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosKOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBiwGTGA==</latexit>D2

<latexit sha1_base64="9taLgViV1xAEZzE2TkVUnmLOcuw=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DCnqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJfZMX</latexit>D1

Figura 2.13: Talls de branca de la
funció (z2 + 1)1/3.

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="OFIvtOjyCTG2SGbyvK2BpEuV+II=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeaGMsQ==</latexit>

1

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="GJ2UK1thGf/GrxizSr/K7LuEsC4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeB2MsA==</latexit>

0

<latexit sha1_base64="OFIvtOjyCTG2SGbyvK2BpEuV+II=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KknB6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrluVsv1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeaGMsQ==</latexit>

1

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="ot2//GqNKV5z/M3sr2ixPhCFT6o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq8H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVw3rsq1ah5HAU7hDC7AgxuowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AzyGM6w==</latexit>

i
<latexit sha1_base64="+2yhMPB1nVTOr8XWaS8ILXsbcr0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSSi1WPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cM57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVydX9ZrlXzOApwDCdwBh5cQw3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzh1jSI=</latexit>�i

Figura 2.14: Superf́ıcie de Riemann per a la funció
(z2 + 1)1/3.

són, per tant, els punts d’embrancament de la funció. Per tenir branques
de f , hem d’introduir els talls de branca, que s’originen sempre en els
punts d’embrancament. Una possibilitat és fer els talls al llarg de l’eix
imaginari, com es mostra a la figura 2.13. Això equival a imposar les
restriccions següents als arguments θ±:

−3π

2
≤ θ+ <

π

2
, −π

2
≤ θ− <

3π

2
.

Si ens restringim al full principal, k = 0, obtenim la branca

F (z) = r
1/3
+ r

1/3
− ei[θ++θ−]/3,

amb els arguments θ± restringits als intervals indicats. Aquesta branca
és discont́ınua als talls. Per mostra-ho, concentrem-nos, per exemple, en
el tall superior, θ+ = π/2. Observem que hi ha una discontinüıtat, ja que
els ĺımits laterals de F (z) en els punts del tall són diferents. El ĺımit per
l’esquerra correspon a θ+ → −3π/2 i θ− → π/2, mentre que el ĺımit per
la dreta correspon a θ+ → π/2 i θ− → π/2. Si avaluem aquests ĺımits
veiem que la discountinüıtat és

∆F = lim
θ+→−3π/2
θ−→ π/2

F (z)− lim
θ+→π/2
θ−→π/2

F (z) = (r+r−)
1/3
(
e−iπ/3 − eiπ/3

)

= 2i sin(−π/3)(r+r−)
1/3 = −i

√
3(r+r−)

1/3.

De la mateixa manera trobaŕıem que també hi ha una discontinüıtat al
tall inferior.

Per completesa, representem la superf́ıcie de Riemann, on f(z) esdevé
univaluada, a la figura 2.14. Consta de tres fulls enganxats com s’indica.
Els punts d’embrancament, i i −i, són comuns als tres fulls.



Càlcul en variable complexa Materials 53

S2.4 Si fem el mateix raonament que en el problema anterior, com que
√
(4− z)(4 + z2) =

√
−(z − 4)(z − 2i)(z + 2i) ,

els punts d’embrancament són z = 4, z = 2i i z = −2i. Hi ha moltes
maneres de distribuir els talls de branca. Alguns exemples es mostren a
la figura 2.15.

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+

<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="GU/SujQvO7+RqHyhbj/JEu1RFAQ=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoPgxTAjGD0GvHiMaBZIhtDT6Uma9PQM3T1KGPIJXjwoLifxi7z5Kd7sLAdNfFDweK+Kqnp+LLg2jvOFMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/MfLrt0xpHskbM4iZF5Ku5AGnxFjpWrWP2/mCU3TGwPPEnZJCee+78P5291Jp5z9bnYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU1LJQmZ9tLxqUN8aJUODiJlSxo8Vn9PpCTUehD6tjMkpqdnvZH4n9dMTHDupVzGiWGSThYFicAmwqO/cYcrRo0YWEKo4vZWTHtEEWpsOjkbgjv78jypnRTdUvH0yqZRggmysA8HcAQunEEZLqECVaDQhXt4hCck0AN6Rq+T1gyazuzCH6CPHwPMkU8=</latexit>r�

<latexit sha1_base64="2NrxcFxNOVeUBcNOQx1/7MafKwU=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoMgCGFGMHoMePEY0SyQDKGn05M06ekZunuUMOQTvHhQXE7iF3nzU7zZWQ6a+KDg8V4VVfX8WHBtHOcLZRYWl5ZXsqu5tfWNza389k5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/YuTXb5nSPJI3ZhAzLyRdyQNOibHStWoft/MFp+iMgeeJOyWF8t534f3t7qXSzn+2OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5qWShIy7aXjU4f40CodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODcS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdHI2BHf25XlSOym6peLplU2jBBNkYR8O4AhcOIMyXEIFqkChC/fwCE9IoAf0jF4nrRk0ndmFP0AfPwDEkU0=</latexit>r+

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+
<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1

<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1<latexit sha1_base64="saFsJAZoiyVVuhMW77AdYjUMN/A=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisaC/QDiWTZtrQTGZIMkId+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0tr6yupdczG5tb29nczm5NhbEktEpCHsqGhxXlTNCqZprTRiQpDjxO617/apzX76lULBR3ehBRN8BdwXxGsDbW7cOJ087l7YI9EVoEZwb5y9H+x8XoK1tp5z5bnZDEARWacKxU07Ej7SZYakY4HWZasaIRJn3cpU2DAgdUuclk1CE6Mk4H+aE0T2g0cX93JDhQahB4pjLAuqfms7H5X9aMtX/uJkxEsaaCTD/yY450iMZ7ow6TlGg+MICJZGZWRHpYYqLNdTLmCM78yotQKxacUuH0xs6XSzBVGg7gEI7BgTMowzVUoAoEuvAIz/BicevJerXepqUpa9azB39kvf8Ac9KRpg==</latexit>

z + 1
<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+
<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1

<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1<latexit sha1_base64="saFsJAZoiyVVuhMW77AdYjUMN/A=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisaC/QDiWTZtrQTGZIMkId+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0tr6yupdczG5tb29nczm5NhbEktEpCHsqGhxXlTNCqZprTRiQpDjxO617/apzX76lULBR3ehBRN8BdwXxGsDbW7cOJ087l7YI9EVoEZwb5y9H+x8XoK1tp5z5bnZDEARWacKxU07Ej7SZYakY4HWZasaIRJn3cpU2DAgdUuclk1CE6Mk4H+aE0T2g0cX93JDhQahB4pjLAuqfms7H5X9aMtX/uJkxEsaaCTD/yY450iMZ7ow6TlGg+MICJZGZWRHpYYqLNdTLmCM78yotQKxacUuH0xs6XSzBVGg7gEI7BgTMowzVUoAoEuvAIz/BicevJerXepqUpa9azB39kvf8Ac9KRpg==</latexit>

z + 1

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+

<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="GU/SujQvO7+RqHyhbj/JEu1RFAQ=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoPgxTAjGD0GvHiMaBZIhtDT6Uma9PQM3T1KGPIJXjwoLifxi7z5Kd7sLAdNfFDweK+Kqnp+LLg2jvOFMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/MfLrt0xpHskbM4iZF5Ku5AGnxFjpWrWP2/mCU3TGwPPEnZJCee+78P5291Jp5z9bnYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU1LJQmZ9tLxqUN8aJUODiJlSxo8Vn9PpCTUehD6tjMkpqdnvZH4n9dMTHDupVzGiWGSThYFicAmwqO/cYcrRo0YWEKo4vZWTHtEEWpsOjkbgjv78jypnRTdUvH0yqZRggmysA8HcAQunEEZLqECVaDQhXt4hCck0AN6Rq+T1gyazuzCH6CPHwPMkU8=</latexit>r�

<latexit sha1_base64="2NrxcFxNOVeUBcNOQx1/7MafKwU=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoMgCGFGMHoMePEY0SyQDKGn05M06ekZunuUMOQTvHhQXE7iF3nzU7zZWQ6a+KDg8V4VVfX8WHBtHOcLZRYWl5ZXsqu5tfWNza389k5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/YuTXb5nSPJI3ZhAzLyRdyQNOibHStWoft/MFp+iMgeeJOyWF8t534f3t7qXSzn+2OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5qWShIy7aXjU4f40CodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODcS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdHI2BHf25XlSOym6peLplU2jBBNkYR8O4AhcOIMyXEIFqkChC/fwCE9IoAf0jF4nrRk0ndmFP0AfPwDEkU0=</latexit>r+

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="plIcyddfw0kjf8fpf+1CKMWGLXA=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosKOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBiwGTGA==</latexit>D2

<latexit sha1_base64="9taLgViV1xAEZzE2TkVUnmLOcuw=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DCnqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJfZMX</latexit>D1

Figura 2.15: Possibles talls de branca de la funció
√
(4− z)(4 + z2).

S2.5 És clar que sobre la recta real la funció w = f(z) =
√
1− z2 pren valors

reals en els punts de l’interval real [0, 1], mentre que pren valors imagi-
naris per a z real més gran que 1. En aquest problema veurem que el signe
de la part imaginària depèn de la branca escollida. Abans, però, hem
d’especificar la posició dels talls de branca, és a dir, l’interval de definició
dels arguments θ± (vegeu la figura 2.16). També hem d’especificar quina
branca utilitzem, és a dir, quina de les dues arrels de (1− z2) escollim.

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+

<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="GU/SujQvO7+RqHyhbj/JEu1RFAQ=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoPgxTAjGD0GvHiMaBZIhtDT6Uma9PQM3T1KGPIJXjwoLifxi7z5Kd7sLAdNfFDweK+Kqnp+LLg2jvOFMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/MfLrt0xpHskbM4iZF5Ku5AGnxFjpWrWP2/mCU3TGwPPEnZJCee+78P5291Jp5z9bnYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU1LJQmZ9tLxqUN8aJUODiJlSxo8Vn9PpCTUehD6tjMkpqdnvZH4n9dMTHDupVzGiWGSThYFicAmwqO/cYcrRo0YWEKo4vZWTHtEEWpsOjkbgjv78jypnRTdUvH0yqZRggmysA8HcAQunEEZLqECVaDQhXt4hCck0AN6Rq+T1gyazuzCH6CPHwPMkU8=</latexit>r�

<latexit sha1_base64="2NrxcFxNOVeUBcNOQx1/7MafKwU=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoMgCGFGMHoMePEY0SyQDKGn05M06ekZunuUMOQTvHhQXE7iF3nzU7zZWQ6a+KDg8V4VVfX8WHBtHOcLZRYWl5ZXsqu5tfWNza389k5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/YuTXb5nSPJI3ZhAzLyRdyQNOibHStWoft/MFp+iMgeeJOyWF8t534f3t7qXSzn+2OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5qWShIy7aXjU4f40CodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODcS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdHI2BHf25XlSOym6peLplU2jBBNkYR8O4AhcOIMyXEIFqkChC/fwCE9IoAf0jF4nrRk0ndmFP0AfPwDEkU0=</latexit>r+

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+
<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1

<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1<latexit sha1_base64="saFsJAZoiyVVuhMW77AdYjUMN/A=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisaC/QDiWTZtrQTGZIMkId+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0tr6yupdczG5tb29nczm5NhbEktEpCHsqGhxXlTNCqZprTRiQpDjxO617/apzX76lULBR3ehBRN8BdwXxGsDbW7cOJ087l7YI9EVoEZwb5y9H+x8XoK1tp5z5bnZDEARWacKxU07Ej7SZYakY4HWZasaIRJn3cpU2DAgdUuclk1CE6Mk4H+aE0T2g0cX93JDhQahB4pjLAuqfms7H5X9aMtX/uJkxEsaaCTD/yY450iMZ7ow6TlGg+MICJZGZWRHpYYqLNdTLmCM78yotQKxacUuH0xs6XSzBVGg7gEI7BgTMowzVUoAoEuvAIz/BicevJerXepqUpa9azB39kvf8Ac9KRpg==</latexit>

z + 1
<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+
<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1

<latexit sha1_base64="NEr9ByY2dAvnU3JapBpFeGwkGtE=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnRXCBZwuxkNhkyO7vMzApxySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uHEaefydsGeCC2CM4P85Wj/42L0la20c5+tTkjigApNOFaq6diRdhMsNSOcDjOtWNEIkz7u0qZBgQOq3GQy6hAdGaeD/FCaJzSauL87EhwoNQg8Uxlg3VPz2dj8L2vG2j93EyaiWFNBph/5MUc6ROO9UYdJSjQfGMBEMjMrIj0sMdHmOhlzBGd+5UWoFQtOqXB6Y+fLJZgqDQdwCMfgwBmU4RoqUAUCXXiEZ3ixuPVkvVpv09KUNevZgz+y3n8AdtyRqA==</latexit>

z � 1<latexit sha1_base64="saFsJAZoiyVVuhMW77AdYjUMN/A=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisaC/QDiWTZtrQTGZIMkId+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0tr6yupdczG5tb29nczm5NhbEktEpCHsqGhxXlTNCqZprTRiQpDjxO617/apzX76lULBR3ehBRN8BdwXxGsDbW7cOJ087l7YI9EVoEZwb5y9H+x8XoK1tp5z5bnZDEARWacKxU07Ej7SZYakY4HWZasaIRJn3cpU2DAgdUuclk1CE6Mk4H+aE0T2g0cX93JDhQahB4pjLAuqfms7H5X9aMtX/uJkxEsaaCTD/yY450iMZ7ow6TlGg+MICJZGZWRHpYYqLNdTLmCM78yotQKxacUuH0xs6XSzBVGg7gEI7BgTMowzVUoAoEuvAIz/BicevJerXepqUpa9azB39kvf8Ac9KRpg==</latexit>

z + 1

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="3FZqDp9Tt+MoOj/Y3Fh0Jm+KPlM=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoMgCGFGMHoMePEYwSyQDKGn05M06ekZu2uUMOQnvAgaRLz5O978FG92loMmPih4vFdFVT0/Flyj43xZmaXlldW17HpuY3Nreye/u1fTUaIoq9JIRKrhE80El6yKHAVrxIqR0Bes7vevxn79ninNI3mLg5h5IelKHnBK0EiNFvYYkvZpO19wis4E9iJxZ6RQPvguvI8enivt/GerE9EkZBKpIFo3XSdGLyUKORVsmGslmsWE9kmXNQ2VJGTaSyf3Du1jo3TsIFKmJNoT9fdESkKtB6FvOkOCPT3vjcX/vGaCwaWXchknyCSdLgoSYWNkj5+3O1wximJgCKGKm1tt2iOKUDQR5UwI7vzLi6R2VnRLxfMbk0YJpsjCIRzBCbhwAWW4hgpUgYKAR3iBkXVnPVmv1tu0NWPNZvbhD6yPH8ufk38=</latexit>

✓+

<latexit sha1_base64="m9SqOLR4RgE8UlRaF1HykX0jiGQ=">AAAB73icbVDJSgNBEK2JW4xbXG5eBoPgxTAjGD0GvHiMYBZIhtDT6Uma9PSM3TVKGPITXgQNIt78HW9+ijc7y0ETHxQ83quiqp4fC67Rcb6szNLyyupadj23sbm1vZPf3avpKFGUVWkkItXwiWaCS1ZFjoI1YsVI6AtW9/tXY79+z5TmkbzFQcy8kHQlDzglaKRGC3sMSfu0nS84RWcCe5G4M1IoH3wX3kcPz5V2/rPViWgSMolUEK2brhOjlxKFnAo2zLUSzWJC+6TLmoZKEjLtpZN7h/axUTp2EClTEu2J+nsiJaHWg9A3nSHBnp73xuJ/XjPB4NJLuYwTZJJOFwWJsDGyx8/bHa4YRTEwhFDFza027RFFKJqIciYEd/7lRVI7K7ql4vmNSaMEU2ThEI7gBFy4gDJcQwWqQEHAI7zAyLqznqxX623amrFmM/vwB9bHD86nk4E=</latexit>

✓�

<latexit sha1_base64="GU/SujQvO7+RqHyhbj/JEu1RFAQ=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoPgxTAjGD0GvHiMaBZIhtDT6Uma9PQM3T1KGPIJXjwoLifxi7z5Kd7sLAdNfFDweK+Kqnp+LLg2jvOFMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/MfLrt0xpHskbM4iZF5Ku5AGnxFjpWrWP2/mCU3TGwPPEnZJCee+78P5291Jp5z9bnYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU1LJQmZ9tLxqUN8aJUODiJlSxo8Vn9PpCTUehD6tjMkpqdnvZH4n9dMTHDupVzGiWGSThYFicAmwqO/cYcrRo0YWEKo4vZWTHtEEWpsOjkbgjv78jypnRTdUvH0yqZRggmysA8HcAQunEEZLqECVaDQhXt4hCck0AN6Rq+T1gyazuzCH6CPHwPMkU8=</latexit>r�

<latexit sha1_base64="2NrxcFxNOVeUBcNOQx1/7MafKwU=">AAAB6nicbVDJSgNBEK2OW4xbXG5eGoMgCGFGMHoMePEY0SyQDKGn05M06ekZunuUMOQTvHhQXE7iF3nzU7zZWQ6a+KDg8V4VVfX8WHBtHOcLZRYWl5ZXsqu5tfWNza389k5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/YuTXb5nSPJI3ZhAzLyRdyQNOibHStWoft/MFp+iMgeeJOyWF8t534f3t7qXSzn+2OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5qWShIy7aXjU4f40CodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODcS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdHI2BHf25XlSOym6peLplU2jBBNkYR8O4AhcOIMyXEIFqkChC/fwCE9IoAf0jF4nrRk0ndmFP0AfPwDEkU0=</latexit>r+

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="8rM+KzTs7BuGAA9tBFIoAXBL4IE=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzBas7C25cVrEXaIeSSTNtaCYZkoxQhr6BIC4UcetruPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345S8srq2vrmY3s5tb2zm5ub7+uZaIIrRHJpWoGWFPOBK0ZZjhtxoriKOC0EQwux3njjirNpLg1w5j6Ee4JFjKCjbVuSqyTy7tFdyK0CN4M8hfvhe+Ph/ZJtZP7bHclSSIqDOFY65bnxsZPsTKMcDrKthNNY0wGuEdbFgWOqPbTyaQjdGydLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx47qdMxImhgkw/ChOOjETjtVGXKUoMH1rARDE7KyJ9rDAx9jhZewRvfuVFqJeKXrl4eu3mK2WYKgOHcAQF8OAMKnAFVagBgRDu4QmenYHz6Lw4r9PSJWfWcwB/5Lz9AImckRE=</latexit>

2i

<latexit sha1_base64="37BA/wtpboq2c8FKHq3IjbK4PVQ=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKiuUCyhNnJbDJkdnaZmRXCkkewsVDE1sexshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3VmRdXJ5u2BPhZbBmUP+anz4cTn+ylY7uc92NyRxQIUmHCvVcuxIuwmWmhFOR5l2rGiEyQD3aMugwAFVbjIddYROjNNFfijNExpN3d8dCQ6UGgaeqQyw7qvFbGL+l7Vi7V+4CRNRrKkgs4/8mCMdosneqMskJZoPDWAimZkVkT6WmGhznYw5grO48jLUiwWnXCjd2vlKGWZKwxEcwyk4cA4VuIEq1IBADx7hGV4sbj1Zr9bbrDRlzXsO4I+s9x9eB5GY</latexit>�2i

<latexit sha1_base64="5XC6IHWQwitvjny8dW7+W/0SzCU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxUnVyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AchbkKA=</latexit>

4

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="plIcyddfw0kjf8fpf+1CKMWGLXA=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosKOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBiwGTGA==</latexit>D2

<latexit sha1_base64="9taLgViV1xAEZzE2TkVUnmLOcuw=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DCnqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJfZMX</latexit>D1

Figura 2.16: Arguments θ± de z ∓ 1. Elecció dels talls de branca de la funció
√
1− z2 ,

corresponents a −π/2 ≤ θ± < 3π/2. Recorregut de l’origen a z = p > 1 que evita la
singularitat z = 1.

Podem reescriure la funció aix́ı:
√
1− z2 =

√
−(z − 1)(z + 1).
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Si z − 1 = r+e
θ+ i z + 1 = r−eθ− , tenim

Fk(z) =
√
r+ r− e

i(π+θ++θ−+2πk)/2 (k = 0, 1), (2.2)

amb −π/2 ≤ θ± < 3π/2.

La primera condició de l’enunciat és que la branca escollida verifica
f(0) = 1. El punt z = 0 correspon a r± = 1, θ+ = π i θ− = 0.
Substituint a (2.2) veiem que hem d’escollir la branca F1(z).

La segona condició de l’enunciat (“si ens movem des de l’origen a aquest
punt evitant el punt z = 1 per la part superior del pla complex i preser-
vant continüıtat”) ja s’ha tingut en compte amb l’elecció de l’argument
de z− 1 (−π/2 ≤ θ+ < 3π/2), és a dir, amb l’elecció del tall que surt del
punt d’embrancament z = 1. La funció F1(z) no té cap discontinüıtat
sobre el camı́ indicat que voreja z = 1 per sobre.

Un cop especificada la branca, només cal avaluar F1 en els punts z = p > 1,
que corresponen a r+ = p− 1, r− = p+ 1 i θ+ = θ− = 0. Aix́ı,

F1(p > 1) =
√

(p− 1)(p+ 1) e3iπ/2 = −i
√
p2 − 1 .

Notem que si canviem qualsevol de les dues condicions de l’enunciat,
el signe del resultat canvia. Si escolĺıssim que f(0) = −1, hauŕıem de
treballar amb F0(z), que, òbviament, difereix de F1(z) en el signe global.
Si escolĺıssim vorejar el punt z = 1 per la part inferior de manera que
la funció fos cont́ınua, aleshores hauŕıem de posar el tall de branca al
semiplà superior i imposar, per exemple, −3π/2 ≤ θ+ < π/2. Llavors,
z = 0 correspondria a θ+ = −π, hauŕıem d’escollir k = 0 i, per tant, el
valor de la funció seria +i

√
p2 − 1.

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="D9mgRtJCVovRQ27lP0VnxJagMm8=">AAAB73icbVBNS8NAEN3Ur9r6UfXYS7AInkoiWD0WPOixgm0DbSibzbRdutnE3YlQQv+EFxFFvPpD/APe/DduPw7a+mDg8d4MM/OCRHCNjvNt5dbWNza38tuF4s7u3n7p4LCl41QxaLJYxMoLqAbBJTSRowAvUUCjQEA7GF1N/fYDKM1jeYfjBPyIDiTvc0bRSF4Xh4C05/RKFafqzGCvEndBKvXi9XP50wsbvdJXN4xZGoFEJqjWHddJ0M+oQs4ETArdVENC2YgOoGOopBFoP5vdO7FPjBLa/ViZkmjP1N8TGY20HkeB6YwoDvWyNxX/8zop9i/9jMskRZBsvqifChtje/q8HXIFDMXYEMoUN7fabEgVZWgiKpgQ3OWXV0nrrOrWque3Jo0amSNPyuSYnBKXXJA6uSEN0iSMCPJIXsirdW89WW/W+7w1Zy1mjsgfWB8/hZKSjA==</latexit>

✓0
<latexit sha1_base64="qBUEY83P/jsdcIJDztjUf6B9T84=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsKuYPQY8KDHiOYByRJmZ2eTIbMzy8ysEJZ8ghcPSvDqr/gD3vwbJ4+DJhY0FFXddHcFCWfauO63k9vY3Nreye8Winv7B4elo+OWlqkitEkkl6oTYE05E7RpmOG0kyiK44DTdjC6mfntJ6o0k+LRjBPqx3ggWMQINlZ6UH23X6q4VXcOtE68JanUi7fT8mcnbPRLX71QkjSmwhCOte56bmL8DCvDCKeTQi/VNMFkhAe0a6nAMdV+Nj91gs6sEqJIKlvCoLn6eyLDsdbjOLCdMTZDverNxP+8bmqiaz9jIkkNFWSxKEo5MhLN/kYhU5QYPrYEE8XsrYgMscLE2HQKNgRv9eV10rqoerXq5b1NowYL5KEMp3AOHlxBHe6gAU0gMIBneIU3hzsvztR5X7TmnOXMCfyB8/EDuqiQWg==</latexit>r0

<latexit sha1_base64="NAWa9b2OMKU+BRXC+3F716xB7bQ=">AAAB63icbVDLSgNBEOyNr5j4iHrMZTAIXgy7gtFjwIMeI5gHJEuYnZ1NhszMLjOzQgj5BS8efODVT/EHvPk3ziY5aGJBQ1HVTXdXkHCmjet+O7m19Y3Nrfx2obizu7dfOjhs6ThVhDZJzGPVCbCmnEnaNMxw2kkUxSLgtB2MrjO//UCVZrG8N+OE+gIPJIsYwSaTzlTf7ZcqbtWdAa0Sb0Eq9eLNa/mzEzb6pa9eGJNUUGkIx1p3PTcx/gQrwwin00Iv1TTBZIQHtGupxIJqfzK7dYpOrBKiKFa2pEEz9ffEBAutxyKwnQKboV72MvE/r5ua6MqfMJmkhkoyXxSlHJkYZY+jkClKDB9bgoli9lZEhlhhYmw8BRuCt/zyKmmdV71a9eLOplGDOfJQhmM4BQ8uoQ630IAmEBjCIzzDiyOcJ+fNeZ+35pzFzBH8gfPxAyRakJE=</latexit>�r0
<latexit sha1_base64="MVMQhRozXg1vSGtGc4I6O7ffChg=">AAAB73icbVC7SgNBFL3rM8bXRjttBoNgFXYFo2XAxjKCeUCyhNnJbDJkdmadmRXCkk+wsbFQxNbO37C180PsnTwKTTxw4XDOvdx7T5hwpo3nfTlLyyura+u5jfzm1vbOrlvYq2uZKkJrRHKpmiHWlDNBa4YZTpuJojgOOW2Eg8ux37ijSjMpbswwoUGMe4JFjGBjpWabyx5SHa/jFr2SNwFaJP6MFCuFe/f74OO92nE/211J0pgKQzjWuuV7iQkyrAwjnI7y7VTTBJMB7tGWpQLHVAfZ5N4ROrZKF0VS2RIGTdTfExmOtR7Goe2MsenreW8s/ue1UhNdBBkTSWqoINNFUcqRkWj8POoyRYnhQ0swUczeikgfK0yMjShvQ/DnX14k9dOSXy6dXds0yjBFDg7hCE7Ah3OowBVUoQYEODzAEzw7t86j8+K8TluXnNnMPvyB8/YDCtyS+Q==</latexit>

log r0

<latexit sha1_base64="JhzPd3gr9QdH00yFmCFQTD0Ac2g=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWEcwFskuYncwmQ2Zml5lZISx5BS0sFLH1Lax8BDsfxN7dJIUm/jDw8f/nMOccP+JMG9v+snIrq2vrG/nNwtb2zu5ecf+gpcNYEdokIQ9Vx8eaciZp0zDDaSdSFAuf07Y/usry9h1VmoXy1owj6gk8kCxgBJvMqroR6xVLdsWeCi2DM4fS5Xv5++PBPW30ip9uPySxoNIQjrXuOnZkvAQrwwink4IbaxphMsID2k1RYkG1l0xnnaCT1OmjIFTpkwZN3d8dCRZaj4WfVgpshnoxy8z/sm5sggsvYTKKDZVk9lEQc2RClC2O+kxRYvg4BUwUS2dFZIgVJiY9TyE9grO48jK0qhWnVjm7sUv1GsyUhyM4hjI4cA51uIYGNIHAEO7hCZ4tYT1aL9brrDRnzXsO4Y+stx8KRJHx</latexit>

2⇡

<latexit sha1_base64="D9mgRtJCVovRQ27lP0VnxJagMm8=">AAAB73icbVBNS8NAEN3Ur9r6UfXYS7AInkoiWD0WPOixgm0DbSibzbRdutnE3YlQQv+EFxFFvPpD/APe/DduPw7a+mDg8d4MM/OCRHCNjvNt5dbWNza38tuF4s7u3n7p4LCl41QxaLJYxMoLqAbBJTSRowAvUUCjQEA7GF1N/fYDKM1jeYfjBPyIDiTvc0bRSF4Xh4C05/RKFafqzGCvEndBKvXi9XP50wsbvdJXN4xZGoFEJqjWHddJ0M+oQs4ETArdVENC2YgOoGOopBFoP5vdO7FPjBLa/ViZkmjP1N8TGY20HkeB6YwoDvWyNxX/8zop9i/9jMskRZBsvqifChtje/q8HXIFDMXYEMoUN7fabEgVZWgiKpgQ3OWXV0nrrOrWque3Jo0amSNPyuSYnBKXXJA6uSEN0iSMCPJIXsirdW89WW/W+7w1Zy1mjsgfWB8/hZKSjA==</latexit>

✓0
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

Figura 2.17: Representació de la transformació del problema P2.6. La circumferència (de
radi r0 > 1) i la semirecta del pla z es transformen en les ĺınies del pla w dibuixades amb el
mateix tipus de traç. L’interior (exterior) del cercle |z| = 1 es transforma amb la franja gris
fosc (clar) del pla w.
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S2.6 Comencem especificant la branca del logaritme que utilitzem. Si z = r eiθ

i prenem el full principal (k = 0) amb 0 ≤ θ < 2π, tenim w = log r+ iθ.

(a) Els punts d’una circumferència de radi r0 centrada a l’origen es pa-
rametritzen per z = r0e

iθ. La imatge d’aquests punts per la branca
escollida és el conjunt de punts w = log r0 + iθ, que correspon a un
segment de llargada 2π paral·lel a l’eix imaginari i part real log r0 (ĺınies
de traç continu de la figura 2.17).

(b) Els punts d’una semirecta que passa per l’origen inclinada un angle θ0
respecte de l’horitzontal s’expressen z = r eiθ0 , on r va de 0 a ∞. La seva
imatge és la recta infinita paral·lela a l’eix real a una alçada θ0 (ĺınies de
traç discontinu de la figura 2.17).

(c) Evident a partir dels resultats anteriors.

S2.7 (a) log 2 + i(1 + 2k)π

(b) z = i[(1/4) + k]π/2

(c) log 2 + i[(1/3) + 2k]π

(d) (1/2) + ikπ

(e) ± log(
√
2 + 1)

+ i[(1/2) + 2k]π

(f) e[(1/4)+2k]πe−i log
√
2

(g) [(1∓ 1)/2 + 2k]π

± i log(
√
3 +

√
2),

on k ∈ Z .

S2.8 (a) ez1ez2 = ex1+iy1ex2+iy2

= ex1ex2(cos y1 + i sin y1)(cos y2 + i sin y2)

= ex1+x2 [cos(y1 + y2) + i sin(y1 + y2)]

= ex1+x2ei(y1+y2) = ez1+z2 ,

ez1

ez2
=

ex1(cos y1 + i sin y1)

ex2(cos y2 + i sin y2)

=
ex1

ex2

(cos y1 + i sin y1)

(cos y2 + i sin y2)
· (cos y2 − i sin y2)

(cos y2 − i sin y2)

= ex1−x2 [cos(y1 − y2) + i sin(y1 − y2)] = ez1−z2 .

(b) |ez| = |ex(cos y + i sin y)| = ex(cos2 y + sin2 y)1/2 = ex.

(c) Utilitzant les definicions sin z = (eiz − e−iz)/2i i cos z = (eiz +
e−iz)/2, obtenim

sin2 z + cos2 z = − e2iz + e−2iz − 2

4
+

e2iz + e−2iz + 2

4
= 1.
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(d) cos z + i sin z = (1/2) [eiz + e−iz + i(eiz − e−iz)/i] = eiz.

(e) sin z1 cos z2 + sin z2 cos z1

=
eiz1 − e−iz1

2i
· e

iz2 + e−iz2

2
+

eiz2 − e−iz2

2i
· e

iz1 + e−iz1

2

=
ei(z1+z2) − e−i(z1+z2)

2i
= sin(z1 + z2).

(f) sin(−z) =
e−iz − eiz

2i
= − eiz − e−iz

2i
= − sin z.

(g) sinh(−z) =
e−z − ez

2
= − ez − e−z

2
= − sinh z.

(h) sinh z1 cosh z2 + sinh z2 cosh z1

=
ez1 − e−z1

2
· e

z2 + e−z2

2
+

ez2 − e−z2

2
· e

z1 + e−z1

2

=
e(z1+z2) − e−(z1+z2)

2
= sinh(z1 + z2).

(i) Utilitzant les definicions sinh z=(ez−e−z)/2 i cosh z=(ez+e−z)/2,
obtenim

cosh2 z − sinh2 z =
e2z + e−2z + 2

4
− e2z + e−2z − 2

4
= 1.

(j) ez+2kπi = ez e2kπi = ez [cos(2kπ) + i sin(2kπ)] = ez.

(k) Utilitzant el resultat de l’apartat (e), sin(x + iy) = sinx cos(iy) +
i cosx sin(iy). De la definició de sin z i cos z, trobem cos(iy) = (e−y+
ey)/2 = cosh y i sin(iy) = (e−y − ey)/(2i) = i sinh y sin(x + iy) =
sinx cosh y + i cosx sinh y.

(l) (sin z)∗ = (eiz − e−iz)∗/(−2i) = (e−iz
∗ − eiz

∗
)/(−2i) = sin z∗, on hem

utilitzat que (ez)∗ = ez
∗
, ja que

[ex(cos y + i sin y)]∗ = ex(cos y − i sin y)

= ex [cos(−y) + i sin(−y)] = ex−iy = ez
∗
.

S2.9 (a) sin z=0 ⇒ eiz=e−iz ⇒ e−yeix=eye−ix ⇒ y=−y, x=−x+2πk.
Per tant,

y = 0, x = πk ⇒ z = πk, on k ∈ Z.

cos z=0 ⇒ eiz=−e−iz ⇒ e−yeix=−eye−ix ⇒ y = −y, x=−x+π+2πk.
Per tant,

y = 0, x = π

(
k +

1

2

)
⇒ z = π

(
k +

1

2

)
, on k ∈ Z.
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(b) Com que sinh z = −i sin(iz), sinh z s’anul·la quan iz = πk, és a dir,
quan z = iπn (on n ∈ Z). Similarment, com que cosh z = cos(iz) la
funció cosh z s’anul·la quan z = iπ(n+ 1/2), on n ∈ Z.

S2.10 En general, tenim que logw = log |w|+i arctan(Imw/Rew)+i2πk, amb
k ∈ Z. Si w = z − 1 = (x− 1) + iy tindrem

log(z − 1) = log
(√

(x− 1)2 + y2
)
+ i arctan

(
y

x− 1

)
+ i2πk.

L’arctan és ambigu a l’interval [0, 2π]. Considerant arctanα amb α ∈
[0, π], l’enunciat és cert per a la branca principal (k = 0) del logaritme,
si z − 1 és al primer o segon quadrant del pla complex. Si és al tercer o
quart, cal sumar +iπ.

S2.11 Convé utilitzar tant l’expressió binomial z = x+iy com la polar z = reiθ,
on r = (x2 + y2)1/2, i θ = arctan(y/x).

zz = ez log z = e(x+iy)(log r+i(θ+2kπ))

= ex log r−y(θ+2kπ) cos
[
y log r + x(θ + 2kπ)

]

+ i ex log r−y(θ+2kπ) sin
[
y log r + x(θ + 2kπ)

]
.

S2.12 En forma polar, z = r eiθ i z∗ = r e−iθ. Per tant, z/z∗ = e2iθ. Veiem,
doncs, que el ĺımit depèn de θ, és a dir, de com z s’aproxima a 0. Per
tant, limz→0(z/z

∗) no existeix.

S2.13 (a) (2− i)/0 = ∞ (b) 4 + 4i (regla de L’Hôpital).

S2.14 (a) Considerem la relació entre {z, z∗} i {x, y} com un canvi de variables,

z = x+ iy x = (z + z∗)/2

z∗ = x− iy y = (z − z∗)/2i,

i expressem la derivada respecte de z∗ de f = u+ iv mitjançant la regla
de la cadena (escrivim ux = ∂u/∂x, etc.),

∂f

∂z∗
=

∂

∂x
(u+ iv)

∂x

∂z∗
+

∂

∂y
(u+ iv)

∂y

∂z∗
= (ux − vy)

1

2
+ i (uy + vx)

1

2
.

Aquesta expressió és nul·la si i només si es compleixen les condicions de
Cauchy-Riemann

ux = vy, uy = −vx.
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(b) En coordenades polars

x = r cos θ, y = r sin θ.

Si fem servir la regla de la cadena, trobem

ur = ux
∂x

∂r
+ uy

∂y

∂r
= ux cos θ + uy sin θ,

uθ = ux
∂x

∂θ
+ uy

∂y

∂θ
= ux · (−r sin θ) + uy · (r cos θ),

i també,

vr = vx cos θ + vy sin θ,

vθ = −rvx sin θ + rvy cos θ.

Les condicions de Cauchy-Riemann permeten expressar les derivades par-
cials de v en termes de les u,

vr = vx cos θ + vy sin θ = −uy cos θ + ux sin θ = −uθ/r,

vθ = −rvx sin θ + rvy cos θ = ruy sin θ + rux cos θ = rur.

S2.15 (a) No derivable ni anaĺıtica enlloc.

(b) Derivable a z = 0, no anaĺıtica enlloc.

(c) No derivable ni anaĺıtica enlloc.

(d) Derivable a z = i, no anaĺıtica enlloc.

(e) Derivable i anaĺıtica a C− {0,±i}.
(f) Derivable a z = 0, no anaĺıtica enlloc.

S2.16 (a) arctan(log z) +
1

1 + log2 z

(b) (z − 3i)(4z+2)

[
4 log(z − 3i) +

4z + 2

z − 3i

]

(c) −i/(1 + (z − 2i)2)

(d) −4 sin(2z + 3i) cos(2z + 3i)

S2.17 Per alleugerir la notació escrivim ux = ∂u/∂x, uxx = ∂2u/∂x2, etc.

(a) Si u = 2x(1− y) tenim

ux = 2(1− y) ⇒ uxx = 0;uy = −2x ⇒ uyy = 0
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i, per tant, uxx + uyy = 0, és a dir, u és harmònica.

Utilitzant la primera condició de Cauchy-Riemann tenim

vy = ux = 2(1− y) ⇒ v =

∫
dy 2(1− y) = 2y − y2 + C(x).

Determinem C(x) amb la segona condició de Cauchy-Riemann

vx = −uy ⇒ C ′(x) = 2x ⇒ C(x) = x2 +K,

on K és una constant complexa arbitrària. Aix́ı doncs, v = x2 − y2 +
2y +K, i la funció

f(z) = 2(1− y) + i(x2 − y2 + 2y) + const.

és anaĺıtica. Si expressem x, y en funció de z, z∗ obtenim

f(z) = iz2 + 2z + const.

que no depèn de z∗, d’acord amb problema P2.14.

(b) Si procedim com en el cas precedent arribem a

v = e−x(x cos y + y sin y) + const.; f(z) = ize−z + const.

S2.18 (a) Segment de la corona circular 1 ≤ |w| ≤ e2, 0 ≤ θ ≤ 1.

(b) Segment de la corona circular 1 ≤ |w| ≤ e2, −1 ≤ θ ≤ 0.

(c) Segment de la corona circular e−1 ≤ |w| ≤ 1, 0 ≤ θ ≤ 2.

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="b9HYkLaZPRjRVfAoSDgBQ5jQIuo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+Hr41G</latexit>

(a)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="k6I87QVgSiDyT+UoKO2qo/jsKUA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V22S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+KuY1I</latexit>

(c)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="cUZ8QSCjSQySBuGfjfwjq5qhMA4=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRahXspuweqx4MVjRfsB7VKy2WwbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxLOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpOFaFtEvNY9QKsKWeStg0znPYSRbEIOO0Gk9u5332iSrNYPpppQn2BR5JFjGBjpYdqeDksV9yauwBaJ15OKpCjNSx/DcKYpIJKQzjWuu+5ifEzrAwjnM5Kg1TTBJMJHtG+pRILqv1sceoMXVglRFGsbEmDFurviQwLracisJ0Cm7Fe9ebif14/NdGNnzGZpIZKslwUpRyZGM3/RiFTlBg+tQQTxeytiIyxwsTYdEo2BG/15XXSqde8Ru3qvl5pNvI4inAG51AFD66hCXfQgjYQGMEzvMKbw50X5935WLYWnHzmFP7A+fwBjD6NSQ==</latexit>

(d)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="wWKuqU5bgULLIlFX/oW91ZfvvgM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2W87BdLbsVdgKwTLyMlyNDoF796g5ilEUrDBNW667mJ8adUGc4Ezgq9VGNC2ZgOsWuppBFqf7o4dUYurDIgYaxsSUMW6u+JKY20nkSB7YyoGelVby7+53VTE974Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasWrVa7uq6V6LYsjD2dwDmXw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx+Nw41K</latexit>

(e)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="7/TU8xJPeLySqgdpsUTgd8zvYfo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xwsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aj0iNSw==</latexit>

(f)

<latexit sha1_base64="GjHdu9KKiU1w+f7cMYaldPimEDc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiTSNRw==</latexit>

(b)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="67IodbFzlfF+bxnJK8NMaUTiPcg=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnLlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx8375F1</latexit>

e2

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="b9HYkLaZPRjRVfAoSDgBQ5jQIuo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+Hr41G</latexit>

(a)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="67IodbFzlfF+bxnJK8NMaUTiPcg=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnLlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx8375F1</latexit>

e2

<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1

<latexit sha1_base64="GjHdu9KKiU1w+f7cMYaldPimEDc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiTSNRw==</latexit>

(b)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="Kt2p9Sv6wkBUwZAbfnEm0qVcVDQ=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEazuLLhxWcFeoK0lk55pYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDWHwIf/38OOef4EWfauO6Xk1pYXFpeSa9m1tY3Nrey2ztVLWNFoUIll6ruEw2cCagYZjjUIwUk9DnU/P7FKK/dgdJMimsziKAVkq5gAaPEWKsKN8mRN2xnc27BHQvPgzeF3Pl7/vvjvnlYbmc/mx1J4xCEoZxo3fDcyLQSogyjHIaZZqwhIrRPutCwKEgIupWMpx3iA+t0cCCVfcLgsfu7IyGh1oPQt5UhMT09m43M/7JGbIKzVsJEFBsQdPJREHNsJB6tjjtMATV8YIFQxeysmPaIItTYA2XsEbzZleehelzwioWTKzdXKqKJ0mgP7aM88tApKqFLVEYVRNEtekBP6NmRzqPz4rxOSlPOtGcX/ZHz9gNloJK3</latexit>

e�1

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2 <latexit sha1_base64="k6I87QVgSiDyT+UoKO2qo/jsKUA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V22S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+KuY1I</latexit>

(c)

Figura 2.18: Els segments de corona circular resultants d’aplicar (a) ez, (b) ez
∗
i (c) eiz a la

regió D1 (figura 2.12) del problema P2.18.

Aquestes regions s’il·lustren a la figura 2.18.

S2.19 (a) Segment de la corona circular 1 < |w| <
√
2, 0 < θ < π/2.

(b) Segment de la corona circular 1 < |w| < 2
√
2, 0 < θ < 3π/2.
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<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="b9HYkLaZPRjRVfAoSDgBQ5jQIuo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+Hr41G</latexit>

(a)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="k6I87QVgSiDyT+UoKO2qo/jsKUA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V22S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+KuY1I</latexit>

(c)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="cUZ8QSCjSQySBuGfjfwjq5qhMA4=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRahXspuweqx4MVjRfsB7VKy2WwbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxLOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpOFaFtEvNY9QKsKWeStg0znPYSRbEIOO0Gk9u5332iSrNYPpppQn2BR5JFjGBjpYdqeDksV9yauwBaJ15OKpCjNSx/DcKYpIJKQzjWuu+5ifEzrAwjnM5Kg1TTBJMJHtG+pRILqv1sceoMXVglRFGsbEmDFurviQwLracisJ0Cm7Fe9ebif14/NdGNnzGZpIZKslwUpRyZGM3/RiFTlBg+tQQTxeytiIyxwsTYdEo2BG/15XXSqde8Ru3qvl5pNvI4inAG51AFD66hCXfQgjYQGMEzvMKbw50X5935WLYWnHzmFP7A+fwBjD6NSQ==</latexit>

(d)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="wWKuqU5bgULLIlFX/oW91ZfvvgM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2W87BdLbsVdgKwTLyMlyNDoF796g5ilEUrDBNW667mJ8adUGc4Ezgq9VGNC2ZgOsWuppBFqf7o4dUYurDIgYaxsSUMW6u+JKY20nkSB7YyoGelVby7+53VTE974Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasWrVa7uq6V6LYsjD2dwDmXw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx+Nw41K</latexit>

(e)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="7/TU8xJPeLySqgdpsUTgd8zvYfo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xwsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aj0iNSw==</latexit>

(f)

<latexit sha1_base64="GjHdu9KKiU1w+f7cMYaldPimEDc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiTSNRw==</latexit>

(b)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="67IodbFzlfF+bxnJK8NMaUTiPcg=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnLlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx8375F1</latexit>

e2

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="b9HYkLaZPRjRVfAoSDgBQ5jQIuo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+Hr41G</latexit>

(a)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="67IodbFzlfF+bxnJK8NMaUTiPcg=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnLlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx8375F1</latexit>

e2

<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1

<latexit sha1_base64="GjHdu9KKiU1w+f7cMYaldPimEDc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiTSNRw==</latexit>

(b)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="Kt2p9Sv6wkBUwZAbfnEm0qVcVDQ=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEazuLLhxWcFeoK0lk55pYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDWHwIf/38OOef4EWfauO6Xk1pYXFpeSa9m1tY3Nrey2ztVLWNFoUIll6ruEw2cCagYZjjUIwUk9DnU/P7FKK/dgdJMimsziKAVkq5gAaPEWKsKN8mRN2xnc27BHQvPgzeF3Pl7/vvjvnlYbmc/mx1J4xCEoZxo3fDcyLQSogyjHIaZZqwhIrRPutCwKEgIupWMpx3iA+t0cCCVfcLgsfu7IyGh1oPQt5UhMT09m43M/7JGbIKzVsJEFBsQdPJREHNsJB6tjjtMATV8YIFQxeysmPaIItTYA2XsEbzZleehelzwioWTKzdXKqKJ0mgP7aM88tApKqFLVEYVRNEtekBP6NmRzqPz4rxOSlPOtGcX/ZHz9gNloJK3</latexit>

e�1

<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2 <latexit sha1_base64="k6I87QVgSiDyT+UoKO2qo/jsKUA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V22S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+KuY1I</latexit>

(c)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

Figura 2.19: Imatges de la regió D2 (figura 2.12) del problema P2.19.

(c) Segment de la corona circular 1 < |w| < 3
√
2, 0 < θ < π/3.

(d) Rectangle 0 < Rew < log 2, 0 < Imw < π.

(e) Segment de la corona circular 1/2 < |w| < 1, −π < θ < 0.

(f) Segment de la corona circular 1 < |w| < 4, 0 < θ < 2π.

Aquestes regions es mostren a la figura 2.19 (totes són a la mateixa
escala).

S2.20 Com que per a cada f definim la branca principal F amb −π < θ < π,
el tall s’estén sobre l’eix real negatiu. Definim la discontinüıtat com

∆F (r)
def
= lim

θ→π
F (reiθ)− lim

θ→−π
F (reiθ).

(a) ∆F (r) =
√
reiπ/2 −√

re−iπ/2 = 2i
√
r sin (π/2) = 2i

√
r.

(b) ∆F (r) = r1/3eiπ/3 − r1/3e−iπ/3 = 2ir1/3 sin (π/3) = i
√
3 r1/3.

(c) ∆F (r) = r1/neiπ/n − r1/ne−iπ/n = 2ir1/n sin (π/n).

(d) ∆F (r) = (log r + iπ)− (log r − iπ) = 2πi. En aquest cas, la discon-
tinüıtat no depèn del mòdul de z.

S2.21 (a) f(z) = |z| =
√
z z∗ depèn expĺıcitament de z∗ i, a més a més,

∂f

∂z∗
=

1

2

√
z

z∗
̸= 0.
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No és, per tant, anaĺıtica enlloc (tot i que és derivable en el punt z = 0).

(b) El mateix es pot dir de la funció

f(z) = Arg(z) = arctan

[
z − z∗

i(z + z∗)

]
+ kπ,

amb k = 0,±1 depenent del quadrant de z (vegeu l’exemple 1.1), ja que

∂f

∂z∗
=

i

2z∗
̸= 0 .

Notem que cal comprovar si ∂f/∂z∗ és o no igual a 0. De vegades pot
haver-hi una dependència de z∗ que és només aparent. Per exemple, la
funció

f(z) = log z = log |z|+ iArg z =
1

2
log(zz∗) + i arctan

[
z − z∗

i(z + z∗)

]

depèn aparentment de z∗, però és fàcil comprovar que ∂f/∂z∗ = 0.

S2.22 (a) f(z) = z1/2 només depèn expĺıcitament de z. Com hem vist en el
problema P2.14, això vol dir que compleix les condicions de Cauchy-
Riemann a tot arreu. Però es tracta d’una funció multivaluada i cada
branca és discont́ınua (i, per tant, no derivable) sobre el tall de branca.
En el punt d’embrancament z = 0 (que és a l’extrem del tall) la funció
és cont́ınua però no derivable, ja que f ′(z) = 1/(2

√
z). A la resta del pla

la funció f(z) és derivable, ja que, si expressem f(z) = u(x, y)+ iv(x, y),
les derivades parcials de primer ordre de u i de v són cont́ınues (a part
de complir les condicions de Cauchy-Riemann). D’altra banda, com que
C− {el tall} és un conjunt obert, f(z) és també anaĺıtica.

(b) És derivable a tot C, llevat dels punts sobre el tall de branca. En
aquest cas, és derivable al punt d’embrancament z = 0. És anaĺıtica a
tot C, llevat dels punts del tall i el punt d’embrancament.

(c) És derivable i anaĺıtica a tot C, llevat dels punts sobre el tall de
branca i el punt d’embrancament z = 0.

(d) És derivable a tot C, llevat dels punts sobre el tall de branca. És
derivable al punt d’embrancament z = 0. És anaĺıtica a tot C, llevat dels
punts del tall de branca i el punt d’embrancament.

(e) És derivable i anaĺıtica a tot C, llevat dels punts sobre el tall de
branca, el punt d’embrancament z = 0 i el punt z = 1.

Quan les funcions anteriors es consideren definides sobre les superf́ıcies de
Riemann corresponents, desapareixen els talls de branca i, per tant, són
anaĺıtiques a tot arreu, llevat dels punts d’embrancament (en el darrer
cas, tampoc és anaĺıtica al punt z = 1).
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S2.23 Comprovem que u(x, y) és harmònica.

ux =
2x

x2 + y2
, uxx = − 4x2

(x2 + y2)2
+

2

x2 + y2
,

uy =
2y

x2 + y2
, uyy = − 4y2

(x2 + y2)2
+

2

x2 + y2
,

⇒ uxx + uyy = 0.

La funció u(x, y) és, per tant, harmònica a tot C, llevat de z = 0.

Notem que u(x, y) = 2 log |z| i que f(z) = 2 log z és l’única funció
anaĺıtica (en alguna regió) que té com a part real aquesta funció. Per
tant, l’harmònica conjugada de u(x, y) ha de ser v(x, y) = 2 arctan (y/x)
(llevat d’una constant additiva arbitrària).

Ho comprovem utilitzant les condicions de Cauchy-Riemann. D’una ban-
da, tenim

ux = vy ⇒ v =

∫
dy

2x

x2 + y2
= 2arctan(y/x) + C(x)

i de l’altra,

uy = −vx ⇒ −2y

x2 + y2
=

−2y

x2 + y2
+ C ′(x) ⇒ C ′(x) = 0.

C(x) és, doncs, una constant (complexa) arbitrària. Tenim, per tant,

v(x, y) = 2 arctan(y/x) + const.

De fet, la funció arctan(y/x) només és cont́ınua al semiplà Re z > 0 (1r i
4t quadrants). No obstant això, podem estendre v(x, y) amb continüıtat
al 2n i 3r quadrants. Per fer-ho, notem que sobre el semieix imaginari
x = 0, y > 0 la funció arctan(y/x) tendeix assimptòticament a π/2, com
veiem a la figura 2.20.

Definim v(x, y) al segon quadrant (x < 0, y > 0) com 2 [arctan(y/x)+π]
perquè no hi hagi cap discontinüıtat sobre el semieix imaginari positiu.
Similarment, al tercer quadrant (x, y < 0) podem fer el mateix definint
v(x, y) com 2 [arctan(y/x)− π] i tampoc no hi haurà cap discontinüıtat
sobre el semieix imaginari negatiu.

Aix́ı, arribem a la funció

v(x, y) =





2 arctan(y/x) per x > 0 (1r i 4t quadrants)
2 [arctan(y/x) + π] per x < 0, y > 0 (2n quadrant)
2 [arctan(y/x)− π] per x, y < 0 (3r quadrant)
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Figura 2.20: Gràfica de la funció real arctan t.

que és cont́ınua a tot el pla, llevat del semieix real negatiu, on hi té
una discontinüıtat de 2π. Es comprova fàcilment que, a part d’aquesta
discontinüıtat, la funció v(x, y) és harmònica a la resta de punts del pla
complex.

Evidentment, aquesta funció és v(x, y) = 2Arg z, on Arg z és l’argument
principal de z, definit a l’interval [−π, π) i, per tant, u+ iv és la branca
principal de la funció multivaluada f(z) = 2 log z (vegeu també els co-
mentaris al voltant de l’equació (1.8) i l’exemple 1.1).
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3 Integració

3.1 La integral al pla complex

La generalització del concepte d’integral al pla complex necessàriament ha d’in-
volucrar el concepte d’integral de camı́ o de contorn.

Definició 3.1 (Contorn) Un contorn C és una aplicació

R ⊃ [a, b]
C−→ C

t −→ z(t) = x(t) + i y(t).

Suposarem que x′(t) i y′(t) existeixen, són cont́ınues i no s’anul·len simultània-
ment, llevat, potser, per a un nombre finit de valors de t, de tal forma que el
vector tangent (x′(t), y′(t)) està ben definit a trossos. El punt inicial és z(a) = α
i el final z(b) = β (figura 3.1). Un contorn és tancat quan α = β. Un contorn és
simple si no hi ha dos valors t1 i t2 diferents per als quals z(t1) = z(t2) (llevat
dels extrems, si el contorn és tancat), és a dir, si el contorn no es talla ell mateix.

<latexit sha1_base64="e9Y0unqJedJybPgSrjOMRHOw6Bs=">AAAB9HicbVDLSgMxFM3UV62vquDGTbCILUiZEaxdFty4rGAf0A4lk6ZtaOZhcqc4DP0OXYgo4taPcSf6MWbaLrT1wL0czrmX3BwnEFyBaX4aqaXlldW19HpmY3Nreye7u1dXfigpq1Ff+LLpEMUE91gNOAjWDCQjriNYwxleJn5jxKTivncDUcBsl/Q93uOUgJbs/N1JHgqnUdILnWzOLJoT4EVizUiuchA8PXx/laud7Ee769PQZR5QQZRqWWYAdkwkcCrYONMOFQsIHZI+a2nqEZcpO54cPcbHWunini91eYAn6u+NmLhKRa6jJ10CAzXvJeJ/XiuEXtmOuReEwDw6fagXCgw+ThLAXS4ZBRFpQqjk+lZMB0QSCjqnjA7Bmv/yIqmfFa1S8fxap1FCU6TRITpCeWShC1RBV6iKaoiiW3SPntGLMTIejVfjbTqaMmY7++gPjPcfOEqUJw==</latexit>

(x0(t), y0(t))
<latexit sha1_base64="J1i/g7w5J9s8Ic4Sw4LKH6S+oMw=">AAAB8XicbVDLSgNBEOz1GeMrKnjxshiEeAm7gjEXIeDFYwTzwGQJs5PeZMjs7DIzK8SQv/CgB4N49W+8iX6Mk8dBEwsaiqpuurv8mDOlHefTWlpeWV1bT22kN7e2d3Yze/tVFSWSYoVGPJJ1nyjkTGBFM82xHkskoc+x5veuxn7tHqVikbjV/Ri9kHQECxgl2kh3TR81uXzI+aetTNbJOxPYi8SdkWzpMB49fX8Vy63MR7Md0SREoSknSjVcJ9begEjNKMdhupkojAntkQ42DBUkROUNJhcP7ROjtO0gkqaEtifq74kBCZXqh77pDInuqnlvLP7nNRIdFL0BE3GiUdDpoiDhto7s8ft2m0mkmvcNIVQyc6tNu0QSqk1IaROCO//yIqme5d1C/vzGpFGAKVJwBMeQAxcuoATXUIYKUBDwCC8wspT1bL1ab9PWJWs2cwB/YL3/APBElCU=</latexit>

� = z(b)
<latexit sha1_base64="jaPjc6aCCXsab2NyMecG1K3ON2o=">AAAB63icbVBNSwMxEJ31s9avquDFS7AI9VJ2BWuPBS8eK9gPaJeSTbNtaJJdkqxQS/+CFw8WEW/+IW+iP8Zs24O2Phh4vDfDzLwg5kwb1/10VlbX1jc2M1vZ7Z3dvf3cwWFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwnfqNe6o0i+SdGcbUF7gnWcgINqn0UDDnnVzeLbpToGXizUm+chy/Tb6/ytVO7qPdjUgiqDSEY61bnhsbf4SVYYTTcbadaBpjMsA92rJUYkG1P5reOkZnVumiMFK2pEFT9ffECAuthyKwnQKbvl70UvE/r5WYsOyPmIwTQyWZLQoTjkyE0sdRlylKDB9agoli9lZE+lhhYmw8WRuCt/jyMqlfFL1S8fLWplGCGTJwAqdQAA+uoAI3UIUaEOjDIzzDxBHOk/PivM5aV5z5zBH8gfP+A8bUkcY=</latexit>

z(t)

<latexit sha1_base64="v5Zj66Cwto7j4k8s8+2J67FMJuU=">AAAB63icbVBNSwMxEJ31s9avquDFS7AI9VJ2BWuPBS8eK9gPaJeSTbNtaJJdkqxYSv+CFw8WEW/+IW+iP8Zs24O2Phh4vDfDzLwg5kwb1/10VlbX1jc2M1vZ7Z3dvf3cwWFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwnfqNe6o0i+SdGcbUF7gnWcgINqn0UDDnnVzeLbpToGXizUm+chy/Tb6/ytVO7qPdjUgiqDSEY61bnhsbf4SVYYTTcbadaBpjMsA92rJUYkG1P5reOkZnVumiMFK2pEFT9ffECAuthyKwnQKbvl70UvE/r5WYsOyPmIwTQyWZLQoTjkyE0sdRlylKDB9agoli9lZE+lhhYmw8WRuCt/jyMqlfFL1S8fLWplGCGTJwAqdQAA+uoAI3UIUaEOjDIzzDxBHOk/PivM5aV5z5zBH8gfP+A8PGkcQ=</latexit>

x(t)

<latexit sha1_base64="nFZ/yqXkAYAUuCOcazjM6KR9UdY=">AAAB63icbVBNS8NAEN3Ur1q/qoIXL8Ei1EtJBGuPBS8eK9gPaEPZbDft0t1N2J0IIfQvePFgEfHmH/Im+mPctD1o64OBx3szzMzzI840OM6nlVtb39jcym8Xdnb39g+Kh0ctHcaK0CYJeag6PtaUM0mbwIDTTqQoFj6nbX98k/ntB6o0C+U9JBH1BB5KFjCCIZOSMlz0iyWn4sxgrxJ3QUr1k+ht+v1Va/SLH71BSGJBJRCOte66TgReihUwwumk0Is1jTAZ4yHtGiqxoNpLZ7dO7HOjDOwgVKYk2DP190SKhdaJ8E2nwDDSy14m/ud1YwhqXspkFAOVZL4oiLkNoZ09bg+YogR4YggmiplbbTLCChMw8RRMCO7yy6ukdVlxq5WrO5NGFc2RR6foDJWRi65RHd2iBmoigkboET2jqSWsJ+vFep235qzFzDH6A+v9B8VNkcU=</latexit>

y(t)

<latexit sha1_base64="YOAAMWVgZ4zIG49LbANavyW+M8M=">AAAB8nicbVDLSgNBEJyNrxhfUcGLl8EgxEvYFYy5CAEvHiOYB2yW0DuZTYbMzi4zs0Jc8hmCeIiIV7/Gm+jHOHkcNLGgoajqprvLjzlT2rY/rczK6tr6RnYzt7W9s7uX3z9oqCiRhNZJxCPZ8kFRzgSta6Y5bcWSQuhz2vQH1xO/eU+lYpG408OYeiH0BAsYAW0ktw087sPVQxHOOvmCXbKnwMvEmZNC9SgeP31/VWqd/Ee7G5EkpEITDkq5jh1rLwWpGeF0lGsnisZABtCjrqECQqq8dHryCJ8apYuDSJoSGk/V3xMphEoNQ990hqD7atGbiP95bqKDipcyESeaCjJbFCQc6whP/sddJinRfGgIEMnMrZj0QQLRJqWcCcFZfHmZNM5LTrl0cWvSKKMZsugYnaAictAlqqIbVEN1RFCEHtEYvVjaerZerbdZa8aazxyiP7DefwC4hpSY</latexit>

↵ = z(a)

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="vVJxk1eVi9zBWqGiKBhN+QGp/Lk=">AAAB8HicbVDLSgNBEJyNrxhf0ZzEy2AQBCHsBoweA148RnSTSLKE2clsMmZmd53pFcKSr/DiwQde/RxvfoW/4ORx0MSChqKqm+4uPxZcg21/WZml5ZXVtex6bmNza3snv7tX11GiKHNpJCLV9IlmgofMBQ6CNWPFiPQFa/iDi7HfeGBK8yi8gWHMPEl6IQ84JWCk27a+V1C+7tx18kW7ZE+AF4kzI8Xq/mvhxP3GtU7+s92NaCJZCFQQrVuOHYOXEgWcCjbKtRPNYkIHpMdahoZEMu2lk4NH+MgoXRxEylQIeKL+nkiJ1HoofdMpCfT1vDcW//NaCQTnXsrDOAEW0umiIBEYIjz+Hne5YhTE0BBCFTe3YtonilAwGeVMCM78y4ukXi45ldLplUmjgqbIogN0iI6Rg85QFV2iGnIRRRI9omf0YinryXqz3qetGWs2U0B/YH38AB5qkts=</latexit>p 2S
j<latexit sha1_base64="MCHVePURtm29T0Qwf1kPrOhISgs=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LSk1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaD4fXEbz5QqVgs7vQooX6E+4KFjGBtpHq9e9+1S07ZmQItE3dOStXD9+KZ941qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbk0aFZghD0dwDKfgwiVU4QZq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+l5pBH</latexit>

Sj

<latexit sha1_base64="GkJqV3vrh/bgf0+nK5XM3pjmiPM=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY0LFxVNW2hDmUwn7djJJMxMhBL6CW5cKCK48ovc+RX+gtPHQlsPXDiccy/33hMknCntOF9Wbml5ZXUtv17Y2Nza3rF39+oqTiWhHol5LJsBVpQzQT3NNKfNRFIcBZw2gsHl2G88UKlYLO70MKF+hHuChYxgbaTb6859xy45ZWcCtEjcGSlV99+LJ943qnXsz3Y3JmlEhSYcK9VynUT7GZaaEU5HhXaqaILJAPdoy1CBI6r8bHLqCB0ZpYvCWJoSGk3U3xMZjpQaRoHpjLDuq3lvLP7ntVIdXvgZE0mqqSDTRWHKkY7R+G/UZZISzYeGYCKZuRWRPpaYaJNOwYTgzr+8SOqnZbdSPrsxaVRgijwcwCEcgwvnUIUrqIEHBHrwCM/wYnHryXq13qatOWs2U4Q/sD5+AJs8kEA=</latexit>

Lj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="mm4VdjOqZgpWLmIjVS/CbSFlwIo=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3eakC4=</latexit>

C3

<latexit sha1_base64="7D3RfkbvZ9CZdn3N2UvO2j4mW+A=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3kekC8=</latexit>

C4

<latexit sha1_base64="kbDF/hUfUW5TOFQOqTou9Gszk1M=">AAAB7nicbVDJSgNBEK2JW4xbXG5eGoPgxTAjGD0GcvEYwSyQDKGn05M06ekeunuUMOQjvHiIiuDJ7/Hmp3izsxw08UHB470qquoFMWfauO6Xk1lZXVvfyG7mtrZ3dvfy+wd1LRNFaI1ILlUzwJpyJmjNMMNpM1YURwGnjWBQmfiNe6o0k+LODGPqR7gnWMgINlZqVDqpOPdGnXzBLbpToGXizUmhfPRdeH95GFc7+c92V5IkosIQjrVueW5s/BQrwwino1w70TTGZIB7tGWpwBHVfjo9d4ROrdJFoVS2hEFT9fdEiiOth1FgOyNs+nrRm4j/ea3EhNd+ykScGCrIbFGYcGQkmvyOukxRYvjQEkwUs7ci0scKE2MTytkQvMWXl0n9ouiVipe3No0SzJCFYziBM/DgCspwA1WoAYEBPMIYnp3YeXJenbdZa8aZzxzCHzgfP78hkt8=</latexit>

Cn�1

<latexit sha1_base64="iOpSGBu8JDHG1uOqRQi+yCjPmTA=">AAAB7HicbVBNS8NAEJ3Ur9r6UfXYy2IRPJVEsHos9KDHCqYttKFsNpt26WYTdjdCCf0NXjxYxKv/xD/gzX/jtulBWx8MPN6bYWaen3CmtG1/W4Wt7Z3dveJ+qXxweHRcOTntqDiVhLok5rHs+VhRzgR1NdOc9hJJceRz2vUnrYXffaJSsVg86mlCvQiPBAsZwdpIbmuYidmwUrPr9hJokzgrUmuW7+bVz17QHla+BkFM0ogKTThWqu/YifYyLDUjnM5Kg1TRBJMJHtG+oQJHVHnZ8tgZujBKgMJYmhIaLdXfExmOlJpGvumMsB6rdW8h/uf1Ux3eehkTSaqpIPmiMOVIx2jxOQqYpETzqSGYSGZuRWSMJSba5FMyITjrL2+SzlXdadSvH0waDchRhCqcwyU4cANNuIc2uECAwTO8wtwS1ov1Zr3nrQVrNXMGf2B9/ACVfpF1</latexit>

Cn

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
<latexit sha1_base64="wvvA2L7kcDZR3xKs2vhjXrGRtVs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBM0FkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP91eQvw==</latexit>

S

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C <latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="YwCZ7FK35V+dYUZteUsDQ4DvW0g=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EirZsyU7C6s9CNy4r2Au1QMmmmDc1khiQjlKGPIIILRdz6GK58BHc+iHvTy0Jbfwh8/P855JzjRZwpbdtfVmpldW19I72Z2dre2d3L7h80VBhLQusk5KFseVhRzgSta6Y5bUWS4sDjtOkNq5O8eUelYqG41aOIugHuC+YzgrWxbqr5fDebs4v2VGgZnDnkLt8L3x8PndNaN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk2mo47RiXF6yA+leUKjqfu7I8GBUqPAM5UB1gO1mE3M/7J2rP0LN2EiijUVZPaRH3OkQzTZG/WYpETzkQFMJDOzIjLAEhNtrpMxR3AWV16GRqnolItn13auUoaZ0nAEx1AAB86hAldQgzoQ6MM9PMGzxa1H68V6nZWmrHnPIfyR9fYDn9WREQ==</latexit>

C 00

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="b9HYkLaZPRjRVfAoSDgBQ5jQIuo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+Hr41G</latexit>

(a)

<latexit sha1_base64="GjHdu9KKiU1w+f7cMYaldPimEDc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiTSNRw==</latexit>

(b)

Figura 3.1: Contorn simple d’extrems α i β.

Definició 3.2 (Integral de contorn) Si C és el contorn z(t) = x(t) + iy(t),
d’extrem inicial α = z(a) i extrem final β = z(b), i f(z) és una funció definida
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sobre els punts del contorn C, la integral de f sobre el contorn C és
∫

C

f(z) dz
def
=

∫ b

a

f [z(t)] dz(t) (3.1)

=

∫ b

a

{u[x(t), y(t)] + i v[x(t), y(t)]} {x′(t) + i y′(t)} dt

=

∫ b

a

{u[x(t), y(t)]x′(t)− v[x(t), y(t)] y′(t)} dt

+ i

∫ b

a

{u[x(t), y(t)] y′(t) + v[x(t), y(t)]x′(t)} dt

=

∫

C

(u dx− v dy) + i

∫

C

(u dy + v dx). (3.2)

L’existència d’aquesta integral està garantida si f és cont́ınua. Farem servir
el śımbol

∮
C
quan C sigui un contorn tancat.

En general, si C1 i C2 són dos contorns diferents amb els mateixos extrems α
i β, tenim

∫
C1

f(z) dz ̸=
∫
C2

f(z) dz. Veurem a la secció 3.3 en quines situacions
això no és aix́ı.

Les propietats següents són conseqüència de la definició 3.2:

1) Linealitat:

∫

C

[λf(z)+µg(z)] dz=λ

∫

C

f(z) dz+µ

∫

C

g(z) dz, ∀λ, µ ∈ C.

2) Re

[∫

C

f(z) dz

]
=

∫

C

Re[f(z) dz], Im

[∫

C

f(z) dz

]
=

∫

C

Im[f(z) dz].

3)

∫

C

|dz| =
∫ b

a

√
[x′(t)]2 + [y′(t)]2 dt = LC .

4)

∫

C∗
f(z) dz = −

∫

C

f(z) dz.

En aquestes expressions C és un contorn qualsevol, LC la seva longitud i C∗ el
contorn C recorregut en sentit contrari.

Teorema 3.1 ∣∣∣∣
∫

C

f(z) dz

∣∣∣∣ ≤
∫

C

|f(z)| |dz| .

Demostració: Si
∫
C
f(z) dz

def
= Re

iΘ
tenim, d’una banda,

R =

∣∣∣∣
∫

C

f(z) dz

∣∣∣∣,
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i de l’altra,

R = e−iΘ
∫

C

f(z) dz =

∫

C

e−iΘf(z) dz.

Com que R és un nombre real no negatiu, tenim

∣∣∣∣
∫

C

f(z) dz

∣∣∣∣ = R = ReR = Re

∫

C

e−iΘf(z) dz

=

∫

C

Re
{
e−iΘf(z) dz

}
≤
∫

C

∣∣e−iΘf(z) dz
∣∣ =

∫

C

|f(z)| |dz|.

⋄

Exemple 3.1 Considerem la funció f(z) = z∗ i calculem la seva integral del
punt α = 0 al punt β = 1 + i seguint els tres contorns de la figura 3.2.

C1: La parametrització del segment horitzontal és z(t) = t + i0, dz(t) = dt,
on t va de 0 a 1. En aquest tram l’integrand és z∗(t) = t i, per tant, la

contribució d’aquest tram a la integral és
∫ 1

0
t dt = 1/2. Similarment, la

parametrització del segment vertical és z(t) = 1 + it, dz(t) = i dt, on t
també va de 0 a 1. En aquest tram l’integrand és z∗(t) = 1 − it i la seva

contribució a la integral és
∫ 1

0
(1 − it) idt = i + (1/2). Si sumem aquests

dos resultats obtenim ∫

C1

z∗ dz = 1 + i.

C2: En aquest cas el contorn és un arc de cercle de radi 1, centrat a i que
es paramentritza z(t) = i + eit, dz(t) = ieitdt, on t va de −π/2 a 0.
L’integrand és z∗(t) = −i+ e−it i, per tant, tenim

∫

C2

z∗ dz =

∫ 0

−π/2

(
−i+ e−it

)
ieitdt =

[
eit

i
+ it

]0

−π/2
= 1 + i

(π
2
− 1
)
.

C3: El contorn és un segment rectilini de llargada
√
2 inclinat un angle π/4

respecte de l’eix real i el podem parametritzar z(t) = teiπ/4, dz(t) = eiπ/4dt,
on t va de 0 a

√
2. L’integrand és z∗(t) = te−iπ/4 i tenim

∫

C3

z∗ dz =

∫ √2

0

te−iπ/4 eiπ/4dt =

[
t2

2

]√2

0

= 1.
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Aix́ı doncs, tot i tenir els mateixos extrems α i β, les tres integrals són diferents,
és a dir, depenen del contorn utilitzat. No sempre és aix́ı. Si la funció de
l’integrand fos f(z) = z i segúıssim els passos anteriors arribaŕıem a

∫

C1

z dz =

∫

C2

z dz =

∫

C3

z dz = i.

Veurem a la secció 3.3 el motiu pel qual passa això.

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="V6Q75lWipEcAm9Ath8ux8BscH1o=">AAACGHicbVDLSsNAFJ3UV42vqEs3wSLWTU0KVpcFNy4r2Ac0odxMJu3QySTMTIQS+hlu/BU3LhRx251/47TNQqsXZjiccw/33hOkjErlOF9GaW19Y3OrvG3u7O7tH1iHRx2ZZAKTNk5YInoBSMIoJ21FFSO9VBCIA0a6wfh2rncfiZA04Q9qkhI/hiGnEcWgNDWwLj1MuCKC8qEp9ZcxEFSB8jyzmmZc2eE5iQMBHEOsGy8GVsWpOYuy/wK3ABVUVGtgzbwwwdncjBlI2XedVPk5CEUxI1PTyyRJAY9hSPoacj1G+vnisKl9ppnQjhKhn95lwf505BBLOYkD3RmDGslVbU7+p/UzFd34OeVppgjHy0FRxmyV2POU7JAKghWbaABYB0KxjUcgAOuopKlDcFdP/gs69ZrbqF3d1yvNRhFHGZ2gU1RFLrpGTXSHWqiNMHpCL+gNvRvPxqvxYXwuW0tG4TlGv8qYfQO/oKAr</latexit>

singularitat
(punt d’embrancament)

<latexit sha1_base64="5nXZumQRlZQ34/cBRcG8WDJAVr0=">AAAB7HicbVBNSwMxEJ2tX7V+VQUvXoJF8FR3RWuPBS8eK7htoV1KNk3b0Gw2JFmhLP0NXjxURI/+IG+iP8b046CtDwYe780wMy+UnGnjup9OZmV1bX0ju5nb2t7Z3cvvH9R0nChCfRLzWDVCrClngvqGGU4bUlEchZzWw8HNxK8/UKVZLO7NUNIgwj3BuoxgYyW/Jdn5ZTtfcIvuFGiZeHNSqBzJt/H3V7nazn+0OjFJIioM4VjrpudKE6RYGUY4HeVaiaYSkwHu0aalAkdUB+n02BE6tUoHdWNlSxg0VX9PpDjSehiFtjPCpq8XvYn4n9dMTLccpEzIxFBBZou6CUcmRpPPUYcpSgwfWoKJYvZWRPpYYWJsPjkbgrf48jKpXRS9UvHqzqZRghmycAwncAYeXEMFbqEKPhBg8AhjeHaE8+S8OK+z1owznzmEP3DefwB0QJIp</latexit>

⇡/4 <latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="5f8lTSbwQc3i3QWU9+ySU48mlEI=">AAACLXicbZBLSwMxFIXv1Fetr6pLN8EiuCozBavLghuXFWwV2iKZ9LYNzSRDkhFK8Q+58a+I4KIibvVnePtY+LqQ8HHOCUlOnCrpfBhOgtzS8srqWn69sLG5tb1T3N1rOpNZgQ1hlLE3MXeopMaGl17hTWqRJ7HC63h4PvWv79A6afSVH6XYSXhfy54U3JNkiofQBgEIGjztFiRRHwrQJXLkMCKkTJs0AYbcu1muD5/EglIcCrfFUlgOZ8P+QrSAEiymflt8bneNyBLUXijuXCsKU98Zc+ulUHhfaGcOUy6GvI8tQs0TdJ3x7Lf37IiULusZS0t7NlO/nxjzxLlRElMy4X7gfntT8T+vlfneWWcsdZp51GJ+US9TzBs2rY51pUXh1YiACyvprUwMuOXCU8HTEqLfX/4LzUo5qpZPLiulWnVRRx4O4BCOIYJTqMEF1KFBxT7AE0zgNXgMXoK34H0ezQWLM/vwY4KPL5LUnDE=</latexit>

disc de
convergència

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="V6Q75lWipEcAm9Ath8ux8BscH1o=">AAACGHicbVDLSsNAFJ3UV42vqEs3wSLWTU0KVpcFNy4r2Ac0odxMJu3QySTMTIQS+hlu/BU3LhRx251/47TNQqsXZjiccw/33hOkjErlOF9GaW19Y3OrvG3u7O7tH1iHRx2ZZAKTNk5YInoBSMIoJ21FFSO9VBCIA0a6wfh2rncfiZA04Q9qkhI/hiGnEcWgNDWwLj1MuCKC8qEp9ZcxEFSB8jyzmmZc2eE5iQMBHEOsGy8GVsWpOYuy/wK3ABVUVGtgzbwwwdncjBlI2XedVPk5CEUxI1PTyyRJAY9hSPoacj1G+vnisKl9ppnQjhKhn95lwf505BBLOYkD3RmDGslVbU7+p/UzFd34OeVppgjHy0FRxmyV2POU7JAKghWbaABYB0KxjUcgAOuopKlDcFdP/gs69ZrbqF3d1yvNRhFHGZ2gU1RFLrpGTXSHWqiNMHpCL+gNvRvPxqvxYXwuW0tG4TlGv8qYfQO/oKAr</latexit>

singularitat
(punt d’embrancament)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="5f8lTSbwQc3i3QWU9+ySU48mlEI=">AAACLXicbZBLSwMxFIXv1Fetr6pLN8EiuCozBavLghuXFWwV2iKZ9LYNzSRDkhFK8Q+58a+I4KIibvVnePtY+LqQ8HHOCUlOnCrpfBhOgtzS8srqWn69sLG5tb1T3N1rOpNZgQ1hlLE3MXeopMaGl17hTWqRJ7HC63h4PvWv79A6afSVH6XYSXhfy54U3JNkiofQBgEIGjztFiRRHwrQJXLkMCKkTJs0AYbcu1muD5/EglIcCrfFUlgOZ8P+QrSAEiymflt8bneNyBLUXijuXCsKU98Zc+ulUHhfaGcOUy6GvI8tQs0TdJ3x7Lf37IiULusZS0t7NlO/nxjzxLlRElMy4X7gfntT8T+vlfneWWcsdZp51GJ+US9TzBs2rY51pUXh1YiACyvprUwMuOXCU8HTEqLfX/4LzUo5qpZPLiulWnVRRx4O4BCOIYJTqMEF1KFBxT7AE0zgNXgMXoK34H0ezQWLM/vwY4KPL5LUnDE=</latexit>

disc de
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Aix́ı doncs, tot i tenint els mateixos extrems ↵ i �, les tres integrals són diferents,
és a dir, depenen del contorn utilitzat. No sempre és aix́ı. Si la funció de
l’integrand fos f(z) = z i seguissim els passos anteriors arribaŕıem a

Z

C1

z dz =

Z

C2

z dz =

Z

C3

z dz = i .

Veurem a la secció 3.3 el motiu pel qual passa això.

Figura 3.2: Contorns de l’exemple 3.1.

3.2 Teorema de Cauchy-Goursat

El teorema de Cauchy-Goursat és el teorema central del càlcul de variable com-
plexa. La versió original és de Cauchy i es basa en el teorema de Green de R2.
Édouard Goursat el va demostrar posteriorment amb hipòtesis menys restric-
tives. Tot seguit veurem les dues versions del teorema, ja que cal utilitzar la
primera per demostrar la segona.

Teorema 3.2 (Cauchy) Si f(z) és anaĺıtica sobre i a l’interior d’un contorn
tancat C i f 0(z) és cont́ınua en aquesta mateixa regió, aleshores

I

C

f(z) dz = 0 .

Demostració: Recordem el teorema de Green (o teorema de Stokes
de R2), que afirma que si P (x, y) i Q(x, y) són funcions reals amb
derivades parcials de primer ordre cont́ınues a la regió tancada S ⇢
R2, limitada pel contorn C, es compleix la igualtat

I

C

(P dx + Q dy) =

ZZ

S

(Qx � Py) dx dy ,
<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1<latexit sha1_base64="iNfz3EM3YAry9xDPs2jjhClWVTc=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxV9zGP+7iTL7gldyK0CN4MChfvxe+Pe/+42sl/+l1JkogKQzjWuuW5sWmnWBlGOB3l/ETTGJMB7tGWRYEjqtvpZNoROrJOF4VS2ScMmri/O1IcaT2MAlsZYdPX89nY/C9rJSY8b6dMxImhgkw/ChOOjETj1VGXKUoMH1rARDE7KyJ9rDAx9kA5ewRvfuVFqJ+UvHLp9NotVMowVRYO4BCK4MEZVOAKqlADArfwAE/w7Ejn0XlxXqelGWfWsw9/5Lz9ANSzkwA=</latexit>↵

<latexit sha1_base64="5F9feW1pN6F9DqgRjGB3ky7WPJM=">AAAB8HicbVC7SgNBFJ31GeNro502g0EQhLArGG2EgI1lBPOQZAmzk7vJkJnZZWZWCCGfYGVjoYitlb9ha+eH2Dt5FJp44MLhnHu5954w4Uwbz/tyFhaXlldWM2vZ9Y3NrW03t1PVcaooVGjMY1UPiQbOJFQMMxzqiQIiQg61sHc58mt3oDSL5Y3pJxAI0pEsYpQYK902QzDkwj9mLTfvFbwx8DzxpyRfyt2733sf7+WW+9lsxzQVIA3lROuG7yUmGBBlGOUwzDZTDQmhPdKBhqWSCNDBYHzwEB9apY2jWNmSBo/V3xMDIrTui9B2CmK6etYbif95jdRE58GAySQ1IOlkUZRybGI8+h63mQJqeN8SQhWzt2LaJYpQYzPK2hD82ZfnSfWk4BcLp9c2jSKaIIP20QE6Qj46QyV0hcqogigS6AE9oWdHOY/Oi/M6aV1wpjO76A+ctx+LvJM+</latexit>

� = 1 + i

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1
<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="mm4VdjOqZgpWLmIjVS/CbSFlwIo=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3eakC4=</latexit>

C3

Figura 3.2: Contorns de l’exemple 3.1.

3.2 Teorema de Cauchy-Goursat

El teorema de Cauchy-Goursat és el teorema central del càlcul de variable com-
plexa. La versió original és de Cauchy i es basa en el teorema de Green de R2.
Édouard Goursat el va demostrar posteriorment amb hipòtesis menys restric-
tives. Tot seguit veurem les dues versions del teorema, ja que cal utilitzar la
primera per demostrar la segona.

Teorema 3.2 (Cauchy) Si f(z) és anaĺıtica sobre i a l’interior d’un contorn
tancat simple C i f ′(z) és cont́ınua en aquesta mateixa regió, aleshores

∮

C

f(z) dz = 0.

Demostració: Recordem el teorema de Green (o teorema de Stokes
de R2), que afirma que si P (x, y) i Q(x, y) són funcions reals amb
derivades parcials de primer ordre cont́ınues a la regió tancada S⊂R2,
limitada pel contorn C (recorregut en sentit antihorari, és a dir,
orientat de forma que S queda a la seva esquerra), es compleix la
igualtat ∮

C

(P dx+Qdy) =

∫∫

S

(Qx − Py) dx dy,
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on hem usat la notació simplificada Qx
def
= ∂Q/∂x i Py

def
= ∂P/∂y.

Si f = u+ iv, la continüıtat de f ′ garanteix la continüıtat de ux, uy,
vx i vy. Llavors, si fem P = u i Q = −v i usem la segona condició de
Cauchy-Riemann (uy = −vx) tenim

∮

C

(u dx− v dy) =

∫∫

S

(−vx − uy) dx dy = 0.

De manera similar, si fem P = v i Q = u i utilitzem la primera
condició de Cauchy-Riemann (ux = vy) tenim

∮

C

(v dx+ u dy) =

∫∫

S

(ux − vy) dx dy = 0

i, per tant, d’acord amb (3.2) tenim
∮

C

f(z) dz =

∮

C

(u dx− v dy) + i

∮

C

(v dx+ u dy) = 0.

⋄

Édouard Goursat va demostrar que la continüıtat de f ′(z) no és, de fet,
necessària per demostrar el teorema anterior. L’element clau de la seva de-
mostració és el lema següent.

Lema 3.3 Si f(z) és anaĺıtica sobre i a l’interior d’un contorn tancat simple C,
per a cada ϵ > 0 és possible dividir l’interior de C en un nombre finit n de
quadrats o porcions de quadrat de contorns Cj, de tal manera que a sobre o a
l’interior de cada Cj existeix zj per al qual

∣∣∣∣
f(z)− f(zj)

z − zj
− f ′(zj)

∣∣∣∣ < ϵ, j = 1, 2, . . . , n (3.3)

per a tot z que estigui sobre o a l’interior de Cj.

Demostració: Comencem dividint C en 1, 4, 16, 64 . . . 4k = n qua-
drats o porcions de quadrat, com s’indica a la figura 3.3. A cada pas
comprovem si es compleix la condició (3.3). Quan això passi haurem
acabat. Si la condició no es compleix en algun quadrat, refinem
la divisió subdividint-lo en quatre, com es mostra a la figura 3.4.
Es tracta de demostrar que després d’un nombre finit de passos, la
condició (3.3) s’acaba complint.

Això ho demostrarem per reducció a l’absurd. Suposem, doncs, que
hi ha un quadrat (o porció) Cj0 , de costats ℓ, on no es compleix (3.3),
i que, després de dividir-lo en quatre quadrats, encara trobem algun
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<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i
<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1 <latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="5NFp4HvzTwYfAcBchEFt/0DSE80=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJlCq64suHFZ0V6gHUomzbShmcyQZIQy9BHcuFDErY/jyoXg09T0stDWHwIf/38OOed4EWdK2/a3lVpZXVvfSG9mtrZ3drO5vf26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB9SRvPFCpWCju9TCiboB7gvmMYG2su+IZ6+TydsGeCi2DM4f81fjw43L8la12cp/tbkjigApNOFaq5diRdhMsNSOcjjLtWNEIkwHu0ZZBgQOq3GQ66gidGKeL/FCaJzSaur87EhwoNQw8Uxlg3VeL2cT8L2vF2r9wEyaiWFNBZh/5MUc6RJO9UZdJSjQfGsBEMjMrIn0sMdHmOhlzBGdx5WWoFwtOuVC6tfOVMsyUhiM4hlNw4BwqcANVqAGBHjzCM7xY3HqyXq23WWnKmvccwB9Z7z9bApGW</latexit>

2 + i
<latexit sha1_base64="uMpqYT8GkTWzzP2fy4EQFxsvXyc=">AAAB6nicbZDLSgMxFIbP1Futl466cOEmWARBKDOCVVcW3LisaC/QDiWTZtrQTGZIMkIZ+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHP8mDOlHefbyiwtr6yuZddzG5tb23l7Z7emokQSWiURj2TDx4pyJmhVM81pI5YUhz6ndb9/Pc7rD1QqFol7PYipF+KuYAEjWBvrzj1hbbvgFJ2J0CK4MyhcjfY/Lkdf+Urb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpZNRh+jIOB0URNI8odHE/d2R4lCpQeibyhDrnprPxuZ/WTPRwYWXMhEnmgoy/ShIONIRGu+NOkxSovnAACaSmVkR6WGJiTbXyZkjuPMrL0LttOiWime3TqFcgqmycACHcAwunEMZbqACVSDQhUd4hheLW0/Wq/U2Lc1Ys549+CPr/QdZfJGV</latexit>

1 + i

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="mm4VdjOqZgpWLmIjVS/CbSFlwIo=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3eakC4=</latexit>

C3

<latexit sha1_base64="7D3RfkbvZ9CZdn3N2UvO2j4mW+A=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3kekC8=</latexit>

C4

<latexit sha1_base64="kbDF/hUfUW5TOFQOqTou9Gszk1M=">AAAB7nicbVDJSgNBEK2JW4xbXG5eGoPgxTAjGD0GcvEYwSyQDKGn05M06ekeunuUMOQjvHiIiuDJ7/Hmp3izsxw08UHB470qquoFMWfauO6Xk1lZXVvfyG7mtrZ3dvfy+wd1LRNFaI1ILlUzwJpyJmjNMMNpM1YURwGnjWBQmfiNe6o0k+LODGPqR7gnWMgINlZqVDqpOPdGnXzBLbpToGXizUmhfPRdeH95GFc7+c92V5IkosIQjrVueW5s/BQrwwino1w70TTGZIB7tGWpwBHVfjo9d4ROrdJFoVS2hEFT9fdEiiOth1FgOyNs+nrRm4j/ea3EhNd+ykScGCrIbFGYcGQkmvyOukxRYvjQEkwUs7ci0scKE2MTytkQvMWXl0n9ouiVipe3No0SzJCFYziBM/DgCspwA1WoAYEBPMIYnp3YeXJenbdZa8aZzxzCHzgfP78hkt8=</latexit>

Cn�1

<latexit sha1_base64="iOpSGBu8JDHG1uOqRQi+yCjPmTA=">AAAB7HicbVBNS8NAEJ3Ur9r6UfXYy2IRPJVEsHos9KDHCqYttKFsNpt26WYTdjdCCf0NXjxYxKv/xD/gzX/jtulBWx8MPN6bYWaen3CmtG1/W4Wt7Z3dveJ+qXxweHRcOTntqDiVhLok5rHs+VhRzgR1NdOc9hJJceRz2vUnrYXffaJSsVg86mlCvQiPBAsZwdpIbmuYidmwUrPr9hJokzgrUmuW7+bVz17QHla+BkFM0ogKTThWqu/YifYyLDUjnM5Kg1TRBJMJHtG+oQJHVHnZ8tgZujBKgMJYmhIaLdXfExmOlJpGvumMsB6rdW8h/uf1Ux3eehkTSaqpIPmiMOVIx2jxOQqYpETzqSGYSGZuRWSMJSba5FMyITjrL2+SzlXdadSvH0waDchRhCqcwyU4cANNuIc2uECAwTO8wtwS1ov1Zr3nrQVrNXMGf2B9/ACVfpF1</latexit>

Cn

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="mm4VdjOqZgpWLmIjVS/CbSFlwIo=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3eakC4=</latexit>

C3

<latexit sha1_base64="7D3RfkbvZ9CZdn3N2UvO2j4mW+A=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3kekC8=</latexit>

C4

<latexit sha1_base64="kbDF/hUfUW5TOFQOqTou9Gszk1M=">AAAB7nicbVDJSgNBEK2JW4xbXG5eGoPgxTAjGD0GcvEYwSyQDKGn05M06ekeunuUMOQjvHiIiuDJ7/Hmp3izsxw08UHB470qquoFMWfauO6Xk1lZXVvfyG7mtrZ3dvfy+wd1LRNFaI1ILlUzwJpyJmjNMMNpM1YURwGnjWBQmfiNe6o0k+LODGPqR7gnWMgINlZqVDqpOPdGnXzBLbpToGXizUmhfPRdeH95GFc7+c92V5IkosIQjrVueW5s/BQrwwino1w70TTGZIB7tGWpwBHVfjo9d4ROrdJFoVS2hEFT9fdEiiOth1FgOyNs+nrRm4j/ea3EhNd+ykScGCrIbFGYcGQkmvyOukxRYvjQEkwUs7ci0scKE2MTytkQvMWXl0n9ouiVipe3No0SzJCFYziBM/DgCspwA1WoAYEBPMIYnp3YeXJenbdZa8aZzxzCHzgfP78hkt8=</latexit>

Cn�1

<latexit sha1_base64="iOpSGBu8JDHG1uOqRQi+yCjPmTA=">AAAB7HicbVBNS8NAEJ3Ur9r6UfXYy2IRPJVEsHos9KDHCqYttKFsNpt26WYTdjdCCf0NXjxYxKv/xD/gzX/jtulBWx8MPN6bYWaen3CmtG1/W4Wt7Z3dveJ+qXxweHRcOTntqDiVhLok5rHs+VhRzgR1NdOc9hJJceRz2vUnrYXffaJSsVg86mlCvQiPBAsZwdpIbmuYidmwUrPr9hJokzgrUmuW7+bVz17QHla+BkFM0ogKTThWqu/YifYyLDUjnM5Kg1TRBJMJHtG+oQJHVHnZ8tgZujBKgMJYmhIaLdXfExmOlJpGvumMsB6rdW8h/uf1Ux3eehkTSaqpIPmiMOVIx2jxOQqYpETzqSGYSGZuRWSMJSba5FMyITjrL2+SzlXdadSvH0waDchRhCqcwyU4cANNuIc2uECAwTO8wtwS1ov1Zr3nrQVrNXMGf2B9/ACVfpF1</latexit>

Cn

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

Figura 3.3: Divisió de la regió limitada per C en n quadrats o porcions de quadrat. Les ĺınies
internes es recorren amb ambdós sentits.

Figura 3.4: Refinat de la divisió en quadrats. En els quadrats grisos no se satisfà la
condició (3.3).

quadrat (o porció) on tampoc no es compleix (3.3). Suposem que
aquesta situació es repeteix en cada nova subdivisió. Obtenim, aix́ı,
una successió de quadrats (o porcions) σ0(= Cj0)⊃σ1⊃· · ·⊃σk⊃· · ·
en els quals la condició (3.3) no es compleix. Observem que les seves
àrees satisfan A(σk) ≤ ℓ2/4k i, per tant, limk→∞A(σk) = 0. Tenim,
doncs, una successió infinita d’“intervals encaixats” les àrees dels
quals tendeixen a zero. Sabem que hi ha un únic punt z0 interior a
tots ells

z0 =
∞⋂

k=0

σk.

El punt z0 pertany a C o al seu interior i, per tant, f(z) és anaĺıtica
en aquest punt. Això vol dir que f ′(z0) existeix i que hi ha algun
entorn Eδ(z0) en el qual

∣∣∣∣
f(z)− f(z0)

z − z0
− f ′(z0)

∣∣∣∣ < ϵ

si z ∈ Eδ(z0). Però hi ha un quadrat (o porció) σr a partir del qual
σk ⊂ Eδ(z0), per a k ≥ r. En aquest quadrat σr es compleix, per
tant, la condició (3.3), la qual cosa contradiu la suposició original.
La condició (3.3) s’ha d’assolir, doncs, després d’un nombre finit de
subdivisions.

⋄
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Teorema 3.4 (Cauchy-Goursat) Si f(z) és anaĺıtica sobre i a l’interior d’un
contorn tancat simple C, aleshores

∮

C

f(z) dz = 0.

Demostració: L’objectiu és demostrar que per a cada ϵ′ > 0
∣∣∣∣
∮

C

f(z) dz

∣∣∣∣ < ϵ′, (3.4)

ja que això equival a dir que la integral és zero.

Comencem dividint l’interior de C amb quadrats i porcions de qua-
drat, de manera que es compleixi la condició (3.3) del lema 3.3.
Aleshores ∮

C

f(z) dz =
∑

j

∮

Cj

f(z) dz.

Això és evident, ja que totes les ĺınies interiors de la figura 3.3 es
recorren sempre dues vegades en sentits oposats cancel·lant-se les
seves contribucions. Definim ara les funcions δj(z)

δj(z)
def
=

f(z)− f(zj)

z − zj
− f ′(zj).

El lema 3.3 ens assegura que |δj(z)| < ϵ si z és a l’interior o sobre Cj.
Si äıllem f(z) tenim

f(z) = f(zj)− zjf
′(zj) + zf ′(zj) + (z − zj)δj(z).

Per tant,
∮

Cj

f(z) dz = f(zj)

∮

Cj

dz − zjf
′(zj)

∮

Cj

dz + f ′(zj)

∮

Cj

z dz

+

∮

Cj

(z − zj)δj(z) dz.

Les integrals de la primera ĺınia s’anul·len com a conseqüència del
teorema de Cauchy original (teorema 3.2), ja que els integrands són
funcions anaĺıtiques amb derivada cont́ınua. Tenim, doncs,

∣∣∣∣∣

∮

Cj

f(z) dz

∣∣∣∣∣ ≤
∮

Cj

|z − zj| |δj(z)| |dz| < ϵ

∮

Cj

|z − zj| |dz|.
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<latexit sha1_base64="e9Y0unqJedJybPgSrjOMRHOw6Bs=">AAAB9HicbVDLSgMxFM3UV62vquDGTbCILUiZEaxdFty4rGAf0A4lk6ZtaOZhcqc4DP0OXYgo4taPcSf6MWbaLrT1wL0czrmX3BwnEFyBaX4aqaXlldW19HpmY3Nreye7u1dXfigpq1Ff+LLpEMUE91gNOAjWDCQjriNYwxleJn5jxKTivncDUcBsl/Q93uOUgJbs/N1JHgqnUdILnWzOLJoT4EVizUiuchA8PXx/laud7Ee769PQZR5QQZRqWWYAdkwkcCrYONMOFQsIHZI+a2nqEZcpO54cPcbHWunini91eYAn6u+NmLhKRa6jJ10CAzXvJeJ/XiuEXtmOuReEwDw6fagXCgw+ThLAXS4ZBRFpQqjk+lZMB0QSCjqnjA7Bmv/yIqmfFa1S8fxap1FCU6TRITpCeWShC1RBV6iKaoiiW3SPntGLMTIejVfjbTqaMmY7++gPjPcfOEqUJw==</latexit>

(x0(t), y0(t))
<latexit sha1_base64="J1i/g7w5J9s8Ic4Sw4LKH6S+oMw=">AAAB8XicbVDLSgNBEOz1GeMrKnjxshiEeAm7gjEXIeDFYwTzwGQJs5PeZMjs7DIzK8SQv/CgB4N49W+8iX6Mk8dBEwsaiqpuurv8mDOlHefTWlpeWV1bT22kN7e2d3Yze/tVFSWSYoVGPJJ1nyjkTGBFM82xHkskoc+x5veuxn7tHqVikbjV/Ri9kHQECxgl2kh3TR81uXzI+aetTNbJOxPYi8SdkWzpMB49fX8Vy63MR7Md0SREoSknSjVcJ9begEjNKMdhupkojAntkQ42DBUkROUNJhcP7ROjtO0gkqaEtifq74kBCZXqh77pDInuqnlvLP7nNRIdFL0BE3GiUdDpoiDhto7s8ft2m0mkmvcNIVQyc6tNu0QSqk1IaROCO//yIqme5d1C/vzGpFGAKVJwBMeQAxcuoATXUIYKUBDwCC8wspT1bL1ab9PWJWs2cwB/YL3/APBElCU=</latexit>

� = z(b)
<latexit sha1_base64="jaPjc6aCCXsab2NyMecG1K3ON2o=">AAAB63icbVBNSwMxEJ31s9avquDFS7AI9VJ2BWuPBS8eK9gPaJeSTbNtaJJdkqxQS/+CFw8WEW/+IW+iP8Zs24O2Phh4vDfDzLwg5kwb1/10VlbX1jc2M1vZ7Z3dvf3cwWFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwnfqNe6o0i+SdGcbUF7gnWcgINqn0UDDnnVzeLbpToGXizUm+chy/Tb6/ytVO7qPdjUgiqDSEY61bnhsbf4SVYYTTcbadaBpjMsA92rJUYkG1P5reOkZnVumiMFK2pEFT9ffECAuthyKwnQKbvl70UvE/r5WYsOyPmIwTQyWZLQoTjkyE0sdRlylKDB9agoli9lZE+lhhYmw8WRuCt/jyMqlfFL1S8fLWplGCGTJwAqdQAA+uoAI3UIUaEOjDIzzDxBHOk/PivM5aV5z5zBH8gfP+A8bUkcY=</latexit>

z(t)

<latexit sha1_base64="v5Zj66Cwto7j4k8s8+2J67FMJuU=">AAAB63icbVBNSwMxEJ31s9avquDFS7AI9VJ2BWuPBS8eK9gPaJeSTbNtaJJdkqxYSv+CFw8WEW/+IW+iP8Zs24O2Phh4vDfDzLwg5kwb1/10VlbX1jc2M1vZ7Z3dvf3cwWFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwnfqNe6o0i+SdGcbUF7gnWcgINqn0UDDnnVzeLbpToGXizUm+chy/Tb6/ytVO7qPdjUgiqDSEY61bnhsbf4SVYYTTcbadaBpjMsA92rJUYkG1P5reOkZnVumiMFK2pEFT9ffECAuthyKwnQKbvl70UvE/r5WYsOyPmIwTQyWZLQoTjkyE0sdRlylKDB9agoli9lZE+lhhYmw8WRuCt/jyMqlfFL1S8fLWplGCGTJwAqdQAA+uoAI3UIUaEOjDIzzDxBHOk/PivM5aV5z5zBH8gfP+A8PGkcQ=</latexit>

x(t)

<latexit sha1_base64="nFZ/yqXkAYAUuCOcazjM6KR9UdY=">AAAB63icbVBNS8NAEN3Ur1q/qoIXL8Ei1EtJBGuPBS8eK9gPaEPZbDft0t1N2J0IIfQvePFgEfHmH/Im+mPctD1o64OBx3szzMzzI840OM6nlVtb39jcym8Xdnb39g+Kh0ctHcaK0CYJeag6PtaUM0mbwIDTTqQoFj6nbX98k/ntB6o0C+U9JBH1BB5KFjCCIZOSMlz0iyWn4sxgrxJ3QUr1k+ht+v1Va/SLH71BSGJBJRCOte66TgReihUwwumk0Is1jTAZ4yHtGiqxoNpLZ7dO7HOjDOwgVKYk2DP190SKhdaJ8E2nwDDSy14m/ud1YwhqXspkFAOVZL4oiLkNoZ09bg+YogR4YggmiplbbTLCChMw8RRMCO7yy6ukdVlxq5WrO5NGFc2RR6foDJWRi65RHd2iBmoigkboET2jqSWsJ+vFep235qzFzDH6A+v9B8VNkcU=</latexit>

y(t)

<latexit sha1_base64="YOAAMWVgZ4zIG49LbANavyW+M8M=">AAAB8nicbVDLSgNBEJyNrxhfUcGLl8EgxEvYFYy5CAEvHiOYB2yW0DuZTYbMzi4zs0Jc8hmCeIiIV7/Gm+jHOHkcNLGgoajqprvLjzlT2rY/rczK6tr6RnYzt7W9s7uX3z9oqCiRhNZJxCPZ8kFRzgSta6Y5bcWSQuhz2vQH1xO/eU+lYpG408OYeiH0BAsYAW0ktw087sPVQxHOOvmCXbKnwMvEmZNC9SgeP31/VWqd/Ee7G5EkpEITDkq5jh1rLwWpGeF0lGsnisZABtCjrqECQqq8dHryCJ8apYuDSJoSGk/V3xMphEoNQ990hqD7atGbiP95bqKDipcyESeaCjJbFCQc6whP/sddJinRfGgIEMnMrZj0QQLRJqWcCcFZfHmZNM5LTrl0cWvSKKMZsugYnaAictAlqqIbVEN1RFCEHtEYvVjaerZerbdZa8aazxyiP7DefwC4hpSY</latexit>

↵ = z(a)

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="vVJxk1eVi9zBWqGiKBhN+QGp/Lk=">AAAB8HicbVDLSgNBEJyNrxhf0ZzEy2AQBCHsBoweA148RnSTSLKE2clsMmZmd53pFcKSr/DiwQde/RxvfoW/4ORx0MSChqKqm+4uPxZcg21/WZml5ZXVtex6bmNza3snv7tX11GiKHNpJCLV9IlmgofMBQ6CNWPFiPQFa/iDi7HfeGBK8yi8gWHMPEl6IQ84JWCk27a+V1C+7tx18kW7ZE+AF4kzI8Xq/mvhxP3GtU7+s92NaCJZCFQQrVuOHYOXEgWcCjbKtRPNYkIHpMdahoZEMu2lk4NH+MgoXRxEylQIeKL+nkiJ1HoofdMpCfT1vDcW//NaCQTnXsrDOAEW0umiIBEYIjz+Hne5YhTE0BBCFTe3YtonilAwGeVMCM78y4ukXi45ldLplUmjgqbIogN0iI6Rg85QFV2iGnIRRRI9omf0YinryXqz3qetGWs2U0B/YH38AB5qkts=</latexit>p 2S
j<latexit sha1_base64="MCHVePURtm29T0Qwf1kPrOhISgs=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LSk1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaD4fXEbz5QqVgs7vQooX6E+4KFjGBtpHq9e9+1S07ZmQItE3dOStXD9+KZ941qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbk0aFZghD0dwDKfgwiVU4QZq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+l5pBH</latexit>

Sj

<latexit sha1_base64="GkJqV3vrh/bgf0+nK5XM3pjmiPM=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY0LFxVNW2hDmUwn7djJJMxMhBL6CW5cKCK48ovc+RX+gtPHQlsPXDiccy/33hMknCntOF9Wbml5ZXUtv17Y2Nza3rF39+oqTiWhHol5LJsBVpQzQT3NNKfNRFIcBZw2gsHl2G88UKlYLO70MKF+hHuChYxgbaTb6859xy45ZWcCtEjcGSlV99+LJ943qnXsz3Y3JmlEhSYcK9VynUT7GZaaEU5HhXaqaILJAPdoy1CBI6r8bHLqCB0ZpYvCWJoSGk3U3xMZjpQaRoHpjLDuq3lvLP7ntVIdXvgZE0mqqSDTRWHKkY7R+G/UZZISzYeGYCKZuRWRPpaYaJNOwYTgzr+8SOqnZbdSPrsxaVRgijwcwCEcgwvnUIUrqIEHBHrwCM/wYnHryXq13qatOWs2U4Q/sD5+AJs8kEA=</latexit>

Lj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="mm4VdjOqZgpWLmIjVS/CbSFlwIo=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3eakC4=</latexit>

C3

<latexit sha1_base64="7D3RfkbvZ9CZdn3N2UvO2j4mW+A=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3kekC8=</latexit>

C4

<latexit sha1_base64="kbDF/hUfUW5TOFQOqTou9Gszk1M=">AAAB7nicbVDJSgNBEK2JW4xbXG5eGoPgxTAjGD0GcvEYwSyQDKGn05M06ekeunuUMOQjvHiIiuDJ7/Hmp3izsxw08UHB470qquoFMWfauO6Xk1lZXVvfyG7mtrZ3dvfy+wd1LRNFaI1ILlUzwJpyJmjNMMNpM1YURwGnjWBQmfiNe6o0k+LODGPqR7gnWMgINlZqVDqpOPdGnXzBLbpToGXizUmhfPRdeH95GFc7+c92V5IkosIQjrVueW5s/BQrwwino1w70TTGZIB7tGWpwBHVfjo9d4ROrdJFoVS2hEFT9fdEiiOth1FgOyNs+nrRm4j/ea3EhNd+ykScGCrIbFGYcGQkmvyOukxRYvjQEkwUs7ci0scKE2MTytkQvMWXl0n9ouiVipe3No0SzJCFYziBM/DgCspwA1WoAYEBPMIYnp3YeXJenbdZa8aZzxzCHzgfP78hkt8=</latexit>

Cn�1

<latexit sha1_base64="iOpSGBu8JDHG1uOqRQi+yCjPmTA=">AAAB7HicbVBNS8NAEJ3Ur9r6UfXYy2IRPJVEsHos9KDHCqYttKFsNpt26WYTdjdCCf0NXjxYxKv/xD/gzX/jtulBWx8MPN6bYWaen3CmtG1/W4Wt7Z3dveJ+qXxweHRcOTntqDiVhLok5rHs+VhRzgR1NdOc9hJJceRz2vUnrYXffaJSsVg86mlCvQiPBAsZwdpIbmuYidmwUrPr9hJokzgrUmuW7+bVz17QHla+BkFM0ogKTThWqu/YifYyLDUjnM5Kg1TRBJMJHtG+oQJHVHnZ8tgZujBKgMJYmhIaLdXfExmOlJpGvumMsB6rdW8h/uf1Ux3eehkTSaqpIPmiMOVIx2jxOQqYpETzqSGYSGZuRWSMJSba5FMyITjrL2+SzlXdadSvH0waDchRhCqcwyU4cANNuIc2uECAwTO8wtwS1ov1Zr3nrQVrNXMGf2B9/ACVfpF1</latexit>

Cn

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
<latexit sha1_base64="wvvA2L7kcDZR3xKs2vhjXrGRtVs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBM0FkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP91eQvw==</latexit>

S

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C <latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="YwCZ7FK35V+dYUZteUsDQ4DvW0g=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EirZsyU7C6s9CNy4r2Au1QMmmmDc1khiQjlKGPIIILRdz6GK58BHc+iHvTy0Jbfwh8/P855JzjRZwpbdtfVmpldW19I72Z2dre2d3L7h80VBhLQusk5KFseVhRzgSta6Y5bUWS4sDjtOkNq5O8eUelYqG41aOIugHuC+YzgrWxbqr5fDebs4v2VGgZnDnkLt8L3x8PndNaN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk2mo47RiXF6yA+leUKjqfu7I8GBUqPAM5UB1gO1mE3M/7J2rP0LN2EiijUVZPaRH3OkQzTZG/WYpETzkQFMJDOzIjLAEhNtrpMxR3AWV16GRqnolItn13auUoaZ0nAEx1AAB86hAldQgzoQ6MM9PMGzxa1H68V6nZWmrHnPIfyR9fYDn9WREQ==</latexit>

C 00

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="b9HYkLaZPRjRVfAoSDgBQ5jQIuo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+Hr41G</latexit>

(a)

<latexit sha1_base64="GjHdu9KKiU1w+f7cMYaldPimEDc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiTSNRw==</latexit>

(b)

Figura 3.5: Quadrat o porció Cj .

<latexit sha1_base64="e9Y0unqJedJybPgSrjOMRHOw6Bs=">AAAB9HicbVDLSgMxFM3UV62vquDGTbCILUiZEaxdFty4rGAf0A4lk6ZtaOZhcqc4DP0OXYgo4taPcSf6MWbaLrT1wL0czrmX3BwnEFyBaX4aqaXlldW19HpmY3Nreye7u1dXfigpq1Ff+LLpEMUE91gNOAjWDCQjriNYwxleJn5jxKTivncDUcBsl/Q93uOUgJbs/N1JHgqnUdILnWzOLJoT4EVizUiuchA8PXx/laud7Ee769PQZR5QQZRqWWYAdkwkcCrYONMOFQsIHZI+a2nqEZcpO54cPcbHWunini91eYAn6u+NmLhKRa6jJ10CAzXvJeJ/XiuEXtmOuReEwDw6fagXCgw+ThLAXS4ZBRFpQqjk+lZMB0QSCjqnjA7Bmv/yIqmfFa1S8fxap1FCU6TRITpCeWShC1RBV6iKaoiiW3SPntGLMTIejVfjbTqaMmY7++gPjPcfOEqUJw==</latexit>

(x0(t), y0(t))
<latexit sha1_base64="J1i/g7w5J9s8Ic4Sw4LKH6S+oMw=">AAAB8XicbVDLSgNBEOz1GeMrKnjxshiEeAm7gjEXIeDFYwTzwGQJs5PeZMjs7DIzK8SQv/CgB4N49W+8iX6Mk8dBEwsaiqpuurv8mDOlHefTWlpeWV1bT22kN7e2d3Yze/tVFSWSYoVGPJJ1nyjkTGBFM82xHkskoc+x5veuxn7tHqVikbjV/Ri9kHQECxgl2kh3TR81uXzI+aetTNbJOxPYi8SdkWzpMB49fX8Vy63MR7Md0SREoSknSjVcJ9begEjNKMdhupkojAntkQ42DBUkROUNJhcP7ROjtO0gkqaEtifq74kBCZXqh77pDInuqnlvLP7nNRIdFL0BE3GiUdDpoiDhto7s8ft2m0mkmvcNIVQyc6tNu0QSqk1IaROCO//yIqme5d1C/vzGpFGAKVJwBMeQAxcuoATXUIYKUBDwCC8wspT1bL1ab9PWJWs2cwB/YL3/APBElCU=</latexit>

� = z(b)
<latexit sha1_base64="jaPjc6aCCXsab2NyMecG1K3ON2o=">AAAB63icbVBNSwMxEJ31s9avquDFS7AI9VJ2BWuPBS8eK9gPaJeSTbNtaJJdkqxQS/+CFw8WEW/+IW+iP8Zs24O2Phh4vDfDzLwg5kwb1/10VlbX1jc2M1vZ7Z3dvf3cwWFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwnfqNe6o0i+SdGcbUF7gnWcgINqn0UDDnnVzeLbpToGXizUm+chy/Tb6/ytVO7qPdjUgiqDSEY61bnhsbf4SVYYTTcbadaBpjMsA92rJUYkG1P5reOkZnVumiMFK2pEFT9ffECAuthyKwnQKbvl70UvE/r5WYsOyPmIwTQyWZLQoTjkyE0sdRlylKDB9agoli9lZE+lhhYmw8WRuCt/jyMqlfFL1S8fLWplGCGTJwAqdQAA+uoAI3UIUaEOjDIzzDxBHOk/PivM5aV5z5zBH8gfP+A8bUkcY=</latexit>

z(t)

<latexit sha1_base64="v5Zj66Cwto7j4k8s8+2J67FMJuU=">AAAB63icbVBNSwMxEJ31s9avquDFS7AI9VJ2BWuPBS8eK9gPaJeSTbNtaJJdkqxYSv+CFw8WEW/+IW+iP8Zs24O2Phh4vDfDzLwg5kwb1/10VlbX1jc2M1vZ7Z3dvf3cwWFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwnfqNe6o0i+SdGcbUF7gnWcgINqn0UDDnnVzeLbpToGXizUm+chy/Tb6/ytVO7qPdjUgiqDSEY61bnhsbf4SVYYTTcbadaBpjMsA92rJUYkG1P5reOkZnVumiMFK2pEFT9ffECAuthyKwnQKbvl70UvE/r5WYsOyPmIwTQyWZLQoTjkyE0sdRlylKDB9agoli9lZE+lhhYmw8WRuCt/jyMqlfFL1S8fLWplGCGTJwAqdQAA+uoAI3UIUaEOjDIzzDxBHOk/PivM5aV5z5zBH8gfP+A8PGkcQ=</latexit>

x(t)

<latexit sha1_base64="nFZ/yqXkAYAUuCOcazjM6KR9UdY=">AAAB63icbVBNS8NAEN3Ur1q/qoIXL8Ei1EtJBGuPBS8eK9gPaEPZbDft0t1N2J0IIfQvePFgEfHmH/Im+mPctD1o64OBx3szzMzzI840OM6nlVtb39jcym8Xdnb39g+Kh0ctHcaK0CYJeag6PtaUM0mbwIDTTqQoFj6nbX98k/ntB6o0C+U9JBH1BB5KFjCCIZOSMlz0iyWn4sxgrxJ3QUr1k+ht+v1Va/SLH71BSGJBJRCOte66TgReihUwwumk0Is1jTAZ4yHtGiqxoNpLZ7dO7HOjDOwgVKYk2DP190SKhdaJ8E2nwDDSy14m/ud1YwhqXspkFAOVZL4oiLkNoZ09bg+YogR4YggmiplbbTLCChMw8RRMCO7yy6ukdVlxq5WrO5NGFc2RR6foDJWRi65RHd2iBmoigkboET2jqSWsJ+vFep235qzFzDH6A+v9B8VNkcU=</latexit>

y(t)

<latexit sha1_base64="YOAAMWVgZ4zIG49LbANavyW+M8M=">AAAB8nicbVDLSgNBEJyNrxhfUcGLl8EgxEvYFYy5CAEvHiOYB2yW0DuZTYbMzi4zs0Jc8hmCeIiIV7/Gm+jHOHkcNLGgoajqprvLjzlT2rY/rczK6tr6RnYzt7W9s7uX3z9oqCiRhNZJxCPZ8kFRzgSta6Y5bcWSQuhz2vQH1xO/eU+lYpG408OYeiH0BAsYAW0ktw087sPVQxHOOvmCXbKnwMvEmZNC9SgeP31/VWqd/Ee7G5EkpEITDkq5jh1rLwWpGeF0lGsnisZABtCjrqECQqq8dHryCJ8apYuDSJoSGk/V3xMphEoNQ990hqD7atGbiP95bqKDipcyESeaCjJbFCQc6whP/sddJinRfGgIEMnMrZj0QQLRJqWcCcFZfHmZNM5LTrl0cWvSKKMZsugYnaAictAlqqIbVEN1RFCEHtEYvVjaerZerbdZa8aazxyiP7DefwC4hpSY</latexit>

↵ = z(a)

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="vVJxk1eVi9zBWqGiKBhN+QGp/Lk=">AAAB8HicbVDLSgNBEJyNrxhf0ZzEy2AQBCHsBoweA148RnSTSLKE2clsMmZmd53pFcKSr/DiwQde/RxvfoW/4ORx0MSChqKqm+4uPxZcg21/WZml5ZXVtex6bmNza3snv7tX11GiKHNpJCLV9IlmgofMBQ6CNWPFiPQFa/iDi7HfeGBK8yi8gWHMPEl6IQ84JWCk27a+V1C+7tx18kW7ZE+AF4kzI8Xq/mvhxP3GtU7+s92NaCJZCFQQrVuOHYOXEgWcCjbKtRPNYkIHpMdahoZEMu2lk4NH+MgoXRxEylQIeKL+nkiJ1HoofdMpCfT1vDcW//NaCQTnXsrDOAEW0umiIBEYIjz+Hne5YhTE0BBCFTe3YtonilAwGeVMCM78y4ukXi45ldLplUmjgqbIogN0iI6Rg85QFV2iGnIRRRI9omf0YinryXqz3qetGWs2U0B/YH38AB5qkts=</latexit>p 2S
j<latexit sha1_base64="MCHVePURtm29T0Qwf1kPrOhISgs=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LSk1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaD4fXEbz5QqVgs7vQooX6E+4KFjGBtpHq9e9+1S07ZmQItE3dOStXD9+KZ941qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbk0aFZghD0dwDKfgwiVU4QZq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+l5pBH</latexit>

Sj

<latexit sha1_base64="GkJqV3vrh/bgf0+nK5XM3pjmiPM=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY0LFxVNW2hDmUwn7djJJMxMhBL6CW5cKCK48ovc+RX+gtPHQlsPXDiccy/33hMknCntOF9Wbml5ZXUtv17Y2Nza3rF39+oqTiWhHol5LJsBVpQzQT3NNKfNRFIcBZw2gsHl2G88UKlYLO70MKF+hHuChYxgbaTb6859xy45ZWcCtEjcGSlV99+LJ943qnXsz3Y3JmlEhSYcK9VynUT7GZaaEU5HhXaqaILJAPdoy1CBI6r8bHLqCB0ZpYvCWJoSGk3U3xMZjpQaRoHpjLDuq3lvLP7ntVIdXvgZE0mqqSDTRWHKkY7R+G/UZZISzYeGYCKZuRWRPpaYaJNOwYTgzr+8SOqnZbdSPrsxaVRgijwcwCEcgwvnUIUrqIEHBHrwCM/wYnHryXq13qatOWs2U4Q/sD5+AJs8kEA=</latexit>

Lj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="mm4VdjOqZgpWLmIjVS/CbSFlwIo=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3eakC4=</latexit>

C3

<latexit sha1_base64="7D3RfkbvZ9CZdn3N2UvO2j4mW+A=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3kekC8=</latexit>

C4

<latexit sha1_base64="kbDF/hUfUW5TOFQOqTou9Gszk1M=">AAAB7nicbVDJSgNBEK2JW4xbXG5eGoPgxTAjGD0GcvEYwSyQDKGn05M06ekeunuUMOQjvHiIiuDJ7/Hmp3izsxw08UHB470qquoFMWfauO6Xk1lZXVvfyG7mtrZ3dvfy+wd1LRNFaI1ILlUzwJpyJmjNMMNpM1YURwGnjWBQmfiNe6o0k+LODGPqR7gnWMgINlZqVDqpOPdGnXzBLbpToGXizUmhfPRdeH95GFc7+c92V5IkosIQjrVueW5s/BQrwwino1w70TTGZIB7tGWpwBHVfjo9d4ROrdJFoVS2hEFT9fdEiiOth1FgOyNs+nrRm4j/ea3EhNd+ykScGCrIbFGYcGQkmvyOukxRYvjQEkwUs7ci0scKE2MTytkQvMWXl0n9ouiVipe3No0SzJCFYziBM/DgCspwA1WoAYEBPMIYnp3YeXJenbdZa8aZzxzCHzgfP78hkt8=</latexit>

Cn�1

<latexit sha1_base64="iOpSGBu8JDHG1uOqRQi+yCjPmTA=">AAAB7HicbVBNS8NAEJ3Ur9r6UfXYy2IRPJVEsHos9KDHCqYttKFsNpt26WYTdjdCCf0NXjxYxKv/xD/gzX/jtulBWx8MPN6bYWaen3CmtG1/W4Wt7Z3dveJ+qXxweHRcOTntqDiVhLok5rHs+VhRzgR1NdOc9hJJceRz2vUnrYXffaJSsVg86mlCvQiPBAsZwdpIbmuYidmwUrPr9hJokzgrUmuW7+bVz17QHla+BkFM0ogKTThWqu/YifYyLDUjnM5Kg1TRBJMJHtG+oQJHVHnZ8tgZujBKgMJYmhIaLdXfExmOlJpGvumMsB6rdW8h/uf1Ux3eehkTSaqpIPmiMOVIx2jxOQqYpETzqSGYSGZuRWSMJSba5FMyITjrL2+SzlXdadSvH0waDchRhCqcwyU4cANNuIc2uECAwTO8wtwS1ov1Zr3nrQVrNXMGf2B9/ACVfpF1</latexit>

Cn

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
<latexit sha1_base64="wvvA2L7kcDZR3xKs2vhjXrGRtVs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBM0FkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP91eQvw==</latexit>

S

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C <latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="YwCZ7FK35V+dYUZteUsDQ4DvW0g=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EirZsyU7C6s9CNy4r2Au1QMmmmDc1khiQjlKGPIIILRdz6GK58BHc+iHvTy0Jbfwh8/P855JzjRZwpbdtfVmpldW19I72Z2dre2d3L7h80VBhLQusk5KFseVhRzgSta6Y5bUWS4sDjtOkNq5O8eUelYqG41aOIugHuC+YzgrWxbqr5fDebs4v2VGgZnDnkLt8L3x8PndNaN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk2mo47RiXF6yA+leUKjqfu7I8GBUqPAM5UB1gO1mE3M/7J2rP0LN2EiijUVZPaRH3OkQzTZG/WYpETzkQFMJDOzIjLAEhNtrpMxR3AWV16GRqnolItn13auUoaZ0nAEx1AAB86hAldQgzoQ6MM9PMGzxa1H68V6nZWmrHnPIfyR9fYDn9WREQ==</latexit>

C 00

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="b9HYkLaZPRjRVfAoSDgBQ5jQIuo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+Hr41G</latexit>

(a)

<latexit sha1_base64="GjHdu9KKiU1w+f7cMYaldPimEDc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiTSNRw==</latexit>

(b)
Figura 3.6: Quadrat que conté a C.

Observem que, en el cas més desfavorable, en què z i zj estan en
vèrtexs oposats de Cj (vegeu la figura 3.5), tenim |z − zj| ≤

√
2Sj,

on Sj és el costat del quadrat Cj. Observem també que el peŕımetre
del quadrat (o porció) Cj satisfà ℓ(Cj) ≤ 4Sj + Lj, on Lj és la
longitud de la porció del contorn C continguda a Cj.

Amb tot això arribem a
∣∣∣∣∣

∮

Cj

f(z) dz

∣∣∣∣∣ ≤
√
2Sj (4Sj + Lj) ϵ ≤

√
2
(
4S2

j + SLj

)
ϵ,

on S és la longitud del costat d’un quadrat que conté al contorn C
sencer (vegeu la figura 3.6).

Per tant,

∣∣∣∣
∮

C

f(z) dz

∣∣∣∣ ≤
∑

j

∣∣∣∣∣

∮

Cj

f(z) dz

∣∣∣∣∣ ≤
√
2

(
4
∑

j

S2
j + S

∑

j

Lj

)
ϵ

≤
√
2S (4S + LC) ϵ,

on LC és la longitud total de C. Llavors, prenent ϵ=ϵ′/[
√
2S(4S+L)]

arribem finalment a (3.4).
⋄

El teorema de Cauchy-Goursat també és vàlid per als contorns del costat es-
querre de la figura 3.7, on suposem que la funció f és anaĺıtica a les regions
ombrejades. La raó per la qual això és aix́ı s’indica esquemàticament a la dreta
de la mateixa figura.

En el cas (a), el teorema de Cauchy-Goursat afirma que
∮
C+C1+C2

f(z) dz = 0,

ja que equival a aplicar el teorema a
∮
C′ f(z) dz, on les integrals sobre els talls es

cancel·len. Notem que C es recorre en sentit antihorari, mentre que C1 i C2 es
recorren en sentit horari (la regla mnemotècnica és que quan ens movem sobre el
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<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="bvIyuldsHY1IFoUuOgJkkUz58P8=">AAAB6nicbVDJSgNBEK12jXGLCl68NAbBU5wRjDkGvHiMSxZIhtDT6Uma9PQM3T1CGPIJXjy4IHjyi7yJfoyd5aCJDwoe71VRVc+PBdfGcT7RwuLS8spqZi27vrG5tZ3b2a3pKFGUVWkkItXwiWaCS1Y13AjWiBUjoS9Y3e9fjPz6HVOaR/LWDGLmhaQrecApMVa6cU+u27m8U3DGwPPEnZJ8eT9+e/7+KlXauY9WJ6JJyKShgmjddJ3YeClRhlPBhtlWollMaJ90WdNSSUKmvXR86hAfWaWDg0jZkgaP1d8TKQm1HoS+7QyJ6elZbyT+5zUTE5S8lMs4MUzSyaIgEdhEePQ37nDFqBEDSwhV3N6KaY8oQo1NJ2tDcGdfnie104JbLJxd2TSKMEEGDuAQjsGFcyjDJVSgChS6cA+P8IQEekAv6HXSuoCmM3vwB+j9B8qIkS8=</latexit>

1/R
<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)
<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="Zfwy095zRWvECvE0/lqKAnO75bY=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd2A0WPAi8cI5gFJCLOznWTI7OwyMxsIaw7+ihcPinj1N7z5B36Gk2QPmljQUFPVzXSXHwuujet+OWvrG5tb27md/O7e/sFh4ei4oaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzcxvjlFpHsl7M4mxG9KB5H3OqLGSgAA4jAFBwQC+QQKzbwqkVyi6JXcOskq8jBQhQ61X+OwEEUtClIYJqnXbc2PTTakynAmc5juJxpiyER1g21JJQ9TddL7/lJxbJSD9SNmShszV3xMpDbWehL7tDKkZ6mVvJv7ntRPTv+6mXMaJQckWH/UTQUxEZmGQgCtkRkwsoUxxuythQ6ooMzayvA3BWz55lTTKJa9SurwrF6uVLI4cnMIZXIAHV1CFW6hB3Qb7AE/wAq/Oo/PsvDnvi9Y1J5s5gT9wPn4AjyiSjg==</latexit>

divergència

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta
<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?
<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="b9HYkLaZPRjRVfAoSDgBQ5jQIuo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq1zdV0v1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+Hr41G</latexit>

(a)

<latexit sha1_base64="GjHdu9KKiU1w+f7cMYaldPimEDc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3YPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhWvVrm6r5bqtSyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiTSNRw==</latexit>

(b)

<latexit sha1_base64="aPgvt2ickX3HEJkiIzBqn5sjr3s=">AAAB63icbVDLSgNBEOyNrxhfUcGLIINB9BR2BaPHQC4eo5gHJEuYncwmQ2Zml5lZISw5evXiQRGv/oPf4c1v8CecPA6aWNBQVHXT3RXEnGnjul9OZml5ZXUtu57b2Nza3snv7tV1lChCayTikWoGWFPOJK0ZZjhtxopiEXDaCAaVsd+4p0qzSN6ZYUx9gXuShYxgM5YqHe+0ky+4RXcCtEi8GSmUD7zvh6OP22on/9nuRiQRVBrCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiyVWFDtp5NbR+jEKl0URsqWNGii/p5IsdB6KALbKbDp63lvLP7ntRITXvkpk3FiqCTTRWHCkYnQ+HHUZYoSw4eWYKKYvRWRPlaYGBtPzobgzb+8SOrnRa9UvLixaZRgiiwcwjGcgQeXUIZrqEINCPThEZ7hxRHOk/PqvE1bM85sZh/+wHn/AUwckLU=</latexit>

C 0
1

<latexit sha1_base64="XpAYq5ZV/3nEXPO98JtuYi7ut88=">AAAB63icbVDLSgNBEOyNrxhfUcGLIINB9BR2A0aPgVw8RjEPSJYwO5lNhszMLjOzQlhy9OrFgyJe/Qe/w5vf4E84eRw0WtBQVHXT3RXEnGnjup9OZml5ZXUtu57b2Nza3snv7jV0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbVid+8o0qzSN6aUUx9gfuShYxgM5Gq3dJpN19wi+4U6C/x5qRQOfC+7o/eb2rd/EenF5FEUGkIx1q3PTc2foqVYYTTca6TaBpjMsR92rZUYkG1n05vHaMTq/RQGClb0qCp+nMixULrkQhsp8BmoBe9ifif105MeOmnTMaJoZLMFoUJRyZCk8dRjylKDB9Zgoli9lZEBlhhYmw8ORuCt/jyX9IoFb1y8fzaplGGGbJwCMdwBh5cQAWuoAZ1IDCAB3iCZ0c4j86L8zprzTjzmX34BeftG02hkLY=</latexit>

C 0
2

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

Figura 3.7: Generalitzacions del teorema de Cauchy-Goursat. Els costats dels talls i els vèrtexs
de les figures de la dreta s’han d’imaginar coincidents.

contorn, la regió on f és anaĺıtica ha de quedar a l’esquerra). En el cas (b), tot
i que el contorn C no és simple, tenim

∮
C
f(z) dz = 0, ja que equival a aplicar

el teorema 3.4 a −
∮
C′

1
f(z) dz i a

∮
C′

2
f(z) dz separadament. Aquest resultat es

generalitza immediatament en el cas en què C es talla a si mateix en un nombre
finit de punts, sempre que C estigui contingut en un domini simplement connex
on f és anaĺıtica.

Una conseqüència del teorema de Cauchy-Goursat és que la integral sobre
un contorn (tancat o obert) d’una funció anaĺıtica no canvia si “deformem” el
contorn (mantenint fixos els extrems, si el contorn és obert) i la funció és anaĺıtica
a la regió “escombrada” en la deformació. A la figura 3.8, tenim

∫
C
f(z) dz =∫

C′ f(z) dz, ja que
∫
C+C′∗ f(z) dz = 0.

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="iNfz3EM3YAry9xDPs2jjhClWVTc=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxV9zGP+7iTL7gldyK0CN4MChfvxe+Pe/+42sl/+l1JkogKQzjWuuW5sWmnWBlGOB3l/ETTGJMB7tGWRYEjqtvpZNoROrJOF4VS2ScMmri/O1IcaT2MAlsZYdPX89nY/C9rJSY8b6dMxImhgkw/ChOOjETj1VGXKUoMH1rARDE7KyJ9rDAx9kA5ewRvfuVFqJ+UvHLp9NotVMowVRYO4BCK4MEZVOAKqlADArfwAE/w7Ejn0XlxXqelGWfWsw9/5Lz9ANSzkwA=</latexit>↵

<latexit sha1_base64="WhnWt5y/PGupvcyac+5HeOzJ80k=">AAAB7HicbVA9SwNBEN2LXzF+XbTT5jAIVuFOMFoGbCwjeEkgCWFvM5cs2ds7dueEcOQniI2FIrbW/g1bO3+IvZuPQhMfDDzem2FmXpAIrtF1v6zcyura+kZ+s7C1vbO7Zxf36zpOFQOfxSJWzYBqEFyCjxwFNBMFNAoENILh1cRv3IHSPJa3OEqgE9G+5CFnFI3ktwNA2rVLbtmdwlkm3pyUqsV7+/vw473WtT/bvZilEUhkgmrd8twEOxlVyJmAcaGdakgoG9I+tAyVNALdyabHjp0To/ScMFamJDpT9fdERiOtR1FgOiOKA73oTcT/vFaK4WUn4zJJESSbLQpT4WDsTD53elwBQzEyhDLFza0OG1BFGZp8CiYEb/HlZVI/K3uV8vmNSaNCZsiTI3JMTolHLkiVXJMa8QkjnDyQJ/JsSevRerFeZ605az5zQP7AevsBZ7aSFA==</latexit>

�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C <latexit sha1_base64="PoECO2HV/YsiOJHY14TJuABHqDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPfdfrHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHcw6QKw==</latexit>

C0

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d
<latexit sha1_base64="AlmjNaXCW8BlAmkWkoQFvoRzHdE=">AAAB7XicbZC7SgNBFIZn4y3GW9TSZjAIsQm7gtHOgI1lBHOB7BJmZ2eTMbOzy8xZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ4JrsO0vK7e0vLK6ll8vbGxube8Ud/eaOk4VZQ0ai1i1faKZ4JI1gINg7UQxEvmCtfzB5Thv3TGleSxvYJgwLyI9yUNOCRir6QZMAOkWS3bFnggvgjOD0sV7+fvj3j2ud4ufbhDTNGISqCBadxw7AS8jCjgVbFRwU80SQgekxzoGJYmY9rLJtCN8ZJwAh7EyTwKeuL87MhJpPYx8UxkR6Ov5bGz+l3VSCM+9jMskBSbp9KMwFRhiPF4dB1wxCmJogFDFzayY9okiFMyBCuYIzvzKi9A8qTjVyum1XapV0VR5dIAOURk56AzV0BWqowai6BY9oCf0bMXWo/VivU5Lc9asZx/9kfX2A9q+kwQ=</latexit>

�

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D

<latexit sha1_base64="qfvpnx22T4AVbgDdRIBTzvleNCs=">AAAB83icbVDLSsNAFL3xWVsfVZfdDBZBEEoiWF0WFHRZwT6gCWUymbRDJ5MwMxHa0N8QxIUibv0Mf8Cdf+P0sdDWAxcO59zLvff4CWdK2/a3tbK6tr6xmdvKF7Z3dveK+wdNFaeS0AaJeSzbPlaUM0EbmmlO24mkOPI5bfmDq4nfeqBSsVjc62FCvQj3BAsZwdpI7qhrn7rXlGuMRt1i2a7YU6Bl4sxJuVa4eSp9toN6t/jlBjFJIyo04VipjmMn2suw1IxwOs67qaIJJgPcox1DBY6o8rLpzWN0bJQAhbE0JTSaqr8nMhwpNYx80xlh3VeL3kT8z+ukOrz0MiaSVFNBZovClCMdo0kAKGCSEs2HhmAimbkVkT6WmGgTU96E4Cy+vEyaZxWnWjm/M2lUYYYclOAITsCBC6jBLdShAQQSeIQXeLVS69l6s95nrSvWfOYQ/sD6+AHE+pPH</latexit>

z0 + �z

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2 <latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="j/nCmKtYanmMVhaVg4RNNmIUduE=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8zokGY=</latexit>z4

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="YaTDG1RVqwdUF/jzUJ08JzNWaPc=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ99xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJgJMX</latexit>E0

<latexit sha1_base64="apMxECoMfK4iPretEKMxHhm0FPo=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGLBJMY</latexit>E1

<latexit sha1_base64="wRzCRO5vDay7qpTzgI+dss4CK9M=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosiOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBjIiTGQ==</latexit>E2

<latexit sha1_base64="pjoxiJWdoUkimKWFCOG08usd/1Y=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkqiWF0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAjgyTGg==</latexit>E3

<latexit sha1_base64="z8CfBXvCCo65WEn9+zTZF4IiAMc=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkoiWl0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAj5CTGw==</latexit>E4

1 2

1 + i 2 + i

- Costat 1 ! 2: r creix i ✓ = 0. Per tant, | log z|2 = (log r)2 creix quan ens
movem de 1 a 2.

- Costat 2 ! 2 + i: r i ✓ creixen. Per tant, | log z|2 = (log r)2 + ✓2 creix quan
ens movem de 2 a 2 + i.

- Costat 1 ! 1 + i: r i ✓ creixen. Per tant, | log z|2 = (log r)2 + ✓2 creix quan
ens movem de 1 a 1 + i.

- Costat 1 + i ! 2 + i: En aquest cas, r creix i ✓ decreix. En aquest segment
tenim

| log z|2 =


1

2
log(x2 + 22)

�2

+


arctan

2

x

�2

, x 2 [1, 2] .

Derivant aquesta funció obtenim
(

1

2
log(x2 + 12)

�2

+


arctan

1

x

�2
)0

=
x � 1

x2 + 1
� 0 , si x 2 [1, 2] ,

i per tant, | log z|2 també creix quan ens movem de 1 + i a 2 + i.

Així doncs, | log z|2 i | log z| assoleixen el valor màxim en el vèrtex z = 2 + i del
quadrat, i aquests valors són

| log(2 + i)|2 =

✓
log 5

4

◆2

+

✓
arctan

1

2

◆2

| log(2 + i)| =

(✓
log 5

4

◆2

+

✓
arctan

1

2

◆2
)1/2

.
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<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i
<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1 <latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="5NFp4HvzTwYfAcBchEFt/0DSE80=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJlCq64suHFZ0V6gHUomzbShmcyQZIQy9BHcuFDErY/jyoXg09T0stDWHwIf/38OOed4EWdK2/a3lVpZXVvfSG9mtrZ3drO5vf26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB9SRvPFCpWCju9TCiboB7gvmMYG2su+IZ6+TydsGeCi2DM4f81fjw43L8la12cp/tbkjigApNOFaq5diRdhMsNSOcjjLtWNEIkwHu0ZZBgQOq3GQ66gidGKeL/FCaJzSaur87EhwoNQw8Uxlg3VeL2cT8L2vF2r9wEyaiWFNBZh/5MUc6RJO9UZdJSjQfGsBEMjMrIn0sMdHmOhlzBGdx5WWoFwtOuVC6tfOVMsyUhiM4hlNw4BwqcANVqAGBHjzCM7xY3HqyXq23WWnKmvccwB9Z7z9bApGW</latexit>

2 + i
<latexit sha1_base64="uMpqYT8GkTWzzP2fy4EQFxsvXyc=">AAAB6nicbZDLSgMxFIbP1Futl466cOEmWARBKDOCVVcW3LisaC/QDiWTZtrQTGZIMkIZ+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHP8mDOlHefbyiwtr6yuZddzG5tb23l7Z7emokQSWiURj2TDx4pyJmhVM81pI5YUhz6ndb9/Pc7rD1QqFol7PYipF+KuYAEjWBvrzj1hbbvgFJ2J0CK4MyhcjfY/Lkdf+Urb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpZNRh+jIOB0URNI8odHE/d2R4lCpQeibyhDrnprPxuZ/WTPRwYWXMhEnmgoy/ShIONIRGu+NOkxSovnAACaSmVkR6WGJiTbXyZkjuPMrL0LttOiWime3TqFcgqmycACHcAwunEMZbqACVSDQhUd4hheLW0/Wq/U2Lc1Ys549+CPr/QdZfJGV</latexit>

1 + i

Figura 3.8:
∫
C
f(z) dz no canvia si C es deforma a C ′ i f és anaĺıtica a la regió ombrejada.

3.3 Integrals independents del camı́

Ara veurem en quines condicions és possible definir

F (z)
def
=

∫ z

z0

f(z) dz,



74 Materials Emili Bagan, Antoni Méndez i Oriol Pujolàs

independentment del contorn que connecta el punt fix z0 amb el punt variable z.
El darrer paràgraf de la secció anterior ja ens suggereix la resposta.

Lema 3.5 Si f(z) és anaĺıtica en un domini D obert i simplement connex, i
z0 ∈ D, aleshores per a tot z ∈ D existeix la integral

∫ z

z0

f(z) dz

i és independent del contorn que connecta z0 amb z.

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="iNfz3EM3YAry9xDPs2jjhClWVTc=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxV9zGP+7iTL7gldyK0CN4MChfvxe+Pe/+42sl/+l1JkogKQzjWuuW5sWmnWBlGOB3l/ETTGJMB7tGWRYEjqtvpZNoROrJOF4VS2ScMmri/O1IcaT2MAlsZYdPX89nY/C9rJSY8b6dMxImhgkw/ChOOjETj1VGXKUoMH1rARDE7KyJ9rDAx9kA5ewRvfuVFqJ+UvHLp9NotVMowVRYO4BCK4MEZVOAKqlADArfwAE/w7Ejn0XlxXqelGWfWsw9/5Lz9ANSzkwA=</latexit>↵

<latexit sha1_base64="WhnWt5y/PGupvcyac+5HeOzJ80k=">AAAB7HicbVA9SwNBEN2LXzF+XbTT5jAIVuFOMFoGbCwjeEkgCWFvM5cs2ds7dueEcOQniI2FIrbW/g1bO3+IvZuPQhMfDDzem2FmXpAIrtF1v6zcyura+kZ+s7C1vbO7Zxf36zpOFQOfxSJWzYBqEFyCjxwFNBMFNAoENILh1cRv3IHSPJa3OEqgE9G+5CFnFI3ktwNA2rVLbtmdwlkm3pyUqsV7+/vw473WtT/bvZilEUhkgmrd8twEOxlVyJmAcaGdakgoG9I+tAyVNALdyabHjp0To/ScMFamJDpT9fdERiOtR1FgOiOKA73oTcT/vFaK4WUn4zJJESSbLQpT4WDsTD53elwBQzEyhDLFza0OG1BFGZp8CiYEb/HlZVI/K3uV8vmNSaNCZsiTI3JMTolHLkiVXJMa8QkjnDyQJ/JsSevRerFeZ605az5zQP7AevsBZ7aSFA==</latexit>

�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C <latexit sha1_base64="PoECO2HV/YsiOJHY14TJuABHqDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPfdfrHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHcw6QKw==</latexit>

C0

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d
<latexit sha1_base64="AlmjNaXCW8BlAmkWkoQFvoRzHdE=">AAAB7XicbZC7SgNBFIZn4y3GW9TSZjAIsQm7gtHOgI1lBHOB7BJmZ2eTMbOzy8xZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ4JrsO0vK7e0vLK6ll8vbGxube8Ud/eaOk4VZQ0ai1i1faKZ4JI1gINg7UQxEvmCtfzB5Thv3TGleSxvYJgwLyI9yUNOCRir6QZMAOkWS3bFnggvgjOD0sV7+fvj3j2ud4ufbhDTNGISqCBadxw7AS8jCjgVbFRwU80SQgekxzoGJYmY9rLJtCN8ZJwAh7EyTwKeuL87MhJpPYx8UxkR6Ov5bGz+l3VSCM+9jMskBSbp9KMwFRhiPF4dB1wxCmJogFDFzayY9okiFMyBCuYIzvzKi9A8qTjVyum1XapV0VR5dIAOURk56AzV0BWqowai6BY9oCf0bMXWo/VivU5Lc9asZx/9kfX2A9q+kwQ=</latexit>

�

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D

<latexit sha1_base64="qfvpnx22T4AVbgDdRIBTzvleNCs=">AAAB83icbVDLSsNAFL3xWVsfVZfdDBZBEEoiWF0WFHRZwT6gCWUymbRDJ5MwMxHa0N8QxIUibv0Mf8Cdf+P0sdDWAxcO59zLvff4CWdK2/a3tbK6tr6xmdvKF7Z3dveK+wdNFaeS0AaJeSzbPlaUM0EbmmlO24mkOPI5bfmDq4nfeqBSsVjc62FCvQj3BAsZwdpI7qhrn7rXlGuMRt1i2a7YU6Bl4sxJuVa4eSp9toN6t/jlBjFJIyo04VipjmMn2suw1IxwOs67qaIJJgPcox1DBY6o8rLpzWN0bJQAhbE0JTSaqr8nMhwpNYx80xlh3VeL3kT8z+ukOrz0MiaSVFNBZovClCMdo0kAKGCSEs2HhmAimbkVkT6WmGgTU96E4Cy+vEyaZxWnWjm/M2lUYYYclOAITsCBC6jBLdShAQQSeIQXeLVS69l6s95nrSvWfOYQ/sD6+AHE+pPH</latexit>

z0 + �z

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2 <latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="j/nCmKtYanmMVhaVg4RNNmIUduE=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8zokGY=</latexit>z4

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="YaTDG1RVqwdUF/jzUJ08JzNWaPc=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ99xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJgJMX</latexit>E0

<latexit sha1_base64="apMxECoMfK4iPretEKMxHhm0FPo=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGLBJMY</latexit>E1

<latexit sha1_base64="wRzCRO5vDay7qpTzgI+dss4CK9M=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosiOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBjIiTGQ==</latexit>E2

<latexit sha1_base64="pjoxiJWdoUkimKWFCOG08usd/1Y=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkqiWF0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAjgyTGg==</latexit>E3

<latexit sha1_base64="z8CfBXvCCo65WEn9+zTZF4IiAMc=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkoiWl0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAj5CTGw==</latexit>E4

1 2

1 + i 2 + i

- Costat 1 ! 2: r creix i ✓ = 0. Per tant, | log z|2 = (log r)2 creix quan ens
movem de 1 a 2.

- Costat 2 ! 2 + i: r i ✓ creixen. Per tant, | log z|2 = (log r)2 + ✓2 creix quan
ens movem de 2 a 2 + i.

- Costat 1 ! 1 + i: r i ✓ creixen. Per tant, | log z|2 = (log r)2 + ✓2 creix quan
ens movem de 1 a 1 + i.

- Costat 1 + i ! 2 + i: En aquest cas, r creix i ✓ decreix. En aquest segment
tenim

| log z|2 =


1

2
log(x2 + 22)

�2

+


arctan

2

x

�2

, x 2 [1, 2] .

Derivant aquesta funció obtenim
(

1

2
log(x2 + 12)

�2

+


arctan

1

x

�2
)0

=
x � 1

x2 + 1
� 0 , si x 2 [1, 2] ,

i per tant, | log z|2 també creix quan ens movem de 1 + i a 2 + i.

Així doncs, | log z|2 i | log z| assoleixen el valor màxim en el vèrtex z = 2 + i del
quadrat, i aquests valors són

| log(2 + i)|2 =

✓
log 5

4

◆2

+

✓
arctan

1

2

◆2

| log(2 + i)| =

(✓
log 5

4

◆2

+

✓
arctan

1

2

◆2
)1/2

.
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<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i
<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1 <latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="5NFp4HvzTwYfAcBchEFt/0DSE80=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJlCq64suHFZ0V6gHUomzbShmcyQZIQy9BHcuFDErY/jyoXg09T0stDWHwIf/38OOed4EWdK2/a3lVpZXVvfSG9mtrZ3drO5vf26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB9SRvPFCpWCju9TCiboB7gvmMYG2su+IZ6+TydsGeCi2DM4f81fjw43L8la12cp/tbkjigApNOFaq5diRdhMsNSOcjjLtWNEIkwHu0ZZBgQOq3GQ66gidGKeL/FCaJzSaur87EhwoNQw8Uxlg3VeL2cT8L2vF2r9wEyaiWFNBZh/5MUc6RJO9UZdJSjQfGsBEMjMrIn0sMdHmOhlzBGdx5WWoFwtOuVC6tfOVMsyUhiM4hlNw4BwqcANVqAGBHjzCM7xY3HqyXq23WWnKmvccwB9Z7z9bApGW</latexit>

2 + i
<latexit sha1_base64="uMpqYT8GkTWzzP2fy4EQFxsvXyc=">AAAB6nicbZDLSgMxFIbP1Futl466cOEmWARBKDOCVVcW3LisaC/QDiWTZtrQTGZIMkIZ+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHP8mDOlHefbyiwtr6yuZddzG5tb23l7Z7emokQSWiURj2TDx4pyJmhVM81pI5YUhz6ndb9/Pc7rD1QqFol7PYipF+KuYAEjWBvrzj1hbbvgFJ2J0CK4MyhcjfY/Lkdf+Urb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpZNRh+jIOB0URNI8odHE/d2R4lCpQeibyhDrnprPxuZ/WTPRwYWXMhEnmgoy/ShIONIRGu+NOkxSovnAACaSmVkR6WGJiTbXyZkjuPMrL0LttOiWime3TqFcgqmycACHcAwunEMZbqACVSDQhUd4hheLW0/Wq/U2Lc1Ys549+CPr/QdZfJGV</latexit>

1 + i

Figura 3.9: Si f és anaĺıtica a D, la inte-
gral

∫ z

z0
f(z) dz no depèn del contorn uti-

litzat.
<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="kPze7CgfE/SjJnpSPF31/WEE24k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIvH+MgDkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYf7a69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+alQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ46zsVcoXd+elaiWLIw9HcAyn4MElVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/nbeNVg==</latexit>

R = 1

<latexit sha1_base64="ngBbhQcbZNAdA+srnBNtXsImbbc=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEq8dCLx4r2A9oQ9lsJu3SzSbuToRS/BNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmyTTHFo8kYnuBsyAFApaKFBCN9XA4kBCJxg3Zn7nEbQRibrHSQp+zIZKRIIztFK3MeiHIJENyhW36s5BV4mXkwrJ0RyUv/phwrMYFHLJjOl5bor+lGkUXMJTqZ8ZSBkfsyH0LFUsBuNP5/c+0TOrhDRKtC2FdK7+npiy2JhJHNjOmOHILHsz8T+vl2F040+FSjMExReLokxSTOjseRoKDRzlxBLGtbC3Uj5imnG0EZVsCN7yy6ukfVH1atWru8tKvZbHUSQn5JScE49ckzq5JU3SIpxI8kxeyZvz4Lw4787HorXg5DPH5A+czx/UtI/Q</latexit>

C�

<latexit sha1_base64="w8h+yhDGRkF7n1BNPBfN52dZnEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURrR4LXjxWsB/QhrLZTNqlm03Y3Qil9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nffkKleSIfzThFP6YDySPOqLFS+6IXojC0X664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7ulJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMT3foTLtPMoGSLRVEmiEnI7HcScoXMiLEllClubyVsSBVlxiZUsiF4yy+vktZl1atVrx+uKvVaHkcRTuAUzsGDG6jDPTSgCQxG8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gD7YI9R</latexit>��

<latexit sha1_base64="LmdZl4mxNjJgA6ZmXEHJGZiZuQs=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEw8kV2j6JHEi0dM5JHAQmaHBibMzm5mZlWy4T+8eNAYr/6LN//GAfagYCWdVKq6090VxIJr47rfzsrq2vrGZm4rv72zu7dfODis6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB0M/UbD6g0j+S9Gcfoh3QgeZ8zaqzUecJOytsYay4iOekWim7JnYEsEy8jRchQ7Ra+2r2IJSFKwwTVuuW5sfFTqgxnAif5dqIxpmxEB9iyVNIQtZ/Orp6QU6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3mtxPSv/ZTLODEo2XxRPxHERGQaAelxhcyIsSWUKW5vJWxIFWXGBpW3IXiLLy+T+nnJK5cu7y6KlXIWRw6O4QTOwIMrqMAtVKEGDBQ8wyu8OY/Oi/PufMxbV5xs5gj+wPn8ATmtkvY=</latexit>

xei✏

<latexit sha1_base64="ESHQ2V59kvBgqG0QtzWG02FgvT4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxCXViSotVlwY3LCvYBTSyT6U07dDIZZiZiCQV/xY0LRdz6He78G6ePhVYPXDiccy/33hMKRpV23S8rt7S8srqWXy9sbG5t79i7e02VpJJAgyQske0QK2CUQ0NTzaAtJOA4ZNAKh1cTv3UPUtGE3+qRgCDGfU4jSrA2Utc+eIC7jJYqvqCnPghFWcJPxl276JbdKZy/xJuTIpqj3rU//V5C0hi4Jgwr1fFcoYMMS00Jg3HBTxUITIa4Dx1DOY5BBdn0/LFzbJSeEyXSFNfOVP05keFYqVEcms4Y64Fa9Cbif14n1dFlkFEuUg2czBZFKXN04kyycHpUAtFsZAgmkppbHTLAEhNtEiuYELzFl/+SZqXsVcvnN2fFWnUeRx4doiNUQh66QDV0jeqogQjK0BN6Qa/Wo/VsvVnvs9acNZ/ZR79gfXwDvCWVUg==</latexit>

xei(2⇡�✏)
<latexit sha1_base64="l/ajgIABOEeE1j+HpQUOquXX9Xg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArGj0GvHiMwTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOl+kW9Vyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzSKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeOtPuExSg5ItFoWpICYms7dJnytkRowtoUxxeythQ6ooMzacgg3BW355lTQvy16lfP1wVapWsjjycAKncA4e3EAV7qEGDWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wcVmY0L</latexit>�R

<latexit sha1_base64="mRSZ2PMr3ESrRv+3jnCt1J2GqDw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOXdjPo=</latexit>x

<latexit sha1_base64="ovvytzYWNf08ihqvY+sV+9fqHwU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVr+4vK/VaHkcRTuAUzsGDa6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBMdZAe</latexit>✏ <latexit sha1_base64="WAgUgw77OZpm21F5WuoCY7jrTpo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AKxFjNQ=</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1
<latexit sha1_base64="1dM/tql2kpt60J9QE35BwsAqJwQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJokcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fN65KtWoWRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHvFjLQ=</latexit>

2
<latexit sha1_base64="2C8VQ36JAzQW65xA4pO/I/OCNOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Xb8qVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AX1JjLU=</latexit>

3
<latexit sha1_base64="mVy/PGPcHNveezrWLtPFSws8ju0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlq/plqVrJ4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6Y1jNA=</latexit>

N
<latexit sha1_base64="1kI+VSzpJnI+0A5PIguw0CXeZYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoMePEkEc0DkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYe7M69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+6lQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ47zsVcqX9xelaiWLIw9HcAyn4MEVVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/fEWNQA==</latexit>

N + 1<latexit sha1_base64="KptmuqjovK3sleGr9N17z6n49Qk=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVo8FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rv7q/rDUbRR1lOIFTOAcPrqEJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/EMjsA=</latexit>. . .

<latexit sha1_base64="HZKEpDw8kfkj3jaOTxBFDvbdRZw=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWgolKVjdCAU3rqSCfUATymQ6aYdOHszcCCV05cal4Fe4caGIW7/BnV/gbzh9LLT1wMDhnHO5c48bcSbBNL+01MLi0vJKejWztr6xuaVv79RlGAtCayTkoWi6WFLOAloDBpw2I0Gx73LacPsXI79xS4VkYXADg4g6Pu4GzGMEg5La+oHNqQe5q0Ji2aEKloa2YN0e5HNWgeXbetYsmmMY88Sakmzl8Pxh77vxWG3rn3YnJLFPAyAcS9myzAicBAtghNNhxo4ljTDp4y5tKRpgn0onGZ8xNI6V0jG8UKgXgDFWf08k2Jdy4Lsq6WPoyVlvJP7ntWLwzpyEBVEMNCCTRV7MDQiNUSdGhwlKgA8UwUQw9VeD9LDABFRzGVWCNXvyPKmXila5eHJtZStlNEEa7aMjlEMWOkUVdImqqIYIukNP6AW9avfas/amvU+iKW06s4v+QPv4AU9jmrE=</latexit>�
N + 1

2

�
(1 + i)

<latexit sha1_base64="pG594OEGUzrsHSKE/WMrmBERwGU=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWsSSFKxuhIIbV1LBPqAJZTKdtEMnD2ZuhBK6cuNS8CvcuFDErd/gzi/wN5w+Ftp6YOBwzrncuceNOJNgml9aam5+YXEpvZxZWV1b39A3t2oyjAWhVRLyUDRcLClnAa0CA04bkaDYdzmtu72LoV+/pUKyMLiBfkQdH3cC5jGCQUktfc/m1IPc1VFi2aEKFge2YJ0u5HPWMcu39KxZMEcwZok1Idny/vnDznf9sdLSP+12SGKfBkA4lrJpmRE4CRbACKeDjB1LGmHSwx3aVDTAPpVOMjpjYBwqpW14oVAvAGOk/p5IsC9l33dV0sfQldPeUPzPa8bgnTkJC6IYaEDGi7yYGxAaw06MNhOUAO8rgolg6q8G6WKBCajmMqoEa/rkWVIrFqxS4eTaypZLaIw02kUHKIcsdIrK6BJVUBURdIee0At61e61Z+1Nex9HU9pkZhv9gfbxA1JvmrM=</latexit>�
N + 1

2

�
(1 � i)

<latexit sha1_base64="yBJoIPyqV3si3zQWsU7SZz1GHCs=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCi7QkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH26jix7FAFiwNbsE4Xctm8lWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADFeJrq</latexit>�
N + 1

2

�
(�1 � i)

<latexit sha1_base64="/3KHuLxsvT6ev7btFZMX50Qtawo=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCS7EkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH2Kp9YdqiCxYEtWKcLueyxlWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADCbJro</latexit>�
N + 1

2

�
(�1 + i)

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="klFiD1Exux3lbMFmdDYZacNQT5s=">AAAB8XicbZC7TsMwFIZPuJZyKzCyWFRIZSkJgsJGJRbGItGLaELluE5r1XEi20Gqoj4DCwsDCLHyCkw8AhsPwo57GaDllyx9+v9z5HOOH3OmtG1/WXPzC4tLy5mV7Ora+sZmbmu7pqJEElolEY9kw8eKciZoVTPNaSOWFIc+p3W/dzHM63dUKhaJa92PqRfijmABI1gb64bepsyN2eHxoJXL20V7JDQLzgTy5++F749796DSyn267YgkIRWacKxU07Fj7aVYakY4HWTdRNEYkx7u0KZBgUOqvHQ08QDtG6eNgkiaJzQaub87Uhwq1Q99Uxli3VXT2dD8L2smOjjzUibiRFNBxh8FCUc6QsP1UZtJSjTvG8BEMjMrIl0sMdHmSFlzBGd65VmoHRWdUvHkysmXSzBWBnZhDwrgwCmU4RIqUAUCAh7gCZ4tZT1aL9bruHTOmvTswB9Zbz+BKZSD</latexit>

ei⇡/4

<latexit sha1_base64="t1zYS0pYKaW49XaLZWvPw3QQkx0=">AAAB8nicbZC7TsMwFIYdrqXcCowsFhVSWUrCpbBRiYWxSPQiJaFy3NPWquNEtoNURX0GJhYGEGLlEZh4BDYehB33MkDLL1n69P/nyOecIOZMadv+submFxaXljMr2dW19Y3N3NZ2TUWJpFClEY9kIyAKOBNQ1UxzaMQSSBhwqAe9y2FevwOpWCRudD8GPyQdwdqMEm0sF25TduzF7PBk0Mzl7aI9Ep4FZwL5i/fC98e9d1Bp5j69VkSTEISmnCjlOnas/ZRIzSiHQdZLFMSE9kgHXIOChKD8dDTyAO8bp4XbkTRPaDxyf3ekJFSqHwamMiS6q6azoflf5ia6fe6nTMSJBkHHH7UTjnWEh/vjFpNANe8bIFQyMyumXSIJ1eZKWXMEZ3rlWagdFZ1S8fTayZdLaKwM2kV7qIAcdIbK6ApVUBVRFKEH9ISeLW09Wi/W67h0zpr07KA/st5+APZElMA=</latexit>

ei3⇡/4

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="yc5McTjo8WG2fKS/gaDFyWGgO/c=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzitWdBTcuK9gLtEPJpJk2NpMMSUYoQ59BNy4UcetLuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvR3n9jirNpLgxg5j6Ee4KFjKCjbVqJ62YIdbO5d2iOxaaB28K+Yv3wvfHfeuo0s59tjqSJBEVhnCsddNzY+OnWBlGOB1mW4mmMSZ93KVNiwJHVPvpeNohOrROB4VS2ScMGru/O1IcaT2IAlsZYdPTs9nI/C9rJiY891Mm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CsPYI3u/I81I6LXql4eu3lyyWYKAP7cAAF8OAMynAFFagCgVt4gCd4dqTz6Lw4r5PSBWfaswd/5Lz9ACiUkpA=</latexit>

3⇡i
<latexit sha1_base64="MX+DOiVE+ZAGPJvy0j7lXDLvD10=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxVP/FjhlgnX3BL7kRoEbwZFC7ei98f9/5xtZP/9LuSJBEVhnCsdctzY9NOsTKMcDrK+YmmMSYD3KMtiwJHVLfTybQjdGSdLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx43k6ZiBNDBZl+FCYcGYnGq6MuU5QYPrSAiWJ2VkT6WGFi7IFy9gje/MqLUD8peeXS6bVXqJRhqiwcwCEUwYMzqMAVVKEGBG7hAZ7g2ZHOo/PivE5LM86sZx/+yHn7AScLko8=</latexit>

2⇡i
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C

Figura 3.10: Contorn C i altres elements
emprats a la demostració del teorema 3.6.

Demostració: En ser f(z) anaĺıtica, és també cont́ınua i, per tant,
integrable sobre qualsevol contorn contingut a D. Siguin C1 i C2 dos
contorns que van del punt fix z0 al punt variable z i C el contorn
constitüıt per C1 seguit de C∗2 (vegeu la figura 3.9). Com que D és
simplement connex, f(z) és anaĺıtica sobre i a l’interior de C i el
teorema de Cauchy-Goursat ens garanteix que

∫
C
f(z) dz = 0, és a

dir,

0 =

∫

C1

f(z) dz +

∫

C∗
2

f(z) dz =

∫

C1

f(z) dz −
∫

C2

f(z) dz

i, per tant, ∫

C1

f(z) dz =

∫

C2

f(z) dz.

⋄

En aquesta situació té sentit, doncs, definir la funció F (z)
def
=
∫ z

z0
f(z′) dz′.

Vegem, tot seguit, algunes propietats d’aquesta funció.
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Teorema 3.6 Si f(z) és anaĺıtica en un domini D obert i simplement connex,
i z0 ∈ D, aleshores la funció

F (z) =

∫ z

z0

f(z′) dz′

és anaĺıtica a D i F ′(z) = f(z).

Demostració: Siguin z i z+∆z dos punts deD (vegeu figura 3.10).
Comencem amb la demostració de la igualtat

1 =
1

∆z

∫ z+∆z

z

dz′. (3.5)

Com que la funció constant f(z′) = 1 és anaĺıtica, el lema 3.5 ens per-
met utilitzar qualsevol contorn per calcular la integral (3.5). Escollim

el contorn C, definit per z′(t)
def
= z+ t∆z, t ∈ [0, 1], dz′ = ∆z dt, que

és la ĺınia recta que va de z a z +∆z. Aix́ı doncs,

∫

C

dz′ =

∫ 1

0

∆z dt = ∆z

∫ 1

0

dt = ∆z,

que podem escriure en la forma (3.5). Si multipliquem els dos costats
d’aquesta igualtat per f(z) obtenim

f(z) =
f(z)

∆z

∫ z+∆z

z

dz′ =
1

∆z

∫ z+∆z

z

f(z) dz′, (3.6)

ja que f(z) no depèn de la variable d’integració z′.

D’altra banda, usant novament el lema 3.5 tenim

F (z+∆z)−F (z) =

∫ z+∆z

z0

f(z′) dz′−
∫ z

z0

f(z′) dz′ =

∫ z+∆z

z

f(z′) dz′.

Per tant,

F (z +∆z)− F (z)

∆z
=

1

∆z

∫ z+∆z

z

f(z′) dz′. (3.7)

Si restem (3.7) de (3.6) obtenim

∣∣∣∣
F (z +∆z)− F (z)

∆z
− f(z)

∣∣∣∣ ≤
1

|∆z|

∫ z+∆z

z

|f(z′)− f(z)||dz′|. (3.8)
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En ser f(z) cont́ınua (ja que, per hipòtesi, és anaĺıtica), per a cada
ϵ > 0, hi ha un δ > 0 tal que |f(z′)− f(z)| < ϵ si |z′ − z| < δ. Com
que |z′ − z| ≤ |∆z|, si prenem |∆z| < δ tenim

∣∣∣∣
F (z +∆z)− F (z)

∆z
− f(z)

∣∣∣∣ <
ϵ

|∆z|

∫ z+∆z

z

|dz′| = ϵ,

i, per tant,

lim
∆z→0

F (z +∆z)− F (z)

∆z
= f(z),

és a dir, F (z) és derivable a tot D (i anaĺıtica, ja que D és obert)
i F ′(z) = f(z).

⋄

Aquest resultat ens diu que en un domini obert simplement connex les fun-
cions anaĺıtiques sempre tenen primitiva, la qual també és anaĺıtica. En altres
paraules, en aquests dominis una funció anaĺıtica és la derivada d’una altra
funció anaĺıtica.

La situació és similar a la de les funcions d’una variable real i permet consi-
derar la integració com l’operació inversa a la derivació. Per calcular la integral
d’una funció anaĺıtica en un domini obert simplement connex només cal trobar
una funció primitiva G(z) de l’integrand. En efecte, si G(z) és una primitiva de
f(z), com que F (z) també ho és, tindrem G(z) − F (z) = K (constant) i com
que, per definició, F (z0) = 0, tenim K = G(z0). Per tant, F (z) = G(z)−G(z0),
és a dir, ∫ z

z0

f(z′) dz′ = G(z)−G(z0), si G
′(z) = f(z). (3.9)

Es pot considerar aquest resultat com el “teorema fonamental del càlcul”
per a funcions de variable complexa anaĺıtiques en un domini obert simplement
connex.

L’existència de primitiva d’una funció anaĺıtica f no està limitada (encara que
śı garantida) al fet que el domini d’analiticitat sigui obert i simplement connex.

Per exemple, f(z) = 1/z2 és anaĺıtica a C∗ def
= C − {0} (que no és simplement

connex) i G(z) = −1/z és una primitiva de f en el mateix domini C∗. En aquest
cas, l’equació (3.9) també es compleix independentment del contorn que connecti
z0 amb z, tal com afirma el teorema següent.

Teorema 3.7 Si f(z) és anaĺıtica en un domini D (obert i connex) i existeix
una primitiva G(z) en el mateix domini D, aleshores si α, β ∈ D es compleix
que ∫ β

α

f(z) dz = G(β)−G(α),

independentment del contorn utilitzat.
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Demostració: Considerem un contorn C contingut a D, definit
per z(t) = x(t) + iy(t), a ≤ t ≤ b, amb z(a) = α i z(b) = β.
Suposem que G(z) = U(x, y) + iV (x, y) sigui una primitiva de f(z)
en el mateix domini i considerem la funció h : [a, b] → C definida per

h(t)
def
= G [z(t)]. Observem que

dh

dt
(t) = Uxx

′ − Vxy
′ + iVxx

′ + iUxy
′

= Uxx
′ + Uyy

′ − iUyx
′ + iUxy

′

= (Ux − iUy)(x
′ + iy′) = G′ [z(t)] z′(t) = f [z(t)] z′(t),

on hem suprimit els arguments de les funcions en els passos inter-
medis per simplificar les expressions i hem usat la regla de la cadena
i les condicions de Cauchy-Riemann. Per tant, tenim

∫ β

α

f(z) dz =

∫ b

a

f [z(t)] z′(t) dt

=

∫ b

a

dh

dt
dt = h(b)− h(a) = G(β)−G(α).

⋄

Aix́ı doncs, la igualtat (3.9) també es compleix encara que el domini d’anali-
ticitat de f no sigui simplement connex, si existeix una primitiva anaĺıtica en el
mateix domini. Com a conseqüència, en aquesta situació les integrals de f sobre
camints tancats són nul·les encara que envoltin “forats” on f no sigui anaĺıtica.

Exemple 3.2 Considerem la funció 1/z2, que és anaĺıtica en el domini obert,
però no simplement connex, C∗ = C− {0}. Considerem també el contorn C de
la figura 3.11, definit per z(t) = cos (3πt) + i sin (5πt/2), que està contingut a
C∗ i que no és un contorn simple, ja que es talla a ell mateix. El punt inicial de
C és z = 1, i el final, z = −1 + i. Volem calcular

∫
C
(1/z2) dz.

Malgrat la seva aparent complexitat, el càlcul és senzill perquè G(z) = −1/z
és una primitiva de f(z) = 1/z2 al mateix domini C∗. Tot i que aquest domini
no és simplement connex, tenim que

∫

C

dz

z2
=

[
−1

z

]z=−1+i

z=1

=
3 + i

2
.

Notem que si C fos qualsevol contorn tancat de C∗, la integral seria 0.
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<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="qLh7SpybGAyNP+xDNEYw0Whw4Qs=">AAAB83icbVC7SgNBFJ31GeMramkzGITYhN2A0c6AjWUE84DsEmYnN8mQ2ZllZjYQlnyDnY2FIrb+gZWfYOeH2Dt5FJp44MLhnHu5954w5kwb1/1yVlbX1jc2M1vZ7Z3dvf3cwWFdy0RRqFHJpWqGRANnAmqGGQ7NWAGJQg6NcHA98RtDUJpJcWdGMQQR6QnWZZQYK/klf0gUxJpxKdq5vFt0p8DLxJuT/NV74fvj3j+rtnOffkfSJAJhKCdatzw3NkFKlGGUwzjrJxpiQgekBy1LBYlAB+n05jE+tUoHd6WyJQyeqr8nUhJpPYpC2xkR09eL3kT8z2slpnsZpEzEiQFBZ4u6CcdG4kkAuMMUUMNHlhCqmL0V0z5RhBobU9aG4C2+vEzqpaJXLp7fuvlKGc2QQcfoBBWQhy5QBd2gKqohimL0gJ7Qs5M4j86L8zprXXHmM0foD5y3H3X2las=</latexit>

2"

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="qLh7SpybGAyNP+xDNEYw0Whw4Qs=">AAAB83icbVC7SgNBFJ31GeMramkzGITYhN2A0c6AjWUE84DsEmYnN8mQ2ZllZjYQlnyDnY2FIrb+gZWfYOeH2Dt5FJp44MLhnHu5954w5kwb1/1yVlbX1jc2M1vZ7Z3dvf3cwWFdy0RRqFHJpWqGRANnAmqGGQ7NWAGJQg6NcHA98RtDUJpJcWdGMQQR6QnWZZQYK/klf0gUxJpxKdq5vFt0p8DLxJuT/NV74fvj3j+rtnOffkfSJAJhKCdatzw3NkFKlGGUwzjrJxpiQgekBy1LBYlAB+n05jE+tUoHd6WyJQyeqr8nUhJpPYpC2xkR09eL3kT8z2slpnsZpEzEiQFBZ4u6CcdG4kkAuMMUUMNHlhCqmL0V0z5RhBobU9aG4C2+vEzqpaJXLp7fuvlKGc2QQcfoBBWQhy5QBd2gKqohimL0gJ7Qs5M4j86L8zprXXHmM0foD5y3H3X2las=</latexit>

2"

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t <latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="SoIi+tikGdI+W5/sBdimPmJGRH4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVVa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4GGNAA==</latexit>r

<latexit sha1_base64="QZi+r1WZwooRw4vlAM9+Qq3J4ZM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVw3rsq1ah5HAU7hDC7AgxuowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A3MWM9A==</latexit>r

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t
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<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1
<latexit sha1_base64="48W3npEDfrySfknl7PIyd04ATc8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+VMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyVynfNK5L1UoWRx7O4BwuwYNbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJWJjMU=</latexit>

C

<latexit sha1_base64="IHYjNbiEYLajF75nbRhWP5yogcw=">AAAB6nicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnRXCBZwuxkNhkyO7vMzAphySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11x07ctl1wis5EaBHcGRSuRvsfl6OvfKVtf7Y6EUlCKjThWKmm68TaS7HUjHA6zLUSRWNM+rhLmwYFDqny0smoQ3RknA4KImme0Gji/u5IcajUIPRNZYh1T81nY/O/rJno4MJLmYgTTQWZfhQkHOkIjfdGHSYp0XxgABPJzKyI9LDERJvr5MwR3PmVF6F2WnRLxbNbp1AuwVRZOIBDOAYXzqEMN1CBKhDowiM8w4vFrSfr1XqblmasWc8e/JH1/gNc9pGX</latexit>

i � 1

Figura 3.11: Contorn de l’exemple 3.2. En
gris es mostra el domini obert C∗ = C −
{0}, on la funció 1/z2 té primitiva.
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<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1

<latexit sha1_base64="ot2//GqNKV5z/M3sr2ixPhCFT6o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq8H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVw3rsq1ah5HAU7hDC7AgxuowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AzyGM6w==</latexit>

i

<latexit sha1_base64="48W3npEDfrySfknl7PIyd04ATc8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+VMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyVynfNK5L1UoWRx7O4BwuwYNbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJWJjMU=</latexit>

C

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

Figura 3.12: Domini simplement connex
consistent en tot C menys el tall de branca
z(t) = t+ i sin t, 0 ≤ t.

Exemple 3.3 La funció f(z) = 1/z és anaĺıtica a C∗ = C − {0} i té com a
primitiva qualsevol branca de G(z) = log z, el domini d’analiticitat de la qual

és C̃ = C − {tall de branca}. El tall es pot fer en qualsevol direcció. Com que

C̃ ⊂ C∗, el teorema 3.7 és aplicable a C̃ i només podem garantir que les integrals
de f(z) siguin independents del camı́ (i que les integrals sobre contorns tancats
siguin 0) en aquesta regió, que és el domini comú d’analiticitat de f i de G.
Però no podem garantir que les integrals de f(z) sobre contorns tancats que
envoltin l’origen (punt d’embrancament de G) s’anul·lin, ja que el teorema 3.7
no és aplicable en aquest cas perquè el contorn necessàriament travessaria el
tall de branca on f és anaĺıtica però G no ho és. En efecte, si considerem, per
exemple, el contorn tancat circular C descrit per z(t) = eit, 0 ≤ t ≤ 2π, tenim

∮

C

dz

z
=

∫ 2π

0

ieit

eit
dt = i

∫ 2π

0

dt = 2πi ̸= 0. (3.10)

Això ens suggereix la pregunta següent: seria possible una definició alter-
nativa de log z que fos anaĺıtica a tot C∗? Aquest exemple demostra que no
és possible. Si anomenem G(z) aquest nou “logaritme”, per definició hauria
de satisfer z = eG(z) per a tot z ∈ C∗ (el logaritme és la funció inversa de
l’exponencial). Si derivem aquesta expressió obtenim

1 = eG(z)G′(z) = zG′(z).

Per tant, G′(z) = 1/z, és a dir, G(z) seria una primitiva de 1/z a C∗ i, d’acord
amb el teorema 3.7, tindŕıem

∮
C
(1/z) dz = 0 per a qualsevol contorn tancat.

Com que (3.10) ho contradiu, la suposició que G(z) existeix a C∗ és falsa.
D’altra banda, el teorema 3.6 garanteix que en qualsevol domini del tipus

C−{tall de branca}, que és simplement connex, existirà una branca de log z. Ni
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tan sols cal que el tall de branca sigui una semirecta. Podria ser, per exemple,
la corba definida per z(t) = t+ i sin t, 0 ≤ t de la figura 3.12.

En general, podem afirmar que si
∮
C
f(z) dz ̸= 0 per a algun contorn tancat

del domini d’analiticitat de f , la primitiva de f no existeix en la totalitat d’aquest
domini.

Teorema 3.8 Si f(z) és cont́ınua en un domini D i per a qualsevol contorn
tancat C de D es compleix que

∮
C
f(z) dz = 0, aleshores per a qualsevol z0 ∈ D,

la funció

F (z) =

∫ z

z0

f(z′) dz′

és anaĺıtica a D i F ′(z) = f(z).

Demostració: Només cal notar que en la demostració del teo-
rema 3.6 (on suposàvem l’analiticitat de f en un domini simplement
connex), únicament hem utilitzat que les integrals entre dos punts
són independents del contorn que els uneix (aqúı, això ho garanteix
la hipòtesi que

∮
C
f(z) dz = 0 per a qualsevol contorn tancat) i la

continüıtat de f (just després de la desigualtat (3.8)).

⋄

És important observar que aquest teorema no requereix que el domini D (obert
i connex) sigui simplement connex.

3.4 Fórmules integrals de Cauchy

Ara veurem, en forma de teoremes, diversos resultats que són conseqüència del
teorema de Cauchy-Goursat.

Teorema 3.9 (Primera fórmula integral de Cauchy) Si f(z) és una funció anaĺı-
tica sobre i a l’interior d’un contorn tancat simple C i z0 és un punt de l’interior
de C, aleshores

f(z0) =
1

2πi

∮

C

f(z)

z − z0
dz.

Demostració: Considerem una circumferència C0={z : |z−z0|=δ}
interior al contorn C, és a dir, amb el radi δ més petit que la distància
mı́nima d de z0 al contorn C (vegeu la figura 3.13). Com que la funció
f(z)/(z−z0) és anaĺıtica a la regió compresa entre els contorns C i C0,
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ja hem vist que el teorema de Cauchy-Goursat ens permet substituir
un contorn per l’altre, és a dir,

∮

C

f(z)

z − z0
dz =

∮

C0

f(z)

z − z0
dz.

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="iNfz3EM3YAry9xDPs2jjhClWVTc=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxV9zGP+7iTL7gldyK0CN4MChfvxe+Pe/+42sl/+l1JkogKQzjWuuW5sWmnWBlGOB3l/ETTGJMB7tGWRYEjqtvpZNoROrJOF4VS2ScMmri/O1IcaT2MAlsZYdPX89nY/C9rJSY8b6dMxImhgkw/ChOOjETj1VGXKUoMH1rARDE7KyJ9rDAx9kA5ewRvfuVFqJ+UvHLp9NotVMowVRYO4BCK4MEZVOAKqlADArfwAE/w7Ejn0XlxXqelGWfWsw9/5Lz9ANSzkwA=</latexit>↵

<latexit sha1_base64="WhnWt5y/PGupvcyac+5HeOzJ80k=">AAAB7HicbVA9SwNBEN2LXzF+XbTT5jAIVuFOMFoGbCwjeEkgCWFvM5cs2ds7dueEcOQniI2FIrbW/g1bO3+IvZuPQhMfDDzem2FmXpAIrtF1v6zcyura+kZ+s7C1vbO7Zxf36zpOFQOfxSJWzYBqEFyCjxwFNBMFNAoENILh1cRv3IHSPJa3OEqgE9G+5CFnFI3ktwNA2rVLbtmdwlkm3pyUqsV7+/vw473WtT/bvZilEUhkgmrd8twEOxlVyJmAcaGdakgoG9I+tAyVNALdyabHjp0To/ScMFamJDpT9fdERiOtR1FgOiOKA73oTcT/vFaK4WUn4zJJESSbLQpT4WDsTD53elwBQzEyhDLFza0OG1BFGZp8CiYEb/HlZVI/K3uV8vmNSaNCZsiTI3JMTolHLkiVXJMa8QkjnDyQJ/JsSevRerFeZ605az5zQP7AevsBZ7aSFA==</latexit>

�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D

<latexit sha1_base64="qfvpnx22T4AVbgDdRIBTzvleNCs=">AAAB83icbVDLSsNAFL3xWVsfVZfdDBZBEEoiWF0WFHRZwT6gCWUymbRDJ5MwMxHa0N8QxIUibv0Mf8Cdf+P0sdDWAxcO59zLvff4CWdK2/a3tbK6tr6xmdvKF7Z3dveK+wdNFaeS0AaJeSzbPlaUM0EbmmlO24mkOPI5bfmDq4nfeqBSsVjc62FCvQj3BAsZwdpI7qhrn7rXlGuMRt1i2a7YU6Bl4sxJuVa4eSp9toN6t/jlBjFJIyo04VipjmMn2suw1IxwOs67qaIJJgPcox1DBY6o8rLpzWN0bJQAhbE0JTSaqr8nMhwpNYx80xlh3VeL3kT8z+ukOrz0MiaSVFNBZovClCMdo0kAKGCSEs2HhmAimbkVkT6WmGgTU96E4Cy+vEyaZxWnWjm/M2lUYYYclOAITsCBC6jBLdShAQQSeIQXeLVS69l6s95nrSvWfOYQ/sD6+AHE+pPH</latexit>

z0 + �z

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2 <latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="j/nCmKtYanmMVhaVg4RNNmIUduE=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8zokGY=</latexit>z4

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="YaTDG1RVqwdUF/jzUJ08JzNWaPc=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ99xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJgJMX</latexit>E0

<latexit sha1_base64="apMxECoMfK4iPretEKMxHhm0FPo=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGLBJMY</latexit>E1

<latexit sha1_base64="wRzCRO5vDay7qpTzgI+dss4CK9M=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosiOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBjIiTGQ==</latexit>E2

<latexit sha1_base64="pjoxiJWdoUkimKWFCOG08usd/1Y=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkqiWF0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAjgyTGg==</latexit>E3

<latexit sha1_base64="z8CfBXvCCo65WEn9+zTZF4IiAMc=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkoiWl0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAj5CTGw==</latexit>E4

1 2

1 + i 2 + i

- Costat 1 ! 2: r creix i ✓ = 0. Per tant, | log z|2 = (log r)2 creix quan ens
movem de 1 a 2.

- Costat 2 ! 2 + i: r i ✓ creixen. Per tant, | log z|2 = (log r)2 + ✓2 creix quan
ens movem de 2 a 2 + i.

- Costat 1 ! 1 + i: r i ✓ creixen. Per tant, | log z|2 = (log r)2 + ✓2 creix quan
ens movem de 1 a 1 + i.

- Costat 1 + i ! 2 + i: En aquest cas, r creix i ✓ decreix. En aquest segment
tenim

| log z|2 =


1

2
log(x2 + 22)

�2

+


arctan

2

x

�2

, x 2 [1, 2] .

Derivant aquesta funció obtenim
(

1

2
log(x2 + 12)

�2

+


arctan

1

x

�2
)0

=
x � 1

x2 + 1
� 0 , si x 2 [1, 2] ,

i per tant, | log z|2 també creix quan ens movem de 1 + i a 2 + i.

Així doncs, | log z|2 i | log z| assoleixen el valor màxim en el vèrtex z = 2 + i del
quadrat, i aquests valors són

| log(2 + i)|2 =

✓
log 5

4

◆2

+

✓
arctan

1

2

◆2

| log(2 + i)| =

(✓
log 5

4

◆2

+

✓
arctan

1

2

◆2
)1/2

.
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<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i
<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1 <latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="5NFp4HvzTwYfAcBchEFt/0DSE80=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJlCq64suHFZ0V6gHUomzbShmcyQZIQy9BHcuFDErY/jyoXg09T0stDWHwIf/38OOed4EWdK2/a3lVpZXVvfSG9mtrZ3drO5vf26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB9SRvPFCpWCju9TCiboB7gvmMYG2su+IZ6+TydsGeCi2DM4f81fjw43L8la12cp/tbkjigApNOFaq5diRdhMsNSOcjjLtWNEIkwHu0ZZBgQOq3GQ66gidGKeL/FCaJzSaur87EhwoNQw8Uxlg3VeL2cT8L2vF2r9wEyaiWFNBZh/5MUc6RJO9UZdJSjQfGsBEMjMrIn0sMdHmOhlzBGdx5WWoFwtOuVC6tfOVMsyUhiM4hlNw4BwqcANVqAGBHjzCM7xY3HqyXq23WWnKmvccwB9Z7z9bApGW</latexit>

2 + i
<latexit sha1_base64="uMpqYT8GkTWzzP2fy4EQFxsvXyc=">AAAB6nicbZDLSgMxFIbP1Futl466cOEmWARBKDOCVVcW3LisaC/QDiWTZtrQTGZIMkIZ+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHP8mDOlHefbyiwtr6yuZddzG5tb23l7Z7emokQSWiURj2TDx4pyJmhVM81pI5YUhz6ndb9/Pc7rD1QqFol7PYipF+KuYAEjWBvrzj1hbbvgFJ2J0CK4MyhcjfY/Lkdf+Urb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpZNRh+jIOB0URNI8odHE/d2R4lCpQeibyhDrnprPxuZ/WTPRwYWXMhEnmgoy/ShIONIRGu+NOkxSovnAACaSmVkR6WGJiTbXyZkjuPMrL0LttOiWime3TqFcgqmycACHcAwunEMZbqACVSDQhUd4hheLW0/Wq/U2Lc1Ys549+CPr/QdZfJGV</latexit>

1 + i

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d
<latexit sha1_base64="AlmjNaXCW8BlAmkWkoQFvoRzHdE=">AAAB7XicbZC7SgNBFIZn4y3GW9TSZjAIsQm7gtHOgI1lBHOB7BJmZ2eTMbOzy8xZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ4JrsO0vK7e0vLK6ll8vbGxube8Ud/eaOk4VZQ0ai1i1faKZ4JI1gINg7UQxEvmCtfzB5Thv3TGleSxvYJgwLyI9yUNOCRir6QZMAOkWS3bFnggvgjOD0sV7+fvj3j2ud4ufbhDTNGISqCBadxw7AS8jCjgVbFRwU80SQgekxzoGJYmY9rLJtCN8ZJwAh7EyTwKeuL87MhJpPYx8UxkR6Ov5bGz+l3VSCM+9jMskBSbp9KMwFRhiPF4dB1wxCmJogFDFzayY9okiFMyBCuYIzvzKi9A8qTjVyum1XapV0VR5dIAOURk56AzV0BWqowai6BY9oCf0bMXWo/VivU5Lc9asZx/9kfX2A9q+kwQ=</latexit>

�
<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D <latexit sha1_base64="qfvpnx22T4AVbgDdRIBTzvleNCs=">AAAB83icbVDLSsNAFL3xWVsfVZfdDBZBEEoiWF0WFHRZwT6gCWUymbRDJ5MwMxHa0N8QxIUibv0Mf8Cdf+P0sdDWAxcO59zLvff4CWdK2/a3tbK6tr6xmdvKF7Z3dveK+wdNFaeS0AaJeSzbPlaUM0EbmmlO24mkOPI5bfmDq4nfeqBSsVjc62FCvQj3BAsZwdpI7qhrn7rXlGuMRt1i2a7YU6Bl4sxJuVa4eSp9toN6t/jlBjFJIyo04VipjmMn2suw1IxwOs67qaIJJgPcox1DBY6o8rLpzWN0bJQAhbE0JTSaqr8nMhwpNYx80xlh3VeL3kT8z+ukOrz0MiaSVFNBZovClCMdo0kAKGCSEs2HhmAimbkVkT6WmGgTU96E4Cy+vEyaZxWnWjm/M2lUYYYclOAITsCBC6jBLdShAQQSeIQXeLVS69l6s95nrSvWfOYQ/sD6+AHE+pPH</latexit>

z0 + �z

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="PoECO2HV/YsiOJHY14TJuABHqDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPfdfrHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHcw6QKw==</latexit>

C0

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d
<latexit sha1_base64="AlmjNaXCW8BlAmkWkoQFvoRzHdE=">AAAB7XicbZC7SgNBFIZn4y3GW9TSZjAIsQm7gtHOgI1lBHOB7BJmZ2eTMbOzy8xZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ4JrsO0vK7e0vLK6ll8vbGxube8Ud/eaOk4VZQ0ai1i1faKZ4JI1gINg7UQxEvmCtfzB5Thv3TGleSxvYJgwLyI9yUNOCRir6QZMAOkWS3bFnggvgjOD0sV7+fvj3j2ud4ufbhDTNGISqCBadxw7AS8jCjgVbFRwU80SQgekxzoGJYmY9rLJtCN8ZJwAh7EyTwKeuL87MhJpPYx8UxkR6Ov5bGz+l3VSCM+9jMskBSbp9KMwFRhiPF4dB1wxCmJogFDFzayY9okiFMyBCuYIzvzKi9A8qTjVyum1XapV0VR5dIAOURk56AzV0BWqowai6BY9oCf0bMXWo/VivU5Lc9asZx/9kfX2A9q+kwQ=</latexit>

�

Figura 3.13: Contorns considerats a la demostració de la primera fórmula integral de Cauchy.

Si al numerador de l’integrand de la integral de la dreta li sumem i
li restem la constant f(z0) tenim

∮

C

f(z)

z − z0
dz = f(z0)

∮

C0

1

z − z0
dz +

∮

C0

f(z)− f(z0)

z − z0
dz. (3.11)

Per calcular la primera d’aquestes integrals parametritzarem el con-
torn C0 amb z(t) = z0 + δeit , t ∈ [0, 2π] , dz = δeiti dt

∮

C0

1

z − z0
dz =

∫ 2π

0

1

δeit
δeiti dt =

∫ 2π

0

i dt = 2πi,

que no depèn del valor de δ. Si ho substitüım a (3.11) i ho passem
al costat esquerre trobem que

∣∣∣∣
∮

C

f(z)

z − z0
dz − 2πi f(z0)

∣∣∣∣ ≤
∮

C0

|f(z)− f(z0)|
|z − z0|

|dz|.

En ser f(z) cont́ınua, per a cada ϵ > 0, hi ha un δ > 0 tal que si
|z − z0| ≤ δ, llavors |f(z)− f(z0)| < ϵ. Si fem servir aquest δ com a
radi de C0 tenim

∣∣∣∣
∮

C

f(z)

z − z0
dz − 2πi f(z0)

∣∣∣∣ <
ϵ

δ

∮

C0

|dz| = ϵ

δ
(2πδ) = 2πϵ.

El terme de l’esquerra d’aquesta desigualtat és el mòdul d’un nombre
complex i és, per tant, un nombre real no negatiu. D’altra banda,
la desigualtat ens diu que aquest nombre és menor que qualsevol



Càlcul en variable complexa Materials 81

nombre real positiu 2πϵ i, per tant, ha de ser zero. Dedüım, doncs,
que ∮

C

f(z)

z − z0
dz = 2πi f(z0).

⋄

Exemple 3.4 Calculem la integral

∮

C

sin z

z2 + 4
dz,

on C és la circumferència de radi 2 i centre a z0 = −i recorreguda en sentit
antihorari.

Com que z2 + 4 = (z + 2i)(z − 2i) i el punt z = −2i és a l’interior de C,
mentre que z = 2i és a l’exterior, podem expressar l’integrand de la manera
següent

sin z

z2 + 4
=

sin z/(z − 2i)

z + 2i
.

La funció f(z) = sin z/(z − 2i) del numerador és anaĺıtica a l’interior i sobre C.
Si fem servir la fórmula integral de Cauchy tenim

∮

C

sin z

z2 + 4
dz =

∮

C

f(z)

z + 2i
dz = 2πif(−2i) = 2πi

sin(−2i)

−4i
=

iπ

2
sinh 2.

Observem que (
d

dz0

)n
1

z − z0
=

n!

(z − z0)n+1
.

Si usem aquesta igualtat a la primera fórmula integral de Cauchy i entrem les
derivades dins la integral, obtenim

f (n)(z0) =
n!

2πi

∮

C

f(z)

(z − z0)n+1
dz. (3.12)

Sembla, doncs, que si f(z) és anaĺıtica en un domini obert, és a dir, derivable
una vegada en tots els seus punts, automàticament les seves derivades de tots
els ordres existeixen. A més a més, la igualtat (3.12) ens diu que els valors
d’aquestes derivades (i els de la mateixa funció) a qualsevol punt de l’interior
de C estan determinats pels valors que la funció f(z) pren sobre el contorn C.

Aquests resultats són sorprenents i tots dos són certs, però el raonament usat
no és correcte, ja que no tenim cap garantia de poder entrar les derivades dins
de la integral. La demostració correcta és una mica més complicada i utilitza el
lema següent.
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Lema 3.10 Sigui f(z) una funció cont́ınua sobre un contorn tancat simple C.
Si n ∈ N i R(z) és la funció

R(z)
def
=

1

∆z

{
1

(z − z0 −∆z)n+1
− 1

(z − z0)n+1

}
− n+ 1

(z − z0)n+2
,

on z0 i z0 +∆z són punts interiors a C, aleshores

lim
∆z→0

∮

C

f(z)R(z) dz = 0.

Demostració: Utilitzarem la fórmula del binomi de Newton:

(a+ b)N =
N∑

k=0

γka
N−kbk, on γk =

(
N
k

)
=

N !

k!(N − k)!
.

Combinant les diverses fraccions que apareixen a la definició de R(z)
obtenim

R(z) =
(z−z0)

n+2−(z− z0−∆z)n+1 [z− z0+(n+1)∆z]

∆z(z − z0 −∆z)n+1(z − z0)n+2
. (3.13)

Si utilitzem la fórmula del binomi de Newton amb a = z−z0, b = ∆z
i N = n+ 1, tenim

(z − z0 −∆z)n+1 = (z − z0)
n+1 − (n+ 1)(z − z0)

n∆z

+∆z2
n−1∑

j=0

γj+2(z − z0)
n−1−j∆zj.

Quan ho substitüım al numerador de (3.13), observem que tots els
termes d’ordre ∆z0 i ∆z1 desapareixen, i només queden termes d’or-
dre ∆z2 o superior. La forma exacta d’aquests termes no és impor-
tant per a la demostració. Només és important observar que tots
aquests termes formen un polinomi homogeni de grau n + 2 en les
variables (z−z0) i ∆z (és a dir, a cada terme la suma dels exponents
de (z − z0) i de ∆z és n+ 2). Per tant, es poden escriure com

∆z2
n∑

j=0

βj(z − z0)
n−j∆zj,

on els coeficients βj depenen dels γk. Si ho substitüım a (3.13) tenim

R(z) =
∆z
∑n

j=0 βj(z − z0)
n−j∆zj

(z − z0 −∆z)n+1(z − z0)n+2
.
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Ara volem demostrar que
∮
C
f(z)R(z) dz es fa arbitràriament petit

quan ∆z tendeix a zero. Notem que
∣∣∣∣
∮

C

f(z)R(z) dz

∣∣∣∣ ≤ |∆z|
∮

C

|f(z)|
∑n

j=0 |βj||z − z0|n−j|∆z|j

|z − z0 −∆z|n+1|z − z0|n+2
|dz|.

Siguin d i D, respectivament, les distàncies mı́nima i màxima de z0
al contorn C, i sigui 0 < δ < d/2 (vegeu la figura 3.14). Si |∆z| < δ
tenim

|z − z0| ≥ d, (3.14)

|z − z0| ≤ D, (3.15)

|z − z0 −∆z| ≥
∣∣|z − z0| − |∆z|

∣∣ > d− d

2
=

d

2
.

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="iNfz3EM3YAry9xDPs2jjhClWVTc=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxV9zGP+7iTL7gldyK0CN4MChfvxe+Pe/+42sl/+l1JkogKQzjWuuW5sWmnWBlGOB3l/ETTGJMB7tGWRYEjqtvpZNoROrJOF4VS2ScMmri/O1IcaT2MAlsZYdPX89nY/C9rJSY8b6dMxImhgkw/ChOOjETj1VGXKUoMH1rARDE7KyJ9rDAx9kA5ewRvfuVFqJ+UvHLp9NotVMowVRYO4BCK4MEZVOAKqlADArfwAE/w7Ejn0XlxXqelGWfWsw9/5Lz9ANSzkwA=</latexit>↵

<latexit sha1_base64="WhnWt5y/PGupvcyac+5HeOzJ80k=">AAAB7HicbVA9SwNBEN2LXzF+XbTT5jAIVuFOMFoGbCwjeEkgCWFvM5cs2ds7dueEcOQniI2FIrbW/g1bO3+IvZuPQhMfDDzem2FmXpAIrtF1v6zcyura+kZ+s7C1vbO7Zxf36zpOFQOfxSJWzYBqEFyCjxwFNBMFNAoENILh1cRv3IHSPJa3OEqgE9G+5CFnFI3ktwNA2rVLbtmdwlkm3pyUqsV7+/vw473WtT/bvZilEUhkgmrd8twEOxlVyJmAcaGdakgoG9I+tAyVNALdyabHjp0To/ScMFamJDpT9fdERiOtR1FgOiOKA73oTcT/vFaK4WUn4zJJESSbLQpT4WDsTD53elwBQzEyhDLFza0OG1BFGZp8CiYEb/HlZVI/K3uV8vmNSaNCZsiTI3JMTolHLkiVXJMa8QkjnDyQJ/JsSevRerFeZ605az5zQP7AevsBZ7aSFA==</latexit>

�

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z
<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="PoECO2HV/YsiOJHY14TJuABHqDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPfdfrHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHcw6QKw==</latexit>

C0

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d
<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D

<latexit sha1_base64="qfvpnx22T4AVbgDdRIBTzvleNCs=">AAAB83icbVDLSsNAFL3xWVsfVZfdDBZBEEoiWF0WFHRZwT6gCWUymbRDJ5MwMxHa0N8QxIUibv0Mf8Cdf+P0sdDWAxcO59zLvff4CWdK2/a3tbK6tr6xmdvKF7Z3dveK+wdNFaeS0AaJeSzbPlaUM0EbmmlO24mkOPI5bfmDq4nfeqBSsVjc62FCvQj3BAsZwdpI7qhrn7rXlGuMRt1i2a7YU6Bl4sxJuVa4eSp9toN6t/jlBjFJIyo04VipjmMn2suw1IxwOs67qaIJJgPcox1DBY6o8rLpzWN0bJQAhbE0JTSaqr8nMhwpNYx80xlh3VeL3kT8z+ukOrz0MiaSVFNBZovClCMdo0kAKGCSEs2HhmAimbkVkT6WmGgTU96E4Cy+vEyaZxWnWjm/M2lUYYYclOAITsCBC6jBLdShAQQSeIQXeLVS69l6s95nrSvWfOYQ/sD6+AHE+pPH</latexit>

z0 + �z

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2 <latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="j/nCmKtYanmMVhaVg4RNNmIUduE=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8zokGY=</latexit>z4

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="YaTDG1RVqwdUF/jzUJ08JzNWaPc=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ99xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJgJMX</latexit>E0

<latexit sha1_base64="apMxECoMfK4iPretEKMxHhm0FPo=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGLBJMY</latexit>E1

<latexit sha1_base64="wRzCRO5vDay7qpTzgI+dss4CK9M=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosiOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBjIiTGQ==</latexit>E2

<latexit sha1_base64="pjoxiJWdoUkimKWFCOG08usd/1Y=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkqiWF0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAjgyTGg==</latexit>E3

<latexit sha1_base64="z8CfBXvCCo65WEn9+zTZF4IiAMc=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkoiWl0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAj5CTGw==</latexit>E4

1 2

1 + i 2 + i

- Costat 1 ! 2: r creix i ✓ = 0. Per tant, | log z|2 = (log r)2 creix quan ens
movem de 1 a 2.

- Costat 2 ! 2 + i: r i ✓ creixen. Per tant, | log z|2 = (log r)2 + ✓2 creix quan
ens movem de 2 a 2 + i.

- Costat 1 ! 1 + i: r i ✓ creixen. Per tant, | log z|2 = (log r)2 + ✓2 creix quan
ens movem de 1 a 1 + i.

- Costat 1 + i ! 2 + i: En aquest cas, r creix i ✓ decreix. En aquest segment
tenim

| log z|2 =


1

2
log(x2 + 22)

�2

+


arctan

2

x

�2

, x 2 [1, 2] .

Derivant aquesta funció obtenim
(

1

2
log(x2 + 12)

�2

+


arctan

1

x

�2
)0

=
x � 1

x2 + 1
� 0 , si x 2 [1, 2] ,

i per tant, | log z|2 també creix quan ens movem de 1 + i a 2 + i.

Així doncs, | log z|2 i | log z| assoleixen el valor màxim en el vèrtex z = 2 + i del
quadrat, i aquests valors són

| log(2 + i)|2 =

✓
log 5

4

◆2

+

✓
arctan

1

2

◆2

| log(2 + i)| =

(✓
log 5

4

◆2

+

✓
arctan

1

2

◆2
)1/2

.
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<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i
<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1 <latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="5NFp4HvzTwYfAcBchEFt/0DSE80=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJlCq64suHFZ0V6gHUomzbShmcyQZIQy9BHcuFDErY/jyoXg09T0stDWHwIf/38OOed4EWdK2/a3lVpZXVvfSG9mtrZ3drO5vf26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB9SRvPFCpWCju9TCiboB7gvmMYG2su+IZ6+TydsGeCi2DM4f81fjw43L8la12cp/tbkjigApNOFaq5diRdhMsNSOcjjLtWNEIkwHu0ZZBgQOq3GQ66gidGKeL/FCaJzSaur87EhwoNQw8Uxlg3VeL2cT8L2vF2r9wEyaiWFNBZh/5MUc6RJO9UZdJSjQfGsBEMjMrIn0sMdHmOhlzBGdx5WWoFwtOuVC6tfOVMsyUhiM4hlNw4BwqcANVqAGBHjzCM7xY3HqyXq23WWnKmvccwB9Z7z9bApGW</latexit>

2 + i
<latexit sha1_base64="uMpqYT8GkTWzzP2fy4EQFxsvXyc=">AAAB6nicbZDLSgMxFIbP1Futl466cOEmWARBKDOCVVcW3LisaC/QDiWTZtrQTGZIMkIZ+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHP8mDOlHefbyiwtr6yuZddzG5tb23l7Z7emokQSWiURj2TDx4pyJmhVM81pI5YUhz6ndb9/Pc7rD1QqFol7PYipF+KuYAEjWBvrzj1hbbvgFJ2J0CK4MyhcjfY/Lkdf+Urb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpZNRh+jIOB0URNI8odHE/d2R4lCpQeibyhDrnprPxuZ/WTPRwYWXMhEnmgoy/ShIONIRGu+NOkxSovnAACaSmVkR6WGJiTbXyZkjuPMrL0LttOiWime3TqFcgqmycACHcAwunEMZbqACVSDQhUd4hheLW0/Wq/U2Lc1Ys549+CPr/QdZfJGV</latexit>

1 + i

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d
<latexit sha1_base64="AlmjNaXCW8BlAmkWkoQFvoRzHdE=">AAAB7XicbZC7SgNBFIZn4y3GW9TSZjAIsQm7gtHOgI1lBHOB7BJmZ2eTMbOzy8xZISx5Bm0sFLH1Jax8BDsfxN7JpdDEHwY+/v8c5pzjJ4JrsO0vK7e0vLK6ll8vbGxube8Ud/eaOk4VZQ0ai1i1faKZ4JI1gINg7UQxEvmCtfzB5Thv3TGleSxvYJgwLyI9yUNOCRir6QZMAOkWS3bFnggvgjOD0sV7+fvj3j2ud4ufbhDTNGISqCBadxw7AS8jCjgVbFRwU80SQgekxzoGJYmY9rLJtCN8ZJwAh7EyTwKeuL87MhJpPYx8UxkR6Ov5bGz+l3VSCM+9jMskBSbp9KMwFRhiPF4dB1wxCmJogFDFzayY9okiFMyBCuYIzvzKi9A8qTjVyum1XapV0VR5dIAOURk56AzV0BWqowai6BY9oCf0bMXWo/VivU5Lc9asZx/9kfX2A9q+kwQ=</latexit>

�
<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D <latexit sha1_base64="qfvpnx22T4AVbgDdRIBTzvleNCs=">AAAB83icbVDLSsNAFL3xWVsfVZfdDBZBEEoiWF0WFHRZwT6gCWUymbRDJ5MwMxHa0N8QxIUibv0Mf8Cdf+P0sdDWAxcO59zLvff4CWdK2/a3tbK6tr6xmdvKF7Z3dveK+wdNFaeS0AaJeSzbPlaUM0EbmmlO24mkOPI5bfmDq4nfeqBSsVjc62FCvQj3BAsZwdpI7qhrn7rXlGuMRt1i2a7YU6Bl4sxJuVa4eSp9toN6t/jlBjFJIyo04VipjmMn2suw1IxwOs67qaIJJgPcox1DBY6o8rLpzWN0bJQAhbE0JTSaqr8nMhwpNYx80xlh3VeL3kT8z+ukOrz0MiaSVFNBZovClCMdo0kAKGCSEs2HhmAimbkVkT6WmGgTU96E4Cy+vEyaZxWnWjm/M2lUYYYclOAITsCBC6jBLdShAQQSeIQXeLVS69l6s95nrSvWfOYQ/sD6+AHE+pPH</latexit>

z0 + �z

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

Figura 3.14: Diverses quantitats, contorns i regions considerades a la demostració del
lema 3.10.

Si utilitzem (3.14) quan |z − z0| és al denominador i (3.15) quan
|z − z0| és al numerador podem escriure

∣∣∣∣
∮

C

f(z)R(z) dz

∣∣∣∣ ≤ |∆z|
∑n

j=0 |βj|Dn−j(d/2)j

(d/2)n+1dn+2

∮

C

|f(z)| |dz|.

En ser f(z) cont́ınua sobre C tenim que també |f(z)| és cont́ınua i,
per tant, té un màxim sobre C, ja que el contorn C és un conjunt
compacte. Si M és aquest màxim tenim |f(z)| ≤ M , i si LC és la
longitud del contorn C tenim

∣∣∣∣
∮

C

f(z)R(z) dz

∣∣∣∣ ≤ |∆z|
∑n

j=0 |βj|Dn−j(d/2)j

(d/2)n+1dn+2
MLC .

Aix́ı doncs, per a tot ϵ > 0 tenim
∣∣∮

C
f(z)R(z) dz

∣∣ < ϵ si |∆z| < δ, on

δ = min




d

2
, ϵ

[∑n
j=0 |βj|Dn−j(d/2)j

(d/2)n+1dn+2
MLC

]−1
.

⋄



84 Materials Emili Bagan, Antoni Méndez i Oriol Pujolàs

Si utilitzem aquest lema podem ara demostrar la igualtat (3.12).

Teorema 3.11 (Segona fórmula integral de Cauchy) Si f(z) és una funció ana-
ĺıtica sobre i a l’interior d’un contorn tancat C i z0 és un punt de l’interior de
C, aleshores existeixen les derivades de tot ordre de f a z0 i es compleix

f (n)(z0) =
n!

2πi

∮

C

f(z)

(z − z0)n+1
dz.

Demostració: El teorema es demostra per inducció. La segona
fórmula integral de Cauchy és correcta per a n = 0, ja que, en aquest
cas, es redueix a la primera, ja demostrada. Suposem que és certa
fins a n. En ser f(z) cont́ınua, la integral següent existeix:

(n+ 1)!

2πi

∮

C

f(z)

(z − z0)n+2
dz.

Si fem servir la hipòtesi d’inducció i el lema anterior, ara és fàcil
demostrar que aquesta integral és el ĺımit lim∆z→0 [f

(n)(z0 + ∆z) −
f (n)(z0)]/∆z i és, per tant, f (n+1)(z0). En efecte,

f (n)(z0 +∆z)− f (n)(z0)

∆z
− (n+ 1)!

2πi

∮

C

f(z)

(z − z0)n+2
dz

=
n!

2πi

{
1

∆z

[∮

C

f(z)

(z − z0 −∆z)n+1
dz −

∮

C

f(z)

(z − z0)n+1
dz

]

− (n+ 1)

∮

C

f(z)

(z − z0)n+2
dz

}
=

n!

2πi

∮

C

f(z)R(z) dz,

i, per tant,

∣∣∣∣
f (n)(z0 +∆z)− f (n)(z0)

∆z
− (n+ 1)!

2πi

∮

C

f(z)

(z − z0)n+2
dz

∣∣∣∣

≤ n!

2π

∮

C

|f(z)| |R(z)| |dz|,

que, d’acord amb el lema 3.10, tendeix a zero quan ∆z → 0.

⋄

Corol·lari 3.12 Si f(z) és anaĺıtica en un punt z0, aleshores les seves derivades
de tots els ordres, f ′(z), f ′′(z), f ′′′(z) . . . , existeixen a z0 i són també funcions
anaĺıtiques en aquest punt.
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Demostració: Si f(z) és anaĺıtica a z0, f
′(z) existeix en algun en-

torn Er(z0) de z0 i, per tant, f(z) és anaĺıtica a tots els punts d’aquest
entorn (ja que és obert). Considerem ara un contorn tancat C dins
de Er(z0) que tingui el punt z0 en el seu interior. D’acord amb el teo-
rema anterior, f (n)(z) existeix a tots els punts de l’interior d’aquest
contorn i, per tant, també existeix en algun entorn de z0. Això vol
dir que f (n−1)(z) és anaĺıtica a z0. En ser n arbitrari concloem que
f (n)(z) és anaĺıtica a z0, per a tot n.

⋄

Notem que aquest corol·lari ens assegura que si f = u + iv és anaĺıtica, les
funcions u(x, y) i v(x, y) tenen derivades parcials de tots els ordres.

Teorema 3.13 (Morera) Si f(z) és cont́ınua en un domini obert D i es compleix
que ∮

C

f(z) dz = 0

per a qualsevol contorn tancat C de D, aleshores f(z) és anaĺıtica a D.

Demostració: És una conseqüència immediata del teorema 3.8
(que ens assegura que F (z) =

∫ z

z0
f(z′) dz′ és anaĺıtica i que F ′ = f )

i del corol·lari 3.12 (que ens assegura que la derivada de F també és
anaĺıtica).

⋄

Exemple 3.5 Volem veure que la funció F (z), definida per

F (z) =

∫ 1

0

sin
(
et sin z

)
dt,

és anaĺıtica a tot C.
Per demostrar-ho, observem que f(t, z) = sin (et sin z), entesa com una funció

de [0, 1] × C → C, és cont́ınua. Per tant, donat ϵ > 0, existeix δt,z > 0 tal que
|f(t, z + ∆z) − f(t, z)| < ϵ si |∆z| < δt,z. En ser [0, 1] un conjunt compacte
podem definir δz = min{δt,z : t ∈ [0, 1]}. Llavors, per a tot t ∈ [0, 1], tenim
|f(t, z +∆z)− f(t, z)| < ϵ si |∆z| < δz. Per tant,

|F (z +∆z)− F (z)| ≤
∫ 1

0

|f(t, z +∆z)− f(t, z)|dt < ϵ,

la qual cosa demostra que F (z) és cont́ınua a tot C.



86 Materials Emili Bagan, Antoni Méndez i Oriol Pujolàs

Sigui ara C un contorn tancat qualsevol. Tenim

∮

C

F (z) dz =

∮

C

∫ 1

0

f(t, z) dtdz =

∫ 1

0

[∮

C

f(t, z) dz

]
dt =

∫ 1

0

0 dt = 0,

on hem canviat l’ordre d’integració (la regió d’integració [0, 1]× C és compacta
i f(t, z) és cont́ınua) i hem usat el teorema de Cauchy-Goursat (per a cada t la
funció f(t, z) és clarament anaĺıtica i, per tant, la integral sobre C és zero).

Si ara apliquem el teorema de Morera veiem que F (z) és anaĺıtica a tot C.

Teorema 3.14 (Desigualtat de Cauchy) Sigui D el disc |z− z0| ≤ r. Si f(z) és
anaĺıtica a D i |f(z)| ≤ M,∀z ∈ D, aleshores

|f (n)(z0)| ≤
n!M

rn
, ∀n ∈ N.

Demostració: Si C és el cercle |z−z0| = r, usant la segona fórmula
integral de Cauchy tenim

f (n)(z0) =
n!

2πi

∮

C

f(z)

(z − z0)n+1
dz,

i, per tant,

∣∣f (n)(z0)
∣∣ ≤ n!

2π

∮

C

|f(z)|
|z − z0|n+1

|dz| ≤ n!M

2πrn+1

∮

C

|dz| = n!M

rn
.

⋄

Teorema 3.15 (Liouville) Si f(z) és entera (és a dir, és anaĺıtica a tot el pla
complex) i |f(z)| < M , ∀z ∈ C, aleshores f(z) és constant.

Demostració: Considerem un punt qualsevol z0 del pla complex.
Si C és el cercle |z−z0| = r i utilitzem el teorema anterior amb n = 1
tenim

|f ′(z0)| ≤
M

r
.

Com que podem escollir r arbitràriament gran (f és anaĺıtica a tot
el pla), tindrem que |f ′(z0)| = 0 i, per tant, f ′(z0) = 0. D’altra
banda, com que z0 ha estat escollit també arbitràriament, tindrem
que f ′(z) = 0 a tot el pla, és a dir, f(z) és constant (teorema 2.7).

⋄
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Exemple 3.6 Vegem dues aplicacions senzilles del teorema de Liouville:

1) Siguin f(z) i g(z) dues funcions anaĺıtiques a tot C (enteres). Suposem que
g(z) no s’anul·la enlloc i que per a tot z ∈ C es compleix |f(z)| ≤ |g(z)|.
Llavors, necessàriament existeix una constant c, amb |c| ≤ 1, tal que
f(z) = cg(z) per a tot z ∈ C.
Això és una conseqüència del teorema de Liouville. Si g(z) ̸= 0 a tot C,
la funció h(z)

def
= f(z)/g(z) és entera i satisfà |h(z)| ≤ 1. Pel teorema

de Liouville tenim h(z) = c (constant). Això vol dir que f(z) = cg(z) i,
òbviament, tenim |c| = |f(z)|/|g(z)| ≤ 1.

2) Ens preguntem si existeix alguna funció entera f(z) tal que Re f(z) sigui fi-
tada. La resposta és que les úniques funcions que satisfan aquesta condició
són les constants.

Novament això és conseqüència del teorema de Liouville. Considerem la
funció h(z)

def
= ef(z) = eRe f(z)ei Im f(z), que és entera. Com que |h(z)| =

eRe f(z) ≤ eM
′
, on M ′ és una fita superior de Re f(z), pel teorema de Liou-

ville tenim que h(z) és constant, d’on dedüım que f(z) és també constant.

Teorema 3.16 (Teorema fonamental de l’àlgebra) Si P (z) és un polinomi de
coeficients complexos, aleshores P (z) s’anul·la en algun punt del pla complex.

Demostració: Sigui f(z) = 1/P (z). Si P (z) no s’anul·la enlloc, la
funció f(z) és anaĺıtica a tot el pla complex. Considerem ara el disc
|z| ≤ r. Aquest disc és un conjunt compacte, i com que la funció
|f(z)| és cont́ınua, té un màxim M al disc. D’altra banda, com que
limz→∞ |P (z)| = ∞, tenim limz→∞ |f(z)| = 0 i, per tant, podem fer
|f(z)| tan petit com vulguem fora del disc si r és suficientment gran.
Aix́ı doncs, |f(z)| és fitada a tot el pla complex. Llavors, d’acord amb
el teorema de Liouville, f(z) és constant i arribem a la contradicció
que P (z) també és constant.

⋄

Corol·lari 3.17 Si Pn(z) és un polinomi de grau n de coeficients complexos,
aleshores Pn(z) s’anul·la en n punts (no necessàriament diferents) del pla com-
plex.

Demostració: Com que Pn(z) s’ha d’anul·lar en algun punt z1,
tindrem Pn(z) = (z−z1)Pn−1(z), on Pn−1(z) és un polinomi de grau
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n−1 que també s’haurà d’anul·lar en algun punt z2. Tindrem, doncs,
que Pn(z) = (z−z1)(z−z2)Pn−2(z). Si repetim l’argument arribem a

Pn(z) = (z − z1) · · · (z − zn)P0,

on P0 és un polinomi de grau 0, és a dir, una constant.

Cal insistir que els zeros z1, . . . , zn, de Pn(z) no són necessàriament
diferents.

⋄

El teorema fonamental de l’àlgebra ens assegura que tota equació polinòmica
de qualsevol grau té sempre solucions complexes. Recordem que aquesta és una
limitació dels nombres reals que ha motivat l’ampliació de R a C.

Teorema 3.18 (Mòdul màxim) Si f(z) és anaĺıtica en un domini D (obert i
connex), aleshores |f(z)| no té màxim a D, llevat que |f(z)| sigui constant.

Demostració: Demostrem primer que, si en un entorn Er0(z0) del
punt z0 ∈ D es compleix

|f(z)| ≤ |f(z0)|, (3.16)

aleshores |f(z)| = |f(z0)|, ∀z ∈ Er0(z0), és a dir, |f | és constant en tot
aquest entorn. En efecte, si Cδ és un cercle de centre z0 i radi δ < r0,
utilitzant la primera fórmula integral de Cauchy i parametritzant
z = δeiθ, θ ∈ [0, 2π], tenim

f(z0) =
1

2πi

∮

Cδ

f(z)

z − z0
dz =

1

2πi

∫ 2π

0

f(z0 + δeiθ)

δeiθ
δeiθi dθ

=
1

2πi

∫ 2π

0

f(z0 + δeiθ) dθ,

d’on dedüım que

|f(z0)| ≤
1

2π

∫ 2π

0

|f(z0 + δeiθ)| dθ,

és a dir, |f(z0)| és menor o igual que la mitjana dels valors que
|f | pren sobre els punts de Cδ. Però això és incompatible amb la
desigualtat (3.16), llevat que en tots els punts de Cδ tinguem |f(z)| =
|f(z0)|. Per tant, com que δ pot tenir qualsevol valor inferior a r0,
concloem que

|f(z)| = |f(z0)|, ∀z ∈ Er0(z0).
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Suposem ara que el màxim de |f | a D s’assoleix en un punt z0, és a
dir,

|f(z0)| ≥ |f(z)|, ∀z ∈ D.

Considerem un punt w arbitrari de D. Demostrarem que en aquest
punt |f | també pren el valor |f(z0)|, la qual cosa ens porta a afirmar
que |f | és constant a tot D. En efecte, com que D és connex podem
unir amb una ĺınia poligonal d’un nombre finit de segments rectilinis
el punt z0 (on, per hipòtesi, |f | té el màxim) amb el punt w (vegeu
la figura 3.15).

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3 <latexit sha1_base64="j/nCmKtYanmMVhaVg4RNNmIUduE=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8zokGY=</latexit>z4

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="YaTDG1RVqwdUF/jzUJ08JzNWaPc=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ99xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJgJMX</latexit>E0

<latexit sha1_base64="apMxECoMfK4iPretEKMxHhm0FPo=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGLBJMY</latexit>E1
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convergeix absolutament a l’interior del disc de convergència i uniformement en
qualsevol disc tancat del seu interior (vegeu la figura 4.5a).

El raonament anterior també és aplicable a les sèries de potències d’exponent
negatiu. Considerem la sèrie

P1
n=1 an/z

n. Fent el canvi z ! w = 1/z, el disc
|w| < R del pla w, es correspon a la regió |z| > 1/R de pla z i el “disc” de
convergència de la sèrie és ara l’exterior del cercle de radi 1/R centrat a l’origen.
Com abans, el “disc” de convergència de la sèrie

P1
n=1 an/(z � z0)

n és la regió
|z � z0| > 1/R, és a dir, és l’exterior del cercle de radi 1/R centrat a z0 (vegeu
la figura 4.5b).

convergència absoluta

convergència
uniforme

(i absoluta)

divergència

?

R z0

convergència
absoluta

convergència
uniforme

(i absoluta)

divergència

?

1/R

z0

(a) (b)

Figure 4.5: Si R és el radi de convergència de la sèrie
P1

n=0 anzn tenim: (a) disc de
convergència de

P1
n=0 an(z � z0)

n ; (b) “disc” de convergència de
P1

n=0 an/(z � z0)
n.

Les sèries de potències amb exponents positius i negatius
P1

n=�1 an(z�z0)
n

es poden descompondre de la manera següent:

1X

n=�1
an(z � z0)

n =
�1X

n=�1
an(z � z0)

n +
1X

n=0

an(z � z0)
n

=
1X

n=1

a�n

(z � z0)n
+
1X

n=0

an(z � z0)
n.

El primer sumand és una sèrie de potències d’exponents negatius i el seu disc
de convergència és l’exterior d’un cert cercle de radi R1. El disc de convergència
de la sèrie del segon sumand és l’interior d’un altre cercle de radi R2. Si R1 <
R2 la sèrie completa convergeix absolutament a la intersecció d’aquestes dues
regions, és a dir, la corona R1 < |z � z0| < R2 (figura 4.6). Si R1 > R2 la sèrie
completa no convergeix enlloc. Si R1 = R2 no es pot afirmar res en general, la
corona es redueix a una circumferència on la sèrie completa pot convergir o no
(o fer-ho en alguns punts i no en altres).

Si S(z) =
P1

n=0 an(z � z0)
n en el seu disc de convergència, podem buscar

la sèrie de Taylor de S(z) convergent en aquest disc. Similarment, si S(z) =
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convergència absoluta

z0

R2
�

�
�
� 

convergència uniforme (i absoluta)

R1HHY

Figure 4.6: Regió de convergència de la sèrie
P1

n=�1 an(z � z0)
n quan R1 < R2.

P1
n=�1 an(z � z0)

n en la seva corona de convergència, podem buscar la sèrie
de Laurent de S(z) convergent en aquesta corona. Podem preguntar-nos quina
relació hi ha entre aquestes sèries i les originals. El teorema següent afirma que
són les mateixes.

Teorema 4.12 (Unicitat) Si S(z) =
P1

n=�1An(z�z0)
n en una corona centrada

a z0 (com la de la figura 4.6), aleshores
P1

n=�1An(z�z0)
n és la sèrie de Laurent

de S(z) en aquesta regió.

Demostració: Usem el teorema 4.9 (generalitzat per sèries de
potències positives i negatives de z � z0) amb

g(z) =
1

2⇡i

1

(z � z0)m+1
.

Tenim

1

2⇡i

I

C

S(z) dz

(z � z0)m+1
=

1X

n=�1
An

1

2⇡i

I

C

(z � z0)
ndz

(z � z0)m+1
,

on C és un contorn tancat (que envolta z0) contingut a la corona on la
sèrie convergeix. D’acord amb el teorema 4.4, la integral de l’esquerra
és el coeficient am de la sèrie de Laurent de S(z). Similarment, la
integral de la dreta és el coeficient am de la sèrie de Laurent de la
funció (z � z0)

n. Òbviament, aquest coeficient només és diferent de
zero si m = n i, en aquest cas, el seu valor és 1. La integral de la
dreta és, per tant, �mn. Tenim, doncs,

am =
1X

n=�1
An�nm = Am .
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Figura 3.15: Contorn poligonal emprat en la demostració del teorema 3.18

Considerem un entorn E0 def
= Ed(z0), on d és menor que la distància

mı́nima entre la poligonal i la frontera de D (si D és tot el pla
complex, d és qualsevol nombre real). Això assegura que E0 ⊂ D.

Siguin z1, z2, . . . , zn = w una col·lecció finita de punts de la poligonal,
tals que |zk − zk−1| < d (això és possible perquè la longitud de la
poligonal és finita), i considerem entorns Ek de radi d centrats en
cadascun dels punts zk (l’elecció del radi d garanteix que tots els Ek
són dins de D).

Amb aquesta construcció tenim zk ∈ Ek−1, és a dir, cadascun dels
punts zk és dins l’entorn del punt precedent. Llavors, si a z0 hi
ha el màxim de |f | a D, aquesta funció és constant a E0 com hem
vist més amunt i, en particular, |f(z1)| = |f(z0)|, ja que z1 ∈ E0.
Per tant, a z1 també hi ha el màxim de |f | a D i aquesta funció
també ha de ser constant a E1. El seu valor en aquest entorn és
|f(z)| = |f(z1)| = |f(z0)|,∀z ∈ E1 i, en particular, |f(z2)| = |f(z0)|,
ja que z2 ∈ E1. Si reiterem aquest raonament arribem, després d’un
nombre finit de passos, a |f(w)| = |f(z0)| i com que w és un punt
qualsevol de D, concloem que |f | té el valor constant |f(z0)| a tot D.

Per tant, |f | no pot tenir un màxim a D si no és una funció constant.

⋄
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Corol·lari 3.19 Si f(z) és anaĺıtica i no constant en un domini D (obert i
connex), i R és un subconjunt tancat i fitat (compacte) de D, aleshores el màxim
de |f(z)| a R s’assoleix en algun punt de la frontera de R, no al seu interior.

Teorema 3.20 (Mòdul mı́nim) Si f(z) és anaĺıtica en un domini D (obert i
connex) i f(z) ̸= 0 a D, aleshores |f(z)| no té mı́nim a D, llevat que |f(z)| sigui
constant.

Demostració: Com que la funció 1/f(z) també és anaĺıtica a D,
d’acord amb el teorema 3.18, la funció 1/|f(z)| no pot tenir màxim
a D si no és constant. Per tant, |f(z)| no pot tenir mı́nim a D si no
és constant.

⋄

Corol·lari 3.21 Si f(z) és anaĺıtica, no nul·la i no constant en un domini D
(obert i connex), i R és un subconjunt tancat i fitat (compacte) de D, aleshores
el mı́nim de |f(z)| a R s’assoleix en algun punt de la frontera de R, no al seu
interior.

Exemple 3.7 Determinem el valor màxim de |f(z)| a la regió |z − 1| ≤ 1, on
f(z) = z2 − z. D’acord amb el corol·lari 3.19, el màxim de |f(z)| s’assoleix en
algun punt del cercle |z−1| = 1, els punts de la qual són de la forma z = 1+eiθ,
on θ ∈ [0, 2π]. En aquests punts tenim

f(z) =
(
1 + eiθ

)2 − (1 + eiθ) = eiθ(1 + eiθ)

i, per tant,
|f(z)| = |1 + eiθ| = (2 + 2 cos θ)1/2 .

El valor màxim de |f(z)| s’assoleix quan θ = 0, que correspon al punt z = 2 del
cercle. Tenim, doncs,

|f(z)|màx = |f(2)| = 2.

3.5 Problemes

P3.1 A partir de la definició d’integral en el pla complex, trobeu la integral
al llarg de la cincumferència |z| = 1, recorreguda en sentit antihorari, de
les funcions següents:
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(a) Re z

(b) zp, on p ∈ Z
(c) log z, branca −π ≤ θ < π

(d)
√
z, on θ0 ≤ θ < θ0 + 2π.

P3.2 Sense utilitzar el teorema de Cauchy-Goursat, calculeu
∮
C
(3z + i) dz,

on C és el contorn triangular de la figura 3.16.

<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i
<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1 <latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="5NFp4HvzTwYfAcBchEFt/0DSE80=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJlCq64suHFZ0V6gHUomzbShmcyQZIQy9BHcuFDErY/jyoXg09T0stDWHwIf/38OOed4EWdK2/a3lVpZXVvfSG9mtrZ3drO5vf26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB9SRvPFCpWCju9TCiboB7gvmMYG2su+IZ6+TydsGeCi2DM4f81fjw43L8la12cp/tbkjigApNOFaq5diRdhMsNSOcjjLtWNEIkwHu0ZZBgQOq3GQ66gidGKeL/FCaJzSaur87EhwoNQw8Uxlg3VeL2cT8L2vF2r9wEyaiWFNBZh/5MUc6RJO9UZdJSjQfGsBEMjMrIn0sMdHmOhlzBGdx5WWoFwtOuVC6tfOVMsyUhiM4hlNw4BwqcANVqAGBHjzCM7xY3HqyXq23WWnKmvccwB9Z7z9bApGW</latexit>

2 + i
<latexit sha1_base64="uMpqYT8GkTWzzP2fy4EQFxsvXyc=">AAAB6nicbZDLSgMxFIbP1Futl466cOEmWARBKDOCVVcW3LisaC/QDiWTZtrQTGZIMkIZ+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHP8mDOlHefbyiwtr6yuZddzG5tb23l7Z7emokQSWiURj2TDx4pyJmhVM81pI5YUhz6ndb9/Pc7rD1QqFol7PYipF+KuYAEjWBvrzj1hbbvgFJ2J0CK4MyhcjfY/Lkdf+Urb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpZNRh+jIOB0URNI8odHE/d2R4lCpQeibyhDrnprPxuZ/WTPRwYWXMhEnmgoy/ShIONIRGu+NOkxSovnAACaSmVkR6WGJiTbXyZkjuPMrL0LttOiWime3TqFcgqmycACHcAwunEMZbqACVSDQhUd4hheLW0/Wq/U2Lc1Ys549+CPr/QdZfJGV</latexit>

1 + i

Figura 3.16: Contorn d’integració del problema P3.2

P3.3 A partir de la definició d’integral en el pla complex, comproveu que

∫ z2

z1

z dz =
z22
2

− z21
2
.

P3.4 Calculeu:

(a)

∫

Ci

2 + z

z
dz,

on Ci (i = 1, 2) són els contorns semicirculars de la figura 3.17.

(b)

∫

C

(z∗)2 dz,

on C és el cercle |z − 1| = 1 , en sentit antihorari.

(c)

∫

C

dz

z − 2
,

on C és el cercle |z − 2| = 4 , en sentit antihorari.

P3.5 Demostreu, amb la primera fórmula integral de Cauchy, que si C és la
circumferència |z| = 2, per a tot k ∈ Z es compleix

∮

C

ei2πkz

z − 1
dz = 2πi.
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<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i
<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1 <latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="5NFp4HvzTwYfAcBchEFt/0DSE80=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJlCq64suHFZ0V6gHUomzbShmcyQZIQy9BHcuFDErY/jyoXg09T0stDWHwIf/38OOed4EWdK2/a3lVpZXVvfSG9mtrZ3drO5vf26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB9SRvPFCpWCju9TCiboB7gvmMYG2su+IZ6+TydsGeCi2DM4f81fjw43L8la12cp/tbkjigApNOFaq5diRdhMsNSOcjjLtWNEIkwHu0ZZBgQOq3GQ66gidGKeL/FCaJzSaur87EhwoNQw8Uxlg3VeL2cT8L2vF2r9wEyaiWFNBZh/5MUc6RJO9UZdJSjQfGsBEMjMrIn0sMdHmOhlzBGdx5WWoFwtOuVC6tfOVMsyUhiM4hlNw4BwqcANVqAGBHjzCM7xY3HqyXq23WWnKmvccwB9Z7z9bApGW</latexit>

2 + i
<latexit sha1_base64="uMpqYT8GkTWzzP2fy4EQFxsvXyc=">AAAB6nicbZDLSgMxFIbP1Futl466cOEmWARBKDOCVVcW3LisaC/QDiWTZtrQTGZIMkIZ+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHP8mDOlHefbyiwtr6yuZddzG5tb23l7Z7emokQSWiURj2TDx4pyJmhVM81pI5YUhz6ndb9/Pc7rD1QqFol7PYipF+KuYAEjWBvrzj1hbbvgFJ2J0CK4MyhcjfY/Lkdf+Urb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpZNRh+jIOB0URNI8odHE/d2R4lCpQeibyhDrnprPxuZ/WTPRwYWXMhEnmgoy/ShIONIRGu+NOkxSovnAACaSmVkR6WGJiTbXyZkjuPMrL0LttOiWime3TqFcgqmycACHcAwunEMZbqACVSDQhUd4hheLW0/Wq/U2Lc1Ys549+CPr/QdZfJGV</latexit>

1 + i

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="mm4VdjOqZgpWLmIjVS/CbSFlwIo=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3eakC4=</latexit>

C3

<latexit sha1_base64="7D3RfkbvZ9CZdn3N2UvO2j4mW+A=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3kekC8=</latexit>

C4

<latexit sha1_base64="kbDF/hUfUW5TOFQOqTou9Gszk1M=">AAAB7nicbVDJSgNBEK2JW4xbXG5eGoPgxTAjGD0GcvEYwSyQDKGn05M06ekeunuUMOQjvHiIiuDJ7/Hmp3izsxw08UHB470qquoFMWfauO6Xk1lZXVvfyG7mtrZ3dvfy+wd1LRNFaI1ILlUzwJpyJmjNMMNpM1YURwGnjWBQmfiNe6o0k+LODGPqR7gnWMgINlZqVDqpOPdGnXzBLbpToGXizUmhfPRdeH95GFc7+c92V5IkosIQjrVueW5s/BQrwwino1w70TTGZIB7tGWpwBHVfjo9d4ROrdJFoVS2hEFT9fdEiiOth1FgOyNs+nrRm4j/ea3EhNd+ykScGCrIbFGYcGQkmvyOukxRYvjQEkwUs7ci0scKE2MTytkQvMWXl0n9ouiVipe3No0SzJCFYziBM/DgCspwA1WoAYEBPMIYnp3YeXJenbdZa8aZzxzCHzgfP78hkt8=</latexit>

Cn�1

<latexit sha1_base64="iOpSGBu8JDHG1uOqRQi+yCjPmTA=">AAAB7HicbVBNS8NAEJ3Ur9r6UfXYy2IRPJVEsHos9KDHCqYttKFsNpt26WYTdjdCCf0NXjxYxKv/xD/gzX/jtulBWx8MPN6bYWaen3CmtG1/W4Wt7Z3dveJ+qXxweHRcOTntqDiVhLok5rHs+VhRzgR1NdOc9hJJceRz2vUnrYXffaJSsVg86mlCvQiPBAsZwdpIbmuYidmwUrPr9hJokzgrUmuW7+bVz17QHla+BkFM0ogKTThWqu/YifYyLDUjnM5Kg1TRBJMJHtG+oQJHVHnZ8tgZujBKgMJYmhIaLdXfExmOlJpGvumMsB6rdW8h/uf1Ux3eehkTSaqpIPmiMOVIx2jxOQqYpETzqSGYSGZuRWSMJSba5FMyITjrL2+SzlXdadSvH0waDchRhCqcwyU4cANNuIc2uECAwTO8wtwS1ov1Zr3nrQVrNXMGf2B9/ACVfpF1</latexit>

Cn

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="mm4VdjOqZgpWLmIjVS/CbSFlwIo=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3eakC4=</latexit>

C3

<latexit sha1_base64="7D3RfkbvZ9CZdn3N2UvO2j4mW+A=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSFrrEKI8EGjKdTmHCdNrMTE1Iwye4caEhbv0Vf8Cdf+MUWCh4kpucnHNv7r3HizlT2ra/rdzG5tb2Tn63UNzbPzgsHR23VZRIQlsk4pHselhRzgRtaaY57caS4tDjtOONG5nfeaJSsUg86klM3RAPBQsYwdpID43B5aBUsav2HGidOEtSqRdvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDm7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10n7ourUqlf3Jo0aLJCHMpzCOThwDXW4gya0gMAQnuEV3ixuvVgz633RmrOWMyfwB9bHD3kekC8=</latexit>

C4

<latexit sha1_base64="kbDF/hUfUW5TOFQOqTou9Gszk1M=">AAAB7nicbVDJSgNBEK2JW4xbXG5eGoPgxTAjGD0GcvEYwSyQDKGn05M06ekeunuUMOQjvHiIiuDJ7/Hmp3izsxw08UHB470qquoFMWfauO6Xk1lZXVvfyG7mtrZ3dvfy+wd1LRNFaI1ILlUzwJpyJmjNMMNpM1YURwGnjWBQmfiNe6o0k+LODGPqR7gnWMgINlZqVDqpOPdGnXzBLbpToGXizUmhfPRdeH95GFc7+c92V5IkosIQjrVueW5s/BQrwwino1w70TTGZIB7tGWpwBHVfjo9d4ROrdJFoVS2hEFT9fdEiiOth1FgOyNs+nrRm4j/ea3EhNd+ykScGCrIbFGYcGQkmvyOukxRYvjQEkwUs7ci0scKE2MTytkQvMWXl0n9ouiVipe3No0SzJCFYziBM/DgCspwA1WoAYEBPMIYnp3YeXJenbdZa8aZzxzCHzgfP78hkt8=</latexit>

Cn�1

<latexit sha1_base64="iOpSGBu8JDHG1uOqRQi+yCjPmTA=">AAAB7HicbVBNS8NAEJ3Ur9r6UfXYy2IRPJVEsHos9KDHCqYttKFsNpt26WYTdjdCCf0NXjxYxKv/xD/gzX/jtulBWx8MPN6bYWaen3CmtG1/W4Wt7Z3dveJ+qXxweHRcOTntqDiVhLok5rHs+VhRzgR1NdOc9hJJceRz2vUnrYXffaJSsVg86mlCvQiPBAsZwdpIbmuYidmwUrPr9hJokzgrUmuW7+bVz17QHla+BkFM0ogKTThWqu/YifYyLDUjnM5Kg1TRBJMJHtG+oQJHVHnZ8tgZujBKgMJYmhIaLdXfExmOlJpGvumMsB6rdW8h/uf1Ux3eehkTSaqpIPmiMOVIx2jxOQqYpETzqSGYSGZuRWSMJSba5FMyITjrL2+SzlXdadSvH0waDchRhCqcwyU4cANNuIc2uECAwTO8wtwS1ov1Zr3nrQVrNXMGf2B9/ACVfpF1</latexit>

Cn

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit>. . .

<latexit sha1_base64="oEQlIZp6uuSmEnC1AhAhpcPravY=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO6dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86qZKq</latexit> ..
.

Figura 3.17: Contorns del problema P3.4.

P3.6 Utilitzeu la segona fórmula de la integral de Cauchy per calcular

∮

C

cosh z

z4
dz,

on C és un contorn tancat que té l’origen al seu interior.

P3.7 Si p ∈ Z, C és un contorn tancat i z0 és interior a C, demostreu la
igualtat següent:

∮

C

(z − z0)
p dz =





0, si p > −1
2πi, si p = −1
0, si p < −1.

P3.8 Demostreu que si f(z) anaĺıtica a z = 0,

∫ 2π

0

f(eiθ) cos θ dθ = πf ′(0).

P3.9 Demostreu que
1

2πi

∮

C

ezt

z2 + 1
dz = sin t,

on C és la circumferència |z| = 3 recorreguda en sentit antihorari.

P3.10 Sigui z = x+ iy = reiθ. Considereu la branca del logaritme

log z = log r + iθ, θ ∈ [0, 2π).

Trobeu el valor màxim de | log z| a la regió limitada pel quadrat de vèrtexs
1, 2, 1 + i i 2 + i.

P3.11 Aplicant la primera fórmula integral de Cauchy avalueu la integral

∫

C

cos z

z
dz,
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on C és la circumferència de radi 1 centrada a l’origen i recorreguda en
sentit antihorari. Després, avaleu directament la mateixa integral para-
metritzant el contorn. A partir d’aquest resultat dedüıu que

∫ 2π

0

cos(cos t) cosh(sin t) dt = 2π.

P3.12 (a) Sigui D un conjunt obert no fitat de C. És vàlid el teorema de
Liouville a D? És a dir, si f : D → C és una funció anaĺıtica fitada,
aleshores f(z) ha de ser constant?

(b) Existeix una funció entera f tal que Im f sigui fitada i f(n) = i/n,
per a tot n ∈ Z, n ̸= 0?

(c) Existeix una funció entera tal que limz→∞ f(z) = 0 i f(0) = 1?

(d) Si f és doblement periòdica, f(z + 1) = f(z) i f(z + i) = f(z) per a
tot z ∈ C, i no és constant, pot ser anaĺıtica a |z| < 2?

P3.13 Suposeu que f(z) és una funció entera. Demostreu que

(a) si |f(z)| ≤ eRe(z) per a tot z aleshores f(z) = cez per a alguna
constant c.

(b) si f no és constant, la imatge de C, f(C), és densa a C. És a dir, per
a tot w ∈ C i per a tot ϵ > 0, existeix z ∈ C tal que |f(z)− w| < ϵ.
En paraules, arbitràriament a prop d’un nombre complex qualsevol
existeix la imatge per f d’un altre nombre complex.

(c) si |f(z) + f ′(z)| és fitada, necessàriament f(z) = ae−z + b, on a i b
són constants.

P3.14 Inspirant-vos en l’exemple 3.6, demostreu, a partir del teorema de mòdul
màxim, que si f = u+ iv és anaĺıtica en un domini (obert i connex) D,
ni u ni v poden assolir el seu màxim a D llevat que siguin constants.
Això és important perquè demostra que les funcions harmòniques (que
obeeixen l’equació de Laplace ∂2u/∂x2+∂2u/∂y2 = 0) també satisfan un
“teorema del mòdul màxim”, del qual se segueix, per exemple, el teorema
d’unicitat de les solucions de l’equació de Laplace.

P3.15 Sigui f(z) anaĺıtica i no constant en el domini (obert i connex) que conté
la corona circular A = {z ∈ C : 1 < |z| < 4}. Suposem també que
|f(z)| ≤ 1 quan |z| = 1 i |f(z)| ≤ 16 quan |z| = 4. Determineu si és
possible que |f(

√
2 + i)| = 3 (suggeriment: considereu g(z) = f(z)/z2).
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Solucions

S3.1 (a) iπ

(b)

{
0 per p ̸= −1
2πi per p = −1

(c) −2πi

(d) −3

4
e3iθ0/2

S3.2 La integral de la funció f(z) = 3z + i entre els punts 1 i i és −(4 + i),
entre els punts i i −1 és 4− i, i entre els punts −1 i 1, és 2i.

∮
C
f(z) dz és

la suma d’aquests tres resultats i el seu valor és 0, tal com ens garanteix
el teorema de Cauchy-Goursat.

S3.3 La funció f(z) = z és anaĺıtica a tot el pla complex. Per tant, la integral
entre dos punts qualssevol z1 i z2 no depèn del camı́ escollit, tal com
ens assegura el lema 3.5. Per calcular aquesta integral podem, doncs,
escollir un camı́ qualsevol. Per exemple, el camı́ rectilini entre els dos
punts parametritzat per

z(t) = z1 + (z2 − z1) t,

on t ∈ [0, 1] és un paràmetre real. Si diferenciem trobem dz = (z2−z1) dt,
i la integral es redueix a la integral d’un polinomi de variable real amb
coeficients complexos,

∫ z2

z1

z dz =

∫ 1

0

[z1 + (z2 − z1)t] (z2 − z1) dt

= z1 (z2 − z1) +
(z2 − z1)

2

2
=

z22
2

− z21
2
.

Alternativament, podem usar el “teorema fonamental del càlcul” (3.9).
Una primitiva de f(z) = z és G(z) = z2/2, amb la qual cosa

∫ z2

z1

f(z)dz = G(z2)−G(z1) =
z22
2

− z21
2

independentment del camı́ que va de z1 a z2.

S3.4 (a) Si parametritzem C1 amb z(θ) = 2eiθ, θ ∈ [0, π], dz = 2eiθidθ,
obtenim

∫
C1
[(2 + z)/z] dz = −4 + 2πi.

Similarment,
∫
C2
[(2 + z)/z] dz = −4− 2πi.

(b) 4πi (c) 2πi.
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S3.5 Notem que el punt z = 1 fa el paper de z0 a la primera fórmula integral
de Cauchy i que aquest punt és a l’interior del contorn C. Per tant,
podem aplicar directament la fórmula amb f(z) = ei2πkz. El resultat és

∮

C

ei2πkz

z − 1
dz = 2πi f(1) = 2πiei2πk = 2πi,

ja que k és enter.

S3.6 Usem la segona fórmula integral de Cauchy amb f(z) = cosh z i z0 = 0.
Com que al denominador hi ha la 4a potència de z, tenim

∮

C

cosh z

z4
dz =

2πi

3!
[cosh′′′(z)]z=0 =

2πi

3!
sinh(0) = 0.

S3.7 Si p > −1, l’integrand és una funció anaĺıtica a tot el pla complex. Per
tant, la seva integral sobre un contorn tancat és 0.

Si p = −1, tenim la integral
∮

C

1

z − z0
dz,

amb z0 a l’interior de C. Apliquem la primera fórmula integral de
Cauchy amb f(z) = 1 i obtenim

∮
C

1
z−z0 dz = 2πi f(z0) = 2πi.

Si p < −1, apliquem la segona fórmula integral de Cauchy amb f(z) = 1
tenim

∮

C

(z − z0)
p dz =

∮

C

1

(z − z0)−p
dz =

2πi

(−p− 1)!
f (−p−1)(z0) = 0,

ja que, en ser f(z) constant, la seva derivada d’ordre (−p− 1) és 0.

S3.8 Aqúı es tracta de convertir aquesta integral real d’una funció complexa
en una integral sobre algun contorn tancat C del pla complex, per poder
utilitzar les fórmules integrals de Cauchy. Com que integrem respecte de
θ entre 0 i 2π, ens convé que C sigui un cercle centrat a l’origen. Prenem
el cercle |z| = 1 i el parametritzem z(θ) = eiθ, θ ∈ [0, 2π]. Tenim, doncs,
dz = eiθi dθ, que també podem escriure com

dθ =
dz

iz
.

Si expressem z(θ) en forma trigonomètrica, z(θ) = cos θ + i sin θ, veiem
que

cos θ =
z(θ) + 1/z(θ)

2
,
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ja que e−iθ = 1/eiθ. Per tant,

I
def
=

∫ 2π

0

f(eiθ) cos θ dθ =

∫

C

f(z)

(
z + 1/z

2

)
dz

iz
.

El primer sumand de la integral és una funció anaĺıtica (ja que f(z) ho
és per hipòtesi) i la seva integral és zero, d’acord amb el teorema de
Cauchy-Goursat. Aix́ı doncs,

I =
1

2i

∫

C

f(z)

z2
dz =

1

2i
2πif ′(0) = πf ′(0),

on hem utilitzat la segona fórmula integral de Cauchy.

S3.9 El més pràctic és expressar 1/(z2+1) com una suma de fraccions simples,

1

1 + z2
=

A

z − i
+

B

z + i
.

Si sumem aquestes fraccions trobem

A

z − i
+

B

z + i
=

(A+B)z + (A−B)i

z2 + 1
.

Per tant, A+B = 0 i A−B = −i, és a dir, A = −i/2 i B = i/2. Llavors
tenim,

1

2πi

∫

C

ezt

z2 + 1
dz =

1

2πi

i

2

∫

C

[−ezt

z − i
+

ezt

z + i

]
dz

=
1

4π

[∫

C

−ezt

z − i
dz +

∫

C

ezt

z + i
dz

]
.

Com que els punts z = ±i són a l’interior de C, podem utilitzar la
primera fórmula integral de Cauchy a cadascun dels sumands i obtenim

1

2πi

∫

C

ezt

z2 + 1
dz =

1

4π

[
−2πi eit + 2πi e−it

]
=

eit − e−it

2i
= sin t.

S3.10 La branca de log z que estem considerant és anaĺıtica en el quadrat de la
figura 3.18. Per tant, d’acord amb el teorema del mòdul màxim, | log z| (i
també | log z|2) assoleix el seu valor màxim sobre el peŕımetre del quadrat,
no al seu interior. Per comoditat, analitzarem els valors de | log z|2 sobre
cadascun dels costats. Si z = reiθ = x+ iy, la funció | log z|2 s’expressa

| log z|2 = (log r)2 + θ2 =

[
1

2
log(x2 + y2)

]2
+
[
arctan

y

x

]2
.

Analitzem cada costat del quadrat:
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<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i
<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1 <latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="jKDVeYrJpytvdAySKvGjhmN2k6I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVe1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxVOQng==</latexit>

2

<latexit sha1_base64="5NFp4HvzTwYfAcBchEFt/0DSE80=">AAAB6nicbZDLSgMxFIbP1Futl1ZduHATLIIglJlCq64suHFZ0V6gHUomzbShmcyQZIQy9BHcuFDErY/jyoXg09T0stDWHwIf/38OOed4EWdK2/a3lVpZXVvfSG9mtrZ3drO5vf26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB9SRvPFCpWCju9TCiboB7gvmMYG2su+IZ6+TydsGeCi2DM4f81fjw43L8la12cp/tbkjigApNOFaq5diRdhMsNSOcjjLtWNEIkwHu0ZZBgQOq3GQ66gidGKeL/FCaJzSaur87EhwoNQw8Uxlg3VeL2cT8L2vF2r9wEyaiWFNBZh/5MUc6RJO9UZdJSjQfGsBEMjMrIn0sMdHmOhlzBGdx5WWoFwtOuVC6tfOVMsyUhiM4hlNw4BwqcANVqAGBHjzCM7xY3HqyXq23WWnKmvccwB9Z7z9bApGW</latexit>

2 + i
<latexit sha1_base64="uMpqYT8GkTWzzP2fy4EQFxsvXyc=">AAAB6nicbZDLSgMxFIbP1Futl466cOEmWARBKDOCVVcW3LisaC/QDiWTZtrQTGZIMkIZ+ghuXCji1sdx5ULwaWp6WWjrD4GP/z+HnHP8mDOlHefbyiwtr6yuZddzG5tb23l7Z7emokQSWiURj2TDx4pyJmhVM81pI5YUhz6ndb9/Pc7rD1QqFol7PYipF+KuYAEjWBvrzj1hbbvgFJ2J0CK4MyhcjfY/Lkdf+Urb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpZNRh+jIOB0URNI8odHE/d2R4lCpQeibyhDrnprPxuZ/WTPRwYWXMhEnmgoy/ShIONIRGu+NOkxSovnAACaSmVkR6WGJiTbXyZkjuPMrL0LttOiWime3TqFcgqmycACHcAwunEMZbqACVSDQhUd4hheLW0/Wq/U2Lc1Ys549+CPr/QdZfJGV</latexit>

1 + i

Figura 3.18: Regió del problema P3.10.

Costat 1 → 2: r creix i θ = 0; per tant, | log z|2 = (log r)2 creix quan
ens movem de z = 1 a z = 2.

Costat 2 → 2 + i: r i θ creixen; per tant, | log z|2 = (log r)2 + θ2 creix
quan ens movem de z = 2 a z = 2 + i.

Costat 1 → 1 + i: r i θ creixen; per tant, | log z|2 = (log r)2 + θ2 creix
quan ens movem de z = 1 a z = 1 + i.

Costat 1 + i → 2 + i: r creix i θ decreix. En aquest segment tenim

| log z|2 =
[
1

2
log(x2 + 22)

]2
+

[
arctan

2

x

]2
, x ∈ [1, 2].

Si derivem aquesta funció obtenim
{[

1

2
log(x2 + 12)

]2
+

[
arctan

1

x

]2}′
=

x− 1

x2 + 1
≥ 0, si x ∈ [1, 2],

i, per tant, | log z|2 també creix quan ens movem de z = 1+i a z = 2+i.

Aix́ı doncs, | log z|2 i | log z| assoleixen el valor màxim en el vèrtex z =
2 + i del quadrat, i aquests valors són

| log(2 + i)|2 =
(
log 5

4

)2

+

(
arctan

1

2

)2

,

| log(2 + i)| =

[(
log 5

4

)2

+

(
arctan

1

2

)2
]1/2

.

S3.11 Si apliquem la fórmula integral de Cauchy a f(z) = cos z obtenim

1 = cos 0 =
1

2πi

∫

C

cos z

z − 0
dz.

Per tant, ∫

C

cos z

z
dz = 2πi.
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Sobre el contorn C tenim z(t) = eit, 0 ≤ t ≤ 2π, dz = ieitdt. Si ho
substitüım a la integral que volem avaluar directament tenim

∫

C

cos z

z
dz =

∫ 2π

0

cos (eit)

eit
ieitdt = i

∫ 2π

0

cos (cos t+ i sin t)dt

= i

∫ 2π

0

[cos (cos t) cos (i sin t)− sin (cos t) sin (i sin t)]dt

= i

∫ 2π

0

cos (cos t) cosh (sin t)dt+ nombre real.

Si ho igualem a l’altra expressió de la integral obtenim el resultat desitjat.

S3.12 (a) La resposta és, en general, negativa. Això és degut al fet que la
demostració del teorema de Liouville s’obté fent r → ∞ dins deD i, llevat
que D = C, això no és possible. Com a contraexemple, observem que
f(z) = e−z és fitada i és anaĺıtica a la meitat dreta del pla C (Re z > 0)
però no és constant.

(b) No existeix. Considerem la funció entera g(z)
def
= e−if(z). Observem

que |g(z)| = eIm f(z) és fitada si Im f(z) ho és. Pel teorema de Liouville,
g(z) ha de ser constant i, per tant, f(z) també ho ha de ser. Això és
incompatible amb la condició f(n) = i/n.

(c) No existeix. Si f és anaĺıtica també és cont́ınua i dins de qualsevol
disc |z| ≤ R el seu mòdul ha de ser fitat, |f(z)| < MR. D’altra banda,
per a tot ϵ > 0 existeix Rϵ > 0 tal que |f(z)| < ϵ si |z| > Rϵ, ja
que limz→∞ f(z) = 0. Escollint, per exemple, ϵ = 1, tenim |f(z)| <
max{1,MR1} per a tot z ∈ C. Aplicant el teorema de Liouville dedüım
que f(z) = c (constant) i la condició f(0) = 1 ens diu que c = 1. Per tant,
f(z) = 1 a tot C i això és incompatible amb el fet que limz→∞ f(z) = 0.

(d) Si f(z) fos anaĺıtica a |z| < 2 també ho seria al quadrat 0 ≤ Re z ≤ 1,
0 ≤ Im z ≤ 1. La doble periodicitat de f(z) implica que també seria
anaĺıtica a m ≤ Re z ≤ m + 1, n ≤ Im z ≤ n + 1, per a tot m,n ∈ Z i,
per tant, seria anaĺıtica en tot el pla complex. D’altra banda, f(z) seria
fitada sobre 0 ≤ Re z ≤ 1, 0 ≤ Im z ≤ 1, ja que és cont́ınua. Existiria,
doncs, M tal que |f(z)| ≤ M en aquest quadrat, però, novament, la
periodicitat ens diu que la mateixa M seria una fita de |f(z)| en tot el
pla complex. Llavors, el teorema de Liouville ens diu que f(z) hauria de
ser constant i, com que l’enunciat ens diu que no ho és, f(z) no pot ser
anaĺıtica a |z| < 2.

S3.13 (a) Observem que |f(z)| ≤ eRe z = |ez|. Estem, doncs, en la situació del
primer exemple 3.6 i tenim, per tant, que f(z) = cez.
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(b) Si f(C) no fos densa a C, existirien w ∈ C i ϵ > 0 tals que per a tot
z ∈ C tindŕıem |f(z) − w| > ϵ i, per tant, f(z) ̸= w per a tot z. Aix́ı
doncs, la funció

g(z) =
1

f(z)− w

seria anaĺıtica a tot C i, alhora,

|g(z)| = 1

|f(z)− w| <
1

ϵ
.

Llavors, pel teorema de Liouville f(z) seria constant. Això és una con-
tradicció i, per tant, hem de concloure que f(C) és densa a C.
(c) Sigui g(z) = f ′(z)+ f(z). D’una banda, tenim que g(z) és entera, ja
que tant f(z) com f ′(z) (i de fet qualsevol de les derivades de f) ho són.
De l’altra, |g(z)| ≤ M per a alguna constant M > 0. Llavors, el teorema
de Liouville ens diu que g(z) = b (constant), és a dir, f ′(z) + f(z) = b.
Si multipliquem per ez tenim

d

dz
[ezf(z)] = ezf ′(z) + ezf(z) = bez.

Això ens diu que ezf(z) és una primitiva de bez i, per tant, ezf(z) =
bez + a, és a dir,

f(z) = ae−z + b,

on a ∈ C és una constant arbitrària.

S3.14 Com hem fet a l’exemple 3.6, considerem la funció g(z) = ef(z) que també
és anaĺıtica a D i satisfà |g(z)| = eu(x,y). Llavors, només cal aplicar el
teorema del mòdul màxim a g i recordar que ex (x ∈ R) és una funció
estrictament creixent.

Per obtenir el mateix resultat per v només cal considerar, tal com hem
fet en el problema P3.12 (b), la funció g(z) = e−if(z).

S3.15 Si f(z) és anaĺıtica a la corona circular A, també ho és la funció g(z) =
f(z)/z2. Les circumferències |z| = 1 i |z| = 4 són la frontera d’A i
observem que sobre elles |g(z)| ≤ 1. Llavors, el teorema del mòdul màxim
ens assegura que |g(z)| < 1, si z ∈ A. D’altra banda, |

√
2+ i| =

√
3 (és a

dir,
√
2 + i ∈ A), però |g(

√
2 + i)| = 1 ̸< 1. Aquest resultat contradiu el

teorema del mòdul màxim i, per tant, no és possible que |f(
√
2+ i)| = 3.
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4 Sèries

4.1 Successions i sèries de funcions

Sèries numèriques

El concepte sèrie fa referència a la suma dels infinits termes d’una successió. En
general, aquesta suma és amb́ıgua i no sempre existeix. La manera de donar-
li sentit és definir-la com el ĺımit (si existeix) de la successió de “sumes par-
cials”. Més concretament, si {an} és una successió de nombres reals o complexos,
definim ∞∑

k=1

ak
def
= lim{Sn}, on Sn =

n∑

k=1

ak.

Si aquest ĺımit existeix, diem que la sèrie
∑∞

k=1 ak és sumable o convergent1

i que la seva suma és S = lim{Sn}, i ho expressem
∑∞

k=1 ak = S. Si lim{Sn} no
existeix, diem que la sèrie

∑∞
k=1 ak no és sumable o que és divergent.

Diem que la sèrie
∑∞

k=1 ak és absolutament convergent si la sèrie
∑∞

k=1 |ak|
és convergent.

Recordem algunes propietats de les sèries de nombres reals:

1)
∑∞

k=1 ak convergent ⇒ lim{an} = 0.

2)
∑∞

k=1 ak absolutament convergent ⇒∑∞
k=1 ak convergent.

3) Criteri de comparació: si bk > ak > 0

∞∑

k=1

bk convergent ⇒
∞∑

k=1

ak convergent.

4) Criteris del quocient i de l’arrel: si α = lim {|an+1/an|}, o α = lim{n
√

|an| },
aleshores si α < 1 la sèrie

∑∞
k=1 ak és absolutament convergent (i, per

tant, convergent), si α > 1 la sèrie és divergent, i si α = 1 els criteris no
decideixen.

Considerem ara les sèries de nombres complexos. Si {zn} = {xn + iyn} és
una successió de nombres complexos, la sèrie

∑∞
k=1 zk és convergent i la seva

suma és S = a+ ib si existeix S = lim{Sn}, on Sn =
∑n

k=1 zk. D’altra banda, si

1Estrictament, el que és sumable és la successió {an} i el que és convergent és la successió
{Sn}, però ambdues coses volen dir el mateix, per definició.
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Xn =
∑n

k=1 xk i Yn =
∑n

k=1 yk, com que Sn = Xn + iYn tenim, d’acord amb el
teorema 1.3,

{Sn} → S = a+ ib ⇔
{
{Xn} → a

{Yn} → b.

És a dir, una sèrie de nombres complexos és convergent si i només si la sèrie
de les parts reals i la de les parts imaginàries (ambdues de nombres reals) són
convergents.

Teorema 4.1 (Convergència absoluta) Si zn = xn + iyn, la sèrie
∑∞

k=1 zk és
absolutament convergent si i només si les sèries

∑∞
k=1 xk i

∑∞
k=1 yk són absolu-

tament convergents.

Demostració:

(⇒) Notem que |xk|, |yk| ≤ |zk| i apliquem el criteri de comparació.

(⇐) Notem que |zk| ≤ |xk|+ |yk| i apliquem el criteri de comparació.

⋄

Les propietats de les sèries de nombres reals s’estenen trivialment a les de
nombres complexos. Aix́ı, tenim,

1)
∑∞

k=1 zk convergent ⇒ lim{zn} = 0, ja que

∞∑

k=1

zk conv. ⇔
{∑∞

k=1 xk conv.
∑∞

k=1 yk conv.

}
⇒
{
{xn} → 0

{yn} → 0

}
⇔ {zn} → 0.

2)
∑∞

k=1 zk absolutament convergent ⇒∑∞
k=1 zk convergent, ja que

∞∑

k=1

|zk| conv. ⇔
{∑∞

k=1 |xk| conv.
∑∞

k=1 |yk| conv.

}

⇒
{∑∞

k=1 xk conv.
∑∞

k=1 yk conv.

}
⇔

∞∑

k=1

zk conv.
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3) Criteris del quocient i de l’arrel:2

si lim {|zn+1|/|zn|} = α

o

si lim{ n
√

|zn| } = α





⇒





si α < 1 :
∑∞

k=1 zk és absolutament convergent

si α > 1 :
∑∞

k=1 zk és divergent

si α = 1 : el criteri no decideix.

Successions de funcions

Definició 4.1 Una successió de funcions és una aplicació del conjunt dels nom-
bres naturals N a un conjunt de funcions, de tal forma que a cada nombre
natural n li associa una funció que anomenem fn(z). La successió de funcions
s’expressa

{fn(z)} = {f1(z), f2(z), f3(z), . . . }.
Definició 4.2 Diem que una successió de funcions {fn(z)} convergeix punt a
punt a f(z) a la regió D (⊂ C) si ∀z ∈ D es compleix que lim{fn(z)} = f(z).

Notem que això vol dir que per a cada ϵ > 0 i per a cada z ∈ D existeix un
nombre natural N , que depèn de ϵ i de z, tal que |fn(z)− f(z)| < ϵ, si n > N .
Hi ha situacions en les quals N depèn únicament de ϵ i no del punt z considerat.
Aquest tipus de convergència rep un nom especial, convergència uniforme.

Definició 4.3 Diem que una successió de funcions {fn(z)} convergeix uniforme-
ment a f(z) en la regió D (⊂ C) si ∀ϵ > 0 existeix N ∈ N independent de z tal
que |fn(z)− f(z)| < ϵ, ∀z ∈ D, si n > N .

Evidentment, si una successió de funcions convergeix uniformement, també
ho fa punt a punt. El rećıproc no és cert, la convergència punt a punt pot ser
o no uniforme i això depèn de les funcions fn(z), però també de D. En altres
paraules, si {fn(z)} → f(z) punt a punt a D i no ho fa uniformement (a D), ho
pot fer en algun subconjunt de D.

En general, la convergència punt a punt no transmet les propietats de les
funcions fn(z) a la funció ĺımit f(z). Per exemple, les funcions fn(z) = e−n|z| són
cont́ınues a tot arreu, però {fn(z)} convergeix punt a punt a la funció discont́ınua

f(z) =

{
1 si z = 0
0 si z ̸= 0.

2De fet, si lim {|zn+1|/|zn|} existeix, llavors lim{ n
√

|zn| } també existeix i tots dos ĺımits
coincideixen. Per tant, si el criteri del quocient no decideix (α = 1), el de l’arrel tampoc. El
rećıproc no és cert, pot existir el segon ĺımit sense existir el primer. Per tant, el criteri de
l’arrel és més “potent” que el del quocient.
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La convergència uniforme, en canvi, no té aquesta “anomalia”.

Teorema 4.2 Si les funcions fn(z) són cont́ınues a D i en aquesta regió la
successió {fn(z)} convergeix uniformement a f(z), aleshores f(z) és cont́ınua
a D.

Demostració: Per demostrar que f(z) és cont́ınua a z0 ∈ D, hem
de demostrar que per a cada ϵ > 0 existeix δ > 0 tal que |f(z) −
f(z0)| < ϵ si |z − z0| < δ.

En ser la convergència uniforme, existeix N ∈ N tal que |f(z) −
fn(z)| < ϵ/3, ∀z ∈ D si n > N i, en particular, |f(z0)−fn(z0)| < ϵ/3,
si n > N . En ser les fn(z) cont́ınues, també existeix δ > 0 tal que
|fn(z)− fn(z0)| < ϵ/3, si |z − z0| < δ. Per tant,

|f(z)− f(z0)| = |f(z)− fn(z) + fn(z)− fn(z0) + fn(z0)− f(z0)|
≤ |f(z)− fn(z)|+ |fn(z)− fn(z0)|+ |fn(z0)− f(z0)|
<

ϵ

3
+

ϵ

3
+

ϵ

3
= ϵ,

si |z − z0| < δ. Notem que la conclusió final (|f(z)− f(z0)| < ϵ), tot
i que és conseqüència de l’existència de N , no depèn del seu valor
concret sinó únicament de que se satisfaci la condició |z − z0| < δ.

⋄

Exemple 4.1 Amb les hipòtesis del teorema 4.2, si C és un contorn de D,

lim
n→∞

∫

C

fn(z) dz =

∫

C

[
lim
n→∞

fn(z)
]
dz (4.1)

En altres paraules, no només la integral al llarg del contorn C de la funció
f(z) = limn→∞ fn(z) existeix (això és evident, ja que pel teorema 4.2 f(z) és
cont́ınua a D), sinó que podem intercanviar l’ordre de les operacions “integrar”
i “fer el ĺımit”.

Per demostrar-ho observem que si LC és la longitud de C, per a tot ϵ > 0
existeix N ∈ N tal que si n > N es compleix |fn(z) − f(z)| < ϵ/LC per a tot
z ∈ D. Aleshores,
∣∣∣∣
∫

C

fn(z) dz −
∫

C

f(z) dz

∣∣∣∣ =
∣∣∣∣
∫

C

[fn(z)− f(z)] dz

∣∣∣∣

≤
∫

C

|fn(z)− f(z)| |dz| < ϵ

LC

∫

C

|dz| = ϵ,

on hem usat el teorema 3.1. La igualtat (4.1) queda, doncs, demostrada.
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Exemple 4.2 Sigui {fn} una successió de funcions anaĺıtiques que en un domini
obert i simplement connex D convergeix uniformement a la funció f(z). Vegem
que f(z) és també anaĺıtica a D.

Com que les funcions {fn} són cont́ınues, f(z) també ho és i, usant la igual-
tat (4.1), ∮

C

f(z) dz = lim
n→∞

[∮

C

fn(z) dz

]
= lim

n→∞
0 = 0

per a tot contorn tancat C ∈ D, ja que D és simplement connex. Llavors, el
teorema de Morera (teorema 3.13) ens garanteix que f(z) és anaĺıtica a D.

Sèries de funcions

A partir d’una successió {fn(z)} de funcions definides a D podem construir la
successió de sumes parcials {Sn(z)}, on Sn(z) =

∑n
k=1 fk(z). Si la successió

{Sn(z)} convergeix (a D) punt a punt cap a la funció S(z), diem també que la
sèrie de funcions

∑∞
k=1 fk(z) és convergent punt a punt a D i que la seva suma

és S(z). Si la convergència és uniforme diem que la sèrie de funcions
∑∞

k=1 fk(z)
és uniformement convergent cap a S(z) a D.

El teorema següent dona una condició suficient per a la convergència uniforme
d’una sèrie de funcions.

Teorema 4.3 (Prova M de Weierstrass) Si ∀z ∈ D tenim que |fk(z)| ≤ Mk

i la sèrie
∑∞

k=1Mk convergeix, llavors
∑∞

k=1 fk(z) convergeix absolutament i
uniformement a D.

Demostració: Com que Mk > |fk(z)| > 0, d’acord amb el criteri
de comparació, la sèrie

∑∞
k=1 |fk(z)| és convergent punt a punt. Per

tant, la sèrie
∑∞

k=1 fk(z) és absolutament convergent (i, per tant,
convergent). Vegem ara que aquesta convergència punt a punt és,
també, uniforme.

Si S(z) =
∑∞

k=1 fk(z) tenim

S(z)−
N∑

k=1

fk(z) =
∞∑

k=1

fk(z)−
N∑

k=1

fk(z) =
∞∑

k=N+1

fk(z). (4.2)

D’altra banda, si M =
∑∞

k=1Mk, tenim que ∀ϵ > 0 hi ha un N ∈ N
tal que

∞∑

k=N+1

Mk =

∣∣∣∣∣
∞∑

k=N+1

Mk

∣∣∣∣∣ =
∣∣∣∣∣M −

N∑

k=1

Mk

∣∣∣∣∣ < ϵ. (4.3)
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Aquest N només està relacionat amb la sèrie
∑∞

k=1Mk i, òbviament,
no depèn de z. Si utilitzem la desigualtat triangular i la hipòtesi
|fk(z)| ≤ Mk tenim

∣∣∣∣∣
m∑

k=N+1

fk(z)

∣∣∣∣∣ ≤
m∑

k=N+1

|fk(z)| <
m∑

k=N+1

Mk,

i si fem el ĺımit m → ∞ arribem a

∣∣∣∣∣S(z)−
N∑

k=1

fk(z)

∣∣∣∣∣ ≤
∞∑

k=N+1

Mk < ϵ (independent de z),

si N és el de la desigualtat (4.3). Això demostra que
∑∞

k=1 fk(z)
convergeix uniformement a S(z).

⋄

L’expressió (4.2) apareix sovint en les demostracions de molts resultats sobre
sèries de funcions. S’anomena la resta de la sèrie i es representa per RN(z), és a
dir,

RN(z) = S(z)−
N∑

k=1

fk(z).

Observem que

lim
N→∞

RN(z) = 0

si i només si la sèrie és convergent.

Exemple 4.3 La funció zeta de Riemann es defineix com

ζ(z) =
∞∑

n=1

1

nz
.

Aquesta funció juga un paper fonamental en diverses branques de les matemà-
tiques, en particular, en la teoria de nombres primers. Volem esbrinar si ζ(z),
definida en termes d’aquesta sèrie, és anaĺıtica i en quin domini ho és.

Observem que si z = x+ iy,

|nz| =
∣∣ez logn

∣∣ =
∣∣ex logneiy logn

∣∣ = ex logn = nRe z.
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Això ens diu que la sèrie és absolutament convergent a Re z > 1 i també uni-
formement convergent a Re z ≥ λ, per a tot λ > 1, ja que

∞∑

n=1

1

|nz| ≤
∞∑

n=1

1

nλ
,

(prova M de Weierstrass amb Mk = 1/kλ). Aplicant el teorema 4.2 a la successió
de sumes parcials tenim que ζ(z) és cont́ınua a Re z > 1. A més, de l’exem-
ple 4.2 dedüım que ζ(z) és anaĺıtica en aquest domini. Més endavant veurem
(problema P4.14) que ζ(z) es pot estendre anaĺıticament a C− {1}.

Sèries de potències

La resta del caṕıtol es dedica a un tipus concret de sèries de funcions, les sèries
de potències, en les quals

fk(z) = ak(z − z0)
k, o també fk(z) =

ak
(z − z0)k

= ak(z − z0)
−k.

4.2 Sèries de Laurent i de Taylor

Ara veurem quan una funció f(z) és expressable com a suma d’una sèrie de
potències.

Teorema 4.4 (Sèrie de Laurent) Siguin C1 i C2 dues circumferències centrades
a z0, de radis r1 i r2, amb r2 < r1 (vegeu la figura 4.1). Si f(z) és anaĺıtica a
la corona circular r2 ≤ |z − z0| ≤ r1, aleshores en tots els punts de l’interior de
la corona ( r2 < |z − z0| < r1) la funció f(z) és la suma de la sèrie de potències
(anomenada sèrie de Laurent)

f(z) =
∞∑

k=−∞
ak(z − z0)

k,

on els coeficients ak són

ak =
1

2πi

∮

C

f(z′) dz′

(z′ − z0)k+1
(4.4)

i C és un contorn tancat qualsevol que envolti z0 i estigui contingut a la corona.
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sèries de
Laurent

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1

<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="i+qKMntkMp+CXdaSMDekJQbIzO0=">AAACIXicbVHLSgMxFL1TX3V8VV3qIlgEV2Wm4GNZcOOyQluFTpFMeluDmWRIMkIp/oobf8WNC0W6E3/AzzAdZ6GtN+Rycs69JPckTgU3Ngg+vNLC4tLySnnVX1vf2NyqbO90jMo0wzZTQunrmBoUXGLbcivwOtVIk1jgVXx3PtWv7lEbrmTLjlLsJXQo+YAzah2lKvsQAQMECdZlDdyhIfhg4Cs/IRDouxy55UMLKIxAgAJ9U6kGtSAPMg/CAlShiOZNZRL1FcsSlJYJakw3DFLbG1NtORP44EeZwZSyOzrEroOSJmh643zCB3LomD4ZKO22tCRnf3eMaWLMKIldZULtrZnVpuR/Wjezg7PemMs0syjZz0WDTBCryNQu0ucamRUjByjT3L2VsFuqKbPOVN+ZEM6OPA869Vp4Uju+rFcbJ4UdZdiDAziCEE6hARfQhLb7hkd4hld48568F+/dm/yUlryiZxf+hPf5DUInmbE=</latexit>

sèrie de
Taylor
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4.2 Sèries de Laurent i de Taylor

Ara veurem quan una funció f(z) és expressable com a suma d’una sèrie de
potències.

Teorema 4.4 (Sèrie de Laurent) Siguin C1 i C2 dues circumferències centrades
a z0, de radis r1 i r2, amb r2 < r1 (vegeu la figura 4.1). Si f(z) és anaĺıtica a
la corona circular r2  |z � z0|  r1, aleshores en tots els punts de l’interior de
la corona la funció f(z) és la suma de la sèrie de potències (anomenada sèrie de
Laurent)

f(z) =
1X

k=�1
ak(z � z0)

k ,

on els coeficients ak són

ak =
1

2⇡i

I

C

f(z0) dz0

(z0 � z0)k+1
(4.3)

i C és un contorn tancat qualsevol que envolti z0 i estigui contingut a la corona.

z0

r1

r2
C

C1

C2

·z0
·z0 ·z

Figure 4.1: Contorns del teorema 4.4.

Demostració: Recordem la fórmula per a la suma de N �1 termes
d’una successió geomètrica

N�1X

k=0

↵k =
1 � ↵N

1 � ↵
, si ↵ 6= 1 .

Aı̈llant el terme 1/(1 � ↵) tenim

1

1 � ↵
=

N�1X

k=0

↵k +
↵N

1 � ↵
. (4.4)

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="aElkJZtDDifZHP91VTn27jhJGb8=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsKuYPQY8KDHiOYByRJmZ2eTIbMzy8ysEJZ8ghcPSvDqr/gD3vwbJ4+DJhY0FFXddHcFCWfauO63k9vY3Nreye8Winv7B4elo+OWlqkitEkkl6oTYE05E7RpmOG0kyiK44DTdjC6mfntJ6o0k+LRjBPqx3ggWMQINlZ6UH2vX6q4VXcOtE68JanUi7fT8mcnbPRLX71QkjSmwhCOte56bmL8DCvDCKeTQi/VNMFkhAe0a6nAMdV+Nj91gs6sEqJIKlvCoLn6eyLDsdbjOLCdMTZDverNxP+8bmqiaz9jIkkNFWSxKEo5MhLN/kYhU5QYPrYEE8XsrYgMscLE2HQKNgRv9eV10rqoerXq5b1NowYL5KEMp3AOHlxBHe6gAU0gMIBneIU3hzsvztR5X7TmnOXMCfyB8/EDvCyQWw==</latexit>r1

<latexit sha1_base64="5QqKNUgVF5w6Puj7n72bgiaEdJQ=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsJuwOgx4EGPEU0MJEuYnZ1NhszOLDOzQljyCV48KMGrv+IPePNvnDwOmljQUFR1090VJJxp47rfTm5jc2t7J79bKO7tHxyWjo7bWqaK0BaRXKpOgDXlTNCWYYbTTqIojgNOH4PR9cx/fKJKMykezDihfowHgkWMYGOle9Wv9UsVt+rOgdaJtySVRvFmWv7shM1+6asXSpLGVBjCsdZdz02Mn2FlGOF0UuilmiaYjPCAdi0VOKbaz+anTtCZVUIUSWVLGDRXf09kONZ6HAe2M8ZmqFe9mfif101NdOVnTCSpoYIsFkUpR0ai2d8oZIoSw8eWYKKYvRWRIVaYGJtOwYbgrb68Ttq1qlevXtzZNOqwQB7KcArn4MElNOAWmtACAgN4hld4c7jz4kyd90VrzlnOnMAfOB8/vbCQXA==</latexit>r2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="aElkJZtDDifZHP91VTn27jhJGb8=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsKuYPQY8KDHiOYByRJmZ2eTIbMzy8ysEJZ8ghcPSvDqr/gD3vwbJ4+DJhY0FFXddHcFCWfauO63k9vY3Nreye8Winv7B4elo+OWlqkitEkkl6oTYE05E7RpmOG0kyiK44DTdjC6mfntJ6o0k+LRjBPqx3ggWMQINlZ6UH2vX6q4VXcOtE68JanUi7fT8mcnbPRLX71QkjSmwhCOte56bmL8DCvDCKeTQi/VNMFkhAe0a6nAMdV+Nj91gs6sEqJIKlvCoLn6eyLDsdbjOLCdMTZDverNxP+8bmqiaz9jIkkNFWSxKEo5MhLN/kYhU5QYPrYEE8XsrYgMscLE2HQKNgRv9eV10rqoerXq5b1NowYL5KEMp3AOHlxBHe6gAU0gMIBneIU3hzsvztR5X7TmnOXMCfyB8/EDvCyQWw==</latexit>r1

<latexit sha1_base64="5QqKNUgVF5w6Puj7n72bgiaEdJQ=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsJuwOgx4EGPEU0MJEuYnZ1NhszOLDOzQljyCV48KMGrv+IPePNvnDwOmljQUFR1090VJJxp47rfTm5jc2t7J79bKO7tHxyWjo7bWqaK0BaRXKpOgDXlTNCWYYbTTqIojgNOH4PR9cx/fKJKMykezDihfowHgkWMYGOle9Wv9UsVt+rOgdaJtySVRvFmWv7shM1+6asXSpLGVBjCsdZdz02Mn2FlGOF0UuilmiaYjPCAdi0VOKbaz+anTtCZVUIUSWVLGDRXf09kONZ6HAe2M8ZmqFe9mfif101NdOVnTCSpoYIsFkUpR0ai2d8oZIoSw8eWYKKYvRWRIVaYGJtOwYbgrb68Ttq1qlevXtzZNOqwQB7KcArn4MElNOAWmtACAgN4hld4c7jz4kyd90VrzlnOnMAfOB8/vbCQXA==</latexit>r2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

Figura 4.1: Contorns del teorema 4.4.

Demostració: Recordem la fórmula per a la suma de N−1 termes
d’una successió geomètrica

N−1∑

k=0

αk =
1− αN

1− α
, si α ̸= 1.

Aı̈llant el terme 1/(1− α) tenim

1

1− α
=

N−1∑

k=0

αk +
αN

1− α
. (4.5)

Això permet escriure les identitats següents:

1

z′ − z
=

n−1∑

k=0

(z − z0)
k

(z′ − z0)k+1
+

(z − z0)
n

(z′ − z0)n(z′ − z)
, (4.6)

1

z − z′
=

−1∑

k=−n

(z − z0)
k

(z′ − z0)k+1
+

(z′ − z0)
n

(z − z0)n(z − z′)
. (4.7)

En efecte, per obtenir (4.6), només cal escriure

1

z′ − z
=

1

z′ − z0 − (z − z0)
=

1

z′ − z0

1

1− (z − z0)/(z′ − z0)

i usar (4.5) amb α = (z − z0)/(z
′ − z0) i N = n. La identitat (4.7)

s’obté de la (4.6) intercanviant z per z′ i després fent el canvi d’́ındex
mut k → −k − 1.

Si utilitzem la primera fórmula integral de Cauchy amb el contorn
constitüıt per C1 seguit de C∗2 tenim

f(z) =
1

2πi

∮

C1

f(z′) dz′

z′ − z
+

1

2πi

∮

C2

f(z′) dz′

z − z′
.
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Usem ara la identitat (4.6) a la primera integral i la identitat (4.7)
a la segona:

− f(z) =
n−1∑

k=0

(z − z0)
k

2πi

∮

C1

f(z′) dz′

(z′ − z0)k+1

+
(z − z0)

n

2πi

∮

C1

f(z′) dz′

(z′ − z0)n(z′ − z)

+
−1∑

k=−n

(z − z0)
k

2πi

∮

C2

f(z′) dz′

(z′ − z0)k+1

+
1

2πi(z − z0)n

∮

C2

(z′ − z0)
nf(z′) dz′

(z′ − z)
.

El teorema de Cauchy-Goursat ens permet canviar els contorns C1 i
C2 de les integrals de la primera i tercera ĺınia per un únic contorn
tancat C, situat entre C1 i C2 i que envolti z0 (vegeu la figura 4.1).
Llavors, si

ak
def
=

∮

C

f(z′) dz′

(z′ − z0)k+1
, k ∈ Z

tenim
∣∣∣∣∣f(z)−

n−1∑

k=−n
ak(z − z0)

k

∣∣∣∣∣ ≤
|z − z0|n

2π

∮

C1

|f(z′)||dz′|
|z′ − z0|n|z′ − z|

+
1

2π|z − z0|n
∮

C2

|z′ − z0|n|f(z′)||dz′|
|z′ − z| .

A la primera integral utilitzem la desigualtat

|z′ − z| = |z′ − z0 − (z − z0)| ≥ |r1 − r| = r1 − r ,

on per alleugerir la notació hem definit r = |z − z0| (notem que
r2 < r < r1), i a la segona integral utilitzem

|z′ − z| ≥ r − r2 ,

per arribar a
∣∣∣∣∣f(z)−

n−1∑

k=−n
ak(z − z0)

k

∣∣∣∣∣ ≤
rn

2π

∮

C1

|f(z′)||dz′|
rn1 (r1 − r)

+
1

2πrn

∮

C2

rn2 |f(z′)||dz′|
(r − r2)

.
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En ser f(z) i |f(z)| cont́ınues sobre C1 i C2, existeix M tal que
|f(z′)| ≤ M i podem escriure

∣∣∣∣∣f(z)−
n−1∑

k=−n
ak(z − z0)

k

∣∣∣∣∣ ≤
(

r

r1

)n
Mr1
r1 − r

+

(
r2
r

)n
Mr2
r − r2

.

Quan n → ∞ el costat dret d’aquesta desigualtat tendeix a zero. Per
tant, limn→∞

∑n−1
k=−n ak(z − z0)

k existeix i per a tot z de la corona
r2 < |z − z0| < r1 es compleix

∞∑

k=−∞
ak(z − z0)

k = f(z).

⋄

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)
<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1

<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="OdPSYwZqANDeKdGeT8m7iMa/xyA=">AAACJXicbVHLSgMxFL1TX3V8VV0KEiyCqzJTsLosuHHhooJ9QFtKJr1tQzOZIckIpfRn3PgrblxYRHDl1s8wnXahrTckOTnnXpJ7EsSCa+N5n05mbX1jcyu77e7s7u0f5A6PajpKFMMqi0SkGgHVKLjEquFGYCNWSMNAYD0Y3sz0+iMqzSP5YEYxtkPal7zHGTWWinKn0AIGCBKMXRVwi/rggobv9IQWEejavWWHC3dAIbFKWtHJ5b2ClwZZBf4C5GERlU5u2upGLAlRGiao1k3fi017TJXhTODEbSUaY8qGtI9NCyUNUbfHaZcTcm6ZLulFyk5pSMr+rhjTUOtRGNjMkJqBXtZm5H9aMzG96/aYyzgxKNn8ol4iiInIzDLS5QqZESMLKFPcvpWwAVWUGWusa03wl1teBbViwS8VLu+L+XJpYUcWTuAMLsCHKyjDLVSgar/iCV7gDabOs/PqvDsf89SMs6g5hj/hfP0AQp+aqg==</latexit>

sèries de
Laurent

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1

<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="i+qKMntkMp+CXdaSMDekJQbIzO0=">AAACIXicbVHLSgMxFL1TX3V8VV3qIlgEV2Wm4GNZcOOyQluFTpFMeluDmWRIMkIp/oobf8WNC0W6E3/AzzAdZ6GtN+Rycs69JPckTgU3Ngg+vNLC4tLySnnVX1vf2NyqbO90jMo0wzZTQunrmBoUXGLbcivwOtVIk1jgVXx3PtWv7lEbrmTLjlLsJXQo+YAzah2lKvsQAQMECdZlDdyhIfhg4Cs/IRDouxy55UMLKIxAgAJ9U6kGtSAPMg/CAlShiOZNZRL1FcsSlJYJakw3DFLbG1NtORP44EeZwZSyOzrEroOSJmh643zCB3LomD4ZKO22tCRnf3eMaWLMKIldZULtrZnVpuR/Wjezg7PemMs0syjZz0WDTBCryNQu0ucamRUjByjT3L2VsFuqKbPOVN+ZEM6OPA869Vp4Uju+rFcbJ4UdZdiDAziCEE6hARfQhLb7hkd4hld48568F+/dm/yUlryiZxf+hPf5DUInmbE=</latexit>

sèrie de
Taylor
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4.2 Sèries de Laurent i de Taylor

Ara veurem quan una funció f(z) és expressable com a suma d’una sèrie de
potències.

Teorema 4.4 (Sèrie de Laurent) Siguin C1 i C2 dues circumferències centrades
a z0, de radis r1 i r2, amb r2 < r1 (vegeu la figura 4.1). Si f(z) és anaĺıtica a
la corona circular r2  |z � z0|  r1, aleshores en tots els punts de l’interior de
la corona la funció f(z) és la suma de la sèrie de potències (anomenada sèrie de
Laurent)

f(z) =
1X

k=�1
ak(z � z0)

k ,

on els coeficients ak són

ak =
1

2⇡i

I

C

f(z0) dz0

(z0 � z0)k+1
(4.3)

i C és un contorn tancat qualsevol que envolti z0 i estigui contingut a la corona.

z0

r1

r2
C

C1

C2

·z0
·z0 ·z

Figure 4.1: Contorns del teorema 4.4.

Demostració: Recordem la fórmula per a la suma de N �1 termes
d’una successió geomètrica

N�1X

k=0

↵k =
1 � ↵N

1 � ↵
, si ↵ 6= 1 .

Aı̈llant el terme 1/(1 � ↵) tenim

1

1 � ↵
=

N�1X

k=0

↵k +
↵N

1 � ↵
. (4.4)
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Figura 4.2: Si z0, z1, z2 . . . són singularitats äıllades de f(z): (a) les sèries de Laurent de
potències de z − z0 convergeixen en corones centrades a z0; (b) si f(z) és anaĺıtica a z0, la
sèrie de Laurent corresponent a la corona més interna és la sèrie de Taylor i convergeix també
en aquest punt.

D’acord amb el teorema anterior, donada la funció f(z) i un cop escollit el
punt z0, hi ha diverses sèries de Laurent

∑+∞
n=−∞ an(z− z0)

n que convergeixen a
f(z) en diferents corones circulars centrades a z0. Cadascuna d’aquestes sèries
convergeix només a l’interior d’una de les corones, i els coeficients an venen
donats per l’expressió (4.4) amb el contorn C escollit a la corona corresponent.
L’única condició que ha de complir f(z) és ser anaĺıtica a la corona considerada.

Aix́ı doncs, si z0 és una singularitat äıllada de f(z) i aquesta funció té altres
singularitats äıllades en els punts z1, z2, z3 . . . a distàncies (en ordre creixent)
d1, d2, d3 . . . de z0, tenim sèries de Laurent convergents a f(z) a les corones
0 < |z − z0| < d1; d1 < |z − z0| < d2; d2 < |z − z0| < d3, etc. (vegeu la
figura 4.2a). Notem que la corona més interna té radi interior igual a zero, i la
corresponent sèrie de Laurent és vàlida al voltant del punt z0 però no en el punt
mateix.
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Sèrie de Taylor

Si z0 no és una singularitat äıllada de f(z) (és a dir, si f(z) és anaĺıtica a z0)
els coeficients de la sèrie de Laurent de la corona més interna es poden calcular
fàcilment. Quan n < 0 la integral (4.4) s’anul·la com a conseqüència del teorema
de Cauchy-Goursat. Per a n ≥ 0 usem la segona fórmula integral de Cauchy
(teorema 3.11) i obtenim an = f (n)(z0)/n!. Per tant, la sèrie de Laurent esdevé,
en aquest cas, la sèrie de Taylor,

f(z) =
∞∑

n=0

f (n)(z0)

n!
(z − z0)

n ,

que convergeix a f(z) a l’interior del disc centrat a z0 (incloent aquest punt) de
radi igual a la distància de z0 a la singularitat de f(z) més propera (vegeu la
figura 4.2b). Concloem d’això que una funció anaĺıtica en un punt és sempre
representable per una sèrie de Taylor en algun entorn del punt. D’altra banda, si
f(z) és anaĺıtica a tot el pla complex, les sèries de Taylor al voltant de qualsevol
punt z0 convergeixen a tot el pla.

4.3 Sèries de potències

A la secció anterior, a partir d’una funció f(z) hem trobat sèries de potències
convergents cap a aquesta funció en diferents regions. En aquesta secció adoptem
la perspectiva oposada, partim d’una sèrie de potències i esbrinem si és conver-
gent o no, i en cas afirmatiu, on és convergent i com és la funció cap a la qual
convergeix.

Teorema 4.5 Si la sèrie de potències
∑∞

n=0 anz
n és convergent a z = z1, alesho-

res és absolutament convergent (i, per tant, convergent) a tot z tal que |z| < |z1|.

Demostració: Si
∑∞

n=0 anz
n
1 convergeix, limn→∞{anzn1 } = 0 i com

que les successions convergents són fitades, existeix M que satisfà
|anzn1 | < M , ∀n.
Si r = |z|/|z1| tenim que r < 1 i es compleix que

|anzn| = |anzn1 |
∣∣∣z
z 1

∣∣∣
n

= |anzn1 |rn < Mrn.

La sèrie
∑∞

n=0Mrn és la sèrie geomètrica que convergeix quan r < 1.
Si fem servir el criteri de comparació concloem que

∑∞
n=0 |anzn|

també és convergent.

⋄
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Corol·lari 4.6 Si la sèrie de potències
∑∞

n=0 anz
n és divergent a z = z1, ales-

hores és divergent a tot z tal que |z| > |z1|.

Demostració: D’acord amb el teorema anterior, si fos convergent
en algun punt z tal que |z| > |z1|, també hauria de convergir a z1.

⋄

El teorema 4.5 i el corol·lari 4.6 permeten afirmar que a tota sèrie de potències∑∞
n=0 anz

n té associat un disc de convergència (vegeu la figura 4.3) centrat a
l’origen, a l’interior del qual la sèrie és absolutament convergent i a l’exterior
és divergent. En els punts del peŕımetre circular del disc no es pot afirmar res,
pot ser que convergeixi, que divergeixi o, fins i tot, que convergeixi en alguns
punts i no en altres. Això dependrà de cada sèrie en concret, és a dir, dels valors
concrets dels coeficients an.

El radi R del disc de convergència és el radi de convergència de la sèrie. El
seu valor pot ser

1) R = 0 si la sèrie només convergeix a z = 0,

2) R = ∞ si la sèrie convergeix a tot el pla complex,

3) 0 < R < ∞ en els altres casos.

El valor de R de la sèrie
∑∞

n=0 anz
n es pot obtenir aplicant criteris de con-

vergència absoluta. En particular, si usem el criteri de quocient o el de l’arrel
tenim que si

lim
n→∞

∣∣∣∣
an+1z

n+1

anzn

∣∣∣∣ < 1 o lim
n→∞

n
√
|anzn| < 1, (4.8)

la sèrie convergeix absolutament, mentre que si els ĺımits anteriors són > 1, la
sèrie divergeix. Però les desigualtats (4.8) són equivalents a

|z| <
[
lim
n→∞

∣∣∣∣
an+1

an

∣∣∣∣
]−1

o |z| <
[
lim
n→∞

n
√

|an|
]−1

.

Per tant, si aquests ĺımits existeixen tenim

R = lim
n→∞

∣∣∣∣
an
an+1

∣∣∣∣ =
[
lim
n→∞

n
√
|an|

]−1
.

Es pot demostrar que una expressió que sempre existeix i dona correctament el
radi de convergència és3

R =

[
lim sup
n→∞

n
√

|an|
]−1

.

3lim supn→∞ an és el més gran dels ĺımits de les successions parcials de an i el seu valor és
igual a limk→∞

(
supn≥k{an}

)
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<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="YaTDG1RVqwdUF/jzUJ08JzNWaPc=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ99xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJgJMX</latexit>E0

<latexit sha1_base64="apMxECoMfK4iPretEKMxHhm0FPo=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGLBJMY</latexit>E1

<latexit sha1_base64="wRzCRO5vDay7qpTzgI+dss4CK9M=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosiOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBjIiTGQ==</latexit>E2

<latexit sha1_base64="pjoxiJWdoUkimKWFCOG08usd/1Y=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkqiWF0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAjgyTGg==</latexit>E3

<latexit sha1_base64="z8CfBXvCCo65WEn9+zTZF4IiAMc=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkoiWl0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAj5CTGw==</latexit>E4

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="NwDRHmt7CEJ+HJwOnHjzfbxMq1U=">AAAB7XicbVDLSgNBEOyNrxhfUcGLl8EgxEvYFYy5CAEvHiOYByRLmJ3MJmNmZ5aZWSGG/IMXQUVy9X+8iX6Mk8dBowUNRVU33V1BzJk2rvvhpJaWV1bX0uuZjc2t7Z3s7l5Ny0QRWiWSS9UIsKacCVo1zHDaiBXFUcBpPehfTvz6HVWaSXFjBjH1I9wVLGQEGyvVwvz9yYXbzubcgjsF+ku8OcmVD+Lx09dnqdLOvrc6kiQRFYZwrHXTc2PjD7EyjHA6yrQSTWNM+rhLm5YKHFHtD6fXjtCxVToolMqWMGiq/pwY4kjrQRTYzgibnl70JuJ/XjMxYckfMhEnhgoyWxQmHBmJJq+jDlOUGD6wBBPF7K2I9LDCxNiAMjYEb/Hlv6R2WvCKhbNrm0YRZkjDIRxBHjw4hzJcQQWqQOAWHuAZXhzpPDqvznjWmnLmM/vwC87bN6Mekjk=</latexit>

f(z) = 0

<latexit sha1_base64="4NUnR6Ez32fpd3h2nGELUoA5g7k=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAREsEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+IfkLE=</latexit>

E

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0
<latexit sha1_base64="bvIyuldsHY1IFoUuOgJkkUz58P8=">AAAB6nicbVDJSgNBEK12jXGLCl68NAbBU5wRjDkGvHiMSxZIhtDT6Uma9PQM3T1CGPIJXjy4IHjyi7yJfoyd5aCJDwoe71VRVc+PBdfGcT7RwuLS8spqZi27vrG5tZ3b2a3pKFGUVWkkItXwiWaCS1Y13AjWiBUjoS9Y3e9fjPz6HVOaR/LWDGLmhaQrecApMVa6cU+u27m8U3DGwPPEnZJ8eT9+e/7+KlXauY9WJ6JJyKShgmjddJ3YeClRhlPBhtlWollMaJ90WdNSSUKmvXR86hAfWaWDg0jZkgaP1d8TKQm1HoS+7QyJ6elZbyT+5zUTE5S8lMs4MUzSyaIgEdhEePQ37nDFqBEDSwhV3N6KaY8oQo1NJ2tDcGdfnie104JbLJxd2TSKMEEGDuAQjsGFcyjDJVSgChS6cA+P8IQEekAv6HXSuoCmM3vwB+j9B8qIkS8=</latexit>

1/R

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0
<latexit sha1_base64="1P2aFX4+T+869MJOYOOgtaN326s=">AAAB6nicbVDJSgNBEK1xjYlL1GMujUHwFGYEo8eABz3GJQskQ+jp6Uma9HQP3T1CGPIJXjwowau/4g9482/sLAdNfFDweK+KqnpBwpk2rvvtrK1vbG5t53byhd29/YPi4VFTy1QR2iCSS9UOsKacCdowzHDaThTFccBpKxheT/3WE1WaSfFoRgn1Y9wXLGIEGys93Pe8XrHsVtwZ0CrxFqRcK9xMSp/tsN4rfnVDSdKYCkM41rrjuYnxM6wMI5yO891U0wSTIe7TjqUCx1T72ezUMTq1SogiqWwJg2bq74kMx1qP4sB2xtgM9LI3Ff/zOqmJrvyMiSQ1VJD5oijlyEg0/RuFTFFi+MgSTBSztyIywAoTY9PJ2xC85ZdXSfO84lUrF3c2jSrMkYMSnMAZeHAJNbiFOjSAQB+e4RXeHO68OBPnfd665ixmjuEPnI8fi2yQOw==</latexit>

R1
<latexit sha1_base64="HI7KPc742HQRKtaLxNzgx0Co5Hs=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLnSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbX2d+54lKxSLxqCcxdUM8FCxgBGsjPdwPaoNSxa7ac6B14ixJpVG8mZU/u35zUPrq+xFJQio04VipnmPH2k2x1IxwOi30E0VjTMZ4SHuGChxS5abzU6fozCg+CiJpSmg0V39PpDhUahJ6pjPEeqRWvUz8z+slOrhyUybiRFNBFouChCMdoexv5DNJieYTQzCRzNyKyAhLTLRJp2BCcFZfXiftWtWpVy/uTBp1WCAPZTiFc3DgEhpwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH4zwkDw=</latexit>

R2

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)
<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="Zfwy095zRWvECvE0/lqKAnO75bY=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd2A0WPAi8cI5gFJCLOznWTI7OwyMxsIaw7+ihcPinj1N7z5B36Gk2QPmljQUFPVzXSXHwuujet+OWvrG5tb27md/O7e/sFh4ei4oaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzcxvjlFpHsl7M4mxG9KB5H3OqLGSgAA4jAFBwQC+QQKzbwqkVyi6JXcOskq8jBQhQ61X+OwEEUtClIYJqnXbc2PTTakynAmc5juJxpiyER1g21JJQ9TddL7/lJxbJSD9SNmShszV3xMpDbWehL7tDKkZ6mVvJv7ntRPTv+6mXMaJQckWH/UTQUxEZmGQgCtkRkwsoUxxuythQ6ooMzayvA3BWz55lTTKJa9SurwrF6uVLI4cnMIZXIAHV1CFW6hB3Qb7AE/wAq/Oo/PsvDnvi9Y1J5s5gT9wPn4AjyiSjg==</latexit>

divergència

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta
<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?
<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
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disc de convergènciaz

C

Figure 4.4

Demostració: Sigui z un punt de l’interior del disc de convergència
de la sèrie. Considerem un contorn tancat C contingut a l’interior
del disc i que tingui z al seu interior (vegeu la figura 4.4).

Usem el teorema 4.9 amb

g(z0) =
1

2⇡i(z0 � z)2

per arribar a

1

2⇡i

I

C

S(z0) dz0

(z0 � z)2
=
1X

n=0

an
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I

C

(z0)n dz0

(z0 � z)2
.

Si usem la 2a fórmula integral de Cauchy (teorema 3.10) tenim

1

2⇡i

I

C

S(z0) dz0

(z0 � z)2
= S 0(z) ,

1

2⇡i

I

C

(z0)n dz0

(z0 � z)2
=

d

dz
zn = nzn�1.

És a dir, S 0(z) =
P1

n=0 nanz
n�1.

⇧

Tot i que els resultats anteriors fan referència a sèries de potències de z, són
fàcilment extensibles a sèries de potències de z � z0. Aix́ı, la sèrie

P1
n=0 an(z �

z0)
n té el mateix radi de convergència que la sèrie

P1
n=0 anz

n, però el disc de
convergència està centrat a z0. Això es fa evident fent el canvi de variable
z ! w = z � z0. Com que el disc de convergència de

P1
n=0 anw

n és la regió
|w| < R del pla w, el corresponent disc al pla z és |z � z0| < R. La sèrie

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="IpLzyU8h+C/BKC1xfbZE5PSIXnM=">AAACK3icbZBLSwMxFIXv1Fetr6pLN9EiuCozBavLghuXCrYV2iKZ9LYNzSRDkhFK8f+48a+40IUP3Ar+DG9rF74uJHycc0KSE6dKOh+GL0Fubn5hcSm/XFhZXVvfKG5uNZzJrMC6MMrYy5g7VFJj3Uuv8DK1yJNYYTMenkz85jVaJ42+8KMUOwnva9mTgnuSTHEX2iAAQYOn3YIk6kMBukSOHEaElGmTJsCQez3N9eGDWFCKXxVLYTmcDvsL0QxKMJuzq+JDu2tElqD2QnHnWlGY+s6YWy+FwptCO3OYcjHkfWwRap6g64ynf71h+6R0Wc9YWtqzqfr9xJgnzo2SmJIJ9wP325uI/3mtzPeOO2Op08yjFl8X9TLFvGGT4lhXWhRejQi4sJLeysSAWy481VugEqLfX/4LjUo5qpYPzyulWnVWRx52YA8OIIIjqMEpnEGdar2Fe3iC5+AueAxeg7evaC6YndmGHxO8fwIgtpwU</latexit>

disc de
convergència

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="SbNzufPKyr75hJnLY78+KMIitts=">AAAB63icbVC7SgNBFJ2NrxhfG+20GQyCVdgVjJYBG8sI5gHJEmYns9kh81hmZoWw5BO0sVDE1t7fsLXzQ+ydTVJo4oELh3Pu5d57woRRbTzvyymsrK6tbxQ3S1vbO7t7bnm/pWWqMGliyaTqhEgTRgVpGmoY6SSKIB4y0g5HV7nfviNKUyluzTghAUdDQSOKkcmlnopl3614VW8KuEz8OanUy/fu9+HHe6PvfvYGEqecCIMZ0rrre4kJMqQMxYxMSr1UkwThERqSrqUCcaKDbHrrBJ5YZQAjqWwJA6fq74kMca3HPLSdHJlYL3q5+J/XTU10GWRUJKkhAs8WRSmDRsL8cTigimDDxpYgrKi9FeIYKYSNjadkQ/AXX14mrbOqX6ue39g0amCGIjgCx+AU+OAC1ME1aIAmwCAGD+AJPDvceXRenNdZa8GZzxyAP3DefgDDfZG3</latexit>⇢

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta
<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="Zfwy095zRWvECvE0/lqKAnO75bY=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd2A0WPAi8cI5gFJCLOznWTI7OwyMxsIaw7+ihcPinj1N7z5B36Gk2QPmljQUFPVzXSXHwuujet+OWvrG5tb27md/O7e/sFh4ei4oaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzcxvjlFpHsl7M4mxG9KB5H3OqLGSgAA4jAFBwQC+QQKzbwqkVyi6JXcOskq8jBQhQ61X+OwEEUtClIYJqnXbc2PTTakynAmc5juJxpiyER1g21JJQ9TddL7/lJxbJSD9SNmShszV3xMpDbWehL7tDKkZ6mVvJv7ntRPTv+6mXMaJQckWH/UTQUxEZmGQgCtkRkwsoUxxuythQ6ooMzayvA3BWz55lTTKJa9SurwrF6uVLI4cnMIZXIAHV1CFW6hB3Qb7AE/wAq/Oo/PsvDnvi9Y1J5s5gT9wPn4AjyiSjg==</latexit>

divergència

<latexit sha1_base64="IpLzyU8h+C/BKC1xfbZE5PSIXnM=">AAACK3icbZBLSwMxFIXv1Fetr6pLN9EiuCozBavLghuXCrYV2iKZ9LYNzSRDkhFK8f+48a+40IUP3Ar+DG9rF74uJHycc0KSE6dKOh+GL0Fubn5hcSm/XFhZXVvfKG5uNZzJrMC6MMrYy5g7VFJj3Uuv8DK1yJNYYTMenkz85jVaJ42+8KMUOwnva9mTgnuSTHEX2iAAQYOn3YIk6kMBukSOHEaElGmTJsCQez3N9eGDWFCKXxVLYTmcDvsL0QxKMJuzq+JDu2tElqD2QnHnWlGY+s6YWy+FwptCO3OYcjHkfWwRap6g64ynf71h+6R0Wc9YWtqzqfr9xJgnzo2SmJIJ9wP325uI/3mtzPeOO2Op08yjFl8X9TLFvGGT4lhXWhRejQi4sJLeysSAWy481VugEqLfX/4LjUo5qpYPzyulWnVWRx52YA8OIIIjqMEpnEGdar2Fe3iC5+AueAxeg7evaC6YndmGHxO8fwIgtpwU</latexit>

disc de
convergència

<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?

Figura 4.3: La sèrie
∑∞

n=0 anz
n convergeix absolutament a l’interior del disc de convergència

(de radi R) i divergeix a l’exterior (al peŕımetre del disc pot convergir o no, com indica
l’interrogant). La sèrie convergeix uniformement en qualsevol disc tancat (de radi ρ < R)
interior al disc de convergència (teorema 4.7).

Exemple 4.4 Trobem el radi de convergència de les quatre sèries de potències
següents:

1)
∑∞

n=0 2
nzn. Tenim an = 2n, per tant, limn→∞

n
√
2n = 2 i R = 2−1 = 1/2.

2)
∑∞

n=1 z
n/nn. En aquest cas, an = n−n, per tant,

lim
n→∞

n
√
n−n = lim

n→∞
1/n = 0

i R = 0−1 = ∞. La sèrie convergeix a tot el pla complex.

3)
∑∞

n=1(1 + sinn)nzn. Tenim an = (1 + sinn)n, però

lim
n→∞

n
√

|an| = lim
n→∞

(1 + sinn)

no existeix. En canvi,

lim sup
n→∞

{
n
√

|an|
}
= lim

k→∞

(
sup
n≥k

{1 + sinn}
)

= lim
k→∞

2 = 2,

d’on se segueix que R = 1/2.

4)
∑∞

n=0(2z)
2n. Si apliquem directament el criteri de l’arrel tenim que la con-

vergència està garantida si 1 > limn→∞
n
√

|2z|2n = 4|z|2, o equivalentment
si |z| < 1/2. Per tant, R = 1/2.

Alternativament, an = [1 + (−1)n]n. Per tant,

lim sup
n→∞

{
n
√
|an|

}
= lim

k→∞

(
sup
n≥k

{1 + (−1)n}
)

= lim
k→∞

2 = 2

i obtenim també R = 1/2.
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Teorema 4.7 Si R és el radi de convergència de la sèrie
∑∞

n=0 anz
n, i ρ < R,

aleshores la sèrie convergeix uniformement al disc |z| ≤ ρ (figura 4.3).

Demostració: Com que |anzn| ≤ |an|ρn i la sèrie numèrica
∑∞

n=0 |an|ρn
és convergent (ja que

∑∞
n=0 anz

n convergeix absolutament en els
punts de la circumferència |z| = ρ), podem usar la Prova M de
Weierstrass (teorema 4.3) amb Mn = |an|ρn.

⋄

Teorema 4.8 (Continüıtat) Si S(z) =
∑∞

n=0 anz
n a l’interior del disc de con-

vergència, aleshores la funció S(z) és cont́ınua en aquesta regió.

Demostració: Triem un disc tancat |z| ≤ ρ interior al disc de
convergència (ρ < R). Com que la sèrie convergeix uniformement
en aquest disc (teorema 4.7), el teorema 4.2 aplicat a la successió de
les sumes parcials de la sèrie ens assegura que S(z) és cont́ınua en
aquest disc tancat. D’altra banda, com que podem triar ρ tan a prop
de R com vulguem, la continüıtat de S(z) s’estén a tot l’interior del
disc de convergència.

⋄

Teorema 4.9 (Integrabilitat terme a terme) Si S(z) =
∑∞

n=0 anz
n a l’interior

del disc de convergència, C és un contorn interior a aquest disc i g(z) és una
funció cont́ınua sobre C, aleshores

∫

C

S(z)g(z) dz =
∞∑

n=0

an

∫

C

zng(z) dz.

Demostració: Sigui S(z)−∑N
n=0 anz

n = RN(z). Si multipliquem
aquesta igualtat per g(z) i la integrem sobre C tenim

∫

C

S(z)g(z) dz −
N∑

n=0

an

∫

C

zn g(z)dz =

∫

C

RN(z)g(z) dz.

L’existència d’aquestes integrals està assegurada per la continüıtat
de g(z) sobre el contorn C i la continüıtat de RN(z), ja que S(z) és
cont́ınua (d’acord amb el teorema anterior) i les funcions zn també
ho són.

Escollim ara un disc tancat |z| ≤ ρ interior al disc de convergència
i que contingui el contorn C. El teorema 4.7 ens assegura que
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limN→∞RN(z) = 0 uniformement en aquest disc tancat. Llavors,
si M és el màxim de g(z) sobre el contorn C (M existeix perquè g(z)
és cont́ınua a C, que és conjunt tancat) i LC és la longitud de C,
tenim que per a cada ϵ > 0, existeix Nϵ ∈ N (independent de z) tal
que |RN(z)| < ϵ/(MLC), si N > Nϵ. Per tant,

∣∣∣∣∣

∫

C

S(z)g(z) dz −
N∑

n=0

an

∫

C

zng(z) dz

∣∣∣∣∣ ≤
∫

C

|RN(z)||g(z)||dz|

<

∫

C

ϵ

MLC

M |dz| = ϵ,

si N > Nϵ, és a dir, lim
N→∞

∑N
n=0 an

∫
C
zng(z) dz =

∫
C
S(z)g(z) dz.

⋄

Aquest teorema permet “commutar” la integració i la suma d’una sèrie de
potències,

∫
C

∑∞
n=0 · · · =

∑∞
n=0

∫
C
· · · , fins i tot si la multipliquem per una funció

cont́ınua. L’únic requeriment és que el contorn d’integració estigui dins del disc
de convergència.

Teorema 4.10 (Analiticitat) Si S(z) =
∑∞

n=0 anz
n a l’interior del disc de con-

vergència, aleshores la funció S(z) és anaĺıtica en aquesta regió.

Demostració: Si prenem g(z) = 1, el teorema anterior ens permet
escriure ∮

C

S(z) dz =
∞∑

n=0

an

∮

C

zndz,

on C és ara qualsevol contorn tancat interior al disc de convergència.
El teorema de Cauchy-Goursat ens assegura que cadascuna de les in-
tegrals

∮
C
zndz és zero. Per tant,

∮
C
S(z) dz = 0, ∀C tancat. D’altra

banda, el teorema 4.8 ens assegura la continüıtat de S(z) al disc
de convergència. Llavors, el teorema de Morera (teorema 3.13) ens
assegura que S(z) és anaĺıtica en aquesta regió.

⋄

Teorema 4.11 (Derivabilitat terme a terme) Si S(z) =
∑∞

n=0 anz
n a l’interior

del disc de convergència, aleshores en aquesta regió es compleix que

S ′(z) =
∞∑

n=0

nanz
n−1.



116 Materials Emili Bagan, Antoni Méndez i Oriol Pujolàs
<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3 <latexit sha1_base64="j/nCmKtYanmMVhaVg4RNNmIUduE=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8zokGY=</latexit>z4

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="YaTDG1RVqwdUF/jzUJ08JzNWaPc=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ99xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJgJMX</latexit>E0

<latexit sha1_base64="apMxECoMfK4iPretEKMxHhm0FPo=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGLBJMY</latexit>E1

<latexit sha1_base64="wRzCRO5vDay7qpTzgI+dss4CK9M=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosiOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBjIiTGQ==</latexit>E2

<latexit sha1_base64="pjoxiJWdoUkimKWFCOG08usd/1Y=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkqiWF0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAjgyTGg==</latexit>E3

<latexit sha1_base64="z8CfBXvCCo65WEn9+zTZF4IiAMc=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkoiWl0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAj5CTGw==</latexit>E4

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="NwDRHmt7CEJ+HJwOnHjzfbxMq1U=">AAAB7XicbVDLSgNBEOyNrxhfUcGLl8EgxEvYFYy5CAEvHiOYByRLmJ3MJmNmZ5aZWSGG/IMXQUVy9X+8iX6Mk8dBowUNRVU33V1BzJk2rvvhpJaWV1bX0uuZjc2t7Z3s7l5Ny0QRWiWSS9UIsKacCVo1zHDaiBXFUcBpPehfTvz6HVWaSXFjBjH1I9wVLGQEGyvVwvz9yYXbzubcgjsF+ku8OcmVD+Lx09dnqdLOvrc6kiQRFYZwrHXTc2PjD7EyjHA6yrQSTWNM+rhLm5YKHFHtD6fXjtCxVToolMqWMGiq/pwY4kjrQRTYzgibnl70JuJ/XjMxYckfMhEnhgoyWxQmHBmJJq+jDlOUGD6wBBPF7K2I9LDCxNiAMjYEb/Hlv6R2WvCKhbNrm0YRZkjDIRxBHjw4hzJcQQWqQOAWHuAZXhzpPDqvznjWmnLmM/vwC87bN6Mekjk=</latexit>

f(z) = 0

<latexit sha1_base64="4NUnR6Ez32fpd3h2nGELUoA5g7k=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAREsEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+IfkLE=</latexit>

E

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0
<latexit sha1_base64="bvIyuldsHY1IFoUuOgJkkUz58P8=">AAAB6nicbVDJSgNBEK12jXGLCl68NAbBU5wRjDkGvHiMSxZIhtDT6Uma9PQM3T1CGPIJXjy4IHjyi7yJfoyd5aCJDwoe71VRVc+PBdfGcT7RwuLS8spqZi27vrG5tZ3b2a3pKFGUVWkkItXwiWaCS1Y13AjWiBUjoS9Y3e9fjPz6HVOaR/LWDGLmhaQrecApMVa6cU+u27m8U3DGwPPEnZJ8eT9+e/7+KlXauY9WJ6JJyKShgmjddJ3YeClRhlPBhtlWollMaJ90WdNSSUKmvXR86hAfWaWDg0jZkgaP1d8TKQm1HoS+7QyJ6elZbyT+5zUTE5S8lMs4MUzSyaIgEdhEePQ37nDFqBEDSwhV3N6KaY8oQo1NJ2tDcGdfnie104JbLJxd2TSKMEEGDuAQjsGFcyjDJVSgChS6cA+P8IQEekAv6HXSuoCmM3vwB+j9B8qIkS8=</latexit>

1/R

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0
<latexit sha1_base64="1P2aFX4+T+869MJOYOOgtaN326s=">AAAB6nicbVDJSgNBEK1xjYlL1GMujUHwFGYEo8eABz3GJQskQ+jp6Uma9HQP3T1CGPIJXjwowau/4g9482/sLAdNfFDweK+KqnpBwpk2rvvtrK1vbG5t53byhd29/YPi4VFTy1QR2iCSS9UOsKacCdowzHDaThTFccBpKxheT/3WE1WaSfFoRgn1Y9wXLGIEGys93Pe8XrHsVtwZ0CrxFqRcK9xMSp/tsN4rfnVDSdKYCkM41rrjuYnxM6wMI5yO891U0wSTIe7TjqUCx1T72ezUMTq1SogiqWwJg2bq74kMx1qP4sB2xtgM9LI3Ff/zOqmJrvyMiSQ1VJD5oijlyEg0/RuFTFFi+MgSTBSztyIywAoTY9PJ2xC85ZdXSfO84lUrF3c2jSrMkYMSnMAZeHAJNbiFOjSAQB+e4RXeHO68OBPnfd665ixmjuEPnI8fi2yQOw==</latexit>

R1
<latexit sha1_base64="HI7KPc742HQRKtaLxNzgx0Co5Hs=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLnSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbX2d+54lKxSLxqCcxdUM8FCxgBGsjPdwPaoNSxa7ac6B14ixJpVG8mZU/u35zUPrq+xFJQio04VipnmPH2k2x1IxwOi30E0VjTMZ4SHuGChxS5abzU6fozCg+CiJpSmg0V39PpDhUahJ6pjPEeqRWvUz8z+slOrhyUybiRFNBFouChCMdoexv5DNJieYTQzCRzNyKyAhLTLRJp2BCcFZfXiftWtWpVy/uTBp1WCAPZTiFc3DgEhpwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH4zwkDw=</latexit>

R2

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)
<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="Zfwy095zRWvECvE0/lqKAnO75bY=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd2A0WPAi8cI5gFJCLOznWTI7OwyMxsIaw7+ihcPinj1N7z5B36Gk2QPmljQUFPVzXSXHwuujet+OWvrG5tb27md/O7e/sFh4ei4oaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzcxvjlFpHsl7M4mxG9KB5H3OqLGSgAA4jAFBwQC+QQKzbwqkVyi6JXcOskq8jBQhQ61X+OwEEUtClIYJqnXbc2PTTakynAmc5juJxpiyER1g21JJQ9TddL7/lJxbJSD9SNmShszV3xMpDbWehL7tDKkZ6mVvJv7ntRPTv+6mXMaJQckWH/UTQUxEZmGQgCtkRkwsoUxxuythQ6ooMzayvA3BWz55lTTKJa9SurwrF6uVLI4cnMIZXIAHV1CFW6hB3Qb7AE/wAq/Oo/PsvDnvi9Y1J5s5gT9wPn4AjyiSjg==</latexit>

divergència

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta
<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?
<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
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disc de convergènciaz

C

Figure 4.4

Demostració: Sigui z un punt de l’interior del disc de convergència
de la sèrie. Considerem un contorn tancat C contingut a l’interior
del disc i que tingui z al seu interior (vegeu la figura 4.4).

Usem el teorema 4.9 amb

g(z0) =
1

2⇡i(z0 � z)2

per arribar a

1

2⇡i

I

C

S(z0) dz0

(z0 � z)2
=
1X

n=0

an

2⇡i

I

C

(z0)n dz0

(z0 � z)2
.

Si usem la 2a fórmula integral de Cauchy (teorema 3.10) tenim

1

2⇡i

I

C

S(z0) dz0

(z0 � z)2
= S 0(z) ,

1

2⇡i

I

C

(z0)n dz0

(z0 � z)2
=

d

dz
zn = nzn�1.

És a dir, S 0(z) =
P1

n=0 nanz
n�1.

⇧

Tot i que els resultats anteriors fan referència a sèries de potències de z, són
fàcilment extensibles a sèries de potències de z � z0. Aix́ı, la sèrie

P1
n=0 an(z �

z0)
n té el mateix radi de convergència que la sèrie

P1
n=0 anz

n, però el disc de
convergència està centrat a z0. Això es fa evident fent el canvi de variable
z ! w = z � z0. Com que el disc de convergència de

P1
n=0 anw

n és la regió
|w| < R del pla w, el corresponent disc al pla z és |z � z0| < R. La sèrie

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="IpLzyU8h+C/BKC1xfbZE5PSIXnM=">AAACK3icbZBLSwMxFIXv1Fetr6pLN9EiuCozBavLghuXCrYV2iKZ9LYNzSRDkhFK8f+48a+40IUP3Ar+DG9rF74uJHycc0KSE6dKOh+GL0Fubn5hcSm/XFhZXVvfKG5uNZzJrMC6MMrYy5g7VFJj3Uuv8DK1yJNYYTMenkz85jVaJ42+8KMUOwnva9mTgnuSTHEX2iAAQYOn3YIk6kMBukSOHEaElGmTJsCQez3N9eGDWFCKXxVLYTmcDvsL0QxKMJuzq+JDu2tElqD2QnHnWlGY+s6YWy+FwptCO3OYcjHkfWwRap6g64ynf71h+6R0Wc9YWtqzqfr9xJgnzo2SmJIJ9wP325uI/3mtzPeOO2Op08yjFl8X9TLFvGGT4lhXWhRejQi4sJLeysSAWy481VugEqLfX/4LjUo5qpYPzyulWnVWRx52YA8OIIIjqMEpnEGdar2Fe3iC5+AueAxeg7evaC6YndmGHxO8fwIgtpwU</latexit>

disc de
convergència

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="SbNzufPKyr75hJnLY78+KMIitts=">AAAB63icbVC7SgNBFJ2NrxhfG+20GQyCVdgVjJYBG8sI5gHJEmYns9kh81hmZoWw5BO0sVDE1t7fsLXzQ+ydTVJo4oELh3Pu5d57woRRbTzvyymsrK6tbxQ3S1vbO7t7bnm/pWWqMGliyaTqhEgTRgVpGmoY6SSKIB4y0g5HV7nfviNKUyluzTghAUdDQSOKkcmlnopl3614VW8KuEz8OanUy/fu9+HHe6PvfvYGEqecCIMZ0rrre4kJMqQMxYxMSr1UkwThERqSrqUCcaKDbHrrBJ5YZQAjqWwJA6fq74kMca3HPLSdHJlYL3q5+J/XTU10GWRUJKkhAs8WRSmDRsL8cTigimDDxpYgrKi9FeIYKYSNjadkQ/AXX14mrbOqX6ue39g0amCGIjgCx+AU+OAC1ME1aIAmwCAGD+AJPDvceXRenNdZa8GZzxyAP3DefgDDfZG3</latexit>⇢

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta
<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="Zfwy095zRWvECvE0/lqKAnO75bY=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd2A0WPAi8cI5gFJCLOznWTI7OwyMxsIaw7+ihcPinj1N7z5B36Gk2QPmljQUFPVzXSXHwuujet+OWvrG5tb27md/O7e/sFh4ei4oaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzcxvjlFpHsl7M4mxG9KB5H3OqLGSgAA4jAFBwQC+QQKzbwqkVyi6JXcOskq8jBQhQ61X+OwEEUtClIYJqnXbc2PTTakynAmc5juJxpiyER1g21JJQ9TddL7/lJxbJSD9SNmShszV3xMpDbWehL7tDKkZ6mVvJv7ntRPTv+6mXMaJQckWH/UTQUxEZmGQgCtkRkwsoUxxuythQ6ooMzayvA3BWz55lTTKJa9SurwrF6uVLI4cnMIZXIAHV1CFW6hB3Qb7AE/wAq/Oo/PsvDnvi9Y1J5s5gT9wPn4AjyiSjg==</latexit>

divergència

<latexit sha1_base64="IpLzyU8h+C/BKC1xfbZE5PSIXnM=">AAACK3icbZBLSwMxFIXv1Fetr6pLN9EiuCozBavLghuXCrYV2iKZ9LYNzSRDkhFK8f+48a+40IUP3Ar+DG9rF74uJHycc0KSE6dKOh+GL0Fubn5hcSm/XFhZXVvfKG5uNZzJrMC6MMrYy5g7VFJj3Uuv8DK1yJNYYTMenkz85jVaJ42+8KMUOwnva9mTgnuSTHEX2iAAQYOn3YIk6kMBukSOHEaElGmTJsCQez3N9eGDWFCKXxVLYTmcDvsL0QxKMJuzq+JDu2tElqD2QnHnWlGY+s6YWy+FwptCO3OYcjHkfWwRap6g64ynf71h+6R0Wc9YWtqzqfr9xJgnzo2SmJIJ9wP325uI/3mtzPeOO2Op08yjFl8X9TLFvGGT4lhXWhRejQi4sJLeysSAWy481VugEqLfX/4LjUo5qpYPzyulWnVWRx52YA8OIIIjqMEpnEGdar2Fe3iC5+AueAxeg7evaC6YndmGHxO8fwIgtpwU</latexit>

disc de
convergència

<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?

Figura 4.4: Punt interior z i contorn tancat C emprats a la demostració del teorema 4.11.

Demostració: Sigui z un punt de l’interior del disc de convergència
de la sèrie. Considerem un contorn tancat C contingut a l’interior
del disc i que tingui z al seu interior (vegeu la figura 4.4).

Usem el teorema 4.9 amb

g(z′) =
1

2πi(z′ − z)2

per arribar a

1

2πi

∮

C

S(z′) dz′

(z′ − z)2
=
∞∑

n=0

an
2πi

∮

C

(z′)n dz′

(z′ − z)2
.

Si usem la segona fórmula integral de Cauchy (teorema 3.11) tenim

1

2πi

∮

C

S(z′) dz′

(z′ − z)2
= S ′(z) ,

1

2πi

∮

C

(z′)n dz′

(z′ − z)2
=

d

dz
zn = nzn−1.

És a dir, S ′(z) =
∑∞

n=0 nanz
n−1.

⋄

Els teoremes 4.9 i 4.11 asseguren que a l’interior del disc de convergència de la
sèrie

∑∞
n=0 anz

n, la sèrie de “primitives”
∑∞

n=0 anz
n+1/(n+1) i la de “derivades”∑∞

n=0 nanz
n−1 (obtingudes, respectivament, per integració terme a terme de 0

a z i per derivació terme a terme de la sèrie original) també hi convergeixen.
Això vol dir que el radi de convergència d’aquestes sèries és més gran o igual que
el de la sèrie original. Però com que aquest raonament també és aplicable a la
sèrie de primitives i a la de derivades, concloem que totes tenen el mateix radi
de convergència. En els punts del peŕımetre del disc de convergència el caràcter
convergent o divergent pot canviar en integrar o derivar la sèrie.
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Exemple 4.5 La integrabilitat i la derivabilitat terme a terme de les sèries de
potències (teoremes 4.9 i 4.11) permeten obtenir nous desenvolupaments en sèrie
a partir de sèries conegudes. Per exemple, si partim de la sèrie geomètrica

1/(1 + z) = 1− z + z2 − z3 + · · ·

i la integrem terme a terme entre 0 i z obtenim

log(1 + z) = z − z2

2
+

z3

3
− z4

4
+ · · · ,

i si la derivem terme a terme (i canviem el signe) obtenim

1/(1 + z)2 = 1− 2z + 3z2 − 4z3 + · · ·

Quan integrem o derivem una sèrie de potències el radi de convergència
no canvia, però a la frontera del disc de convergència el caràcter convergent o
divergent d’una sèrie pot variar quan la integrem o la derivem. Per exemple, la
sèrie de 1/(1 + z) no convergeix quan z = 1, però śı que ho fa la de log(1 + z).

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="bvIyuldsHY1IFoUuOgJkkUz58P8=">AAAB6nicbVDJSgNBEK12jXGLCl68NAbBU5wRjDkGvHiMSxZIhtDT6Uma9PQM3T1CGPIJXjy4IHjyi7yJfoyd5aCJDwoe71VRVc+PBdfGcT7RwuLS8spqZi27vrG5tZ3b2a3pKFGUVWkkItXwiWaCS1Y13AjWiBUjoS9Y3e9fjPz6HVOaR/LWDGLmhaQrecApMVa6cU+u27m8U3DGwPPEnZJ8eT9+e/7+KlXauY9WJ6JJyKShgmjddJ3YeClRhlPBhtlWollMaJ90WdNSSUKmvXR86hAfWaWDg0jZkgaP1d8TKQm1HoS+7QyJ6elZbyT+5zUTE5S8lMs4MUzSyaIgEdhEePQ37nDFqBEDSwhV3N6KaY8oQo1NJ2tDcGdfnie104JbLJxd2TSKMEEGDuAQjsGFcyjDJVSgChS6cA+P8IQEekAv6HXSuoCmM3vwB+j9B8qIkS8=</latexit>

1/R
<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)
<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="Zfwy095zRWvECvE0/lqKAnO75bY=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd2A0WPAi8cI5gFJCLOznWTI7OwyMxsIaw7+ihcPinj1N7z5B36Gk2QPmljQUFPVzXSXHwuujet+OWvrG5tb27md/O7e/sFh4ei4oaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzcxvjlFpHsl7M4mxG9KB5H3OqLGSgAA4jAFBwQC+QQKzbwqkVyi6JXcOskq8jBQhQ61X+OwEEUtClIYJqnXbc2PTTakynAmc5juJxpiyER1g21JJQ9TddL7/lJxbJSD9SNmShszV3xMpDbWehL7tDKkZ6mVvJv7ntRPTv+6mXMaJQckWH/UTQUxEZmGQgCtkRkwsoUxxuythQ6ooMzayvA3BWz55lTTKJa9SurwrF6uVLI4cnMIZXIAHV1CFW6hB3Qb7AE/wAq/Oo/PsvDnvi9Y1J5s5gT9wPn4AjyiSjg==</latexit>

divergència

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta
<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?
<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

Figura 4.5: Si R és el radi de convergència de la sèrie
∑∞

n=0 anz
n tenim: (a) disc de con-

vergència de
∑∞

n=0 an(z − z0)
n ; (b) “disc” de convergència de

∑∞
n=0 an/(z − z0)

n.

Tot i que els resultats anteriors fan referència a sèries de potències de z, s’es-
tenen fàcilment a sèries de potències de z−z0. Aix́ı, la sèrie

∑∞
n=0 an(z−z0)

n té el
mateix radi de convergència que la sèrie

∑∞
n=0 anz

n, però el disc de convergència
està centrat a z0. Això es fa evident fent el canvi de variable z → w = z − z0.
Com que el disc de convergència de

∑∞
n=0 anw

n és la regió |w| < R del pla w,
el corresponent disc al pla z és |z − z0| < R. La sèrie convergeix absolutament
a l’interior del disc de convergència i uniformement en qualsevol disc tancat del
seu interior (vegeu la figura 4.5a).
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El raonament anterior també és aplicable a les sèries de potències d’exponent
negatiu. Considerem la sèrie

∑∞
n=1 an/z

n. Fent el canvi z → w = 1/z, el disc
|w| < R del pla w, es correspon a la regió |z| > 1/R de pla z i el “disc” de
convergència de la sèrie és ara l’exterior del cercle de radi 1/R centrat a l’origen.
Com abans, el “disc” de convergència de la sèrie

∑∞
n=1 an/(z − z0)

n és la regió
|z − z0| > 1/R, és a dir, és l’exterior del cercle de radi 1/R centrat a z0 (vegeu
la figura 4.5b).

Les sèries de potències amb exponents positius i negatius
∑∞

n=−∞ an(z−z0)
n

es poden descompondre de la manera següent:

∞∑

n=−∞
an(z − z0)

n =
−1∑

n=−∞
an(z − z0)

n +
∞∑

n=0

an(z − z0)
n

=
∞∑

n=1

a−n
(z − z0)n

+
∞∑

n=0

an(z − z0)
n.

El primer sumand és una sèrie de potències d’exponents negatius i el seu
disc de convergència és l’exterior d’un cert cercle de radi R1. El disc de con-
vergència de la sèrie del segon sumand és l’interior d’un altre cercle de radi R2.
Si R1 < R2 la sèrie completa convergeix absolutament a la intersecció d’aquestes
dues regions, és a dir, la corona R1 < |z − z0| < R2 (figura 4.6). Si R1 > R2 la
sèrie completa no convergeix enlloc. Si R1 = R2 no es pot afirmar res en general,
la corona es redueix a una circumferència on la sèrie completa pot convergir o
no (o fer-ho en alguns punts i no en altres).

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3 <latexit sha1_base64="j/nCmKtYanmMVhaVg4RNNmIUduE=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8zokGY=</latexit>z4

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="YaTDG1RVqwdUF/jzUJ08JzNWaPc=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ99xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJgJMX</latexit>E0

<latexit sha1_base64="apMxECoMfK4iPretEKMxHhm0FPo=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGLBJMY</latexit>E1

<latexit sha1_base64="wRzCRO5vDay7qpTzgI+dss4CK9M=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosiOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBjIiTGQ==</latexit>E2

<latexit sha1_base64="pjoxiJWdoUkimKWFCOG08usd/1Y=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkqiWF0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAjgyTGg==</latexit>E3

<latexit sha1_base64="z8CfBXvCCo65WEn9+zTZF4IiAMc=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkoiWl0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAj5CTGw==</latexit>E4

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="NwDRHmt7CEJ+HJwOnHjzfbxMq1U=">AAAB7XicbVDLSgNBEOyNrxhfUcGLl8EgxEvYFYy5CAEvHiOYByRLmJ3MJmNmZ5aZWSGG/IMXQUVy9X+8iX6Mk8dBowUNRVU33V1BzJk2rvvhpJaWV1bX0uuZjc2t7Z3s7l5Ny0QRWiWSS9UIsKacCVo1zHDaiBXFUcBpPehfTvz6HVWaSXFjBjH1I9wVLGQEGyvVwvz9yYXbzubcgjsF+ku8OcmVD+Lx09dnqdLOvrc6kiQRFYZwrHXTc2PjD7EyjHA6yrQSTWNM+rhLm5YKHFHtD6fXjtCxVToolMqWMGiq/pwY4kjrQRTYzgibnl70JuJ/XjMxYckfMhEnhgoyWxQmHBmJJq+jDlOUGD6wBBPF7K2I9LDCxNiAMjYEb/Hlv6R2WvCKhbNrm0YRZkjDIRxBHjw4hzJcQQWqQOAWHuAZXhzpPDqvznjWmnLmM/vwC87bN6Mekjk=</latexit>

f(z) = 0

<latexit sha1_base64="4NUnR6Ez32fpd3h2nGELUoA5g7k=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAREsEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+IfkLE=</latexit>

E

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0
<latexit sha1_base64="bvIyuldsHY1IFoUuOgJkkUz58P8=">AAAB6nicbVDJSgNBEK12jXGLCl68NAbBU5wRjDkGvHiMSxZIhtDT6Uma9PQM3T1CGPIJXjy4IHjyi7yJfoyd5aCJDwoe71VRVc+PBdfGcT7RwuLS8spqZi27vrG5tZ3b2a3pKFGUVWkkItXwiWaCS1Y13AjWiBUjoS9Y3e9fjPz6HVOaR/LWDGLmhaQrecApMVa6cU+u27m8U3DGwPPEnZJ8eT9+e/7+KlXauY9WJ6JJyKShgmjddJ3YeClRhlPBhtlWollMaJ90WdNSSUKmvXR86hAfWaWDg0jZkgaP1d8TKQm1HoS+7QyJ6elZbyT+5zUTE5S8lMs4MUzSyaIgEdhEePQ37nDFqBEDSwhV3N6KaY8oQo1NJ2tDcGdfnie104JbLJxd2TSKMEEGDuAQjsGFcyjDJVSgChS6cA+P8IQEekAv6HXSuoCmM3vwB+j9B8qIkS8=</latexit>

1/R

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0
<latexit sha1_base64="1P2aFX4+T+869MJOYOOgtaN326s=">AAAB6nicbVDJSgNBEK1xjYlL1GMujUHwFGYEo8eABz3GJQskQ+jp6Uma9HQP3T1CGPIJXjwowau/4g9482/sLAdNfFDweK+KqnpBwpk2rvvtrK1vbG5t53byhd29/YPi4VFTy1QR2iCSS9UOsKacCdowzHDaThTFccBpKxheT/3WE1WaSfFoRgn1Y9wXLGIEGys93Pe8XrHsVtwZ0CrxFqRcK9xMSp/tsN4rfnVDSdKYCkM41rrjuYnxM6wMI5yO891U0wSTIe7TjqUCx1T72ezUMTq1SogiqWwJg2bq74kMx1qP4sB2xtgM9LI3Ff/zOqmJrvyMiSQ1VJD5oijlyEg0/RuFTFFi+MgSTBSztyIywAoTY9PJ2xC85ZdXSfO84lUrF3c2jSrMkYMSnMAZeHAJNbiFOjSAQB+e4RXeHO68OBPnfd665ixmjuEPnI8fi2yQOw==</latexit>

R1
<latexit sha1_base64="HI7KPc742HQRKtaLxNzgx0Co5Hs=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLnSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbX2d+54lKxSLxqCcxdUM8FCxgBGsjPdwPaoNSxa7ac6B14ixJpVG8mZU/u35zUPrq+xFJQio04VipnmPH2k2x1IxwOi30E0VjTMZ4SHuGChxS5abzU6fozCg+CiJpSmg0V39PpDhUahJ6pjPEeqRWvUz8z+slOrhyUybiRFNBFouChCMdoexv5DNJieYTQzCRzNyKyAhLTLRJp2BCcFZfXiftWtWpVy/uTBp1WCAPZTiFc3DgEhpwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH4zwkDw=</latexit>

R2

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)
<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="Zfwy095zRWvECvE0/lqKAnO75bY=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd2A0WPAi8cI5gFJCLOznWTI7OwyMxsIaw7+ihcPinj1N7z5B36Gk2QPmljQUFPVzXSXHwuujet+OWvrG5tb27md/O7e/sFh4ei4oaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzcxvjlFpHsl7M4mxG9KB5H3OqLGSgAA4jAFBwQC+QQKzbwqkVyi6JXcOskq8jBQhQ61X+OwEEUtClIYJqnXbc2PTTakynAmc5juJxpiyER1g21JJQ9TddL7/lJxbJSD9SNmShszV3xMpDbWehL7tDKkZ6mVvJv7ntRPTv+6mXMaJQckWH/UTQUxEZmGQgCtkRkwsoUxxuythQ6ooMzayvA3BWz55lTTKJa9SurwrF6uVLI4cnMIZXIAHV1CFW6hB3Qb7AE/wAq/Oo/PsvDnvi9Y1J5s5gT9wPn4AjyiSjg==</latexit>

divergència

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta
<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?
<latexit sha1_base64="fWhZHWquFPfcVTbPyR1VBYJ+IL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjN4MePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7ZjL8=</latexit>

?<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)
<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="bZDhLTX5HixWSOBkFaRLontIUMo=">AAACE3icbZDLSgMxFIbP1Futt1Fx5SZYBFdlpmB1WXDjsoK9QDuUTJq2oZlkSDKFMvQd3Pgqblwo4taNO9/AxzBtZ6GtBw58/P85JOcPY8608bwvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFaJ1ILlUrxJpyJmjdMMNpK1YURyGnzXB0M/ObY6o0k+LeTGIaRHggWJ8RbKwk3RMgIEHAGCgoGMC3ZQIMMCDbIWjrckjAAO66Ra/kzQutgp9BEbKqdd3PTk+SJKLCEI61bvtebIIUK8MIp9NCJ9E0xmSEB7RtUeCI6iCd3zRF51bpob5UtoVBc/X3RoojrSdRaCcjbIZ62ZuJ/3ntxPSvg5SJODFUkMVD/YQjI9EsINRjihLDJxYwUcz+FZEhVpgYG2PBhuAvn7wKjXLJr5Qu78rFaiWLIw+ncAYX4MMVVOEWalC3QT/AE7zAq/PoPDtvzvtiNOdkO8fwp5yPH9fPlzg=</latexit>

convergència absoluta

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

<latexit sha1_base64="iWwvu69Yhg6sgsTbyNkNOPW0ytg=">AAACLXicbVHLSgMxFL3j2/oadekmWATdlJmC1WXBjUsF+4BaJJNm2tBMMiQZoQz+kBt/RQQXFXGrn+FtOwutXgice865JPckSqWwLgjG3sLi0vLK6tp6aWNza3vH391rWp0ZxhtMS23aEbVcCsUbTjjJ26nhNIkkb0XDi4neuufGCq1u3Cjl3YT2lYgFow4p7R8CAw0K7oGDgT58IWYggAKBDLGAGHUDCeoEjrEnqEVgkZXocNid3PnloBJMi/wFYQHKUNTVnf9y29MsS7hyTFJrO2GQum5OjRNM8ofSbWZ5StmQ9nkHoaIJt918uu0DOUKmR2Jt8ChHpuzPiZwm1o6SCJ0JdQM7r03I/7RO5uLzbi5Umjmu2OyiOJPEaTKJjvSE4czJEQLKjMC3EjaghjKHAZcwhHB+5b+gWa2EtcrpdbVcrxVxrMEBHGK0IZxBHS7hChr4BY/wDGN48568V+/d+5hZF7xiZh9+lff5DUdHnI4=</latexit>

convergència uniforme (i absoluta)

Figura 4.6: Regió de convergència de la sèrie
∑∞

n=−∞ an(z − z0)
n quan R1 < R2.

Si S(z) =
∑∞

n=0 an(z − z0)
n en el seu disc de convergència, podem buscar

la sèrie de Taylor de S(z) convergent en aquest disc. Similarment, si S(z) =∑∞
n=−∞ an(z − z0)

n en la seva corona de convergència, podem buscar la sèrie
de Laurent de S(z) convergent en aquesta corona. Quina relació hi ha entre
aquestes sèries i les originals? El teorema següent afirma que són les mateixes.

Teorema 4.12 (Unicitat) Si S(z) =
∑∞

n=−∞An(z−z0)
n en una corona centrada

a z0 (com la de la figura 4.6), aleshores
∑∞

n=−∞An(z−z0)
n és la sèrie de Laurent

de S(z) en aquesta regió.
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Demostració: Usem el teorema 4.9 (generalitzat per sèries de
potències positives i negatives de z − z0) amb

g(z) =
1

2πi

1

(z − z0)m+1
.

Tenim

1

2πi

∮

C

S(z) dz

(z − z0)m+1
=

∞∑

n=−∞
An

1

2πi

∮

C

(z − z0)
ndz

(z − z0)m+1
,

on C és un contorn tancat (que envolta z0) contingut a la corona on la
sèrie convergeix. D’acord amb el teorema 4.4, la integral de l’esquerra
és el coeficient am de la sèrie de Laurent de S(z). Similarment, la
integral de la dreta és el coeficient am de la sèrie de Laurent de la fun-
ció (z− z0)

n. Òbviament, aquest coeficient només és diferent de zero
si m = n i, en aquest cas, el seu valor és 1. La integral de la dreta
és, per tant, δmn. Tenim, doncs,

am =
∞∑

n=−∞
Anδnm = Am.

La sèrie
∑∞

n=−∞An(z − z0)
n és, doncs, l’única sèrie de potències de

z − z0 convergent a S(z) a la regió considerada.

⋄

Evidentment el teorema anterior també es compleix si la sèrie només conté
potències de z − z0 amb exponents no negatius. Si S(z) =

∑∞
n=0An(z − z0)

n

en el corresponent disc de convergència, aquesta sèrie és la sèrie de Taylor de
S(z) en aquest disc (recordem que, com hem vist al final de la secció 4.2, la sèrie
de Taylor és un cas particular de la sèrie de Laurent). El teorema estableix,
doncs, una correspondència biuńıvoca entre les funcions anaĺıtiques i les sèries
de potències en les regions on aquestes sèries convergeixen (vegeu, també, la
nota al peu de la pàgina 44).

4.4 Operacions amb sèries de potències

Teorema 4.13 Suposem que f(z) =
∑∞

n=0 anz
n en el disc |z| < r1 i que g(z) =∑∞

n=0 bnz
n en el disc |z| < r2

1) Si F (z) = λf(z) + µg(z), llavors F (z) =
∑∞

n=0 cnz
n en el disc |z| <

min{r1, r2} amb cn = λan + µbn. Per tant, en el disc |z| < min{r1, r2}
tenim

λ
∞∑

n=0

anz
n + µ

∞∑

n=0

bnz
n =

∞∑

n=0

(λan + µbn)z
n.
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2) Si F (z) = f(z)g(z), llavors F (z) =
∑∞

n=0 cnz
n en el disc |z| < min{r1, r2}

amb cn =
∑n

k=0 akbn−k. Per tant, en el disc |z| < min{r1, r2} tenim
( ∞∑

n=0

anz
n

)( ∞∑

n=0

bnz
n

)
=
∞∑

n=0

(
n∑

k=0

akbn−k

)
zn.

També és possible dividir sèries de potències, però en aquest cas l’expressió del
terme general és complicada i poc reveladora.

Demostració: La unicitat de les sèries de potències establerta pel
teorema 4.12 fa que les operacions amb sèries, tractades com a poli-
nomis de grau∞, es corresponguin amb les mateixes operacions fetes
amb les funcions cap a les quals convergeixen.

⋄

Vegem alguns exemples:

Exemple 4.6 Considerem

f(z) =





sin z

z
, z ̸= 0

1, z = 0.

Si prenem z0 = 0, la sèrie de Taylor de sin z és

sin z =
∞∑

n=0

(−1)n

(2n+ 1)!
z2n+1,

és a dir,

sin z = z − z3

3!
+

z5

5!
− z7

7!
+ · · · ,

que és convergent per a tot z ∈ C (ja que sin z és anaĺıtica a tot el pla complex).
Quan z ̸= 0 tenim

f(z) =
1

z

(
z − z3

3!
+

z5

5!
− z7

7!
+ · · ·

)

= 1− z2

3!
+

z4

5!
− z6

7!
+ · · · .

Però aquesta sèrie convergeix per a tot z ∈ C (també a z = 0, on convergeix cap
a 1 = f(0)). La funció f(z) és, doncs, anaĺıtica a tot el pla complex i la seva
sèrie de Taylor és

f(z) =
∞∑

n=0

(−1)n

(2n+ 1)!
z2n.
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Exemple 4.7 Considerem ara la funció g(z) = z/ sin z (és a dir, g(z) = 1/f(z),
on f(z) és la funció de l’exemple anterior). La funció g(z) és anaĺıtica a tot arreu,
llevat dels punts z = ±nπ, n ∈ N on la funció sin z s’anul·la (però és anaĺıtica a
z = 0, ja que g(0) = 1/f(0) = 1, com hem vist a l’exemple anterior). Aquesta
funció admet, doncs, un desenvolupament de Taylor al voltant de z0 = 0 que
necessàriament convergirà en el disc |z| < π (que és la distància de z = 0 a la
singularitat més propera z = ±π). Escrivim

g(z) = 1 + a2z
2 + a4z

4 + · · ·

(ja que la funció és parella) i observem que en ser g(z)f(z) = 1

1 =
(
1 + a2z

2 + a4z
4 + · · ·

)(
1− z2

3!
+

z4

5!
− z6

7!
+ · · ·

)

= 1 +

(
a2 −

1

3!

)
z2 +

(
a4 − a2

1

3!
+

1

5!

)
z4 + · · · .

Per tant, els coeficients de z2, z4, . . . han de ser zero. Recursivament dedüım
que

a2 =
1

3!
, a4 =

1

(3!)2
− 1

5!
, etc.

i, per tant,
z

sin z
= 1 +

z2

6
+

7z4

360
+ · · · ; |z| < π.

Exemple 4.8 Considerem la funció f(z) = ez/(1 − z). Busquem la sèrie de
potències de z − 1 convergent cap a f(z).
Com que f(z) és anaĺıtica a tot el pla complex, llevat del punt z = 1, la sèrie
serà de Laurent i convergirà a la corona 0 < |z − 1| < ∞. Per trobar la sèrie,
notem que

1

1− z
= −(z − 1)−1,

que ja està desenvolupat en sèrie de Laurent (en aquest cas, la sèrie només té
un terme). D’altra banda, tenim

ez = ez−1+1 = e ez−1 = e
∞∑

k=0

(z − 1)k

k!
,
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que és convergent a tot el pla, ja que ez−1 és anaĺıtica a tot arreu. Per tant,

ez

1− z
= −(z − 1)−1 e

∞∑

k=0

(z − 1)k

k!

=
∞∑

k=0

(−e)

k!
(z − 1)k−1 =

∞∑

n=−1

(−e)

(n+ 1)!
(z − 1)n

= − e

z − 1
− e− e

2!
(z − 1)− e

3!
(z − 1)2 − · · · ,

que és la sèrie buscada.

4.5 Classificació de les singularitats äıllades

Recordem (definició 2.12) que z0 és una singularitat äıllada de la funció f(z) si
aquesta funció és anaĺıtica en algun entorn de z0, però no ho és en aquest punt.

Definició 4.4 (Part principal) Si z0 és una singularitat äıllada de f(z) i la sèrie∑∞
n=−∞ an(z− z0)

n és la sèrie de Laurent convergent cap a f(z) a la corona més
interna centrada a z0, s’anomena part principal d’aquesta sèrie la part formada
per les potències d’exponent negatiu de z − z0, és a dir,

Part principal =
−1∑

n=−∞
an(z − z0)

n =
∞∑

n=1

a−n
(z − z0)n

.

L’estructura d’aquesta part principal determina si la singularitat äıllada z0
és evitable, pol o essencial.

Singularitat evitable: la singularitat äıllada z0 de f(z) és evitable si existeix
el ĺımit

lim
z→z0

f(z)
def
= a0.

En aquest cas, la part principal no conté cap terme i la sèrie de Laurent de la
corona més interna centrada a z0 és, de fet, una sèrie de Taylor que convergeix
a f(z), fins i tot en el punt z0 si assignem el valor f(z0) = a0, amb la qual cosa
la funció f(z) aix́ı redefinida és anaĺıtica també a z0.

Pol: la singularitat äıllada z0 de f(z) és un pol d’ordre m si

lim
z→z0

f(z)(z − z0)
m ̸= 0.



Càlcul en variable complexa Materials 123

En aquest cas, la part principal conté un nombre finit de termes amb a−m ̸= 0,
però a−n = 0 si n > m i la sèrie de Laurent de f(z) a la corona més interna és

f(z) =
m∑

k=1

a−k
(z − z0)k

+
∞∑

n=0

an(z − z0)
n

=
a−m

(z − z0)m
+

a−m+1

(z − z0)m−1
+ · · ·+ a0 + a1(z − z0) + a2(z − z0)

2 + · · ·

=
a−m + a−m+1(z − z0) + · · ·+ a0(z − z0)

m + a1(z − z0)
m+1 + · · ·

(z − z0)m

def
=

F (z)

(z − z0)m
, (4.9)

on F (z) és la funció definida per la sèrie del numerador de la ĺınia precedent.
Aquesta sèrie només conté potències de (z − z0) amb exponents no negatius i
és, per tant, una sèrie de Taylor. La funció F (z) és, doncs, anaĺıtica a z0 i el
seu valor en aquest punt és a−m ̸= 0. Això ens porta a la definició alternativa
següent de pol d’ordre m: f(z) té un pol d’ordre m a z0 si i només si existeix
F (z) anaĺıtica a z0, tal que

f(z) =
F (z)

(z − z0)m
, amb F (z0) ̸= 0, (4.10)

Els pols d’ordre 1, 2 . . . s’anomenen també pols simples, dobles . . .

Singularitat essencial: la singularitat äıllada z0 de f(z) és essencial si la part
principal conté un nombre infinit de termes. És, doncs, un “pol d’ordre ∞”.

Exemple 4.9 Analitzem les singularitats de les funcions següents:

1) La funció f(z) = (1 + z − ez)/z té una singularitat a z = 0 perquè el
denominador s’anul·la en aquest punt, però és una singularitat evitable, ja
que limz→0 f(z) existeix:

lim
z→0

1 + z − ez

z
= lim

z→0

1− ez

1
= 0.

La sèrie de Laurent al voltant de z = 0 és

f(z) =
1

z

(
1 + z −

∞∑

k=0

zk

k!

)
= − z

2!
− z2

3!
− z3

4!
− · · · ,
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que no té part principal i és la sèrie de Taylor de la funció

f(z) =

{
(1 + z − ez)/z , si z ̸= 0
0 , si z = 0 .

2) La funció f(z) = 1/(1+z2)2 té singularitats a z = ±i, ja que el denomina-
dor es pot expressar (z− i)2(z+ i)2 i s’anul·la en aquests punts. Es tracta
de pols d’ordre 2 (pols dobles), ja que

lim
z→±i

1

(1 + z2)2
(z ∓ i)2 = lim

z→±i
1

(z ± i)2
=

1

(±2i)2
̸= 0.

Observem que f(z) es pot reexpressar f(z) = F (z)/(z − i)2, on F (z) =
1/(z+ i)2, que és anaĺıtica al pol z = i. Similarment, f(z) = G(z)/(z+ i)2,
on G(z) = 1/(z − i)2, que és anaĺıtica al pol z = −i.

Si, per exemple, desenvolupem F (z) en sèrie de Taylor al voltant de z = i
i dividim per (z − i)2 obtenim

f(z) =
−(1/4)− (i/4)(z − i) + (3/16)(z − i)2 + (i/8)(z − i)3 + · · ·

(z − i)2

= −(1/4)(z − i)−2 − (i/4)(z − i)−1 + (3/16) + (i/8)(z − i) + · · · ,

és a dir, la part principal de la sèrie de Laurent de f(z) al voltant de
z = i té un nombre finit de termes i l’exponent negatiu més elevat és −2.
El mateix passa quan desenvolupem f(z) = G(z)/(z + i)2 al voltant de
z = −i.

3) La funció f(z) = z sin(1/z) té una singularitat a z = 0. Es tracta d’una
singularitat essencial, ja que el desenvolupament en sèrie de potències de
z és

z sin(1/z) = z

(
1

z
− 1

3!z3
+

1

5!z5
− · · ·

)
= 1− 1

3!z2
+

1

5!z4
− · · · ,

que és una sèrie de Laurent al voltant de z = 0 que té infinits termes a la
part principal.
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4.6 Zeros de les funcions anaĺıtiques

Si f(z) és anaĺıtica a z0 i s’anul·la en aquest punt diem que f(z) té un zero a z0.
En analogia amb els pols, podem definir també l’ordre dels zeros (tot i que els
zeros no són singularitats).

Definició 4.5 (Zero d’ordre m) Si f(z) és anaĺıtica a z0, diem que f(z) té un
zero d’ordre m en aquest punt si la sèrie de Taylor f(z) =

∑∞
n=m an(z − z0)

n

comença amb la potència d’exponent m, és a dir, a0 = a1 = · · · = am−1 = 0,
però am ̸= 0.

Per tant, si z0 és un zero d’ordre m de la funció f(z) tenim

f(z) =
∞∑

k=m

ak(z − z0)
k

= am(z − z0)
m + am+1(z − z0)

m+1 + am+2(z − z0)
m+2 + · · ·

= (z − z0)
m
[
am + am+1(z − z0) + am+2(z − z0)

2 + · · ·
]

def
= (z − z0)

mF (z),

on F (z) és la funció definida per la sèrie de la ĺınia precedent, que és una sèrie
de Taylor. La funció F (z) és, doncs, anaĺıtica a z0 i el seu valor en aquest punt
és am ̸= 0. Això ens porta a la definició alternativa de zero d’ordre m següent:
f(z) té un zero d’ordre m a z0 si i només si existeix F (z) anaĺıtica a z0, tal que

f(z) = (z − z0)
mF (z), amb F (z0) ̸= 0. (4.11)

Els zeros d’ordre 1, 2 . . . s’anomenen també zeros simples, dobles . . .

Teorema 4.14 Si f(z) té un zero d’ordre p a z0 i g(z) té un zero d’ordre q en
aquest mateix punt, aleshores la funció f(z)/g(z) té a z0:

1) un zero d’ordre p− q, si p > q,

2) una singularitat evitable, si p = q,

3) un pol d’ordre q − p, si p < q.

Demostració: D’acord amb (4.10) i (4.11) tenim

f(z) = (z − z0)
p F (z), amb F (z0) ̸= 0,

g(z) = (z − z0)
q G(z), amb G(z0) ̸= 0,

i, per tant,

f(z)

g(z)
= (z − z0)

p−q F (z)

G(z)
, amb

F (z0)

G(z0)
̸= 0.

⋄
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Exemple 4.10 Analitzem els dos primers casos de l’exemple 4.9 des de la pers-
pectiva del teorema 4.14.

1) La funció f(z) = (1 + z − ez)/z té un zero doble a z = 0 al numerador i
un zero simple al mateix punt al denominador. Per tant, z = 0 és un zero
simple de f(z):

1 + z − ez

z
=

1

z

(
1 + z −

∞∑

k=0

zk

k!

)
= −

∞∑

k=2

zk−1

k!

= −z

(
1

2!
+

z

3!
+

z2

4!
+ · · ·

)
.

2) La funció f(z) = 1/(1 + z2)2 no té cap zero al numerador i z = ±i són
zeros dobles del denominador. Per tant, z = ±i són pols dobles de f(z).

Teorema 4.15 Si f(z) és anaĺıtica a z0 i f(z0) = 0, però f(z) no és idènticament
nul·la en cap entorn de z0, aleshores f(z) no s’anul·la en cap altre punt d’algun
entorn de z0. És a dir, els zeros d’una funció anaĺıtica no idènticament nul·la,
són sempre äıllats.

Demostració: Si f(z) té un zero a z0 i no és idènticament nul·la
en cap entorn d’aquest punt, per a algun m hi haurà una funció
F (z) que compleix (4.11). Com que F (z) és anaĺıtica i F (z0) ̸= 0,
per continüıtat hi haurà algun entorn de z0 on F (z) ̸= 0. D’altra
banda (z − z0)

m ̸= 0 quan z ̸= z0. Per tant, en aquest entorn
f(z) = (z − z0)

mF (z) no s’anul·la en cap altre punt.

⋄

El fet que els zeros d’una funció anaĺıtica siguin äıllats té conseqüències
importants que es descriuen en els teoremes següents, en els quals analitzem la
situació en què una funció anaĺıtica en un domini D s’anul·la en un arc de corba
continu de D o en un subdomini E ⊂ D.

Teorema 4.16 Si f(z) és anaĺıtica en un domini D (obert i connex), i s’anul·la
en un arc de corba C continu de D, o en un subdomini E (també obert i connex)
de D (vegeu la figura 4.7), aleshores f(z) s’anul·la a tot D.

Demostració: Sigui z0 un punt de l’arc de corba o del subdomini E
on f(z) s’anul·la. Com que, en aquest cas, z0 és un zero no äıllat,
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<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2 <latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="j/nCmKtYanmMVhaVg4RNNmIUduE=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8zokGY=</latexit>z4

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="YaTDG1RVqwdUF/jzUJ08JzNWaPc=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ99xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJgJMX</latexit>E0

<latexit sha1_base64="apMxECoMfK4iPretEKMxHhm0FPo=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGLBJMY</latexit>E1

<latexit sha1_base64="wRzCRO5vDay7qpTzgI+dss4CK9M=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosiOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBjIiTGQ==</latexit>E2

<latexit sha1_base64="pjoxiJWdoUkimKWFCOG08usd/1Y=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkqiWF0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAjgyTGg==</latexit>E3

<latexit sha1_base64="z8CfBXvCCo65WEn9+zTZF4IiAMc=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkoiWl0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAj5CTGw==</latexit>E4

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="NwDRHmt7CEJ+HJwOnHjzfbxMq1U=">AAAB7XicbVDLSgNBEOyNrxhfUcGLl8EgxEvYFYy5CAEvHiOYByRLmJ3MJmNmZ5aZWSGG/IMXQUVy9X+8iX6Mk8dBowUNRVU33V1BzJk2rvvhpJaWV1bX0uuZjc2t7Z3s7l5Ny0QRWiWSS9UIsKacCVo1zHDaiBXFUcBpPehfTvz6HVWaSXFjBjH1I9wVLGQEGyvVwvz9yYXbzubcgjsF+ku8OcmVD+Lx09dnqdLOvrc6kiQRFYZwrHXTc2PjD7EyjHA6yrQSTWNM+rhLm5YKHFHtD6fXjtCxVToolMqWMGiq/pwY4kjrQRTYzgibnl70JuJ/XjMxYckfMhEnhgoyWxQmHBmJJq+jDlOUGD6wBBPF7K2I9LDCxNiAMjYEb/Hlv6R2WvCKhbNrm0YRZkjDIRxBHjw4hzJcQQWqQOAWHuAZXhzpPDqvznjWmnLmM/vwC87bN6Mekjk=</latexit>

f(z) = 0

<latexit sha1_base64="4NUnR6Ez32fpd3h2nGELUoA5g7k=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAREsEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+IfkLE=</latexit>

E

Figura 4.7: Si f(z) és anaĺıtica a D i és
nul·la a C o a E, també és nul·la a D.

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="hWe669l0TgUy1JTPsG9LQwCDoKY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuYLQzYGOZgLlAEsLs7NlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPGgitt21/W0vLK6tp6ZiO7ubW9s5vb26+rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBqnDfuUCoehTd6GGMnoL2Q+5xRbayq183l7aI9EVkEZwb5y/fC98dD+6TSzX22vYglAYaaCapUy7Fj3Ump1JwJHGXbicKYsgHtYctgSANUnXQy6IgcG8cjfiTNCzWZuL87UhooNQxcUxlQ3Vfz2dj8L2sl2r/opDyME40hm37kJ4LoiIy3Jh6XyLQYGqBMcjMrYX0qKdPmNllzBGd+5UWonxadUvGsaufLJZgqA4dwBAVw4BzKcA0VqAEDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4AESqQ0A==</latexit>

d <latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3 <latexit sha1_base64="j/nCmKtYanmMVhaVg4RNNmIUduE=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWmNoksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8zokGY=</latexit>z4

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D<latexit sha1_base64="YaTDG1RVqwdUF/jzUJ08JzNWaPc=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ99xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGJgJMX</latexit>E0

<latexit sha1_base64="apMxECoMfK4iPretEKMxHhm0FPo=">AAAB8XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DInqMYB6YLGF2djYZMjO7zMwKYclfeMlBEa9+hz/gzb9x8jhoYkFDUdVNd1eQcKaN6347a+sbm1vbuZ18YXdv/6B4eNTUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxheT/3WE1WaxfLBjBLqC9yXLGIEGys9Zl2COboZ97xesexW3BnQKvEWpFwr3E5Kn+2w3it+dcOYpIJKQzjWuuO5ifEzrAwjnI7z3VTTBJMh7tOOpRILqv1sdvEYnVolRFGsbEmDZurviQwLrUcisJ0Cm4Fe9qbif14nNdGVnzGZpIZKMl8UpRyZGE3fRyFTlBg+sgQTxeytiAywwsTYkPI2BG/55VXSPK941crFvU2jCnPkoAQncAYeXEIN7qAODSAg4Rle4NXRzsR5c97nrWvOYuYY/sD5+AGLBJMY</latexit>E1

<latexit sha1_base64="wRzCRO5vDay7qpTzgI+dss4CK9M=">AAAB8XicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosiOiygn1gG8pkMmmHTiZhZiKU0L9w04Uibv0Of8Cdf+O06UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG13O/80SlYpF40JOYuiEeChYwgrWRHtM+wRzdTAe1QaliV+0F0DpxlqTSKN7Oyp9dvzkoffX9iCQhFZpwrFTPsWPtplhqRjidFvqJojEmYzykPUMFDqly08XFU3RmFB8FkTQlNFqovydSHCo1CT3TGWI9UqveXPzP6yU6uHJTJuJEU0GyRUHCkY7Q/H3kM0mJ5hNDMJHM3IrICEtMtAmpYEJwVl9eJ+1a1alXL+5NGnXIkIcynMI5OHAJDbiDJrSAgIBneIFXS1kz6816z1pz1nLmBP7A+vgBjIiTGQ==</latexit>E2

<latexit sha1_base64="pjoxiJWdoUkimKWFCOG08usd/1Y=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkqiWF0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAjgyTGg==</latexit>E3

<latexit sha1_base64="z8CfBXvCCo65WEn9+zTZF4IiAMc=">AAAB8XicbVDLSsNAFL2pr9r6iLrsZrAIrkoiWl0WRHRZwT6wDWUymbRDJ5MwMxFK6F+46UIRt36HP+DOv3H6WGjrgQuHc+7l3nv8hDOlHefbyq2tb2xu5bcLxZ3dvX374LCp4lQS2iAxj2Xbx4pyJmhDM81pO5EURz6nLX94PfVbT1QqFosHPUqoF+G+YCEjWBvpMesSzNHNuHfes8tOxZkBrRJ3Qcq14u2k9NkO6j37qxvEJI2o0IRjpTquk2gvw1Izwum40E0VTTAZ4j7tGCpwRJWXzS4eoxOjBCiMpSmh0Uz9PZHhSKlR5JvOCOuBWvam4n9eJ9XhlZcxkaSaCjJfFKYc6RhN30cBk5RoPjIEE8nMrYgMsMREm5AKJgR3+eVV0jyruNXKxb1Jowpz5KEEx3AKLlxCDe6gDg0gIOAZXuDVUtbEerPe5605azFzBH9gffwAj5CTGw==</latexit>E4

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>
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convergeix absolutament a l’interior del disc de convergència i uniformement en
qualsevol disc tancat del seu interior (vegeu la figura 4.5a).

El raonament anterior també és aplicable a les sèries de potències d’exponent
negatiu. Considerem la sèrie

P1
n=1 an/z

n. Fent el canvi z ! w = 1/z, el disc
|w| < R del pla w, es correspon a la regió |z| > 1/R de pla z i el “disc” de
convergència de la sèrie és ara l’exterior del cercle de radi 1/R centrat a l’origen.
Com abans, el “disc” de convergència de la sèrie

P1
n=1 an/(z � z0)

n és la regió
|z � z0| > 1/R, és a dir, és l’exterior del cercle de radi 1/R centrat a z0 (vegeu
la figura 4.5b).

convergència absoluta

convergència
uniforme

(i absoluta)

divergència

?

R z0

convergència
absoluta

convergència
uniforme

(i absoluta)

divergència

?

1/R

z0

(a) (b)

Figure 4.5: Si R és el radi de convergència de la sèrie
P1

n=0 anzn tenim: (a) disc de
convergència de

P1
n=0 an(z � z0)

n ; (b) “disc” de convergència de
P1

n=0 an/(z � z0)
n.

Les sèries de potències amb exponents positius i negatius
P1

n=�1 an(z�z0)
n

es poden descompondre de la manera següent:

1X

n=�1
an(z � z0)

n =
�1X

n=�1
an(z � z0)

n +
1X

n=0

an(z � z0)
n

=
1X

n=1

a�n

(z � z0)n
+
1X

n=0

an(z � z0)
n.

El primer sumand és una sèrie de potències d’exponents negatius i el seu disc
de convergència és l’exterior d’un cert cercle de radi R1. El disc de convergència
de la sèrie del segon sumand és l’interior d’un altre cercle de radi R2. Si R1 <
R2 la sèrie completa convergeix absolutament a la intersecció d’aquestes dues
regions, és a dir, la corona R1 < |z � z0| < R2 (figura 4.6). Si R1 > R2 la sèrie
completa no convergeix enlloc. Si R1 = R2 no es pot afirmar res en general, la
corona es redueix a una circumferència on la sèrie completa pot convergir o no
(o fer-ho en alguns punts i no en altres).

Si S(z) =
P1

n=0 an(z � z0)
n en el seu disc de convergència, podem buscar

la sèrie de Taylor de S(z) convergent en aquest disc. Similarment, si S(z) =
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convergència absoluta

z0

R2
�

�
�
� 

convergència uniforme (i absoluta)

R1HHY

Figure 4.6: Regió de convergència de la sèrie
P1

n=�1 an(z � z0)
n quan R1 < R2.

P1
n=�1 an(z � z0)

n en la seva corona de convergència, podem buscar la sèrie
de Laurent de S(z) convergent en aquesta corona. Podem preguntar-nos quina
relació hi ha entre aquestes sèries i les originals. El teorema següent afirma que
són les mateixes.

Teorema 4.12 (Unicitat) Si S(z) =
P1

n=�1An(z�z0)
n en una corona centrada

a z0 (com la de la figura 4.6), aleshores
P1

n=�1An(z�z0)
n és la sèrie de Laurent

de S(z) en aquesta regió.

Demostració: Usem el teorema 4.9 (generalitzat per sèries de
potències positives i negatives de z � z0) amb

g(z) =
1

2⇡i

1

(z � z0)m+1
.

Tenim

1

2⇡i

I

C

S(z) dz

(z � z0)m+1
=

1X

n=�1
An

1

2⇡i

I

C

(z � z0)
ndz

(z � z0)m+1
,

on C és un contorn tancat (que envolta z0) contingut a la corona on la
sèrie convergeix. D’acord amb el teorema 4.4, la integral de l’esquerra
és el coeficient am de la sèrie de Laurent de S(z). Similarment, la
integral de la dreta és el coeficient am de la sèrie de Laurent de la
funció (z � z0)

n. Òbviament, aquest coeficient només és diferent de
zero si m = n i, en aquest cas, el seu valor és 1. La integral de la
dreta és, per tant, �mn. Tenim, doncs,

am =
1X

n=�1
An�nm = Am .
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Figura 4.8: Contorn poligonal emprat a la
demostració del teorema 4.16.

d’acord amb el teorema 4.15, f(z) ha de ser idènticament nul·la en
algun entorn de z0. Això vol dir que tots els coeficients de la sèrie de
Taylor de f(z) al voltant d’aquest punt han de ser zero, és a dir, f(z)
és idènticament nul·la en tot el disc de convergència de la sèrie i, per
tant, en qualsevol entorn E0 ⊂ D centrat a z0.

Demostrem ara que si w és un punt qualsevol de D es compleix que
f(w) = 0. Per fer-ho, argumentem com en el teorema 3.18. Com
que D és connex, els punts z0 i w es poden unir amb una poligonal
de D. Si d és menor que la distància mı́nima de la poligonal a la
frontera de D, triem un nombre finit de punts z1, z2, . . . , zn(= w) de
la poligonal, de forma que |zk − zk−1| < d. Si E0, E1, E2, . . . , En són
entorns de radi d centrats en aquests punts (incloent z0), tindrem que
Ek ⊂ D i que cada zk està dins de l’entorn Ek−1 (vegeu la figura 4.8).

Com que z1 ∈ E0 (on f és idènticament nul·la), els coeficients de la
sèrie de Taylor al voltant de z1 són també nuls i, per tant, f també
és idènticament nul·la a E1. Reiterant el raonament arribem, amb
un nombre finit de passos, al fet que f s’anul·la idènticament a En i,
per tant, f(w) = 0.

⋄

Corol·lari 4.17 Si f(z) i g(z) són anaĺıtiques en un domini D (obert i connex),
i coincideixen en un arc de corba continu de D, o en un subdomini E (també
obert i connex) de D, aleshores f(z) = g(z) a tot D.

Demostració: Només cal aplicar el teorema anterior a la funció
f(z)− g(z).

⋄

Aquest resultat ens diu que els valors que pren una funció anaĺıtica sobre un
arc de corba continu o sobre un domini determinen els valors que aquesta funció
pren en tot el seu domini d’analiticitat. Aix́ı, per exemple, no hi pot haver cap
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altra funció entera, llevat de f(z) = sin z, que sobre l’eix real coincideixi amb la
funció real sinx.

D’altra banda, aquest resultat també explica per què les identitats entre
funcions reals se segueixen complint entre les corresponents funcions complexes
(si són anaĺıtiques). Per exemple, la igualtat (cos z)2 + (sin z)2 = 1 es compleix
∀z ∈ C com a conseqüència del fet que (cosx)2+(sin x)2 = 1 es compleix ∀x ∈ R,
ja que tant (cos z)2+(sin z)2 com 1 són funcions anaĺıtiques a tot el pla complex
i coincideixen sobre l’eix real.
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<latexit sha1_base64="OdPSYwZqANDeKdGeT8m7iMa/xyA=">AAACJXicbVHLSgMxFL1TX3V8VV0KEiyCqzJTsLosuHHhooJ9QFtKJr1tQzOZIckIpfRn3PgrblxYRHDl1s8wnXahrTckOTnnXpJ7EsSCa+N5n05mbX1jcyu77e7s7u0f5A6PajpKFMMqi0SkGgHVKLjEquFGYCNWSMNAYD0Y3sz0+iMqzSP5YEYxtkPal7zHGTWWinKn0AIGCBKMXRVwi/rggobv9IQWEejavWWHC3dAIbFKWtHJ5b2ClwZZBf4C5GERlU5u2upGLAlRGiao1k3fi017TJXhTODEbSUaY8qGtI9NCyUNUbfHaZcTcm6ZLulFyk5pSMr+rhjTUOtRGNjMkJqBXtZm5H9aMzG96/aYyzgxKNn8ol4iiInIzDLS5QqZESMLKFPcvpWwAVWUGWusa03wl1teBbViwS8VLu+L+XJpYUcWTuAMLsCHKyjDLVSgar/iCV7gDabOs/PqvDsf89SMs6g5hj/hfP0AQp+aqg==</latexit>

sèries de
Laurent

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1

<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="i+qKMntkMp+CXdaSMDekJQbIzO0=">AAACIXicbVHLSgMxFL1TX3V8VV3qIlgEV2Wm4GNZcOOyQluFTpFMeluDmWRIMkIp/oobf8WNC0W6E3/AzzAdZ6GtN+Rycs69JPckTgU3Ngg+vNLC4tLySnnVX1vf2NyqbO90jMo0wzZTQunrmBoUXGLbcivwOtVIk1jgVXx3PtWv7lEbrmTLjlLsJXQo+YAzah2lKvsQAQMECdZlDdyhIfhg4Cs/IRDouxy55UMLKIxAgAJ9U6kGtSAPMg/CAlShiOZNZRL1FcsSlJYJakw3DFLbG1NtORP44EeZwZSyOzrEroOSJmh643zCB3LomD4ZKO22tCRnf3eMaWLMKIldZULtrZnVpuR/Wjezg7PemMs0syjZz0WDTBCryNQu0ucamRUjByjT3L2VsFuqKbPOVN+ZEM6OPA869Vp4Uju+rFcbJ4UdZdiDAziCEE6hARfQhLb7hkd4hld48568F+/dm/yUlryiZxf+hPf5DUInmbE=</latexit>

sèrie de
Taylor

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="aElkJZtDDifZHP91VTn27jhJGb8=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsKuYPQY8KDHiOYByRJmZ2eTIbMzy8ysEJZ8ghcPSvDqr/gD3vwbJ4+DJhY0FFXddHcFCWfauO63k9vY3Nreye8Winv7B4elo+OWlqkitEkkl6oTYE05E7RpmOG0kyiK44DTdjC6mfntJ6o0k+LRjBPqx3ggWMQINlZ6UH2vX6q4VXcOtE68JanUi7fT8mcnbPRLX71QkjSmwhCOte56bmL8DCvDCKeTQi/VNMFkhAe0a6nAMdV+Nj91gs6sEqJIKlvCoLn6eyLDsdbjOLCdMTZDverNxP+8bmqiaz9jIkkNFWSxKEo5MhLN/kYhU5QYPrYEE8XsrYgMscLE2HQKNgRv9eV10rqoerXq5b1NowYL5KEMp3AOHlxBHe6gAU0gMIBneIU3hzsvztR5X7TmnOXMCfyB8/EDvCyQWw==</latexit>r1

<latexit sha1_base64="5QqKNUgVF5w6Puj7n72bgiaEdJQ=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsJuwOgx4EGPEU0MJEuYnZ1NhszOLDOzQljyCV48KMGrv+IPePNvnDwOmljQUFR1090VJJxp47rfTm5jc2t7J79bKO7tHxyWjo7bWqaK0BaRXKpOgDXlTNCWYYbTTqIojgNOH4PR9cx/fKJKMykezDihfowHgkWMYGOle9Wv9UsVt+rOgdaJtySVRvFmWv7shM1+6asXSpLGVBjCsdZdz02Mn2FlGOF0UuilmiaYjPCAdi0VOKbaz+anTtCZVUIUSWVLGDRXf09kONZ6HAe2M8ZmqFe9mfif101NdOVnTCSpoYIsFkUpR0ai2d8oZIoSw8eWYKKYvRWRIVaYGJtOwYbgrb68Ttq1qlevXtzZNOqwQB7KcArn4MElNOAWmtACAgN4hld4c7jz4kyd90VrzlnOnMAfOB8/vbCQXA==</latexit>r2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="aElkJZtDDifZHP91VTn27jhJGb8=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsKuYPQY8KDHiOYByRJmZ2eTIbMzy8ysEJZ8ghcPSvDqr/gD3vwbJ4+DJhY0FFXddHcFCWfauO63k9vY3Nreye8Winv7B4elo+OWlqkitEkkl6oTYE05E7RpmOG0kyiK44DTdjC6mfntJ6o0k+LRjBPqx3ggWMQINlZ6UH2vX6q4VXcOtE68JanUi7fT8mcnbPRLX71QkjSmwhCOte56bmL8DCvDCKeTQi/VNMFkhAe0a6nAMdV+Nj91gs6sEqJIKlvCoLn6eyLDsdbjOLCdMTZDverNxP+8bmqiaz9jIkkNFWSxKEo5MhLN/kYhU5QYPrYEE8XsrYgMscLE2HQKNgRv9eV10rqoerXq5b1NowYL5KEMp3AOHlxBHe6gAU0gMIBneIU3hzsvztR5X7TmnOXMCfyB8/EDvCyQWw==</latexit>r1

<latexit sha1_base64="5QqKNUgVF5w6Puj7n72bgiaEdJQ=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsJuwOgx4EGPEU0MJEuYnZ1NhszOLDOzQljyCV48KMGrv+IPePNvnDwOmljQUFR1090VJJxp47rfTm5jc2t7J79bKO7tHxyWjo7bWqaK0BaRXKpOgDXlTNCWYYbTTqIojgNOH4PR9cx/fKJKMykezDihfowHgkWMYGOle9Wv9UsVt+rOgdaJtySVRvFmWv7shM1+6asXSpLGVBjCsdZdz02Mn2FlGOF0UuilmiaYjPCAdi0VOKbaz+anTtCZVUIUSWVLGDRXf09kONZ6HAe2M8ZmqFe9mfif101NdOVnTCSpoYIsFkUpR0ai2d8oZIoSw8eWYKKYvRWRIVaYGJtOwYbgrb68Ttq1qlevXtzZNOqwQB7KcArn4MElNOAWmtACAgN4hld4c7jz4kyd90VrzlnOnMAfOB8/vbCQXA==</latexit>r2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="LZI/t2BbK7HggYIVYdXJ63QbfKo=">AAAB9HicbVDLSgMxFL3js9ZXVXDjJliEuikzBWs3QsGNywr2Ae1QMmmmDc1kxiRTqEO/Qxciirj1Y9yJfozpY6GtBy73cM695OZ4EWdK2/antbS8srq2ntpIb25t7+xm9vZrKowloVUS8lA2PKwoZ4JWNdOcNiJJceBxWvf6l2O/PqBSsVDc6GFE3QB3BfMZwdpIrt92cnenF367YFo7k7Xz9gRokTgzki0fRk8P31+lSjvz0eqEJA6o0IRjpZqOHWk3wVIzwuko3YoVjTDp4y5tGipwQJWbTI4eoROjdJAfSlNCo4n6eyPBgVLDwDOTAdY9Ne+Nxf+8Zqz9kpswEcWaCjJ9yI850iEaJ4A6TFKi+dAQTCQztyLSwxITbXJKmxCc+S8vkloh7xTzZ9cmjSJMkYIjOIYcOHAOZbiCClSBwC3cwzO8WAPr0Xq13qajS9Zs5wD+wHr/AfRZlKE=</latexit>

f1(z) = f2(z)

<latexit sha1_base64="yWLjBDghbMvEZ4fAWCZgQN2FY9k=">AAACJ3icbVDLSgMxFL3js9ZX1aULg1XQTZkpWF0W3LhUsFpoS7mTZmowkxmSjFBL/8aNv+JGUBFd+gH+g7e1C7XekHByzrkk94Spktb5/rs3NT0zOzefW8gvLi2vrBbW1i9skhkuajxRiamHaIWSWtScdErUUyMwDpW4DK+Ph/rljTBWJvrc9VLRirGrZSQ5OqKSwhY0gYMADY5OA5JQFxjsQARtCGAPbmGfbk1aDJBUBAWf5JbUh+1C0S/5o2KTIBiDIozrtF14anYSnsVCO67Q2kbgp67VR+MkV2KQb2ZWpMivsSsaBDXGwrb6ozkHbJeYDosSQ1s7NmJ/dvQxtrYXh+SM0V3Zv9qQ/E9rZC46avWlTjMnNP9+KMoUcwkbhsY60gjuVI8AciPpr4xfoUHuKNo8hRD8HXkSXJRLQaV0cFYuVivjOHKwCdsUcQCHUIUTOIUahXoHD/AML9699+i9em/f1ilv3LMBv8r7+ALLLJpK</latexit>

f1(z)
anaĺıtica

<latexit sha1_base64="rQoDyEZus67tpTJwiDZe6nfqV+U=">AAACJ3icbVDLSgMxFL3j2/qqunRhsAq6KTMFH0vBjUsFawttKXfSTBvMZIYkI9Ti37jxV9wIKqJLP8B/8Pax0NYbEk7OOZfknjBV0jrf//Smpmdm5+YXFnNLyyura/n1jWubZIaLMk9UYqohWqGkFmUnnRLV1AiMQyUq4c1ZX6/cCmNloq9cNxWNGNtaRpKjIyrJb0MdOAjQ4Og0IAm1gcEuRNCEEuzDHRzQrU6LAZKKoOCb3JL6sJkv+EV/UGwSBCNQgFFdNPMv9VbCs1hoxxVaWwv81DV6aJzkStzn6pkVKfIbbIsaQY2xsI3eYM57tkdMi0WJoa0dG7C/O3oYW9uNQ3LG6Dp2XOuT/2m1zEUnjZ7UaeaE5sOHokwxl7B+aKwljeBOdQkgN5L+yngHDXJH0eYohGB85ElwXSoGR8XDy1Lh9GgUxwJswQ5FHMAxnMI5XECZQn2AJ3iFN+/Re/bevY+hdcob9WzCn/K+fgDM0JpL</latexit>

f2(z)
anaĺıtica

<latexit sha1_base64="dT6dEQ6bjbSC5YBBFJJOkP+KSGA=">AAAB6nicbVDLSgNBEOzxGRMfUY+5DAbBU9gVjB4DCnqMaB6QLGF2djYZMju7zMwKYcknePGgBK/+ij/gzb9x8jhoYkFDUdVNd5efCK6N43yjtfWNza3t3E6+sLu3f1A8PGrqOFWUNWgsYtX2iWaCS9Yw3AjWThQjkS9Yyx9eT/3WE1Oax/LRjBLmRaQvecgpMVZ6uOm5vWLZqTgz4FXiLki5VridlD7bQb1X/OoGMU0jJg0VROuO6yTGy4gynAo2zndTzRJCh6TPOpZKEjHtZbNTx/jUKgEOY2VLGjxTf09kJNJ6FPm2MyJmoJe9qfif10lNeOVlXCapYZLOF4WpwCbG079xwBWjRowsIVRxeyumA6IINTadvA3BXX55lTTPK261cnFv06jCHDkowQmcgQuXUIM7qEMDKPThGV7hDQn0gibofd66hhYzx/AH6OMHdhiQLQ==</latexit>

D1
<latexit sha1_base64="5KOKWjNsDVQR2VvJTI91/o3TP14=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosKOiyon1AG8pkMmmHTiZhZiKU0E9w40Ipbv0Vf8Cdf+Ok7UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG15nfeaJSsUg86klM3RAPBQsYwdpIDzeD2qBUsav2HGidOEtSaRRvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDq7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10m7VnXq1Yt7k0YdFshDGU7hHBy4hAbcQRNaQGAIz/AKbxa3XqyZ9b5ozVnLmRP4A+vjB3eckC4=</latexit>

D2

Figura 4.9: f2 és l’extensió anaĺıtica de f1 a D2.

Extensió anaĺıtica

Si tenim dues funcions, f1(z) anaĺıtica D1 (obert i connex) i f2(z) anaĺıtica D2

(obert i connex), i ambdues funcions coincideixen a D1 ∩ D2, diem que f2 és
l’extensió anaĺıtica de f1 a D2 (vegeu la figura 4.9), ja que cap altra funció
anaĺıtica a D2 pot coincidir amb f1 a D1 ∩D2.

Exemple 4.11 La funció f(z) =
∑∞

n=0 z
n és anaĺıtica a l’interior del disc de

convergència |z| < 1, la funció g(z) = 1/(1 − z) és anaĺıtica a C − {1} i totes
dues coincideixen en el disc |z| < 1. Llavors, g(z) és l’extensió anaĺıtica de f(z)
a tot el pla complex sense el punt z = 1.

Exemple 4.12 La funció gamma d’Euler complexa es defineix:

Γ(z)
def
=

∫ ∞

0

tz−1e−tdt, Re z > 0, (4.12)

Aquesta funció és l’extensió natural de la funció d’una variable real amb el
mateix nom, Γ(x)

def
=
∫∞
0

tx−1e−tdt, on x > 0. Recordem que aquesta integral
(doblement) impròpia només existeix quan x > 0 i que es compleix la relació
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Γ(x + 1) = xΓ(x), de la qual es dedueix que Γ(n + 1) = n!, si n ∈ N. La
relació anterior també permet estendre la definició de Γ(x) a valors negatius no

enters de x, ja que quan −1 < x < 0 es pot definir Γ(x)
def
= Γ(x + 1)/x. Un

cop fet això, amb la mateixa igualtat es pot definir Γ(x) per a −2 < x < −1
i l’aplicació reiterada d’aquest procés acaba estenent la definició de Γ(x) a tots
els valors negatius no enters de x. En els punts x = 0,−1,−2 . . . la funció té
discontinüıtats infinites.

Similarment, la funció Γ(z) només existeix a la regió Re z > 0, on la integral
(doblement) impròpia (4.12) convergeix, ja que quan Re z ≤ 0 en el ĺımit inferior
tenim |tz−1| = |e(z−1) log t| = e(Re z−1) log t = tRe z−1 i la integral divergeix. Amb
el mateix raonament de l’exemple 3.5 (aqúı [0,∞) no és compacte, però es pot
raonar sobre [0, R] i fer R → ∞) concloem que Γ(z) és anaĺıtica a Re z > 0.
D’altra banda, el corol·lari 4.17 ens permet afirmar que

Γ(z + 1) = zΓ(z) , Re z > 0,

ja que la igualtat es compleix sobre l’eix real. Això permet estendre anaĺıtica-
ment Γ(z) aplicant reiteradament la definició Γ(z)

def
= Γ(z + 1)/z

Γ(z)
def
=

Γ(z + 1)

z
, −1 < Re z ≤ 0,

Γ(z)
def
=

Γ(z + 1)

z
=

Γ(z + 2)

z(z + 1)
, −2 < Re z ≤ −1,

...
...

...
...

Γ(z)
def
=

Γ(z + n+ 1)

z(z + 1)(z + 2) · · · (z + n)
, −(n+ 1) < Re z ≤ −n.

La funció Γ(z) s’estén, aix́ı, a tot el pla complex, llevat dels punts 0,−1,−2 . . .
de l’eix real, en els quals, òbviament, té pols simples.

Exemple 4.13 Una manera alternativa d’arribar a la mateixa extensió anaĺıtica
de Γ(z) és convertir la integral (4.12) respecte de la variable real t en una integral
de contorn respecte de la variable complexa t. Escollim el tall de branca de tz−1

(que és multivaluada com a funció de t) sobre l’eix real positiu del pla complex t
i considerem la integral

∫
C
tz−1e−tdt, on C és el contorn de la figura 4.10. Si

t = x+ iϵ, amb 0 ≤ x ≤ R i ϵ > 0, en el ĺımit ϵ → 0, R → ∞ la contribució del
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-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1

<latexit sha1_base64="ot2//GqNKV5z/M3sr2ixPhCFT6o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq8H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVw3rsq1ah5HAU7hDC7AgxuowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AzyGM6w==</latexit>

i

<latexit sha1_base64="48W3npEDfrySfknl7PIyd04ATc8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+VMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyVynfNK5L1UoWRx7O4BwuwYNbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJWJjMU=</latexit>

C

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="qLh7SpybGAyNP+xDNEYw0Whw4Qs=">AAAB83icbVC7SgNBFJ31GeMramkzGITYhN2A0c6AjWUE84DsEmYnN8mQ2ZllZjYQlnyDnY2FIrb+gZWfYOeH2Dt5FJp44MLhnHu5954w5kwb1/1yVlbX1jc2M1vZ7Z3dvf3cwWFdy0RRqFHJpWqGRANnAmqGGQ7NWAGJQg6NcHA98RtDUJpJcWdGMQQR6QnWZZQYK/klf0gUxJpxKdq5vFt0p8DLxJuT/NV74fvj3j+rtnOffkfSJAJhKCdatzw3NkFKlGGUwzjrJxpiQgekBy1LBYlAB+n05jE+tUoHd6WyJQyeqr8nUhJpPYpC2xkR09eL3kT8z2slpnsZpEzEiQFBZ4u6CcdG4kkAuMMUUMNHlhCqmL0V0z5RhBobU9aG4C2+vEzqpaJXLp7fuvlKGc2QQcfoBBWQhy5QBd2gKqohimL0gJ7Qs5M4j86L8zprXXHmM0foD5y3H3X2las=</latexit>

2"

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="qLh7SpybGAyNP+xDNEYw0Whw4Qs=">AAAB83icbVC7SgNBFJ31GeMramkzGITYhN2A0c6AjWUE84DsEmYnN8mQ2ZllZjYQlnyDnY2FIrb+gZWfYOeH2Dt5FJp44MLhnHu5954w5kwb1/1yVlbX1jc2M1vZ7Z3dvf3cwWFdy0RRqFHJpWqGRANnAmqGGQ7NWAGJQg6NcHA98RtDUJpJcWdGMQQR6QnWZZQYK/klf0gUxJpxKdq5vFt0p8DLxJuT/NV74fvj3j+rtnOffkfSJAJhKCdatzw3NkFKlGGUwzjrJxpiQgekBy1LBYlAB+n05jE+tUoHd6WyJQyeqr8nUhJpPYpC2xkR09eL3kT8z2slpnsZpEzEiQFBZ4u6CcdG4kkAuMMUUMNHlhCqmL0V0z5RhBobU9aG4C2+vEzqpaJXLp7fuvlKGc2QQcfoBBWQhy5QBd2gKqohimL0gJ7Qs5M4j86L8zprXXHmM0foD5y3H3X2las=</latexit>

2"

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t <latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="SoIi+tikGdI+W5/sBdimPmJGRH4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVVa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4GGNAA==</latexit>r

<latexit sha1_base64="QZi+r1WZwooRw4vlAM9+Qq3J4ZM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVw3rsq1ah5HAU7hDC7AgxuowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A3MWM9A==</latexit>r

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t

Figura 4.10: Contorn (obert) emprat a la
definició de Γ(z).
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<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1

<latexit sha1_base64="ot2//GqNKV5z/M3sr2ixPhCFT6o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq8H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVw3rsq1ah5HAU7hDC7AgxuowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AzyGM6w==</latexit>

i

<latexit sha1_base64="48W3npEDfrySfknl7PIyd04ATc8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+VMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyVynfNK5L1UoWRx7O4BwuwYNbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJWJjMU=</latexit>

C

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="qLh7SpybGAyNP+xDNEYw0Whw4Qs=">AAAB83icbVC7SgNBFJ31GeMramkzGITYhN2A0c6AjWUE84DsEmYnN8mQ2ZllZjYQlnyDnY2FIrb+gZWfYOeH2Dt5FJp44MLhnHu5954w5kwb1/1yVlbX1jc2M1vZ7Z3dvf3cwWFdy0RRqFHJpWqGRANnAmqGGQ7NWAGJQg6NcHA98RtDUJpJcWdGMQQR6QnWZZQYK/klf0gUxJpxKdq5vFt0p8DLxJuT/NV74fvj3j+rtnOffkfSJAJhKCdatzw3NkFKlGGUwzjrJxpiQgekBy1LBYlAB+n05jE+tUoHd6WyJQyeqr8nUhJpPYpC2xkR09eL3kT8z2slpnsZpEzEiQFBZ4u6CcdG4kkAuMMUUMNHlhCqmL0V0z5RhBobU9aG4C2+vEzqpaJXLp7fuvlKGc2QQcfoBBWQhy5QBd2gKqohimL0gJ7Qs5M4j86L8zprXXHmM0foD5y3H3X2las=</latexit>

2"

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="qLh7SpybGAyNP+xDNEYw0Whw4Qs=">AAAB83icbVC7SgNBFJ31GeMramkzGITYhN2A0c6AjWUE84DsEmYnN8mQ2ZllZjYQlnyDnY2FIrb+gZWfYOeH2Dt5FJp44MLhnHu5954w5kwb1/1yVlbX1jc2M1vZ7Z3dvf3cwWFdy0RRqFHJpWqGRANnAmqGGQ7NWAGJQg6NcHA98RtDUJpJcWdGMQQR6QnWZZQYK/klf0gUxJpxKdq5vFt0p8DLxJuT/NV74fvj3j+rtnOffkfSJAJhKCdatzw3NkFKlGGUwzjrJxpiQgekBy1LBYlAB+n05jE+tUoHd6WyJQyeqr8nUhJpPYpC2xkR09eL3kT8z2slpnsZpEzEiQFBZ4u6CcdG4kkAuMMUUMNHlhCqmL0V0z5RhBobU9aG4C2+vEzqpaJXLp7fuvlKGc2QQcfoBBWQhy5QBd2gKqohimL0gJ7Qs5M4j86L8zprXXHmM0foD5y3H3X2las=</latexit>

2"

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t <latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="SoIi+tikGdI+W5/sBdimPmJGRH4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVVa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4GGNAA==</latexit>r

<latexit sha1_base64="QZi+r1WZwooRw4vlAM9+Qq3J4ZM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVw3rsq1ah5HAU7hDC7AgxuowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A3MWM9A==</latexit>r

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t

Figura 4.11: Un exemple de contorn
(obert) emprat a la definició de l’extensió
anaĺıtica de Γ(z).

segment del costat superior del tall de branca a aquesta integral és
∫ ∞

0

e(z−1) log xe−xdx =

∫ ∞

0

xz−1e−xdx = Γ(z) ,

mentre que la contribució del segment del costat inferior, on ara t = x− iϵ, és
∫ 0

∞
e(z−1)(log x+2πi)e−xdx = −

∫ ∞

0

xz−1e2πize−xdx = −e2πizΓ(z) .

D’altra banda, en el ĺımit ϵ → 0 la integral sobre la semicircumferència ↷ (on
t = ϵeiθ) s’anul·la, ja que

∣∣∣∣∣

∫

↷

· · ·
∣∣∣∣∣ ≤

∫

↷

| · · · | ∝ ϵRe z → 0.

Tenim, doncs, ∫

C

tz−1e−t dt =
(
1− e2πiz

)
Γ(z) ,

i, per tant,

Γ(z) =
1

1− e2πiz

∫

C

tz−1e−tdt, Re z > 0.

Observem que l’integrand no té singularitats fora de l’eix real positiu (tall de
branca de tz−1). Això permet deformar el contorn C i convertir-lo, per exemple,
en el de la figura 4.11 sense alterar el valor de la integral. La integral sobre
aquest nou contorn (ara allunyat de l’origen) existeix per a tot z i pel mateix
raonament de l’exemple 3.5, F (z) =

∫
C
tz−1e−tdt és una funció entera a partir

de la qual podem definir

Γ(z)
def
=

F (z)

1− e2πiz
, ∀z ∈ C− {0,−1,−2,−3 . . .},
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on hem exclòs els enters no positius en els quals el denominador 1−e2πiz s’anul·la.
Tot i que el denominador també s’anul·la a z = n = 1, 2, 3 . . . , aquestes són sin-
gularitats evitables, ja que F (z) també s’anul·la en aquests punts perquè les
contribucions dels dos segments de la figura 4.10 es cancel·len en aquest cas
(notem també que l’integrand tn−1e−t és anaĺıtic i, en no haver-hi tall de branca,
podem tancar el contorn C de la figura 4.11 i aplicar el teorema de Cauchy). De
fet, ja sabem que Γ(n) = (n− 1)! quan n ∈ N.

Aquesta nova Γ(z) coincideix amb (4.12) en el domini Re z > 0 i, per tant,
l’estén anaĺıticament a tot el pla complex, llevat dels enters no positius on hi ha
pols simples, cosa que es fa evident si observem que al voltant d’aquests punts n

1− e2πiz = 1− e2πi(z−n)e2πin = 1− e2πi(z−n)

= 1− [1− 2πi(z − n) + · · · ] = 2πi(z − n) + · · · ,

és a dir, el denominador 1− e2πiz té zeros simples a z = n = 0,−1,−2,−3 . . .
Tenim, doncs,

Γ(z) =
1

1− e2πiz

∫

C

tz−1e−tdt, z ̸= 0,−1,−2,−3 . . .

on C és un contorn (obert) com el de la figura 4.11.
Òbviament, aquesta extensió anaĺıtica de Γ(z) coincideix (corol·lari 4.17)

amb l’obtinguda amb la relació Γ(z) = Γ(z + 1)/z i és evident que el domini
d’analiticitat de Γ(z) no es pot estendre més.

4.7 Problemes

P4.1 Sigui a ∈ R. Trobeu els desenvolupaments de

f(z) =
1

a± z

en sèrie de potències de z vàlids a |z| < a i a |z| > a.

P4.2 Demostreu que la sèrie de Laurent de

f(z) =
1

z(z − 1)

és −∑∞n=−1 zn en una certa regió. Determineu quina és aquesta regió.
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P4.3 Trobeu els desenvolupaments en sèrie de potències de la funció

f(z) =
z

(z − 1)(z − 2)
,

vàlids a les regions:

(a) |z| < 1

(b) 1 < |z| < 2

(c) |z| > 2

(d) |z − 1| > 1

(e) 0 < |z − 1| < 1

(f) 0 < |z − 2| < 1

(g) |z − 2| > 1

P4.4 Desenvolupeu e1/z
2

al voltant de z = 0 i determineu quin tipus de singu-
laritat té la funció en aquest punt.

P4.5 Determineu el tipus de singularitat que tenen a z = 0 les funcions següents:

(a) z +
1

z

(b)
1− cos z

z2

(c)
ez

2

z3

(d) z2e−z
4

(e)
z

e
1
z
−1

(f)
z

ez − 1

(g)
z − sin z

z3

(h)
sinh z

z2

P4.6 Desenvolupeu f(z) = eg(z), on g(z) = z/(z − 2), en sèrie de Laurent al
voltant de z = 2.

P4.7 Demostreu que a la corona 1 < |z| < 2, la funció

f(z) =
z2 − 2z + 5

(z − 2)(z2 + 1)

admet el desenvolupament

f(z) =
∞∑

n=−∞
anz

n, on an =





− 1

2n+1
, n ≥ 0

0, n senar < 0

2(−1)n/2, n parell < 0.

P4.8 Trobeu la sèrie de Taylor de f(z) = 1/
√
1− z al voltant de z = 0. De-

termineu el seu disc de convergència i comenteu el resultat en referència
a les singularitats def(z). Considereu les branques següents de f(z)

Fα(z) = r−1/2e−iθ/2, r > 0, α− π < θ < α + π,

on reiθ
def
= 1 − z i α ∈ (−π, π]. Per a quins valors de α la sèrie de Taylor

obtinguda convergeix a Fα(z) en el disc de convergència?
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P4.9 Seguint amb els exemples 4.12 i 4.13,

(a) determineu la part principal de la sèrie de Laurent de la funció gamma
d’Euler, Γ(z), al voltant de z = 0,−1,−2, . . .

(b) integreu (4.12) per parts i demostreu que a C també es compleix la
relació funcional Γ(1 + z) = zΓ(z) si Re z > 0 (justifiqueu que el
mètode és aplicable per a t i z complexos). Utilitzeu aquesta relació
per estendre Γ(z) més enllà de Re z > 0 i identifiqueu-ne les singula-
ritats.

(c) utilitzeu els resultats de l’apartat (b) per trobar les singularitats de
Γ(z) i les parts principals de l’apartat (a).

P4.10 Usant branques de log z, esteneu anaĺıticament el logaritme d’una variable
real a un domini obert que contingui l’eix real negatiu (Re z<0, Im z=0).
Feu-ho de dues maneres: (a) vorejant z = 0 pel semiplà Im z ≥ 0 i
(b) vorejant-lo pel semiplà Im z ≤ 0. Coincideixen els resultats? Calculeu
log(−1) de les dues maneres. El resultat contradiu el corol·lari 4.17?
Existeix una extensió anaĺıtica del logaritme d’una variable real a tot el
domini C∗ def

= C− {0}?

P4.11 Trobeu la funció entera més general que compleix

lim
z→∞

f(z)

z2
= i.

P4.12 Trobeu el radi i la regió de convergència de les sèries de potències següents:

(a)
∞∑

n=0

(n+ 3)!

(3n)!
zn

(b)
0∑

n=−∞
7−nnzn

(c)
∞∑

n=0

[
z

3 + (−1)n

]n

(d)
∞∑

n=0

n

3n
(z − 1)2n

(e)
∞∑

n=1

(2n)!

(n!)2
z−2n

(f)
∞∑

n=1

zn
2

(1 + 1/n)n
3

P4.13 Siguin f i g dues funcions anaĺıtiques a C∗ = C− {0}. En quins casos ha
de ser necessàriament f(z) = g(z) a tot C∗? Demostreu-ho o doneu-ne un
contraexemple.

(a) Si f(1/n) = g(1/n), per a n ∈ N i n > 10.

(b) Si limn→∞ f(1/n) = limn→∞ g(1/n).

(c) Si f(1 + 1/n) = g(1 + 1/n), per a n ∈ N.
(d) Si f(n) = g(n), per a n ∈ Z.
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(e) Si f(n) = g(n), però f(−n) ̸= g(−n), per a n ∈ N. Podeu usar, sense
demostrar-ho (la demostració és al problema P5.9), que la funció gamma
d’Euler Γ(z) no té cap zero.

És correcte afirmar que Γ(z) és l’extensió anaĺıtica de (n − 1)! al domi-
ni C− N? Per què?

P4.14 Seguint amb l’exemple 4.3,

(a) demostreu que

ζ(s)Γ(s) =

∫ ∞

0

ts−1

et − 1
dt, Re s > 1.

Indicació. Intercanvieu d’ordre
∑

i
∫
(no cal justificar-ho).

(b) Caracteritzeu les singularitats de l’integrand f(t) = ts−1/(et − 1) per
a valors arbitraris de s ∈ C. Escolliu el tall de branca de ts−1 (com a
funció de t) sobre l’eix real positiu del pla complex t.

(c) Demostreu que en un cert domini del pla complex s la funció ζ(s) es
pot expressar

ζ(s) =
1/Γ(s)

1− e2πis

∫

C

ts−1

et − 1
dt,

on C és un contorn com el que es mostra a la figura 4.11.

(d) Caracteritzeu les singularitats de ζ(s) i trobeu expĺıcitament la part
principal de les corresponents sèries de Laurent. Podeu usar, sense
demostra-ho, que Γ(z) no té cap zero (la demostració és al proble-
ma P5.9). Concloeu que l’expressió de l’apartat anterior és correcta
a C− {1}.

Solucions

S4.1 Si |z| < a:

f(z) =
1

a± z
=

1

a
· 1

1± z/a
=

1

a

[
1∓ z

a
+
(z
a

)2
∓
(z
a

)3
+ · · ·

]
.

Si |z| > a:

1

a± z
= ±1

z
· 1

1± a/z
= ±1

z

[
1∓ a

z
+
(a
z

)2
∓
(a
z

)3
+ · · ·

]
.
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S4.2 La sèrie
∑∞

n=0 z
n és la sèrie geomètrica que només convergeix quan |z| < 1,

i ho fa cap a la funció 1/(1− z). Per tant,

1

z − 1
= − 1

1− z
= −

∞∑

n=0

zn, quan |z| < 1.

D’altra banda, la funció 1/z coincideix amb la seva sèrie de Laurent al
voltant del punt z = 0, que, en aquest cas, té un únic terme i és vàlida
quan z ̸= 0, és a dir, quan |z| > 0. Aix́ı doncs, a la corona 0 < |z| < 1
tenim

f(z) = −1

z

1

1− z
= −1

z

(
1 + z + z2 + z3 + · · ·

)

= −
(
1

z
+ 1 + z + z2 + z3 + · · ·

)
.

S4.3 f(z) = z/(z − 1)(z − 2) té singularitats a z = 1 i a z = 2. Els desenvolu-
paments dels casos (a), (b) i (c) són vàlids en regions centrades a z = 0 i,
per tant, són sèries de potències de z. Les regions dels casos (d) i (e) són
centrades a z = 1 i, per tant, són sèries de potències de (z − 1). Els casos
(f) i (g) corresponen a sèries de potències de (z − 2).

En tots els casos, convé descompondre la funció en fraccions simples, és a
dir, buscar els coeficients A i B que permetin expressar la funció com

z

(z − 1)(z − 2)
=

A

z − 1
+

B

z − 2
.

Si sumem les fraccions de la dreta, obtenim

A(z − 2) +B(z − 1)

(z − 2)(z − 1)
=

(A+B)z − (2A+B)

(z − 2)(z − 1)
.

Per tant, perquè coincideixi amb f(z), veiem que A+B = 1 i que 2A+B =
0, és a dir, A = −1 i B = 2. Aix́ı, podem escriure f(z) com

f(z) =
1

1− z
+

2

z − 2
.

Ara només es tracta de trobar els desenvolupaments en sèrie de cada
sumand, vàlids a cadascuna de les regions considerades, i sumar-los. Per
fer-ho, usarem la sèrie geomètrica 1/(1−α) = 1+α+α2+α3+ · · · (vàlid
quan |α| < 1).
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(a) |z| < 1

f(z) =
1

1− z
− 1

1− (z/2)

=
(
1 + z + z2 + z3 + · · ·

)
−
[
1 +

z

2
+
(z
2

)2
+
(z
2

)3
+ · · ·

]

=
1

2
z +

(
1− 1

4

)
z2 + · · ·+

(
1− 1

2n

)
zn + · · ·

(b) 1 < |z| < 2

f(z) = −1

z
· 1

1− (1/z)
− 1

1− (z/2)

= −1

z

(
1+

1

z
+

1

z2
+

1

z3
+· · ·

)
−
[
1+

z

2
+
(z
2

)2
+
(z
2

)3
+ · · ·

]

= · · · − 1

zk
− · · · − 1

z2
− 1

z
− 1− 1

2
z − 1

4
z2 − · · · − 1

2n
zn + · · ·

(c) |z| > 2

f(z) = −1

z
· 1

1− 1/z
+

2

z
· 1

1− 2/z

= −1

z

(
1+

1

z
+

1

z2
+

1

z3
+ · · ·

)
+

2

z

[
1+

2

z
+

(
2

z

)2

+

(
2

z

)3

+ · · ·
]

=
1

z
+ 3

1

z2
+ · · ·+ (2n − 1)

1

zn
+ · · ·

(d) |z − 1| > 1

f(z) = − 1

z − 1
+

2

z − 2

= − 1

z − 1
+

2

(z − 1)

1

1− (z − 1)−1

= − 1

z − 1
+

2

(z − 1)

[
1 +

1

(z − 1)
+

1

(z − 1)2
+

1

(z − 1)3
+ · · ·

]

=
1

z − 1
+ 2

1

(z − 1)2
+ 2

1

(z − 1)3
+ · · ·+ 2

1

(z − 1)n
+ · · ·
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(e) 0 < |z − 1| < 1

f(z) = − 1

z − 1
− 2

1

1− (z − 1)

= − 1

z − 1
+ 2

[
1 + (z − 1) + (z − 1)2 + (z − 1)3 + · · ·

]

= − 1

z − 1
+ 2 + 2(z − 1) + 2(z − 1)2

+ 2(z − 1)3 + · · ·+ 2(z − 1)n + · · ·

(f) 0 < |z − 2| < 1

f(z) = − 1

z − 1
+

2

z − 2

= − 1

1 + (z − 2)
+

2

z − 2

= −
[
1− (z − 2) + (z − 2)2 − (z − 2)3 − · · ·

]
+

2

z − 2

=
2

z − 2
− 1 + (z − 2)− (z − 2)2

+ (z − 2)3 + · · ·+ (−1)n+1(z − 2)n + · · ·

(g) |z − 2| > 1

f(z) = − 1

(z − 2)
· 1

1 + (z − 2)−1
+

2

z − 2

= − 1

(z − 2)

(
1− 1

(z − 2)
+

1

(z − 2)2
− 1

(z − 2)3
− · · ·

)
+

2

z − 2

=
1

(z − 2)
+

1

(z − 2)2
− 1

(z − 2)3
+ · · ·+ (−1)n

1

(z − 2)n
+ · · ·

S4.4 La funció exponencial ez és anaĺıtica a tot arreu. Pel teorema de la sèrie
de Laurent, això implica que hi ha un únic desenvolupament en sèrie de
potències de z, que és de Taylor i convergeix a tot el pla. Aix́ı, ez =
1 + z + z2/2! + z3/3! + · · ·+ zn/n! + · · · , convergent per a tot z.

La funció e1/z
2
té una singularitat a z = 0 perquè limz→0 e

1/z2 = ∞. La
sèrie de potències de z d’aquesta funció és

e1/z
2

= 1 +
1

z2
+

1

2! z4
+

1

3! z6
+ · · ·
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La sèrie convergeix quan z ̸= 0 i, en particular, en un entorn al voltant
de la singularitat. És, doncs, una singularitat äıllada. D’altra banda, la
part principal d’aquesta sèrie té infinits termes i, per tant, es tracta d’una
singularitat essencial.

S4.5 Per classificar la (possible) singularitat que hi hagi a z = 0, hem de trobar
la sèrie de potències de z que convergeixi a cadascuna de les funcions en
un entorn de z = 0.

(a) La funció z + 1/z ja està expressada com a sèrie de potències de z.
Aix́ı, z = 0 és un pol simple (o d’ordre 1) d’aquesta funció.

(b) La funció cos z és anaĺıtica a tot el pla i, per tant, la sèrie de Taylor
cos z = 1− z2/2! + z4/4!− z6/6! + · · · convergeix a tot el pla. Aix́ı,

1− cos z

z2
=

1− (1− z2/2! + z4/4! + · · · )
z2

=
z2/2!− z4/4! + · · ·

z2
=

1

2!
− z2

4!
+ · · · ,

que és una sèrie sense part principal i, per tant, no hi ha cap singularitat
o, més exactament, aquesta funció té una singularitat evitable a z = 0.

(c)
ez

2

z3
=

1 + z + z2/2! + · · ·
z3

=
1

z3
+

1

z2
+

1

2! z
+

1

3!
+

z

4!
+ · · ·

La part principal arriba fins a z−3, per tant, és un pol d’ordre 3.

(d) No té singularitats.

(e)
z

e(1/z)−1
= z e e−1/z = ez

(
1− 1

z
+

1

2!z2
− 1

3!z3
+ · · ·

)

= ez − e+
1

2ez
− 1

3! ez2
+ · · ·

És una singularitat essencial.

(f)
z

ez − 1
=

z

(1 + z + z2/2 + z3/3! + · · · )− 1

=
z

z + z2/2 + z3/3! + · · · =
1

1 + z/2 + z2/3! + · · ·

= 1− 1

2
z +

1

12
z2 + · · ·

L’última igualtat s’obté dividint 1 per “polinomi” 1 + z/2 + z2/3! + · · · .
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La sèrie obtinguda no té part principal i, per tant, z = 0 és una singulari-
tat evitable.

(g)
z − sin z

z3
=

z − (z − z3/3! + z5/5!− · · · )
z3

=
1

3!
+

z2

5!
− · · ·

És una singularitat evitable.

(h)
sinh z

z2
=

z + z3/3! + z5/5! + · · ·
z2

=
1

z
+

1

3!
z +

1

5!
z3 + · · ·

És un pol simple.

S4.6 La sèrie de Laurent “al voltant de z = 2” significa la sèrie de potències de
(z − 2), vàlida en un entorn de z = 2.

Podem expressar fàcilment g(z) = z/(z − 2) com una sèrie de potències
de (z − 2),

g(z) =
z

z − 2
=

z − 2 + 2

z − 2
= 1 +

2

z − 2
.

La sèrie només té 2 termes i és vàlida a tot el pla, llevat del punt z = 2.
Tenim, per tant,

f(z) = e1+
2

z−2 = e e
2

z−2

= e

[
1 +

2

z − 2
+

1

2!

(
2

z − 2

)2

+
1

3!

(
2

z − 2

)3

+ · · ·
]
.

Aix́ı doncs, z = 2 és una singularitat essencial de f(z).

S4.7 f(z) té singularitats (pols simples) a z = 2,±i. Com que es tracta d’una
sèrie de potències de z, aquesta funció té tres regions de convergència
diferents |z| < 1, 1 < |z| < 2, |z| > 2. A cada regió hi ha una sèrie
de potències de z diferent que convergeix a f(z). Per trobar-les convé
expressar f en fraccions simples. Una possibilitat és

f(z) =
a

z − i
+

b

z + i
+

c

z − 2
,

però també podem fer

f(z) =
Az +B

z2 + 1
+

C

z − 2
,
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és a dir,

f(z) =
(Az +B)(z − 2) + C(z2 + 1)

(z2 + 1)(z − 2)

=
(A+ C)z2 + (−2A+B)z + (C − 2B)

(z2 + 1)(z − 2)
=

z2 − 2z + 5

(z2 + 1)(z − 2)
,

d’on obtenim que A = 0, B = −2 i C = 1. Aix́ı doncs,

f(z) = − 2

z2 + 1
+

1

z − 2
= − 2

z2
1

1 + z−2
− 1

2

1

1− (z/2)
.

Ara ja podem utilitzar la sèrie 1+α+α2 + · · · = 1/(1−α), quan |α| < 1,
per a cada sumand, amb α = −1/z2 per al primer i α = z/2 per al segon.
Aix́ı, obtenim,

f(z) = − 2

z2

(
1− 1

z2
+

1

z4
+ · · ·

)
− 1

2

(
1 +

z

2
+

z2

4
+

z3

8
+ · · ·

)
.

La primera sèrie és convergent quan |−1/z2| < 1, és a dir, quan |z| > 1.
La segona sèrie convergeix quan |z/2| < 1, és a dir, quan |z| < 2. Per
tant,

f(z) = · · ·+2(−1)k
1

z2k
+ · · ·+ 2

z4
− 2

z2
− 1

2
− 1

4
z− 1

8
z2+ · · ·− 1

2n+1
zn+ · · · ,

si 1 < |z| < 2.

S4.8 La funció f(z) = 1/
√
1− z és bivaluada, ja que involucra una arrel qua-

drada. Té una singularitat a z = 1 (on s’anul·la el denominador), que
és també el punt d’embrancament de

√
1− z. Per tant, existirà alguna

branca (anaĺıtica) al voltant de z = 0, com es pot veure a la figura 4.12).

Per trobar la sèrie de Taylor, calculem les seves derivades a l’origen:

F
(0)
α (0) = (1− 0)−1/2 = 1,

F
(1)
α (0) = 1

2
(1− 0)−3/2 =

1

2
,

F
(2)
α (0) = 1

2
3
2
(1− 0)−5/2 =

3 · 1
22

,

F
(3)
α (0) = 1

2
3
2
5
2
(1− 0)−7/2 =

5 · 3 · 1
23

,

... =
... =

...

F
(n)
α (0) = 1

2
3
2
5
2
· · · 2n−1

2
(1− 0)−(2n+1)/2 =

(2n− 1) · · · 5 · 3 · 1
2n

,
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Però,

(2n− 1) · · · 5 · 3 · 1
2n

=
(2n)(2n− 1)(2n− 2) · · · 5 · 4 · 3 · 2 · 1
2n (2 · n) · [2(n− 1)] · · · (2 · 2) · (2 · 1) =

(2n)!

22nn!
.

Per tant,

Fα(z) =
∞∑

n=0

(2n)! zn

22n(n!)2
(4.13)

Alternativament, podŕıem haver obtingut aquest resultat estenent la sèrie
binomial

(1 + x)b =
∞∑

n=0

(
b

n

)
xn

als nombres complexos usant la “recepta” de la pàgina 8 i substituint x
per −z i b per −1/2.

Per trobar el radi de convergència, R, de la sèrie de Taylor obtinguda,
recordem que 1/R = limn→∞

n
√

|an|, on {an} són els coeficients de la sèrie.
En el nostre cas,

1

R
= lim

n→∞

[
(2n)!

22n(n!)2

]1/n
= lim

n→∞

[
(2n)2ne−2n

√
4πn

22nn2ne−2n 2πn

]1/n

= lim
n→∞

(πn)−1/(2n) = exp

[
− lim

n→∞
log(πn)

2n

]

= exp

(
− lim

n→∞
1/n

2

)
= e0 = 1,

on a la primera ĺınia hem usat la fórmula de Stirling4 i en passar de la
segona a la tercera ĺınia hem emprat la regla de L’Hôpital. Tenim, doncs
(figures 4.12 i 4.13),

R = 1

El radi de convergència no pot superar el valor R = 1 perquè totes les
branques de f(z) tenen una singularitat a z = 1, mentre que la sèrie (4.13)
és anaĺıtica a l’interior del seu disc de convergència. En particular, la sèrie
esmentada convergeix a Fα(z) en tot el disc |z| < R = 1 si

−π/2 ≤ α ≤ π/2

com ho mostra clarament la figura 4.13 (per als valors extrems els talls de
branca són tangents al disc de convergència).

4Fórmula de Stirling: limn→∞(nne−n
√
2πn)/n! = 1.
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w0 = �p
rei⇡/2

<latexit sha1_base64="O6VmWeF2rTAo98PUsu43XYA/HhI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZ4BjMk=</latexit>

I

<latexit sha1_base64="4axqU+Z44GGI2kJ3KYjNGvMG8kY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtinlAEsLsZDYZMju7zPQKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSHZ8aLoXiTRQoeSfWnIa+5G1/cjv3209cGxGpR5zGvB/SkRKBYBSt9FCvD4olt+wuQNaJl5ESZGgMil+9YcSSkCtkkhrT9dwY+ynVKJjks0IvMTymbEJHvGupoiE3/XRx6YxcWGVIgkjbUkgW6u+JlIbGTEPfdoYUx2bVm4v/ed0Eg5t+KlScIFdsuShIJMGIzN8mQ6E5Qzm1hDIt7K2EjammDG04BRuCt/ryOmlVyl61fHVfKdWqWRx5OINzuAQPrqEGd9CAJjAI4Ble4c2ZOC/Ou/OxbM052cwp/IHz+QMx4Y0c</latexit>

II

<latexit sha1_base64="O6VmWeF2rTAo98PUsu43XYA/HhI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZ4BjMk=</latexit>

I

<latexit sha1_base64="4axqU+Z44GGI2kJ3KYjNGvMG8kY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtinlAEsLsZDYZMju7zPQKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSHZ8aLoXiTRQoeSfWnIa+5G1/cjv3209cGxGpR5zGvB/SkRKBYBSt9FCvD4olt+wuQNaJl5ESZGgMil+9YcSSkCtkkhrT9dwY+ynVKJjks0IvMTymbEJHvGupoiE3/XRx6YxcWGVIgkjbUkgW6u+JlIbGTEPfdoYUx2bVm4v/ed0Eg5t+KlScIFdsuShIJMGIzN8mQ6E5Qzm1hDIt7K2EjammDG04BRuCt/ryOmlVyl61fHVfKdWqWRx5OINzuAQPrqEGd9CAJjAI4Ble4c2ZOC/Ou/OxbM052cwp/IHz+QMx4Y0c</latexit>

II

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="1TLxMoqnZ7sQ/dwcNrJGpI7H5sA=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0V0VZKC1WXBjcsK9gFNKJPpbTt0MgkzE6GEbt34K25cKOLWP3Dn3zhps9DWAwOHc+7hzj1hwpnSrvttldbWNza3ytv2zu7e/oFzeNRWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64eQm9zsPIBWLxb2eJhBEZCTYkFGijdR3sE9BaJBMjOwkFdr37cE5RKEkgpLIWH2n4lbdOfAq8QpSQQWafefLH8Q0zbOUE6V6npvoICNSM8phZvupgoTQCRlBz1Bhtqggm18yw2dGGeBhLM0TGs/V34mMREpNo9BMRkSP1bKXi/95vVQPr4OMiSTVIOhi0TDlWMc4rwUPmASq+dQQQiUzf8V0TCShphtlmxK85ZNXSbtW9erVy7tapVEv6iijE3SKLpCHrlAD3aImaiGKHtEzekVv1pP1Yr1bH4vRklVkjtEfWJ8/StuaDQ==</latexit>

punt
d’embrancament

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>.
<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>.

<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>.

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1<latexit sha1_base64="iNfz3EM3YAry9xDPs2jjhClWVTc=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxV9zGP+7iTL7gldyK0CN4MChfvxe+Pe/+42sl/+l1JkogKQzjWuuW5sWmnWBlGOB3l/ETTGJMB7tGWRYEjqtvpZNoROrJOF4VS2ScMmri/O1IcaT2MAlsZYdPX89nY/C9rJSY8b6dMxImhgkw/ChOOjETj1VGXKUoMH1rARDE7KyJ9rDAx9kA5ewRvfuVFqJ+UvHLp9NotVMowVRYO4BCK4MEZVOAKqlADArfwAE/w7Ejn0XlxXqelGWfWsw9/5Lz9ANSzkwA=</latexit>↵

<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>

.
<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>

.
<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>

.

<latexit sha1_base64="oWK1s9DVlwD5s9uTVOKJk2BYTDA=">AAAB83icbVDLSgNBEOz1GeMrKnjxMhgET3E3YMxFCHjxGME8ILuE2clsMmR2dpiZFULIb4ggqIhXf8ab6Mc4eRw0saChqOqmuyuUnGnjup/O0vLK6tp6ZiO7ubW9s5vb26/rJFWE1kjCE9UMsaacCVozzHDalIriOOS0Efavxn7jjirNEnFrBpIGMe4KFjGCjZV8H3PZw5e+ZGfFdi7vFtwJ0CLxZiRfOZRPD99f5Wo79+F3EpLGVBjCsdYtz5UmGGJlGOF0lPVTTSUmfdylLUsFjqkOhpObR+jEKh0UJcqWMGii/p4Y4ljrQRzazhibnp73xuJ/Xis1UTkYMiFTQwWZLopSjkyCxgGgDlOUGD6wBBPF7K2I9LDCxNiYsjYEb/7lRVIvFrxS4fzGplGCKTJwBMdwCh5cQAWuoQo1ICDhHp7hxUmdR+fVeZu2LjmzmQP4A+f9B4J2lQw=</latexit>

↵ = ⇡/2

<latexit sha1_base64="Zz/kT6Oc4xjCvFRbnMReLfn6IfM=">AAAB9HicbVDLSgNBEOyNrxhfUcGLl8EgeDHuBoy5CAEvHiOYByRLmJ3MJkNmd8eZ2UBY8h16EFHEqx/jTfRjnDwOmljQUFR1093lCc6Utu1PK7W0vLK6ll7PbGxube9kd/dqKooloVUS8Ug2PKwoZyGtaqY5bQhJceBxWvf6V2O/PqBSsSi81UNB3QB3Q+YzgrWR3BbmoocvT1uCnRXa2ZydtydAi8SZkVz5QDw9fH+VKu3sR6sTkTigoSYcK9V0bKHdBEvNCKejTCtWVGDSx13aNDTEAVVuMjl6hI6N0kF+JE2FGk3U3xMJDpQaBp7pDLDuqXlvLP7nNWPtl9yEhSLWNCTTRX7MkY7QOAHUYZISzYeGYCKZuRWRHpaYaJNTxoTgzL+8SGqFvFPMn9+YNIowRRoO4QhOwIELKMM1VKAKBO7gHp7hxRpYj9ar9TZtTVmzmX34A+v9B+8klUM=</latexit>

↵ = �⇡/2

<latexit sha1_base64="glxk3NOM9InIr2qzNb9Kr1XiBl4=">AAAB73icbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQRAzaWEcwFkiWcncwmQ2Zn15lZISx5BsHGQhFb38HKR7DzQeydXApN/GHg4//PYc45fsyZ0o7zZS0sLi2vrGbWsusbm1vbuZ3dmooSSWiVRDySDR8V5UzQqmaa00YsKYY+p3W/fznK63dUKhaJGz2IqRdiV7CAEdTGarSQxz08d9q5vFN0xrLnwZ1C/uK98P1x3zqqtHOfrU5EkpAKTTgq1XSdWHspSs0Ip8NsK1E0RtLHLm0aFBhS5aXjeYf2oXE6dhBJ84S2x+7vjhRDpQahbypD1D01m43M/7JmooMzL2UiTjQVZPJRkHBbR/ZoebvDJCWaDwwgkczMapMeSiTanChrjuDOrjwPteOiWyqeXDv5cgkmysA+HEABXDiFMlxBBapAgMMDPMGzdWs9Wi/W66R0wZr27MEfWW8/yNWTgQ==</latexit>

↵ = 0

Figura 4.12: En negre, singularitats de les
branques Fα(z). En gris, disc de conver-
gència de la sèrie (4.13).

<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>.
<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>.

<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>.

<latexit sha1_base64="rlnwyI5IrX8ElL2yeBiDsOOYfOE=">AAAB+HicbVC7SkNBEN0bXzE+ErW0WQxCbMK9gtFGDNhYRjAPSGLYu5kkS/Y+2J0rJJd8gx9gY6GIrbWVn2Dnh9i7eRSaeGDgcM4MM3PcUAqNtv1lJZaWV1bXkuupjc2t7XRmZ7eig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9y7FfvQGkR+Dc4CKHpsa4vOoIzNFIrkx6eKwq3sWhgD5CNWpmsnbcnoIvEmZHsxXvu++O+cVRqZT4b7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M54cPqKHRmnTTqBM+Ugn6u+JmHlaDzzXdHoMe3reG4v/efUIO2fNWPhhhODz6aJOJCkGdJwCbQsFHOXAEMaVMLdS3mOKcTRZpUwIzvzLi6RynHcK+ZNrO1sskCmSZJ8ckBxxyCkpkitSImXCSUQeyBN5tobWo/VivU5bE9ZsZo/8gfX2AwQWlwg=</latexit>

z = rei✓

<latexit sha1_base64="2a/gpyndMPFlLa0WLEc/oFpn8wE=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdVNmBKs7C25cVrAX6JSSSTNtbCYZkjNCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCWHADrvvlZJaWV1bXsuu5jc2t7Z387l7dqERTVqNKKN0MiGGCS1YDDoI1Y81IFAjWCAaX47xxx7ThSt7AMGbtiPQkDzklYK26D30GpJMvuCV3IrwI3gwKF+/F7497/7jayX/6XUWTiEmgghjT8twY2inRwKlgo5yfGBYTOiA91rIoScRMO51MO8JH1uniUGn7JOCJ+7sjJZExwyiwlRGBvpnPxuZ/WSuB8LydchknwCSdfhQmAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj1Qzh7Bm195EeonJa9cOr12C5UymiqLDtAhKiIPnaEKukJVVEMU3aIH9ISeHeU8Oi/O67Q048x69tEfOW8/7SmTEA==</latexit>

✓

<latexit sha1_base64="pYzFd2V3aRNnz7Ke7FJ/Yk7x4hc=">AAAB/XicbVDLSsNAFJ3UV219pOrOzWARXNWkYHVTKLhxJRXsA5pYJtNJO3QyiTMTpYbiJ/gLblwoIu78CVfu/Bunj4W2HrhwOOde7r3HixiVyrK+jdTC4tLySno1k11b39g0c1t1GcYCkxoOWSiaHpKEUU5qiipGmpEgKPAYaXj905HfuCFC0pBfqkFE3AB1OfUpRkpLbXPntuzIa6GggOQqoU5ED4vDtpm3CtYYcJ7YU5Kv5MrnD+/Zz2rb/HI6IY4DwhVmSMqWbUXKTZBQFDMyzDixJBHCfdQlLU05Coh0k/H1Q7ivlQ70Q6GLKzhWf08kKJByEHi6M0CqJ2e9kfif14qVf+ImlEexIhxPFvkxgyqEoyhghwqCFRtogrCg+laIe0ggrHRgGR2CPfvyPKkXC3apcHSh0yiBCdJgF+yBA2CDY1ABZ6AKagCDO/AInsGLcW88Ga/G26Q1ZUxntsEfGB8/pu2XpQ==</latexit>

w =
p

rei⇡/2

<latexit sha1_base64="gLVQbFhliTLoqyMbsREJX0XAnzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaVsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPLfaQ4w==</latexit>w<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="J/B2m+WIkqLboS6qP/vGUDZ9hII=">AAAB/3icbVC7SgNBFJ2Nr5j42CjY2AwG0ca4GzDaBAI2VhLBPCC7htnJJBkyO7vOzCphTeEX+A82Foqk9R+s7PwbJ49CEw9cOJxzL/fe44WMSmVZ30ZiYXFpeSW5mkqvrW9smpmtqgwigUkFBywQdQ9JwignFUUVI/VQEOR7jNS83vnIr90RIWnAr1U/JK6POpy2KUZKS01z5/6geOTIW6GggOQmpk5Ij/ODppm1ctYYcJ7YU5ItZYqXT8P0Z7lpfjmtAEc+4QozJGXDtkLlxkgoihkZpJxIkhDhHuqQhqYc+US68fj+AdzXSgu2A6GLKzhWf0/EyJey73u600eqK2e9kfif14hU+8yNKQ8jRTieLGpHDKoAjsKALSoIVqyvCcKC6lsh7iKBsNKRpXQI9uzL86Saz9mF3MmVTqMAJkiCXbAHDoENTkEJXIAyqAAMHsAzeAVvxqPxYrwbw0lrwpjObIM/MD5+AHgBmA0=</latexit>

w0 = �p
rei⇡/2

<latexit sha1_base64="O6VmWeF2rTAo98PUsu43XYA/HhI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZ4BjMk=</latexit>

I

<latexit sha1_base64="4axqU+Z44GGI2kJ3KYjNGvMG8kY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtinlAEsLsZDYZMju7zPQKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSHZ8aLoXiTRQoeSfWnIa+5G1/cjv3209cGxGpR5zGvB/SkRKBYBSt9FCvD4olt+wuQNaJl5ESZGgMil+9YcSSkCtkkhrT9dwY+ynVKJjks0IvMTymbEJHvGupoiE3/XRx6YxcWGVIgkjbUkgW6u+JlIbGTEPfdoYUx2bVm4v/ed0Eg5t+KlScIFdsuShIJMGIzN8mQ6E5Qzm1hDIt7K2EjammDG04BRuCt/ryOmlVyl61fHVfKdWqWRx5OINzuAQPrqEGd9CAJjAI4Ble4c2ZOC/Ou/OxbM052cwp/IHz+QMx4Y0c</latexit>

II

<latexit sha1_base64="O6VmWeF2rTAo98PUsu43XYA/HhI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWr5qlEp1apZHHk4g3O4BA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZ4BjMk=</latexit>

I

<latexit sha1_base64="4axqU+Z44GGI2kJ3KYjNGvMG8kY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtinlAEsLsZDYZMju7zPQKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSHZ8aLoXiTRQoeSfWnIa+5G1/cjv3209cGxGpR5zGvB/SkRKBYBSt9FCvD4olt+wuQNaJl5ESZGgMil+9YcSSkCtkkhrT9dwY+ynVKJjks0IvMTymbEJHvGupoiE3/XRx6YxcWGVIgkjbUkgW6u+JlIbGTEPfdoYUx2bVm4v/ed0Eg5t+KlScIFdsuShIJMGIzN8mQ6E5Qzm1hDIt7K2EjammDG04BRuCt/ryOmlVyl61fHVfKdWqWRx5OINzuAQPrqEGd9CAJjAI4Ble4c2ZOC/Ou/OxbM052cwp/IHz+QMx4Y0c</latexit>

II

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="1TLxMoqnZ7sQ/dwcNrJGpI7H5sA=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0V0VZKC1WXBjcsK9gFNKJPpbTt0MgkzE6GEbt34K25cKOLWP3Dn3zhps9DWAwOHc+7hzj1hwpnSrvttldbWNza3ytv2zu7e/oFzeNRWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64eQm9zsPIBWLxb2eJhBEZCTYkFGijdR3sE9BaJBMjOwkFdr37cE5RKEkgpLIWH2n4lbdOfAq8QpSQQWafefLH8Q0zbOUE6V6npvoICNSM8phZvupgoTQCRlBz1Bhtqggm18yw2dGGeBhLM0TGs/V34mMREpNo9BMRkSP1bKXi/95vVQPr4OMiSTVIOhi0TDlWMc4rwUPmASq+dQQQiUzf8V0TCShphtlmxK85ZNXSbtW9erVy7tapVEv6iijE3SKLpCHrlAD3aImaiGKHtEzekVv1pP1Yr1bH4vRklVkjtEfWJ8/StuaDQ==</latexit>

punt
d’embrancament

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>.
<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>.

<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>.

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1<latexit sha1_base64="iNfz3EM3YAry9xDPs2jjhClWVTc=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxV9zGP+7iTL7gldyK0CN4MChfvxe+Pe/+42sl/+l1JkogKQzjWuuW5sWmnWBlGOB3l/ETTGJMB7tGWRYEjqtvpZNoROrJOF4VS2ScMmri/O1IcaT2MAlsZYdPX89nY/C9rJSY8b6dMxImhgkw/ChOOjETj1VGXKUoMH1rARDE7KyJ9rDAx9kA5ewRvfuVFqJ+UvHLp9NotVMowVRYO4BCK4MEZVOAKqlADArfwAE/w7Ejn0XlxXqelGWfWsw9/5Lz9ANSzkwA=</latexit>↵

<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>

.
<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>

.
<latexit sha1_base64="aH+TpgIUhP7DJ+hEBk6bmtanHNE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbJZdwWhnwMYyAXOBJITZydlkzOyFmVkhLHkCCy0UsfU5rHwEOx/E3sml0MQfBj7+/xzmnOPFgivtOF/W0vLK6tp6ZiO7ubW9s5vb26+pKJEMqywSkWx4VKHgIVY11wIbsUQaeALr3uBqnNfvUCoehTd6GGM7oL2Q+5xRbayK3cnlHduZiCyCO4P85Xvh++OhdVLu5D5b3YglAYaaCapU03Vi3U6p1JwJHGVbicKYsgHtYdNgSANU7XQy6IgcG6dL/EiaF2oycX93pDRQahh4pjKguq/ms7H5X9ZMtH/RTnkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb22TNEdz5lRehdmq7Rfus4uRLRZgqA4dwBAVw4RxKcA1lqAIDhHt4gmfr1nq0XqzXaemSNes5gD+y3n4Av0OQmg==</latexit>

.

<latexit sha1_base64="oWK1s9DVlwD5s9uTVOKJk2BYTDA=">AAAB83icbVDLSgNBEOz1GeMrKnjxMhgET3E3YMxFCHjxGME8ILuE2clsMmR2dpiZFULIb4ggqIhXf8ab6Mc4eRw0saChqOqmuyuUnGnjup/O0vLK6tp6ZiO7ubW9s5vb26/rJFWE1kjCE9UMsaacCVozzHDalIriOOS0Efavxn7jjirNEnFrBpIGMe4KFjGCjZV8H3PZw5e+ZGfFdi7vFtwJ0CLxZiRfOZRPD99f5Wo79+F3EpLGVBjCsdYtz5UmGGJlGOF0lPVTTSUmfdylLUsFjqkOhpObR+jEKh0UJcqWMGii/p4Y4ljrQRzazhibnp73xuJ/Xis1UTkYMiFTQwWZLopSjkyCxgGgDlOUGD6wBBPF7K2I9LDCxNiYsjYEb/7lRVIvFrxS4fzGplGCKTJwBMdwCh5cQAWuoQo1ICDhHp7hxUmdR+fVeZu2LjmzmQP4A+f9B4J2lQw=</latexit>

↵ = ⇡/2

<latexit sha1_base64="Zz/kT6Oc4xjCvFRbnMReLfn6IfM=">AAAB9HicbVDLSgNBEOyNrxhfUcGLl8EgeDHuBoy5CAEvHiOYByRLmJ3MJkNmd8eZ2UBY8h16EFHEqx/jTfRjnDwOmljQUFR1093lCc6Utu1PK7W0vLK6ll7PbGxube9kd/dqKooloVUS8Ug2PKwoZyGtaqY5bQhJceBxWvf6V2O/PqBSsSi81UNB3QB3Q+YzgrWR3BbmoocvT1uCnRXa2ZydtydAi8SZkVz5QDw9fH+VKu3sR6sTkTigoSYcK9V0bKHdBEvNCKejTCtWVGDSx13aNDTEAVVuMjl6hI6N0kF+JE2FGk3U3xMJDpQaBp7pDLDuqXlvLP7nNWPtl9yEhSLWNCTTRX7MkY7QOAHUYZISzYeGYCKZuRWRHpaYaJNTxoTgzL+8SGqFvFPMn9+YNIowRRoO4QhOwIELKMM1VKAKBO7gHp7hxRpYj9ar9TZtTVmzmX34A+v9B+8klUM=</latexit>

↵ = �⇡/2

<latexit sha1_base64="glxk3NOM9InIr2qzNb9Kr1XiBl4=">AAAB73icbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQRAzaWEcwFkiWcncwmQ2Zn15lZISx5BsHGQhFb38HKR7DzQeydXApN/GHg4//PYc45fsyZ0o7zZS0sLi2vrGbWsusbm1vbuZ3dmooSSWiVRDySDR8V5UzQqmaa00YsKYY+p3W/fznK63dUKhaJGz2IqRdiV7CAEdTGarSQxz08d9q5vFN0xrLnwZ1C/uK98P1x3zqqtHOfrU5EkpAKTTgq1XSdWHspSs0Ip8NsK1E0RtLHLm0aFBhS5aXjeYf2oXE6dhBJ84S2x+7vjhRDpQahbypD1D01m43M/7JmooMzL2UiTjQVZPJRkHBbR/ZoebvDJCWaDwwgkczMapMeSiTanChrjuDOrjwPteOiWyqeXDv5cgkmysA+HEABXDiFMlxBBapAgMMDPMGzdWs9Wi/W66R0wZr27MEfWW8/yNWTgQ==</latexit>

↵ = 0

Figura 4.13: En negre, el tall de branca
de F0(z). En gris, els talls corresponents
als valors extrems de α per als quals la
sèrie (4.13) convergeix a Fα(z) en el seu
disc de convergència.
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<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1

<latexit sha1_base64="ot2//GqNKV5z/M3sr2ixPhCFT6o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq8H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVw3rsq1ah5HAU7hDC7AgxuowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AzyGM6w==</latexit>

i

<latexit sha1_base64="48W3npEDfrySfknl7PIyd04ATc8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+VMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyVynfNK5L1UoWRx7O4BwuwYNbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJWJjMU=</latexit>

C

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="qLh7SpybGAyNP+xDNEYw0Whw4Qs=">AAAB83icbVC7SgNBFJ31GeMramkzGITYhN2A0c6AjWUE84DsEmYnN8mQ2ZllZjYQlnyDnY2FIrb+gZWfYOeH2Dt5FJp44MLhnHu5954w5kwb1/1yVlbX1jc2M1vZ7Z3dvf3cwWFdy0RRqFHJpWqGRANnAmqGGQ7NWAGJQg6NcHA98RtDUJpJcWdGMQQR6QnWZZQYK/klf0gUxJpxKdq5vFt0p8DLxJuT/NV74fvj3j+rtnOffkfSJAJhKCdatzw3NkFKlGGUwzjrJxpiQgekBy1LBYlAB+n05jE+tUoHd6WyJQyeqr8nUhJpPYpC2xkR09eL3kT8z2slpnsZpEzEiQFBZ4u6CcdG4kkAuMMUUMNHlhCqmL0V0z5RhBobU9aG4C2+vEzqpaJXLp7fuvlKGc2QQcfoBBWQhy5QBd2gKqohimL0gJ7Qs5M4j86L8zprXXHmM0foD5y3H3X2las=</latexit>

2"

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="qLh7SpybGAyNP+xDNEYw0Whw4Qs=">AAAB83icbVC7SgNBFJ31GeMramkzGITYhN2A0c6AjWUE84DsEmYnN8mQ2ZllZjYQlnyDnY2FIrb+gZWfYOeH2Dt5FJp44MLhnHu5954w5kwb1/1yVlbX1jc2M1vZ7Z3dvf3cwWFdy0RRqFHJpWqGRANnAmqGGQ7NWAGJQg6NcHA98RtDUJpJcWdGMQQR6QnWZZQYK/klf0gUxJpxKdq5vFt0p8DLxJuT/NV74fvj3j+rtnOffkfSJAJhKCdatzw3NkFKlGGUwzjrJxpiQgekBy1LBYlAB+n05jE+tUoHd6WyJQyeqr8nUhJpPYpC2xkR09eL3kT8z2slpnsZpEzEiQFBZ4u6CcdG4kkAuMMUUMNHlhCqmL0V0z5RhBobU9aG4C2+vEzqpaJXLp7fuvlKGc2QQcfoBBWQhy5QBd2gKqohimL0gJ7Qs5M4j86L8zprXXHmM0foD5y3H3X2las=</latexit>

2"

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t <latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="OUMxVEU4aJ57JPhLwgCU5H/gOqg=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWejGZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7O0vLK6ll3PbWxube/Yu3t1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDyjhv3FGpWCRu9TCmXoh7ggWMYG2sm8pxx847RWcitAjuDPKX74Xvj4f2SbVjf7a7EUlCKjThWKmW68TaS7HUjHA6yrUTRWNMBrhHWwYFDqny0smkI3RknC4KImme0Gji/u5IcajUMPRNZYh1X81nY/O/rJXo4MJLmYgTTQWZfhQkHOkIjddGXSYp0XxoABPJzKyI9LHERJvj5MwR3PmVF6F+WnRLxbNrJ18uwVRZOIBDKIAL51CGK6hCDQgEcA9P8GwNrEfrxXqdlmasWc8+/JH19gM/aZDg</latexit>

C 0

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="SoIi+tikGdI+W5/sBdimPmJGRH4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVVa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4GGNAA==</latexit>r

<latexit sha1_base64="QZi+r1WZwooRw4vlAM9+Qq3J4ZM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVw3rsq1ah5HAU7hDC7AgxuowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A3MWM9A==</latexit>r

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t

<latexit sha1_base64="or2WILt2Zj7z0Y4q5/Jt2y5wvVc=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZyWwyZnZ2mTkrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8WHCNjvNlLS2vrK6tZzaym1vbO7u5vf26jhJFWY1GIlJNn2gmuGQ15ChYM1aMhL5gDX9wNc4bd0xpHskbHMbMC0lP8oBTgsaqYieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEjKJVBCtW64To5cShZwKNsq2E81iQgekx1oGJQmZ9tLJoCP72DhdO4iUeRLtifu7IyWh1sPQN5Uhwb6ez8bmf1krweDCS7mME2SSTj8KEmFjZI+3trtcMYpiaIBQxc2sNu0TRSia22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUGNzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDKWqQ4A==</latexit>

t

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1
<latexit sha1_base64="48W3npEDfrySfknl7PIyd04ATc8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+VMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyVynfNK5L1UoWRx7O4BwuwYNbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJWJjMU=</latexit>

C

<latexit sha1_base64="IHYjNbiEYLajF75nbRhWP5yogcw=">AAAB6nicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnRXCBZwuxkNhkyO7vMzAphySPYWChi6+NYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11x07ctl1wis5EaBHcGRSuRvsfl6OvfKVtf7Y6EUlCKjThWKmm68TaS7HUjHA6zLUSRWNM+rhLmwYFDqny0smoQ3RknA4KImme0Gji/u5IcajUIPRNZYh1T81nY/O/rJno4MJLmYgTTQWZfhQkHOkIjfdGHSYp0XxgABPJzKyI9LDERJvr5MwR3PmVF6F2WnRLxbNbp1AuwVRZOIBDOAYXzqEMN1CBKhDowiM8w4vFrSfr1XqblmasWc8e/JH1/gNc9pGX</latexit>

i � 1

Figura 4.14: Si z = 0,−1,−2, . . . , el tall de branca de tz−1e−t desapareix i queda un pol a
t = 0. En aquest cas podem tancar el contorn C.

S4.9 (a) De l’exemple 4.12 sabem que Γ(z) té pols simples al enters no positius.
Al voltant d’aquests valors, que designem amb −n, tenim

Γ(z) =
F (z)

1− e2πi(z+n−n) =
F (z)

1− e2πi(z+n)

=
F (−n) + F ′(−n)(z + n) + . . .

1− [1 + 2πi(z + n) + . . . ]
= − F (−n)

2πi(z + n)
+G(z),

on G(z) és una sèrie de potències de z − n d’exponents no negatius.
La part principal de Γ(z) es redueix, doncs, a a−1/(z + n), amb a−1 =
−F (−n)/(2πi) i

F (−n) =

∫

C

t−n−1e−tdt,

on C és un contorn obert com el de la figura 4.11. Però per a z = −n
el tall de branca de l’integrand desapareix (t−n−1e−t no és una funció
multivaluada) i només queda un pol d’ordre n + 1 a t = 0. Per tant,
podem tancar C per la dreta (figura 4.14) i fer servir la segona fórmula
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integral de Cauchy per arribar a

F (−n) =

∮

C

e−t

tn+1
dt = −2πi

n!

dn

dtn
e−t
∣∣∣∣
t=0

= −2πi

n!
(−1)n,

on el signe − és degut al fet que C es recorre en el sentit horari. Aix́ı doncs,
la part principal de la sèrie de Laurent de Γ(z) al voltant de z = −n és

(−1)n

n!

1

z + n

(b) Alternativament, considerem l’equació 4.12. Observem que

ztz−1e−t =
d

dt

(
tze−t

)
+ tze−t,

i, per tant,

zΓ(z) =

∫ ∞

0

ztz−1e−tdt =

∫ ∞

0

[
d

dt

(
tze−t

)
+ t(z+1)−1e−t

]
dt

=
[
tze−t

]t→∞
t→0

+ Γ(z + 1) = Γ(z + 1),

on hem usat que limt→0 t
z = 0 si Re z > 0, ja que |tz| = tRe z. Això

demostra que per a valors complexos de z també és compleix la igualtat

Γ(z + 1) = zΓ(z), z ∈ D0
5

on D0 = {z ∈ C : Re z > 0} (figura 4.15).

<latexit sha1_base64="BYRt8pIR/De/dUnbTQ9u/NJPOyE=">AAAB6nicbVDLSgNBEOzxGRMfUY+5DAbBU9gVjB4DCnqMaB6QLGF2djYZMju7zMwKYcknePGgBK/+ij/gzb9x8jhoYkFDUdVNd5efCK6N43yjtfWNza3t3E6+sLu3f1A8PGrqOFWUNWgsYtX2iWaCS9Yw3AjWThQjkS9Yyx9eT/3WE1Oax/LRjBLmRaQvecgpMVZ6uOk5vWLZqTgz4FXiLki5VridlD7bQb1X/OoGMU0jJg0VROuO6yTGy4gynAo2zndTzRJCh6TPOpZKEjHtZbNTx/jUKgEOY2VLGjxTf09kJNJ6FPm2MyJmoJe9qfif10lNeOVlXCapYZLOF4WpwCbG079xwBWjRowsIVRxeyumA6IINTadvA3BXX55lTTPK261cnFv06jCHDkowQmcgQuXUIM7qEMDKPThGV7hDQn0gibofd66hhYzx/AH6OMHdJSQLA==</latexit>

D0

<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="YIBobpTKOKvGKi6Uf/Lyq35VL/U=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMFoGtLCMYB6QLGF2MpuMmZ1ZZmaVsOQfbCwMwcLG/7HzU+ycJBaaeODC4Zx7ufeeIOZMG9f9dDJLyyura9n13Mbm1vZOfnevpmWiCK0SyaVqBFhTzgStGmY4bcSK4ijgtB70ryZ+/YEqzaS4M4OY+hHuChYygo2Vatft9NQbtvMFt+hOgRaJ90MK5YOvwtv4cVRp5z9aHUmSiApDONa66bmx8VOsDCOcDnOtRNMYkz7u0qalAkdU++n02iE6tkoHhVLZEgZN1d8TKY60HkSB7Yyw6el5byL+5zUTE176KRNxYqggs0VhwpGRaPI66jBFieEDSzBRzN6KSA8rTIwNKGdD8OZfXiS1s6JXKp7f2jRKMEMWDuEITsCDCyjDDVSgCgTu4QleYORI59kZO6+z1ozzM7MPf+C8fwPyjpJo</latexit>

D�1

<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2

<latexit sha1_base64="RgqDuZjcXoLgszRdmzz4Y9V+V88=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWE3YLQMaGEZwTwgWcLsZJKMmZ1ZZmaVsOQfbCwMwcLG/7HzU+ycPApNPHDhcM693HtPEHGmjet+OamV1bX1jfRmZmt7Z3cvu39Q1TJWhFaI5FLVA6wpZ4JWDDOc1iNFcRhwWgv61xO/9kiVZlLcm0FE/RB3Beswgo2Vqjet5LwwbGVzbt6dAi0Tb05ypaPv3Pv4aVRuZT+bbUnikApDONa64bmR8ROsDCOcDjPNWNMIkz7u0oalAodU+8n02iE6tUobdaSyJQyaqr8nEhxqPQgD2xli09OL3kT8z2vEpnPlJ0xEsaGCzBZ1Yo6MRJPXUZspSgwfWIKJYvZWRHpYYWJsQBkbgrf48jKpFvJeMX9xZ9MowgxpOIYTOAMPLqEEt1CGChB4gGd4hZEjnRdn7LzNWlPOfOYQ/sD5+AH0E5Jp</latexit>

D�2

Figura 4.15: Els tres primers dominis D−n usats als apartats (b) i (c) del problema P4.9. Els
punts negres són el primers dos pols de Γ(z).

5Recordem que aquesta relació i el resultat Γ(1) =
∫∞
0

e−tdt = 1 demostren que Γ(n) =
(n− 1)! per a tot n ∈ N.



144 Materials Emili Bagan, Antoni Méndez i Oriol Pujolàs

(c) Escrivim aquesta última relació com

Γ(z) =
Γ(z + 1)

z
, z ∈ D0,

i observem que el membre de la dreta és una funció anaĺıtica en el domini
D−1 = {z ∈ C : Re z > −1, z ̸= 0}, D0 ⊂ D−1 (figura 4.15). Per tant,
defineix l’extensió anaĺıtica de Γ(z) a D−1. A més, com que Γ(z + 1) és
anaĺıtica a D−1 ∪ {0}, aquesta última expressió ens indica que aquesta
extensió de Γ(z) té un pol simple a z = 0 i que la part principal de la sèrie
de Laurent al voltant de z = 0 és

Γ(1)

z
=

1

z

Per a aquesta extensió de Γ(z) se satisfà

Γ(z + 1) =
Γ(z + 2)

(z + 1)
, z ∈ D−2 .

on D−2 = {z ∈ C : Re z > −2, z ̸= 0,−1}, D0 ⊂ D−1 ⊂ D−2 (figura 4.15),
ja que Γ(w) = Γ(w + 1)/w si w ∈ D−1 i la igualtat s’obté fent w = z + 1.
Per tant, l’extensió obtinguda satisfà

Γ(z) =
Γ(z + 2)

z(z + 1)
, z ∈ D−1,

Però, com acabem de veure, el terme de la dreta és una funció anaĺıtica en
el dominiD−2 i, conseqüentment, defineix una extensió anaĺıtica de Γ(z) en
aquest nou domini. Aix́ı doncs, de forma recurrent, podem estendre aques-
ta funció a tot el pla complex, llevat dels enters no positius, on Γ(z) té
pols simples.

Observem que

Γ(z) =
F (z)

z + 1
, on F (z)

def
=

Γ(z + 2)

z
.

Com que F (z) és anaĺıtica a z = −1, Γ(z) també té un pol simple a z = −1
amb coeficient

a−1 = F (−1) =
Γ(1)

−1
= −1.

Continuant amb aquest procés, l’extensió anaĺıtica de Γ(z) en el domini
D−n−1 es pot escriure com

Γ(z) =
Γ(z + n+ 1)

z(z + 1)(z + 2) · · · (z + n)
.
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Veiem que aquesta extensió anaĺıtica de Γ(z) també té un pol simple a
z = −n amb

a−1 =
Γ(z + n+ 1)

z(z + 1)(z + 2) · · · (z + n− 1)

∣∣∣∣
z=−n

=
Γ(1)

(−n)(−n+ 1) · · · (−1)
=

(−1)n

n!
.

Hem recuperem, doncs, els resultats de l’apartat (a).

S4.10 L’eix real positiu està contingut a D0 = C − {Re z < 0, Im z = 0}
(figura 4.16), que és el domini de la branca principal del logaritme

F0(z)
def
= log r + iθ, −π < θ < π,

on z = reiθ. En particular, F0(x) = log x quan x > 0. D’altra banda,
−x no pertany al domini de F0 i, per tant, no té sentit escriure F0(−x).
Hem de fer servir una altra branca, el domini de la qual inclogui l’eix real
negatiu, per donar sentit a log(−1).

<latexit sha1_base64="7oAhg6Q6n5N9IxJyHmZv8/VuTCU=">AAAB+HicbZDLSsNAFIYn9VbrpVEXLtwEi+DGkghWhYIFNy4r2As0oUymk3boZBJmToQa+iRuXCji1udw5ULwaer0stDWHwY+/nMO58zvx5wpsO1vI7O0vLK6ll3PbWxubefNnd26ihJJaI1EPJJNHyvKmaA1YMBpM5YUhz6nDb9/Pa437qlULBJ3MIipF+KuYAEjGLTVNvMnbszKLvQo4LLGtlmwi/ZE1iI4MyhcjfY/Lkdf+Wrb/HQ7EUlCKoBwrFTLsWPwUiyBEU6HOTdRNMakj7u0pVHgkCovnRw+tI6007GCSOonwJq4vydSHCo1CH3dGWLoqfna2Pyv1koguPBSJuIEqCDTRUHCLYiscQpWh0lKgA80YCKZvtUiPSwxAZ1VTofgzH95EeqnRadUPLu1C5USmiqLDtAhOkYOOkcVdIOqqIYIStAjekYvxoPxZLwab9PWjDGb2UN/ZLz/AN5ylvo=</latexit>�⇡ < ✓ < ⇡
<latexit sha1_base64="yOAwiGhNvOw7XcBFurkGdrL74zY=">AAAB9HicbVDLSgNBEJz1GTc+oh69DAbBU9gNGD0EDHjxGNE8IFnC7GQ2GTI7u870BuKSj/DkxYMiXv0Yb36Fv+DkcdDEgoaiqpvuLj8WXIPjfFkrq2vrG5uZLTu7vbO7l9s/qOsoUZTVaCQi1fSJZoJLVgMOgjVjxUjoC9bwB1cTvzFkSvNI3sEoZl5IepIHnBIwkueU29BnQMrFdsw7ubxTcKbAy8Sdk/zld5baj7cP1U7us92NaBIyCVQQrVuuE4OXEgWcCja224lmMaED0mMtQyUJmfbS6dFjfGKULg4iZUoCnqq/J1ISaj0KfdMZEujrRW8i/ue1EgguvJTLOAEm6WxRkAgMEZ4kgLtcMQpiZAihiptbMe0TRSiYnGwTgrv48jKpFwtuqXB24+QrJTRDBh2hY3SKXHSOKugaVVENUXSPntALerWG1rP1Zr3PWles+cwh+gPr4wfm9JR7</latexit>

0 < ✓ < 2⇡

<latexit sha1_base64="pGIG6cWGTCMnnLgc+dWXivA6jUc=">AAAB7HicbVDLSgNBEOyNrxhfUcGLl8EgeIq7AWOOAS8eI5gHJEuYncwmQ2Znh5lZISz5Bi8eIqJHP8ib6Mc4eRw0saChqOqmuyuQnGnjup9OZm19Y3Mru53b2d3bP8gfHjV0nChC6yTmsWoFWFPOBK0bZjhtSUVxFHDaDIY3U7/5QJVmsbg3I0n9CPcFCxnBxkr1jmSXpW6+4BbdGdAq8RakUD2Rb5Pvr0qtm//o9GKSRFQYwrHWbc+Vxk+xMoxwOs51Ek0lJkPcp21LBY6o9tPZsWN0bpUeCmNlSxg0U39PpDjSehQFtjPCZqCXvan4n9dOTFjxUyZkYqgg80VhwpGJ0fRz1GOKEsNHlmCimL0VkQFWmBibT86G4C2/vEoapaJXLl7d2TTKMEcWTuEMLsCDa6jCLdSgDgQYPMIEnh3hPDkvzuu8NeMsZo7hD5z3H3E4kic=</latexit>

⇡/2

<latexit sha1_base64="7oAhg6Q6n5N9IxJyHmZv8/VuTCU=">AAAB+HicbZDLSsNAFIYn9VbrpVEXLtwEi+DGkghWhYIFNy4r2As0oUymk3boZBJmToQa+iRuXCji1udw5ULwaer0stDWHwY+/nMO58zvx5wpsO1vI7O0vLK6ll3PbWxubefNnd26ihJJaI1EPJJNHyvKmaA1YMBpM5YUhz6nDb9/Pa437qlULBJ3MIipF+KuYAEjGLTVNvMnbszKLvQo4LLGtlmwi/ZE1iI4MyhcjfY/Lkdf+Wrb/HQ7EUlCKoBwrFTLsWPwUiyBEU6HOTdRNMakj7u0pVHgkCovnRw+tI6007GCSOonwJq4vydSHCo1CH3dGWLoqfna2Pyv1koguPBSJuIEqCDTRUHCLYiscQpWh0lKgA80YCKZvtUiPSwxAZ1VTofgzH95EeqnRadUPLu1C5USmiqLDtAhOkYOOkcVdIOqqIYIStAjekYvxoPxZLwab9PWjDGb2UN/ZLz/AN5ylvo=</latexit>�⇡ < ✓ < ⇡
<latexit sha1_base64="gSbmK/iSBzHcB6pHMJAs7EeS1SE=">AAACAXicbZC7SgNBFIZnvcZ4WxVEsFkMgo1xN2JMGbCxjGAukA1hdnKSDJm9MHNWCEtsfAkrKxsLRWx9CzvRh3FyKTTxh4GP/5zDmfN7keAKbfvTmJtfWFxaTq2kV9fWNzbNre2KCmPJoMxCEcqaRxUIHkAZOQqoRRKo7wmoer2LYb16A1LxMLjGfgQNn3YC3uaMoraa5t6xG/GTnCvAxS4g1XA6cppmxs7aI1mz4EwgU9yNHu6/vwqlpvnhtkIW+xAgE1SpumNH2EioRM4EDNJurCCirEc7UNcYUB9UIxldMLAOtdOy2qHUL0Br5P6eSKivVN/3dKdPsauma0Pzv1o9xnahkfAgihECNl7UjoWFoTWMw2pxCQxFXwNlkuu/WqxLJWWoQ0vrEJzpk2ehkss6+ezZlU4jT8ZKkX1yQI6IQ85JkVySEikTRm7JI3kmL8ad8WS8Gm/j1jljMrND/sh4/wFEHJnY</latexit>�⇡/2  ✓  3⇡/2

<latexit sha1_base64="to+bKFTzcYz1L+cY5I6vWd2KAVo=">AAACAnicbZC7SkNBEIb3eI3xFhUEsVkMgo3xnIgxZcDGMoK5QE4IezaTZMmeC7tzhBCCjQ9hZWdjoYitT2En+jBuLoUm/rDw8c8Ms/N7kRQabfvTmptfWFxaTqwkV9fWNzZTW9tlHcaKQ4mHMlRVj2mQIoASCpRQjRQw35NQ8boXw3rlBpQWYXCNvQjqPmsHoiU4Q2M1UnvHp24kTrKuBBc7gMwAHTmNVNrO2CPRWXAmkC7sRg/331/5YiP14TZDHvsQIJdM65pjR1jvM4WCSxgk3VhDxHiXtaFmMGA+6Hp/dMKAHhqnSVuhMi9AOnJ/T/SZr3XP90ynz7Cjp2tD879aLcZWvt4XQRQjBHy8qBVLiiEd5kGbQgFH2TPAuBLmr5R3mGIcTWpJE4IzffIslLMZJ5c5uzJp5MhYCbJPDsgRccg5KZBLUiQlwskteSTP5MW6s56sV+tt3DpnTWZ2yB9Z7z+eMJoC</latexit>�3⇡/2  ✓  ⇡/2

<latexit sha1_base64="BYRt8pIR/De/dUnbTQ9u/NJPOyE=">AAAB6nicbVDLSgNBEOzxGRMfUY+5DAbBU9gVjB4DCnqMaB6QLGF2djYZMju7zMwKYcknePGgBK/+ij/gzb9x8jhoYkFDUdVNd5efCK6N43yjtfWNza3t3E6+sLu3f1A8PGrqOFWUNWgsYtX2iWaCS9Yw3AjWThQjkS9Yyx9eT/3WE1Oax/LRjBLmRaQvecgpMVZ6uOk5vWLZqTgz4FXiLki5VridlD7bQb1X/OoGMU0jJg0VROuO6yTGy4gynAo2zndTzRJCh6TPOpZKEjHtZbNTx/jUKgEOY2VLGjxTf09kJNJ6FPm2MyJmoJe9qfif10lNeOVlXCapYZLOF4WpwCbG079xwBWjRowsIVRxeyumA6IINTadvA3BXX55lTTPK261cnFv06jCHDkowQmcgQuXUIM7qEMDKPThGV7hDQn0gibofd66hhYzx/AH6OMHdJSQLA==</latexit>

D0

<latexit sha1_base64="LJRf1Pdrppxem/n1mjwRqnrhvXg=">AAAB6nicbVDJSgNBEK12jXGLCl68NAYhXsKMYMwx4MVjRLNAMoSeTk/SpKdn6O4RwpBP8OLBBcGTX+RN9GPsLAdNfFDweK+Kqnp+LLg2jvOJlpZXVtfWMxvZza3tnd3c3n5dR4mirEYjEammTzQTXLKa4UawZqwYCX3BGv7gcuw37pjSPJK3ZhgzLyQ9yQNOibHSTcE57eTyTtGZAC8Sd0bylcP47fn7q1zt5D7a3YgmIZOGCqJ1y3Vi46VEGU4FG2XbiWYxoQPSYy1LJQmZ9tLJqSN8YpUuDiJlSxo8UX9PpCTUehj6tjMkpq/nvbH4n9dKTFD2Ui7jxDBJp4uCRGAT4fHfuMsVo0YMLSFUcXsrpn2iCDU2nawNwZ1/eZHUz4puqXh+bdMowRQZOIJjKIALF1CBK6hCDSj04B4e4QkJ9IBe0Ou0dQnNZg7gD9D7D4AzkP4=</latexit>

(0)
<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x<latexit sha1_base64="ErSZTEkXQGLL3LJ+KbKeCAW+6Ok=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnFXCBZwuxkNhkyO7vMzIphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uShncvbBXsitAjODPKXo/2Pi9FXttLOfbY6IYkDKjThWKmmY0faTbDUjHA6zLRiRSNM+rhLmwYFDqhyk8mkQ3RknA7yQ2me0Gji/u5IcKDUIPBMZYB1T81nY/O/rBlr/9xNmIhiTQWZfuTHHOkQjddGHSYp0XxgABPJzKyI9LDERJvjZMwRnPmVF6FWLDilwumNnS+XYKo0HMAhHIMDZ1CGa6hAFQj48AjP8GL1rSfr1XqblqasWc8e/JH1/gMDtpFr</latexit>�x

<latexit sha1_base64="YBprfIb6YyAZSw4Yy622610qZJY=">AAAB7HicbVBNSwMxEJ2tX7V+VQUvXoJFqJeyK1h7LHjxWMFtC+1Ssmm2Dc1mQ5IVSulv8OKhInr0B3kT/TGmHwdtfTDweG+GmXmh5Ewb1/10MmvrG5tb2e3czu7e/kH+8Kiuk1QR6pOEJ6oZYk05E9Q3zHDalIriOOS0EQ5upn7jgSrNEnFvhpIGMe4JFjGCjZX8Yluyi06+4JbcGdAq8RakUD2Rb5Pvr0qtk/9odxOSxlQYwrHWLc+VJhhhZRjhdJxrp5pKTAa4R1uWChxTHYxmx47RuVW6KEqULWHQTP09McKx1sM4tJ0xNn297E3F/7xWaqJKMGJCpoYKMl8UpRyZBE0/R12mKDF8aAkmitlbEeljhYmx+eRsCN7yy6ukflnyyqWrO5tGGebIwimcQRE8uIYq3EINfCDA4BEm8OwI58l5cV7nrRlnMXMMf+C8/wBYNJIX</latexit>

(⇡)
<latexit sha1_base64="LJRf1Pdrppxem/n1mjwRqnrhvXg=">AAAB6nicbVDJSgNBEK12jXGLCl68NAYhXsKMYMwx4MVjRLNAMoSeTk/SpKdn6O4RwpBP8OLBBcGTX+RN9GPsLAdNfFDweK+Kqnp+LLg2jvOJlpZXVtfWMxvZza3tnd3c3n5dR4mirEYjEammTzQTXLKa4UawZqwYCX3BGv7gcuw37pjSPJK3ZhgzLyQ9yQNOibHSTcE57eTyTtGZAC8Sd0bylcP47fn7q1zt5D7a3YgmIZOGCqJ1y3Vi46VEGU4FG2XbiWYxoQPSYy1LJQmZ9tLJqSN8YpUuDiJlSxo8UX9PpCTUehj6tjMkpq/nvbH4n9dKTFD2Ui7jxDBJp4uCRGAT4fHfuMsVo0YMLSFUcXsrpn2iCDU2nawNwZ1/eZHUz4puqXh+bdMowRQZOIJjKIALF1CBK6hCDSj04B4e4QkJ9IBe0Ou0dQnNZg7gD9D7D4AzkP4=</latexit>

(0)

<latexit sha1_base64="L4+xZJFLWqvkJQybAi679tziZJs=">AAAB7HicbVDLSsNAFL2pr1pf9bFzM1gEQSiJYHVZ0IXLCqYttKFMppN26GQSZiZKCf0GNy58blz4Qe78FHdO2i609cCFwzn3cu89fsyZ0rb9ZeUWFpeWV/KrhbX1jc2t4vZOXUWJJNQlEY9k08eKciaoq5nmtBlLikOf04Y/uMj8xi2VikXiRg9j6oW4J1jACNZGci876fGoUyzZZXsMNE+cKSlV975L7693z7VO8bPdjUgSUqEJx0q1HDvWXoqlZoTTUaGdKBpjMsA92jJU4JAqLx0fO0KHRumiIJKmhEZj9fdEikOlhqFvOkOs+2rWy8T/vFaig3MvZSJONBVksihIONIRyj5HXSYp0XxoCCaSmVsR6WOJiTb5FEwIzuzL86R+UnYq5dNrk0YFJsjDPhzAEThwBlW4ghq4QIDBPTzCkyWsB+vFepu05qzpzC78gfXxA37Ykis=</latexit>

D+

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x<latexit sha1_base64="ErSZTEkXQGLL3LJ+KbKeCAW+6Ok=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnFXCBZwuxkNhkyO7vMzIphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uShncvbBXsitAjODPKXo/2Pi9FXttLOfbY6IYkDKjThWKmmY0faTbDUjHA6zLRiRSNM+rhLmwYFDqhyk8mkQ3RknA7yQ2me0Gji/u5IcKDUIPBMZYB1T81nY/O/rBlr/9xNmIhiTQWZfuTHHOkQjddGHSYp0XxgABPJzKyI9LDERJvjZMwRnPmVF6FWLDilwumNnS+XYKo0HMAhHIMDZ1CGa6hAFQj48AjP8GL1rSfr1XqblqasWc8e/JH1/gMDtpFr</latexit>�x
<latexit sha1_base64="fDFavB7Ir2aCBeAk+nNuNa7EZkU=">AAAB7HicbVDLSsNAFL2pr1pf9bFzM1gEN5ZEsLos6MJlBdMW2lAm00k7dDIJMxOlhH6DGxc+Ny78IHd+ijsnbRfaeuDC4Zx7ufceP+ZMadv+snILi0vLK/nVwtr6xuZWcXunrqJEEuqSiEey6WNFORPU1Uxz2owlxaHPacMfXGR+45ZKxSJxo4cx9ULcEyxgBGsjuZed9HjUKZbssj0GmifOlJSqe9+l99e751qn+NnuRiQJqdCEY6Vajh1rL8VSM8LpqNBOFI0xGeAebRkqcEiVl46PHaFDo3RREElTQqOx+nsixaFSw9A3nSHWfTXrZeJ/XivRwbmXMhEnmgoyWRQkHOkIZZ+jLpOUaD40BBPJzK2I9LHERJt8CiYEZ/bleVI/KTuV8um1SaMCE+RhHw7gCBw4gypcQQ1cIMDgHh7hyRLWg/VivU1ac9Z0Zhf+wPr4AYHiki0=</latexit>

D�

<latexit sha1_base64="/C4YrBtQ+qRibaq7B/PZWoHQzj4=">AAAB7XicbVDLSgNBEOyNrxhfUcGLl8EgxINhVzDmGPDiMYJ5QLKE2ckkGTM7s8zMCmHJP3gRVCRX/8eb6Mc4eRw0saChqOqmuyuIONPGdT+d1Mrq2vpGejOztb2zu5fdP6hpGStCq0RyqRoB1pQzQauGGU4bkaI4DDitB4PriV9/oEozKe7MMKJ+iHuCdRnBxkq1/HkrYmftbM4tuFOgZeLNSa58FI2fv79KlXb2o9WRJA6pMIRjrZueGxk/wcowwuko04o1jTAZ4B5tWipwSLWfTK8doVOrdFBXKlvCoKn6eyLBodbDMLCdITZ9vehNxP+8Zmy6JT9hIooNFWS2qBtzZCSavI46TFFi+NASTBSztyLSxwoTYwPK2BC8xZeXSe2i4BULl7c2jSLMkIZjOIE8eHAFZbiBClSBwD08wgu8OtJ5ct6c8aw15cxnDuEPnPcfwjCSTg==</latexit>

(�⇡)
<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x<latexit sha1_base64="ErSZTEkXQGLL3LJ+KbKeCAW+6Ok=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnFXCBZwuxkNhkyO7vMzIphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uShncvbBXsitAjODPKXo/2Pi9FXttLOfbY6IYkDKjThWKmmY0faTbDUjHA6zLRiRSNM+rhLmwYFDqhyk8mkQ3RknA7yQ2me0Gji/u5IcKDUIPBMZYB1T81nY/O/rBlr/9xNmIhiTQWZfuTHHOkQjddGHSYp0XxgABPJzKyI9LDERJvjZMwRnPmVF6FWLDilwumNnS+XYKo0HMAhHIMDZ1CGa6hAFQj48AjP8GL1rSfr1XqblqasWc8e/JH1/gMDtpFr</latexit>�x

<latexit sha1_base64="LJRf1Pdrppxem/n1mjwRqnrhvXg=">AAAB6nicbVDJSgNBEK12jXGLCl68NAYhXsKMYMwx4MVjRLNAMoSeTk/SpKdn6O4RwpBP8OLBBcGTX+RN9GPsLAdNfFDweK+Kqnp+LLg2jvOJlpZXVtfWMxvZza3tnd3c3n5dR4mirEYjEammTzQTXLKa4UawZqwYCX3BGv7gcuw37pjSPJK3ZhgzLyQ9yQNOibHSTcE57eTyTtGZAC8Sd0bylcP47fn7q1zt5D7a3YgmIZOGCqJ1y3Vi46VEGU4FG2XbiWYxoQPSYy1LJQmZ9tLJqSN8YpUuDiJlSxo8UX9PpCTUehj6tjMkpq/nvbH4n9dKTFD2Ui7jxDBJp4uCRGAT4fHfuMsVo0YMLSFUcXsrpn2iCDU2nawNwZ1/eZHUz4puqXh+bdMowRQZOIJjKIALF1CBK6hCDSj04B4e4QkJ9IBe0Ou0dQnNZg7gD9D7D4AzkP4=</latexit>

(0)

Figura 4.16: Dominis de les branques F0, F+ i F− del logaritme. S’indica l’interval de valors
de l’argument de z = reiθ. Entre parèntesis s’indica el valor de l’argument dels punts genèrics
x i −x representats. Els talls de branca s’han exagerat per a més claretat.

(a) Considerem la branca

F+(z)
def
= log r + iθ, −π

2
< θ <

3π

2
.

F+(z) és anaĺıtica sobre el semiplà Im z > 0 (ens permet vorejar z = 0 per
sobre) i, a més, F+(x) = log x. Per tant, F+(z) és l’extensió anaĺıtica que
busquem en el domini D+ = C− {Im z < 0,Re z = 0} (figura 4.16), en el
qual F+(−x) = log x+ iπ. Per aquest procediment trobem log(−1) = iπ.
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(b) Considerem ara la branca

F−(z)
def
= log r + iθ, −3π

2
< θ <

π

2
.

F−(z) és anaĺıtica sobre el semiplà Im z < 0 (ens permet vorejar z = 0 per
sota) i, a més, F−(x) = log x. Per tant, F−(z) és l’extensió anaĺıtica que
busquem en el domini D− = C − {Im z > 0,Re z = 0} (figura 4.16), en
el qual F−(−x) = log x− iπ. Per aquest procediment obtenim log(−1) =
−iπ.

<latexit sha1_base64="7oAhg6Q6n5N9IxJyHmZv8/VuTCU=">AAAB+HicbZDLSsNAFIYn9VbrpVEXLtwEi+DGkghWhYIFNy4r2As0oUymk3boZBJmToQa+iRuXCji1udw5ULwaer0stDWHwY+/nMO58zvx5wpsO1vI7O0vLK6ll3PbWxubefNnd26ihJJaI1EPJJNHyvKmaA1YMBpM5YUhz6nDb9/Pa437qlULBJ3MIipF+KuYAEjGLTVNvMnbszKLvQo4LLGtlmwi/ZE1iI4MyhcjfY/Lkdf+Wrb/HQ7EUlCKoBwrFTLsWPwUiyBEU6HOTdRNMakj7u0pVHgkCovnRw+tI6007GCSOonwJq4vydSHCo1CH3dGWLoqfna2Pyv1koguPBSJuIEqCDTRUHCLYiscQpWh0lKgA80YCKZvtUiPSwxAZ1VTofgzH95EeqnRadUPLu1C5USmiqLDtAhOkYOOkcVdIOqqIYIStAjekYvxoPxZLwab9PWjDGb2UN/ZLz/AN5ylvo=</latexit>�⇡ < ✓ < ⇡
<latexit sha1_base64="gSbmK/iSBzHcB6pHMJAs7EeS1SE=">AAACAXicbZC7SgNBFIZnvcZ4WxVEsFkMgo1xN2JMGbCxjGAukA1hdnKSDJm9MHNWCEtsfAkrKxsLRWx9CzvRh3FyKTTxh4GP/5zDmfN7keAKbfvTmJtfWFxaTq2kV9fWNzbNre2KCmPJoMxCEcqaRxUIHkAZOQqoRRKo7wmoer2LYb16A1LxMLjGfgQNn3YC3uaMoraa5t6xG/GTnCvAxS4g1XA6cppmxs7aI1mz4EwgU9yNHu6/vwqlpvnhtkIW+xAgE1SpumNH2EioRM4EDNJurCCirEc7UNcYUB9UIxldMLAOtdOy2qHUL0Br5P6eSKivVN/3dKdPsauma0Pzv1o9xnahkfAgihECNl7UjoWFoTWMw2pxCQxFXwNlkuu/WqxLJWWoQ0vrEJzpk2ehkss6+ezZlU4jT8ZKkX1yQI6IQ85JkVySEikTRm7JI3kmL8ad8WS8Gm/j1jljMrND/sh4/wFEHJnY</latexit>�⇡/2  ✓  3⇡/2

<latexit sha1_base64="to+bKFTzcYz1L+cY5I6vWd2KAVo=">AAACAnicbZC7SkNBEIb3eI3xFhUEsVkMgo3xnIgxZcDGMoK5QE4IezaTZMmeC7tzhBCCjQ9hZWdjoYitT2En+jBuLoUm/rDw8c8Ms/N7kRQabfvTmptfWFxaTqwkV9fWNzZTW9tlHcaKQ4mHMlRVj2mQIoASCpRQjRQw35NQ8boXw3rlBpQWYXCNvQjqPmsHoiU4Q2M1UnvHp24kTrKuBBc7gMwAHTmNVNrO2CPRWXAmkC7sRg/331/5YiP14TZDHvsQIJdM65pjR1jvM4WCSxgk3VhDxHiXtaFmMGA+6Hp/dMKAHhqnSVuhMi9AOnJ/T/SZr3XP90ynz7Cjp2tD879aLcZWvt4XQRQjBHy8qBVLiiEd5kGbQgFH2TPAuBLmr5R3mGIcTWpJE4IzffIslLMZJ5c5uzJp5MhYCbJPDsgRccg5KZBLUiQlwskteSTP5MW6s56sV+tt3DpnTWZ2yB9Z7z+eMJoC</latexit>�3⇡/2  ✓  ⇡/2

<latexit sha1_base64="BYRt8pIR/De/dUnbTQ9u/NJPOyE=">AAAB6nicbVDLSgNBEOzxGRMfUY+5DAbBU9gVjB4DCnqMaB6QLGF2djYZMju7zMwKYcknePGgBK/+ij/gzb9x8jhoYkFDUdVNd5efCK6N43yjtfWNza3t3E6+sLu3f1A8PGrqOFWUNWgsYtX2iWaCS9Yw3AjWThQjkS9Yyx9eT/3WE1Oax/LRjBLmRaQvecgpMVZ6uOk5vWLZqTgz4FXiLki5VridlD7bQb1X/OoGMU0jJg0VROuO6yTGy4gynAo2zndTzRJCh6TPOpZKEjHtZbNTx/jUKgEOY2VLGjxTf09kJNJ6FPm2MyJmoJe9qfif10lNeOVlXCapYZLOF4WpwCbG079xwBWjRowsIVRxeyumA6IINTadvA3BXX55lTTPK261cnFv06jCHDkowQmcgQuXUIM7qEMDKPThGV7hDQn0gibofd66hhYzx/AH6OMHdJSQLA==</latexit>

D0

<latexit sha1_base64="LJRf1Pdrppxem/n1mjwRqnrhvXg=">AAAB6nicbVDJSgNBEK12jXGLCl68NAYhXsKMYMwx4MVjRLNAMoSeTk/SpKdn6O4RwpBP8OLBBcGTX+RN9GPsLAdNfFDweK+Kqnp+LLg2jvOJlpZXVtfWMxvZza3tnd3c3n5dR4mirEYjEammTzQTXLKa4UawZqwYCX3BGv7gcuw37pjSPJK3ZhgzLyQ9yQNOibHSTcE57eTyTtGZAC8Sd0bylcP47fn7q1zt5D7a3YgmIZOGCqJ1y3Vi46VEGU4FG2XbiWYxoQPSYy1LJQmZ9tLJqSN8YpUuDiJlSxo8UX9PpCTUehj6tjMkpq/nvbH4n9dKTFD2Ui7jxDBJp4uCRGAT4fHfuMsVo0YMLSFUcXsrpn2iCDU2nawNwZ1/eZHUz4puqXh+bdMowRQZOIJjKIALF1CBK6hCDSj04B4e4QkJ9IBe0Ou0dQnNZg7gD9D7D4AzkP4=</latexit>

(0)
<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x<latexit sha1_base64="ErSZTEkXQGLL3LJ+KbKeCAW+6Ok=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnFXCBZwuxkNhkyO7vMzIphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uShncvbBXsitAjODPKXo/2Pi9FXttLOfbY6IYkDKjThWKmmY0faTbDUjHA6zLRiRSNM+rhLmwYFDqhyk8mkQ3RknA7yQ2me0Gji/u5IcKDUIPBMZYB1T81nY/O/rBlr/9xNmIhiTQWZfuTHHOkQjddGHSYp0XxgABPJzKyI9LDERJvjZMwRnPmVF6FWLDilwumNnS+XYKo0HMAhHIMDZ1CGa6hAFQj48AjP8GL1rSfr1XqblqasWc8e/JH1/gMDtpFr</latexit>�x

<latexit sha1_base64="YBprfIb6YyAZSw4Yy622610qZJY=">AAAB7HicbVBNSwMxEJ2tX7V+VQUvXoJFqJeyK1h7LHjxWMFtC+1Ssmm2Dc1mQ5IVSulv8OKhInr0B3kT/TGmHwdtfTDweG+GmXmh5Ewb1/10MmvrG5tb2e3czu7e/kH+8Kiuk1QR6pOEJ6oZYk05E9Q3zHDalIriOOS0EQ5upn7jgSrNEnFvhpIGMe4JFjGCjZX8Yluyi06+4JbcGdAq8RakUD2Rb5Pvr0qtk/9odxOSxlQYwrHWLc+VJhhhZRjhdJxrp5pKTAa4R1uWChxTHYxmx47RuVW6KEqULWHQTP09McKx1sM4tJ0xNn297E3F/7xWaqJKMGJCpoYKMl8UpRyZBE0/R12mKDF8aAkmitlbEeljhYmx+eRsCN7yy6ukflnyyqWrO5tGGebIwimcQRE8uIYq3EINfCDA4BEm8OwI58l5cV7nrRlnMXMMf+C8/wBYNJIX</latexit>

(⇡)
<latexit sha1_base64="LJRf1Pdrppxem/n1mjwRqnrhvXg=">AAAB6nicbVDJSgNBEK12jXGLCl68NAYhXsKMYMwx4MVjRLNAMoSeTk/SpKdn6O4RwpBP8OLBBcGTX+RN9GPsLAdNfFDweK+Kqnp+LLg2jvOJlpZXVtfWMxvZza3tnd3c3n5dR4mirEYjEammTzQTXLKa4UawZqwYCX3BGv7gcuw37pjSPJK3ZhgzLyQ9yQNOibHSTcE57eTyTtGZAC8Sd0bylcP47fn7q1zt5D7a3YgmIZOGCqJ1y3Vi46VEGU4FG2XbiWYxoQPSYy1LJQmZ9tLJqSN8YpUuDiJlSxo8UX9PpCTUehj6tjMkpq/nvbH4n9dKTFD2Ui7jxDBJp4uCRGAT4fHfuMsVo0YMLSFUcXsrpn2iCDU2nawNwZ1/eZHUz4puqXh+bdMowRQZOIJjKIALF1CBK6hCDSj04B4e4QkJ9IBe0Ou0dQnNZg7gD9D7D4AzkP4=</latexit>

(0)

<latexit sha1_base64="L4+xZJFLWqvkJQybAi679tziZJs=">AAAB7HicbVDLSsNAFL2pr1pf9bFzM1gEQSiJYHVZ0IXLCqYttKFMppN26GQSZiZKCf0GNy58blz4Qe78FHdO2i609cCFwzn3cu89fsyZ0rb9ZeUWFpeWV/KrhbX1jc2t4vZOXUWJJNQlEY9k08eKciaoq5nmtBlLikOf04Y/uMj8xi2VikXiRg9j6oW4J1jACNZGci876fGoUyzZZXsMNE+cKSlV975L7693z7VO8bPdjUgSUqEJx0q1HDvWXoqlZoTTUaGdKBpjMsA92jJU4JAqLx0fO0KHRumiIJKmhEZj9fdEikOlhqFvOkOs+2rWy8T/vFaig3MvZSJONBVksihIONIRyj5HXSYp0XxoCCaSmVsR6WOJiTb5FEwIzuzL86R+UnYq5dNrk0YFJsjDPhzAEThwBlW4ghq4QIDBPTzCkyWsB+vFepu05qzpzC78gfXxA37Ykis=</latexit>

D+

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x<latexit sha1_base64="ErSZTEkXQGLL3LJ+KbKeCAW+6Ok=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnFXCBZwuxkNhkyO7vMzIphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uShncvbBXsitAjODPKXo/2Pi9FXttLOfbY6IYkDKjThWKmmY0faTbDUjHA6zLRiRSNM+rhLmwYFDqhyk8mkQ3RknA7yQ2me0Gji/u5IcKDUIPBMZYB1T81nY/O/rBlr/9xNmIhiTQWZfuTHHOkQjddGHSYp0XxgABPJzKyI9LDERJvjZMwRnPmVF6FWLDilwumNnS+XYKo0HMAhHIMDZ1CGa6hAFQj48AjP8GL1rSfr1XqblqasWc8e/JH1/gMDtpFr</latexit>�x
<latexit sha1_base64="fDFavB7Ir2aCBeAk+nNuNa7EZkU=">AAAB7HicbVDLSsNAFL2pr1pf9bFzM1gEN5ZEsLos6MJlBdMW2lAm00k7dDIJMxOlhH6DGxc+Ny78IHd+ijsnbRfaeuDC4Zx7ufceP+ZMadv+snILi0vLK/nVwtr6xuZWcXunrqJEEuqSiEey6WNFORPU1Uxz2owlxaHPacMfXGR+45ZKxSJxo4cx9ULcEyxgBGsjuZed9HjUKZbssj0GmifOlJSqe9+l99e751qn+NnuRiQJqdCEY6Vajh1rL8VSM8LpqNBOFI0xGeAebRkqcEiVl46PHaFDo3RREElTQqOx+nsixaFSw9A3nSHWfTXrZeJ/XivRwbmXMhEnmgoyWRQkHOkIZZ+jLpOUaD40BBPJzK2I9LHERJt8CiYEZ/bleVI/KTuV8um1SaMCE+RhHw7gCBw4gypcQQ1cIMDgHh7hyRLWg/VivU1ac9Z0Zhf+wPr4AYHiki0=</latexit>

D�

<latexit sha1_base64="/C4YrBtQ+qRibaq7B/PZWoHQzj4=">AAAB7XicbVDLSgNBEOyNrxhfUcGLl8EgxINhVzDmGPDiMYJ5QLKE2ckkGTM7s8zMCmHJP3gRVCRX/8eb6Mc4eRw0saChqOqmuyuIONPGdT+d1Mrq2vpGejOztb2zu5fdP6hpGStCq0RyqRoB1pQzQauGGU4bkaI4DDitB4PriV9/oEozKe7MMKJ+iHuCdRnBxkq1/HkrYmftbM4tuFOgZeLNSa58FI2fv79KlXb2o9WRJA6pMIRjrZueGxk/wcowwuko04o1jTAZ4B5tWipwSLWfTK8doVOrdFBXKlvCoKn6eyLBodbDMLCdITZ9vehNxP+8Zmy6JT9hIooNFWS2qBtzZCSavI46TFFi+NASTBSztyLSxwoTYwPK2BC8xZeXSe2i4BULl7c2jSLMkIZjOIE8eHAFZbiBClSBwD08wgu8OtJ5ct6c8aw15cxnDuEPnPcfwjCSTg==</latexit>

(�⇡)
<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x<latexit sha1_base64="ErSZTEkXQGLL3LJ+KbKeCAW+6Ok=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnFXCBZwuxkNhkyO7vMzIphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uShncvbBXsitAjODPKXo/2Pi9FXttLOfbY6IYkDKjThWKmmY0faTbDUjHA6zLRiRSNM+rhLmwYFDqhyk8mkQ3RknA7yQ2me0Gji/u5IcKDUIPBMZYB1T81nY/O/rBlr/9xNmIhiTQWZfuTHHOkQjddGHSYp0XxgABPJzKyI9LDERJvjZMwRnPmVF6FWLDilwumNnS+XYKo0HMAhHIMDZ1CGa6hAFQj48AjP8GL1rSfr1XqblqasWc8e/JH1/gMDtpFr</latexit>�x

<latexit sha1_base64="LJRf1Pdrppxem/n1mjwRqnrhvXg=">AAAB6nicbVDJSgNBEK12jXGLCl68NAYhXsKMYMwx4MVjRLNAMoSeTk/SpKdn6O4RwpBP8OLBBcGTX+RN9GPsLAdNfFDweK+Kqnp+LLg2jvOJlpZXVtfWMxvZza3tnd3c3n5dR4mirEYjEammTzQTXLKa4UawZqwYCX3BGv7gcuw37pjSPJK3ZhgzLyQ9yQNOibHSTcE57eTyTtGZAC8Sd0bylcP47fn7q1zt5D7a3YgmIZOGCqJ1y3Vi46VEGU4FG2XbiWYxoQPSYy1LJQmZ9tLJqSN8YpUuDiJlSxo8UX9PpCTUehj6tjMkpq/nvbH4n9dKTFD2Ui7jxDBJp4uCRGAT4fHfuMsVo0YMLSFUcXsrpn2iCDU2nawNwZ1/eZHUz4puqXh+bdMowRQZOIJjKIALF1CBK6hCDSj04B4e4QkJ9IBe0Ou0dQnNZg7gD9D7D4AzkP4=</latexit>

(0)

<latexit sha1_base64="YBprfIb6YyAZSw4Yy622610qZJY=">AAAB7HicbVBNSwMxEJ2tX7V+VQUvXoJFqJeyK1h7LHjxWMFtC+1Ssmm2Dc1mQ5IVSulv8OKhInr0B3kT/TGmHwdtfTDweG+GmXmh5Ewb1/10MmvrG5tb2e3czu7e/kH+8Kiuk1QR6pOEJ6oZYk05E9Q3zHDalIriOOS0EQ5upn7jgSrNEnFvhpIGMe4JFjGCjZX8Yluyi06+4JbcGdAq8RakUD2Rb5Pvr0qtk/9odxOSxlQYwrHWLc+VJhhhZRjhdJxrp5pKTAa4R1uWChxTHYxmx47RuVW6KEqULWHQTP09McKx1sM4tJ0xNn297E3F/7xWaqJKMGJCpoYKMl8UpRyZBE0/R12mKDF8aAkmitlbEeljhYmx+eRsCN7yy6ukflnyyqWrO5tGGebIwimcQRE8uIYq3EINfCDA4BEm8OwI58l5cV7nrRlnMXMMf+C8/wBYNJIX</latexit>

(⇡)
<latexit sha1_base64="LJRf1Pdrppxem/n1mjwRqnrhvXg=">AAAB6nicbVDJSgNBEK12jXGLCl68NAYhXsKMYMwx4MVjRLNAMoSeTk/SpKdn6O4RwpBP8OLBBcGTX+RN9GPsLAdNfFDweK+Kqnp+LLg2jvOJlpZXVtfWMxvZza3tnd3c3n5dR4mirEYjEammTzQTXLKa4UawZqwYCX3BGv7gcuw37pjSPJK3ZhgzLyQ9yQNOibHSTcE57eTyTtGZAC8Sd0bylcP47fn7q1zt5D7a3YgmIZOGCqJ1y3Vi46VEGU4FG2XbiWYxoQPSYy1LJQmZ9tLJqSN8YpUuDiJlSxo8UX9PpCTUehj6tjMkpq/nvbH4n9dKTFD2Ui7jxDBJp4uCRGAT4fHfuMsVo0YMLSFUcXsrpn2iCDU2nawNwZ1/eZHUz4puqXh+bdMowRQZOIJjKIALF1CBK6hCDSj04B4e4QkJ9IBe0Ou0dQnNZg7gD9D7D4AzkP4=</latexit>

(0)

<latexit sha1_base64="L4+xZJFLWqvkJQybAi679tziZJs=">AAAB7HicbVDLSsNAFL2pr1pf9bFzM1gEQSiJYHVZ0IXLCqYttKFMppN26GQSZiZKCf0GNy58blz4Qe78FHdO2i609cCFwzn3cu89fsyZ0rb9ZeUWFpeWV/KrhbX1jc2t4vZOXUWJJNQlEY9k08eKciaoq5nmtBlLikOf04Y/uMj8xi2VikXiRg9j6oW4J1jACNZGci876fGoUyzZZXsMNE+cKSlV975L7693z7VO8bPdjUgSUqEJx0q1HDvWXoqlZoTTUaGdKBpjMsA92jJU4JAqLx0fO0KHRumiIJKmhEZj9fdEikOlhqFvOkOs+2rWy8T/vFaig3MvZSJONBVksihIONIRyj5HXSYp0XxoCCaSmVsR6WOJiTb5FEwIzuzL86R+UnYq5dNrk0YFJsjDPhzAEThwBlW4ghq4QIDBPTzCkyWsB+vFepu05qzpzC78gfXxA37Ykis=</latexit>

D+

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x<latexit sha1_base64="ErSZTEkXQGLL3LJ+KbKeCAW+6Ok=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnFXCBZwuxkNhkyO7vMzIphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uShncvbBXsitAjODPKXo/2Pi9FXttLOfbY6IYkDKjThWKmmY0faTbDUjHA6zLRiRSNM+rhLmwYFDqhyk8mkQ3RknA7yQ2me0Gji/u5IcKDUIPBMZYB1T81nY/O/rBlr/9xNmIhiTQWZfuTHHOkQjddGHSYp0XxgABPJzKyI9LDERJvjZMwRnPmVF6FWLDilwumNnS+XYKo0HMAhHIMDZ1CGa6hAFQj48AjP8GL1rSfr1XqblqasWc8e/JH1/gMDtpFr</latexit>�x

<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D
<latexit sha1_base64="v2eboR+pZZc10AmxQtrPUkbtpgQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdAS0sEzAXSJYwOzmbjJmdXWZmhRDyBBZaKGLrc1j5CHY+iL2TS6GJPwx8/P85zDnHjzlT2nG+rNTS8srqWno9s7G5tb2T3d2rqSiRFKs04pFs+EQhZwKrmmmOjVgiCX2Odb9/Oc7rdygVi8SNHsTohaQrWMAo0caqXLWzOafgTGQvgjuD3MV7/vvjoXVcbmc/W52IJiEKTTlRquk6sfaGRGpGOY4yrURhTGifdLFpUJAQlTecDDqyj4zTsYNImie0PXF/dwxJqNQg9E1lSHRPzWdj87+smejg3BsyEScaBZ1+FCTc1pE93truMIlU84EBQiUzs9q0RySh2twmY47gzq+8CLWTglssnFacXKkIU6XhAA4hDy6cQQmuoQxVoIBwD0/wbN1aj9aL9TotTVmznn34I+vtB+CbkLA=</latexit>

D

<latexit sha1_base64="BaD7sUeeaoaijeAGNbXE6LcSjZM=">AAAB6XicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZEazuLOjCZRV7gXYomTTThmYyQ5IRytA3EMSFIm59DVc+gjsfxL2Ztgtt/SHw8f/nkHOOF3GmtG1/WZmFxaXllexqbm19Y3Mrv71TV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3uEjzxh2VioXiVg8j6ga4J5jPCNbGurk87OQLdskeC82DM4XC+Xvx++OhfVTt5D/b3ZDEARWacKxUy7Ej7SZYakY4HeXasaIRJgPcoy2DAgdUucl40hE6ME4X+aE0T2g0dn93JDhQahh4pjLAuq9ms9T8L2vF2j9zEyaiWFNBJh/5MUc6ROnaqMskJZoPDWAimZkVkT6WmGhznJw5gjO78jzUj0tOuXRybRcqZZgoC3uwD0Vw4BQqcAVVqAEBH+7hCZ6tgfVovVivk9KMNe3ZhT+y3n4AQO6Q4Q==</latexit>

D0

<latexit sha1_base64="JYQJ4LUypxoc2AgzE9818QS8szE=">AAAB8nicbVDJSgNBEK2JW4xbXG5eGoMgiGFGMHoMmIPHCGaByTD0dHqSJj09Q3ePEkI+w0sQRb36Nd78FG92loMmPih4vFdFVb0g4Uxp2/6yMkvLK6tr2fXcxubW9k5+d6+u4lQSWiMxj2UzwIpyJmhNM81pM5EURwGnjaB3PfYb91QqFos73U+oF+GOYCEjWBvJrfinLYITVPHP/HzBLtoToEXizEihfPBdeHt6GFX9/GerHZM0okITjpVyHTvR3gBLzQinw1wrVTTBpIc71DVU4IgqbzA5eYiOjdJGYSxNCY0m6u+JAY6U6keB6Yyw7qp5byz+57mpDq+8ARNJqqkg00VhypGO0fh/1GaSEs37hmAimbkVkS6WmGiTUs6E4My/vEjq50WnVLy4NWmUYIosHMIRnIADl1CGG6hCDQjE8AjP8GJpa2S9Wu/T1ow1m9mHP7A+fgC8lpPv</latexit>

D+ \ D�

<latexit sha1_base64="fIoWLO3tjv2QfxdHDWSdUHw8k8I=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPL3qQ5A==</latexit>x<latexit sha1_base64="ErSZTEkXQGLL3LJ+KbKeCAW+6Ok=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnFXCBZwuxkNhkyO7vMzIphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjlexJnStv1tpZaWV1bX0uuZjc2t7WxuZ7emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/Nc7r91QqFoo7PYioG+CuYD4jWBvr9uShncvbBXsitAjODPKXo/2Pi9FXttLOfbY6IYkDKjThWKmmY0faTbDUjHA6zLRiRSNM+rhLmwYFDqhyk8mkQ3RknA7yQ2me0Gji/u5IcKDUIPBMZYB1T81nY/O/rBlr/9xNmIhiTQWZfuTHHOkQjddGHSYp0XxgABPJzKyI9LDERJvjZMwRnPmVF6FWLDilwumNnS+XYKo0HMAhHIMDZ1CGa6hAFQj48AjP8GL1rSfr1XqblqasWc8e/JH1/gMDtpFr</latexit>�x

Figura 4.17: D+ ∩ D− no és un conjunt connex. És la unió de D i D′ (disjunts i cap d’ells
conté punts de la frontera de l’altre). Només la component D conté l’eix real positiu.

El resultat obtingut no contradiu el corol·lari 4.17. Les funcions F+ i F−
no són anaĺıtiques sobre el mateix domini. Estan definides sobre la regió
comuna D+ ∩ D−, que no és connexa, com ho mostra la figura 4.17. El
domini (obert i connex) on śı que són simultàniament anaĺıtiques i que
conté l’eix real positiu és D. A D es compleix F+(z) = F−(z), com ho
afirma el corol·lari 4.17. Els punts z = x i z = −x es troben en components
(D i D′) desconnectades entre elles.

Aquest resultat demostra que dues extensions anaĺıtiques obtingudes a
través de camins diferents en general no tenen per què coincidir a tota la
intersecció dels seus dominis d’analiticitat quan aquesta intersecció no és
connexa.

No pot existir una extensió anaĺıtica del logaritme real a C∗, ja que, com es
demostra a l’exemple 3.3, no es pot definir una funció logaŕıtmica anaĺıtica
a tota aquesta regió.

S4.11 Considerem la funció g(z) = f(z)−iz2, la qual satisfà limz→∞ g(z)/z2 = 0.
En ser entera, g(z) té sèrie de Taylor i g(z) =

∑∞
n=0 anz

n en tot el pla
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complex i podem escriure

g(z)

z2
=

a0
z2

+
a1
z

+G(z), (4.14)

on G(z) també és anaĺıtica (i, per tant, cont́ınua) a C. Tenim

G(z) =
g(z)

z2
− a0

z2
− a1

z
,

d’on dedüım que

lim
z→∞

G(z) = lim
z→∞

g(z)

z2
− 0− 0 = 0.

Per tant, |G(z)| és fitada (vegeu la solució de l’apartat (c) del proble-
ma P3.12) i pel teorema de Liouville ha de ser constant, en aquest
cas G(z) = 0. Si ho substitüım a (4.14) obtenim g(z) = a0 + a1z i fi-
nalment

f(z) = iz2 + a1z + a0

S4.12 (a) És convenient usar la fórmula de R (pàgina 112) expressada en termes
dels quocients entre coeficients consecutius

R = lim
n→∞

|an|
|an+1|

= lim
n→∞

(n+ 3)!/(3n)!

(n+ 4)!/(3n+ 3)!
=

lim
n→∞

(3n+ 3)(3n+ 2)(3n+ 1)

n+ 4
= ∞.

Per tant, la sèrie convergeix en tot el pla complex.

(b) Notem que és una sèrie de potències d’exponents negatius

0∑

n=−∞
7−nnzn = −

∞∑

n=0

7nnz−n = −
∞∑

n=0

7nnwn,

on w = 1/z. El radi de convergència d’aquesta darrera sèrie és

R = lim
n→∞

|an|
|an+1|

= lim
n→∞

7nn

7n+1(n+ 1)
= lim

n→∞
n

7(n+ 1)
=

1

7
.

Per tant, la sèrie convergeix a la regió |w| < 1/7, és a dir, |z| > 7.

(c) En aquest cas els coeficients són an = 1/[3+ (−1)n]n, és a dir, els coe-
ficients amb sub́ındex parell són potències inverses de 4 i els de sub́ındex
senar són potències inverses de 2. Si separem aquestes contribucions tenim

∞∑

k=0

z2k

42k
+
∞∑

k=0

z2k+1

22k+1
=
∞∑

k=0

wk

42k
+

z

2

∞∑

k=0

wk

22k
,
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on w = z2. Les fórmules de la pàgina 112 ens donen el radi de convergència
en el pla w. Per a la primera sèrie és 42 i per a la segona, 22. Per tant, la
sèrie completa convergeix a |z|2 = |w| < min{22, 42} = 22 i tenim R = 2.

Alternativament,

sup
n≥k

{ n
√

|an|} = sup
n≥k

{1/[3 + (−1)n]} = max{1/2, 1/4} = 1/2.

Per tant, R =
(
lim supn→∞

n
√

|an|
)−1

= [limk→∞(1/2)]
−1 = 2. La sèrie

convergeix al disc |z| < 2.

(d) Si w = (z − 1)2 la sèrie es pot escriure com

∞∑

n=0

n

3n
wn.

El radi de convergència en el pla w és, doncs,

Rw = lim
n→∞

n/3n

(n+ 1)/3n+1
= 3 lim

n→∞
n

n+ 1
= 3.

Per tant, R =
√
Rw =

√
3. La sèrie convergeix al disc |z − 1| <

√
3.

Alternativament, an = (n/2)/3n/2 si n és parell i an = 0 si n és senar. Aix́ı
doncs,

sup
n≥k

{ n
√
|an|} = sup

n≥k

{[
(n/2)

3n/2

]1/n
, 0

}
=

[
(k/2)

3k/2

]1/k
=

(k/2)1/k√
3

.

Per tant,

R =

{
lim
k→∞

(k/2)1/k√
3

}−1
=

√
3 lim
k→∞

(k/2)−1/k =
√
3 .

(e) Si w = 1/z2, la sèrie s’expressa

∞∑

n=1

(2n)!

(n!)2
wn.

Per tant,

Rw = lim
n→∞

(2n)!/(n!)2

(2n+ 2)!/[(n+ 1)!]2
= lim

n→∞
(n+ 1)2

(2n+ 2)(2n+ 1)
=

1

4
,

i R = 1/
√
Rw = 2. La sèrie convergeix, doncs, a |z| > 2.
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(f) La sèrie de potències és de la forma
∑∞

n=0 anz
n amb

an =





1

(1 + 1/
√
n )

n3/2
, si

√
n ∈ N

0, en cas contrari.

Aix́ı doncs,

sup
n≥k

{
n
√
|an|
}
= sup

n≥k

{
1

(1 + 1/
√
n )
√
n
, 0

}
=

1
(
1 + 1/

√
k
)√k ,

i el radi de convergència és

R = lim
k→∞

(
1 + 1/

√
k
)√k

= e.

Per tant, la sèrie convergeix a |z| < e.

S4.13 En tots els apartats usarem la definició h(z)
def
= f(z)− g(z).

(a) Observem que els zeros de h(z) tenen un únic punt d’acumulació, però
és fora del domini de h(z) ({1/n} → 0 ̸∈ C∗). Per tant, els zeros de h(z)
són singularitats äıllades en el domini d’analiticitat C∗ de h(z) i no podem
concloure que h ≡ 0.

De fet, la funció s(z) = sin(π/z) és anaĺıtica a tot C∗ i es compleix que
s(1/n) = sin(πn) = 0 per a n ∈ N i, òbviament, s ̸≡ 0. Per eliminar els
zeros de s(z) a 1, 1/2, 1/3, . . . , 1/10, és suficient dividir s(z) pel polinomi

P (z) =
10∏

k=1

(z − 1/k).

En definitiva, qualsevol f(z) anaĺıtica a C∗ (per exemple, 1/z) i

g(z) = f(z) +
sin (π/z)∏10

k=1(z − 1/k)

satisfan les condicions de l’enunciat, però f ̸= g.

(b) Aquesta condició no diu res sobre els zeros de h(z) a C∗, només que
{h(1/n)} → 0 (de fet, ni tan sols ha d’existir h(0), ja que 0 ̸∈ C∗). No és,
doncs, necessari que h ≡ 0 ni que, per tant, sigui f = g.

Contraexemple: sigui f(z) qualsevol funció anaĺıtica a C∗ (per exem-
ple, ez/z2) i g(z) = f(z) + z.
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(c) El conjunt {1 + 1/n}, n ∈ N, de zeros de h(z) té de punt d’acumula-
ció 1 ∈ C∗. Per continüıtat, h(1) = 0, i tenim que 1 és un zero no äıllat
de h(z). Pel teorema 4.15, h ≡ 0 i conseqüentment f(z) = g(z) a tot C∗.
(d) Tots els zeros de h(z) són äıllats i, per tant, no sembla necessari que
h ≡ 0.

Contraexemple: sigui f(z) qualsevol funció anaĺıtica a C∗ (per exem-
ple, cos z/z) i

g(z) = f(z) + sin(πz).

(e) Com en l’apartat anterior, no sembla necessari que f(z) = g(z) a C∗.
Contraexemple: recordem que Γ(z) és anaĺıtica a tot C llevat als enters
no positius, on hi té pols simples. Aix́ı doncs, 1/Γ(1− z) té zeros simples
als enters positius. D’altra banda, Γ(z) no té zeros i, per tant, 1/Γ(1− z)
és entera i s’anul·la a z = 1, 2, 3 . . . Conseqüentment, si f(z) és qualsevol
funció anaĺıtica a C∗ i

g(z) = f(z) +
1

Γ(1− z)
,

les funcions f i g són diferents i compleixen la condició donada.

No és correcte afirmar que Γ(z) és l’extensió anaĺıtica de (n − 1)!, tot i
que Γ(n) = (n − 1)!, ja que el conjunt de punts on coincideixen no és ni
un arc de corba, ni un domini obert, ni té cap punt d’acumulació. Com
en els apartats anteriors, llevat del (c), hi ha moltes funcions (de fet, n’hi
ha infinites) que “estenen anaĺıticament” (n − 1)! a C − {0,−1,−2, . . . },
per exemple,

Γ(z) +
1

Γ(1− z)
.

S4.14 (a) De la definició de ζ(s) i Γ(s) tenim

ζ(s)Γ(s) =
∞∑

n=1

n−s
∫ ∞

0

us−1e−udu =
∞∑

n=1

n−s
∫ ∞

0

(nt)s−1e−ntndt

=
∞∑

n=1

∫ ∞

0

ts−1e−ntdt =

∫ ∞

0

ts−1
[ ∞∑

n=1

(
e−t
)n
]
dt

=

∫ ∞

0

ts−1
e−t

1− e−t
dt =

∫ ∞

0

ts−1

et − 1
dt, Re s > 1,

on hem fet el canvi de variables u = nt i usat

z

1− z
=
∞∑

n=1

zn, |z| < 1,
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amb z = e−t. La condició Re s > 1 és necessària per a la convergència de
la sèrie que defineix ζ(s) (i inclou la condició Re s > 0, necessària perquè
l’expressió integral de Γ(s) tingui sentit).

(b) L’integrand, f(t) = ts−1/(et − 1) té un tall de branca sobre l’eix real
positiu per a valors no enters de s. Observem que 1/(et − 1) té un pol
simple a t = 0, ja que al voltant d’aquest punt

1

et − 1
=

1

(1 + t+ t2/2 + . . . )− 1
=

1

t+ t2/2 + . . .
.

Aix́ı doncs, per a s = 2, 3 . . . l’integrand és anaĺıtic a tot el pla complex i
per a s = 1, 0,−1,−2 . . . l’integrand té un pol d’ordre 2− s a t = 0.

(c) Si procedim com a l’exemple 4.12 i considerem el contorn C de la
figura 4.10, tenim

∫

C

ts−1

et − 1
dt =

(
1− e2πis

)
ζ(s)Γ(s).

Usant els resultats de l’apartat (b), veiem que podem deformar el con-
torn C apartant-lo de l’eix real positiu i convertint-lo en un contorn com
el de la figura 4.11. Aix́ı doncs, podem escriure

ζ(s) =
1/Γ(s)

1− e2πis

∫

C

ts−1

et − 1
dt, Re s > 1, C com a la fig. 4.11.

Però l’expressió de la dreta és una funció anaĺıtica de s a tot C llevat,
potser, dels enters (a l’apartat següent ho analitzarem amb més detall).
Aquesta expressió defineix, doncs, una extensió anaĺıtica de ζ(s) a la regió
indicada.

(d) Com que Γ(s) no s’anul·la mai, 1/Γ(s) és entera i té els zeros on Γ(s)
té els pols, és a dir, a s = 0,−1,−2 . . . El denominador 1 − e2πis és una
funció entera que s’anul·la als nombres enters. Aix́ı doncs, el factor davant
de la integral anterior té pols simples a s = 1, 2, 3 . . . D’altra banda, la
integral té zeros a s = 2, 3 . . . , ja que l’integrand és anaĺıtic per a aquests
valors i podem tancar C i usar el teorema de Cauchy-Goursat. Concloem,
doncs, que ζ(s) només té un pol simple a s = 1 i al seu voltant tenim

ζ(s) =
1/Γ(1)

1− [1 + 2πi(s− 1) + . . . ]

∫

C

dt

et − 1
+ F (s)

=
1

2πi(s− 1)

∮

C

t/(et − 1)

t
dt+ F (z)

=
1

s− 1
lim
t→0

t

et − 1
+ F (s) =

1

s− 1
+ F (s),
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on F (z) és anaĺıtica en un entorn de s = 1 i, per tant, la part principal
de la sèrie de Laurent és 1/(s − 1). Notem que hem aplicat la primera
fórmula integral de Cauchy a la funció entera

g(t) =





t

et − 1
, si t ̸= 0

lim
t→0

t

et − 1
= 1, si t = 0.

Aix́ı doncs,

ζ(s) =
1/Γ(s)

1− e2πis

∫

C

ts−1

et − 1
dt, s ∈ C− {1}, C com a la fig. 4.11.
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5 Residus

5.1 Teorema dels residus

Una caracteŕıstica molt important de les singularitats äıllades d’una funció és el
valor del seu residu que definim tot seguit.

Definició 5.1 (Residu) El residu de f(z) a la singularitat äıllada z0 és el coe-
ficient a−1 de la sèrie de Laurent f(z) =

∑∞
n=−∞ an(z − z0)

n, que convergeix
a f(z) a la corona més interna centrada a z0.

Si designem per resz=z0 f(z) (o de vegades, de forma més condensada, per
k0) aquest residu i C0 és un contorn tancat que envolta z0 i no envolta cap altra
singularitat de f(z), i fem n = −1 a la igualtat (4.4), tenim

res
z=z0

f(z) = k0 = a−1 =
1

2πi

∮

C0

f(z) dz. (5.1)

Teorema 5.1 (Teorema dels residus) Sigui f(z) anaĺıtica sobre i a l’interior
d’un contorn tancat C, llevat d’un nombre finit de singularitats z1, z2, . . . , zN
interiors a C, i siguin k1, k2. . . , kN els residus de f(z) en aquestes singularitats,
aleshores ∮

C

f(z) dz = 2πi
N∑

r=1

kr = 2πi
N∑

r=1

res
z=zr

f(z).

Demostració: En ser finit el nombre de singularitats de f(z) a
l’interior de C, han de ser singularitats äıllades. Considerem els
contorns circulars Cj, j = 1, 2, . . . , N , tots ells de radi r suficientment
petit perquè les circumferències Cj no és tallin entre elles ni tallin el
contorn C (vegeu la figura 5.1).
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(a)
<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1

<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="OdPSYwZqANDeKdGeT8m7iMa/xyA=">AAACJXicbVHLSgMxFL1TX3V8VV0KEiyCqzJTsLosuHHhooJ9QFtKJr1tQzOZIckIpfRn3PgrblxYRHDl1s8wnXahrTckOTnnXpJ7EsSCa+N5n05mbX1jcyu77e7s7u0f5A6PajpKFMMqi0SkGgHVKLjEquFGYCNWSMNAYD0Y3sz0+iMqzSP5YEYxtkPal7zHGTWWinKn0AIGCBKMXRVwi/rggobv9IQWEejavWWHC3dAIbFKWtHJ5b2ClwZZBf4C5GERlU5u2upGLAlRGiao1k3fi017TJXhTODEbSUaY8qGtI9NCyUNUbfHaZcTcm6ZLulFyk5pSMr+rhjTUOtRGNjMkJqBXtZm5H9aMzG96/aYyzgxKNn8ol4iiInIzDLS5QqZESMLKFPcvpWwAVWUGWusa03wl1teBbViwS8VLu+L+XJpYUcWTuAMLsCHKyjDLVSgar/iCV7gDabOs/PqvDsf89SMs6g5hj/hfP0AQp+aqg==</latexit>

sèries de
Laurent

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1

<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="i+qKMntkMp+CXdaSMDekJQbIzO0=">AAACIXicbVHLSgMxFL1TX3V8VV3qIlgEV2Wm4GNZcOOyQluFTpFMeluDmWRIMkIp/oobf8WNC0W6E3/AzzAdZ6GtN+Rycs69JPckTgU3Ngg+vNLC4tLySnnVX1vf2NyqbO90jMo0wzZTQunrmBoUXGLbcivwOtVIk1jgVXx3PtWv7lEbrmTLjlLsJXQo+YAzah2lKvsQAQMECdZlDdyhIfhg4Cs/IRDouxy55UMLKIxAgAJ9U6kGtSAPMg/CAlShiOZNZRL1FcsSlJYJakw3DFLbG1NtORP44EeZwZSyOzrEroOSJmh643zCB3LomD4ZKO22tCRnf3eMaWLMKIldZULtrZnVpuR/Wjezg7PemMs0syjZz0WDTBCryNQu0ucamRUjByjT3L2VsFuqKbPOVN+ZEM6OPA869Vp4Uju+rFcbJ4UdZdiDAziCEE6hARfQhLb7hkd4hld48568F+/dm/yUlryiZxf+hPf5DUInmbE=</latexit>

sèrie de
Taylor

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="aElkJZtDDifZHP91VTn27jhJGb8=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsKuYPQY8KDHiOYByRJmZ2eTIbMzy8ysEJZ8ghcPSvDqr/gD3vwbJ4+DJhY0FFXddHcFCWfauO63k9vY3Nreye8Winv7B4elo+OWlqkitEkkl6oTYE05E7RpmOG0kyiK44DTdjC6mfntJ6o0k+LRjBPqx3ggWMQINlZ6UH2vX6q4VXcOtE68JanUi7fT8mcnbPRLX71QkjSmwhCOte56bmL8DCvDCKeTQi/VNMFkhAe0a6nAMdV+Nj91gs6sEqJIKlvCoLn6eyLDsdbjOLCdMTZDverNxP+8bmqiaz9jIkkNFWSxKEo5MhLN/kYhU5QYPrYEE8XsrYgMscLE2HQKNgRv9eV10rqoerXq5b1NowYL5KEMp3AOHlxBHe6gAU0gMIBneIU3hzsvztR5X7TmnOXMCfyB8/EDvCyQWw==</latexit>r1

<latexit sha1_base64="5QqKNUgVF5w6Puj7n72bgiaEdJQ=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsJuwOgx4EGPEU0MJEuYnZ1NhszOLDOzQljyCV48KMGrv+IPePNvnDwOmljQUFR1090VJJxp47rfTm5jc2t7J79bKO7tHxyWjo7bWqaK0BaRXKpOgDXlTNCWYYbTTqIojgNOH4PR9cx/fKJKMykezDihfowHgkWMYGOle9Wv9UsVt+rOgdaJtySVRvFmWv7shM1+6asXSpLGVBjCsdZdz02Mn2FlGOF0UuilmiaYjPCAdi0VOKbaz+anTtCZVUIUSWVLGDRXf09kONZ6HAe2M8ZmqFe9mfif101NdOVnTCSpoYIsFkUpR0ai2d8oZIoSw8eWYKKYvRWRIVaYGJtOwYbgrb68Ttq1qlevXtzZNOqwQB7KcArn4MElNOAWmtACAgN4hld4c7jz4kyd90VrzlnOnMAfOB8/vbCQXA==</latexit>r2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="aElkJZtDDifZHP91VTn27jhJGb8=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsKuYPQY8KDHiOYByRJmZ2eTIbMzy8ysEJZ8ghcPSvDqr/gD3vwbJ4+DJhY0FFXddHcFCWfauO63k9vY3Nreye8Winv7B4elo+OWlqkitEkkl6oTYE05E7RpmOG0kyiK44DTdjC6mfntJ6o0k+LRjBPqx3ggWMQINlZ6UH2vX6q4VXcOtE68JanUi7fT8mcnbPRLX71QkjSmwhCOte56bmL8DCvDCKeTQi/VNMFkhAe0a6nAMdV+Nj91gs6sEqJIKlvCoLn6eyLDsdbjOLCdMTZDverNxP+8bmqiaz9jIkkNFWSxKEo5MhLN/kYhU5QYPrYEE8XsrYgMscLE2HQKNgRv9eV10rqoerXq5b1NowYL5KEMp3AOHlxBHe6gAU0gMIBneIU3hzsvztR5X7TmnOXMCfyB8/EDvCyQWw==</latexit>r1

<latexit sha1_base64="5QqKNUgVF5w6Puj7n72bgiaEdJQ=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsJuwOgx4EGPEU0MJEuYnZ1NhszOLDOzQljyCV48KMGrv+IPePNvnDwOmljQUFR1090VJJxp47rfTm5jc2t7J79bKO7tHxyWjo7bWqaK0BaRXKpOgDXlTNCWYYbTTqIojgNOH4PR9cx/fKJKMykezDihfowHgkWMYGOle9Wv9UsVt+rOgdaJtySVRvFmWv7shM1+6asXSpLGVBjCsdZdz02Mn2FlGOF0UuilmiaYjPCAdi0VOKbaz+anTtCZVUIUSWVLGDRXf09kONZ6HAe2M8ZmqFe9mfif101NdOVnTCSpoYIsFkUpR0ai2d8oZIoSw8eWYKKYvRWRIVaYGJtOwYbgrb68Ttq1qlevXtzZNOqwQB7KcArn4MElNOAWmtACAgN4hld4c7jz4kyd90VrzlnOnMAfOB8/vbCQXA==</latexit>r2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="LZI/t2BbK7HggYIVYdXJ63QbfKo=">AAAB9HicbVDLSgMxFL3js9ZXVXDjJliEuikzBWs3QsGNywr2Ae1QMmmmDc1kxiRTqEO/Qxciirj1Y9yJfozpY6GtBy73cM695OZ4EWdK2/antbS8srq2ntpIb25t7+xm9vZrKowloVUS8lA2PKwoZ4JWNdOcNiJJceBxWvf6l2O/PqBSsVDc6GFE3QB3BfMZwdpIrt92cnenF367YFo7k7Xz9gRokTgzki0fRk8P31+lSjvz0eqEJA6o0IRjpZqOHWk3wVIzwuko3YoVjTDp4y5tGipwQJWbTI4eoROjdJAfSlNCo4n6eyPBgVLDwDOTAdY9Ne+Nxf+8Zqz9kpswEcWaCjJ9yI850iEaJ4A6TFKi+dAQTCQztyLSwxITbXJKmxCc+S8vkloh7xTzZ9cmjSJMkYIjOIYcOHAOZbiCClSBwC3cwzO8WAPr0Xq13qajS9Zs5wD+wHr/AfRZlKE=</latexit>

f1(z) = f2(z)

<latexit sha1_base64="yWLjBDghbMvEZ4fAWCZgQN2FY9k=">AAACJ3icbVDLSgMxFL3js9ZX1aULg1XQTZkpWF0W3LhUsFpoS7mTZmowkxmSjFBL/8aNv+JGUBFd+gH+g7e1C7XekHByzrkk94Spktb5/rs3NT0zOzefW8gvLi2vrBbW1i9skhkuajxRiamHaIWSWtScdErUUyMwDpW4DK+Ph/rljTBWJvrc9VLRirGrZSQ5OqKSwhY0gYMADY5OA5JQFxjsQARtCGAPbmGfbk1aDJBUBAWf5JbUh+1C0S/5o2KTIBiDIozrtF14anYSnsVCO67Q2kbgp67VR+MkV2KQb2ZWpMivsSsaBDXGwrb6ozkHbJeYDosSQ1s7NmJ/dvQxtrYXh+SM0V3Zv9qQ/E9rZC46avWlTjMnNP9+KMoUcwkbhsY60gjuVI8AciPpr4xfoUHuKNo8hRD8HXkSXJRLQaV0cFYuVivjOHKwCdsUcQCHUIUTOIUahXoHD/AML9699+i9em/f1ilv3LMBv8r7+ALLLJpK</latexit>

f1(z)
anaĺıtica

<latexit sha1_base64="rQoDyEZus67tpTJwiDZe6nfqV+U=">AAACJ3icbVDLSgMxFL3j2/qqunRhsAq6KTMFH0vBjUsFawttKXfSTBvMZIYkI9Ti37jxV9wIKqJLP8B/8Pax0NYbEk7OOZfknjBV0jrf//Smpmdm5+YXFnNLyyura/n1jWubZIaLMk9UYqohWqGkFmUnnRLV1AiMQyUq4c1ZX6/cCmNloq9cNxWNGNtaRpKjIyrJb0MdOAjQ4Og0IAm1gcEuRNCEEuzDHRzQrU6LAZKKoOCb3JL6sJkv+EV/UGwSBCNQgFFdNPMv9VbCs1hoxxVaWwv81DV6aJzkStzn6pkVKfIbbIsaQY2xsI3eYM57tkdMi0WJoa0dG7C/O3oYW9uNQ3LG6Dp2XOuT/2m1zEUnjZ7UaeaE5sOHokwxl7B+aKwljeBOdQkgN5L+yngHDXJH0eYohGB85ElwXSoGR8XDy1Lh9GgUxwJswQ5FHMAxnMI5XECZQn2AJ3iFN+/Re/bevY+hdcob9WzCn/K+fgDM0JpL</latexit>

f2(z)
anaĺıtica

<latexit sha1_base64="dT6dEQ6bjbSC5YBBFJJOkP+KSGA=">AAAB6nicbVDLSgNBEOzxGRMfUY+5DAbBU9gVjB4DCnqMaB6QLGF2djYZMju7zMwKYcknePGgBK/+ij/gzb9x8jhoYkFDUdVNd5efCK6N43yjtfWNza3t3E6+sLu3f1A8PGrqOFWUNWgsYtX2iWaCS9Yw3AjWThQjkS9Yyx9eT/3WE1Oax/LRjBLmRaQvecgpMVZ6uOm5vWLZqTgz4FXiLki5VridlD7bQb1X/OoGMU0jJg0VROuO6yTGy4gynAo2zndTzRJCh6TPOpZKEjHtZbNTx/jUKgEOY2VLGjxTf09kJNJ6FPm2MyJmoJe9qfif10lNeOVlXCapYZLOF4WpwCbG079xwBWjRowsIVRxeyumA6IINTadvA3BXX55lTTPK261cnFv06jCHDkowQmcgQuXUIM7qEMDKPThGV7hDQn0gibofd66hhYzx/AH6OMHdhiQLQ==</latexit>

D1
<latexit sha1_base64="5KOKWjNsDVQR2VvJTI91/o3TP14=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosKOiyon1AG8pkMmmHTiZhZiKU0E9w40Ipbv0Vf8Cdf+Ok7UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG15nfeaJSsUg86klM3RAPBQsYwdpIDzeD2qBUsav2HGidOEtSaRRvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDq7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10m7VnXq1Yt7k0YdFshDGU7hHBy4hAbcQRNaQGAIz/AKbxa3XqyZ9b5ozVnLmRP4A+vjB3eckC4=</latexit>

D2 <latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="kPze7CgfE/SjJnpSPF31/WEE24k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIvH+MgDkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYf7a69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+alQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ46zsVcoXd+elaiWLIw9HcAyn4MElVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/nbeNVg==</latexit>

R = 1

Figura 5.1: Contorns del teorema dels residus.
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El teorema de Cauchy-Goursat ens permet escriure

∮

C

f(z) dz −
N∑

j=1

∮

Cj

f(z) dz = 0,

és a dir,
∮

C

f(z) dz =
N∑

j=1

∮

Cj

f(z) dz = 2πi
N∑

j=1

kj,

on hem usat la igualtat (5.1) a cadascuna de les integrals sobre els
contorns Cj.

⋄

5.2 Càlcul dels residus

El teorema dels residus ens permet avaluar integrals sobre contorns tancats si
coneixem els residus de les singularitats que hi ha al seu interior. Vegem ara
com calcular el valor del residu per als diferents tipus de singularitat (descrits a
la secció 4.5).

Residu d’una singularitat evitable: Si z0 és una singularitat evitable de
f(z), com que la part principal de la sèrie de Laurent de f(z) a la corona més
interna centrada a z0 no conté cap terme, el coeficient a−1 de la sèrie és nul.
Tenim, per tant,

res
z=z0

f(z) = a−1 = 0.

Residu d’un pol: Si z0 és un pol d’ordre m de f(z), en algun entorn d’aquest
punt tenim

f(z) =
am

(z − z0)m
+ · · ·+ a−1

z − z0
+ a0 + a1(z − z0) + · · · ,

amb am ̸= 0. El residu és el coeficient a−1 (destacat en negreta). Però d’altra
banda, d’acord amb (4.9) i (4.10), tenim que f(z) = F (z)/(z − z0)

m, amb
F (z0) ̸= 0, on

F (z) = f(z)(z − z0)
m

= am + · · ·+ a−1(z − z0)
m−1 + a0(z − z0)

m + a1(z − z0)
m+1 + · · ·
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Aix́ı doncs, el coeficient a−1 és també el coeficient de (z − z0)
m−1 de la sèrie

de Taylor de la funció F (z), és a dir, F (m−1)(z0)/(m− 1)!. Tenim, doncs,

res
z=z0

f(z) = a−1 =
F (m−1)(z0)

(m− 1)!

=
1

(m− 1)!
lim
z→z0

{
dm−1

dzm−1
[f(z)(z − z0)

m]

}
(5.2)

L’expressió anterior ens dona el valor del residu de f(z) en un pol d’ordre m.
En el cas d’un pol simple (m = 1) tenim

res
z=z0

f(z) = lim
z→z0

[f(z)(z − z0)], (5.3)

i per un pol d’ordre 2

res
z=z0

f(z) = lim
z→z0

{
[f(z)(z − z0)]

′} = lim
z→z0

[f ′(z)(z − z0) + f(z)].

Residu d’una singularitat essencial: Si z0 és una singularitat essencial
de f(z) no hi ha una forma general (com en el cas dels pols) de calcular el
residu i sovint cal usar l’enginy per trobar el coeficient a−1 de la sèrie de Lau-
rent vàlida al voltant de z0.

Exemple 5.1 Calculem els residus de les singularitats descrites a l’exemple 4.9:

a) La funció f(z) = (1 + z − ez)/z té una singularitat evitable a z = 0 i, per
tant, el residu és 0.

b) La funció f(z) = 1/(1+z2)2 té pols d’ordre 2 a z = ±i. Si fem servir (5.2),
el residu de f(z) al pol z = i és

res
z=i

f(z) = lim
z→i

d

dz

[
1

(1 + z2)2
(z − i)2

]

= lim
z→i

[
1

(z + i)2

]′
= lim

z→i

[ −2

(z + i)3

]
=

−2

(2i)3
=

−i

4
.

Similarment trobem res
z=−i

f(z) = i/4.

c) La funció f(z) = z sin(1/z) té una singularitat essencial a z = 0. La sèrie
de Laurent al voltant de z = 0 és

z sin(1/z) = 1− 1

3!z2
+

1

5!z4
− · · ·
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i com que la part principal no conté el terme 1/z, el residu en aquest punt
és 0. Podem observar fàcilment que, si la funció fos f(z) = z2 sin(1/z), el
residu a z = 0 seria (−1/3!).

Exemple 5.2 Considerem la situació particular en qual f(z) = p(z)/q(z), on
p(z) i q(z) són anaĺıtiques, q(z) té un zero simple a z0, i p(z) no s’anul·la en
aquest punt. D’acord amb el teorema 4.14, f(z) té, en aquest cas, un pol simple
a z0. El residu corresponent és

res
z=z0

f(z) =
p(z0)

q′(z0)
.

En efecte, només cal observar que les sèries de Taylor de p(z) i q(z) al voltant
del punt z0 són

p(z) = p(z0) + p′(z0)(z − z0) + · · · , q(z) = 0 + q′(z0)(z − z0) + · · ·

Llavors, si utilitzem (5.3) tenim

res
z=z0

f(z) = lim
z→z0

p(z)

q(z)
(z − z0)

= lim
z→z0

[p(z0) + p′(z0)(z − z0) + · · · ] (z − z0)

q′(z0)(z − z0) + · · · =
p(z0)

q′(z0)
.

Aquest resultat simplifica el càlcul del residu quan ens trobem en aquesta
situació.

Per exemple, si f(z) = e−z
2
/(z2 + 3z + 1), com que el denominador té zeros

simples a z1 = 1 i z2 = 2 i el numerador no s’anul·la en aquests punts, la funció
f(z) té pols simples a z1,2. Per calcular els residus corresponents només cal
avaluar e−z

2
/(2z + 3) a z1,2, és a dir,

res
z=1

f(z) =
e−1

5
, res

z=2
f(z) =

e−4

7
.

5.3 Càlcul d’integrals definides pel mètode dels residus

Tot i que el teorema dels residus permet avaluar integrals sobre contorns tancats
del pla complex, és molt útil per al càlcul d’integrals definides reals. En aquesta
secció en veurem alguns tipus.
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Integrals del tipus
∫ ∞

−∞
f(x) dx

Si f(z) no té cap singularitat a R i

lim
z→∞

|zf(z)| = 0 en el semiplà Im z > 0, (5.4)

aleshores

∫ ∞

−∞
f(x) dx = 2πi

[
suma de tots els residus de f(z)

en el semiplà Im z > 0

]
(5.5)
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Laurent
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z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="aElkJZtDDifZHP91VTn27jhJGb8=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsKuYPQY8KDHiOYByRJmZ2eTIbMzy8ysEJZ8ghcPSvDqr/gD3vwbJ4+DJhY0FFXddHcFCWfauO63k9vY3Nreye8Winv7B4elo+OWlqkitEkkl6oTYE05E7RpmOG0kyiK44DTdjC6mfntJ6o0k+LRjBPqx3ggWMQINlZ6UH2vX6q4VXcOtE68JanUi7fT8mcnbPRLX71QkjSmwhCOte56bmL8DCvDCKeTQi/VNMFkhAe0a6nAMdV+Nj91gs6sEqJIKlvCoLn6eyLDsdbjOLCdMTZDverNxP+8bmqiaz9jIkkNFWSxKEo5MhLN/kYhU5QYPrYEE8XsrYgMscLE2HQKNgRv9eV10rqoerXq5b1NowYL5KEMp3AOHlxBHe6gAU0gMIBneIU3hzsvztR5X7TmnOXMCfyB8/EDvCyQWw==</latexit>r1

<latexit sha1_base64="5QqKNUgVF5w6Puj7n72bgiaEdJQ=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsJuwOgx4EGPEU0MJEuYnZ1NhszOLDOzQljyCV48KMGrv+IPePNvnDwOmljQUFR1090VJJxp47rfTm5jc2t7J79bKO7tHxyWjo7bWqaK0BaRXKpOgDXlTNCWYYbTTqIojgNOH4PR9cx/fKJKMykezDihfowHgkWMYGOle9Wv9UsVt+rOgdaJtySVRvFmWv7shM1+6asXSpLGVBjCsdZdz02Mn2FlGOF0UuilmiaYjPCAdi0VOKbaz+anTtCZVUIUSWVLGDRXf09kONZ6HAe2M8ZmqFe9mfif101NdOVnTCSpoYIsFkUpR0ai2d8oZIoSw8eWYKKYvRWRIVaYGJtOwYbgrb68Ttq1qlevXtzZNOqwQB7KcArn4MElNOAWmtACAgN4hld4c7jz4kyd90VrzlnOnMAfOB8/vbCQXA==</latexit>r2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="aElkJZtDDifZHP91VTn27jhJGb8=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsKuYPQY8KDHiOYByRJmZ2eTIbMzy8ysEJZ8ghcPSvDqr/gD3vwbJ4+DJhY0FFXddHcFCWfauO63k9vY3Nreye8Winv7B4elo+OWlqkitEkkl6oTYE05E7RpmOG0kyiK44DTdjC6mfntJ6o0k+LRjBPqx3ggWMQINlZ6UH2vX6q4VXcOtE68JanUi7fT8mcnbPRLX71QkjSmwhCOte56bmL8DCvDCKeTQi/VNMFkhAe0a6nAMdV+Nj91gs6sEqJIKlvCoLn6eyLDsdbjOLCdMTZDverNxP+8bmqiaz9jIkkNFWSxKEo5MhLN/kYhU5QYPrYEE8XsrYgMscLE2HQKNgRv9eV10rqoerXq5b1NowYL5KEMp3AOHlxBHe6gAU0gMIBneIU3hzsvztR5X7TmnOXMCfyB8/EDvCyQWw==</latexit>r1

<latexit sha1_base64="5QqKNUgVF5w6Puj7n72bgiaEdJQ=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsJuwOgx4EGPEU0MJEuYnZ1NhszOLDOzQljyCV48KMGrv+IPePNvnDwOmljQUFR1090VJJxp47rfTm5jc2t7J79bKO7tHxyWjo7bWqaK0BaRXKpOgDXlTNCWYYbTTqIojgNOH4PR9cx/fKJKMykezDihfowHgkWMYGOle9Wv9UsVt+rOgdaJtySVRvFmWv7shM1+6asXSpLGVBjCsd Zdz02Mn2FlGOF0UuilmiaYjPCAdi0VOKbaz+anTtCZVUIUSWVLGDRXf09kONZ6HAe2M8ZmqFe9mfif101NdOVnTCSpoYIsFkUpR0ai2d8oZIoSw8eWYKKYvRWRIVaYGJtOwYbgrb68Ttq1qlevXtzZNOqwQB7KcArn4MElNOAWmtACAgN4hld4c7jz4kyd90VrzlnOnMAfOB8/vbCQXA==</latexit>r2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="LZI/t2BbK7HggYIVYdXJ63QbfKo=">AAAB9HicbVDLSgMxFL3js9ZXVXDjJliEuikzBWs3QsGNywr2Ae1QMmmmDc1kxiRTqEO/Qxciirj1Y9yJfozpY6GtBy73cM695OZ4EWdK2/antbS8srq2ntpIb25t7+xm9vZrKowloVUS8lA2PKwoZ4JWNdOcNiJJceBxWvf6l2O/PqBSsVDc6GFE3QB3BfMZwdpIrt92cnenF367YFo7k7Xz9gRokTgzki0fRk8P31+lSjvz0eqEJA6o0IRjpZqOHWk3wVIzwuko3YoVjTDp4y5tGipwQJWbTI4eoROjdJAfSlNCo4n6eyPBgVLDwDOTAdY9Ne+Nxf+8Zqz9kpswEcWaCjJ9yI850iEaJ4A6TFKi+dAQTCQztyLSwxITbXJKmxCc+S8vkloh7xTzZ9cmjSJMkYIjOIYcOHAOZbiCClSBwC3cwzO8WAPr0Xq13qajS9Zs5wD+wHr/AfRZlKE=</latexit>

f1(z) = f2(z)

<latexit sha1_base64="yWLjBDghbMvEZ4fAWCZgQN2FY9k=">AAACJ3icbVDLSgMxFL3js9ZX1aULg1XQTZkpWF0W3LhUsFpoS7mTZmowkxmSjFBL/8aNv+JGUBFd+gH+g7e1C7XekHByzrkk94Spktb5/rs3NT0zOzefW8gvLi2vrBbW1i9skhkuajxRiamHaIWSWtScdErUUyMwDpW4DK+Ph/rljTBWJvrc9VLRirGrZSQ5OqKSwhY0gYMADY5OA5JQFxjsQARtCGAPbmGfbk1aDJBUBAWf5JbUh+1C0S/5o2KTIBiDIozrtF14anYSnsVCO67Q2kbgp67VR+MkV2KQb2ZWpMivsSsaBDXGwrb6ozkHbJeYDosSQ1s7NmJ/dvQxtrYXh+SM0V3Zv9qQ/E9rZC46avWlTjMnNP9+KMoUcwkbhsY60gjuVI8AciPpr4xfoUHuKNo8hRD8HXkSXJRLQaV0cFYuVivjOHKwCdsUcQCHUIUTOIUahXoHD/AML9699+i9em/f1ilv3LMBv8r7+ALLLJpK</latexit>

f1(z)
anaĺıtica

<latexit sha1_base64="rQoDyEZus67tpTJwiDZe6nfqV+U=">AAACJ3icbVDLSgMxFL3j2/qqunRhsAq6KTMFH0vBjUsFawttKXfSTBvMZIYkI9Ti37jxV9wIKqJLP8B/8Pax0NYbEk7OOZfknjBV0jrf//Smpmdm5+YXFnNLyyura/n1jWubZIaLMk9UYqohWqGkFmUnnRLV1AiMQyUq4c1ZX6/cCmNloq9cNxWNGNtaRpKjIyrJb0MdOAjQ4Og0IAm1gcEuRNCEEuzDHRzQrU6LAZKKoOCb3JL6sJkv+EV/UGwSBCNQgFFdNPMv9VbCs1hoxxVaWwv81DV6aJzkStzn6pkVKfIbbIsaQY2xsI3eYM57tkdMi0WJoa0dG7C/O3oYW9uNQ3LG6Dp2XOuT/2m1zEUnjZ7UaeaE5sOHokwxl7B+aKwljeBOdQkgN5L+yngHDXJH0eYohGB85ElwXSoGR8XDy1Lh9GgUxwJswQ5FHMAxnMI5XECZQn2AJ3iFN+/Re/bevY+hdcob9WzCn/K+fgDM0JpL</latexit>

f2(z)
anaĺıtica

<latexit sha1_base64="dT6dEQ6bjbSC5YBBFJJOkP+KSGA=">AAAB6nicbVDLSgNBEOzxGRMfUY+5DAbBU9gVjB4DCnqMaB6QLGF2djYZMju7zMwKYcknePGgBK/+ij/gzb9x8jhoYkFDUdVNd5efCK6N43yjtfWNza3t3E6+sLu3f1A8PGrqOFWUNWgsYtX2iWaCS9Yw3AjWThQjkS9Yyx9eT/3WE1Oax/LRjBLmRaQvecgpMVZ6uOm5vWLZqTgz4FXiLki5VridlD7bQb1X/OoGMU0jJg0VROuO6yTGy4gynAo2zndTzRJCh6TPOpZKEjHtZbNTx/jUKgEOY2VLGjxTf09kJNJ6FPm2MyJmoJe9qfif10lNeOVlXCapYZLOF4WpwCbG079xwBWjRowsIVRxeyumA6IINTadvA3BXX55lTTPK261cnFv06jCHDkowQmcgQuXUIM7qEMDKPThGV7hDQn0gibofd66hhYzx/AH6OMHdhiQLQ==</latexit>

D1
<latexit sha1_base64="5KOKWjNsDVQR2VvJTI91/o3TP14=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosKOiyon1AG8pkMmmHTiZhZiKU0E9w40Ipbv0Vf8Cdf+Ok7UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG15nfeaJSsUg86klM3RAPBQsYwdpIDzeD2qBUsav2HGidOEtSaRRvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDq7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10m7VnXq1Yt7k0YdFshDGU7hHBy4hAbcQRNaQGAIz/AKbxa3XqyZ9b5ozVnLmRP4A+vjB3eckC4=</latexit>

D2 <latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
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CR

Figura 5.2: Contorns considerats per a deduir l’expressió (5.5).

Demostració: Sigui C el contorn tancat de la figura 5.2 format
per l’interval [−R,R] de l’eix real i el semicercle CR de radi R que
s’indica a la mateixa figura. Considerem la integral

∮

C

f(z) dz =

∫ R

−R
f(x) dx+

∫

CR

f(z) dz.

Si usem el teorema dels residus i parametritzem CR amb z = Reiθ,
θ ∈ [0, π], dz = Reiθi dθ, tenim

2πi

[
suma dels residus de f(z)

a l’interior de C

]
=

∫ R

−R
f(x) dx+

∫ π

0

f(Reiθ)Reiθi dθ,

i en el ĺımit R → ∞ tenim

2πi

[
suma de tots els residus de f(z)

en el semiplà Im z > 0

]
=

∫ +∞

−∞
f(x) dx,

ja que la integral sobre CR tendeix a zero en aquest ĺımit. En efecte,
∣∣∣∣
∫

CR

f(z) dz

∣∣∣∣ =
∣∣∣∣
∫ π

0

f(Reiθ)Reiθi dθ

∣∣∣∣ ≤
∫ π

0

∣∣f(Reiθ)
∣∣Rdθ < ϵ,
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on hem usat la condició (5.4), segons la qual per a tot ϵ > 0 existeix
M tal que si R = |z| > M , llavors

∣∣f(Reiθ)
∣∣R = |zf(z)| < ϵ

π
, θ ∈ [0, π].

Per tant, limR→∞
∫
CR

f(z) dz = 0, i això demostra la igualtat (5.5).

⋄

Exemple 5.3 Calculem la integral

∫ ∞

−∞

x2

x4 + 16
dx.

Primer de tot comprovem que es compleixen les condicions per poder aplicar el
mètode. Clarament, l’integrand no té singularitats a R, i per a |z| > 2 tenim

∣∣∣∣z
z2

z4 + 16

∣∣∣∣ ≤
|z|3

|z|4 − 16

|z|→∞−−−−→ 0,

on hem usat la desigualtat triangular (1.6) al denominador.
Per calcular els residus, notem primer que el denominador s’anul·la sobre les

quatre arrels quartes de −16 calculades a l’exemple 1.2. Veiem que només 2eiπ/4

i 2ei 3π/4 són al semiplà Im z > 0 (figura 1.9), per tant,

∫ ∞

−∞

x2

x4 + 16
dx = 2πi

[
res

z=2ei
π
4

(
z2

z4 + 16

)
+ res

z=2ei
3π
4

(
z2

z4 + 16

)]
.

Si fem servir el mètode de l’exemple 5.2 obtenim

res
z=2ei

π
4

(
z2

z4 + 16

)
=

z2

4z3

∣∣∣∣
z=2ei

π
4

=
1

8ei
π
4

=
ei

7π
4

8
,

i similarment,

res
z=2ei

3π
4

(
z2

z4 + 16

)
=

ei
5π
4

8
.

Aix́ı doncs,

∫ ∞

−∞

x2

x4 + 16
dx = 2πi

ei
7π
4 + ei

5π
4

8
= 2πi

1− i− 1− i

8
√
2

=
π

2
√
2
.
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Integrals del tipus
∫ ∞

−∞

{
cos ax
sin ax

}
f(x)dx

Si a és real i positiu, f(x) és real, f(z) no té cap singularitat a R i es compleix
que

lim
z→∞

|f(z)| = 0 en el semiplà Im z > 0, (5.6)

aleshores

∫ ∞

−∞

{
cos ax
sin ax

}
f(x) dx=

{
Re
Im

}

2πi



suma de tots els residus de

eiazf(z)

en el semiplà Im z > 0





 (5.7)

Demostració: Sigui C el contorn tancat de la figura 5.2. Conside-
rem la integral

∮

C

eiazf(z) dz =

∫ R

−R
eiaxf(x) dx+

∫

CR

eiazf(z) dz.

Com en el cas anterior, si usem el teorema dels residus i parametrit-
zem el contorn CR amb z = Reiθ, θ ∈ [0, π], dz = Reiθi dθ, tenim

2πi



suma dels residus

de eiazf(z)

a l’interior de C




=

∫ R

−R
eiaxf(x) dx+

∫ π

0

eiaReiθf(Reiθ)Reiθi dθ, (5.8)

i en el ĺımit R → ∞ tenim

2πi



suma de tots els residus de

eiazf(z)

en el semiplà Im z > 0


 =

∫ ∞

−∞
eiaxf(x) dx, (5.9)

ja que la integral sobre CR tendeix a zero en aquest ĺımit. En efecte,
∣∣∣∣
∫

CR

eiazf(z) dz

∣∣∣∣≤
∫

CR

∣∣eiaz
∣∣ |f(z)| |dz|=

∫ π

0

e−aR sin θ |f(Reiθ)|Rdθ.

La condició (5.6) ens assegura que per a tot ϵ > 0 existeix M tal
que, si R > M , llavors |f(Reiθ)| < aϵ/π. Aix́ı doncs,

∣∣∣∣
∫

CR

eiazf(z) dz

∣∣∣∣<
aϵR

π

∫ π

0

e−aR sin θdθ =
aϵR

π
2

∫ π/2

0

e−aR sin θdθ,
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ja que a l’interval [0, π] la funció sin θ té una gràfica simètrica respecte
del punt central π/2. Notem ara que a l’interval [0, π/2] es compleix
que sin θ ≥ 2θ/π (vegeu la figura 5.3) i, per tant, e−aR sin θ ≤ e−2aRθ/π,
ja que aR > 0. Tenim, doncs,

∣∣∣∣
∫

CR

eiazf(z) dz

∣∣∣∣ <
aϵR

π
2

∫ π/2

0

e−2aRθ/πdθ.

El valor de la darrera integral és
∫ π/2

0
e−2aRθ/πdθ=π(1−e−aR)/(2aR).

Aix́ı, arribem finalment a

∣∣∣∣
∫

CR

eiazf(z) dz

∣∣∣∣ < ϵ
(
1− e−aR

)
< ϵ,

si R és suficientment gran. Això demostra que

lim
R→∞

∫

CR

eiazf(z) dz = 0

i demostra, per tant, la igualtat (5.9).

Figura 5.3: A l’interval [0, π/2] es compleix que sin θ ≥ 2θ/π.

Com que cos(ax) i sin(ax) són, respectivament, la part real i la
part imaginària de eiax, i la funció f(x) és real, les dues integrals∫∞
−∞ cos(ax)f(x) dx i

∫∞
−∞ sin(ax)f(x) dx s’obtenen prenent, respec-

tivament, la part real i la part imaginària de (5.9). Això demostra
la igualtat (5.7).

⋄
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Exemple 5.4 Calculem ∫ ∞

−∞

x sinx

x4 + 16
dx.

Clarament z/(z4 + 16) satisfà les condicions per poder aplicar el mètode. Com
en l’exemple anterior, els dos únics pols (simples) de l’integrand que es troben
al pla Im z > 0 són 2eiπ/4 i 2ei 3π/4. Si procedim com a l’exemple 5.3 obtenim

res
z=2ei

π
4

(
zeiz

z4 + 16

)
=

e
√
2 (−1+i)

16i
, res

z=2ei
3π
4

(
zeiz

z4 + 16

)
=

e
√
2 (−1−i)

−16i
.

Aix́ı doncs,

∫ ∞

−∞

x sinx

x4 + 16
dx = Im

{
2πi

e
√
2 (−1+i) − e

√
2 (−1−i)

16i

}

=
πe−

√
2

8
Im
{
ei
√
2 − e−i

√
2
}
=

πe−
√
2

4
sin
(√

2
)
.

Integrals del tipus
∫ 2π

0

f(cos θ, sin θ) dθ

Si f(cos θ, sin θ) no té singularitats a l’interval 0 ≤ θ ≤ 2π de la recta real,
aleshores

∫ 2π

0

f(cos θ, sin θ) dθ = 2πi




suma de tots els residus de

1

iz
f

(
z + z−1

2
,
z − z−1

2i

)

a l’interior del cercle |z| < 1


 (5.10)

Demostració: Considerem la integral

∮

C

f

(
z + z−1

2
,
z − z−1

2i

)
dz

iz
,

on C és la circumferència de radi 1, centrada a l’origen, que es mostra
a la figura 5.4.
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<latexit sha1_base64="w8h+yhDGRkF7n1BNPBfN52dZnEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURrR4LXjxWsB/QhrLZTNqlm03Y3Qil9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nffkKleSIfzThFP6YDySPOqLFS+6IXojC0X664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7ulJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMT3foTLtPMoGSLRVEmiEnI7HcScoXMiLEllClubyVsSBVlxiZUsiF4yy+vktZl1atVrx+uKvVaHkcRTuAUzsGDG6jDPTSgCQxG8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gD7YI9R</latexit>��

<latexit sha1_base64="LmdZl4mxNjJgA6ZmXEHJGZiZuQs=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEw8kV2j6JHEi0dM5JHAQmaHBibMzm5mZlWy4T+8eNAYr/6LN//GAfagYCWdVKq6090VxIJr47rfzsrq2vrGZm4rv72zu7dfODis6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB0M/UbD6g0j+S9Gcfoh3QgeZ8zaqzUecJOytsYay4iOekWim7JnYEsEy8jRchQ7Ra+2r2IJSFKwwTVuuW5sfFTqgxnAif5dqIxpmxEB9iyVNIQtZ/Orp6QU6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3mtxPSv/ZTLODEo2XxRPxHERGQaAelxhcyIsSWUKW5vJWxIFWXGBpW3IXiLLy+T+nnJK5cu7y6KlXIWRw6O4QTOwIMrqMAtVKEGDBQ8wyu8OY/Oi/PufMxbV5xs5gj+wPn8ATmtkvY=</latexit>

xei✏

<latexit sha1_base64="ESHQ2V59kvBgqG0QtzWG02FgvT4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxCXViSotVlwY3LCvYBTSyT6U07dDIZZiZiCQV/xY0LRdz6He78G6ePhVYPXDiccy/33hMKRpV23S8rt7S8srqWXy9sbG5t79i7e02VpJJAgyQske0QK2CUQ0NTzaAtJOA4ZNAKh1cTv3UPUtGE3+qRgCDGfU4jSrA2Utc+eIC7jJYqvqCnPghFWcJPxl276JbdKZy/xJuTIpqj3rU//V5C0hi4Jgwr1fFcoYMMS00Jg3HBTxUITIa4Dx1DOY5BBdn0/LFzbJSeEyXSFNfOVP05keFYqVEcms4Y64Fa9Cbif14n1dFlkFEuUg2czBZFKXN04kyycHpUAtFsZAgmkppbHTLAEhNtEiuYELzFl/+SZqXsVcvnN2fFWnUeRx4doiNUQh66QDV0jeqogQjK0BN6Qa/Wo/VsvVnvs9acNZ/ZR79gfXwDvCWVUg==</latexit>

xei(2⇡�✏)
<latexit sha1_base64="l/ajgIABOEeE1j+HpQUOquXX9Xg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArGj0GvHiMwTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOl+kW9Vyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzSKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeOtPuExSg5ItFoWpICYms7dJnytkRowtoUxxeythQ6ooMzacgg3BW355lTQvy16lfP1wVapWsjjycAKncA4e3EAV7qEGDWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wcVmY0L</latexit>�R

<latexit sha1_base64="mRSZ2PMr3ESrRv+3jnCt1J2GqDw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOXdjPo=</latexit>x

<latexit sha1_base64="ovvytzYWNf08ihqvY+sV+9fqHwU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVr+4vK/VaHkcRTuAUzsGDa6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBMdZAe</latexit>✏ <latexit sha1_base64="WAgUgw77OZpm21F5WuoCY7jrTpo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AKxFjNQ=</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1
<latexit sha1_base64="1dM/tql2kpt60J9QE35BwsAqJwQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJokcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fN65KtWoWRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHvFjLQ=</latexit>

2
<latexit sha1_base64="2C8VQ36JAzQW65xA4pO/I/OCNOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Xb8qVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AX1JjLU=</latexit>

3
<latexit sha1_base64="mVy/PGPcHNveezrWLtPFSws8ju0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlq/plqVrJ4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6Y1jNA=</latexit>

N
<latexit sha1_base64="1kI+VSzpJnI+0A5PIguw0CXeZYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoMePEkEc0DkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYe7M69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+6lQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ47zsVcqX9xelaiWLIw9HcAyn4MEVVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/fEWNQA==</latexit>

N + 1<latexit sha1_base64="KptmuqjovK3sleGr9N17z6n49Qk=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVo8FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rv7q/rDUbRR1lOIFTOAcPrqEJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/EMjsA=</latexit>. . .

<latexit sha1_base64="HZKEpDw8kfkj3jaOTxBFDvbdRZw=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWgolKVjdCAU3rqSCfUATymQ6aYdOHszcCCV05cal4Fe4caGIW7/BnV/gbzh9LLT1wMDhnHO5c48bcSbBNL+01MLi0vJKejWztr6xuaVv79RlGAtCayTkoWi6WFLOAloDBpw2I0Gx73LacPsXI79xS4VkYXADg4g6Pu4GzGMEg5La+oHNqQe5q0Ji2aEKloa2YN0e5HNWgeXbetYsmmMY88Sakmzl8Pxh77vxWG3rn3YnJLFPAyAcS9myzAicBAtghNNhxo4ljTDp4y5tKRpgn0onGZ8xNI6V0jG8UKgXgDFWf08k2Jdy4Lsq6WPoyVlvJP7ntWLwzpyEBVEMNCCTRV7MDQiNUSdGhwlKgA8UwUQw9VeD9LDABFRzGVWCNXvyPKmXila5eHJtZStlNEEa7aMjlEMWOkUVdImqqIYIukNP6AW9avfas/amvU+iKW06s4v+QPv4AU9jmrE=</latexit>�
N + 1

2

�
(1 + i)

<latexit sha1_base64="pG594OEGUzrsHSKE/WMrmBERwGU=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWsSSFKxuhIIbV1LBPqAJZTKdtEMnD2ZuhBK6cuNS8CvcuFDErd/gzi/wN5w+Ftp6YOBwzrncuceNOJNgml9aam5+YXEpvZxZWV1b39A3t2oyjAWhVRLyUDRcLClnAa0CA04bkaDYdzmtu72LoV+/pUKyMLiBfkQdH3cC5jGCQUktfc/m1IPc1VFi2aEKFge2YJ0u5HPWMcu39KxZMEcwZok1Idny/vnDznf9sdLSP+12SGKfBkA4lrJpmRE4CRbACKeDjB1LGmHSwx3aVDTAPpVOMjpjYBwqpW14oVAvAGOk/p5IsC9l33dV0sfQldPeUPzPa8bgnTkJC6IYaEDGi7yYGxAaw06MNhOUAO8rgolg6q8G6WKBCajmMqoEa/rkWVIrFqxS4eTaypZLaIw02kUHKIcsdIrK6BJVUBURdIee0At61e61Z+1Nex9HU9pkZhv9gfbxA1JvmrM=</latexit>�
N + 1

2

�
(1 � i)

<latexit sha1_base64="yBJoIPyqV3si3zQWsU7SZz1GHCs=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCi7QkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH26jix7FAFiwNbsE4Xctm8lWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADFeJrq</latexit>�
N + 1

2

�
(�1 � i)

<latexit sha1_base64="/3KHuLxsvT6ev7btFZMX50Qtawo=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCS7EkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH2Kp9YdqiCxYEtWKcLueyxlWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADCbJro</latexit>�
N + 1

2

�
(�1 + i)

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="klFiD1Exux3lbMFmdDYZacNQT5s=">AAAB8XicbZC7TsMwFIZPuJZyKzCyWFRIZSkJgsJGJRbGItGLaELluE5r1XEi20Gqoj4DCwsDCLHyCkw8AhsPwo57GaDllyx9+v9z5HOOH3OmtG1/WXPzC4tLy5mV7Ora+sZmbmu7pqJEElolEY9kw8eKciZoVTPNaSOWFIc+p3W/dzHM63dUKhaJa92PqRfijmABI1gb64bepsyN2eHxoJXL20V7JDQLzgTy5++F749796DSyn267YgkIRWacKxU07Fj7aVYakY4HWTdRNEYkx7u0KZBgUOqvHQ08QDtG6eNgkiaJzQaub87Uhwq1Q99Uxli3VXT2dD8L2smOjjzUibiRFNBxh8FCUc6QsP1UZtJSjTvG8BEMjMrIl0sMdHmSFlzBGd65VmoHRWdUvHkysmXSzBWBnZhDwrgwCmU4RIqUAUCAh7gCZ4tZT1aL9bruHTOmvTswB9Zbz+BKZSD</latexit>

ei⇡/4

<latexit sha1_base64="t1zYS0pYKaW49XaLZWvPw3QQkx0=">AAAB8nicbZC7TsMwFIYdrqXcCowsFhVSWUrCpbBRiYWxSPQiJaFy3NPWquNEtoNURX0GJhYGEGLlEZh4BDYehB33MkDLL1n69P/nyOecIOZMadv+submFxaXljMr2dW19Y3N3NZ2TUWJpFClEY9kIyAKOBNQ1UxzaMQSSBhwqAe9y2FevwOpWCRudD8GPyQdwdqMEm0sF25TduzF7PBk0Mzl7aI9Ep4FZwL5i/fC98e9d1Bp5j69VkSTEISmnCjlOnas/ZRIzSiHQdZLFMSE9kgHXIOChKD8dDTyAO8bp4XbkTRPaDxyf3ekJFSqHwamMiS6q6azoflf5ia6fe6nTMSJBkHHH7UTjnWEh/vjFpNANe8bIFQyMyumXSIJ1eZKWXMEZ3rlWagdFZ1S8fTayZdLaKwM2kV7qIAcdIbK6ApVUBVRFKEH9ISeLW09Wi/W67h0zpr07KA/st5+APZElMA=</latexit>

ei3⇡/4

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="yc5McTjo8WG2fKS/gaDFyWGgO/c=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzitWdBTcuK9gLtEPJpJk2NpMMSUYoQ59BNy4UcetLuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvR3n9jirNpLgxg5j6Ee4KFjKCjbVqJ62YIdbO5d2iOxaaB28K+Yv3wvfHfeuo0s59tjqSJBEVhnCsddNzY+OnWBlGOB1mW4mmMSZ93KVNiwJHVPvpeNohOrROB4VS2ScMGru/O1IcaT2IAlsZYdPTs9nI/C9rJiY891Mm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CsPYI3u/I81I6LXql4eu3lyyWYKAP7cAAF8OAMynAFFagCgVt4gCd4dqTz6Lw4r5PSBWfaswd/5Lz9ACiUkpA=</latexit>

3⇡i
<latexit sha1_base64="MX+DOiVE+ZAGPJvy0j7lXDLvD10=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxVP/FjhlgnX3BL7kRoEbwZFC7ei98f9/5xtZP/9LuSJBEVhnCsdctzY9NOsTKMcDrK+YmmMSYD3KMtiwJHVLfTybQjdGSdLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx43k6ZiBNDBZl+FCYcGYnGq6MuU5QYPrSAiWJ2VkT6WGFi7IFy9gje/MqLUD8peeXS6bVXqJRhqiwcwCEUwYMzqMAVVKEGBG7hAZ7g2ZHOo/PivE5LM86sZx/+yHn7AScLko8=</latexit>

2⇡i

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="BYjAD7reY7cuvikf+jVayeYMrFY=">AAAB7XicbZDLSgMxFIbP1Futl1ZduHATLIIby4xg1ZUFNy4r2Au0Q8mkmTY2kwxJRiil7+DGhSJufRlXLgSfpqaXhbb+EPj4/3PIOSeIOdPGdb+d1NLyyupaej2zsbm1nc3t7Fa1TBShFSK5VPUAa8qZoBXDDKf1WFEcBZzWgt71OK89UKWZFHemH1M/wh3BQkawsVb1pBkzxFq5vFtwJ0KL4M0gfzXa/7gcfWXLrdxnsy1JElFhCMdaNzw3Nv4AK8MIp8NMM9E0xqSHO7RhUeCIan8wmXaIjqzTRqFU9gmDJu7vjgGOtO5Hga2MsOnq+Wxs/pc1EhNe+AMm4sRQQaYfhQlHRqLx6qjNFCWG9y1gopidFZEuVpgYe6CMPYI3v/IiVE8LXrFwduvlS0WYKg0HcAjH4ME5lOAGylABAvfwCM/w4kjnyXl13qalKWfWswd/5Lz/AIpGkto=</latexit>�⇡i

<latexit sha1_base64="Rm+rr08ni7eE69hhdFsgdD+WseA=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d4LbdsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz27dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+EbkVU=</latexit>�a <latexit sha1_base64="oxORG2XIqR9JwpMARxHcR+BA3Yo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV0snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDDO6Qzg==</latexit>a

Figura 5.4: Contorn emprat en el càlcul d’integrals del tipus
∫ 2π

0
f(cos θ, sin θ) dθ pel mètode

dels residus.

Si fem servir el teorema dels residus tenim

∮

C

f

(
z + z−1

2
,
z − z−1

2i

)
dz

iz
= 2πi




suma de tots els residus de

1

iz
f

(
z + z−1

2
,
z − z−1

2i

)

a l’interior del cercle |z| < 1


,

i si parametritzem el contorn C amb z = eiθ, θ ∈ [0, 2π], dz = eiθi dθ,
tenim

∮

C

f

(
z + z−1

2
,
z − z−1

2i

)
dz

iz
=

∫ 2π

0

f

(
eiθ + e−iθ

2
,
eiθ − e−iθ

2i

)
eiθi dθ

ieiθ

=

∫ 2π

0

f(cos θ, sin θ) dθ,

on hem usat les fórmules d’Euler (1.13). Això demostra la igual-
tat (5.10).

⋄

Exemple 5.5 Calculem

I =

∫ 2π

0

cos (2θ)

5 + 4 cos θ
dθ.

El mètode descrit equival a fer el canvi eiθ = z directament a la integral.
Obtenim

I =

∮

C

(z2 + z−2)/2

5 + 2(z + z−1)

dz

iz
,
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on C és la circumferència |z| = 1 recorreguda en sentit antihorari. Aquesta
expressió es pot simplificar i escriure com

I =

∮

C

z4 + 1

5z + 2(z2 + 1)

dz

2iz2
=

∮

C

z4 + 1

(z + 2)(z + 1/2)z2
dz

4i
.

Només els pols a z = 0 (doble) i a z = −1/2 (simple) hi contribueixen, ja que
z = −2 no és a l’interior del contorn. Si anomenem f(z) l’integrand, els seus
residus són

res
z=0

f(z) = lim
z→0

{
d

dz

[
z2f(z)

]}
= lim

z→0

1

4i

[
z4 + 1

(z + 2)(z + 1/2)

]′
=

5i

8
,

res
z=−1/2

f(z) = lim
z→−1/2

[(z + 1/2)f(z)] = lim
z→−1/2

z4 + 1

(z + 2)z2
= −17i

24
.

Llavors, si apliquem el teorema dels residus obtenim

I = 2πi

(
5i

8
− 17i

24

)
=

π

6
.

Integrals del tipus
∫ ∞

0

x−αf(x) dx

Si α ∈ R amb α < 1, f(z) no té singularitats a l’interval [0,∞) de la recta real
i es compleix que

lim
z→∞

∣∣z1−αf(z)
∣∣ = 0, (5.11)

aleshores

∫ ∞

0

x−αf(x) dx =
πeiπα

sin πα

[
suma de tots els residus de

z−αf(z)

]
(5.12)

Demostració: Recordem que z−α = e−α log z i és, per tant, multi-
valuada. Escollim la branca del logaritme següent:

log z = log r + iθ, θ ∈ [0, 2π),

on z = reiθ. El tall de branca és, per tant, el semieix real posi-
tiu [0,∞).
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<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="kPze7CgfE/SjJnpSPF31/WEE24k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIvH+MgDkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYf7a69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+alQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ46zsVcoXd+elaiWLIw9HcAyn4MElVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/nbeNVg==</latexit>

R = 1

<latexit sha1_base64="ngBbhQcbZNAdA+srnBNtXsImbbc=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEq8dCLx4r2A9oQ9lsJu3SzSbuToRS/BNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmyTTHFo8kYnuBsyAFApaKFBCN9XA4kBCJxg3Zn7nEbQRibrHSQp+zIZKRIIztFK3MeiHIJENyhW36s5BV4mXkwrJ0RyUv/phwrMYFHLJjOl5bor+lGkUXMJTqZ8ZSBkfsyH0LFUsBuNP5/c+0TOrhDRKtC2FdK7+npiy2JhJHNjOmOHILHsz8T+vl2F040+FSjMExReLokxSTOjseRoKDRzlxBLGtbC3Uj5imnG0EZVsCN7yy6ukfVH1atWru8tKvZbHUSQn5JScE49ckzq5JU3SIpxI8kxeyZvz4Lw4787HorXg5DPH5A+czx/UtI/Q</latexit>

C�

<latexit sha1_base64="w8h+yhDGRkF7n1BNPBfN52dZnEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURrR4LXjxWsB/QhrLZTNqlm03Y3Qil9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nffkKleSIfzThFP6YDySPOqLFS+6IXojC0X664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7ulJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMT3foTLtPMoGSLRVEmiEnI7HcScoXMiLEllClubyVsSBVlxiZUsiF4yy+vktZl1atVrx+uKvVaHkcRTuAUzsGDG6jDPTSgCQxG8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gD7YI9R</latexit>��

<latexit sha1_base64="LmdZl4mxNjJgA6ZmXEHJGZiZuQs=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEw8kV2j6JHEi0dM5JHAQmaHBibMzm5mZlWy4T+8eNAYr/6LN//GAfagYCWdVKq6090VxIJr47rfzsrq2vrGZm4rv72zu7dfODis6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB0M/UbD6g0j+S9Gcfoh3QgeZ8zaqzUecJOytsYay4iOekWim7JnYEsEy8jRchQ7Ra+2r2IJSFKwwTVuuW5sfFTqgxnAif5dqIxpmxEB9iyVNIQtZ/Orp6QU6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3mtxPSv/ZTLODEo2XxRPxHERGQaAelxhcyIsSWUKW5vJWxIFWXGBpW3IXiLLy+T+nnJK5cu7y6KlXIWRw6O4QTOwIMrqMAtVKEGDBQ8wyu8OY/Oi/PufMxbV5xs5gj+wPn8ATmtkvY=</latexit>

xei✏

<latexit sha1_base64="ESHQ2V59kvBgqG0QtzWG02FgvT4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxCXViSotVlwY3LCvYBTSyT6U07dDIZZiZiCQV/xY0LRdz6He78G6ePhVYPXDiccy/33hMKRpV23S8rt7S8srqWXy9sbG5t79i7e02VpJJAgyQske0QK2CUQ0NTzaAtJOA4ZNAKh1cTv3UPUtGE3+qRgCDGfU4jSrA2Utc+eIC7jJYqvqCnPghFWcJPxl276JbdKZy/xJuTIpqj3rU//V5C0hi4Jgwr1fFcoYMMS00Jg3HBTxUITIa4Dx1DOY5BBdn0/LFzbJSeEyXSFNfOVP05keFYqVEcms4Y64Fa9Cbif14n1dFlkFEuUg2czBZFKXN04kyycHpUAtFsZAgmkppbHTLAEhNtEiuYELzFl/+SZqXsVcvnN2fFWnUeRx4doiNUQh66QDV0jeqogQjK0BN6Qa/Wo/VsvVnvs9acNZ/ZR79gfXwDvCWVUg==</latexit>

xei(2⇡�✏)
<latexit sha1_base64="l/ajgIABOEeE1j+HpQUOquXX9Xg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArGj0GvHiMwTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOl+kW9Vyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzSKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeOtPuExSg5ItFoWpICYms7dJnytkRowtoUxxeythQ6ooMzacgg3BW355lTQvy16lfP1wVapWsjjycAKncA4e3EAV7qEGDWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wcVmY0L</latexit>�R

<latexit sha1_base64="mRSZ2PMr3ESrRv+3jnCt1J2GqDw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOXdjPo=</latexit>x

<latexit sha1_base64="ovvytzYWNf08ihqvY+sV+9fqHwU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVr+4vK/VaHkcRTuAUzsGDa6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBMdZAe</latexit>✏ <latexit sha1_base64="WAgUgw77OZpm21F5WuoCY7jrTpo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AKxFjNQ=</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1
<latexit sha1_base64="1dM/tql2kpt60J9QE35BwsAqJwQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJokcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fN65KtWoWRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHvFjLQ=</latexit>

2
<latexit sha1_base64="2C8VQ36JAzQW65xA4pO/I/OCNOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Xb8qVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AX1JjLU=</latexit>

3
<latexit sha1_base64="mVy/PGPcHNveezrWLtPFSws8ju0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlq/plqVrJ4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6Y1jNA=</latexit>

N
<latexit sha1_base64="1kI+VSzpJnI+0A5PIguw0CXeZYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoMePEkEc0DkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYe7M69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+6lQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ47zsVcqX9xelaiWLIw9HcAyn4MEVVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/fEWNQA==</latexit>

N + 1<latexit sha1_base64="KptmuqjovK3sleGr9N17z6n49Qk=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVo8FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rv7q/rDUbRR1lOIFTOAcPrqEJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/EMjsA=</latexit>. . .

<latexit sha1_base64="HZKEpDw8kfkj3jaOTxBFDvbdRZw=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWgolKVjdCAU3rqSCfUATymQ6aYdOHszcCCV05cal4Fe4caGIW7/BnV/gbzh9LLT1wMDhnHO5c48bcSbBNL+01MLi0vJKejWztr6xuaVv79RlGAtCayTkoWi6WFLOAloDBpw2I0Gx73LacPsXI79xS4VkYXADg4g6Pu4GzGMEg5La+oHNqQe5q0Ji2aEKloa2YN0e5HNWgeXbetYsmmMY88Sakmzl8Pxh77vxWG3rn3YnJLFPAyAcS9myzAicBAtghNNhxo4ljTDp4y5tKRpgn0onGZ8xNI6V0jG8UKgXgDFWf08k2Jdy4Lsq6WPoyVlvJP7ntWLwzpyEBVEMNCCTRV7MDQiNUSdGhwlKgA8UwUQw9VeD9LDABFRzGVWCNXvyPKmXila5eHJtZStlNEEa7aMjlEMWOkUVdImqqIYIukNP6AW9avfas/amvU+iKW06s4v+QPv4AU9jmrE=</latexit>�
N + 1

2

�
(1 + i)

<latexit sha1_base64="pG594OEGUzrsHSKE/WMrmBERwGU=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWsSSFKxuhIIbV1LBPqAJZTKdtEMnD2ZuhBK6cuNS8CvcuFDErd/gzi/wN5w+Ftp6YOBwzrncuceNOJNgml9aam5+YXEpvZxZWV1b39A3t2oyjAWhVRLyUDRcLClnAa0CA04bkaDYdzmtu72LoV+/pUKyMLiBfkQdH3cC5jGCQUktfc/m1IPc1VFi2aEKFge2YJ0u5HPWMcu39KxZMEcwZok1Idny/vnDznf9sdLSP+12SGKfBkA4lrJpmRE4CRbACKeDjB1LGmHSwx3aVDTAPpVOMjpjYBwqpW14oVAvAGOk/p5IsC9l33dV0sfQldPeUPzPa8bgnTkJC6IYaEDGi7yYGxAaw06MNhOUAO8rgolg6q8G6WKBCajmMqoEa/rkWVIrFqxS4eTaypZLaIw02kUHKIcsdIrK6BJVUBURdIee0At61e61Z+1Nex9HU9pkZhv9gfbxA1JvmrM=</latexit>�
N + 1

2

�
(1 � i)

<latexit sha1_base64="yBJoIPyqV3si3zQWsU7SZz1GHCs=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCi7QkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH26jix7FAFiwNbsE4Xctm8lWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADFeJrq</latexit>�
N + 1

2

�
(�1 � i)

<latexit sha1_base64="/3KHuLxsvT6ev7btFZMX50Qtawo=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCS7EkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH2Kp9YdqiCxYEtWKcLueyxlWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADCbJro</latexit>�
N + 1

2

�
(�1 + i)

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="klFiD1Exux3lbMFmdDYZacNQT5s=">AAAB8XicbZC7TsMwFIZPuJZyKzCyWFRIZSkJgsJGJRbGItGLaELluE5r1XEi20Gqoj4DCwsDCLHyCkw8AhsPwo57GaDllyx9+v9z5HOOH3OmtG1/WXPzC4tLy5mV7Ora+sZmbmu7pqJEElolEY9kw8eKciZoVTPNaSOWFIc+p3W/dzHM63dUKhaJa92PqRfijmABI1gb64bepsyN2eHxoJXL20V7JDQLzgTy5++F749796DSyn267YgkIRWacKxU07Fj7aVYakY4HWTdRNEYkx7u0KZBgUOqvHQ08QDtG6eNgkiaJzQaub87Uhwq1Q99Uxli3VXT2dD8L2smOjjzUibiRFNBxh8FCUc6QsP1UZtJSjTvG8BEMjMrIl0sMdHmSFlzBGd65VmoHRWdUvHkysmXSzBWBnZhDwrgwCmU4RIqUAUCAh7gCZ4tZT1aL9bruHTOmvTswB9Zbz+BKZSD</latexit>

ei⇡/4

<latexit sha1_base64="t1zYS0pYKaW49XaLZWvPw3QQkx0=">AAAB8nicbZC7TsMwFIYdrqXcCowsFhVSWUrCpbBRiYWxSPQiJaFy3NPWquNEtoNURX0GJhYGEGLlEZh4BDYehB33MkDLL1n69P/nyOecIOZMadv+submFxaXljMr2dW19Y3N3NZ2TUWJpFClEY9kIyAKOBNQ1UxzaMQSSBhwqAe9y2FevwOpWCRudD8GPyQdwdqMEm0sF25TduzF7PBk0Mzl7aI9Ep4FZwL5i/fC98e9d1Bp5j69VkSTEISmnCjlOnas/ZRIzSiHQdZLFMSE9kgHXIOChKD8dDTyAO8bp4XbkTRPaDxyf3ekJFSqHwamMiS6q6azoflf5ia6fe6nTMSJBkHHH7UTjnWEh/vjFpNANe8bIFQyMyumXSIJ1eZKWXMEZ3rlWagdFZ1S8fTayZdLaKwM2kV7qIAcdIbK6ApVUBVRFKEH9ISeLW09Wi/W67h0zpr07KA/st5+APZElMA=</latexit>

ei3⇡/4

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="yc5McTjo8WG2fKS/gaDFyWGgO/c=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzitWdBTcuK9gLtEPJpJk2NpMMSUYoQ59BNy4UcetLuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvR3n9jirNpLgxg5j6Ee4KFjKCjbVqJ62YIdbO5d2iOxaaB28K+Yv3wvfHfeuo0s59tjqSJBEVhnCsddNzY+OnWBlGOB1mW4mmMSZ93KVNiwJHVPvpeNohOrROB4VS2ScMGru/O1IcaT2IAlsZYdPTs9nI/C9rJiY891Mm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CsPYI3u/I81I6LXql4eu3lyyWYKAP7cAAF8OAMynAFFagCgVt4gCd4dqTz6Lw4r5PSBWfaswd/5Lz9ACiUkpA=</latexit>

3⇡i
<latexit sha1_base64="MX+DOiVE+ZAGPJvy0j7lXDLvD10=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxVP/FjhlgnX3BL7kRoEbwZFC7ei98f9/5xtZP/9LuSJBEVhnCsdctzY9NOsTKMcDrK+YmmMSYD3KMtiwJHVLfTybQjdGSdLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx43k6ZiBNDBZl+FCYcGYnGq6MuU5QYPrSAiWJ2VkT6WGFi7IFy9gje/MqLUD8peeXS6bVXqJRhqiwcwCEUwYMzqMAVVKEGBG7hAZ7g2ZHOo/PivE5LM86sZx/+yHn7AScLko8=</latexit>

2⇡i

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="BYjAD7reY7cuvikf+jVayeYMrFY=">AAAB7XicbZDLSgMxFIbP1Futl1ZduHATLIIby4xg1ZUFNy4r2Au0Q8mkmTY2kwxJRiil7+DGhSJufRlXLgSfpqaXhbb+EPj4/3PIOSeIOdPGdb+d1NLyyupaej2zsbm1nc3t7Fa1TBShFSK5VPUAa8qZoBXDDKf1WFEcBZzWgt71OK89UKWZFHemH1M/wh3BQkawsVb1pBkzxFq5vFtwJ0KL4M0gfzXa/7gcfWXLrdxnsy1JElFhCMdaNzw3Nv4AK8MIp8NMM9E0xqSHO7RhUeCIan8wmXaIjqzTRqFU9gmDJu7vjgGOtO5Hga2MsOnq+Wxs/pc1EhNe+AMm4sRQQaYfhQlHRqLx6qjNFCWG9y1gopidFZEuVpgYe6CMPYI3v/IiVE8LXrFwduvlS0WYKg0HcAjH4ME5lOAGylABAvfwCM/w4kjnyXl13qalKWfWswd/5Lz/AIpGkto=</latexit>�⇡i

<latexit sha1_base64="Rm+rr08ni7eE69hhdFsgdD+WseA=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d4LbdsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz27dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+EbkVU=</latexit>�a <latexit sha1_base64="oxORG2XIqR9JwpMARxHcR+BA3Yo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV0snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDDO6Qzg==</latexit>a

Figura 5.5: Contorn emprat per calcular les integrals del tipus
∫∞
0

x−αf(x) dx amb el mètode
dels residus.

Considerem el contorn C de la figura 5.5. Calcularem l’expressió
limϵ→0+

∮
C
z−αf(z) dz i farem, després, els ĺımits δ → 0 , R → ∞.

Si utilitzem el teorema dels residus, aquesta integral és igual a

2πi



suma dels residus

de z−αf(z)

a l’interior de C




δ→0
R→∞−−−−−→
ϵ→0+

2πi

[
suma de tots els residus

de z−αf(z)

]
.

Calculem ara les contribucions a la integral de cadascuna de les parts
de C. El segment rectilini superior de C es parametritza amb z =
xeiϵ, x ∈ [δ, R], dz = eiϵdx, i l’inferior amb z = xei(2π−ϵ), x ∈ [δ, R],
dz = ei(2π−ϵ)dx. En el ĺımit ϵ → 0+, la suma de les integrals sobre
aquests segments és

∫ R

δ

x−αf(x)dx+

∫ δ

R

(
xei2π

)−α
f(x)dx=

(
1−e−i2πα

)∫ R

δ

x−αf(x)dx

δ→0
R→∞−−−−−→ 2ie−iπα sin(πα)

∫ ∞

0

x−αf(x) dx.

Pel que fa a la contribució de CR, parametritzem el contorn amb
z = Reiθ, θ ∈ [0, 2π] (en el ĺımit ϵ → 0+) i dz = Reiθi dθ. Llavors
tenim
∣∣∣∣
∫

CR

z−αf(z)dz

∣∣∣∣≤
∫

CR

|z|−α|f(z)||dz|=
∫ 2π

0

R1−α|f(Reiθ)| dθ −−−→
R→∞

0,

degut a la condició (5.11).
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Finalment, parametritzem Cδ amb z = δeiθ, θ ∈ [0, 2π] (en el ĺımit
ϵ → 0+) i dz = δeiθi dθ. Com que f(z) no té singularitats sobre
[0,∞), és anaĺıtica a z = 0 i també és anaĺıtica (i, per tant, cont́ınua)
en algun entorn d’aquest punt. Si triem δ prou petit perquè Cδ

estigui dins d’aquest entorn, |f(z)| tindrà un màxim M sobre els
punts de Cδ. Llavors tenim

∣∣∣∣
∫

Cδ

z−αf(z) dz

∣∣∣∣ ≤
∫ 2π

0

δ1−α|f(δeiθ)| dθ ≤ 2πMδ1−α −−→
δ→0

0,

ja que per hipòtesi 0 < α < 1.

Aix́ı doncs, si sumem les contribucions dels segments rectilinis, de
CR i de Cδ, i igualem el resultat amb l’obtingut amb el teorema dels
residus (en el ĺımit δ → 0, R → ∞), arribem a

2ie−iπα sin(πα)

∫ ∞

0

x−αf(x) dx = 2πi

[
suma de tots els residus

de z−αf(z)

]
,

d’on es dedueix la igualtat (5.12).

⋄

Exemple 5.6 Calculem

I(s) =

∫ ∞

0

xs−1

x2 + x+ 1
dx, s ∈ R.

Les condicions per poder aplicar el mètode se satisfan si 0 < s < 2. Sigui
f(z) = 1/(z2 + z + 1), que té pols simples als punts ei2π/3 i ei 4π/3 (figura 5.6).
Notem que hem escollit els arguments dins l’interval [0, 2π), consistentment amb
l’elecció de branca de zs−1. Calculem els residus:

res
z=ei

2π
3

[
zs−1f(z)

]
= lim

z→ei
2π
3

zs−1

z − ei
4π
3

=
ei

2(s−1)π
3

ei
2π
3 − ei

4π
3

=
ei

2(s−1)π
3√
3 i

,

res
z=ei

4π
3

[
zs−1f(z)

]
= lim

z→ei
4π
3

zs−1

z − ei
2π
3

=
ei

4(s−1)π
3

ei
4π
3 − ei

2π
3

= −ei
4(s−1)π

3√
3 i

.
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Tenim, doncs,

I(s) =
πei(1−s)π

sin [(1− s)π]

ei
2(s−1)π

3 − ei
4(s−1)π

3√
3 i

= −2πe−i
3(s−1)π

3√
3 sin (sπ)

ei
4(s−1)π

3 − ei
2(s−1)π

3

2i

= −2π sin [(s− 1)π/3]√
3 sin(sπ)

.

Aix́ı doncs,

I(s) =

∫ ∞

0

xs−1

x2 + x+ 1
dx =

2π sin [(1− s)π/3]√
3 sin(sπ)

, 0 < s < 2.

<latexit sha1_base64="BYRt8pIR/De/dUnbTQ9u/NJPOyE=">AAAB6nicbVDLSgNBEOzxGRMfUY+5DAbBU9gVjB4DCnqMaB6QLGF2djYZMju7zMwKYcknePGgBK/+ij/gzb9x8jhoYkFDUdVNd5efCK6N43yjtfWNza3t3E6+sLu3f1A8PGrqOFWUNWgsYtX2iWaCS9Yw3AjWThQjkS9Yyx9eT/3WE1Oax/LRjBLmRaQvecgpMVZ6uOk5vWLZqTgz4FXiLki5VridlD7bQb1X/OoGMU0jJg0VROuO6yTGy4gynAo2zndTzRJCh6TPOpZKEjHtZbNTx/jUKgEOY2VLGjxTf09kJNJ6FPm2MyJmoJe9qfif10lNeOVlXCapYZLOF4WpwCbG079xwBWjRowsIVRxeyumA6IINTadvA3BXX55lTTPK261cnFv06jCHDkowQmcgQuXUIM7qEMDKPThGV7hDQn0gibofd66hhYzx/AH6OMHdJSQLA==</latexit>
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Figura 5.6: Singularitats (pols simples) de f(z) = 1/(z2 + z + 1).

Integrals del tipus
∫ ∞

0

f(x) dx

Si f(z) no té singularitats a [0,∞) i es compleix que

lim
z→∞

|zf(z) log z| = 0, (5.13)

aleshores ∫ ∞

0

f(x) dx = −
[
suma de tots els residus de

f(z) log z

]
(5.14)

Demostració: La demostració és similar a la del cas anterior i
utilitza el mateix contorn C de la figura 5.5. Considerem la integral
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∮
C
f(z) log z dz, on escollim la branca

log z = log r + iθ , θ ∈ [0, 2π),

del logaritme (el tall de branca és, per tant, el semieix real positiu).

Si usem el teorema dels residus, en el ĺımit ϵ → 0+, δ → 0, R → ∞
aquesta integral és

∮

C

f(z) log z dz = 2πi

[
suma de tots els residus de

f(z) log z

]
.

Calculem ara les contribucions a la integral de cadascuna de les parts
de C. Els segments rectilinis de C es parametritzem com en el cas
anterior. El superior amb z = xeiϵ, x ∈ [δ, R], dz = eiϵdx (per
tant, log z = log x + iϵ) i l’inferior amb z = xei(2π−ϵ), x ∈ [δ, R],
dz = ei(2π−ϵ)dx (per tant, log z = log x + i(2π − ϵ)). En el ĺımit
ϵ → 0+, la suma de les integrals sobre aquests segments és

∫ R

δ

f(x) log x dx+

∫ δ

R

f(x)(log x+ 2πi)dx

=−2πi

∫ R

δ

f(x)dx

δ→0
R→∞−−−−−→ −2πi

∫ ∞

0

f(x)dx.

La condició (5.13) garanteix que la contribució de CR sigui nul·la en
al ĺımit R → ∞, ja que si parametritzem el contorn amb z = Reiθ,
θ ∈ [0, 2π] (en el ĺımit ϵ → 0+) i dz = Reiθi dθ, tenim

∣∣∣∣
∫

CR

f(z) log z dz

∣∣∣∣ ≤
∫

CR

|f(z)|| log z| |dz|

=

∫ 2π

0

∣∣f(Reiθ)
∣∣ |logR + iθ|Rdθ −−−→

R→∞
0.

La contribució de Cδ també és nul·la en el ĺımit δ → 0, ja que en
parametritzar el contorn amb z = δeiθ, θ ∈ [0, 2π] (en el ĺımit ϵ → 0+)
i dz = δeiθi dθ, tenim

∣∣∣∣
∫

Cδ

f(z) log z dz

∣∣∣∣ ≤
∫ 2π

0

∣∣f(δeiθ)
∣∣ | log δ + iθ| δ dθ

≤ 2πM | log δ + i2π| δ −−→
δ→0

0.
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Si sumem totes les contribucions i igualem el resultat amb l’obtingut
amb el teorema dels residus arribem a

−2πi

∫ ∞

0

f(x) dx = 2πi

[
suma de tots els residus

de f(z) log z

]
,

d’on es dedueix la igualtat (5.14).

⋄

Exemple 5.7 Calculem

J =

∫ ∞

0

dx

x2 + x+ 1
.

És un cas particular de la integral de l’exemple 5.6

J = lim
s→1

I(s) =
2π

3
√
3
,

però la calcularem emprant (5.14).
Les singularitats de l’integrand són els pols simples de la figura 5.6. Els

residus que cal calcular són

res
z=ei

2π
3

[f(z) log z] = lim
z→ei

2π
3

log z

z − ei
4π
3

=
i2π/3

ei
2π
3 − ei

4π
3

=
2π/3√

3
,

res
z=ei

4π
3

[f(z) log z] = lim
z→ei

4π
3

log z

z − ei
2π
3

=
i4π/3

ei
4π
3 − ei

2π
3

= −4π/3√
3

.

Si fem servir (5.14) obtenim

J = −
(
2π/3√

3
− 4π/3√

3

)
=

2π

3
√
3
.

Integrals del tipus
∫ ∞

0

f(x) log x dx

Si f(x) és real a [0,∞), f(z) no té singularitats a [0,∞) i es compleix que

lim
z→∞

∣∣zf(z)(log z)2
∣∣ = 0 (5.15)

aleshores
∫ ∞

0

f(x) log x dx = − 1

2
Re

[
suma de tots els residus de

f(z) (log z)2

]
(5.16)
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Demostració: La demostració segueix exactament els mateixos
passos que les dues anteriors, i fem servir també el contorn C de la
figura 5.5 (i les mateixes parametritzacions) en el càlcul de la integral∮
C
f(z) (log z)2 dz.

En el ĺımit ϵ → 0+, δ → 0, R → ∞, utilitzem el teorema dels residus
i tenim

∮

C

f(z) (log z)2 dz = 2πi

[
suma de tots els residus de

f(z) (log z)2

]
.

Les contribucions dels segments rectilinis de C són:

∫ R

δ

f(x) (log x)2 dx+

∫ δ

R

f(x) (log x+ i2π)2 dx

= −4πi

∫ R

δ

f(x) log x dx+ 4π2

∫ R

δ

f(x) dx

δ→0
R→∞−−−−−→ −4πi

∫ ∞

0

f(x) log x dx+ 4π2

∫ ∞

0

f(x)dx.

La contribució de CR és nul·la en el ĺımit R → ∞ degut a la
condició (5.15), ja que

∣∣∣∣
∫

CR

f(z) (log z)2 dz

∣∣∣∣≤
∫

CR

|f(z)|| log z|2 |dz|

=

∫ 2π

0

∣∣f(Reiθ)
∣∣ |logR + iθ|2Rdθ −−−→

R→∞
0.

La contribució de Cδ també és nul·la en el ĺımit δ → 0, ja que

∣∣∣∣
∫

Cδ

f(z) (log z)2 dz

∣∣∣∣≤
∫ 2π

0

∣∣f(δeiθ)
∣∣ | log δ + iθ|2 δ dθ

≤ 2πM | log δ + i2π|2 δ −−→
δ→0

0.

Si sumem totes les contribucions i igualem el resultat amb l’obtingut
amb el teorema dels residus arribem a

− 4πi

∫ ∞

0

f(x) log x dx+ 4π2

∫ ∞

0

f(x) dx

= 2πi

[
suma de tots els residus de

f(z) (log z)2

]
,
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i en dividir per −4πi obtenim

∫ ∞

0

f(x) log x dx+ iπ

∫ ∞

0

f(x)dx = −1

2

[
suma de tots els residus de

f(z) log2 z

]
.

Com que, per hipòtesi, f(x) és real a [0,∞), en agafar la part real
de la igualtat anterior obtenim la igualtat (5.16). Si prenem la part
imaginària obtenim el resultat addicional

∫ ∞

0

f(x)dx = − 1

2π
Im

[
suma de tots els residus de

f(z) (log z)2

]
.

⋄

Exemple 5.8 Calculem

1) K =

∫ ∞

0

log x

x2 + x+ 1
dx 2) L =

∫ ∞

0

log2 x

x2 + x+ 1
dx

Aquestes integrals es poden calcular directament fent servir el mètode descrit,
però també es poden obtenir a partir del resultat de l’exemple 5.6. Observem
que la integral I(s) defineix una funció anaĺıtica a la regió 0 < Re s < 2 del pla
complex s,

I(s) =

∫ ∞

0

xs−1

x2 + x+ 1
dx, 0 < Re s < 2. (5.17)

Com que en el càlcul de l’exemple 5.6 enlloc es fa servir que s hagi de ser real,
en aquesta regió tenim la identitat

I(s) =
2π sin [(1− s)π/3]√

3 sin(sπ)
=

2π sin [(s− 1)π/3]√
3 sin [(s− 1)π)]

, 0 < Re s < 2. (5.18)

És fàcil calcular els primers termes de la seva sèrie de Taylor al voltant de s = 1:

I(s) =
(2π2/3)(s− 1) [1− (s− 1)2π2/(6 · 32) + · · · ]√

3π(s− 1) [1− (s− 1)2π2/6 + · · · ]

=
2π

3
√
3

[
1 +

π2

6

(
1− 1

9

)
(s− 1)2 + · · ·

]

=
2π

3
√
3
+ 0(s− 1) +

8π3

81
√
3
(s− 1)2 + · · ·
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En un entorn de s = 1 podem intercanviar les operacions derivació respecte de s
i integració respecte de x a (5.17) i immediatament dedüım que

J =
2π

3
√
3
, K = 0, L =

16π3

81
√
3
.

Notem que l’expressió de la dreta de (5.18) permet estendre anaĺıtica-
ment I(s) al domini

C− {. . . ,−7,−6,−4,−3,−1, 0, 2, 3, 5, 6, 8, 9 . . . },

on la llista no inclou els enters de la forma 3m + 1, ja que en aquests punts
l’extensió de I(s) és anaĺıtica (té singularitats evitables).

5.4 Suma de sèries numèriques pel mètode dels residus

El teorema dels residus també és útil per sumar alguns tipus de sèries numèriques
tal com mostra el teorema següent.

Teorema 5.2 (Suma de sèries) Si f(z) té un nombre finit de pols (cap d’ells
a z = n ∈ Z) i es compleix |f(z)| ≤ M/|z|k on M és una constant i k > 1,
aleshores

1)
+∞∑

n=−∞
f(n) = −

[
suma dels residus de π cot(πz)f(z)

als pols de f(z)

]
,

2)
+∞∑

n=−∞
(−1)nf(n) = −

[
suma dels residus de π csc(πz)f(z)

als pols de f(z)

]
,

3)
+∞∑

n=−∞
f

(
n+

1

2

)
= −

[
suma dels residus de π tan(πz)f(z)

als pols de de f(z)

]
,

4)
+∞∑

n=−∞
(−1)nf

(
n+

1

2

)
= −

[
suma dels residus de π sec(πz)f(z)

als pols de f(z)

]
.

Demostració: Únicament demostrarem la primera igualtat (la de-
mostració de les altres és molt semblant). Per fer-ho, considerem la
integral ∮

CN

π cot(πz)f(z) dz, (5.19)
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<latexit sha1_base64="ngBbhQcbZNAdA+srnBNtXsImbbc=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEq8dCLx4r2A9oQ9lsJu3SzSbuToRS/BNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmyTTHFo8kYnuBsyAFApaKFBCN9XA4kBCJxg3Zn7nEbQRibrHSQp+zIZKRIIztFK3MeiHIJENyhW36s5BV4mXkwrJ0RyUv/phwrMYFHLJjOl5bor+lGkUXMJTqZ8ZSBkfsyH0LFUsBuNP5/c+0TOrhDRKtC2FdK7+npiy2JhJHNjOmOHILHsz8T+vl2F040+FSjMExReLokxSTOjseRoKDRzlxBLGtbC3Uj5imnG0EZVsCN7yy6ukfVH1atWru8tKvZbHUSQn5JScE49ckzq5JU3SIpxI8kxeyZvz4Lw4787HorXg5DPH5A+czx/UtI/Q</latexit>

C�

<latexit sha1_base64="w8h+yhDGRkF7n1BNPBfN52dZnEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURrR4LXjxWsB/QhrLZTNqlm03Y3Qil9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nffkKleSIfzThFP6YDySPOqLFS+6IXojC0X664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7ulJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMT3foTLtPMoGSLRVEmiEnI7HcScoXMiLEllClubyVsSBVlxiZUsiF4yy+vktZl1atVrx+uKvVaHkcRTuAUzsGDG6jDPTSgCQxG8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gD7YI9R</latexit>��

<latexit sha1_base64="LmdZl4mxNjJgA6ZmXEHJGZiZuQs=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEw8kV2j6JHEi0dM5JHAQmaHBibMzm5mZlWy4T+8eNAYr/6LN//GAfagYCWdVKq6090VxIJr47rfzsrq2vrGZm4rv72zu7dfODis6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB0M/UbD6g0j+S9Gcfoh3QgeZ8zaqzUecJOytsYay4iOekWim7JnYEsEy8jRchQ7Ra+2r2IJSFKwwTVuuW5sfFTqgxnAif5dqIxpmxEB9iyVNIQtZ/Orp6QU6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3mtxPSv/ZTLODEo2XxRPxHERGQaAelxhcyIsSWUKW5vJWxIFWXGBpW3IXiLLy+T+nnJK5cu7y6KlXIWRw6O4QTOwIMrqMAtVKEGDBQ8wyu8OY/Oi/PufMxbV5xs5gj+wPn8ATmtkvY=</latexit>

xei✏

<latexit sha1_base64="ESHQ2V59kvBgqG0QtzWG02FgvT4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxCXViSotVlwY3LCvYBTSyT6U07dDIZZiZiCQV/xY0LRdz6He78G6ePhVYPXDiccy/33hMKRpV23S8rt7S8srqWXy9sbG5t79i7e02VpJJAgyQske0QK2CUQ0NTzaAtJOA4ZNAKh1cTv3UPUtGE3+qRgCDGfU4jSrA2Utc+eIC7jJYqvqCnPghFWcJPxl276JbdKZy/xJuTIpqj3rU//V5C0hi4Jgwr1fFcoYMMS00Jg3HBTxUITIa4Dx1DOY5BBdn0/LFzbJSeEyXSFNfOVP05keFYqVEcms4Y64Fa9Cbif14n1dFlkFEuUg2czBZFKXN04kyycHpUAtFsZAgmkppbHTLAEhNtEiuYELzFl/+SZqXsVcvnN2fFWnUeRx4doiNUQh66QDV0jeqogQjK0BN6Qa/Wo/VsvVnvs9acNZ/ZR79gfXwDvCWVUg==</latexit>

xei(2⇡�✏)
<latexit sha1_base64="l/ajgIABOEeE1j+HpQUOquXX9Xg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArGj0GvHiMwTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOl+kW9Vyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzSKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeOtPuExSg5ItFoWpICYms7dJnytkRowtoUxxeythQ6ooMzacgg3BW355lTQvy16lfP1wVapWsjjycAKncA4e3EAV7qEGDWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wcVmY0L</latexit>�R

<latexit sha1_base64="mRSZ2PMr3ESrRv+3jnCt1J2GqDw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOXdjPo=</latexit>x

<latexit sha1_base64="ovvytzYWNf08ihqvY+sV+9fqHwU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVr+4vK/VaHkcRTuAUzsGDa6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBMdZAe</latexit>✏ <latexit sha1_base64="WAgUgw77OZpm21F5WuoCY7jrTpo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AKxFjNQ=</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1
<latexit sha1_base64="1dM/tql2kpt60J9QE35BwsAqJwQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJokcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fN65KtWoWRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHvFjLQ=</latexit>

2
<latexit sha1_base64="2C8VQ36JAzQW65xA4pO/I/OCNOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Xb8qVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AX1JjLU=</latexit>

3
<latexit sha1_base64="mVy/PGPcHNveezrWLtPFSws8ju0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlq/plqVrJ4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6Y1jNA=</latexit>

N
<latexit sha1_base64="1kI+VSzpJnI+0A5PIguw0CXeZYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoMePEkEc0DkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYe7M69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+6lQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ47zsVcqX9xelaiWLIw9HcAyn4MEVVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/fEWNQA==</latexit>

N + 1<latexit sha1_base64="KptmuqjovK3sleGr9N17z6n49Qk=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVo8FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rv7q/rDUbRR1lOIFTOAcPrqEJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/EMjsA=</latexit>. . .

<latexit sha1_base64="HZKEpDw8kfkj3jaOTxBFDvbdRZw=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWgolKVjdCAU3rqSCfUATymQ6aYdOHszcCCV05cal4Fe4caGIW7/BnV/gbzh9LLT1wMDhnHO5c48bcSbBNL+01MLi0vJKejWztr6xuaVv79RlGAtCayTkoWi6WFLOAloDBpw2I0Gx73LacPsXI79xS4VkYXADg4g6Pu4GzGMEg5La+oHNqQe5q0Ji2aEKloa2YN0e5HNWgeXbetYsmmMY88Sakmzl8Pxh77vxWG3rn3YnJLFPAyAcS9myzAicBAtghNNhxo4ljTDp4y5tKRpgn0onGZ8xNI6V0jG8UKgXgDFWf08k2Jdy4Lsq6WPoyVlvJP7ntWLwzpyEBVEMNCCTRV7MDQiNUSdGhwlKgA8UwUQw9VeD9LDABFRzGVWCNXvyPKmXila5eHJtZStlNEEa7aMjlEMWOkUVdImqqIYIukNP6AW9avfas/amvU+iKW06s4v+QPv4AU9jmrE=</latexit>�
N + 1

2

�
(1 + i)

<latexit sha1_base64="pG594OEGUzrsHSKE/WMrmBERwGU=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWsSSFKxuhIIbV1LBPqAJZTKdtEMnD2ZuhBK6cuNS8CvcuFDErd/gzi/wN5w+Ftp6YOBwzrncuceNOJNgml9aam5+YXEpvZxZWV1b39A3t2oyjAWhVRLyUDRcLClnAa0CA04bkaDYdzmtu72LoV+/pUKyMLiBfkQdH3cC5jGCQUktfc/m1IPc1VFi2aEKFge2YJ0u5HPWMcu39KxZMEcwZok1Idny/vnDznf9sdLSP+12SGKfBkA4lrJpmRE4CRbACKeDjB1LGmHSwx3aVDTAPpVOMjpjYBwqpW14oVAvAGOk/p5IsC9l33dV0sfQldPeUPzPa8bgnTkJC6IYaEDGi7yYGxAaw06MNhOUAO8rgolg6q8G6WKBCajmMqoEa/rkWVIrFqxS4eTaypZLaIw02kUHKIcsdIrK6BJVUBURdIee0At61e61Z+1Nex9HU9pkZhv9gfbxA1JvmrM=</latexit>�
N + 1

2

�
(1 � i)

<latexit sha1_base64="yBJoIPyqV3si3zQWsU7SZz1GHCs=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCi7QkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH26jix7FAFiwNbsE4Xctm8lWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADFeJrq</latexit>�
N + 1

2

�
(�1 � i)

<latexit sha1_base64="/3KHuLxsvT6ev7btFZMX50Qtawo=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCS7EkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH2Kp9YdqiCxYEtWKcLueyxlWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADCbJro</latexit>�
N + 1

2

�
(�1 + i)

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="klFiD1Exux3lbMFmdDYZacNQT5s=">AAAB8XicbZC7TsMwFIZPuJZyKzCyWFRIZSkJgsJGJRbGItGLaELluE5r1XEi20Gqoj4DCwsDCLHyCkw8AhsPwo57GaDllyx9+v9z5HOOH3OmtG1/WXPzC4tLy5mV7Ora+sZmbmu7pqJEElolEY9kw8eKciZoVTPNaSOWFIc+p3W/dzHM63dUKhaJa92PqRfijmABI1gb64bepsyN2eHxoJXL20V7JDQLzgTy5++F749796DSyn267YgkIRWacKxU07Fj7aVYakY4HWTdRNEYkx7u0KZBgUOqvHQ08QDtG6eNgkiaJzQaub87Uhwq1Q99Uxli3VXT2dD8L2smOjjzUibiRFNBxh8FCUc6QsP1UZtJSjTvG8BEMjMrIl0sMdHmSFlzBGd65VmoHRWdUvHkysmXSzBWBnZhDwrgwCmU4RIqUAUCAh7gCZ4tZT1aL9bruHTOmvTswB9Zbz+BKZSD</latexit>

ei⇡/4

<latexit sha1_base64="t1zYS0pYKaW49XaLZWvPw3QQkx0=">AAAB8nicbZC7TsMwFIYdrqXcCowsFhVSWUrCpbBRiYWxSPQiJaFy3NPWquNEtoNURX0GJhYGEGLlEZh4BDYehB33MkDLL1n69P/nyOecIOZMadv+submFxaXljMr2dW19Y3N3NZ2TUWJpFClEY9kIyAKOBNQ1UxzaMQSSBhwqAe9y2FevwOpWCRudD8GPyQdwdqMEm0sF25TduzF7PBk0Mzl7aI9Ep4FZwL5i/fC98e9d1Bp5j69VkSTEISmnCjlOnas/ZRIzSiHQdZLFMSE9kgHXIOChKD8dDTyAO8bp4XbkTRPaDxyf3ekJFSqHwamMiS6q6azoflf5ia6fe6nTMSJBkHHH7UTjnWEh/vjFpNANe8bIFQyMyumXSIJ1eZKWXMEZ3rlWagdFZ1S8fTayZdLaKwM2kV7qIAcdIbK6ApVUBVRFKEH9ISeLW09Wi/W67h0zpr07KA/st5+APZElMA=</latexit>

ei3⇡/4

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="yc5McTjo8WG2fKS/gaDFyWGgO/c=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzitWdBTcuK9gLtEPJpJk2NpMMSUYoQ59BNy4UcetLuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvR3n9jirNpLgxg5j6Ee4KFjKCjbVqJ62YIdbO5d2iOxaaB28K+Yv3wvfHfeuo0s59tjqSJBEVhnCsddNzY+OnWBlGOB1mW4mmMSZ93KVNiwJHVPvpeNohOrROB4VS2ScMGru/O1IcaT2IAlsZYdPTs9nI/C9rJiY891Mm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CsPYI3u/I81I6LXql4eu3lyyWYKAP7cAAF8OAMynAFFagCgVt4gCd4dqTz6Lw4r5PSBWfaswd/5Lz9ACiUkpA=</latexit>

3⇡i
<latexit sha1_base64="MX+DOiVE+ZAGPJvy0j7lXDLvD10=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxVP/FjhlgnX3BL7kRoEbwZFC7ei98f9/5xtZP/9LuSJBEVhnCsdctzY9NOsTKMcDrK+YmmMSYD3KMtiwJHVLfTybQjdGSdLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx43k6ZiBNDBZl+FCYcGYnGq6MuU5QYPrSAiWJ2VkT6WGFi7IFy9gje/MqLUD8peeXS6bVXqJRhqiwcwCEUwYMzqMAVVKEGBG7hAZ7g2ZHOo/PivE5LM86sZx/+yHn7AScLko8=</latexit>

2⇡i

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="BYjAD7reY7cuvikf+jVayeYMrFY=">AAAB7XicbZDLSgMxFIbP1Futl1ZduHATLIIby4xg1ZUFNy4r2Au0Q8mkmTY2kwxJRiil7+DGhSJufRlXLgSfpqaXhbb+EPj4/3PIOSeIOdPGdb+d1NLyyupaej2zsbm1nc3t7Fa1TBShFSK5VPUAa8qZoBXDDKf1WFEcBZzWgt71OK89UKWZFHemH1M/wh3BQkawsVb1pBkzxFq5vFtwJ0KL4M0gfzXa/7gcfWXLrdxnsy1JElFhCMdaNzw3Nv4AK8MIp8NMM9E0xqSHO7RhUeCIan8wmXaIjqzTRqFU9gmDJu7vjgGOtO5Hga2MsOnq+Wxs/pc1EhNe+AMm4sRQQaYfhQlHRqLx6qjNFCWG9y1gopidFZEuVpgYe6CMPYI3v/IiVE8LXrFwduvlS0WYKg0HcAjH4ME5lOAGylABAvfwCM/w4kjnyXl13qalKWfWswd/5Lz/AIpGkto=</latexit>�⇡i

<latexit sha1_base64="Rm+rr08ni7eE69hhdFsgdD+WseA=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d4LbdsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz27dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+EbkVU=</latexit>�a <latexit sha1_base64="oxORG2XIqR9JwpMARxHcR+BA3Yo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV0snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDDO6Qzg==</latexit>a

Figura 5.7: Contorn del teorema 5.2.

on CN és el contorn quadrat de la figura 5.7 definit per les rectes
x = ±(N + 1/2) i y = ±(N + 1/2), on N ∈ N.

Calculem la integral (5.19) usant el teorema dels residus. Les singu-
laritats de π cot(πz)f(z) són els pols simples de cot(πz), que són a
z = n ∈ Z, i els pols de f(z) (cap d’ells a z = n, per hipòtesi).

Els residus de π cot(πz)f(z) a z = n (els pols simples de cot(πz))
són

kn = lim
z→n

[π cot(πz)f(z)(z − n)] = f(n)

i, per tant,

∮

CN

π cot(πz)f(z)dz=2πi




N∑

n=−N
f(n)+




suma dels residus de

π cot(πz)f(z) als pols

de f(z) interiors a CN





.

En el ĺımit N → ∞ tenim

lim
N→∞

∮

CN

cot(πz)f(z)dz=2i




∞∑

n=−∞
f(n)+




suma dels residus de

π cot(πz)f(z) als pols

de f(z)





.

Demostrarem, tot seguit, que el terme de l’esquerra de la igualtat
anterior és nul, la qual cosa ens porta al primer resultat del teo-
rema 5.2.

Per veure que limN→∞
∮
CN

cot(πz)f(z) dz = 0, comprovem, primer,

que existeix A, independent de N , tal que | cot(πz)| < A. En efecte,
considerem separadament les parts del contorn CN en les quals y >
1/2, y < −1/2 i −1/2 ≤ y ≤ 1/2.
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Quan y > 1/2 tenim

| cot(πz)| =
∣∣∣∣
e−iz + eiz

eiz − e−iz

∣∣∣∣ ≤
|e−iz|+ |eiz|
||e−iz| − |eiz||

=
eπy + e−πy

eπy − e−πy
=

1 + e−2πy

1− e−2πy
<

1 + e−π

1− e−π
def
= A.

La desigualtat | cot(πz)| ≤ A també se satisfà quan y < −1/2, ja
que | cot(πz)| és una funció parella.

Finalment, quan −1/2 ≤ y ≤ 1/2, els punts de CN són de la forma
z = ± (N + 1/2) + iy (vegeu la figura 5.7) i tenim

∣∣∣∣cotπ
[
±
(
N +

1

2

)
+ iy

]∣∣∣∣ =
∣∣∣∣∣
cosπ

[
±
(
N + 1

2

)
+ iy

]

sin π
[
±
(
N + 1

2

)
+ iy

]
∣∣∣∣∣

=

∣∣∣∣∣
cos
[
±π
(
N + 1

2

)]
cosh πy − i sin

[
±π
(
N + 1

2

)]
sinhπy

sin
[
±π
(
N + 1

2

)]
coshπy + i cos

[
±π
(
N + 1

2

)]
sinh πy

∣∣∣∣∣ ,

i com que cos[π(±N ± 1/2)] = 0 i els valors de sin[π(±N ± 1/2)] són
sempre ±1 tenim

∣∣∣∣cotπ
[
±
(
N +

1

2

)
+ iy

]∣∣∣∣ =
| sinhπy|
| coshπy| = | tanhπy|

≤
∣∣∣tanh π

2

∣∣∣ = eπ/2 − e−π/2

eπ/2 + e−π/2
=

1− e−π

1 + e−π
≤ 1 + e−π

1− e−π
= A.

Aix́ı doncs, com que | cot(πz)| ≤ A sobre el contorn CN i, d’altra
banda, |z| > N quan z recorre CN , tenim

∣∣∣∣
∮

CN

cot(πz)f(z) dz

∣∣∣∣ ≤
AM

Nk
(8N + 4) −−−→

N→∞
0,

ja que, per hipòtesi, k > 1.
⋄

Exemple 5.9 Calculem

S(s) =
∞∑

n=−∞

1

(3n+ s)2
, s ̸= 0,±3,±6,±9, . . .
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La funció f(z) = 1/(3z+s)2 satisfà clarament les condicions del teorema 5.2.
Té un pol doble a z = s/3 i el residu que necessitem calcular és

res
z=−s/3

[π cot(πz)f(z)] = lim
z→−s/3

{
d

dz

[(
z +

s

3

)2
π cot(πz)f(z)

]}

= lim
z→−s/3

{
d

dz

[π
9
cot(πz)

]}
= −π2

9
[csc (−πs/3)]2 = −π2

9
[csc (πs/3)]2 .

Per tant,

S(s) =
π2

9
[csc (πs/3)]2 .

5.5 Problemes

P5.1 Trobeu els residus a les singularitats de la funció f(z) = ze1/z/(1 + z).

P5.2 Calculeu
∮
C
z2e−1/z cos(1/z) dz, on C és la circumferència |z| = 1 recorre-

guda en sentit positiu (antihorari).

P5.3 Calculeu els residus de les funcions següents als pols corresponents:

(a)
z + 1

z2 − 2z

(b)
1− e2z

z4

(c)
e2z

(z − 1)2

(d)
z2

cos z

(e) ze1/z

(f)
π

sin(πz)

(g) π cot(πz)

(h)
1

sinh z

(i) tanh z

(j)
1

cosh z

(k) Γ(z)

(l) ζ(z)

P5.4 Calculeu les integrals següents:

(a)

∫ π

−π

dθ

1 + sin2 θ

(b)

∫ π/2

0

cos2nθ dθ

(c)

∫ ∞

0

dx

x4 + 1

(d)

∫ ∞

0

cos(ax)

x2 + 1
dx

(e)

∫ ∞

0

xα

x2 + 1
dx, 0 < α < 1

(f)

∫ ∞

0

log x

(x2 + 1)2
dx
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P5.5 Considereu la integral ∮

C

ekz

1 + ez
dz,

on 0 < k < 1 i C és el contorn rectangular limitat per les rectes x = a,
x = −a, y = 0, y = 2π, recorregut antihoràriament (figura 5.8).

(a) Demostreu que en el ĺımit a → ∞ els costats “verticals” del rectangle
no contribueixen a la integral.

(b) Trobeu la singularitat de l’integrand a l’interior del contorn C. De-
mostreu que és un pol simple.

(c) Trobeu el residu de l’integrand en aquest pol.

(d) Trobeu el valor de la integral real

∫ ∞

−∞

ekx

1 + ex
dx.

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="kPze7CgfE/SjJnpSPF31/WEE24k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIvH+MgDkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYf7a69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+alQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ46zsVcoXd+elaiWLIw9HcAyn4MElVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/nbeNVg==</latexit>

R = 1

<latexit sha1_base64="ngBbhQcbZNAdA+srnBNtXsImbbc=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEq8dCLx4r2A9oQ9lsJu3SzSbuToRS/BNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmyTTHFo8kYnuBsyAFApaKFBCN9XA4kBCJxg3Zn7nEbQRibrHSQp+zIZKRIIztFK3MeiHIJENyhW36s5BV4mXkwrJ0RyUv/phwrMYFHLJjOl5bor+lGkUXMJTqZ8ZSBkfsyH0LFUsBuNP5/c+0TOrhDRKtC2FdK7+npiy2JhJHNjOmOHILHsz8T+vl2F040+FSjMExReLokxSTOjseRoKDRzlxBLGtbC3Uj5imnG0EZVsCN7yy6ukfVH1atWru8tKvZbHUSQn5JScE49ckzq5JU3SIpxI8kxeyZvz4Lw4787HorXg5DPH5A+czx/UtI/Q</latexit>

C�

<latexit sha1_base64="w8h+yhDGRkF7n1BNPBfN52dZnEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURrR4LXjxWsB/QhrLZTNqlm03Y3Qil9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nffkKleSIfzThFP6YDySPOqLFS+6IXojC0X664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7ulJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMT3foTLtPMoGSLRVEmiEnI7HcScoXMiLEllClubyVsSBVlxiZUsiF4yy+vktZl1atVrx+uKvVaHkcRTuAUzsGDG6jDPTSgCQxG8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gD7YI9R</latexit>��

<latexit sha1_base64="LmdZl4mxNjJgA6ZmXEHJGZiZuQs=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEw8kV2j6JHEi0dM5JHAQmaHBibMzm5mZlWy4T+8eNAYr/6LN//GAfagYCWdVKq6090VxIJr47rfzsrq2vrGZm4rv72zu7dfODis6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB0M/UbD6g0j+S9Gcfoh3QgeZ8zaqzUecJOytsYay4iOekWim7JnYEsEy8jRchQ7Ra+2r2IJSFKwwTVuuW5sfFTqgxnAif5dqIxpmxEB9iyVNIQtZ/Orp6QU6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3mtxPSv/ZTLODEo2XxRPxHERGQaAelxhcyIsSWUKW5vJWxIFWXGBpW3IXiLLy+T+nnJK5cu7y6KlXIWRw6O4QTOwIMrqMAtVKEGDBQ8wyu8OY/Oi/PufMxbV5xs5gj+wPn8ATmtkvY=</latexit>

xei✏

<latexit sha1_base64="ESHQ2V59kvBgqG0QtzWG02FgvT4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxCXViSotVlwY3LCvYBTSyT6U07dDIZZiZiCQV/xY0LRdz6He78G6ePhVYPXDiccy/33hMKRpV23S8rt7S8srqWXy9sbG5t79i7e02VpJJAgyQske0QK2CUQ0NTzaAtJOA4ZNAKh1cTv3UPUtGE3+qRgCDGfU4jSrA2Utc+eIC7jJYqvqCnPghFWcJPxl276JbdKZy/xJuTIpqj3rU//V5C0hi4Jgwr1fFcoYMMS00Jg3HBTxUITIa4Dx1DOY5BBdn0/LFzbJSeEyXSFNfOVP05keFYqVEcms4Y64Fa9Cbif14n1dFlkFEuUg2czBZFKXN04kyycHpUAtFsZAgmkppbHTLAEhNtEiuYELzFl/+SZqXsVcvnN2fFWnUeRx4doiNUQh66QDV0jeqogQjK0BN6Qa/Wo/VsvVnvs9acNZ/ZR79gfXwDvCWVUg==</latexit>

xei(2⇡�✏)
<latexit sha1_base64="l/ajgIABOEeE1j+HpQUOquXX9Xg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArGj0GvHiMwTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOl+kW9Vyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzSKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeOtPuExSg5ItFoWpICYms7dJnytkRowtoUxxeythQ6ooMzacgg3BW355lTQvy16lfP1wVapWsjjycAKncA4e3EAV7qEGDWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wcVmY0L</latexit>�R

<latexit sha1_base64="mRSZ2PMr3ESrRv+3jnCt1J2GqDw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOXdjPo=</latexit>x

<latexit sha1_base64="ovvytzYWNf08ihqvY+sV+9fqHwU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVr+4vK/VaHkcRTuAUzsGDa6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBMdZAe</latexit>✏ <latexit sha1_base64="WAgUgw77OZpm21F5WuoCY7jrTpo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AKxFjNQ=</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1
<latexit sha1_base64="1dM/tql2kpt60J9QE35BwsAqJwQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJokcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fN65KtWoWRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHvFjLQ=</latexit>

2
<latexit sha1_base64="2C8VQ36JAzQW65xA4pO/I/OCNOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Xb8qVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AX1JjLU=</latexit>

3
<latexit sha1_base64="mVy/PGPcHNveezrWLtPFSws8ju0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlq/plqVrJ4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6Y1jNA=</latexit>

N
<latexit sha1_base64="1kI+VSzpJnI+0A5PIguw0CXeZYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoMePEkEc0DkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYe7M69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+6lQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ47zsVcqX9xelaiWLIw9HcAyn4MEVVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/fEWNQA==</latexit>

N + 1<latexit sha1_base64="KptmuqjovK3sleGr9N17z6n49Qk=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVo8FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rv7q/rDUbRR1lOIFTOAcPrqEJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/EMjsA=</latexit>. . .

<latexit sha1_base64="HZKEpDw8kfkj3jaOTxBFDvbdRZw=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWgolKVjdCAU3rqSCfUATymQ6aYdOHszcCCV05cal4Fe4caGIW7/BnV/gbzh9LLT1wMDhnHO5c48bcSbBNL+01MLi0vJKejWztr6xuaVv79RlGAtCayTkoWi6WFLOAloDBpw2I0Gx73LacPsXI79xS4VkYXADg4g6Pu4GzGMEg5La+oHNqQe5q0Ji2aEKloa2YN0e5HNWgeXbetYsmmMY88Sakmzl8Pxh77vxWG3rn3YnJLFPAyAcS9myzAicBAtghNNhxo4ljTDp4y5tKRpgn0onGZ8xNI6V0jG8UKgXgDFWf08k2Jdy4Lsq6WPoyVlvJP7ntWLwzpyEBVEMNCCTRV7MDQiNUSdGhwlKgA8UwUQw9VeD9LDABFRzGVWCNXvyPKmXila5eHJtZStlNEEa7aMjlEMWOkUVdImqqIYIukNP6AW9avfas/amvU+iKW06s4v+QPv4AU9jmrE=</latexit>�
N + 1

2

�
(1 + i)

<latexit sha1_base64="pG594OEGUzrsHSKE/WMrmBERwGU=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWsSSFKxuhIIbV1LBPqAJZTKdtEMnD2ZuhBK6cuNS8CvcuFDErd/gzi/wN5w+Ftp6YOBwzrncuceNOJNgml9aam5+YXEpvZxZWV1b39A3t2oyjAWhVRLyUDRcLClnAa0CA04bkaDYdzmtu72LoV+/pUKyMLiBfkQdH3cC5jGCQUktfc/m1IPc1VFi2aEKFge2YJ0u5HPWMcu39KxZMEcwZok1Idny/vnDznf9sdLSP+12SGKfBkA4lrJpmRE4CRbACKeDjB1LGmHSwx3aVDTAPpVOMjpjYBwqpW14oVAvAGOk/p5IsC9l33dV0sfQldPeUPzPa8bgnTkJC6IYaEDGi7yYGxAaw06MNhOUAO8rgolg6q8G6WKBCajmMqoEa/rkWVIrFqxS4eTaypZLaIw02kUHKIcsdIrK6BJVUBURdIee0At61e61Z+1Nex9HU9pkZhv9gfbxA1JvmrM=</latexit>�
N + 1

2

�
(1 � i)

<latexit sha1_base64="yBJoIPyqV3si3zQWsU7SZz1GHCs=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCi7QkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH26jix7FAFiwNbsE4Xctm8lWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADFeJrq</latexit>�
N + 1

2

�
(�1 � i)

<latexit sha1_base64="/3KHuLxsvT6ev7btFZMX50Qtawo=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCS7EkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH2Kp9YdqiCxYEtWKcLueyxlWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADCbJro</latexit>�
N + 1

2

�
(�1 + i)

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="klFiD1Exux3lbMFmdDYZacNQT5s=">AAAB8XicbZC7TsMwFIZPuJZyKzCyWFRIZSkJgsJGJRbGItGLaELluE5r1XEi20Gqoj4DCwsDCLHyCkw8AhsPwo57GaDllyx9+v9z5HOOH3OmtG1/WXPzC4tLy5mV7Ora+sZmbmu7pqJEElolEY9kw8eKciZoVTPNaSOWFIc+p3W/dzHM63dUKhaJa92PqRfijmABI1gb64bepsyN2eHxoJXL20V7JDQLzgTy5++F749796DSyn267YgkIRWacKxU07Fj7aVYakY4HWTdRNEYkx7u0KZBgUOqvHQ08QDtG6eNgkiaJzQaub87Uhwq1Q99Uxli3VXT2dD8L2smOjjzUibiRFNBxh8FCUc6QsP1UZtJSjTvG8BEMjMrIl0sMdHmSFlzBGd65VmoHRWdUvHkysmXSzBWBnZhDwrgwCmU4RIqUAUCAh7gCZ4tZT1aL9bruHTOmvTswB9Zbz+BKZSD</latexit>

ei⇡/4

<latexit sha1_base64="t1zYS0pYKaW49XaLZWvPw3QQkx0=">AAAB8nicbZC7TsMwFIYdrqXcCowsFhVSWUrCpbBRiYWxSPQiJaFy3NPWquNEtoNURX0GJhYGEGLlEZh4BDYehB33MkDLL1n69P/nyOecIOZMadv+submFxaXljMr2dW19Y3N3NZ2TUWJpFClEY9kIyAKOBNQ1UxzaMQSSBhwqAe9y2FevwOpWCRudD8GPyQdwdqMEm0sF25TduzF7PBk0Mzl7aI9Ep4FZwL5i/fC98e9d1Bp5j69VkSTEISmnCjlOnas/ZRIzSiHQdZLFMSE9kgHXIOChKD8dDTyAO8bp4XbkTRPaDxyf3ekJFSqHwamMiS6q6azoflf5ia6fe6nTMSJBkHHH7UTjnWEh/vjFpNANe8bIFQyMyumXSIJ1eZKWXMEZ3rlWagdFZ1S8fTayZdLaKwM2kV7qIAcdIbK6ApVUBVRFKEH9ISeLW09Wi/W67h0zpr07KA/st5+APZElMA=</latexit>

ei3⇡/4

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="yc5McTjo8WG2fKS/gaDFyWGgO/c=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzitWdBTcuK9gLtEPJpJk2NpMMSUYoQ59BNy4UcetLuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvR3n9jirNpLgxg5j6Ee4KFjKCjbVqJ62YIdbO5d2iOxaaB28K+Yv3wvfHfeuo0s59tjqSJBEVhnCsddNzY+OnWBlGOB1mW4mmMSZ93KVNiwJHVPvpeNohOrROB4VS2ScMGru/O1IcaT2IAlsZYdPTs9nI/C9rJiY891Mm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CsPYI3u/I81I6LXql4eu3lyyWYKAP7cAAF8OAMynAFFagCgVt4gCd4dqTz6Lw4r5PSBWfaswd/5Lz9ACiUkpA=</latexit>

3⇡i
<latexit sha1_base64="MX+DOiVE+ZAGPJvy0j7lXDLvD10=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxVP/FjhlgnX3BL7kRoEbwZFC7ei98f9/5xtZP/9LuSJBEVhnCsdctzY9NOsTKMcDrK+YmmMSYD3KMtiwJHVLfTybQjdGSdLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx43k6ZiBNDBZl+FCYcGYnGq6MuU5QYPrSAiWJ2VkT6WGFi7IFy9gje/MqLUD8peeXS6bVXqJRhqiwcwCEUwYMzqMAVVKEGBG7hAZ7g2ZHOo/PivE5LM86sZx/+yHn7AScLko8=</latexit>

2⇡i

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="BYjAD7reY7cuvikf+jVayeYMrFY=">AAAB7XicbZDLSgMxFIbP1Futl1ZduHATLIIby4xg1ZUFNy4r2Au0Q8mkmTY2kwxJRiil7+DGhSJufRlXLgSfpqaXhbb+EPj4/3PIOSeIOdPGdb+d1NLyyupaej2zsbm1nc3t7Fa1TBShFSK5VPUAa8qZoBXDDKf1WFEcBZzWgt71OK89UKWZFHemH1M/wh3BQkawsVb1pBkzxFq5vFtwJ0KL4M0gfzXa/7gcfWXLrdxnsy1JElFhCMdaNzw3Nv4AK8MIp8NMM9E0xqSHO7RhUeCIan8wmXaIjqzTRqFU9gmDJu7vjgGOtO5Hga2MsOnq+Wxs/pc1EhNe+AMm4sRQQaYfhQlHRqLx6qjNFCWG9y1gopidFZEuVpgYe6CMPYI3v/IiVE8LXrFwduvlS0WYKg0HcAjH4ME5lOAGylABAvfwCM/w4kjnyXl13qalKWfWswd/5Lz/AIpGkto=</latexit>�⇡i

<latexit sha1_base64="Rm+rr08ni7eE69hhdFsgdD+WseA=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d4LbdsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz27dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+EbkVU=</latexit>�a <latexit sha1_base64="oxORG2XIqR9JwpMARxHcR+BA3Yo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV0snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDDO6Qzg==</latexit>a

Figura 5.8: Contorn i singularitats del
problema P5.5.

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .
<latexit sha1_base64="hNLy7eiThupjC7+YugyD5r5aIAo=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahItakYHVnwY3LCvYBTSyT6W07dDIJMxOhhn6DH+DGhSJuXbvyE9z5Ie6dPhbaeuByD+fcy9w5fsSoVLb9ZaQWFpeWV9KrmbX1jc2subVdk2EsCFRJyELR8LEERjlUFVUMGpEAHPgM6n7/YuTXb0FIGvJrNYjAC3CX0w4lWGmpZWbhJjlyI3pcPCzqNmyZObtgj2HNE2dKcufv+e+Pe/eg0jI/3XZI4gC4IgxL2XTsSHkJFooSBsOMG0uIMOnjLjQ15TgA6SXjw4fWvlbaVicUuriyxurvjQQHUg4CX08GWPXkrDcS//OaseqceQnlUayAk8lDnZhZKrRGKVhtKoAoNtAEE0H1rRbpYYGJ0llldAjO7JfnSa1YcEqFkys7Vy6hCdJoF+2hPHLQKSqjS1RBVURQjB7QE3o27oxH48V4nYymjOnODvoD4+0HxoSWOQ==</latexit>

e�⇡/2+2⇡

<latexit sha1_base64="ZFxjdKHTFrTqN1la9EG9h5KgA+E=">AAAB8XicbZC7SgNBFIZn4y3GW9TSZjAIsTDuBox2BmwsI5gLZtcwOzlJhszOLjOzQljyDDY2ForY+gpWPoKdD2Lv5FJo4g8DH/9/DnPO8SPOlLbtLyu1sLi0vJJezaytb2xuZbd3aiqMJYUqDXkoGz5RwJmAqmaaQyOSQAKfQ93vX4zy+h1IxUJxrQcReAHpCtZhlGhj3cBtcuRG7Lg4bGVzdsEeC8+DM4Xc+Xv+++PePay0sp9uO6RxAEJTTpRqOnakvYRIzSiHYcaNFUSE9kkXmgYFCUB5yXjiIT4wTht3Qmme0Hjs/u5ISKDUIPBNZUB0T81mI/O/rBnrzpmXMBHFGgSdfNSJOdYhHq2P20wC1XxggFDJzKyY9ogkVJsjZcwRnNmV56FWLDilwsmVnSuX0ERptIf2UR456BSV0SWqoCqiSKAH9ISeLWU9Wi/W66Q0ZU17dtEfWW8/IXeURA==</latexit>

e�⇡/2

<latexit sha1_base64="M5bT86z098DBh9/LfOlzunzbLSk=">AAAB+HicbVC7TgJBFL2LL8QHq5Y2E4kJFuAuiWgniY0lJvJI2JXMDgNMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaC0BoJeSiaHpaUs4DWFFOcNiNBse9x2vAGF2O/cUuFZGFwrYYRdX3cC1iXEay01Daz9CYpOBE7LhVKuo3aZs4qWhOgRWLPSO78Pf/9ce8cVdvmp9MJSezTQBGOpWzZVqTcBAvFCKejjBNLGmEywD3a0jTAPpVuMjl8hA610kHdUOgKFJqovzcS7Es59D096WPVl/PeWPzPa8Wqe+YmLIhiRQMyfagbc6RCNE4BdZigRPGhJpgIpm9FpI8FJkpnldEh2PNfXiT1UtEuF0+urFylDFOkYR8OIA82nEIFLqEKNSAQwwM8wbNxZzwaL8brdDRlzHb24A+Mtx/JlpY7</latexit>

e�⇡/2�2⇡

<latexit sha1_base64="Ovw/3A9hhsraXWAfQInqY79Lb3c=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXKNpJYmOJiTwSdiWzwwUnzD4yM2uCG77BD7Cx0Bhbays/wc4PsXd4FAqe5OaenHNv5s7xIs6ksqwvI7WwuLS8kl7NrK1vbGbNre26DGNBoUZDHoqmRyRwFkBNMcWhGQkgvseh4fXPR37jFoRkYXClBhG4PukFrMsoUVpqm1m4TgpOxA5LhSPdhm0zZxWtMfA8sackd/ae//64dw6qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZhxYgkRoX3Sg5amAfFBusn48CHe10oHd0OhK1B4rP7eSIgv5cD39KRP1I2c9Ubif14rVt1TN2FBFCsI6OShbsyxCvEoBdxhAqjiA00IFUzfiukNEYQqnVVGh2DPfnme1EtFu1w8vrRylTKaII120R7KIxudoAq6QFVUQxTF6AE9oWfjzng0XozXyWjKmO7soD8w3n4AzKaWPQ==</latexit>

e�⇡/2�4⇡

<latexit sha1_base64="1GfeSKw1IIbAkU079aHCJHjL1l0=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXRLSTxMYSE3kk7EpmhwtMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9DwxtcjP3GLQjJwuBaDSNwfdILWJdRorTUNrNwkxSciB2XCmXdRm0zZxWtCfAisWckd/6e//64d46qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZRxYgkRoQPSg5amAfFBusnk8BE+1EoHd0OhK1B4ov7eSIgv5dD39KRPVF/Oe2PxP68Vq+6Zm7AgihUEdPpQN+ZYhXicAu4wAVTxoSaECqZvxbRPBKFKZ5XRIdjzX14k9VLRLhdPrqxcpYymSKN9dIDyyEanqIIuURXVEEUxekBP6Nm4Mx6NF+N1OpoyZjt76A+Mtx/PtpY/</latexit>

e�⇡/2�6⇡

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0

<latexit sha1_base64="BR3XH29q9djDpZdztaur5Lz9WvI=">AAAB7nicbZDLSsNAFIZP6q3WW1Vw4yZYBFclKVjdWXDTZQV7gTaUyXTSDp1M4syJUEJfQXDjQhG3Po8738I30Olloa0/DHz8/znMOcePBdfoOJ9WZmV1bX0ju5nb2t7Z3cvvHzR0lCjK6jQSkWr5RDPBJasjR8FasWIk9AVr+sPrSd68Z0rzSN7iKGZeSPqSB5wSNFaTd/SdwlI3X3CKzlT2MrhzKFx916pHX+sPtW7+o9OLaBIyiVQQrduuE6OXEoWcCjbOdRLNYkKHpM/aBiUJmfbS6bhj+9Q4PTuIlHkS7an7uyMlodaj0DeVIcGBXswm5n9ZO8Hg0ku5jBNkks4+ChJhY2RPdrd7XDGKYmSAUMXNrDYdEEUomgvlzBHcxZWXoVEquuXi+Y1TqJRhpiwcwwmcgQsXUIEq1KAOFIbwCM/wYsXWk/Vqvc1KM9a85xD+yHr/AeKykus=</latexit>

i
p

2

<latexit sha1_base64="mbapy+F4u/Jjf/2z8/g5hoUf/5s=">AAAB/nicbVDLSsNAFJ3UV62vqOjGTbQIbqxJobXLghuXFewDmlAm09t26GQSZyZCCQU/w5XgxoUibv0Od6If4/Sx0NYDFw7n3Mu99/gRo1LZ9qeRWlhcWl5Jr2bW1jc2t8ztnZoMY0GgSkIWioaPJTDKoaqoYtCIBODAZ1D3+xcjv34LQtKQX6tBBF6Au5x2KMFKSy1zj7p9EPw05xQgOHMPXXkjVL5lZu2cPYY1T5wpyZb3o4f7769SpWV+uO2QxAFwRRiWsunYkfISLBQlDIYZN5YQYdLHXWhqynEA0kvG5w+tY620rU4odHFljdXfEwkOpBwEvu4MsOrJWW8k/uc1Y9UpeQnlUayAk8miTswsFVqjLKw2FUAUG2iCiaD6Vov0sMBE6cQyOgRn9uV5UsvnnGKucKXTKKIJ0ugAHaET5KBzVEaXqIKqiKAEPaJn9GLcGU/Gq/E2aU0Z05ld9AfG+w/EE5hu</latexit>

i/
p

2

<latexit sha1_base64="aq1ky2OyCRdZ7OvjLMKkI+Ln6Ss=">AAAB/3icbVC7SgNBFJ2NrxhfUSGNzWoQbBJ3A4kpAzaWEcwDskuYndxNhszOrjOzQogp/AsrCxsLRWz9DTvRj3HyKDTxwIXDOfdy7z1exKhUlvVpJJaWV1bXkuupjc2t7Z307l5dhrEgUCMhC0XTwxIY5VBTVDFoRgJw4DFoeP3zsd+4ASFpyK/UIAI3wF1OfUqw0lI7nclRpw+C5/J2EYJT59CR10IV2umslbcmMBeJPSPZSiZ6uP/+Klfb6Q+nE5I4AK4Iw1K2bCtS7hALRQmDUcqJJUSY9HEXWppyHIB0h5P7R+axVjqmHwpdXJkT9ffEEAdSDgJPdwZY9eS8Nxb/81qx8svukPIoVsDJdJEfM1OF5jgMs0MFEMUGmmAiqL7VJD0sMFE6spQOwZ5/eZHUC3m7lC9e6jRKaIokOkBH6ATZ6AxV0AWqohoi6BY9omf0YtwZT8ar8TZtTRizmX30B8b7DzEymKU=</latexit>

�i/
p

2

<latexit sha1_base64="7tJOgmMOXY/A1xo8rRaB32RLD7k=">AAAB73icbZDJSgNBEIZr4hbjFhW8eGkMghfDTMDozYCXHCOYBZIh9HQ6SZOeJd01QhjyCh68eFDEq6/jzbfwDbSzHDTxh4aP/6+iq8qLpNBo259WamV1bX0jvZnZ2t7Z3cvuH9R0GCvGqyyUoWp4VHMpAl5FgZI3IsWp70le9wY3k7x+z5UWYXCHo4i7Pu0FoisYRWM1zkVLDxUW2tmcnbenIsvgzCF3/V0pH32tP1Ta2Y9WJ2SxzwNkkmrddOwI3YQqFEzycaYVax5RNqA93jQYUJ9rN5nOOyanxumQbqjMC5BM3d8dCfW1HvmeqfQp9vViNjH/y5oxdq/cRARRjDxgs4+6sSQYksnypCMUZyhHBihTwsxKWJ8qytCcKGOO4CyuvAy1Qt4p5i9u7VypCDOl4RhO4AwcuIQSlKECVWAg4RGe4cUaWk/Wq/U2K01Z855D+CPr/QdNIJMi</latexit>

�i
p

2

Figura 5.9: Contorn d’integració del pro-
blema P5.8.

P5.6 Considereu la integral

f(t) =

∫ ∞

−∞

eitx

2x2 − itx+ t2
dx,

on t és un paràmetre real no nul.

(a) Dibuixeu clarament el(s) contorn(s) apropiat(s) per avaluar la integral
segons quin sigui el valor de t. Dibuixeu també les singularitats de
l’integrand.

(b) Calculeu els residus de les singularitats que hi ha dins del(s) contorn(s)
d’integració.

(c) Trobeu l’expressió final de f(t).
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P5.7 Utilitzeu el teorema dels residus per calcular la suma de les sèries numè-
riques següents:

(a)
∞∑

n=1

1

n2 + 1/4
(b)

∞∑

n=1

1

n2
(c)

1

12
+

1

32
+

1

52
+ · · ·

P5.8 Avalueu la integral

I(s) =

∫ 1

0

xs−1(1− x)−sdx, 0 < s < 1

usant el contorn de la figura 5.9.

P5.9 (a) Demostreu que
Γ(s)Γ(1− s) = I(s)

on I(s) és la integral de l’exercici anterior.

(b) Demostreu que Γ(s) no té cap zero (no s’anul·la enlloc del pla com-
plex).

El primer apartat és, de fet, un exercici de càlcul en dues variables reals, x
i y. Feu el canvi x = uv, y = (1− u)v.

P5.10 Torneu al problema P4.14 i avalueu ζ(−1). En quin sentit es diu a la
literatura matemàtica que 1 + 2 + 3 + · · · = −1/12?

Solucions

S5.1 f(z) = ze1/z/(1 + z) té dues singularitats äıllades: z = 0 i z = −1.

z = 0: Podem trobar el residu de f(z) en aquest punt a partir del de-
senvolupament en sèrie de potències de z. Tenim dues regions de con-
vergència: 0 < |z| < 1 i |z| > 1. Per trobar el residu a z = 0, necessitem el
desenvolupament convergent a la corona més interna, és a dir, 0 < |z| < 1.

La funció f(z) té 3 factors, els desenvolupaments dels quals són coneguts:

• z, que ja està desenvolupat

• 1/(1 + z) = 1− z + z2 − z3 + · · · , vàlid per a |z| < 1

• e1/z = 1 + z−1 + z−2/2! + z−3/3! + · · · , vàlid per a z ̸= 0.

Aix́ı,

f(z) =
(
z − z2 + z3 − z4 + · · ·

)(
1 +

1

z
+

1

2!z2
+

1

3!z3
+ · · ·

)
.
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Trobar el desenvolupament que resulta d’aquest producte és complicat i
llarg, però per trobar el residu de f només ens cal el coeficient de 1/z que
és a la suma dels productes de cadascun dels termes del parèntesi de la
dreta amb el terme del parèntesi de l’esquerra que té una potència menys,
és a dir,

1

z

(
1

2!
− 1

3!
+

1

4!
− 1

5!
+ · · ·

)
=

e−1

z
.

Per tant,

res
z=0

f(z) = 1/e.

z=−1: En aquest punt e1/z és anaĺıtica, mentre que z/(z + 1) té un pol
simple. Per tant,

res
z=−1

f(z) = lim
z→−1

(z + 1)f(z) = lim
z→−1

ze1/z = −1/e .

S5.2 L’integrand z2e−1/z cos(1/z) té una singularitat essencial (äıllada) a z = 0.
Pel teorema dels residus, la integral en el contorn tancat C : |z| = 1, és

I =

∮

C

z2e−1/z cos(1/z) dz = 2πi res
z=0

[
z2e−1/z cos(1/z)

]
.

Si desenvolupem l’integrand en sèrie de potències de z obtenim

z2e−1/z cos(1/z) = z2
(
1− 1

z
+

1

2!z2
− 1

3!z3
+ · · ·

)

×
(
1− 1

2!z2
+

1

4!z4
+ · · ·

)
.

El terme 1/z d’aquest producte de sèries és

1

z

(
1

2!
− 1

3!

)
=

1

3z
.

Per tant, resz=0

[
z2e−1/z cos(1/z)

]
= 1/3 i la integral és I = 2πi/3.

S5.3 (a) Com que
z + 1

z2 − 2z
=

z + 1

z(z − 2)
,

tenim pols simples a z = 0 i z = 2, amb residus−1/2 i 3/2, respectivament.



178 Materials Emili Bagan, Antoni Méndez i Oriol Pujolàs

(b) Singularitat a z = 0.

f(z) =
1− e2z

z4
=

1− [1 + 2z + (2z)2/2! + (2z)3/3! + · · · ]
z4

= − 2

z3
− 4

2!

1

z2
− 8

3!

1

z
− 16

4!
− · · ·

Per tant,

res
z=0

f(z) = −4

3
.

(c) Com que e2z és anaĺıtica a tot C i no té cap zero, f(z) = e2z/(z − 1)2

té un pol d’ordre 2 a z = 1. Per tant,

res
z=1

f(z) = lim
z→1

d

dz

[
(z − 1)2 e2z

1

(z − 1)2

]
= 2e2.

(d) La funció z2/ cos z té pols simples als punts on cos z té els zeros (també
simples), és a dir, a z = (k + 1/2)π, amb k ∈ Z. Com que aquesta funció
és de la forma

p(z)

q(z)
, (5.20)

on p(z) és anaĺıtica i no nul·la a z = (k + 1/2)π, i q(z) té zeros sim-
ples en aquests punts, per calcular els residus podem utilitzar (vegeu
l’exemple 5.2)

res
z=z0

[
p(z)

q(z)

]
=

p(z0)

q′(z0)
.

Aix́ı doncs,

res
z=(k+ 1

2)π

(
z2

cos z

)
=

(k + 1/2)2π2

− sin
[(
k + 1

2

)
π
] = (−1)k+1

(
k +

1

2

)2

π2.

(e) La funció ze1/z té una singularitat essencial a z = 0. La seva sèrie en
potències de z vàlida en un entorn d’aquest punt és

z

(
1 +

1

z
+

1

2!z2
+

1

3!z3
+ · · ·

)
= z + 1 +

1

2!z
+

1

3!z2
+ · · ·

i, per tant, el residu és resz=0

(
ze1/z

)
= 1/2.

(f) La funció π/ sin(πz) té pols simples a z = k (k ∈ Z) perquè el sin(πz)
té zeros simples en aquests punts i és de la forma (5.20). Els residus són

res
z=k

[
π

sin(πz)

]
=

π

π cos(kπ)
= (−1)k.
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(g) La funció π cot(πz) = πcos(πz)/ sin(πz) té pols simples a z = k i
també és de la forma (5.20). Per tant,

res
z=k

[π cot(πz)] =
π cos(πz)

π cos(πz)

∣∣∣∣
z=k

= 1.

(h) La funció 1/ sinh z té pols simples a z = kπi i és de la forma (5.20),
per tant,

res
z=kπi

(
1

sinh z

)
=

1

cosh(kπi)
= (−1)k.

(i) La funció tanh z = sinh z/ cosh z té singularitats a z = kπi, i és de la
forma (5.20). Tenim, doncs

res
z=kπi

tanh z =
sinh z

sinh z

∣∣∣∣
z=kπi

= 1.

(j) La funció 1/ cosh z té pols simples a z = (k + 1/2)πi i també és de la
forma (5.20). Per tant,

res
z=(k+ 1

2)πi

(
1

cosh z

)
=

1

sinh [(k + 1/2)πi]
= (−1)k+1i.

(k) res
z=−n

Γ(z) = (−1)n/n! (vegeu el problema P4.9).

(l) res
z=1

ζ(z) = 1 (vegeu el problema P4.14).

S5.4 (a) Aquesta és una integral del tercer tipus dels descrits a la secció 5.3.
Si prenem z = eiθ, dθ = dz/(iz), tenim cos θ = (z + 1/z)/2 i sin θ =
(z − 1/z)/(2i) i la integral es pot expressar

I =

∮

C

1

1 + [(z − 1/z) /(2i)]2
dz

iz
=

∮

C

4iz

z4 − 6z2 + 1
dz,

on C és la circumferència |z| = 1 recorreguda en sentit positiu. L’integrand
té pols on el denominador s’anul·la. Les quatre arrels del denominador són

±
√

3 +
√
8 = ±

(√
2 + 1

)
, ±

√
3−

√
8 = ±

(√
2− 1

)
.

Són zeros simples del denominador i, per tant, pols simples de l’integrand.
Els dos primers són fora del contorn d’integració i no contribueixen a I.
Aix́ı, observant que l’integrand és de la forma (5.20),

res
z=
√
2−1

[
4iz

z4 − 6z2 + 1

]
=

4iz

4z3 − 12z

∣∣∣∣
z=
√
2−1

=
i

(
√
2− 1)2 − 3

= − i

2
√
2
.
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De forma anàloga trobem

res
z=1−

√
2

[
4iz

z4 − 6z2 + 1

]
= − i

2
√
2
.

Si apliquem el teorema dels residus tenim

I = 2πi

(−i√
2

)

i el resultat final és ∫ π

−π

dθ

1 + sin2 θ
=

√
2π

(b) Si procedim com a l’apartat anterior,

I =

∫ π/2

0

cos2n θ dθ =
1

4

∫ 2π

0

cos2n θ dθ =

∮

|z|=1

dz

4iz

[
z + 1/z

2

]2n

=
πi/2

22ni
res
z=0

[
1

z
· (z

2 + 1)2n

z2n

]
.

L’únic pol, a z = 0, és d’ordre 2n + 1. El seu residu és el coeficient del
terme z2n del binomi

(z2 + 1)2n =
2n−1∑

k=0

(2n)!

k!(2n− k)!
z2k,

és a dir, (2n)!/(n!)2. Per tant,

I =
(π
2

) (2n)!

22n(n!)2
=
(π
2

) (2n)!!(2n− 1)!!

[(2n)!!]2
=
(π
2

) (2n− 1)!!

2n!!
.

∫ π/2

0

cos2nθ dθ =
(π
2

) (2n− 1)!!

2n!!

Si tenim en compte les simetries de les funcions trigonomètriques, veiem
que la mateixa integral amb sin2nθ té el mateix valor. Aix́ı doncs,

∫ π/2

0

sin2nθ dθ=

∫ π/2

0

cos2nθ dθ=
(π
2

)(2n−1)!!

(2n)!!
=
(π
2

)1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · 2n ,

que són les fórmules de Wallis.
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(c) La integral

I =

∫ ∞

0

dx

1 + x4

és del primer tipus dels descrits a la secció 5.3. Considerarem la integral
de contorn ∮

C

f(z) dz,

on f(z) = 1/(1 + z4) i C = CR ∪ C1 és el contorn de la figura 5.10.

Dels quatre pols simples que té l’integrand, només eiπ/4 i ei3π/4 són dins del
contorn C. Veiem primer que la integral en el contorn CR no contribueix
en el ĺımit en què el radi de la semicircumferència tendeix a ∞. Sobre CR

parametritzem z = Reiθ, amb 0 ≤ θ < π. Llavors,

∣∣∣∣
∫

CR

dz

1 + z4

∣∣∣∣ =
∣∣∣∣
∫ π

0

eiθi dθ

1 +R4ei4θ

∣∣∣∣

≤
∫ π

0

dθ

|1 +R4ei4θ| ≤
∫ π

0

dθ

|R4 − 1| =
π

R4 − 1
−−−→
R→∞

0,

on hem utilitzat la desigualtat |a+ b| ≥ ||a| − |b||.
Pel que fa a l’altra contribució,

∫

C1

f(z)dz = 2

∫ R

0

dx

1 + x4
−−−→
R→∞

2I,

ja que l’integrand és una funció parella. Aix́ı doncs,

I =
1

2

∮

C

f(z)dz =

(
1

2

)
2πi

[
res

z=e
iπ
4

(
1

1 + z4

)
+ res

z=e
3iπ
4

(
1

1 + z4

)]

= πi

[
1

4z3

∣∣∣∣
z=ei

π
4

+
1

4z3

∣∣∣∣
z=ei

3π
4

]
=

√
2π

4
,
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CR

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1
<latexit sha1_base64="1dM/tql2kpt60J9QE35BwsAqJwQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJokcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fN65KtWoWRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHvFjLQ=</latexit>

2
<latexit sha1_base64="2C8VQ36JAzQW65xA4pO/I/OCNOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Xb8qVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AX1JjLU=</latexit>

3
<latexit sha1_base64="mVy/PGPcHNveezrWLtPFSws8ju0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlq/plqVrJ4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6Y1jNA=</latexit>

N
<latexit sha1_base64="1kI+VSzpJnI+0A5PIguw0CXeZYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoMePEkEc0DkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYe7M69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+6lQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ47zsVcqX9xelaiWLIw9HcAyn4MEVVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/fEWNQA==</latexit>

N + 1<latexit sha1_base64="KptmuqjovK3sleGr9N17z6n49Qk=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVo8FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rv7q/rDUbRR1lOIFTOAcPrqEJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/EMjsA=</latexit>. . .

<latexit sha1_base64="HZKEpDw8kfkj3jaOTxBFDvbdRZw=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWgolKVjdCAU3rqSCfUATymQ6aYdOHszcCCV05cal4Fe4caGIW7/BnV/gbzh9LLT1wMDhnHO5c48bcSbBNL+01MLi0vJKejWztr6xuaVv79RlGAtCayTkoWi6WFLOAloDBpw2I0Gx73LacPsXI79xS4VkYXADg4g6Pu4GzGMEg5La+oHNqQe5q0Ji2aEKloa2YN0e5HNWgeXbetYsmmMY88Sakmzl8Pxh77vxWG3rn3YnJLFPAyAcS9myzAicBAtghNNhxo4ljTDp4y5tKRpgn0onGZ8xNI6V0jG8UKgXgDFWf08k2Jdy4Lsq6WPoyVlvJP7ntWLwzpyEBVEMNCCTRV7MDQiNUSdGhwlKgA8UwUQw9VeD9LDABFRzGVWCNXvyPKmXila5eHJtZStlNEEa7aMjlEMWOkUVdImqqIYIukNP6AW9avfas/amvU+iKW06s4v+QPv4AU9jmrE=</latexit>�
N + 1

2

�
(1 + i)

<latexit sha1_base64="pG594OEGUzrsHSKE/WMrmBERwGU=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWsSSFKxuhIIbV1LBPqAJZTKdtEMnD2ZuhBK6cuNS8CvcuFDErd/gzi/wN5w+Ftp6YOBwzrncuceNOJNgml9aam5+YXEpvZxZWV1b39A3t2oyjAWhVRLyUDRcLClnAa0CA04bkaDYdzmtu72LoV+/pUKyMLiBfkQdH3cC5jGCQUktfc/m1IPc1VFi2aEKFge2YJ0u5HPWMcu39KxZMEcwZok1Idny/vnDznf9sdLSP+12SGKfBkA4lrJpmRE4CRbACKeDjB1LGmHSwx3aVDTAPpVOMjpjYBwqpW14oVAvAGOk/p5IsC9l33dV0sfQldPeUPzPa8bgnTkJC6IYaEDGi7yYGxAaw06MNhOUAO8rgolg6q8G6WKBCajmMqoEa/rkWVIrFqxS4eTaypZLaIw02kUHKIcsdIrK6BJVUBURdIee0At61e61Z+1Nex9HU9pkZhv9gfbxA1JvmrM=</latexit>�
N + 1

2

�
(1 � i)

<latexit sha1_base64="yBJoIPyqV3si3zQWsU7SZz1GHCs=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCi7QkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH26jix7FAFiwNbsE4Xctm8lWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADFeJrq</latexit>�
N + 1

2

�
(�1 � i)

<latexit sha1_base64="/3KHuLxsvT6ev7btFZMX50Qtawo=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCS7EkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH2Kp9YdqiCxYEtWKcLueyxlWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADCbJro</latexit>�
N + 1

2

�
(�1 + i)

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="klFiD1Exux3lbMFmdDYZacNQT5s=">AAAB8XicbZC7TsMwFIZPuJZyKzCyWFRIZSkJgsJGJRbGItGLaELluE5r1XEi20Gqoj4DCwsDCLHyCkw8AhsPwo57GaDllyx9+v9z5HOOH3OmtG1/WXPzC4tLy5mV7Ora+sZmbmu7pqJEElolEY9kw8eKciZoVTPNaSOWFIc+p3W/dzHM63dUKhaJa92PqRfijmABI1gb64bepsyN2eHxoJXL20V7JDQLzgTy5++F749796DSyn267YgkIRWacKxU07Fj7aVYakY4HWTdRNEYkx7u0KZBgUOqvHQ08QDtG6eNgkiaJzQaub87Uhwq1Q99Uxli3VXT2dD8L2smOjjzUibiRFNBxh8FCUc6QsP1UZtJSjTvG8BEMjMrIl0sMdHmSFlzBGd65VmoHRWdUvHkysmXSzBWBnZhDwrgwCmU4RIqUAUCAh7gCZ4tZT1aL9bruHTOmvTswB9Zbz+BKZSD</latexit>

ei⇡/4

<latexit sha1_base64="t1zYS0pYKaW49XaLZWvPw3QQkx0=">AAAB8nicbZC7TsMwFIYdrqXcCowsFhVSWUrCpbBRiYWxSPQiJaFy3NPWquNEtoNURX0GJhYGEGLlEZh4BDYehB33MkDLL1n69P/nyOecIOZMadv+submFxaXljMr2dW19Y3N3NZ2TUWJpFClEY9kIyAKOBNQ1UxzaMQSSBhwqAe9y2FevwOpWCRudD8GPyQdwdqMEm0sF25TduzF7PBk0Mzl7aI9Ep4FZwL5i/fC98e9d1Bp5j69VkSTEISmnCjlOnas/ZRIzSiHQdZLFMSE9kgHXIOChKD8dDTyAO8bp4XbkTRPaDxyf3ekJFSqHwamMiS6q6azoflf5ia6fe6nTMSJBkHHH7UTjnWEh/vjFpNANe8bIFQyMyumXSIJ1eZKWXMEZ3rlWagdFZ1S8fTayZdLaKwM2kV7qIAcdIbK6ApVUBVRFKEH9ISeLW09Wi/W67h0zpr07KA/st5+APZElMA=</latexit>

ei3⇡/4

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="yc5McTjo8WG2fKS/gaDFyWGgO/c=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzitWdBTcuK9gLtEPJpJk2NpMMSUYoQ59BNy4UcetLuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvR3n9jirNpLgxg5j6Ee4KFjKCjbVqJ62YIdbO5d2iOxaaB28K+Yv3wvfHfeuo0s59tjqSJBEVhnCsddNzY+OnWBlGOB1mW4mmMSZ93KVNiwJHVPvpeNohOrROB4VS2ScMGru/O1IcaT2IAlsZYdPTs9nI/C9rJiY891Mm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CsPYI3u/I81I6LXql4eu3lyyWYKAP7cAAF8OAMynAFFagCgVt4gCd4dqTz6Lw4r5PSBWfaswd/5Lz9ACiUkpA=</latexit>

3⇡i
<latexit sha1_base64="MX+DOiVE+ZAGPJvy0j7lXDLvD10=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20sZlkSDJCGfoMunGhiFtfwpWP4M4HcW96WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HOeNO6o0k+LGDGPajnBPsJARbKxVP/FjhlgnX3BL7kRoEbwZFC7ei98f9/5xtZP/9LuSJBEVhnCsdctzY9NOsTKMcDrK+YmmMSYD3KMtiwJHVLfTybQjdGSdLgqlsk8YNHF/d6Q40noYBbYywqav57Ox+V/WSkx43k6ZiBNDBZl+FCYcGYnGq6MuU5QYPrSAiWJ2VkT6WGFi7IFy9gje/MqLUD8peeXS6bVXqJRhqiwcwCEUwYMzqMAVVKEGBG7hAZ7g2ZHOo/PivE5LM86sZx/+yHn7AScLko8=</latexit>

2⇡i

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="BYjAD7reY7cuvikf+jVayeYMrFY=">AAAB7XicbZDLSgMxFIbP1Futl1ZduHATLIIby4xg1ZUFNy4r2Au0Q8mkmTY2kwxJRiil7+DGhSJufRlXLgSfpqaXhbb+EPj4/3PIOSeIOdPGdb+d1NLyyupaej2zsbm1nc3t7Fa1TBShFSK5VPUAa8qZoBXDDKf1WFEcBZzWgt71OK89UKWZFHemH1M/wh3BQkawsVb1pBkzxFq5vFtwJ0KL4M0gfzXa/7gcfWXLrdxnsy1JElFhCMdaNzw3Nv4AK8MIp8NMM9E0xqSHO7RhUeCIan8wmXaIjqzTRqFU9gmDJu7vjgGOtO5Hga2MsOnq+Wxs/pc1EhNe+AMm4sRQQaYfhQlHRqLx6qjNFCWG9y1gopidFZEuVpgYe6CMPYI3v/IiVE8LXrFwduvlS0WYKg0HcAjH4ME5lOAGylABAvfwCM/w4kjnyXl13qalKWfWswd/5Lz/AIpGkto=</latexit>�⇡i

<latexit sha1_base64="Rm+rr08ni7eE69hhdFsgdD+WseA=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d4LbdsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz27dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+EbkVU=</latexit>�a <latexit sha1_base64="oxORG2XIqR9JwpMARxHcR+BA3Yo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV0snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDDO6Qzg==</latexit>a

Figura 5.10: Contorn i singularitats
del problema P5.4 (c).

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="kPze7CgfE/SjJnpSPF31/WEE24k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIvH+MgDkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYf7a69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+alQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ46zsVcoXd+elaiWLIw9HcAyn4MElVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/nbeNVg==</latexit>

R = 1

<latexit sha1_base64="ngBbhQcbZNAdA+srnBNtXsImbbc=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEq8dCLx4r2A9oQ9lsJu3SzSbuToRS/BNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmyTTHFo8kYnuBsyAFApaKFBCN9XA4kBCJxg3Zn7nEbQRibrHSQp+zIZKRIIztFK3MeiHIJENyhW36s5BV4mXkwrJ0RyUv/phwrMYFHLJjOl5bor+lGkUXMJTqZ8ZSBkfsyH0LFUsBuNP5/c+0TOrhDRKtC2FdK7+npiy2JhJHNjOmOHILHsz8T+vl2F040+FSjMExReLokxSTOjseRoKDRzlxBLGtbC3Uj5imnG0EZVsCN7yy6ukfVH1atWru8tKvZbHUSQn5JScE49ckzq5JU3SIpxI8kxeyZvz4Lw4787HorXg5DPH5A+czx/UtI/Q</latexit>

C�

<latexit sha1_base64="w8h+yhDGRkF7n1BNPBfN52dZnEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURrR4LXjxWsB/QhrLZTNqlm03Y3Qil9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nffkKleSIfzThFP6YDySPOqLFS+6IXojC0X664VXcOskq8nFQgR6Nf/uqFCctilIYJqnXXc1PjT6gynAmclnqZxpSyER1g11JJY9T+ZH7ulJxZJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMT3foTLtPMoGSLRVEmiEnI7HcScoXMiLEllClubyVsSBVlxiZUsiF4yy+vktZl1atVrx+uKvVaHkcRTuAUzsGDG6jDPTSgCQxG8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gD7YI9R</latexit>��

<latexit sha1_base64="LmdZl4mxNjJgA6ZmXEHJGZiZuQs=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEw8kV2j6JHEi0dM5JHAQmaHBibMzm5mZlWy4T+8eNAYr/6LN//GAfagYCWdVKq6090VxIJr47rfzsrq2vrGZm4rv72zu7dfODis6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB0M/UbD6g0j+S9Gcfoh3QgeZ8zaqzUecJOytsYay4iOekWim7JnYEsEy8jRchQ7Ra+2r2IJSFKwwTVuuW5sfFTqgxnAif5dqIxpmxEB9iyVNIQtZ/Orp6QU6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3mtxPSv/ZTLODEo2XxRPxHERGQaAelxhcyIsSWUKW5vJWxIFWXGBpW3IXiLLy+T+nnJK5cu7y6KlXIWRw6O4QTOwIMrqMAtVKEGDBQ8wyu8OY/Oi/PufMxbV5xs5gj+wPn8ATmtkvY=</latexit>

xei✏

<latexit sha1_base64="ESHQ2V59kvBgqG0QtzWG02FgvT4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxCXViSotVlwY3LCvYBTSyT6U07dDIZZiZiCQV/xY0LRdz6He78G6ePhVYPXDiccy/33hMKRpV23S8rt7S8srqWXy9sbG5t79i7e02VpJJAgyQske0QK2CUQ0NTzaAtJOA4ZNAKh1cTv3UPUtGE3+qRgCDGfU4jSrA2Utc+eIC7jJYqvqCnPghFWcJPxl276JbdKZy/xJuTIpqj3rU//V5C0hi4Jgwr1fFcoYMMS00Jg3HBTxUITIa4Dx1DOY5BBdn0/LFzbJSeEyXSFNfOVP05keFYqVEcms4Y64Fa9Cbif14n1dFlkFEuUg2czBZFKXN04kyycHpUAtFsZAgmkppbHTLAEhNtEiuYELzFl/+SZqXsVcvnN2fFWnUeRx4doiNUQh66QDV0jeqogQjK0BN6Qa/Wo/VsvVnvs9acNZ/ZR79gfXwDvCWVUg==</latexit>

xei(2⇡�✏)
<latexit sha1_base64="l/ajgIABOEeE1j+HpQUOquXX9Xg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArGj0GvHiMwTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOl+kW9Vyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzSKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeOtPuExSg5ItFoWpICYms7dJnytkRowtoUxxeythQ6ooMzacgg3BW355lTQvy16lfP1wVapWsjjycAKncA4e3EAV7qEGDWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wcVmY0L</latexit>�R

<latexit sha1_base64="mRSZ2PMr3ESrRv+3jnCt1J2GqDw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOXdjPo=</latexit>x

<latexit sha1_base64="ovvytzYWNf08ihqvY+sV+9fqHwU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVr+4vK/VaHkcRTuAUzsGDa6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBMdZAe</latexit>✏ <latexit sha1_base64="WAgUgw77OZpm21F5WuoCY7jrTpo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokcSLx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+ql+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AKxFjNQ=</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="XH3lznGgsWNOFcqqa6FS0yZpV/4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluXJVr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBekGMsw==</latexit>

1
<latexit sha1_base64="1dM/tql2kpt60J9QE35BwsAqJwQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJokcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fN65KtWoWRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHvFjLQ=</latexit>

2
<latexit sha1_base64="2C8VQ36JAzQW65xA4pO/I/OCNOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Xb8qVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AX1JjLU=</latexit>

3
<latexit sha1_base64="mVy/PGPcHNveezrWLtPFSws8ju0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlq/plqVrJ4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6Y1jNA=</latexit>

N
<latexit sha1_base64="1kI+VSzpJnI+0A5PIguw0CXeZYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoMePEkEc0DkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYe7M69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+6lQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ47zsVcqX9xelaiWLIw9HcAyn4MEVVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/fEWNQA==</latexit>

N + 1<latexit sha1_base64="KptmuqjovK3sleGr9N17z6n49Qk=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVo8FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rv7q/rDUbRR1lOIFTOAcPrqEJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/EMjsA=</latexit>. . .

<latexit sha1_base64="HZKEpDw8kfkj3jaOTxBFDvbdRZw=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWgolKVjdCAU3rqSCfUATymQ6aYdOHszcCCV05cal4Fe4caGIW7/BnV/gbzh9LLT1wMDhnHO5c48bcSbBNL+01MLi0vJKejWztr6xuaVv79RlGAtCayTkoWi6WFLOAloDBpw2I0Gx73LacPsXI79xS4VkYXADg4g6Pu4GzGMEg5La+oHNqQe5q0Ji2aEKloa2YN0e5HNWgeXbetYsmmMY88Sakmzl8Pxh77vxWG3rn3YnJLFPAyAcS9myzAicBAtghNNhxo4ljTDp4y5tKRpgn0onGZ8xNI6V0jG8UKgXgDFWf08k2Jdy4Lsq6WPoyVlvJP7ntWLwzpyEBVEMNCCTRV7MDQiNUSdGhwlKgA8UwUQw9VeD9LDABFRzGVWCNXvyPKmXila5eHJtZStlNEEa7aMjlEMWOkUVdImqqIYIukNP6AW9avfas/amvU+iKW06s4v+QPv4AU9jmrE=</latexit>�
N + 1

2

�
(1 + i)

<latexit sha1_base64="pG594OEGUzrsHSKE/WMrmBERwGU=">AAACBnicbVDLSsNAFJ3UV62vqBtBxGARWsSSFKxuhIIbV1LBPqAJZTKdtEMnD2ZuhBK6cuNS8CvcuFDErd/gzi/wN5w+Ftp6YOBwzrncuceNOJNgml9aam5+YXEpvZxZWV1b39A3t2oyjAWhVRLyUDRcLClnAa0CA04bkaDYdzmtu72LoV+/pUKyMLiBfkQdH3cC5jGCQUktfc/m1IPc1VFi2aEKFge2YJ0u5HPWMcu39KxZMEcwZok1Idny/vnDznf9sdLSP+12SGKfBkA4lrJpmRE4CRbACKeDjB1LGmHSwx3aVDTAPpVOMjpjYBwqpW14oVAvAGOk/p5IsC9l33dV0sfQldPeUPzPa8bgnTkJC6IYaEDGi7yYGxAaw06MNhOUAO8rgolg6q8G6WKBCajmMqoEa/rkWVIrFqxS4eTaypZLaIw02kUHKIcsdIrK6BJVUBURdIee0At61e61Z+1Nex9HU9pkZhv9gfbxA1JvmrM=</latexit>�
N + 1

2

�
(1 � i)

<latexit sha1_base64="yBJoIPyqV3si3zQWsU7SZz1GHCs=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCi7QkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH26jix7FAFiwNbsE4Xctm8lWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADFeJrq</latexit>�
N + 1

2

�
(�1 � i)

<latexit sha1_base64="/3KHuLxsvT6ev7btFZMX50Qtawo=">AAACB3icbVDLSsNAFJ34rPUVdSMIGixCS7EkBasboeDGlVSwD2hCmUwn7dDJg5kboYTu3LgT/As3LhRx6y+48wv8DaePhbYeGDiccy537nEjziSY5pc2N7+wuLScWkmvrq1vbOpb2zUZxoLQKgl5KBoulpSzgFaBAaeNSFDsu5zW3d7F0K/fUiFZGNxAP6KOjzsB8xjBoKSWvm9z6kH2Kp9YdqiCxYEtWKcLueyxlWe5lp4xC+YIxiyxJiRTPjh/2P2uP1Za+qfdDkns0wAIx1I2LTMCJ8ECGOF0kLZjSSNMerhDm4oG2KfSSUZ3DIwjpbQNLxTqBWCM1N8TCfal7PuuSvoYunLaG4r/ec0YvDMnYUEUAw3IeJEXcwNCY1iK0WaCEuB9RTARTP3VIF0sMAFVXVqVYE2fPEtqxYJVKpxcW5lyCY2RQnvoEGWRhU5RGV2iCqoigu7QE3pBr9q99qy9ae/j6Jw2mdlBf6B9/ADCbJro</latexit>�
N + 1

2

�
(�1 + i)

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="klFiD1Exux3lbMFmdDYZacNQT5s=">AAAB8XicbZC7TsMwFIZPuJZyKzCyWFRIZSkJgsJGJRbGItGLaELluE5r1XEi20Gqoj4DCwsDCLHyCkw8AhsPwo57GaDllyx9+v9z5HOOH3OmtG1/WXPzC4tLy5mV7Ora+sZmbmu7pqJEElolEY9kw8eKciZoVTPNaSOWFIc+p3W/dzHM63dUKhaJa92PqRfijmABI1gb64bepsyN2eHxoJXL20V7JDQLzgTy5++F749796DSyn267YgkIRWacKxU07Fj7aVYakY4HWTdRNEYkx7u0KZBgUOqvHQ08QDtG6eNgkiaJzQaub87Uhwq1Q99Uxli3VXT2dD8L2smOjjzUibiRFNBxh8FCUc6QsP1UZtJSjTvG8BEMjMrIl0sMdHmSFlzBGd65VmoHRWdUvHkysmXSzBWBnZhDwrgwCmU4RIqUAUCAh7gCZ4tZT1aL9bruHTOmvTswB9Zbz+BKZSD</latexit>

ei⇡/4

<latexit sha1_base64="t1zYS0pYKaW49XaLZWvPw3QQkx0=">AAAB8nicbZC7TsMwFIYdrqXcCowsFhVSWUrCpbBRiYWxSPQiJaFy3NPWquNEtoNURX0GJhYGEGLlEZh4BDYehB33MkDLL1n69P/nyOecIOZMadv+submFxaXljMr2dW19Y3N3NZ2TUWJpFClEY9kIyAKOBNQ1UxzaMQSSBhwqAe9y2FevwOpWCRudD8GPyQdwdqMEm0sF25TduzF7PBk0Mzl7aI9Ep4FZwL5i/fC98e9d1Bp5j69VkSTEISmnCjlOnas/ZRIzSiHQdZLFMSE9kgHXIOChKD8dDTyAO8bp4XbkTRPaDxyf3ekJFSqHwamMiS6q6azoflf5ia6fe6nTMSJBkHHH7UTjnWEh/vjFpNANe8bIFQyMyumXSIJ1eZKWXMEZ3rlWagdFZ1S8fTayZdLaKwM2kV7qIAcdIbK6ApVUBVRFKEH9ISeLW09Wi/W67h0zpr07KA/st5+APZElMA=</latexit>

ei3⇡/4

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="yc5McTjo8WG2fKS/gaDFyWGgO/c=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzitWdBTcuK9gLtEPJpJk2NpMMSUYoQ59BNy4UcetLuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvR3n9jirNpLgxg5j6Ee4KFjKCjbVqJ62YIdbO5d2iOxaaB28K+Yv3wvfHfeuo0s59tjqSJBEVhnCsddNzY+OnWBlGOB1mW4mmMSZ93KVNiwJHVPvpeNohOrROB4VS2ScMGru/O1IcaT2IAlsZYdPTs9nI/C9rJiY891Mm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CsPYI3u/I81I6LXql4eu3lyyWYKAP7cAAF8OAMynAFFagCgVt4gCd4dqTz6Lw4r5PSBWfaswd/5Lz9ACiUkpA=</latexit>
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Figura 5.11: Contorn i singularitats
del problema P5.4 (d).
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on hem usat que l’integrand és de la forma (5.20). Finalment,

∫ ∞

0

dx

1 + x4
=

√
2π

4

(d) Aquesta integral és del segon tipus dels descrits a la secció 5.3.

I =

∫ ∞

0

cos ax

x2 + 1
dx =

1

2

∫ ∞

−∞

cos ax

x2 + 1
dx =

1

2
Re

∫ ∞

−∞

eiax

x2 + 1
dx.

Considerem, doncs, la integral

∮

C

eiaz

z2 + 1
dz,

on C és el contorn tancat C = CR ∪ C1 de la figura 5.11.

Aqúı no demostrarem que la integral en el contorn semicircular s’anul·la
en el ĺımit R → 0 (és clar que es compleixen les condicions d’aplicabilitat
del mètode: |1/(z2 + 1)| → 0 quan |z| → ∞). D’altra banda, és també
clar que

1

2
Re

(∫

C1

eiaz

z2 + 1
dz

)
=

1

2
Re

(∫ R

−R

eiax

x2 + 1
dx

)
−−−→
R→∞

I,

i, per tant,

I =
1

2
Re

[
2πi res

z=i

(
eiaz

z2 + 1

)]
= Re

(
πi

eiaz

2z

∣∣∣∣
z=i

)
=

π

2
e−a.

Notem que aquest resultat val per al cas en què a > 0. Si tenim a < 0,
llavors el contorn semicircular ha d’estar en el semiplà inferior de C, i el
resultat és ∫ ∞

0

cos ax

x2 + 1
dx =

πe−|a|

2

(e) Aquesta integral és del quart tipus dels descrits a la secció 5.3. Es pot
calcular a partir de la integral

∮

C

zα

z2 + 1
dz,

on C és un contorn com el de la figura 5.5.
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Sabem que les integrals en els contorns Cδ i CR s’anul·len en el ĺımit
R → ∞ i δ → 0. Les úniques contribucions no nul·les provenen dels
contorns rectilinis. El superior ve parametritzat per z = x eiϵ, i obtenim

ei(1+α)ϵ

∫ R

δ

xαdx

1 + x2 e2iϵ

δ→0
R→∞−−−−−→
ϵ→0+

∫ ∞

0

xαdx

1 + x2

def
= I,

en aquest ĺımit.

El contorn rectilini inferior ve parametritzat per z = x ei(2π−ϵ). Notem
que aquesta fase ve determinada per la posició del tall de branca que hem
escollit per a la funció zα (sobre l’eix real positiu). La integral en aquest
contorn és

ei(1+α)(2π−ϵ)
∫ δ

R

xαdx

1 + x2 e2i(2π−ϵ)

δ→0
R→∞−−−−−→
ϵ→0+

−e2παi
∫ ∞

0

xαdx

1 + x2
,

en el mateix ĺımit.

D’altra banda, podem avaluar la integral en el contorn C mitjançant el
teorema dels residus,

∮

C

zα dz

z2 + 1
= 2πi

(
zα

2z

∣∣∣∣
z=i

+
zα

2z

∣∣∣∣
z=−i

)
= π

(
eiα

π
2 − eiα

3π
2

)
,

ja que zα és anaĺıtica a z = ±i i l’integrand és de la forma (5.20). Aix́ı,
obtenim

∫ ∞

0

xαdx

1 + x2
=π

eiαπ
(
e−i

απ
2 −ei

απ
2

)

eiαπ(e−iαπ−eiαπ)
= π

sin(απ/2)

sin(απ)
=
π

2
sec
(απ

2

)
.

∫ ∞

0

xαdx

1 + x2
=

π

2
sec
(απ

2

)

(f) Aquesta integral és del sisè tipus dels descrits a la secció 5.3. S’avalua
calculant ∮

C

log2 z

(z2 + 1)2
dz,

on C és un contorn com el de la figura 5.5. Igual que en l’apartat anterior,
les contribucions dels contorns circulars de radis δ i R s’anul·len en el ĺımit
δ → 0 i R → ∞.

El contorn rectilini superior ve parametritzat per z = x eiϵ, de manera que
per a la branca 0 < θ < 2π tenim

log z = (log x+ iϵ)2 = (log2 x− ϵ2) + 2iϵ log x,
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i la integral en aquest contorn és

∫ R

δ

(log2 x− ϵ2) + 2iϵ log x

(1 + x2 e2iϵ)2
dx

δ→0
R→∞−−−−−→
ϵ→0+

∫ ∞

0

log2 x

(1 + x2)2
dx.

El contorn rectilini inferior es parametritza per z = x ei(2π−ϵ). Notem
també aqúı que aquesta fase ve determinada per la posició del tall de
branca que hem escollit per a la branca de la funció log z (sobre l’eix real
positiu). La integral en aquest contorn és

∫ R

δ

log2 x− (2π − ϵ)2 + 2i(2π − ϵ) log x

[1 + x2 e2i(2π−ϵ)]
2 dx

δ→0
R→∞−−−−−→
ϵ→0+

−
∫ ∞

0

log2 x− 4π2

(1 + x2)2
dx+ 4πi

∫ ∞

0

log x

(1 + x2)2
dx.

Aix́ı,

∮

C

log2 z

(z2 + 1)2
dz

δ→0
R→∞−−−−−→
ϵ→0+

∫ ∞

0

4π2

(1 + x2)2
dx+ 4πi

∫ ∞

0

log x

(1 + x2)2
dx,

i, per tant,

∫ ∞

0

log x

(1 + x2)2
dx =

1

4π
Im


2πi

∑

∀ pol zp

res
z=zp

log2 z

(z2 + 1)2


.

Les singularitats d’aquesta funció són pols dobles. Podem trobar els corres-
ponents residus a partir de

res
z=z0

[
log2 z

(z2 + 1)2

]
= lim

z→z0

d

dz

[
(z − z0)

log2 z

(z2 + 1)2

]
,

i obtenim

• per a z0 = i = eiπ/2, ki = (π/4 + i)(iπ/4)

• per a z0 = −i = ei 3π/2, k−i = −(3π/4 + i)(3iπ/4)

Finalment, trobem

∫ ∞

0

log x

(1 + x2)2
dx = −π

4

∫ ∞

0

1

(1 + x2)2
dx =

π

4
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S5.5 (a) Considerem el contorn x = a, 0 ≤ y ≤ 2π. Parametritzem z = a+ iy
de manera que dz = idy. La integral en aquest contorn és

i

∫ 2π

0

dy
eakeiky

1 + eaeiy
.

El seu mòdul es pot fitar superiorment,

∣∣∣∣ieak
∫ 2π

0

eiky

1 + eaeiy
dy

∣∣∣∣ ≤ eak
∫ 2π

0

1

|1 + eaeiy| dy

≤ eak
∫ 2π

0

1

ea − 1
dy = 2π

eak

ea − 1
−−−→
a→∞

0,

ja que k < 1.

Per al contorn amb x = −a, tenim z = −a+ iy, i

∣∣∣∣ie−ak
∫ 2π

0

eiky

1 + e−aeiy
dy

∣∣∣∣ ≤ e−ak
∫ 2π

0

1

|1 + e−aeiy| dy

≤ e−ak
∫ 2π

0

1

1− e−a
dy = 2π

e−ak

1− e−a
−−−→
a→∞

0,

ja que k > 0.

(b) Les singularitats de l’integrand són els zeros de l’equació 1 + ez = 0,
és a dir, z = log(−1) = i(π + 2nπ) amb n ∈ Z, que hem representat a la
figura 5.8. A l’interior de C només hi ha z = iπ. Veiem que es tracta d’un
pol simple perquè el ĺımit

lim
z→πi

(z − πi)
ekz

1 + ez
= lim

z→πi

ekz + (z − πi)ekz

ez
= −eikπ

és finit i no nul (hem aplicat la regla de L’Hôpital).

(c) El ĺımit de l’apartat anterior ens diu que el residu és kπi = −eikπ.

(d) El contorn horitzontal inferior es parametritza per z = x i la seva
contribució és ∫ ∞

−∞

ekx

1 + ex
dx.

El contorn horitzontal superior es parametritza per z = x + 2πi i la seva
contribució és

e2kπi
∫ −∞

+∞

ekx

1 + ex
dx.

Aix́ı, en el ĺımit a → ∞,
∮

C

ekz

1 + ez
dz = (1− e2kπi)

∫ ∞

−∞

ekx

1 + ex
dx = −2πieikπ.
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Si d’aquesta última equació äıllem la integral que volem calcular obtenim

∫ ∞

−∞

ekx

1 + ex
dx =

π

sin(πk)

S5.6 Aquesta integral la podem calcular considerant
∮

C

eitz

2z2 − itz + t2
dz,

on C és un dels contorns de la figura 5.12. Si t > 0, el contorn ha d’estar en
el semiplà superior, ja que eit(x+iy) = e−tyeity, i e−ty és fitat superiorment
i la integral sobre el contorn semicircular no hi contribuirà. Si t < 0, el
contorn semicircular ha d’estar en el semiplà inferior.
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t < 0

Figura 5.12: Contorn i pols del problema P5.6, depenent del signe de t.

Les arrels del denominador són it i −it/2, de manera que en tots dos casos
la que hi ha a l’interior del contorn d’integració és z = it. Com que es
tracta d’un pol simple de l’integrand, el residu és kit = eit it/(4it − it) =
−e−t

2
i/(3t). Tenint en compte que el sentit d’integració és horari per

t < 0, obtenim el resultat

f(t) =

∫ ∞

−∞

eitx

2x2 − itx+ t2
dx =

2π

3

e−t
2

|t|

vàlid per als dos casos t > 0 i t < 0.

S5.7 (a) La funció f(z) = 1/[z2 + 1/4] no té pols a z = n ∈ Z. Si utilitzem el
teorema 5.2 tenim

+∞∑

n=−∞

1

n2 + 1/4
= −




suma dels residus de
π cot(πz)

z2 + 1/4

als pols de
1

z2 + 1/4


 .
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La funció f(z) té dos pols simples a z1 = i/2 i z2 = −i/2. Els residus de
π cot(πz)f(z) a z1,2 són:

k1 = lim
z→i/2

π cot(πz)

z2 + 1/4

(
z − i

2

)
= lim

z→i/2

π cot(πz)

z + i/2
= −π coth(π/2),

k2 = lim
z→−i/2

π cot(πz)

z2 + 1/4

(
z +

i

2

)
= lim

z→−i/2

π cot(−πz)

z − i/2
= −π coth(π/2),

i, per tant, k1 + k2 = −2π coth(π/2). Com que f(z) és parella tenim

+∞∑

n=−∞

1

n2 + 1/4
= 4 + 2

∞∑

n=1

1

n2 + 1/4
= − [−2π coth(π/2)] ,

d’on dedüım que

∞∑

n=1

1

n2 + 1/4
= π coth(π/2)− 2.

(b) En aquest cas 1/z2 té un únic pol (doble) a z = 0, on també cot(πz)
hi té un pol simple, i això fa que π cot(πz)/z2 hi tingui un pol d’ordre 3.
Sembla, doncs, que el teorema 5.2 no és aplicable, però, de fet, śı que ho
és, perquè el que el teorema afirma és que la suma dels residus de tots els
pols de π cot(πz)/z2 ha de ser 0. Per tant, tenim

−1∑

n=−∞

1

n2
+
∞∑

n=1

1

n2
+ res

z=0

[
π cot(πz)

z2

]
= 0.

Com que 1/z2 és parella, els dos primers sumands són iguals i tenim

2
∞∑

n=1

1

n2
= − res

z=0

[
π cot(πz)

z2

]
.

Per trobar aquest residu podem fer servir (5.2) però és més ràpid utilitzar
els desenvolupaments en sèrie de potències de z,

π cot(πz)

z2
=

π

z2
1− (πz)2/2! + · · ·

(πz)− (πz)3/3! + · · ·

=
1

z3

[
1− (πz)2

2!
+ · · ·

] [
1 +

(πz)2

3!
+ · · ·

]

=
1

z3
− π2

3z
+ · · ·
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El residu és, doncs, −π2/3 i tenim

∞∑

n=1

1

n2
=

π2

6
.

Una altra manera d’arribar a aquest resultat és demostrar, seguint els
passos de l’apartat (a), que

∞∑

n=1

1

n2 + ϵ2
=

πϵ coth(πϵ)− 1

2ϵ2

i fer el ĺımit ϵ → 0.

(c) Veiem que

1

12
+

1

32
+

1

52
=

1

2

∞∑

n=−∞

1

(2n+ 1)2

=
9

8

∞∑

n=−∞

1

(3n+ 3/2)2
=

9

8

π2

9
csc2 [(3/2)π/3] =

π2

8
,

on hem usat els resultats de l’exemple 5.9.

S5.8 Sigui

z = r0e
iθ0 , z − 1 = r1e

iθ1 amb 0 ≤ θ0 , θ1 < 2π.

Considerem la branca de zs−1(z − 1)−s definida com

zs−1(z − 1)−s = rs−10 r−s1 ei[(s−1)θ0−sθ1] ,

que té el tall a l’interval [0, 1] sobre l’eix real. Integrem-la sobre el contorn
tancat de la figura 5.9.

Observem que si z = x±iϵ/2 amb x ∈ [0, 1], quan ϵ → 0+ tenim θ0 → π∓π
i θ1 → π i, per tant,

zs−1(z − 1)−s → xs−1(1− x)−sei(s−1)(π∓π)−isπ = e∓isπxs−1(1− x)−s .

En aquest ĺımit la integral sobre els dos segments rectes esdevé

∫

→←
zs−1(z − 1)−sdz →

(
e−isπ − eisπ

) ∫ 1

0

xs−1(1− x)−sdx,
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que és la integral de la discontinüıtat de zs−1(z − 1)−s sobre el tall. Ob-
servem també que els dos contorns semicirculars de la figura 5.9 no donen
cap contribució en el ĺımit ϵ → 0+, ja que si 0 < s < 1 tenim

∫

↷

zs−1(z − 1)−sdz = −i
( ϵ
2

)s ∫ 3π/2

π/2

eisθ0
[
(ϵ/2)eiθ0 − 1

]−s
dθ0 → 0,

∫

↷ z
s−1(z − 1)−sdz = i

( ϵ
2

)1−s

×
(∫ π/2

0

+

∫ 2π

3π/2

)
[
1 + (ϵ/2)eiθ1

]s−1
ei(1−s)θ1dθ1 → 0.

El teorema de Cauchy-Goursat ens permet escriure

(
e−isπ − eisπ

) ∫ 1

0

xs−1(1− x)−sdx+

∮

CR

zs−1(z − 1)−sdz = 0,

és a dir, −2i sin(πs)I = −
∮
CR

zs−1(z − 1)−sdz. Per tant,

I(s) =
1

2i sin(πs)

∮

CR

zs−1(z − 1)−sdz.

L’integrand es pot representar per una sèrie de Laurent en potències de z
a la regió |z| > 1, ja que és anaĺıtic en aquesta regió. La sèrie és

zs−1(z − 1)−s = zs−1−s
(
1− 1

z

)−s
=

1

z

(
1 +

s

z
+ · · ·

)
=

1

z
+

s

z2
+ . . . ,

i es pot obtenir, per exemple, a partir de la sèrie binomial (vegeu també
la resolució del problema P4.8)

(1 + z)s =
∞∑

n=0

(
s

n

)
zn.

En ser la sèrie convergent, es pot integrar terme a terme. Tenim

∮

CR

dz

z
= 2πi,

∮

CR

dz

zn
= 0, n ̸= 1,

i, per tant,

I(s) =
π

sin(πs)
= π csc(πs)
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Alternativament, podŕıem haver raonat de la manera següent. Si fem el
canvi z = 1/w obtenim

∮

CR

zs−1(z − 1)−sdz =

∮

C∗
1/R

w1−s
(
1

w
− 1

)−s(
−dw

w2

)

=

∮

C1/R

(1− w)−s

w
dw = 2πi,

ja que l’integrand té un pol simple a l’interior de la circumferència C1/R

de radi 1/R i centre w = 0 (observem que el numerador és una funció
anaĺıtica al voltant d’aquest punt).

S5.9 (a) De la definició de la funció gamma d’Euler tenim

Γ(s)Γ(1− s) =

∫ ∞

0

xs−1e−xdx

∫ ∞

0

y−se−ydy =

∫∫

x,y≥0
xs−1y−se−x−ydxdy

si 0 < s, 0 < −s+ 1, és a dir, si 0 < s < 1. La integral és sobre el primer
quadrant del pla xy. Si fem el canvi

x = uv, y = (1− u)v

veiem que aquest quadrant esdevé la franja 0 ≤ u ≤ 1, 0 ≤ v del pla uv, i
∣∣∣∣
∂(x, y)

∂(u, v)

∣∣∣∣ =
∣∣∣∣
v u
−v 1− u

∣∣∣∣ = v.

Això ens permet escriure

Γ(s)Γ(1− s) =

∫ 1

0

∫ ∞

0

us−1(1− u)−se−vdvdu =

∫ 1

0

us−1(1− u)−sdu

= I(s), 0 < s < 1.

(b) Si combinem aquest resultat amb el del problema P5.8 obtenim

Γ(s)Γ(1− s) = π csc(πs)

que és l’anomenada fórmula de reflexió d’Euler. Tot i que hem obtingut
aquest resultat per 0 < s < 1, observem que f(s) = Γ(s)Γ(1−s)−π csc(πs)
és una funció anaĺıtica en el domini C− Z i, per tant, l’extensió anaĺıtica
de la funció gamma d’Euler també satisfà la relació en aquest domini.

Sabem que Γ(z) té pols a z = 0,−1,−2 . . . i no té zeros a z = 1, 2, 3 . . . ,
ja que Γ(n) = (n − 1)! ̸= 0; per tant, Γ(z) no s’anul·la a Z ⊂ C. D’altra
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banda, si z0 ̸∈ Z fos un zero de Γ(z), la funció Γ(1− z) seria anaĺıtica en
un entorn de z0 (ja que 1− z0 ̸∈ Z) i tindŕıem

0 = Γ(z0)Γ(1− z0) = π csc(πz0).

Però, com que csc(πz0) ̸= 0, arribaŕıem a una contradicció. Aix́ı doncs, con-
cloem que la funció gamma d’Euler no té cap zero.

S5.10 Recordem que si s = −1

ζ(−1) = lim
s→−1

1/Γ(s)

1− e2πis

∫

C

ts−1

et − 1
dt,

on C és un contorn com el que es mostra a la figura 4.11. A s = −1 la
funció 1/Γ(s) hi té un zero, ja que Γ(s) hi té un pol. El residu en aquest
pol és (−1)1/1! = −1. Per tant,

ζ(−1) = lim
s→−1

−(s+ 1)

1− e2πi(s+1)

∫

C

1

t2(et − 1)
dt

= lim
s→−1

−(s+ 1)

1− [1 + 2πi(s+ 1) + · · · ]

∫

C

1

t2(et − 1)
dt

=
1

2πi

∮

C

1

t2(et − 1)
dt ,

on a l’última ĺınia hem tancat el contorn C per la dreta i l’hem convertit
en el de la figura 4.14. Això ho podem fer perquè l’integrand no té tall
de branca quan s = −1. L’integrand només té un pol d’ordre 3 a l’origen
i l’última integral la podem calcular usant el teorema dels residus. Per
trobar el residu desenvolupem l’integrand en sèrie de Laurent al voltant
de z = 0:

1

t2(et − 1)
=

1

t3 (1 + t/2 + t2/6 + · · · )

=
1

t3

[
1−

(
t/2 + t2/6 + · · ·

)
+
(
t/2 + t2/6 + · · ·

)2
+ · · ·

]

=
1

t3

[
1− t

2
+

t2

4
− t2

6
+ · · ·

]
=

1

t3
− 1

2t2
+

1

12t
+ · · ·

Per tant,

res
t=0

[
1

t2(et − 1)

]
=

1

12
.

Alternativament (però el càlcul és més larg), podem usar la fórmula

res
t=0

[
1

t2(et − 1)

]
=

1

2
lim
t→0

d2

dt2

[
t

(et − 1)

]
.
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Finalment obtenim

ζ(−1) = − 1

12
.

El signe − és conseqüència del fet que C (figura 4.14) es recorre en sentit
horari.

La suma infinita 1+2+3+ · · · , que és clarament divergent, s’escriu també

∞∑

n=1

1

n−1
.

Com que ζ(s) és l’única funció anaĺıtica a C − {1} que coincideix amb∑∞
n=1 1/n

s, podem definir la suma anterior com ζ(−1) = −1/12. Això
dona sentit a una suma que altrament seria infinita.1

Aquesta és la idea que hi ha al darrere de la regularització mitjançant
la funció zeta (zeta function regularization en anglès) que es fa servir en
diverses branques de les matemàtiques i la f́ısica teòrica, per exemple, en
teories quàntiques de camps i en la teoria de cordes.

1Malgrat que aquest resultat pugui sorprendre, cal recordar que una suma infinita és am-

bigua i que la prescripció
∑∞

0 · · · def
= limn→∞

∑n
0 · · · és una, però no l’única, opció possible.
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Apèndix: Exàmens resolts

Examen A

PA.1 Considereu la regió del pla complex z
{

e ≤ |z| ≤ e2,
Re z < 0.

En quina regió del pla complex w es transforma per la funció w = log (z2)?
Suposeu que la branca de log escollida és anaĺıtica a la regió donada.
Representeu gràficament les dues regions.

PA.2 La funció f té un pol simple a z = ie−1 i és anaĺıtica a la resta del pla
complex. Sabem que

∮

|z|=1

f(z) dz = 1, f(2) =
1

4π(2e− i)
.

(a) Calculeu la integral ∮

|z|=3

f(z)

z − 2
dz.

(Tots els contorns es recorren en sentit positiu.)

(b) Trobeu una funció f que compleixi les condicions de l’enunciat.

PA.3 Representeu gràficament i expresseu en forma polar o binomial tots els
valors de:

(a) 11/iπ (b)

(
cosh

iπ

6

)1/3

PA.4 Trobeu el(s) desenvolupament(s) en sèrie de potències de la funció

f(z) =
sin z

(π − 2z)2
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al voltant del(s) seu(s) punt(s) singular(s) i especifiqueu-ne la regió de
convergència.

PA.5 Si a és un nombre real positiu, utilitzeu el mètode dels residus per calcular
la integral ∫ ∞

0

x sin(ax)

x2 + 1
dx.

Nota: Aquesta integral és convergent; no cal comprovar-ho.

Solucions

SA.1 La regió del pla complex de l’enunciat és l’àrea ombrejada de la figura A.1:
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C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="QBcOP19TV8K+izzn6qbm5jeNN3E=">AAAB7HicbZC7TgJBFIbPekW8oZY2E4kJNmSXRLSTxMYSExdIAMnscIAJs7ObmVkTQngGGguNsfUprHwEOx/E3uFSKPgnk3z5/3My55wgFlwb1/1yVlbX1jc2U1vp7Z3dvf3MwWFFR4li6LNIRKoWUI2CS/QNNwJrsUIaBgKrQf96klcfUGkeyTsziLEZ0q7kHc6osZbPCd4XWpmsm3enIsvgzSF79Z77/hg3zsqtzGejHbEkRGmYoFrXPTc2zSFVhjOBo3Qj0RhT1qddrFuUNETdHE6HHZFT67RJJ1L2SUOm7u+OIQ21HoSBrQyp6enFbGL+l9UT07lsDrmME4OSzT7qJIKYiEw2J22ukBkxsECZ4nZWwnpUUWbsfdL2CN7iystQKeS9Yv781suWijBTCo7hBHLgwQWU4AbK4AMDDmN4gmdHOo/Oi/M6K11x5j1H8EfO2w9TyJIT</latexit>

ie2

<latexit sha1_base64="Hr/+4dzTVuAxJLTzZEeNNdP1fBA=">AAAB63icbZC7SgNBFIbPeo3xkqiFhc1iEGwMuwGjVgZsLCOYCyRrmJ3MJkNmZpeZWSEseQUbC0VsfRsrC8GnibNJCk38YeDj/89hzjl+xKjSjvNtLS2vrK6tZzaym1vbO7n87l5dhbHEpIZDFsqmjxRhVJCappqRZiQJ4j4jDX9wneaNByIVDcWdHkbE46gnaEAx0ql1Su5LnXzBKToT2YvgzqBwNT74uBx/5aqd/Ge7G+KYE6ExQ0q1XCfSXoKkppiRUbYdKxIhPEA90jIoECfKSyazjuxj43TtIJTmCW1P3N8dCeJKDblvKjnSfTWfpeZ/WSvWwYWXUBHFmgg8/SiIma1DO13c7lJJsGZDAwhLama1cR9JhLU5T9YcwZ1feRHqpaJbLp7duoVKGabKwCEcwQm4cA4VuIEq1ABDHx7hGV4sbj1Zr9bbtHTJmvXswx9Z7z8M2ZH9</latexit>

�e2

<latexit sha1_base64="UMBwfE31tg2it3PBVAoM3ixXFa4=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwMuwGjVgZsLCO4SSBZw+xkNhkyO7vMzAphyTPYWChi69NYWQg+TZxcCk38YeDj/89hzjl+zJnStv1tLS2vrK6tZzaym1vbO7n87l5NRYkk1CURj2TDx4pyJqirmea0EUuKQ5/Tut+/Huf1ByoVi8SdHsTUC3FXsIARrI3lnjJ6X2rnC3bRnggtgjODwtXo4ONy9JWrtvOfrU5EkpAKTThWqunYsfZSLDUjnA6zrUTRGJM+7tKmQYFDqrx0MuwQHRung4JImic0mri/O1IcKjUIfVMZYt1T89nY/C9rJjq48FIm4kRTQaYfBQlHOkLjzVGHSUo0HxjARDIzKyI9LDHR5j5ZcwRnfuVFqJWKTrl4dusUKmWYKgOHcAQn4MA5VOAGquACAQaP8AwvlrCerFfrbVq6ZM169uGPrPcf0k+ScA==</latexit>

�ie2

<latexit sha1_base64="tC/Bj+aQg5PQN/VGA2Z1B2tx25s=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxoLpAsYXZykgyZvTAzK4Qlj2BjoYitj2NlIfg0cXIpNPGHgY//P4c553iR4Erb9reVWlpeWV1Lr2c2Nre2s7md3aoKY8mwwkIRyrpHFQoeYEVzLbAeSaS+J7Dm9a/Hee0BpeJhcK8HEbo+7Qa8wxnVxro74djK5e2CPRFZBGcG+avR/sfl6CtbbuU+m+2QxT4GmgmqVMOxI+0mVGrOBA4zzVhhRFmfdrFhMKA+KjeZjDokR8Zpk04ozQs0mbi/OxLqKzXwPVPpU91T89nY/C9rxLpz4SY8iGKNAZt+1IkF0SEZ703aXCLTYmCAMsnNrIT1qKRMm+tkzBGc+ZUXoXpacIqFs1snXyrCVGk4gEM4BgfOoQQ3UIYKMOjCIzzDiyWsJ+vVepuWpqxZzx78kfX+A6vakcw=</latexit>�ie

<latexit sha1_base64="GiDb4rw7JMGTb8my27rKPs2iMF4=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ2eTIbOzy8ysEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7O0vLK6ll3PbWxube/kd/fqKkokxRqNeCSbPlHImcCaZppjM5ZIQp9jwx9cjvPGHUrFInGrhzF6IekJFjBKtLFuGHbyBafkTGQvgjuDwsV78fvjoX1c7eQ/292IJiEKTTlRquU6sfZSIjWjHEe5dqIwJnRAetgyKEiIyksnk47sI+N07SCS5gltT9zfHSkJlRqGvqkMie6r+Wxs/pe1Eh2ceykTcaJR0OlHQcJtHdnjte0uk0g1HxogVDIzq037RBKqzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7AddvkUU=</latexit>

ie
<latexit sha1_base64="GT8SY1KrxnIGx7rwy6MleW+eOa0=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxiLpAsYXZyNhkye2FmVgghb2BjoYitr2NlIfg0cXIpNPGHgY//P4c553ix4Erb9reVWlpeWV1Lr2c2Nre2s7md3aqKEsmwwiIRybpHFQoeYkVzLbAeS6SBJ7Dm9a7Hee0BpeJReK/7MboB7YTc54xqY92dYCuXtwv2RGQRnBnkr0b7H5ejr2y5lftstiOWBBhqJqhSDceOtTugUnMmcJhpJgpjynq0gw2DIQ1QuYPJpENyZJw28SNpXqjJxP3dMaCBUv3AM5UB1V01n43N/7JGov0Ld8DDONEYsulHfiKIjsh4bdLmEpkWfQOUSW5mJaxLJWXaHCdjjuDMr7wI1dOCUyyc3Tr5UhGmSsMBHMIxOHAOJbiBMlSAgQ+P8AwvVs96sl6tt2lpypr17MEfWe8/5yuRWQ==</latexit>�e

<latexit sha1_base64="ia5jWo7WeL4/8uNs+NnJlPyqSmY=">AAAB63icbZDLSgMxFIbPeK31VhXcuAkW0VWZEawuC90U3FSwF2iHkkkzbWiSGZKMUIa+ghsXirj1bVy58zF8AzNtF9r6Q+Dj/88h55wg5kwb1/1yVlbX1jc2c1v57Z3dvf3CwWFTR4kitEEiHql2gDXlTNKGYYbTdqwoFgGnrWBUzfLWA1WaRfLejGPqCzyQLGQEm8yq9rzzXqHoltyp0DJ4cyhWjmu3/gf5rvcKn91+RBJBpSEca93x3Nj4KVaGEU4n+W6iaYzJCA9ox6LEgmo/nc46QWfW6aMwUvZJg6bu744UC63HIrCVApuhXswy87+sk5jwxk+ZjBNDJZl9FCYcmQhli6M+U5QYPraAiWJ2VkSGWGFi7Hny9gje4srL0LwseeXS1Z1XrJRhphycwClcgAfXUIEa1KEBBIbwCM/w4gjnyXl13malK8685wj+yHn/AamBkP0=</latexit>

C 0
1

<latexit sha1_base64="37TXBuWkRvRK0bwyF7uFefnjk2I=">AAAB63icbZDLSgMxFIbP1Futt6rgxk2wiK7KTMHqstBNwU0Fe4F2KJk0bUOTzJBkhDL0Fdy4UMStb+PKnY/hG5hpu9DWHwIf/38OOecEEWfauO6Xk1lb39jcym7ndnb39g/yh0dNHcaK0AYJeajaAdaUM0kbhhlO25GiWASctoJxNc1bD1RpFsp7M4moL/BQsgEj2KRWtVe66OULbtGdCa2Ct4BC5aR263+Q73ov/9nthyQWVBrCsdYdz42Mn2BlGOF0muvGmkaYjPGQdixKLKj2k9msU3RunT4ahMo+adDM/d2RYKH1RAS2UmAz0stZav6XdWIzuPETJqPYUEnmHw1ijkyI0sVRnylKDJ9YwEQxOysiI6wwMfY8OXsEb3nlVWiWil65eHXnFSplmCsLp3AGl+DBNVSgBnVoAIERPMIzvDjCeXJenbd5acZZ9BzDHznvP6sGkP4=</latexit>

C 0
2

<latexit sha1_base64="LBNF5h/zQtc/oX2swazJ50MtzJc=">AAAB63icbZDLSgMxFIbP1Futt6rgxk2wiK7KjGJ1Weim4KaCvUA7lEyaaUOTzJBkhFL6Cm5cKOLWt3HlzsfwDcy0XWjrD4GP/z+HnHOCmDNtXPfLyaysrq1vZDdzW9s7u3v5/YOGjhJFaJ1EPFKtAGvKmaR1wwynrVhRLAJOm8GwkubNB6o0i+S9GcXUF7gvWcgINqlV6V6edfMFt+hOhZbBm0OhfFS99T/Id62b/+z0IpIIKg3hWOu258bGH2NlGOF0kuskmsaYDHGfti1KLKj2x9NZJ+jUOj0URso+adDU/d0xxkLrkQhspcBmoBez1PwvaycmvPHHTMaJoZLMPgoTjkyE0sVRjylKDB9ZwEQxOysiA6wwMfY8OXsEb3HlZWhcFL1S8erOK5RLMFMWjuEEzsGDayhDFWpQBwIDeIRneHGE8+S8Om+z0owz7zmEP3LefwCsi5D/</latexit>

C 0
3

<latexit sha1_base64="Do8oHQiGPwtglRik0KqRYiEUfDw=">AAAB63icbZDLSgMxFIbP1Futt6rgxk2wiK7KjGh1Weim4KaCvUA7lEyaaUOTzJBkhFL6Cm5cKOLWt3HlzsfwDcy0XWjrD4GP/z+HnHOCmDNtXPfLyaysrq1vZDdzW9s7u3v5/YOGjhJFaJ1EPFKtAGvKmaR1wwynrVhRLAJOm8GwkubNB6o0i+S9GcXUF7gvWcgINqlV6V6edfMFt+hOhZbBm0OhfFS99T/Id62b/+z0IpIIKg3hWOu258bGH2NlGOF0kuskmsaYDHGfti1KLKj2x9NZJ+jUOj0URso+adDU/d0xxkLrkQhspcBmoBez1PwvaycmvPHHTMaJoZLMPgoTjkyE0sVRjylKDB9ZwEQxOysiA6wwMfY8OXsEb3HlZWhcFL1S8erOK5RLMFMWjuEEzsGDayhDFWpQBwIDeIRneHGE8+S8Om+z0owz7zmEP3LefwCuEJEA</latexit>

C 0
4

<latexit sha1_base64="CRE7BYPzSBiraUyTP+FgGeAdnoA=">AAAB73icbZDLSgMxFIbP1Futl1ZduHATLIIglJmKVVcW3LisYC/QDiWTZtrQTGZMMkIZ+hJuXCji1ndx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0tr6yupdczG5tb29nczm5NhbEktEpCHsqGhxXlTNCqZprTRiQpDjxO617/epzXH6hULBR3ehBRN8BdwXxGsDZWo3hy2ooYYu1c3i7YE6FFcGaQvxrtf1yOvrKVdu6z1QlJHFChCcdKNR070m6CpWaE02GmFSsaYdLHXdo0KHBAlZtM5h2iI+N0kB9K84RGE/d3R4IDpQaBZyoDrHtqPhub/2XNWPsXbsJEFGsqyPQjP+ZIh2i8POowSYnmAwOYSGZmRaSHJSbanChjjuDMr7wItWLBKRXObp18uQRTpeEADuEYHDiHMtxABapAgMMjPMOLdW89Wa/W27Q0Zc169uCPrPcfbL2TUQ==</latexit>

2 + 3⇡i
<latexit sha1_base64="o7ytJFrhWBrDaSKawjwBOSOKdPw=">AAAB73icbZDLSgMxFIbP1Futl1ZduHATLIIglBkvVVcW3LisYC/QDiWTZtrQTGZMMkIZ+hJuXCji1ndx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0sLi2vpFcza+sbm9nc1nZVhbEktEJCHsq6hxXlTNCKZprTeiQpDjxOa17vepTXHqhULBR3uh9RN8AdwXxGsDZW/fTopBkxxFq5vF2wx0Lz4EwhfzXc/bgcfmXLrdxnsx2SOKBCE46Vajh2pN0ES80Ip4NMM1Y0wqSHO7RhUOCAKjcZzztAB8ZpIz+U5gmNxu7vjgQHSvUDz1QGWHfVbDYy/8sasfYv3ISJKNZUkMlHfsyRDtFoedRmkhLN+wYwkczMikgXS0y0OVHGHMGZXXkeqscFp1g4u3XypSJMlIY92IdDcOAcSnADZagAAQ6P8Awv1r31ZL1ab5PSlDXt2YE/st5/AG/Tk1M=</latexit>

4 + 3⇡i

<latexit sha1_base64="1IubV56jNin8FiwKFTclx6FY/UI=">AAAB7nicbZDLSgMxFIbP1Futl1ZduHATLIIglBnRqisLblxWsBdoh5JJ0zY0kwlJRihDH8KNC0Xc+jCuXAg+TU0vC239IfDx/+eQc04gOdPGdb+d1NLyyupaej2zsbm1nc3t7FZ1FCtCKyTikaoHWFPOBK0YZjitS0VxGHBaC/o347z2QJVmkbg3A0n9EHcF6zCCjbVqZydNyRBr5fJuwZ0ILYI3g/z1aP/javSVLbdyn812ROKQCkM41rrhudL4CVaGEU6HmWasqcSkj7u0YVHgkGo/mYw7REfWaaNOpOwTBk3c3x0JDrUehIGtDLHp6flsbP6XNWLTufQTJmRsqCDTjzoxRyZC491RmylKDB9YwEQxOysiPawwMfZCGXsEb37lRaieFrxi4fzOy5eKMFUaDuAQjsGDCyjBLZShAgT68AjP8OJI58l5dd6mpSln1rMHf+S8/wD8KpMW</latexit>

4 + ⇡i
<latexit sha1_base64="CA5AW1camy2AFfGh01EPt3KQZUQ=">AAAB7nicbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisYC/QDiWTpm1oJhOSjFCGPoQbF4q49WFcuRB8mppeFtr6Q+Dj/88h55xAcqaN6347qZXVtfWN9GZma3tnN5vb26/pKFaEVknEI9UIsKacCVo1zHDakIriMOC0HgxuJnn9gSrNInFvhpL6Ie4J1mUEG2vVi2ctyRBr5/JuwZ0KLYM3h/z1+PDjavyVrbRzn61OROKQCkM41rrpudL4CVaGEU5HmVasqcRkgHu0aVHgkGo/mY47QifW6aBupOwTBk3d3x0JDrUehoGtDLHp68VsYv6XNWPTvfQTJmRsqCCzj7oxRyZCk91RhylKDB9awEQxOysifawwMfZCGXsEb3HlZagVC16pcH7n5cslmCkNR3AMp+DBBZThFipQBQIDeIRneHGk8+S8Om+z0pQz7zmAP3LefwD5FpMU</latexit>

2 + ⇡i

<latexit sha1_base64="azRholU07pB7Ieu2yFzuBR2CMKQ=">AAAB7nicbZDLSgMxFIbP1Futl1ZduHATLIIby4xi1ZUFNy4r2Au0Q8mkaRuayYQkI5ShD+HGhSJufRhXLgSfpqaXhbb+EPj4/3PIOSeQnGnjut9Oaml5ZXUtvZ7Z2NzazuZ2dqs6ihWhFRLxSNUDrClnglYMM5zWpaI4DDitBf2bcV57oEqzSNybgaR+iLuCdRjBxlq1k7OmZIi1cnm34E6EFsGbQf56tP9xNfrKllu5z2Y7InFIhSEca93wXGn8BCvDCKfDTDPWVGLSx13asChwSLWfTMYdoiPrtFEnUvYJgybu744Eh1oPwsBWhtj09Hw2Nv/LGrHpXPoJEzI2VJDpR52YIxOh8e6ozRQlhg8sYKKYnRWRHlaYGHuhjD2CN7/yIlRPC16xcH7n5UtFmCoNB3AIx+DBBZTgFspQAQJ9eIRneHGk8+S8Om/T0pQz69mDP3LefwD9rJMX</latexit>�3⇡i

<latexit sha1_base64="BYjAD7reY7cuvikf+jVayeYMrFY=">AAAB7XicbZDLSgMxFIbP1Futl1ZduHATLIIby4xg1ZUFNy4r2Au0Q8mkmTY2kwxJRiil7+DGhSJufRlXLgSfpqaXhbb+EPj4/3PIOSeIOdPGdb+d1NLyyupaej2zsbm1nc3t7Fa1TBShFSK5VPUAa8qZoBXDDKf1WFEcBZzWgt71OK89UKWZFHemH1M/wh3BQkawsVb1pBkzxFq5vFtwJ0KL4M0gfzXa/7gcfWXLrdxnsy1JElFhCMdaNzw3Nv4AK8MIp8NMM9E0xqSHO7RhUeCIan8wmXaIjqzTRqFU9gmDJu7vjgGOtO5Hga2MsOnq+Wxs/pc1EhNe+AMm4sRQQaYfhQlHRqLx6qjNFCWG9y1gopidFZEuVpgYe6CMPYI3v/IiVE8LXrFwduvlS0WYKg0HcAjH4ME5lOAGylABAvfwCM/w4kjnyXl13qalKWfWswd/5Lz/AIpGkto=</latexit>�⇡i

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="yc5McTjo8WG2fKS/gaDFyWGgO/c=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzitWdBTcuK9gLtEPJpJk2NpMMSUYoQ59BNy4UcetLuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvR3n9jirNpLgxg5j6Ee4KFjKCjbVqJ62YIdbO5d2iOxaaB28K+Yv3wvfHfeuo0s59tjqSJBEVhnCsddNzY+OnWBlGOB1mW4mmMSZ93KVNiwJHVPvpeNohOrROB4VS2ScMGru/O1IcaT2IAlsZYdPTs9nI/C9rJiY891Mm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CsPYI3u/I81I6LXql4eu3lyyWYKAP7cAAF8OAMynAFFagCgVt4gCd4dqTz6Lw4r5PSBWfaswd/5Lz9ACiUkpA=</latexit>

3⇡i

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4
<latexit sha1_base64="qUjjms56o8d44K/Dx5BbNHCd2/Y=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVUieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEqLQlBOlWq4Tay8lUjPKcZRtJwpjQgekhy2DgoSovHQy6Mg+Nk7XDiJpntD2xP3dkZJQqWHom8qQ6L6az8bmf1kr0cGFlzIRJxoFnX4UJNzWkT3e2u4yiVTzoQFCJTOz2rRPJKHa3CZrjuDOr7wI9dOiWyqeVd18uQRTZeAQjqAALpxDGa6hAjWggHAPT/Bs3VqP1ov1Oi1dsmY9B/BH1tsPy7OQow==</latexit>

6

<latexit sha1_base64="8Bi01TwYz/FKl29JGJ4uSe7bxg0=">AAAB7HicbVC7SgNBFL0bXzG+opaCDAbBQsKu4KMzYGOZgJsEkiXMTmaTIbOzy8ysEJaU1jYWitja2/kddn6DfoSzSQpNPHC5h3Pu5T78mDOlbfvTyi0sLi2v5FcLa+sbm1vF7Z26ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wlfmNWyoVi8SNHsbUC3FPsIARrI3k2mXbdjrFUpYzoHniTEnp8u3rbv+99l3tFD/a3YgkIRWacKxUy7Fj7aVYakY4HRXaiaIxJgPcoy1DBQ6p8tLxsiN0aJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn4J5gjN78jypn5Sds/JpzSlVjmGCPOzBARyBA+dQgWuoggsEGNzDIzxZwnqwnq2XSWnOmvbswh9Yrz8oCZH/</latexit>

0.001
<latexit sha1_base64="6jET0KSUTbDQHrLHu5xH/mn/WWQ=">AAAB7HicbVC7SgNBFL3rM8ZX1FKQwSBYSNgN+OgM2Fgm4CaBZAmzk9lkyOzsMjMrhCWltY2FIrb2dn6Hnd+gH+FskkITD1zu4Zx7uQ8/5kxp2/60FhaXlldWc2v59Y3Nre3Czm5dRYkk1CURj2TTx4pyJqirmea0GUuKQ5/Thj+4yvzGLZWKReJGD2PqhbgnWMAI1kZy7ZJtlzuFYpYzoHniTEnx8u3r7uC99l3tFD7a3YgkIRWacKxUy7Fj7aVYakY4HeXbiaIxJgPcoy1DBQ6p8tLxsiN0ZJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn7x5gjN78jypl0vOWem05hQrJzBBDvbhEI7BgXOowDVUwQUCDO7hEZ4sYT1Yz9bLpHTBmvbswR9Yrz8pjZIA</latexit>

0.002

<latexit sha1_base64="FzGDj1VJhSpUE3VSL9Zj6Nm2VGQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnPlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx84P5F2</latexit>

e2
<latexit sha1_base64="RCiMSWH6j5egZ9vUMlJK1auBijw=">AAAB6nicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZ0VwgWcPs5GwyZHZ2mZkVwpJHEMFCEVsfw8pHsPNB7J1cCk38YeDj/89hzjl+zJnSjvNlLSwuLa+sZtay6xubW9u5nd2aihJJsUojHsmGTxRyJrCqmebYiCWS0OdY9/sXo7x+h1KxSNzoQYxeSLqCBYwSbaxrvHXaubxTdMay58GdQv78vfD98dA6qrRzn61ORJMQhaacKNV0nVh7KZGaUY7DbCtRGBPaJ11sGhQkROWl41GH9qFxOnYQSfOEtsfu746UhEoNQt9UhkT31Gw2Mv/LmokOzryUiTjRKOjkoyDhto7s0d52h0mkmg8MECqZmdWmPSIJ1eY6WXMEd3bleagdF91S8eTKzZdLMFEG9uEACuDCKZThEipQBQpduIcneLa49Wi9WK+T0gVr2rMHf2S9/QA1N5F0</latexit>

e0

<latexit sha1_base64="Eg5bdqeb2aE3W4fmo1Kd1KcDSBg=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEurDMFKzuLLhxWcFeoK0lk2ba2EwyJBmhDH0G3bhQxK0v4cpHcOeDuDe9LLT1h8DH/59Dzjl+xJk2rvvlLCwuLa+sptbS6xubW9uZnd2qlrEitEIkl6ruY005E7RimOG0HimKQ5/Tmt+/GOW1O6o0k+LaDCLaCnFXsIARbKxVpTfJcWHYzmTdvDsWmgdvCtnz99z3x33zqNzOfDY7ksQhFYZwrHXDcyPTSrAyjHA6TDdjTSNM+rhLGxYFDqluJeNph+jQOh0USGWfMGjs/u5IcKj1IPRtZYhNT89mI/O/rBGb4KyVMBHFhgoy+SiIOTISjVZHHaYoMXxgARPF7KyI9LDCxNgDpe0RvNmV56FayHvF/MmVly0VYaIU7MMB5MCDUyjBJZShAgRu4QGe4NmRzqPz4rxOShecac8e/JHz9gNndZK5</latexit>

e�2

<latexit sha1_base64="hAvBkE6l7aKEmVDb4EnYWsH5wRI=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEa3uLLhxWcFeoB1LJj1tYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDqD4GP/z+HnHOCiDNtXPfTSc3NLywupZczK6tr6xvZza2qlrGiUKGSS1UPiAbOBFQMMxzqkQISBhxqQf98lNduQWkmxZUZROCHpCtYh1FirFWF6+TgaNjK5tyCOxb+C94Ucmdv+a/3u+Z+uZX9aLYljUMQhnKidcNzI+MnRBlGOQwzzVhDRGifdKFhUZAQtJ+Mpx3iPeu0cUcq+4TBY/dnR0JCrQdhYCtDYnp6NhuZ/2WN2HRO/YSJKDYg6OSjTsyxkXi0Om4zBdTwgQVCFbOzYtojilBjD5SxR/BmV/4L1cOCVywcX3q5UhFNlEY7aBflkYdOUAldoDKqIIpu0D16RE+OdB6cZ+dlUppypj3b6Jec129qf5K7</latexit>

e�4

<latexit sha1_base64="zPJ9DRArjxf8AQWgyz2XK/k/M50=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsNCwKxjtDNhYJmAukKxhdjKbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYElohggtZ97CinIW0opnmtB5JigOP05rXuxjmtVsqFRPhle5H1A1wJ2Q+I1gbq0qvk6PCoJXN2Xl7JDQLzgRy529fd7vv5e9SK/vRbAsSBzTUhGOlGo4daTfBUjPC6SDTjBWNMOnhDm0YDHFAlZuMph2gfeO0kS+keaFGI/d3R4IDpfqBZyoDrLtqOhua/2WNWPtnbsLCKNY0JOOP/JgjLdBwddRmkhLN+wYwkczMikgXS0y0OVDGHMGZXnkWqsd5p5A/KTu54iGMlYYd2IMDcOAUinAJJagAgRu4h0d4soT1YD1bL+PSlDXp2YY/sl5/ABvnkzg=</latexit>

e�6
<latexit sha1_base64="+4oX39h0y/5xLdeNpdYNFGlD/PI=">AAAB7XicbZC7SgNBFIZn4y3GW9RSkMEgWGjYFdR0BmwsEzAXSNYwOzmbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYUqhQwYWse0QBZyFUNNMc6pEEEngcal7vYpjXbkEqJsIr3Y/ADUgnZD6jRBurCtfJUWHQyubsvD0SngVnArnzt6+73ffyd6mV/Wi2BY0DCDXlRKmGY0faTYjUjHIYZJqxgojQHulAw2BIAlBuMpp2gPeN08a+kOaFGo/c3x0JCZTqB56pDIjuqulsaP6XNWLtF9yEhVGsIaTjj/yYYy3wcHXcZhKo5n0DhEpmZsW0SySh2hwoY47gTK88C9XjvHOaPyk7ueIhGiuNdtAeOkAOOkNFdIlKqIIoukH36BE9WcJ6sJ6tl3Fpypr0bKM/sl5/AB7xkzo=</latexit>

e�8

<latexit sha1_base64="OjkQOkgxrEjqhXHhnQUeh4oUlgY=">AAAB7nicbZC7SgNBFIbPxluMt6ilIItBsNCwG/DSGbCxTMBcIFnD7OQkGTI7u8zMCmFJ6QPYWChia2vnc9j5DPoQTi6FRn8Y+Pj/c5hzjh9xprTjfFipufmFxaX0cmZldW19I7u5VVVhLClWaMhDWfeJQs4EVjTTHOuRRBL4HGt+/2KU125QKhaKKz2I0AtIV7AOo0Qbq4bXyZFbGLayOSfvjGX/BXcKufPXz9vdt/JXqZV9b7ZDGgcoNOVEqYbrRNpLiNSMchxmmrHCiNA+6WLDoCABKi8Zjzu0943TtjuhNE9oe+z+7EhIoNQg8E1lQHRPzWYj87+sEevOmZcwEcUaBZ181Im5rUN7tLvdZhKp5gMDhEpmZrVpj0hCtblQxhzBnV35L1QLefckf1x2c8VDmCgNO7AHB+DCKRThEkpQAQp9uIMHeLQi6956sp4npSlr2rMNv2S9fAOG0pNv</latexit>

e�12
<latexit sha1_base64="YXBw4lCe2GGC0W+i5ftBnP+2E2s=">AAAB7nicbZDJSgNBEIZr4hbjFvUoSGMQPGiYEVxuBrx4TMAskIyhp1NJmvQsdPcIYcjRB/DiQRGvXr35HN58Bn0IO8tBE39o+Pj/KrqqvEhwpW3700rNzS8sLqWXMyura+sb2c2tigpjybDMQhHKmkcVCh5gWXMtsBZJpL4nsOr1Lod59Ral4mFwrfsRuj7tBLzNGdXGquJNcuTYg2Y2Z+ftkcgsOBPIXbx93e2+l76LzexHoxWy2MdAM0GVqjt2pN2ESs2ZwEGmESuMKOvRDtYNBtRH5SajcQdk3zgt0g6leYEmI/d3R0J9pfq+Zyp9qrtqOhua/2X1WLfP3YQHUawxYOOP2rEgOiTD3UmLS2Ra9A1QJrmZlbAulZRpc6GMOYIzvfIsVI7zzmn+pOTkCocwVhp2YA8OwIEzKMAVFKEMDHpwD4/wZEXWg/VsvYxLU9akZxv+yHr9AYPIk20=</latexit>

e�10

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

Figura A.1: Regió del pla complex z del problema PA.1.

Els diversos segments C1, . . . , C4 són:

C1: z = t eiπ/2, e ≤ t ≤ e2;

C2: z = e2 eiθ, π/2 < θ < 3π/2;

C3: z = t e3iπ/2, e ≤ t ≤ e2;

C4: z = e eiθ, π/2 < θ < 3π/2.

Notem que C1 i C3 no pertanyen a la regió, ja que a l’enunciat s’especifica
que Re z és estrictament negatiu.

La funció w = log z2 (on la branca del logaritme està definida per log z =
log r + iθ; 0 ≤ θ < 2π; z = r eiθ) transforma aquests contorns en els
segments rectes següents:

C′
1: w = s+ πi, 2 ≤ s ≤ 4;

C′
2: w = 4 + iϕ, π < ϕ < 3π;

C′
3: w = s+ 3πi, 2 ≤ s ≤ 4;

C′
4: w = 2 + iϕ, π < ϕ < 3π;

on s = 2 log t i ϕ = 2θ. La regió transformada es mostra a la figura A.2.

Si considerem log z com la funció multivaluada log z = log r+ i(θ+2πk),
k ∈ Z, la regió transformada és la banda de la figura A.3, on els segments
horitzontals amb y = (2k + 1)π, k ∈ Z, no pertanyen a la regió.
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<latexit sha1_base64="8l9rnvQ8JfS+a89DgcMAiBc7aY0=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ7PJkNnZZeasEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY8E1Os6XlVlaXlldy67nNja3tnfyu3t1HSWKshqNRKSaPtFMcMlqyFGwZqwYCX3BGv7gcpw37pjSPJK3OIyZF5Ke5AGnBI11w7GTLzglZyJ7EdwZFC7ei98fD+3jaif/2e5GNAmZRCqI1i3XidFLiUJOBRvl2olmMaED0mMtg5KETHvpZNKRfWScrh1EyjyJ9sT93ZGSUOth6JvKkGBfz2dj87+slWBw7qVcxgkySacfBYmwMbLHa9tdrhhFMTRAqOJmVpv2iSIUzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7Ae4rkVQ=</latexit>

it

<latexit sha1_base64="ChtxH07EIyuaDMXgS/JX5AuWJWc=">AAAB7HicbZBNS8NAEIYn9avWr6rgxUuwCF6sScHaY8GLxwr2A9pQNttNu3SzCbsToYT+Bi8eKqJHf5A30R/jtvWgrS8sPLzvDDszfiy4Rsf5sDIrq2vrG9nN3Nb2zu5efv+goaNEUVankYhUyyeaCS5ZHTkK1ooVI6EvWNMfXk/z5j1TmkfyDkcx80LSlzzglKCx6uccL0rdfMEpOjPZy+D+QKF6FL9Ovj4rtW7+vdOLaBIyiVQQrduuE6OXEoWcCjbOdRLNYkKHpM/aBiUJmfbS2bBj+9Q4PTuIlHkS7Zn7uyMlodaj0DeVIcGBXsym5n9ZO8Gg4qVcxgkySecfBYmwMbKnm9s9rhhFMTJAqOJmVpsOiCIUzX1y5gju4srL0CgV3XLx8tYtVMswVxaO4QTOwIUrqMIN1KAOFDg8wASeLGk9Ws/Wy7w0Y/30HMIfWW/fL6GR/Q==</latexit>�it/2

<latexit sha1_base64="8l9rnvQ8JfS+a89DgcMAiBc7aY0=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ7PJkNnZZeasEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY8E1Os6XlVlaXlldy67nNja3tnfyu3t1HSWKshqNRKSaPtFMcMlqyFGwZqwYCX3BGv7gcpw37pjSPJK3OIyZF5Ke5AGnBI11w7GTLzglZyJ7EdwZFC7ei98fD+3jaif/2e5GNAmZRCqI1i3XidFLiUJOBRvl2olmMaED0mMtg5KETHvpZNKRfWScrh1EyjyJ9sT93ZGSUOth6JvKkGBfz2dj87+slWBw7qVcxgkySacfBYmwMbLHa9tdrhhFMTRAqOJmVpv2iSIUzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7Ae4rkVQ=</latexit>

it

<latexit sha1_base64="ChtxH07EIyuaDMXgS/JX5AuWJWc=">AAAB7HicbZBNS8NAEIYn9avWr6rgxUuwCF6sScHaY8GLxwr2A9pQNttNu3SzCbsToYT+Bi8eKqJHf5A30R/jtvWgrS8sPLzvDDszfiy4Rsf5sDIrq2vrG9nN3Nb2zu5efv+goaNEUVankYhUyyeaCS5ZHTkK1ooVI6EvWNMfXk/z5j1TmkfyDkcx80LSlzzglKCx6uccL0rdfMEpOjPZy+D+QKF6FL9Ovj4rtW7+vdOLaBIyiVQQrduuE6OXEoWcCjbOdRLNYkKHpM/aBiUJmfbS2bBj+9Q4PTuIlHkS7Zn7uyMlodaj0DeVIcGBXsym5n9ZO8Gg4qVcxgkySecfBYmwMbKnm9s9rhhFMTJAqOJmVpsOiCIUzX1y5gju4srL0CgV3XLx8tYtVMswVxaO4QTOwIUrqMIN1KAOFDg8wASeLGk9Ws/Wy7w0Y/30HMIfWW/fL6GR/Q==</latexit>�it/2

<latexit sha1_base64="Q8waQJd09VtZt9v1lNan5CExEL4=">AAAB6nicbZDLSsNAFIZP6q2mXqou3QSL4KokgtWVFty4rNReoA1lMp22QyeTMHMi1NBHcKELRdz6RO58Cl/B6WWhrT8MfPz/Ocw5J4gF1+i6X1ZmZXVtfSO7aee2tnd283v7dR0lirIajUSkmgHRTHDJashRsGasGAkDwRrB8HqSN+6Z0jySdziKmR+SvuQ9Tgkaq4qXbidfcIvuVM4yeHMoXH3nqP1Ufah08p/tbkSTkEmkgmjd8twY/ZQo5FSwsd1ONIsJHZI+axmUJGTaT6ejjp1j43SdXqTMk+hM3d8dKQm1HoWBqQwJDvRiNjH/y1oJ9i78lMs4QSbp7KNeIhyMnMneTpcrRlGMDBCquJnVoQOiCEVzHdscwVtceRnqp0WvVDy79QrlEsyUhUM4ghPw4BzKcAMVqAGFPjzCC7xawnq23qz3WWnGmvccwB9ZHz/fzZB5</latexit>

t > 0
<latexit sha1_base64="1MnlRm7NdkMhiVDQgfyFhCWrjP8=">AAAB6nicbZDLSsNAFIZP6q2mXqou3QSL4KokgtWFYMGNy0rtBdpQJtNpO3QyCTMnQg19BBe6UMStT+TOp/AVnF4W2vrDwMf/n8Occ4JYcI2u+2VlVlbX1jeym3Zua3tnN7+3X9dRoiir0UhEqhkQzQSXrIYcBWvGipEwEKwRDK8neeOeKc0jeYejmPkh6Uve45Sgsap46XbyBbfoTuUsgzeHwtV3jtpP1YdKJ//Z7kY0CZlEKojWLc+N0U+JQk4FG9vtRLOY0CHps5ZBSUKm/XQ66tg5Nk7X6UXKPInO1P3dkZJQ61EYmMqQ4EAvZhPzv6yVYO/CT7mME2SSzj7qJcLByJns7XS5YhTFyAChiptZHTogilA017HNEbzFlZehflr0SsWzW69QLsFMWTiEIzgBD86hDDdQgRpQ6MMjvMCrJaxn6816n5VmrHnPAfyR9fED3MOQdw==</latexit>

t < 0

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="QBcOP19TV8K+izzn6qbm5jeNN3E=">AAAB7HicbZC7TgJBFIbPekW8oZY2E4kJNmSXRLSTxMYSExdIAMnscIAJs7ObmVkTQngGGguNsfUprHwEOx/E3uFSKPgnk3z5/3My55wgFlwb1/1yVlbX1jc2U1vp7Z3dvf3MwWFFR4li6LNIRKoWUI2CS/QNNwJrsUIaBgKrQf96klcfUGkeyTsziLEZ0q7kHc6osZbPCd4XWpmsm3enIsvgzSF79Z77/hg3zsqtzGejHbEkRGmYoFrXPTc2zSFVhjOBo3Qj0RhT1qddrFuUNETdHE6HHZFT67RJJ1L2SUOm7u+OIQ21HoSBrQyp6enFbGL+l9UT07lsDrmME4OSzT7qJIKYiEw2J22ukBkxsECZ4nZWwnpUUWbsfdL2CN7iystQKeS9Yv781suWijBTCo7hBHLgwQWU4AbK4AMDDmN4gmdHOo/Oi/M6K11x5j1H8EfO2w9TyJIT</latexit>

ie2

<latexit sha1_base64="Hr/+4dzTVuAxJLTzZEeNNdP1fBA=">AAAB63icbZC7SgNBFIbPeo3xkqiFhc1iEGwMuwGjVgZsLCOYCyRrmJ3MJkNmZpeZWSEseQUbC0VsfRsrC8GnibNJCk38YeDj/89hzjl+xKjSjvNtLS2vrK6tZzaym1vbO7n87l5dhbHEpIZDFsqmjxRhVJCappqRZiQJ4j4jDX9wneaNByIVDcWdHkbE46gnaEAx0ql1Su5LnXzBKToT2YvgzqBwNT74uBx/5aqd/Ge7G+KYE6ExQ0q1XCfSXoKkppiRUbYdKxIhPEA90jIoECfKSyazjuxj43TtIJTmCW1P3N8dCeJKDblvKjnSfTWfpeZ/WSvWwYWXUBHFmgg8/SiIma1DO13c7lJJsGZDAwhLama1cR9JhLU5T9YcwZ1feRHqpaJbLp7duoVKGabKwCEcwQm4cA4VuIEq1ABDHx7hGV4sbj1Zr9bbtHTJmvXswx9Z7z8M2ZH9</latexit>

�e2

<latexit sha1_base64="UMBwfE31tg2it3PBVAoM3ixXFa4=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwMuwGjVgZsLCO4SSBZw+xkNhkyO7vMzAphyTPYWChi69NYWQg+TZxcCk38YeDj/89hzjl+zJnStv1tLS2vrK6tZzaym1vbO7n87l5NRYkk1CURj2TDx4pyJqirmea0EUuKQ5/Tut+/Huf1ByoVi8SdHsTUC3FXsIARrI3lnjJ6X2rnC3bRnggtgjODwtXo4ONy9JWrtvOfrU5EkpAKTThWqunYsfZSLDUjnA6zrUTRGJM+7tKmQYFDqrx0MuwQHRung4JImic0mri/O1IcKjUIfVMZYt1T89nY/C9rJjq48FIm4kRTQaYfBQlHOkLjzVGHSUo0HxjARDIzKyI9LDHR5j5ZcwRnfuVFqJWKTrl4dusUKmWYKgOHcAQn4MA5VOAGquACAQaP8AwvlrCerFfrbVq6ZM169uGPrPcf0k+ScA==</latexit>

�ie2

<latexit sha1_base64="tC/Bj+aQg5PQN/VGA2Z1B2tx25s=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxoLpAsYXZykgyZvTAzK4Qlj2BjoYitj2NlIfg0cXIpNPGHgY//P4c553iR4Erb9reVWlpeWV1Lr2c2Nre2s7md3aoKY8mwwkIRyrpHFQoeYEVzLbAeSaS+J7Dm9a/Hee0BpeJhcK8HEbo+7Qa8wxnVxro74djK5e2CPRFZBGcG+avR/sfl6CtbbuU+m+2QxT4GmgmqVMOxI+0mVGrOBA4zzVhhRFmfdrFhMKA+KjeZjDokR8Zpk04ozQs0mbi/OxLqKzXwPVPpU91T89nY/C9rxLpz4SY8iGKNAZt+1IkF0SEZ703aXCLTYmCAMsnNrIT1qKRMm+tkzBGc+ZUXoXpacIqFs1snXyrCVGk4gEM4BgfOoQQ3UIYKMOjCIzzDiyWsJ+vVepuWpqxZzx78kfX+A6vakcw=</latexit>�ie

<latexit sha1_base64="GiDb4rw7JMGTb8my27rKPs2iMF4=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ2eTIbOzy8ysEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7O0vLK6ll3PbWxube/kd/fqKkokxRqNeCSbPlHImcCaZppjM5ZIQp9jwx9cjvPGHUrFInGrhzF6IekJFjBKtLFuGHbyBafkTGQvgjuDwsV78fvjoX1c7eQ/292IJiEKTTlRquU6sfZSIjWjHEe5dqIwJnRAetgyKEiIyksnk47sI+N07SCS5gltT9zfHSkJlRqGvqkMie6r+Wxs/pe1Eh2ceykTcaJR0OlHQcJtHdnjte0uk0g1HxogVDIzq037RBKqzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7AddvkUU=</latexit>

ie
<latexit sha1_base64="GT8SY1KrxnIGx7rwy6MleW+eOa0=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxiLpAsYXZyNhkye2FmVgghb2BjoYitr2NlIfg0cXIpNPGHgY//P4c553ix4Erb9reVWlpeWV1Lr2c2Nre2s7md3aqKEsmwwiIRybpHFQoeYkVzLbAeS6SBJ7Dm9a7Hee0BpeJReK/7MboB7YTc54xqY92dYCuXtwv2RGQRnBnkr0b7H5ejr2y5lftstiOWBBhqJqhSDceOtTugUnMmcJhpJgpjynq0gw2DIQ1QuYPJpENyZJw28SNpXqjJxP3dMaCBUv3AM5UB1V01n43N/7JGov0Ld8DDONEYsulHfiKIjsh4bdLmEpkWfQOUSW5mJaxLJWXaHCdjjuDMr7wI1dOCUyyc3Tr5UhGmSsMBHMIxOHAOJbiBMlSAgQ+P8AwvVs96sl6tt2lpypr17MEfWe8/5yuRWQ==</latexit>�e

<latexit sha1_base64="ia5jWo7WeL4/8uNs+NnJlPyqSmY=">AAAB63icbZDLSgMxFIbPeK31VhXcuAkW0VWZEawuC90U3FSwF2iHkkkzbWiSGZKMUIa+ghsXirj1bVy58zF8AzNtF9r6Q+Dj/88h55wg5kwb1/1yVlbX1jc2c1v57Z3dvf3CwWFTR4kitEEiHql2gDXlTNKGYYbTdqwoFgGnrWBUzfLWA1WaRfLejGPqCzyQLGQEm8yq9rzzXqHoltyp0DJ4cyhWjmu3/gf5rvcKn91+RBJBpSEca93x3Nj4KVaGEU4n+W6iaYzJCA9ox6LEgmo/nc46QWfW6aMwUvZJg6bu744UC63HIrCVApuhXswy87+sk5jwxk+ZjBNDJZl9FCYcmQhli6M+U5QYPraAiWJ2VkSGWGFi7Hny9gje4srL0LwseeXS1Z1XrJRhphycwClcgAfXUIEa1KEBBIbwCM/w4gjnyXl13malK8685wj+yHn/AamBkP0=</latexit>

C 0
1

<latexit sha1_base64="37TXBuWkRvRK0bwyF7uFefnjk2I=">AAAB63icbZDLSgMxFIbP1Futt6rgxk2wiK7KTMHqstBNwU0Fe4F2KJk0bUOTzJBkhDL0Fdy4UMStb+PKnY/hG5hpu9DWHwIf/38OOecEEWfauO6Xk1lb39jcym7ndnb39g/yh0dNHcaK0AYJeajaAdaUM0kbhhlO25GiWASctoJxNc1bD1RpFsp7M4moL/BQsgEj2KRWtVe66OULbtGdCa2Ct4BC5aR263+Q73ov/9nthyQWVBrCsdYdz42Mn2BlGOF0muvGmkaYjPGQdixKLKj2k9msU3RunT4ahMo+adDM/d2RYKH1RAS2UmAz0stZav6XdWIzuPETJqPYUEnmHw1ijkyI0sVRnylKDJ9YwEQxOysiI6wwMfY8OXsEb3nlVWiWil65eHXnFSplmCsLp3AGl+DBNVSgBnVoAIERPMIzvDjCeXJenbd5acZZ9BzDHznvP6sGkP4=</latexit>

C 0
2

<latexit sha1_base64="LBNF5h/zQtc/oX2swazJ50MtzJc=">AAAB63icbZDLSgMxFIbP1Futt6rgxk2wiK7KjGJ1Weim4KaCvUA7lEyaaUOTzJBkhFL6Cm5cKOLWt3HlzsfwDcy0XWjrD4GP/z+HnHOCmDNtXPfLyaysrq1vZDdzW9s7u3v5/YOGjhJFaJ1EPFKtAGvKmaR1wwynrVhRLAJOm8GwkubNB6o0i+S9GcXUF7gvWcgINqlV6V6edfMFt+hOhZbBm0OhfFS99T/Id62b/+z0IpIIKg3hWOu258bGH2NlGOF0kuskmsaYDHGfti1KLKj2x9NZJ+jUOj0URso+adDU/d0xxkLrkQhspcBmoBez1PwvaycmvPHHTMaJoZLMPgoTjkyE0sVRjylKDB9ZwEQxOysiA6wwMfY8OXsEb3HlZWhcFL1S8erOK5RLMFMWjuEEzsGDayhDFWpQBwIDeIRneHGE8+S8Om+z0owz7zmEP3LefwCsi5D/</latexit>

C 0
3

<latexit sha1_base64="Do8oHQiGPwtglRik0KqRYiEUfDw=">AAAB63icbZDLSgMxFIbP1Futt6rgxk2wiK7KjGh1Weim4KaCvUA7lEyaaUOTzJBkhFL6Cm5cKOLWt3HlzsfwDcy0XWjrD4GP/z+HnHOCmDNtXPfLyaysrq1vZDdzW9s7u3v5/YOGjhJFaJ1EPFKtAGvKmaR1wwynrVhRLAJOm8GwkubNB6o0i+S9GcXUF7gvWcgINqlV6V6edfMFt+hOhZbBm0OhfFS99T/Id62b/+z0IpIIKg3hWOu258bGH2NlGOF0kuskmsaYDHGfti1KLKj2x9NZJ+jUOj0URso+adDU/d0xxkLrkQhspcBmoBez1PwvaycmvPHHTMaJoZLMPgoTjkyE0sVRjylKDB9ZwEQxOysiA6wwMfY8OXsEb3HlZWhcFL1S8erOK5RLMFMWjuEEzsGDayhDFWpQBwIDeIRneHGE8+S8Om+z0owz7zmEP3LefwCuEJEA</latexit>

C 0
4

<latexit sha1_base64="CRE7BYPzSBiraUyTP+FgGeAdnoA=">AAAB73icbZDLSgMxFIbP1Futl1ZduHATLIIglJmKVVcW3LisYC/QDiWTZtrQTGZMMkIZ+hJuXCji1ndx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0tr6yupdczG5tb29nczm5NhbEktEpCHsqGhxXlTNCqZprTRiQpDjxO617/epzXH6hULBR3ehBRN8BdwXxGsDZWo3hy2ooYYu1c3i7YE6FFcGaQvxrtf1yOvrKVdu6z1QlJHFChCcdKNR070m6CpWaE02GmFSsaYdLHXdo0KHBAlZtM5h2iI+N0kB9K84RGE/d3R4IDpQaBZyoDrHtqPhub/2XNWPsXbsJEFGsqyPQjP+ZIh2i8POowSYnmAwOYSGZmRaSHJSbanChjjuDMr7wItWLBKRXObp18uQRTpeEADuEYHDiHMtxABapAgMMjPMOLdW89Wa/W27Q0Zc169uCPrPcfbL2TUQ==</latexit>

2 + 3⇡i
<latexit sha1_base64="o7ytJFrhWBrDaSKawjwBOSOKdPw=">AAAB73icbZDLSgMxFIbP1Futl1ZduHATLIIglBkvVVcW3LisYC/QDiWTZtrQTGZMMkIZ+hJuXCji1ndx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0sLi2vpFcza+sbm9nc1nZVhbEktEJCHsq6hxXlTNCKZprTeiQpDjxOa17vepTXHqhULBR3uh9RN8AdwXxGsDZW/fTopBkxxFq5vF2wx0Lz4EwhfzXc/bgcfmXLrdxnsx2SOKBCE46Vajh2pN0ES80Ip4NMM1Y0wqSHO7RhUOCAKjcZzztAB8ZpIz+U5gmNxu7vjgQHSvUDz1QGWHfVbDYy/8sasfYv3ISJKNZUkMlHfsyRDtFoedRmkhLN+wYwkczMikgXS0y0OVHGHMGZXXkeqscFp1g4u3XypSJMlIY92IdDcOAcSnADZagAAQ6P8Awv1r31ZL1ab5PSlDXt2YE/st5/AG/Tk1M=</latexit>

4 + 3⇡i

<latexit sha1_base64="1IubV56jNin8FiwKFTclx6FY/UI=">AAAB7nicbZDLSgMxFIbP1Futl1ZduHATLIIglBnRqisLblxWsBdoh5JJ0zY0kwlJRihDH8KNC0Xc+jCuXAg+TU0vC239IfDx/+eQc04gOdPGdb+d1NLyyupaej2zsbm1nc3t7FZ1FCtCKyTikaoHWFPOBK0YZjitS0VxGHBaC/o347z2QJVmkbg3A0n9EHcF6zCCjbVqZydNyRBr5fJuwZ0ILYI3g/z1aP/javSVLbdyn812ROKQCkM41rrhudL4CVaGEU6HmWasqcSkj7u0YVHgkGo/mYw7REfWaaNOpOwTBk3c3x0JDrUehIGtDLHp6flsbP6XNWLTufQTJmRsqCDTjzoxRyZC491RmylKDB9YwEQxOysiPawwMfZCGXsEb37lRaieFrxi4fzOy5eKMFUaDuAQjsGDCyjBLZShAgT68AjP8OJI58l5dd6mpSln1rMHf+S8/wD8KpMW</latexit>

4 + ⇡i
<latexit sha1_base64="CA5AW1camy2AFfGh01EPt3KQZUQ=">AAAB7nicbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisYC/QDiWTpm1oJhOSjFCGPoQbF4q49WFcuRB8mppeFtr6Q+Dj/88h55xAcqaN6347qZXVtfWN9GZma3tnN5vb26/pKFaEVknEI9UIsKacCVo1zHDakIriMOC0HgxuJnn9gSrNInFvhpL6Ie4J1mUEG2vVi2ctyRBr5/JuwZ0KLYM3h/z1+PDjavyVrbRzn61OROKQCkM41rrpudL4CVaGEU5HmVasqcRkgHu0aVHgkGo/mY47QifW6aBupOwTBk3d3x0JDrUehoGtDLHp68VsYv6XNWPTvfQTJmRsqCCzj7oxRyZCk91RhylKDB9awEQxOysifawwMfZCGXsEb3HlZagVC16pcH7n5cslmCkNR3AMp+DBBZThFipQBQIDeIRneHGk8+S8Om+z0pQz7zmAP3LefwD5FpMU</latexit>

2 + ⇡i

<latexit sha1_base64="azRholU07pB7Ieu2yFzuBR2CMKQ=">AAAB7nicbZDLSgMxFIbP1Futl1ZduHATLIIby4xi1ZUFNy4r2Au0Q8mkaRuayYQkI5ShD+HGhSJufRhXLgSfpqaXhbb+EPj4/3PIOSeQnGnjut9Oaml5ZXUtvZ7Z2NzazuZ2dqs6ihWhFRLxSNUDrClnglYMM5zWpaI4DDitBf2bcV57oEqzSNybgaR+iLuCdRjBxlq1k7OmZIi1cnm34E6EFsGbQf56tP9xNfrKllu5z2Y7InFIhSEca93wXGn8BCvDCKfDTDPWVGLSx13asChwSLWfTMYdoiPrtFEnUvYJgybu744Eh1oPwsBWhtj09Hw2Nv/LGrHpXPoJEzI2VJDpR52YIxOh8e6ozRQlhg8sYKKYnRWRHlaYGHuhjD2CN7/yIlRPC16xcH7n5UtFmCoNB3AIx+DBBZTgFspQAQJ9eIRneHGk8+S8Om/T0pQz69mDP3LefwD9rJMX</latexit>�3⇡i

<latexit sha1_base64="BYjAD7reY7cuvikf+jVayeYMrFY=">AAAB7XicbZDLSgMxFIbP1Futl1ZduHATLIIby4xg1ZUFNy4r2Au0Q8mkmTY2kwxJRiil7+DGhSJufRlXLgSfpqaXhbb+EPj4/3PIOSeIOdPGdb+d1NLyyupaej2zsbm1nc3t7Fa1TBShFSK5VPUAa8qZoBXDDKf1WFEcBZzWgt71OK89UKWZFHemH1M/wh3BQkawsVb1pBkzxFq5vFtwJ0KL4M0gfzXa/7gcfWXLrdxnsy1JElFhCMdaNzw3Nv4AK8MIp8NMM9E0xqSHO7RhUeCIan8wmXaIjqzTRqFU9gmDJu7vjgGOtO5Hga2MsOnq+Wxs/pc1EhNe+AMm4sRQQaYfhQlHRqLx6qjNFCWG9y1gopidFZEuVpgYe6CMPYI3v/IiVE8LXrFwduvlS0WYKg0HcAjH4ME5lOAGylABAvfwCM/w4kjnyXl13qalKWfWswd/5Lz/AIpGkto=</latexit>�⇡i

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="yc5McTjo8WG2fKS/gaDFyWGgO/c=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzitWdBTcuK9gLtEPJpJk2NpMMSUYoQ59BNy4UcetLuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvR3n9jirNpLgxg5j6Ee4KFjKCjbVqJ62YIdbO5d2iOxaaB28K+Yv3wvfHfeuo0s59tjqSJBEVhnCsddNzY+OnWBlGOB1mW4mmMSZ93KVNiwJHVPvpeNohOrROB4VS2ScMGru/O1IcaT2IAlsZYdPTs9nI/C9rJiY891Mm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CsPYI3u/I81I6LXql4eu3lyyWYKAP7cAAF8OAMynAFFagCgVt4gCd4dqTz6Lw4r5PSBWfaswd/5Lz9ACiUkpA=</latexit>

3⇡i

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4
<latexit sha1_base64="qUjjms56o8d44K/Dx5BbNHCd2/Y=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVUieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEqLQlBOlWq4Tay8lUjPKcZRtJwpjQgekhy2DgoSovHQy6Mg+Nk7XDiJpntD2xP3dkZJQqWHom8qQ6L6az8bmf1kr0cGFlzIRJxoFnX4UJNzWkT3e2u4yiVTzoQFCJTOz2rRPJKHa3CZrjuDOr7wI9dOiWyqeVd18uQRTZeAQjqAALpxDGa6hAjWggHAPT/Bs3VqP1ov1Oi1dsmY9B/BH1tsPy7OQow==</latexit>

6

<latexit sha1_base64="8Bi01TwYz/FKl29JGJ4uSe7bxg0=">AAAB7HicbVC7SgNBFL0bXzG+opaCDAbBQsKu4KMzYGOZgJsEkiXMTmaTIbOzy8ysEJaU1jYWitja2/kddn6DfoSzSQpNPHC5h3Pu5T78mDOlbfvTyi0sLi2v5FcLa+sbm1vF7Z26ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wlfmNWyoVi8SNHsbUC3FPsIARrI3k2mXbdjrFUpYzoHniTEnp8u3rbv+99l3tFD/a3YgkIRWacKxUy7Fj7aVYakY4HRXaiaIxJgPcoy1DBQ6p8tLxsiN0aJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn4J5gjN78jypn5Sds/JpzSlVjmGCPOzBARyBA+dQgWuoggsEGNzDIzxZwnqwnq2XSWnOmvbswh9Yrz8oCZH/</latexit>

0.001
<latexit sha1_base64="6jET0KSUTbDQHrLHu5xH/mn/WWQ=">AAAB7HicbVC7SgNBFL3rM8ZX1FKQwSBYSNgN+OgM2Fgm4CaBZAmzk9lkyOzsMjMrhCWltY2FIrb2dn6Hnd+gH+FskkITD1zu4Zx7uQ8/5kxp2/60FhaXlldWc2v59Y3Nre3Czm5dRYkk1CURj2TTx4pyJqirmea0GUuKQ5/Thj+4yvzGLZWKReJGD2PqhbgnWMAI1kZy7ZJtlzuFYpYzoHniTEnx8u3r7uC99l3tFD7a3YgkIRWacKxUy7Fj7aVYakY4HeXbiaIxJgPcoy1DBQ6p8tLxsiN0ZJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn7x5gjN78jypl0vOWem05hQrJzBBDvbhEI7BgXOowDVUwQUCDO7hEZ4sYT1Yz9bLpHTBmvbswR9Yrz8pjZIA</latexit>

0.002

<latexit sha1_base64="FzGDj1VJhSpUE3VSL9Zj6Nm2VGQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnPlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx84P5F2</latexit>

e2
<latexit sha1_base64="RCiMSWH6j5egZ9vUMlJK1auBijw=">AAAB6nicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZ0VwgWcPs5GwyZHZ2mZkVwpJHEMFCEVsfw8pHsPNB7J1cCk38YeDj/89hzjl+zJnSjvNlLSwuLa+sZtay6xubW9u5nd2aihJJsUojHsmGTxRyJrCqmebYiCWS0OdY9/sXo7x+h1KxSNzoQYxeSLqCBYwSbaxrvHXaubxTdMay58GdQv78vfD98dA6qrRzn61ORJMQhaacKNV0nVh7KZGaUY7DbCtRGBPaJ11sGhQkROWl41GH9qFxOnYQSfOEtsfu746UhEoNQt9UhkT31Gw2Mv/LmokOzryUiTjRKOjkoyDhto7s0d52h0mkmg8MECqZmdWmPSIJ1eY6WXMEd3bleagdF91S8eTKzZdLMFEG9uEACuDCKZThEipQBQpduIcneLa49Wi9WK+T0gVr2rMHf2S9/QA1N5F0</latexit>

e0

<latexit sha1_base64="Eg5bdqeb2aE3W4fmo1Kd1KcDSBg=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEurDMFKzuLLhxWcFeoK0lk2ba2EwyJBmhDH0G3bhQxK0v4cpHcOeDuDe9LLT1h8DH/59Dzjl+xJk2rvvlLCwuLa+sptbS6xubW9uZnd2qlrEitEIkl6ruY005E7RimOG0HimKQ5/Tmt+/GOW1O6o0k+LaDCLaCnFXsIARbKxVpTfJcWHYzmTdvDsWmgdvCtnz99z3x33zqNzOfDY7ksQhFYZwrHXDcyPTSrAyjHA6TDdjTSNM+rhLGxYFDqluJeNph+jQOh0USGWfMGjs/u5IcKj1IPRtZYhNT89mI/O/rBGb4KyVMBHFhgoy+SiIOTISjVZHHaYoMXxgARPF7KyI9LDCxNgDpe0RvNmV56FayHvF/MmVly0VYaIU7MMB5MCDUyjBJZShAgRu4QGe4NmRzqPz4rxOShecac8e/JHz9gNndZK5</latexit>

e�2

<latexit sha1_base64="hAvBkE6l7aKEmVDb4EnYWsH5wRI=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEa3uLLhxWcFeoB1LJj1tYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDqD4GP/z+HnHOCiDNtXPfTSc3NLywupZczK6tr6xvZza2qlrGiUKGSS1UPiAbOBFQMMxzqkQISBhxqQf98lNduQWkmxZUZROCHpCtYh1FirFWF6+TgaNjK5tyCOxb+C94Ucmdv+a/3u+Z+uZX9aLYljUMQhnKidcNzI+MnRBlGOQwzzVhDRGifdKFhUZAQtJ+Mpx3iPeu0cUcq+4TBY/dnR0JCrQdhYCtDYnp6NhuZ/2WN2HRO/YSJKDYg6OSjTsyxkXi0Om4zBdTwgQVCFbOzYtojilBjD5SxR/BmV/4L1cOCVywcX3q5UhFNlEY7aBflkYdOUAldoDKqIIpu0D16RE+OdB6cZ+dlUppypj3b6Jec129qf5K7</latexit>

e�4

<latexit sha1_base64="zPJ9DRArjxf8AQWgyz2XK/k/M50=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsNCwKxjtDNhYJmAukKxhdjKbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYElohggtZ97CinIW0opnmtB5JigOP05rXuxjmtVsqFRPhle5H1A1wJ2Q+I1gbq0qvk6PCoJXN2Xl7JDQLzgRy529fd7vv5e9SK/vRbAsSBzTUhGOlGo4daTfBUjPC6SDTjBWNMOnhDm0YDHFAlZuMph2gfeO0kS+keaFGI/d3R4IDpfqBZyoDrLtqOhua/2WNWPtnbsLCKNY0JOOP/JgjLdBwddRmkhLN+wYwkczMikgXS0y0OVDGHMGZXnkWqsd5p5A/KTu54iGMlYYd2IMDcOAUinAJJagAgRu4h0d4soT1YD1bL+PSlDXp2YY/sl5/ABvnkzg=</latexit>

e�6
<latexit sha1_base64="+4oX39h0y/5xLdeNpdYNFGlD/PI=">AAAB7XicbZC7SgNBFIZn4y3GW9RSkMEgWGjYFdR0BmwsEzAXSNYwOzmbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYUqhQwYWse0QBZyFUNNMc6pEEEngcal7vYpjXbkEqJsIr3Y/ADUgnZD6jRBurCtfJUWHQyubsvD0SngVnArnzt6+73ffyd6mV/Wi2BY0DCDXlRKmGY0faTYjUjHIYZJqxgojQHulAw2BIAlBuMpp2gPeN08a+kOaFGo/c3x0JCZTqB56pDIjuqulsaP6XNWLtF9yEhVGsIaTjj/yYYy3wcHXcZhKo5n0DhEpmZsW0SySh2hwoY47gTK88C9XjvHOaPyk7ueIhGiuNdtAeOkAOOkNFdIlKqIIoukH36BE9WcJ6sJ6tl3Fpypr0bKM/sl5/AB7xkzo=</latexit>

e�8

<latexit sha1_base64="OjkQOkgxrEjqhXHhnQUeh4oUlgY=">AAAB7nicbZC7SgNBFIbPxluMt6ilIItBsNCwG/DSGbCxTMBcIFnD7OQkGTI7u8zMCmFJ6QPYWChia2vnc9j5DPoQTi6FRn8Y+Pj/c5hzjh9xprTjfFipufmFxaX0cmZldW19I7u5VVVhLClWaMhDWfeJQs4EVjTTHOuRRBL4HGt+/2KU125QKhaKKz2I0AtIV7AOo0Qbq4bXyZFbGLayOSfvjGX/BXcKufPXz9vdt/JXqZV9b7ZDGgcoNOVEqYbrRNpLiNSMchxmmrHCiNA+6WLDoCABKi8Zjzu0943TtjuhNE9oe+z+7EhIoNQg8E1lQHRPzWYj87+sEevOmZcwEcUaBZ181Im5rUN7tLvdZhKp5gMDhEpmZrVpj0hCtblQxhzBnV35L1QLefckf1x2c8VDmCgNO7AHB+DCKRThEkpQAQp9uIMHeLQi6956sp4npSlr2rMNv2S9fAOG0pNv</latexit>

e�12
<latexit sha1_base64="YXBw4lCe2GGC0W+i5ftBnP+2E2s=">AAAB7nicbZDJSgNBEIZr4hbjFvUoSGMQPGiYEVxuBrx4TMAskIyhp1NJmvQsdPcIYcjRB/DiQRGvXr35HN58Bn0IO8tBE39o+Pj/KrqqvEhwpW3700rNzS8sLqWXMyura+sb2c2tigpjybDMQhHKmkcVCh5gWXMtsBZJpL4nsOr1Lod59Ral4mFwrfsRuj7tBLzNGdXGquJNcuTYg2Y2Z+ftkcgsOBPIXbx93e2+l76LzexHoxWy2MdAM0GVqjt2pN2ESs2ZwEGmESuMKOvRDtYNBtRH5SajcQdk3zgt0g6leYEmI/d3R0J9pfq+Zyp9qrtqOhua/2X1WLfP3YQHUawxYOOP2rEgOiTD3UmLS2Ra9A1QJrmZlbAulZRpc6GMOYIzvfIsVI7zzmn+pOTkCocwVhp2YA8OwIEzKMAVFKEMDHpwD4/wZEXWg/VsvYxLU9akZxv+yHr9AYPIk20=</latexit>

e�10

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

Figura A.2: Regió del pla complex w del
problema PA.1.

<latexit sha1_base64="8l9rnvQ8JfS+a89DgcMAiBc7aY0=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ7PJkNnZZeasEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY8E1Os6XlVlaXlldy67nNja3tnfyu3t1HSWKshqNRKSaPtFMcMlqyFGwZqwYCX3BGv7gcpw37pjSPJK3OIyZF5Ke5AGnBI11w7GTLzglZyJ7EdwZFC7ei98fD+3jaif/2e5GNAmZRCqI1i3XidFLiUJOBRvl2olmMaED0mMtg5KETHvpZNKRfWScrh1EyjyJ9sT93ZGSUOth6JvKkGBfz2dj87+slWBw7qVcxgkySacfBYmwMbLHa9tdrhhFMTRAqOJmVpv2iSIUzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7Ae4rkVQ=</latexit>

it

<latexit sha1_base64="ChtxH07EIyuaDMXgS/JX5AuWJWc=">AAAB7HicbZBNS8NAEIYn9avWr6rgxUuwCF6sScHaY8GLxwr2A9pQNttNu3SzCbsToYT+Bi8eKqJHf5A30R/jtvWgrS8sPLzvDDszfiy4Rsf5sDIrq2vrG9nN3Nb2zu5efv+goaNEUVankYhUyyeaCS5ZHTkK1ooVI6EvWNMfXk/z5j1TmkfyDkcx80LSlzzglKCx6uccL0rdfMEpOjPZy+D+QKF6FL9Ovj4rtW7+vdOLaBIyiVQQrduuE6OXEoWcCjbOdRLNYkKHpM/aBiUJmfbS2bBj+9Q4PTuIlHkS7Zn7uyMlodaj0DeVIcGBXsym5n9ZO8Gg4qVcxgkySecfBYmwMbKnm9s9rhhFMTJAqOJmVpsOiCIUzX1y5gju4srL0CgV3XLx8tYtVMswVxaO4QTOwIUrqMIN1KAOFDg8wASeLGk9Ws/Wy7w0Y/30HMIfWW/fL6GR/Q==</latexit>�it/2

<latexit sha1_base64="8l9rnvQ8JfS+a89DgcMAiBc7aY0=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ7PJkNnZZeasEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY8E1Os6XlVlaXlldy67nNja3tnfyu3t1HSWKshqNRKSaPtFMcMlqyFGwZqwYCX3BGv7gcpw37pjSPJK3OIyZF5Ke5AGnBI11w7GTLzglZyJ7EdwZFC7ei98fD+3jaif/2e5GNAmZRCqI1i3XidFLiUJOBRvl2olmMaED0mMtg5KETHvpZNKRfWScrh1EyjyJ9sT93ZGSUOth6JvKkGBfz2dj87+slWBw7qVcxgkySacfBYmwMbLHa9tdrhhFMTRAqOJmVpv2iSIUzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7Ae4rkVQ=</latexit>

it

<latexit sha1_base64="ChtxH07EIyuaDMXgS/JX5AuWJWc=">AAAB7HicbZBNS8NAEIYn9avWr6rgxUuwCF6sScHaY8GLxwr2A9pQNttNu3SzCbsToYT+Bi8eKqJHf5A30R/jtvWgrS8sPLzvDDszfiy4Rsf5sDIrq2vrG9nN3Nb2zu5efv+goaNEUVankYhUyyeaCS5ZHTkK1ooVI6EvWNMfXk/z5j1TmkfyDkcx80LSlzzglKCx6uccL0rdfMEpOjPZy+D+QKF6FL9Ovj4rtW7+vdOLaBIyiVQQrduuE6OXEoWcCjbOdRLNYkKHpM/aBiUJmfbS2bBj+9Q4PTuIlHkS7Zn7uyMlodaj0DeVIcGBXsym5n9ZO8Gg4qVcxgkySecfBYmwMbKnm9s9rhhFMTJAqOJmVpsOiCIUzX1y5gju4srL0CgV3XLx8tYtVMswVxaO4QTOwIUrqMIN1KAOFDg8wASeLGk9Ws/Wy7w0Y/30HMIfWW/fL6GR/Q==</latexit>�it/2

<latexit sha1_base64="Q8waQJd09VtZt9v1lNan5CExEL4=">AAAB6nicbZDLSsNAFIZP6q2mXqou3QSL4KokgtWVFty4rNReoA1lMp22QyeTMHMi1NBHcKELRdz6RO58Cl/B6WWhrT8MfPz/Ocw5J4gF1+i6X1ZmZXVtfSO7aee2tnd283v7dR0lirIajUSkmgHRTHDJashRsGasGAkDwRrB8HqSN+6Z0jySdziKmR+SvuQ9Tgkaq4qXbidfcIvuVM4yeHMoXH3nqP1Ufah08p/tbkSTkEmkgmjd8twY/ZQo5FSwsd1ONIsJHZI+axmUJGTaT6ejjp1j43SdXqTMk+hM3d8dKQm1HoWBqQwJDvRiNjH/y1oJ9i78lMs4QSbp7KNeIhyMnMneTpcrRlGMDBCquJnVoQOiCEVzHdscwVtceRnqp0WvVDy79QrlEsyUhUM4ghPw4BzKcAMVqAGFPjzCC7xawnq23qz3WWnGmvccwB9ZHz/fzZB5</latexit>

t > 0
<latexit sha1_base64="1MnlRm7NdkMhiVDQgfyFhCWrjP8=">AAAB6nicbZDLSsNAFIZP6q2mXqou3QSL4KokgtWFYMGNy0rtBdpQJtNpO3QyCTMnQg19BBe6UMStT+TOp/AVnF4W2vrDwMf/n8Occ4JYcI2u+2VlVlbX1jeym3Zua3tnN7+3X9dRoiir0UhEqhkQzQSXrIYcBWvGipEwEKwRDK8neeOeKc0jeYejmPkh6Uve45Sgsap46XbyBbfoTuUsgzeHwtV3jtpP1YdKJ//Z7kY0CZlEKojWLc+N0U+JQk4FG9vtRLOY0CHps5ZBSUKm/XQ66tg5Nk7X6UXKPInO1P3dkZJQ61EYmMqQ4EAvZhPzv6yVYO/CT7mME2SSzj7qJcLByJns7XS5YhTFyAChiptZHTogilA017HNEbzFlZehflr0SsWzW69QLsFMWTiEIzgBD86hDDdQgRpQ6MMjvMCrJaxn6816n5VmrHnPAfyR9fED3MOQdw==</latexit>

t < 0

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="QBcOP19TV8K+izzn6qbm5jeNN3E=">AAAB7HicbZC7TgJBFIbPekW8oZY2E4kJNmSXRLSTxMYSExdIAMnscIAJs7ObmVkTQngGGguNsfUprHwEOx/E3uFSKPgnk3z5/3My55wgFlwb1/1yVlbX1jc2U1vp7Z3dvf3MwWFFR4li6LNIRKoWUI2CS/QNNwJrsUIaBgKrQf96klcfUGkeyTsziLEZ0q7kHc6osZbPCd4XWpmsm3enIsvgzSF79Z77/hg3zsqtzGejHbEkRGmYoFrXPTc2zSFVhjOBo3Qj0RhT1qddrFuUNETdHE6HHZFT67RJJ1L2SUOm7u+OIQ21HoSBrQyp6enFbGL+l9UT07lsDrmME4OSzT7qJIKYiEw2J22ukBkxsECZ4nZWwnpUUWbsfdL2CN7iystQKeS9Yv781suWijBTCo7hBHLgwQWU4AbK4AMDDmN4gmdHOo/Oi/M6K11x5j1H8EfO2w9TyJIT</latexit>

ie2

<latexit sha1_base64="Hr/+4dzTVuAxJLTzZEeNNdP1fBA=">AAAB63icbZC7SgNBFIbPeo3xkqiFhc1iEGwMuwGjVgZsLCOYCyRrmJ3MJkNmZpeZWSEseQUbC0VsfRsrC8GnibNJCk38YeDj/89hzjl+xKjSjvNtLS2vrK6tZzaym1vbO7n87l5dhbHEpIZDFsqmjxRhVJCappqRZiQJ4j4jDX9wneaNByIVDcWdHkbE46gnaEAx0ql1Su5LnXzBKToT2YvgzqBwNT74uBx/5aqd/Ge7G+KYE6ExQ0q1XCfSXoKkppiRUbYdKxIhPEA90jIoECfKSyazjuxj43TtIJTmCW1P3N8dCeJKDblvKjnSfTWfpeZ/WSvWwYWXUBHFmgg8/SiIma1DO13c7lJJsGZDAwhLama1cR9JhLU5T9YcwZ1feRHqpaJbLp7duoVKGabKwCEcwQm4cA4VuIEq1ABDHx7hGV4sbj1Zr9bbtHTJmvXswx9Z7z8M2ZH9</latexit>

�e2

<latexit sha1_base64="UMBwfE31tg2it3PBVAoM3ixXFa4=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwMuwGjVgZsLCO4SSBZw+xkNhkyO7vMzAphyTPYWChi69NYWQg+TZxcCk38YeDj/89hzjl+zJnStv1tLS2vrK6tZzaym1vbO7n87l5NRYkk1CURj2TDx4pyJqirmea0EUuKQ5/Tut+/Huf1ByoVi8SdHsTUC3FXsIARrI3lnjJ6X2rnC3bRnggtgjODwtXo4ONy9JWrtvOfrU5EkpAKTThWqunYsfZSLDUjnA6zrUTRGJM+7tKmQYFDqrx0MuwQHRung4JImic0mri/O1IcKjUIfVMZYt1T89nY/C9rJjq48FIm4kRTQaYfBQlHOkLjzVGHSUo0HxjARDIzKyI9LDHR5j5ZcwRnfuVFqJWKTrl4dusUKmWYKgOHcAQn4MA5VOAGquACAQaP8AwvlrCerFfrbVq6ZM169uGPrPcf0k+ScA==</latexit>

�ie2

<latexit sha1_base64="tC/Bj+aQg5PQN/VGA2Z1B2tx25s=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxoLpAsYXZykgyZvTAzK4Qlj2BjoYitj2NlIfg0cXIpNPGHgY//P4c553iR4Erb9reVWlpeWV1Lr2c2Nre2s7md3aoKY8mwwkIRyrpHFQoeYEVzLbAeSaS+J7Dm9a/Hee0BpeJhcK8HEbo+7Qa8wxnVxro74djK5e2CPRFZBGcG+avR/sfl6CtbbuU+m+2QxT4GmgmqVMOxI+0mVGrOBA4zzVhhRFmfdrFhMKA+KjeZjDokR8Zpk04ozQs0mbi/OxLqKzXwPVPpU91T89nY/C9rxLpz4SY8iGKNAZt+1IkF0SEZ703aXCLTYmCAMsnNrIT1qKRMm+tkzBGc+ZUXoXpacIqFs1snXyrCVGk4gEM4BgfOoQQ3UIYKMOjCIzzDiyWsJ+vVepuWpqxZzx78kfX+A6vakcw=</latexit>�ie

<latexit sha1_base64="GiDb4rw7JMGTb8my27rKPs2iMF4=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ2eTIbOzy8ysEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7O0vLK6ll3PbWxube/kd/fqKkokxRqNeCSbPlHImcCaZppjM5ZIQp9jwx9cjvPGHUrFInGrhzF6IekJFjBKtLFuGHbyBafkTGQvgjuDwsV78fvjoX1c7eQ/292IJiEKTTlRquU6sfZSIjWjHEe5dqIwJnRAetgyKEiIyksnk47sI+N07SCS5gltT9zfHSkJlRqGvqkMie6r+Wxs/pe1Eh2ceykTcaJR0OlHQcJtHdnjte0uk0g1HxogVDIzq037RBKqzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7AddvkUU=</latexit>

ie
<latexit sha1_base64="GT8SY1KrxnIGx7rwy6MleW+eOa0=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxiLpAsYXZyNhkye2FmVgghb2BjoYitr2NlIfg0cXIpNPGHgY//P4c553ix4Erb9reVWlpeWV1Lr2c2Nre2s7md3aqKEsmwwiIRybpHFQoeYkVzLbAeS6SBJ7Dm9a7Hee0BpeJReK/7MboB7YTc54xqY92dYCuXtwv2RGQRnBnkr0b7H5ejr2y5lftstiOWBBhqJqhSDceOtTugUnMmcJhpJgpjynq0gw2DIQ1QuYPJpENyZJw28SNpXqjJxP3dMaCBUv3AM5UB1V01n43N/7JGov0Ld8DDONEYsulHfiKIjsh4bdLmEpkWfQOUSW5mJaxLJWXaHCdjjuDMr7wI1dOCUyyc3Tr5UhGmSsMBHMIxOHAOJbiBMlSAgQ+P8AwvVs96sl6tt2lpypr17MEfWe8/5yuRWQ==</latexit>�e

<latexit sha1_base64="ia5jWo7WeL4/8uNs+NnJlPyqSmY=">AAAB63icbZDLSgMxFIbPeK31VhXcuAkW0VWZEawuC90U3FSwF2iHkkkzbWiSGZKMUIa+ghsXirj1bVy58zF8AzNtF9r6Q+Dj/88h55wg5kwb1/1yVlbX1jc2c1v57Z3dvf3CwWFTR4kitEEiHql2gDXlTNKGYYbTdqwoFgGnrWBUzfLWA1WaRfLejGPqCzyQLGQEm8yq9rzzXqHoltyp0DJ4cyhWjmu3/gf5rvcKn91+RBJBpSEca93x3Nj4KVaGEU4n+W6iaYzJCA9ox6LEgmo/nc46QWfW6aMwUvZJg6bu744UC63HIrCVApuhXswy87+sk5jwxk+ZjBNDJZl9FCYcmQhli6M+U5QYPraAiWJ2VkSGWGFi7Hny9gje4srL0LwseeXS1Z1XrJRhphycwClcgAfXUIEa1KEBBIbwCM/w4gjnyXl13malK8685wj+yHn/AamBkP0=</latexit>

C 0
1

<latexit sha1_base64="37TXBuWkRvRK0bwyF7uFefnjk2I=">AAAB63icbZDLSgMxFIbP1Futt6rgxk2wiK7KTMHqstBNwU0Fe4F2KJk0bUOTzJBkhDL0Fdy4UMStb+PKnY/hG5hpu9DWHwIf/38OOecEEWfauO6Xk1lb39jcym7ndnb39g/yh0dNHcaK0AYJeajaAdaUM0kbhhlO25GiWASctoJxNc1bD1RpFsp7M4moL/BQsgEj2KRWtVe66OULbtGdCa2Ct4BC5aR263+Q73ov/9nthyQWVBrCsdYdz42Mn2BlGOF0muvGmkaYjPGQdixKLKj2k9msU3RunT4ahMo+adDM/d2RYKH1RAS2UmAz0stZav6XdWIzuPETJqPYUEnmHw1ijkyI0sVRnylKDJ9YwEQxOysiI6wwMfY8OXsEb3nlVWiWil65eHXnFSplmCsLp3AGl+DBNVSgBnVoAIERPMIzvDjCeXJenbd5acZZ9BzDHznvP6sGkP4=</latexit>

C 0
2

<latexit sha1_base64="LBNF5h/zQtc/oX2swazJ50MtzJc=">AAAB63icbZDLSgMxFIbP1Futt6rgxk2wiK7KjGJ1Weim4KaCvUA7lEyaaUOTzJBkhFL6Cm5cKOLWt3HlzsfwDcy0XWjrD4GP/z+HnHOCmDNtXPfLyaysrq1vZDdzW9s7u3v5/YOGjhJFaJ1EPFKtAGvKmaR1wwynrVhRLAJOm8GwkubNB6o0i+S9GcXUF7gvWcgINqlV6V6edfMFt+hOhZbBm0OhfFS99T/Id62b/+z0IpIIKg3hWOu258bGH2NlGOF0kuskmsaYDHGfti1KLKj2x9NZJ+jUOj0URso+adDU/d0xxkLrkQhspcBmoBez1PwvaycmvPHHTMaJoZLMPgoTjkyE0sVRjylKDB9ZwEQxOysiA6wwMfY8OXsEb3HlZWhcFL1S8erOK5RLMFMWjuEEzsGDayhDFWpQBwIDeIRneHGE8+S8Om+z0owz7zmEP3LefwCsi5D/</latexit>

C 0
3

<latexit sha1_base64="Do8oHQiGPwtglRik0KqRYiEUfDw=">AAAB63icbZDLSgMxFIbP1Futt6rgxk2wiK7KjGh1Weim4KaCvUA7lEyaaUOTzJBkhFL6Cm5cKOLWt3HlzsfwDcy0XWjrD4GP/z+HnHOCmDNtXPfLyaysrq1vZDdzW9s7u3v5/YOGjhJFaJ1EPFKtAGvKmaR1wwynrVhRLAJOm8GwkubNB6o0i+S9GcXUF7gvWcgINqlV6V6edfMFt+hOhZbBm0OhfFS99T/Id62b/+z0IpIIKg3hWOu258bGH2NlGOF0kuskmsaYDHGfti1KLKj2x9NZJ+jUOj0URso+adDU/d0xxkLrkQhspcBmoBez1PwvaycmvPHHTMaJoZLMPgoTjkyE0sVRjylKDB9ZwEQxOysiA6wwMfY8OXsEb3HlZWhcFL1S8erOK5RLMFMWjuEEzsGDayhDFWpQBwIDeIRneHGE8+S8Om+z0owz7zmEP3LefwCuEJEA</latexit>

C 0
4

<latexit sha1_base64="CRE7BYPzSBiraUyTP+FgGeAdnoA=">AAAB73icbZDLSgMxFIbP1Futl1ZduHATLIIglJmKVVcW3LisYC/QDiWTZtrQTGZMMkIZ+hJuXCji1ndx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0tr6yupdczG5tb29nczm5NhbEktEpCHsqGhxXlTNCqZprTRiQpDjxO617/epzXH6hULBR3ehBRN8BdwXxGsDZWo3hy2ooYYu1c3i7YE6FFcGaQvxrtf1yOvrKVdu6z1QlJHFChCcdKNR070m6CpWaE02GmFSsaYdLHXdo0KHBAlZtM5h2iI+N0kB9K84RGE/d3R4IDpQaBZyoDrHtqPhub/2XNWPsXbsJEFGsqyPQjP+ZIh2i8POowSYnmAwOYSGZmRaSHJSbanChjjuDMr7wItWLBKRXObp18uQRTpeEADuEYHDiHMtxABapAgMMjPMOLdW89Wa/W27Q0Zc169uCPrPcfbL2TUQ==</latexit>

2 + 3⇡i
<latexit sha1_base64="o7ytJFrhWBrDaSKawjwBOSOKdPw=">AAAB73icbZDLSgMxFIbP1Futl1ZduHATLIIglBkvVVcW3LisYC/QDiWTZtrQTGZMMkIZ+hJuXCji1ndx5ULwaWp6WWjrD4GP/z+HnHO8iDOlbfvbSi0sLi2vpFcza+sbm9nc1nZVhbEktEJCHsq6hxXlTNCKZprTeiQpDjxOa17vepTXHqhULBR3uh9RN8AdwXxGsDZW/fTopBkxxFq5vF2wx0Lz4EwhfzXc/bgcfmXLrdxnsx2SOKBCE46Vajh2pN0ES80Ip4NMM1Y0wqSHO7RhUOCAKjcZzztAB8ZpIz+U5gmNxu7vjgQHSvUDz1QGWHfVbDYy/8sasfYv3ISJKNZUkMlHfsyRDtFoedRmkhLN+wYwkczMikgXS0y0OVHGHMGZXXkeqscFp1g4u3XypSJMlIY92IdDcOAcSnADZagAAQ6P8Awv1r31ZL1ab5PSlDXt2YE/st5/AG/Tk1M=</latexit>

4 + 3⇡i

<latexit sha1_base64="1IubV56jNin8FiwKFTclx6FY/UI=">AAAB7nicbZDLSgMxFIbP1Futl1ZduHATLIIglBnRqisLblxWsBdoh5JJ0zY0kwlJRihDH8KNC0Xc+jCuXAg+TU0vC239IfDx/+eQc04gOdPGdb+d1NLyyupaej2zsbm1nc3t7FZ1FCtCKyTikaoHWFPOBK0YZjitS0VxGHBaC/o347z2QJVmkbg3A0n9EHcF6zCCjbVqZydNyRBr5fJuwZ0ILYI3g/z1aP/javSVLbdyn812ROKQCkM41rrhudL4CVaGEU6HmWasqcSkj7u0YVHgkGo/mYw7REfWaaNOpOwTBk3c3x0JDrUehIGtDLHp6flsbP6XNWLTufQTJmRsqCDTjzoxRyZC491RmylKDB9YwEQxOysiPawwMfZCGXsEb37lRaieFrxi4fzOy5eKMFUaDuAQjsGDCyjBLZShAgT68AjP8OJI58l5dd6mpSln1rMHf+S8/wD8KpMW</latexit>

4 + ⇡i
<latexit sha1_base64="CA5AW1camy2AFfGh01EPt3KQZUQ=">AAAB7nicbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisYC/QDiWTpm1oJhOSjFCGPoQbF4q49WFcuRB8mppeFtr6Q+Dj/88h55xAcqaN6347qZXVtfWN9GZma3tnN5vb26/pKFaEVknEI9UIsKacCVo1zHDakIriMOC0HgxuJnn9gSrNInFvhpL6Ie4J1mUEG2vVi2ctyRBr5/JuwZ0KLYM3h/z1+PDjavyVrbRzn61OROKQCkM41rrpudL4CVaGEU5HmVasqcRkgHu0aVHgkGo/mY47QifW6aBupOwTBk3d3x0JDrUehoGtDLHp68VsYv6XNWPTvfQTJmRsqCCzj7oxRyZCk91RhylKDB9awEQxOysifawwMfZCGXsEb3HlZagVC16pcH7n5cslmCkNR3AMp+DBBZThFipQBQIDeIRneHGk8+S8Om+z0pQz7zmAP3LefwD5FpMU</latexit>

2 + ⇡i

<latexit sha1_base64="azRholU07pB7Ieu2yFzuBR2CMKQ=">AAAB7nicbZDLSgMxFIbP1Futl1ZduHATLIIby4xi1ZUFNy4r2Au0Q8mkaRuayYQkI5ShD+HGhSJufRhXLgSfpqaXhbb+EPj4/3PIOSeQnGnjut9Oaml5ZXUtvZ7Z2NzazuZ2dqs6ihWhFRLxSNUDrClnglYMM5zWpaI4DDitBf2bcV57oEqzSNybgaR+iLuCdRjBxlq1k7OmZIi1cnm34E6EFsGbQf56tP9xNfrKllu5z2Y7InFIhSEca93wXGn8BCvDCKfDTDPWVGLSx13asChwSLWfTMYdoiPrtFEnUvYJgybu744Eh1oPwsBWhtj09Hw2Nv/LGrHpXPoJEzI2VJDpR52YIxOh8e6ozRQlhg8sYKKYnRWRHlaYGHuhjD2CN7/yIlRPC16xcH7n5UtFmCoNB3AIx+DBBZTgFspQAQJ9eIRneHGk8+S8Om/T0pQz69mDP3LefwD9rJMX</latexit>�3⇡i

<latexit sha1_base64="BYjAD7reY7cuvikf+jVayeYMrFY=">AAAB7XicbZDLSgMxFIbP1Futl1ZduHATLIIby4xg1ZUFNy4r2Au0Q8mkmTY2kwxJRiil7+DGhSJufRlXLgSfpqaXhbb+EPj4/3PIOSeIOdPGdb+d1NLyyupaej2zsbm1nc3t7Fa1TBShFSK5VPUAa8qZoBXDDKf1WFEcBZzWgt71OK89UKWZFHemH1M/wh3BQkawsVb1pBkzxFq5vFtwJ0KL4M0gfzXa/7gcfWXLrdxnsy1JElFhCMdaNzw3Nv4AK8MIp8NMM9E0xqSHO7RhUeCIan8wmXaIjqzTRqFU9gmDJu7vjgGOtO5Hga2MsOnq+Wxs/pc1EhNe+AMm4sRQQaYfhQlHRqLx6qjNFCWG9y1gopidFZEuVpgYe6CMPYI3v/IiVE8LXrFwduvlS0WYKg0HcAjH4ME5lOAGylABAvfwCM/w4kjnyXl13qalKWfWswd/5Lz/AIpGkto=</latexit>�⇡i

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="yc5McTjo8WG2fKS/gaDFyWGgO/c=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzitWdBTcuK9gLtEPJpJk2NpMMSUYoQ59BNy4UcetLuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvR3n9jirNpLgxg5j6Ee4KFjKCjbVqJ62YIdbO5d2iOxaaB28K+Yv3wvfHfeuo0s59tjqSJBEVhnCsddNzY+OnWBlGOB1mW4mmMSZ93KVNiwJHVPvpeNohOrROB4VS2ScMGru/O1IcaT2IAlsZYdPTs9nI/C9rJiY891Mm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CsPYI3u/I81I6LXql4eu3lyyWYKAP7cAAF8OAMynAFFagCgVt4gCd4dqTz6Lw4r5PSBWfaswd/5Lz9ACiUkpA=</latexit>

3⇡i

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4
<latexit sha1_base64="qUjjms56o8d44K/Dx5BbNHCd2/Y=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVUieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEqLQlBOlWq4Tay8lUjPKcZRtJwpjQgekhy2DgoSovHQy6Mg+Nk7XDiJpntD2xP3dkZJQqWHom8qQ6L6az8bmf1kr0cGFlzIRJxoFnX4UJNzWkT3e2u4yiVTzoQFCJTOz2rRPJKHa3CZrjuDOr7wI9dOiWyqeVd18uQRTZeAQjqAALpxDGa6hAjWggHAPT/Bs3VqP1ov1Oi1dsmY9B/BH1tsPy7OQow==</latexit>

6

<latexit sha1_base64="8Bi01TwYz/FKl29JGJ4uSe7bxg0=">AAAB7HicbVC7SgNBFL0bXzG+opaCDAbBQsKu4KMzYGOZgJsEkiXMTmaTIbOzy8ysEJaU1jYWitja2/kddn6DfoSzSQpNPHC5h3Pu5T78mDOlbfvTyi0sLi2v5FcLa+sbm1vF7Z26ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wlfmNWyoVi8SNHsbUC3FPsIARrI3k2mXbdjrFUpYzoHniTEnp8u3rbv+99l3tFD/a3YgkIRWacKxUy7Fj7aVYakY4HRXaiaIxJgPcoy1DBQ6p8tLxsiN0aJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn4J5gjN78jypn5Sds/JpzSlVjmGCPOzBARyBA+dQgWuoggsEGNzDIzxZwnqwnq2XSWnOmvbswh9Yrz8oCZH/</latexit>

0.001
<latexit sha1_base64="6jET0KSUTbDQHrLHu5xH/mn/WWQ=">AAAB7HicbVC7SgNBFL3rM8ZX1FKQwSBYSNgN+OgM2Fgm4CaBZAmzk9lkyOzsMjMrhCWltY2FIrb2dn6Hnd+gH+FskkITD1zu4Zx7uQ8/5kxp2/60FhaXlldWc2v59Y3Nre3Czm5dRYkk1CURj2TTx4pyJqirmea0GUuKQ5/Thj+4yvzGLZWKReJGD2PqhbgnWMAI1kZy7ZJtlzuFYpYzoHniTEnx8u3r7uC99l3tFD7a3YgkIRWacKxUy7Fj7aVYakY4HeXbiaIxJgPcoy1DBQ6p8tLxsiN0ZJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn7x5gjN78jypl0vOWem05hQrJzBBDvbhEI7BgXOowDVUwQUCDO7hEZ4sYT1Yz9bLpHTBmvbswR9Yrz8pjZIA</latexit>

0.002

<latexit sha1_base64="FzGDj1VJhSpUE3VSL9Zj6Nm2VGQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnPlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx84P5F2</latexit>

e2
<latexit sha1_base64="RCiMSWH6j5egZ9vUMlJK1auBijw=">AAAB6nicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZ0VwgWcPs5GwyZHZ2mZkVwpJHEMFCEVsfw8pHsPNB7J1cCk38YeDj/89hzjl+zJnSjvNlLSwuLa+sZtay6xubW9u5nd2aihJJsUojHsmGTxRyJrCqmebYiCWS0OdY9/sXo7x+h1KxSNzoQYxeSLqCBYwSbaxrvHXaubxTdMay58GdQv78vfD98dA6qrRzn61ORJMQhaacKNV0nVh7KZGaUY7DbCtRGBPaJ11sGhQkROWl41GH9qFxOnYQSfOEtsfu746UhEoNQt9UhkT31Gw2Mv/LmokOzryUiTjRKOjkoyDhto7s0d52h0mkmg8MECqZmdWmPSIJ1eY6WXMEd3bleagdF91S8eTKzZdLMFEG9uEACuDCKZThEipQBQpduIcneLa49Wi9WK+T0gVr2rMHf2S9/QA1N5F0</latexit>

e0

<latexit sha1_base64="Eg5bdqeb2aE3W4fmo1Kd1KcDSBg=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEurDMFKzuLLhxWcFeoK0lk2ba2EwyJBmhDH0G3bhQxK0v4cpHcOeDuDe9LLT1h8DH/59Dzjl+xJk2rvvlLCwuLa+sptbS6xubW9uZnd2qlrEitEIkl6ruY005E7RimOG0HimKQ5/Tmt+/GOW1O6o0k+LaDCLaCnFXsIARbKxVpTfJcWHYzmTdvDsWmgdvCtnz99z3x33zqNzOfDY7ksQhFYZwrHXDcyPTSrAyjHA6TDdjTSNM+rhLGxYFDqluJeNph+jQOh0USGWfMGjs/u5IcKj1IPRtZYhNT89mI/O/rBGb4KyVMBHFhgoy+SiIOTISjVZHHaYoMXxgARPF7KyI9LDCxNgDpe0RvNmV56FayHvF/MmVly0VYaIU7MMB5MCDUyjBJZShAgRu4QGe4NmRzqPz4rxOShecac8e/JHz9gNndZK5</latexit>

e�2

<latexit sha1_base64="hAvBkE6l7aKEmVDb4EnYWsH5wRI=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEa3uLLhxWcFeoB1LJj1tYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDqD4GP/z+HnHOCiDNtXPfTSc3NLywupZczK6tr6xvZza2qlrGiUKGSS1UPiAbOBFQMMxzqkQISBhxqQf98lNduQWkmxZUZROCHpCtYh1FirFWF6+TgaNjK5tyCOxb+C94Ucmdv+a/3u+Z+uZX9aLYljUMQhnKidcNzI+MnRBlGOQwzzVhDRGifdKFhUZAQtJ+Mpx3iPeu0cUcq+4TBY/dnR0JCrQdhYCtDYnp6NhuZ/2WN2HRO/YSJKDYg6OSjTsyxkXi0Om4zBdTwgQVCFbOzYtojilBjD5SxR/BmV/4L1cOCVywcX3q5UhFNlEY7aBflkYdOUAldoDKqIIpu0D16RE+OdB6cZ+dlUppypj3b6Jec129qf5K7</latexit>

e�4

<latexit sha1_base64="zPJ9DRArjxf8AQWgyz2XK/k/M50=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsNCwKxjtDNhYJmAukKxhdjKbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYElohggtZ97CinIW0opnmtB5JigOP05rXuxjmtVsqFRPhle5H1A1wJ2Q+I1gbq0qvk6PCoJXN2Xl7JDQLzgRy529fd7vv5e9SK/vRbAsSBzTUhGOlGo4daTfBUjPC6SDTjBWNMOnhDm0YDHFAlZuMph2gfeO0kS+keaFGI/d3R4IDpfqBZyoDrLtqOhua/2WNWPtnbsLCKNY0JOOP/JgjLdBwddRmkhLN+wYwkczMikgXS0y0OVDGHMGZXnkWqsd5p5A/KTu54iGMlYYd2IMDcOAUinAJJagAgRu4h0d4soT1YD1bL+PSlDXp2YY/sl5/ABvnkzg=</latexit>

e�6
<latexit sha1_base64="+4oX39h0y/5xLdeNpdYNFGlD/PI=">AAAB7XicbZC7SgNBFIZn4y3GW9RSkMEgWGjYFdR0BmwsEzAXSNYwOzmbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYUqhQwYWse0QBZyFUNNMc6pEEEngcal7vYpjXbkEqJsIr3Y/ADUgnZD6jRBurCtfJUWHQyubsvD0SngVnArnzt6+73ffyd6mV/Wi2BY0DCDXlRKmGY0faTYjUjHIYZJqxgojQHulAw2BIAlBuMpp2gPeN08a+kOaFGo/c3x0JCZTqB56pDIjuqulsaP6XNWLtF9yEhVGsIaTjj/yYYy3wcHXcZhKo5n0DhEpmZsW0SySh2hwoY47gTK88C9XjvHOaPyk7ueIhGiuNdtAeOkAOOkNFdIlKqIIoukH36BE9WcJ6sJ6tl3Fpypr0bKM/sl5/AB7xkzo=</latexit>

e�8

<latexit sha1_base64="OjkQOkgxrEjqhXHhnQUeh4oUlgY=">AAAB7nicbZC7SgNBFIbPxluMt6ilIItBsNCwG/DSGbCxTMBcIFnD7OQkGTI7u8zMCmFJ6QPYWChia2vnc9j5DPoQTi6FRn8Y+Pj/c5hzjh9xprTjfFipufmFxaX0cmZldW19I7u5VVVhLClWaMhDWfeJQs4EVjTTHOuRRBL4HGt+/2KU125QKhaKKz2I0AtIV7AOo0Qbq4bXyZFbGLayOSfvjGX/BXcKufPXz9vdt/JXqZV9b7ZDGgcoNOVEqYbrRNpLiNSMchxmmrHCiNA+6WLDoCABKi8Zjzu0943TtjuhNE9oe+z+7EhIoNQg8E1lQHRPzWYj87+sEevOmZcwEcUaBZ181Im5rUN7tLvdZhKp5gMDhEpmZrVpj0hCtblQxhzBnV35L1QLefckf1x2c8VDmCgNO7AHB+DCKRThEkpQAQp9uIMHeLQi6956sp4npSlr2rMNv2S9fAOG0pNv</latexit>

e�12
<latexit sha1_base64="YXBw4lCe2GGC0W+i5ftBnP+2E2s=">AAAB7nicbZDJSgNBEIZr4hbjFvUoSGMQPGiYEVxuBrx4TMAskIyhp1NJmvQsdPcIYcjRB/DiQRGvXr35HN58Bn0IO8tBE39o+Pj/KrqqvEhwpW3700rNzS8sLqWXMyura+sb2c2tigpjybDMQhHKmkcVCh5gWXMtsBZJpL4nsOr1Lod59Ral4mFwrfsRuj7tBLzNGdXGquJNcuTYg2Y2Z+ftkcgsOBPIXbx93e2+l76LzexHoxWy2MdAM0GVqjt2pN2ESs2ZwEGmESuMKOvRDtYNBtRH5SajcQdk3zgt0g6leYEmI/d3R0J9pfq+Zyp9qrtqOhua/2X1WLfP3YQHUawxYOOP2rEgOiTD3UmLS2Ra9A1QJrmZlbAulZRpc6GMOYIzvfIsVI7zzmn+pOTkCocwVhp2YA8OwIEzKMAVFKEMDHpwD4/wZEXWg/VsvYxLU9akZxv+yHr9AYPIk20=</latexit>

e�10

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

Figura A.3: Regió del pla complex w
del problema PA.1 si log és la funció
logaŕıtmica multivaluada.

SA.2 (a) El pol simple de f és a l’interior al contorn |z| = 1, ja que |ie−1| < 1.
Si a−1 és el residu de f a z = ie−1 tenim

2πi a−1 =

∮

|z|=1

f(z) dz = 1,

i, per tant, a−1 = 1/(2πi). Com que z = ie−1 és l’única singularitat de f
i es tracta d’un pol simple tenim

f(z) =
1

2πi

1

z − ie−1
+ g(z), (A.1)

on g(z) és anaĺıtica. Aix́ı doncs, el residu de f(z)/(z − 2) a z = ie−1 és

b−1 = lim
z→ie−1

[
(z − ie−1)

f(z)

z − 2

]
=

1

2πi

1

ie−1 − 2
= − 1

4πi

2e

2e− i
.

D’altra banda, el residu de f(z)/(z − 2) a z = 2 és

b′−1 = lim
z→2

[
(z − 2)

f(z)

z − 2

]
= f(2) =

1

4π(2e− i)
=

1

4πi

i

2e− i
.

La integral que busquem és, doncs,

∮

|z|=3

f(z)

z − 2
dz = 2πi

(
b−1 + b′−1

)
= 2πi

(
− 1

4πi

)
= −1

2
.

∮

|z|=3

f(z)

z − 2
dz = −1

2
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<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="QBcOP19TV8K+izzn6qbm5jeNN3E=">AAAB7HicbZC7TgJBFIbPekW8oZY2E4kJNmSXRLSTxMYSExdIAMnscIAJs7ObmVkTQngGGguNsfUprHwEOx/E3uFSKPgnk3z5/3My55wgFlwb1/1yVlbX1jc2U1vp7Z3dvf3MwWFFR4li6LNIRKoWUI2CS/QNNwJrsUIaBgKrQf96klcfUGkeyTsziLEZ0q7kHc6osZbPCd4XWpmsm3enIsvgzSF79Z77/hg3zsqtzGejHbEkRGmYoFrXPTc2zSFVhjOBo3Qj0RhT1qddrFuUNETdHE6HHZFT67RJJ1L2SUOm7u+OIQ21HoSBrQyp6enFbGL+l9UT07lsDrmME4OSzT7qJIKYiEw2J22ukBkxsECZ4nZWwnpUUWbsfdL2CN7iystQKeS9Yv781suWijBTCo7hBHLgwQWU4AbK4AMDDmN4gmdHOo/Oi/M6K11x5j1H8EfO2w9TyJIT</latexit>

ie2

<latexit sha1_base64="Hr/+4dzTVuAxJLTzZEeNNdP1fBA=">AAAB63icbZC7SgNBFIbPeo3xkqiFhc1iEGwMuwGjVgZsLCOYCyRrmJ3MJkNmZpeZWSEseQUbC0VsfRsrC8GnibNJCk38YeDj/89hzjl+xKjSjvNtLS2vrK6tZzaym1vbO7n87l5dhbHEpIZDFsqmjxRhVJCappqRZiQJ4j4jDX9wneaNByIVDcWdHkbE46gnaEAx0ql1Su5LnXzBKToT2YvgzqBwNT74uBx/5aqd/Ge7G+KYE6ExQ0q1XCfSXoKkppiRUbYdKxIhPEA90jIoECfKSyazjuxj43TtIJTmCW1P3N8dCeJKDblvKjnSfTWfpeZ/WSvWwYWXUBHFmgg8/SiIma1DO13c7lJJsGZDAwhLama1cR9JhLU5T9YcwZ1feRHqpaJbLp7duoVKGabKwCEcwQm4cA4VuIEq1ABDHx7hGV4sbj1Zr9bbtHTJmvXswx9Z7z8M2ZH9</latexit>

�e2

<latexit sha1_base64="UMBwfE31tg2it3PBVAoM3ixXFa4=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwMuwGjVgZsLCO4SSBZw+xkNhkyO7vMzAphyTPYWChi69NYWQg+TZxcCk38YeDj/89hzjl+zJnStv1tLS2vrK6tZzaym1vbO7n87l5NRYkk1CURj2TDx4pyJqirmea0EUuKQ5/Tut+/Huf1ByoVi8SdHsTUC3FXsIARrI3lnjJ6X2rnC3bRnggtgjODwtXo4ONy9JWrtvOfrU5EkpAKTThWqunYsfZSLDUjnA6zrUTRGJM+7tKmQYFDqrx0MuwQHRung4JImic0mri/O1IcKjUIfVMZYt1T89nY/C9rJjq48FIm4kRTQaYfBQlHOkLjzVGHSUo0HxjARDIzKyI9LDHR5j5ZcwRnfuVFqJWKTrl4dusUKmWYKgOHcAQn4MA5VOAGquACAQaP8AwvlrCerFfrbVq6ZM169uGPrPcf0k+ScA==</latexit>

�ie2

<latexit sha1_base64="tC/Bj+aQg5PQN/VGA2Z1B2tx25s=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxoLpAsYXZykgyZvTAzK4Qlj2BjoYitj2NlIfg0cXIpNPGHgY//P4c553iR4Erb9reVWlpeWV1Lr2c2Nre2s7md3aoKY8mwwkIRyrpHFQoeYEVzLbAeSaS+J7Dm9a/Hee0BpeJhcK8HEbo+7Qa8wxnVxro74djK5e2CPRFZBGcG+avR/sfl6CtbbuU+m+2QxT4GmgmqVMOxI+0mVGrOBA4zzVhhRFmfdrFhMKA+KjeZjDokR8Zpk04ozQs0mbi/OxLqKzXwPVPpU91T89nY/C9rxLpz4SY8iGKNAZt+1IkF0SEZ703aXCLTYmCAMsnNrIT1qKRMm+tkzBGc+ZUXoXpacIqFs1snXyrCVGk4gEM4BgfOoQQ3UIYKMOjCIzzDiyWsJ+vVepuWpqxZzx78kfX+A6vakcw=</latexit>�ie

<latexit sha1_base64="GiDb4rw7JMGTb8my27rKPs2iMF4=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ2eTIbOzy8ysEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7O0vLK6ll3PbWxube/kd/fqKkokxRqNeCSbPlHImcCaZppjM5ZIQp9jwx9cjvPGHUrFInGrhzF6IekJFjBKtLFuGHbyBafkTGQvgjuDwsV78fvjoX1c7eQ/292IJiEKTTlRquU6sfZSIjWjHEe5dqIwJnRAetgyKEiIyksnk47sI+N07SCS5gltT9zfHSkJlRqGvqkMie6r+Wxs/pe1Eh2ceykTcaJR0OlHQcJtHdnjte0uk0g1HxogVDIzq037RBKqzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7AddvkUU=</latexit>

ie
<latexit sha1_base64="GT8SY1KrxnIGx7rwy6MleW+eOa0=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxiLpAsYXZyNhkye2FmVgghb2BjoYitr2NlIfg0cXIpNPGHgY//P4c553ix4Erb9reVWlpeWV1Lr2c2Nre2s7md3aqKEsmwwiIRybpHFQoeYkVzLbAeS6SBJ7Dm9a7Hee0BpeJReK/7MboB7YTc54xqY92dYCuXtwv2RGQRnBnkr0b7H5ejr2y5lftstiOWBBhqJqhSDceOtTugUnMmcJhpJgpjynq0gw2DIQ1QuYPJpENyZJw28SNpXqjJxP3dMaCBUv3AM5UB1V01n43N/7JGov0Ld8DDONEYsulHfiKIjsh4bdLmEpkWfQOUSW5mJaxLJWXaHCdjjuDMr7wI1dOCUyyc3Tr5UhGmSsMBHMIxOHAOJbiBMlSAgQ+P8AwvVs96sl6tt2lpypr17MEfWe8/5yuRWQ==</latexit>�e

<latexit sha1_base64="xuDLHPH7BGGNivR6QAlhjTL90Ko=">AAAB8nicbZDLSgMxFIbPeK31VhXcuAkWoW7aGS+1y4IblxXsBaZjyaRpG5qZDElGKEMfQxAXFXHr07gTfRjTy0Jbfwh8/P855JzjR5wpbduf1tLyyuraemojvbm1vbOb2duvKRFLQqtEcCEbPlaUs5BWNdOcNiJJceBzWvf71+O8/kClYiK804OIegHuhqzDCNbGcnPnhYvT+8QpFIetTNbO2xOhRXBmkC0fRqOn769SpZX5aLYFiQMaasKxUq5jR9pLsNSMcDpMN2NFI0z6uEtdgyEOqPKSychDdGKcNuoIaV6o0cT93ZHgQKlB4JvKAOuems/G5n+ZG+tOyUtYGMWahmT6USfmSAs03h+1maRE84EBTCQzsyLSwxITba6UNkdw5ldehNpZ3inmL2+dbLkIU6XgCI4hBw5cQRluoAJVICDgEUbwYmnr2Xq13qalS9as5wD+yHr/ATgsk6E=</latexit>

(3/4)1/6
<latexit sha1_base64="rG5lEb1p+CQlBk88YGUcD25WvcI=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWdKVi7LLhxWdFeoB1KJs20oZlkSDJCGfoIblx4QXDlE7kTfRjTy0Jbfwh8/P855JwTxJxp47qfztLyyuraemYju7m1vbOb29uva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzTCmfoR7goWMYGOtG++s2Mnl3YI7EVoEbwb5ymH89vz9Va52ch/triRJRIUhHGvd8tzY+ClWhhFOR9l2ommMyQD3aMuiwBHVfjoZdYROrNNFoVT2CYMm7u+OFEdaD6PAVkbY9PV8Njb/y1qJCct+ykScGCrI9KMw4chINN4bdZmixPChBUwUs7Mi0scKE2Ovk7VH8OZXXoR6seCVCufXXr5SgqkycATHcAoeXEAFrqAKNSDQg3t4hCeHOw/Oi/M6LV1yZj0H8EfO+w+aWJEQ</latexit>

1/2

<latexit sha1_base64="QnSiRR42+a0NCwZ8gNMzJZC11Ks=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qTMXaZcGNywr2Au1QMmnaxmYmIckIZeg7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qZXVtfWN9GZma3tndy+7f1DTIlaEVongQjUCrClnEa0aZjhtSEVxGHBaDwbXk7z+QJVmIrozQ0n9EPci1mUEG2vVCi3Jzi/a2Zybd6dCy+DNIVc+kuPn769SpZ39aHUEiUMaGcKx1k3PlcZPsDKMcDrKtGJNJSYD3KNNixEOqfaT6bQjdGqdDuoKZV9k0NT93ZHgUOthGNjKEJu+Xswm5n9ZMzbdkp+wSMaGRmT2UTfmyAg0WR11mKLE8KEFTBSzsyLSxwoTYw+UsUfwFldehloh7xXzl7derlyEmdJwDCdwBh5cQRluoAJVIHAPj/ACr45wnpw3ZzwrTTnznkP4I+f9B+S6kmU=</latexit>

2⇡/3
<latexit sha1_base64="c5UPju88jnu6d69uNjCRmx2a7oo=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qjJfaZcGNywr2Au1QMmmmjc1MQpIRSuk7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qaXlldW19HpmY3Nreye7u1fVIlGEVojgQtUDrClnMa0YZjitS0VxFHBaC3rX47z2QJVmIr4zfUn9CHdiFjKCjbWqF03JTs9b2ZybdydCi+DNIFc6kKPn769iuZX9aLYFSSIaG8Kx1g3PlcYfYGUY4XSYaSaaSkx6uEMbFmMcUe0PJtMO0bF12igUyr7YoIn7u2OAI637UWArI2y6ej4bm/9ljcSERX/AYpkYGpPpR2HCkRFovDpqM0WJ4X0LmChmZ0WkixUmxh4oY4/gza+8CNWzvFfIX956uVIBpkrDIRzBCXhwBSW4gTJUgMA9PMILvDrCeXLenNG0NOXMevbhj5z3H+fMkmc=</latexit>

4⇡/3

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="aUZxLWZ2tlxYN1EdJoouEZVgnVI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qbKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN9nkLA=</latexit>

C

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4
<latexit sha1_base64="qUjjms56o8d44K/Dx5BbNHCd2/Y=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVUieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEqLQlBOlWq4Tay8lUjPKcZRtJwpjQgekhy2DgoSovHQy6Mg+Nk7XDiJpntD2xP3dkZJQqWHom8qQ6L6az8bmf1kr0cGFlzIRJxoFnX4UJNzWkT3e2u4yiVTzoQFCJTOz2rRPJKHa3CZrjuDOr7wI9dOiWyqeVd18uQRTZeAQjqAALpxDGa6hAjWggHAPT/Bs3VqP1ov1Oi1dsmY9B/BH1tsPy7OQow==</latexit>

6

<latexit sha1_base64="8Bi01TwYz/FKl29JGJ4uSe7bxg0=">AAAB7HicbVC7SgNBFL0bXzG+opaCDAbBQsKu4KMzYGOZgJsEkiXMTmaTIbOzy8ysEJaU1jYWitja2/kddn6DfoSzSQpNPHC5h3Pu5T78mDOlbfvTyi0sLi2v5FcLa+sbm1vF7Z26ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wlfmNWyoVi8SNHsbUC3FPsIARrI3k2mXbdjrFUpYzoHniTEnp8u3rbv+99l3tFD/a3YgkIRWacKxUy7Fj7aVYakY4HRXaiaIxJgPcoy1DBQ6p8tLxsiN0aJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn4J5gjN78jypn5Sds/JpzSlVjmGCPOzBARyBA+dQgWuoggsEGNzDIzxZwnqwnq2XSWnOmvbswh9Yrz8oCZH/</latexit>

0.001
<latexit sha1_base64="6jET0KSUTbDQHrLHu5xH/mn/WWQ=">AAAB7HicbVC7SgNBFL3rM8ZX1FKQwSBYSNgN+OgM2Fgm4CaBZAmzk9lkyOzsMjMrhCWltY2FIrb2dn6Hnd+gH+FskkITD1zu4Zx7uQ8/5kxp2/60FhaXlldWc2v59Y3Nre3Czm5dRYkk1CURj2TTx4pyJqirmea0GUuKQ5/Thj+4yvzGLZWKReJGD2PqhbgnWMAI1kZy7ZJtlzuFYpYzoHniTEnx8u3r7uC99l3tFD7a3YgkIRWacKxUy7Fj7aVYakY4HeXbiaIxJgPcoy1DBQ6p8tLxsiN0ZJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn7x5gjN78jypl0vOWem05hQrJzBBDvbhEI7BgXOowDVUwQUCDO7hEZ4sYT1Yz9bLpHTBmvbswR9Yrz8pjZIA</latexit>

0.002

<latexit sha1_base64="FzGDj1VJhSpUE3VSL9Zj6Nm2VGQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnPlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx84P5F2</latexit>

e2
<latexit sha1_base64="RCiMSWH6j5egZ9vUMlJK1auBijw=">AAAB6nicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZ0VwgWcPs5GwyZHZ2mZkVwpJHEMFCEVsfw8pHsPNB7J1cCk38YeDj/89hzjl+zJnSjvNlLSwuLa+sZtay6xubW9u5nd2aihJJsUojHsmGTxRyJrCqmebYiCWS0OdY9/sXo7x+h1KxSNzoQYxeSLqCBYwSbaxrvHXaubxTdMay58GdQv78vfD98dA6qrRzn61ORJMQhaacKNV0nVh7KZGaUY7DbCtRGBPaJ11sGhQkROWl41GH9qFxOnYQSfOEtsfu746UhEoNQt9UhkT31Gw2Mv/LmokOzryUiTjRKOjkoyDhto7s0d52h0mkmg8MECqZmdWmPSIJ1eY6WXMEd3bleagdF91S8eTKzZdLMFEG9uEACuDCKZThEipQBQpduIcneLa49Wi9WK+T0gVr2rMHf2S9/QA1N5F0</latexit>

e0

<latexit sha1_base64="Eg5bdqeb2aE3W4fmo1Kd1KcDSBg=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEurDMFKzuLLhxWcFeoK0lk2ba2EwyJBmhDH0G3bhQxK0v4cpHcOeDuDe9LLT1h8DH/59Dzjl+xJk2rvvlLCwuLa+sptbS6xubW9uZnd2qlrEitEIkl6ruY005E7RimOG0HimKQ5/Tmt+/GOW1O6o0k+LaDCLaCnFXsIARbKxVpTfJcWHYzmTdvDsWmgdvCtnz99z3x33zqNzOfDY7ksQhFYZwrHXDcyPTSrAyjHA6TDdjTSNM+rhLGxYFDqluJeNph+jQOh0USGWfMGjs/u5IcKj1IPRtZYhNT89mI/O/rBGb4KyVMBHFhgoy+SiIOTISjVZHHaYoMXxgARPF7KyI9LDCxNgDpe0RvNmV56FayHvF/MmVly0VYaIU7MMB5MCDUyjBJZShAgRu4QGe4NmRzqPz4rxOShecac8e/JHz9gNndZK5</latexit>

e�2

<latexit sha1_base64="hAvBkE6l7aKEmVDb4EnYWsH5wRI=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEa3uLLhxWcFeoB1LJj1tYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDqD4GP/z+HnHOCiDNtXPfTSc3NLywupZczK6tr6xvZza2qlrGiUKGSS1UPiAbOBFQMMxzqkQISBhxqQf98lNduQWkmxZUZROCHpCtYh1FirFWF6+TgaNjK5tyCOxb+C94Ucmdv+a/3u+Z+uZX9aLYljUMQhnKidcNzI+MnRBlGOQwzzVhDRGifdKFhUZAQtJ+Mpx3iPeu0cUcq+4TBY/dnR0JCrQdhYCtDYnp6NhuZ/2WN2HRO/YSJKDYg6OSjTsyxkXi0Om4zBdTwgQVCFbOzYtojilBjD5SxR/BmV/4L1cOCVywcX3q5UhFNlEY7aBflkYdOUAldoDKqIIpu0D16RE+OdB6cZ+dlUppypj3b6Jec129qf5K7</latexit>

e�4

<latexit sha1_base64="zPJ9DRArjxf8AQWgyz2XK/k/M50=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsNCwKxjtDNhYJmAukKxhdjKbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYElohggtZ97CinIW0opnmtB5JigOP05rXuxjmtVsqFRPhle5H1A1wJ2Q+I1gbq0qvk6PCoJXN2Xl7JDQLzgRy529fd7vv5e9SK/vRbAsSBzTUhGOlGo4daTfBUjPC6SDTjBWNMOnhDm0YDHFAlZuMph2gfeO0kS+keaFGI/d3R4IDpfqBZyoDrLtqOhua/2WNWPtnbsLCKNY0JOOP/JgjLdBwddRmkhLN+wYwkczMikgXS0y0OVDGHMGZXnkWqsd5p5A/KTu54iGMlYYd2IMDcOAUinAJJagAgRu4h0d4soT1YD1bL+PSlDXp2YY/sl5/ABvnkzg=</latexit>

e�6
<latexit sha1_base64="+4oX39h0y/5xLdeNpdYNFGlD/PI=">AAAB7XicbZC7SgNBFIZn4y3GW9RSkMEgWGjYFdR0BmwsEzAXSNYwOzmbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYUqhQwYWse0QBZyFUNNMc6pEEEngcal7vYpjXbkEqJsIr3Y/ADUgnZD6jRBurCtfJUWHQyubsvD0SngVnArnzt6+73ffyd6mV/Wi2BY0DCDXlRKmGY0faTYjUjHIYZJqxgojQHulAw2BIAlBuMpp2gPeN08a+kOaFGo/c3x0JCZTqB56pDIjuqulsaP6XNWLtF9yEhVGsIaTjj/yYYy3wcHXcZhKo5n0DhEpmZsW0SySh2hwoY47gTK88C9XjvHOaPyk7ueIhGiuNdtAeOkAOOkNFdIlKqIIoukH36BE9WcJ6sJ6tl3Fpypr0bKM/sl5/AB7xkzo=</latexit>

e�8

<latexit sha1_base64="OjkQOkgxrEjqhXHhnQUeh4oUlgY=">AAAB7nicbZC7SgNBFIbPxluMt6ilIItBsNCwG/DSGbCxTMBcIFnD7OQkGTI7u8zMCmFJ6QPYWChia2vnc9j5DPoQTi6FRn8Y+Pj/c5hzjh9xprTjfFipufmFxaX0cmZldW19I7u5VVVhLClWaMhDWfeJQs4EVjTTHOuRRBL4HGt+/2KU125QKhaKKz2I0AtIV7AOo0Qbq4bXyZFbGLayOSfvjGX/BXcKufPXz9vdt/JXqZV9b7ZDGgcoNOVEqYbrRNpLiNSMchxmmrHCiNA+6WLDoCABKi8Zjzu0943TtjuhNE9oe+z+7EhIoNQg8E1lQHRPzWYj87+sEevOmZcwEcUaBZ181Im5rUN7tLvdZhKp5gMDhEpmZrVpj0hCtblQxhzBnV35L1QLefckf1x2c8VDmCgNO7AHB+DCKRThEkpQAQp9uIMHeLQi6956sp4npSlr2rMNv2S9fAOG0pNv</latexit>

e�12
<latexit sha1_base64="YXBw4lCe2GGC0W+i5ftBnP+2E2s=">AAAB7nicbZDJSgNBEIZr4hbjFvUoSGMQPGiYEVxuBrx4TMAskIyhp1NJmvQsdPcIYcjRB/DiQRGvXr35HN58Bn0IO8tBE39o+Pj/KrqqvEhwpW3700rNzS8sLqWXMyura+sb2c2tigpjybDMQhHKmkcVCh5gWXMtsBZJpL4nsOr1Lod59Ral4mFwrfsRuj7tBLzNGdXGquJNcuTYg2Y2Z+ftkcgsOBPIXbx93e2+l76LzexHoxWy2MdAM0GVqjt2pN2ESs2ZwEGmESuMKOvRDtYNBtRH5SajcQdk3zgt0g6leYEmI/d3R0J9pfq+Zyp9qrtqOhua/2X1WLfP3YQHUawxYOOP2rEgOiTD3UmLS2Ra9A1QJrmZlbAulZRpc6GMOYIzvfIsVI7zzmn+pOTkCocwVhp2YA8OwIEzKMAVFKEMDHpwD4/wZEXWg/VsvYxLU9akZxv+yHr9AYPIk20=</latexit>

e�10

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .

Figura A.4: El conjunt de nombres com-
plexos e2k, k ∈ Z.

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="QBcOP19TV8K+izzn6qbm5jeNN3E=">AAAB7HicbZC7TgJBFIbPekW8oZY2E4kJNmSXRLSTxMYSExdIAMnscIAJs7ObmVkTQngGGguNsfUprHwEOx/E3uFSKPgnk3z5/3My55wgFlwb1/1yVlbX1jc2U1vp7Z3dvf3MwWFFR4li6LNIRKoWUI2CS/QNNwJrsUIaBgKrQf96klcfUGkeyTsziLEZ0q7kHc6osZbPCd4XWpmsm3enIsvgzSF79Z77/hg3zsqtzGejHbEkRGmYoFrXPTc2zSFVhjOBo3Qj0RhT1qddrFuUNETdHE6HHZFT67RJJ1L2SUOm7u+OIQ21HoSBrQyp6enFbGL+l9UT07lsDrmME4OSzT7qJIKYiEw2J22ukBkxsECZ4nZWwnpUUWbsfdL2CN7iystQKeS9Yv781suWijBTCo7hBHLgwQWU4AbK4AMDDmN4gmdHOo/Oi/M6K11x5j1H8EfO2w9TyJIT</latexit>

ie2

<latexit sha1_base64="Hr/+4dzTVuAxJLTzZEeNNdP1fBA=">AAAB63icbZC7SgNBFIbPeo3xkqiFhc1iEGwMuwGjVgZsLCOYCyRrmJ3MJkNmZpeZWSEseQUbC0VsfRsrC8GnibNJCk38YeDj/89hzjl+xKjSjvNtLS2vrK6tZzaym1vbO7n87l5dhbHEpIZDFsqmjxRhVJCappqRZiQJ4j4jDX9wneaNByIVDcWdHkbE46gnaEAx0ql1Su5LnXzBKToT2YvgzqBwNT74uBx/5aqd/Ge7G+KYE6ExQ0q1XCfSXoKkppiRUbYdKxIhPEA90jIoECfKSyazjuxj43TtIJTmCW1P3N8dCeJKDblvKjnSfTWfpeZ/WSvWwYWXUBHFmgg8/SiIma1DO13c7lJJsGZDAwhLama1cR9JhLU5T9YcwZ1feRHqpaJbLp7duoVKGabKwCEcwQm4cA4VuIEq1ABDHx7hGV4sbj1Zr9bbtHTJmvXswx9Z7z8M2ZH9</latexit>

�e2

<latexit sha1_base64="UMBwfE31tg2it3PBVAoM3ixXFa4=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwMuwGjVgZsLCO4SSBZw+xkNhkyO7vMzAphyTPYWChi69NYWQg+TZxcCk38YeDj/89hzjl+zJnStv1tLS2vrK6tZzaym1vbO7n87l5NRYkk1CURj2TDx4pyJqirmea0EUuKQ5/Tut+/Huf1ByoVi8SdHsTUC3FXsIARrI3lnjJ6X2rnC3bRnggtgjODwtXo4ONy9JWrtvOfrU5EkpAKTThWqunYsfZSLDUjnA6zrUTRGJM+7tKmQYFDqrx0MuwQHRung4JImic0mri/O1IcKjUIfVMZYt1T89nY/C9rJjq48FIm4kRTQaYfBQlHOkLjzVGHSUo0HxjARDIzKyI9LDHR5j5ZcwRnfuVFqJWKTrl4dusUKmWYKgOHcAQn4MA5VOAGquACAQaP8AwvlrCerFfrbVq6ZM169uGPrPcf0k+ScA==</latexit>

�ie2

<latexit sha1_base64="tC/Bj+aQg5PQN/VGA2Z1B2tx25s=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxoLpAsYXZykgyZvTAzK4Qlj2BjoYitj2NlIfg0cXIpNPGHgY//P4c553iR4Erb9reVWlpeWV1Lr2c2Nre2s7md3aoKY8mwwkIRyrpHFQoeYEVzLbAeSaS+J7Dm9a/Hee0BpeJhcK8HEbo+7Qa8wxnVxro74djK5e2CPRFZBGcG+avR/sfl6CtbbuU+m+2QxT4GmgmqVMOxI+0mVGrOBA4zzVhhRFmfdrFhMKA+KjeZjDokR8Zpk04ozQs0mbi/OxLqKzXwPVPpU91T89nY/C9rxLpz4SY8iGKNAZt+1IkF0SEZ703aXCLTYmCAMsnNrIT1qKRMm+tkzBGc+ZUXoXpacIqFs1snXyrCVGk4gEM4BgfOoQQ3UIYKMOjCIzzDiyWsJ+vVepuWpqxZzx78kfX+A6vakcw=</latexit>�ie

<latexit sha1_base64="GiDb4rw7JMGTb8my27rKPs2iMF4=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ2eTIbOzy8ysEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7O0vLK6ll3PbWxube/kd/fqKkokxRqNeCSbPlHImcCaZppjM5ZIQp9jwx9cjvPGHUrFInGrhzF6IekJFjBKtLFuGHbyBafkTGQvgjuDwsV78fvjoX1c7eQ/292IJiEKTTlRquU6sfZSIjWjHEe5dqIwJnRAetgyKEiIyksnk47sI+N07SCS5gltT9zfHSkJlRqGvqkMie6r+Wxs/pe1Eh2ceykTcaJR0OlHQcJtHdnjte0uk0g1HxogVDIzq037RBKqzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7AddvkUU=</latexit>

ie
<latexit sha1_base64="GT8SY1KrxnIGx7rwy6MleW+eOa0=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxiLpAsYXZyNhkye2FmVgghb2BjoYitr2NlIfg0cXIpNPGHgY//P4c553ix4Erb9reVWlpeWV1Lr2c2Nre2s7md3aqKEsmwwiIRybpHFQoeYkVzLbAeS6SBJ7Dm9a7Hee0BpeJReK/7MboB7YTc54xqY92dYCuXtwv2RGQRnBnkr0b7H5ejr2y5lftstiOWBBhqJqhSDceOtTugUnMmcJhpJgpjynq0gw2DIQ1QuYPJpENyZJw28SNpXqjJxP3dMaCBUv3AM5UB1V01n43N/7JGov0Ld8DDONEYsulHfiKIjsh4bdLmEpkWfQOUSW5mJaxLJWXaHCdjjuDMr7wI1dOCUyyc3Tr5UhGmSsMBHMIxOHAOJbiBMlSAgQ+P8AwvVs96sl6tt2lpypr17MEfWe8/5yuRWQ==</latexit>�e

<latexit sha1_base64="xuDLHPH7BGGNivR6QAlhjTL90Ko=">AAAB8nicbZDLSgMxFIbPeK31VhXcuAkWoW7aGS+1y4IblxXsBaZjyaRpG5qZDElGKEMfQxAXFXHr07gTfRjTy0Jbfwh8/P855JzjR5wpbduf1tLyyuraemojvbm1vbOb2duvKRFLQqtEcCEbPlaUs5BWNdOcNiJJceBzWvf71+O8/kClYiK804OIegHuhqzDCNbGcnPnhYvT+8QpFIetTNbO2xOhRXBmkC0fRqOn769SpZX5aLYFiQMaasKxUq5jR9pLsNSMcDpMN2NFI0z6uEtdgyEOqPKSychDdGKcNuoIaV6o0cT93ZHgQKlB4JvKAOuems/G5n+ZG+tOyUtYGMWahmT6USfmSAs03h+1maRE84EBTCQzsyLSwxITba6UNkdw5ldehNpZ3inmL2+dbLkIU6XgCI4hBw5cQRluoAJVICDgEUbwYmnr2Xq13qalS9as5wD+yHr/ATgsk6E=</latexit>

(3/4)1/6
<latexit sha1_base64="rG5lEb1p+CQlBk88YGUcD25WvcI=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWdKVi7LLhxWdFeoB1KJs20oZlkSDJCGfoIblx4QXDlE7kTfRjTy0Jbfwh8/P855JwTxJxp47qfztLyyuraemYju7m1vbOb29uva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzTCmfoR7goWMYGOtG++s2Mnl3YI7EVoEbwb5ymH89vz9Va52ch/triRJRIUhHGvd8tzY+ClWhhFOR9l2ommMyQD3aMuiwBHVfjoZdYROrNNFoVT2CYMm7u+OFEdaD6PAVkbY9PV8Njb/y1qJCct+ykScGCrI9KMw4chINN4bdZmixPChBUwUs7Mi0scKE2Ovk7VH8OZXXoR6seCVCufXXr5SgqkycATHcAoeXEAFrqAKNSDQg3t4hCeHOw/Oi/M6LV1yZj0H8EfO+w+aWJEQ</latexit>

1/2

<latexit sha1_base64="QnSiRR42+a0NCwZ8gNMzJZC11Ks=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qTMXaZcGNywr2Au1QMmnaxmYmIckIZeg7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qZXVtfWN9GZma3tndy+7f1DTIlaEVongQjUCrClnEa0aZjhtSEVxGHBaDwbXk7z+QJVmIrozQ0n9EPci1mUEG2vVCi3Jzi/a2Zybd6dCy+DNIVc+kuPn769SpZ39aHUEiUMaGcKx1k3PlcZPsDKMcDrKtGJNJSYD3KNNixEOqfaT6bQjdGqdDuoKZV9k0NT93ZHgUOthGNjKEJu+Xswm5n9ZMzbdkp+wSMaGRmT2UTfmyAg0WR11mKLE8KEFTBSzsyLSxwoTYw+UsUfwFldehloh7xXzl7derlyEmdJwDCdwBh5cQRluoAJVIHAPj/ACr45wnpw3ZzwrTTnznkP4I+f9B+S6kmU=</latexit>

2⇡/3
<latexit sha1_base64="c5UPju88jnu6d69uNjCRmx2a7oo=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qjJfaZcGNywr2Au1QMmmmjc1MQpIRSuk7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qaXlldW19HpmY3Nreye7u1fVIlGEVojgQtUDrClnMa0YZjitS0VxFHBaC3rX47z2QJVmIr4zfUn9CHdiFjKCjbWqF03JTs9b2ZybdydCi+DNIFc6kKPn769iuZX9aLYFSSIaG8Kx1g3PlcYfYGUY4XSYaSaaSkx6uEMbFmMcUe0PJtMO0bF12igUyr7YoIn7u2OAI637UWArI2y6ej4bm/9ljcSERX/AYpkYGpPpR2HCkRFovDpqM0WJ4X0LmChmZ0WkixUmxh4oY4/gza+8CNWzvFfIX956uVIBpkrDIRzBCXhwBSW4gTJUgMA9PMILvDrCeXLenNG0NOXMevbhj5z3H+fMkmc=</latexit>

4⇡/3

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="aUZxLWZ2tlxYN1EdJoouEZVgnVI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qbKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN9nkLA=</latexit>

C

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4
<latexit sha1_base64="qUjjms56o8d44K/Dx5BbNHCd2/Y=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVUieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEqLQlBOlWq4Tay8lUjPKcZRtJwpjQgekhy2DgoSovHQy6Mg+Nk7XDiJpntD2xP3dkZJQqWHom8qQ6L6az8bmf1kr0cGFlzIRJxoFnX4UJNzWkT3e2u4yiVTzoQFCJTOz2rRPJKHa3CZrjuDOr7wI9dOiWyqeVd18uQRTZeAQjqAALpxDGa6hAjWggHAPT/Bs3VqP1ov1Oi1dsmY9B/BH1tsPy7OQow==</latexit>

6

<latexit sha1_base64="8Bi01TwYz/FKl29JGJ4uSe7bxg0=">AAAB7HicbVC7SgNBFL0bXzG+opaCDAbBQsKu4KMzYGOZgJsEkiXMTmaTIbOzy8ysEJaU1jYWitja2/kddn6DfoSzSQpNPHC5h3Pu5T78mDOlbfvTyi0sLi2v5FcLa+sbm1vF7Z26ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wlfmNWyoVi8SNHsbUC3FPsIARrI3k2mXbdjrFUpYzoHniTEnp8u3rbv+99l3tFD/a3YgkIRWacKxUy7Fj7aVYakY4HRXaiaIxJgPcoy1DBQ6p8tLxsiN0aJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn4J5gjN78jypn5Sds/JpzSlVjmGCPOzBARyBA+dQgWuoggsEGNzDIzxZwnqwnq2XSWnOmvbswh9Yrz8oCZH/</latexit>

0.001
<latexit sha1_base64="6jET0KSUTbDQHrLHu5xH/mn/WWQ=">AAAB7HicbVC7SgNBFL3rM8ZX1FKQwSBYSNgN+OgM2Fgm4CaBZAmzk9lkyOzsMjMrhCWltY2FIrb2dn6Hnd+gH+FskkITD1zu4Zx7uQ8/5kxp2/60FhaXlldWc2v59Y3Nre3Czm5dRYkk1CURj2TTx4pyJqirmea0GUuKQ5/Thj+4yvzGLZWKReJGD2PqhbgnWMAI1kZy7ZJtlzuFYpYzoHniTEnx8u3r7uC99l3tFD7a3YgkIRWacKxUy7Fj7aVYakY4HeXbiaIxJgPcoy1DBQ6p8tLxsiN0ZJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn7x5gjN78jypl0vOWem05hQrJzBBDvbhEI7BgXOowDVUwQUCDO7hEZ4sYT1Yz9bLpHTBmvbswR9Yrz8pjZIA</latexit>

0.002

<latexit sha1_base64="FzGDj1VJhSpUE3VSL9Zj6Nm2VGQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnPlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx84P5F2</latexit>

e2
<latexit sha1_base64="RCiMSWH6j5egZ9vUMlJK1auBijw=">AAAB6nicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZ0VwgWcPs5GwyZHZ2mZkVwpJHEMFCEVsfw8pHsPNB7J1cCk38YeDj/89hzjl+zJnSjvNlLSwuLa+sZtay6xubW9u5nd2aihJJsUojHsmGTxRyJrCqmebYiCWS0OdY9/sXo7x+h1KxSNzoQYxeSLqCBYwSbaxrvHXaubxTdMay58GdQv78vfD98dA6qrRzn61ORJMQhaacKNV0nVh7KZGaUY7DbCtRGBPaJ11sGhQkROWl41GH9qFxOnYQSfOEtsfu746UhEoNQt9UhkT31Gw2Mv/LmokOzryUiTjRKOjkoyDhto7s0d52h0mkmg8MECqZmdWmPSIJ1eY6WXMEd3bleagdF91S8eTKzZdLMFEG9uEACuDCKZThEipQBQpduIcneLa49Wi9WK+T0gVr2rMHf2S9/QA1N5F0</latexit>

e0

<latexit sha1_base64="Eg5bdqeb2aE3W4fmo1Kd1KcDSBg=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEurDMFKzuLLhxWcFeoK0lk2ba2EwyJBmhDH0G3bhQxK0v4cpHcOeDuDe9LLT1h8DH/59Dzjl+xJk2rvvlLCwuLa+sptbS6xubW9uZnd2qlrEitEIkl6ruY005E7RimOG0HimKQ5/Tmt+/GOW1O6o0k+LaDCLaCnFXsIARbKxVpTfJcWHYzmTdvDsWmgdvCtnz99z3x33zqNzOfDY7ksQhFYZwrHXDcyPTSrAyjHA6TDdjTSNM+rhLGxYFDqluJeNph+jQOh0USGWfMGjs/u5IcKj1IPRtZYhNT89mI/O/rBGb4KyVMBHFhgoy+SiIOTISjVZHHaYoMXxgARPF7KyI9LDCxNgDpe0RvNmV56FayHvF/MmVly0VYaIU7MMB5MCDUyjBJZShAgRu4QGe4NmRzqPz4rxOShecac8e/JHz9gNndZK5</latexit>

e�2

<latexit sha1_base64="hAvBkE6l7aKEmVDb4EnYWsH5wRI=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEa3uLLhxWcFeoB1LJj1tYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDqD4GP/z+HnHOCiDNtXPfTSc3NLywupZczK6tr6xvZza2qlrGiUKGSS1UPiAbOBFQMMxzqkQISBhxqQf98lNduQWkmxZUZROCHpCtYh1FirFWF6+TgaNjK5tyCOxb+C94Ucmdv+a/3u+Z+uZX9aLYljUMQhnKidcNzI+MnRBlGOQwzzVhDRGifdKFhUZAQtJ+Mpx3iPeu0cUcq+4TBY/dnR0JCrQdhYCtDYnp6NhuZ/2WN2HRO/YSJKDYg6OSjTsyxkXi0Om4zBdTwgQVCFbOzYtojilBjD5SxR/BmV/4L1cOCVywcX3q5UhFNlEY7aBflkYdOUAldoDKqIIpu0D16RE+OdB6cZ+dlUppypj3b6Jec129qf5K7</latexit>

e�4

<latexit sha1_base64="zPJ9DRArjxf8AQWgyz2XK/k/M50=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsNCwKxjtDNhYJmAukKxhdjKbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYElohggtZ97CinIW0opnmtB5JigOP05rXuxjmtVsqFRPhle5H1A1wJ2Q+I1gbq0qvk6PCoJXN2Xl7JDQLzgRy529fd7vv5e9SK/vRbAsSBzTUhGOlGo4daTfBUjPC6SDTjBWNMOnhDm0YDHFAlZuMph2gfeO0kS+keaFGI/d3R4IDpfqBZyoDrLtqOhua/2WNWPtnbsLCKNY0JOOP/JgjLdBwddRmkhLN+wYwkczMikgXS0y0OVDGHMGZXnkWqsd5p5A/KTu54iGMlYYd2IMDcOAUinAJJagAgRu4h0d4soT1YD1bL+PSlDXp2YY/sl5/ABvnkzg=</latexit>

e�6
<latexit sha1_base64="+4oX39h0y/5xLdeNpdYNFGlD/PI=">AAAB7XicbZC7SgNBFIZn4y3GW9RSkMEgWGjYFdR0BmwsEzAXSNYwOzmbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYUqhQwYWse0QBZyFUNNMc6pEEEngcal7vYpjXbkEqJsIr3Y/ADUgnZD6jRBurCtfJUWHQyubsvD0SngVnArnzt6+73ffyd6mV/Wi2BY0DCDXlRKmGY0faTYjUjHIYZJqxgojQHulAw2BIAlBuMpp2gPeN08a+kOaFGo/c3x0JCZTqB56pDIjuqulsaP6XNWLtF9yEhVGsIaTjj/yYYy3wcHXcZhKo5n0DhEpmZsW0SySh2hwoY47gTK88C9XjvHOaPyk7ueIhGiuNdtAeOkAOOkNFdIlKqIIoukH36BE9WcJ6sJ6tl3Fpypr0bKM/sl5/AB7xkzo=</latexit>

e�8

<latexit sha1_base64="OjkQOkgxrEjqhXHhnQUeh4oUlgY=">AAAB7nicbZC7SgNBFIbPxluMt6ilIItBsNCwG/DSGbCxTMBcIFnD7OQkGTI7u8zMCmFJ6QPYWChia2vnc9j5DPoQTi6FRn8Y+Pj/c5hzjh9xprTjfFipufmFxaX0cmZldW19I7u5VVVhLClWaMhDWfeJQs4EVjTTHOuRRBL4HGt+/2KU125QKhaKKz2I0AtIV7AOo0Qbq4bXyZFbGLayOSfvjGX/BXcKufPXz9vdt/JXqZV9b7ZDGgcoNOVEqYbrRNpLiNSMchxmmrHCiNA+6WLDoCABKi8Zjzu0943TtjuhNE9oe+z+7EhIoNQg8E1lQHRPzWYj87+sEevOmZcwEcUaBZ181Im5rUN7tLvdZhKp5gMDhEpmZrVpj0hCtblQxhzBnV35L1QLefckf1x2c8VDmCgNO7AHB+DCKRThEkpQAQp9uIMHeLQi6956sp4npSlr2rMNv2S9fAOG0pNv</latexit>

e�12
<latexit sha1_base64="YXBw4lCe2GGC0W+i5ftBnP+2E2s=">AAAB7nicbZDJSgNBEIZr4hbjFvUoSGMQPGiYEVxuBrx4TMAskIyhp1NJmvQsdPcIYcjRB/DiQRGvXr35HN58Bn0IO8tBE39o+Pj/KrqqvEhwpW3700rNzS8sLqWXMyura+sb2c2tigpjybDMQhHKmkcVCh5gWXMtsBZJpL4nsOr1Lod59Ral4mFwrfsRuj7tBLzNGdXGquJNcuTYg2Y2Z+ftkcgsOBPIXbx93e2+l76LzexHoxWy2MdAM0GVqjt2pN2ESs2ZwEGmESuMKOvRDtYNBtRH5SajcQdk3zgt0g6leYEmI/d3R0J9pfq+Zyp9qrtqOhua/2X1WLfP3YQHUawxYOOP2rEgOiTD3UmLS2Ra9A1QJrmZlbAulZRpc6GMOYIzvfIsVI7zzmn+pOTkCocwVhp2YA8OwIEzKMAVFKEMDHpwD4/wZEXWg/VsvYxLU9akZxv+yHr9AYPIk20=</latexit>

e�10

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .

Figura A.5: El conjunt de nombres com-
plexos [cosh(iπ/6)]1/3.

(b) L’elecció més simple s’obté si fem que g(z) a (A.1) sigui una cons-
tant k. La determinem imposant que

1

2πi

1

2− ie−1
+ k = f(2),

és a dir,

k = f(2)− 1

4πi

2e

2e− i
=

1

4π(2e− i)
− 1

4πi

2e

2e− i
=

i

4π
.

Aix́ı doncs, una possible elecció de f és

f(z) =
1

2πi

1

z − ie−1
+

i

4π

SA.3 (a)

11/iπ = exp

[
log 1 + 2πki

iπ

]
= e2k, k ∈ Z

11/iπ = e2k, k ∈ Z
Aquest conjunt de nombres complexos es representa a la figura A.4

(b)

(
cosh

iπ

6

)1/3

=
(
cos

π

6

)1/3
=

(√
3

2

)1/3

=

(
3

4

)1/6

e(0+2πk)i/3, k = 0, 1, 2,

i la resposta és (vegeu figura A.5)

(
cosh

iπ

6

)1/3

=

(
3

4

)1/6

ei2πk/3, k = 0, 1, 2
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SA.4 L’única singularitat de f(z) és z = π/2 (és un pol doble). Hem de trobar,
doncs, una sèrie de Laurent de potències de z − π/2 vàlida al voltant
d’aquest punt.

f(z) =
sin z

(π − 2z)2
=

sin [(z − π/2) + π/2]

4(z − π/2)2
=

cos (z − π/2)

4(z − π/2)2
.

Sabem que cosw =
∑∞

n=0(−1)nw2n/(2n)!. Per tant,

f(z) =
∞∑

n=0

(−1)n
(z − π/2)2n−2

4(2n)!
=

1

4(z − π/2)2
−
∞∑

n=0

(−1)n
(z − π/2)2n

4(2n+ 2)!
,

f(z) =
1

4(z − π/2)2
−
∞∑

n=0

(−1)n
(z − π/2)2n

4(2n+ 2)!

Aquesta sèrie és convergent a |z − π/2| > 0

SA.5 L’integrand és una funció parella, per tant,

I =

∫ ∞

0

x sin ax

x2 + 1
dx =

1

2

∫ ∞

−∞

x sin ax

x2 + 1
dx =

1

2
Im

(∫ ∞

−∞

x eiax

x2 + 1
dx

)
.

Les singularitats de l’integrand són pols simples a z = ±i. Usem el
contorn de la figura A.6, ja que, en ser a > 0, tenim assegurat que la
integral sobre la semicircumferència s’anul·la en el ĺımit R → ∞. La
figura també indica la localització dels pols de l’integrand.

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="QBcOP19TV8K+izzn6qbm5jeNN3E=">AAAB7HicbZC7TgJBFIbPekW8oZY2E4kJNmSXRLSTxMYSExdIAMnscIAJs7ObmVkTQngGGguNsfUprHwEOx/E3uFSKPgnk3z5/3My55wgFlwb1/1yVlbX1jc2U1vp7Z3dvf3MwWFFR4li6LNIRKoWUI2CS/QNNwJrsUIaBgKrQf96klcfUGkeyTsziLEZ0q7kHc6osZbPCd4XWpmsm3enIsvgzSF79Z77/hg3zsqtzGejHbEkRGmYoFrXPTc2zSFVhjOBo3Qj0RhT1qddrFuUNETdHE6HHZFT67RJJ1L2SUOm7u+OIQ21HoSBrQyp6enFbGL+l9UT07lsDrmME4OSzT7qJIKYiEw2J22ukBkxsECZ4nZWwnpUUWbsfdL2CN7iystQKeS9Yv781suWijBTCo7hBHLgwQWU4AbK4AMDDmN4gmdHOo/Oi/M6K11x5j1H8EfO2w9TyJIT</latexit>

ie2

<latexit sha1_base64="Hr/+4dzTVuAxJLTzZEeNNdP1fBA=">AAAB63icbZC7SgNBFIbPeo3xkqiFhc1iEGwMuwGjVgZsLCOYCyRrmJ3MJkNmZpeZWSEseQUbC0VsfRsrC8GnibNJCk38YeDj/89hzjl+xKjSjvNtLS2vrK6tZzaym1vbO7n87l5dhbHEpIZDFsqmjxRhVJCappqRZiQJ4j4jDX9wneaNByIVDcWdHkbE46gnaEAx0ql1Su5LnXzBKToT2YvgzqBwNT74uBx/5aqd/Ge7G+KYE6ExQ0q1XCfSXoKkppiRUbYdKxIhPEA90jIoECfKSyazjuxj43TtIJTmCW1P3N8dCeJKDblvKjnSfTWfpeZ/WSvWwYWXUBHFmgg8/SiIma1DO13c7lJJsGZDAwhLama1cR9JhLU5T9YcwZ1feRHqpaJbLp7duoVKGabKwCEcwQm4cA4VuIEq1ABDHx7hGV4sbj1Zr9bbtHTJmvXswx9Z7z8M2ZH9</latexit>

�e2

<latexit sha1_base64="UMBwfE31tg2it3PBVAoM3ixXFa4=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwMuwGjVgZsLCO4SSBZw+xkNhkyO7vMzAphyTPYWChi69NYWQg+TZxcCk38YeDj/89hzjl+zJnStv1tLS2vrK6tZzaym1vbO7n87l5NRYkk1CURj2TDx4pyJqirmea0EUuKQ5/Tut+/Huf1ByoVi8SdHsTUC3FXsIARrI3lnjJ6X2rnC3bRnggtgjODwtXo4ONy9JWrtvOfrU5EkpAKTThWqunYsfZSLDUjnA6zrUTRGJM+7tKmQYFDqrx0MuwQHRung4JImic0mri/O1IcKjUIfVMZYt1T89nY/C9rJjq48FIm4kRTQaYfBQlHOkLjzVGHSUo0HxjARDIzKyI9LDHR5j5ZcwRnfuVFqJWKTrl4dusUKmWYKgOHcAQn4MA5VOAGquACAQaP8AwvlrCerFfrbVq6ZM169uGPrPcf0k+ScA==</latexit>

�ie2

<latexit sha1_base64="tC/Bj+aQg5PQN/VGA2Z1B2tx25s=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxoLpAsYXZykgyZvTAzK4Qlj2BjoYitj2NlIfg0cXIpNPGHgY//P4c553iR4Erb9reVWlpeWV1Lr2c2Nre2s7md3aoKY8mwwkIRyrpHFQoeYEVzLbAeSaS+J7Dm9a/Hee0BpeJhcK8HEbo+7Qa8wxnVxro74djK5e2CPRFZBGcG+avR/sfl6CtbbuU+m+2QxT4GmgmqVMOxI+0mVGrOBA4zzVhhRFmfdrFhMKA+KjeZjDokR8Zpk04ozQs0mbi/OxLqKzXwPVPpU91T89nY/C9rxLpz4SY8iGKNAZt+1IkF0SEZ703aXCLTYmCAMsnNrIT1qKRMm+tkzBGc+ZUXoXpacIqFs1snXyrCVGk4gEM4BgfOoQQ3UIYKMOjCIzzDiyWsJ+vVepuWpqxZzx78kfX+A6vakcw=</latexit>�ie

<latexit sha1_base64="GiDb4rw7JMGTb8my27rKPs2iMF4=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ2eTIbOzy8ysEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7O0vLK6ll3PbWxube/kd/fqKkokxRqNeCSbPlHImcCaZppjM5ZIQp9jwx9cjvPGHUrFInGrhzF6IekJFjBKtLFuGHbyBafkTGQvgjuDwsV78fvjoX1c7eQ/292IJiEKTTlRquU6sfZSIjWjHEe5dqIwJnRAetgyKEiIyksnk47sI+N07SCS5gltT9zfHSkJlRqGvqkMie6r+Wxs/pe1Eh2ceykTcaJR0OlHQcJtHdnjte0uk0g1HxogVDIzq037RBKqzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7AddvkUU=</latexit>

ie
<latexit sha1_base64="GT8SY1KrxnIGx7rwy6MleW+eOa0=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxiLpAsYXZyNhkye2FmVgghb2BjoYitr2NlIfg0cXIpNPGHgY//P4c553ix4Erb9reVWlpeWV1Lr2c2Nre2s7md3aqKEsmwwiIRybpHFQoeYkVzLbAeS6SBJ7Dm9a7Hee0BpeJReK/7MboB7YTc54xqY92dYCuXtwv2RGQRnBnkr0b7H5ejr2y5lftstiOWBBhqJqhSDceOtTugUnMmcJhpJgpjynq0gw2DIQ1QuYPJpENyZJw28SNpXqjJxP3dMaCBUv3AM5UB1V01n43N/7JGov0Ld8DDONEYsulHfiKIjsh4bdLmEpkWfQOUSW5mJaxLJWXaHCdjjuDMr7wI1dOCUyyc3Tr5UhGmSsMBHMIxOHAOJbiBMlSAgQ+P8AwvVs96sl6tt2lpypr17MEfWe8/5yuRWQ==</latexit>�e

<latexit sha1_base64="xuDLHPH7BGGNivR6QAlhjTL90Ko=">AAAB8nicbZDLSgMxFIbPeK31VhXcuAkWoW7aGS+1y4IblxXsBaZjyaRpG5qZDElGKEMfQxAXFXHr07gTfRjTy0Jbfwh8/P855JzjR5wpbduf1tLyyuraemojvbm1vbOb2duvKRFLQqtEcCEbPlaUs5BWNdOcNiJJceBzWvf71+O8/kClYiK804OIegHuhqzDCNbGcnPnhYvT+8QpFIetTNbO2xOhRXBmkC0fRqOn769SpZX5aLYFiQMaasKxUq5jR9pLsNSMcDpMN2NFI0z6uEtdgyEOqPKSychDdGKcNuoIaV6o0cT93ZHgQKlB4JvKAOuems/G5n+ZG+tOyUtYGMWahmT6USfmSAs03h+1maRE84EBTCQzsyLSwxITba6UNkdw5ldehNpZ3inmL2+dbLkIU6XgCI4hBw5cQRluoAJVICDgEUbwYmnr2Xq13qalS9as5wD+yHr/ATgsk6E=</latexit>

(3/4)1/6
<latexit sha1_base64="rG5lEb1p+CQlBk88YGUcD25WvcI=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWdKVi7LLhxWdFeoB1KJs20oZlkSDJCGfoIblx4QXDlE7kTfRjTy0Jbfwh8/P855JwTxJxp47qfztLyyuraemYju7m1vbOb29uva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzTCmfoR7goWMYGOtG++s2Mnl3YI7EVoEbwb5ymH89vz9Va52ch/triRJRIUhHGvd8tzY+ClWhhFOR9l2ommMyQD3aMuiwBHVfjoZdYROrNNFoVT2CYMm7u+OFEdaD6PAVkbY9PV8Njb/y1qJCct+ykScGCrI9KMw4chINN4bdZmixPChBUwUs7Mi0scKE2Ovk7VH8OZXXoR6seCVCufXXr5SgqkycATHcAoeXEAFrqAKNSDQg3t4hCeHOw/Oi/M6LV1yZj0H8EfO+w+aWJEQ</latexit>

1/2

<latexit sha1_base64="QnSiRR42+a0NCwZ8gNMzJZC11Ks=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qTMXaZcGNywr2Au1QMmnaxmYmIckIZeg7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qZXVtfWN9GZma3tndy+7f1DTIlaEVongQjUCrClnEa0aZjhtSEVxGHBaDwbXk7z+QJVmIrozQ0n9EPci1mUEG2vVCi3Jzi/a2Zybd6dCy+DNIVc+kuPn769SpZ39aHUEiUMaGcKx1k3PlcZPsDKMcDrKtGJNJSYD3KNNixEOqfaT6bQjdGqdDuoKZV9k0NT93ZHgUOthGNjKEJu+Xswm5n9ZMzbdkp+wSMaGRmT2UTfmyAg0WR11mKLE8KEFTBSzsyLSxwoTYw+UsUfwFldehloh7xXzl7derlyEmdJwDCdwBh5cQRluoAJVIHAPj/ACr45wnpw3ZzwrTTnznkP4I+f9B+S6kmU=</latexit>

2⇡/3
<latexit sha1_base64="c5UPju88jnu6d69uNjCRmx2a7oo=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qjJfaZcGNywr2Au1QMmmmjc1MQpIRSuk7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qaXlldW19HpmY3Nreye7u1fVIlGEVojgQtUDrClnMa0YZjitS0VxFHBaC3rX47z2QJVmIr4zfUn9CHdiFjKCjbWqF03JTs9b2ZybdydCi+DNIFc6kKPn769iuZX9aLYFSSIaG8Kx1g3PlcYfYGUY4XSYaSaaSkx6uEMbFmMcUe0PJtMO0bF12igUyr7YoIn7u2OAI637UWArI2y6ej4bm/9ljcSERX/AYpkYGpPpR2HCkRFovDpqM0WJ4X0LmChmZ0WkixUmxh4oY4/gza+8CNWzvFfIX956uVIBpkrDIRzBCXhwBSW4gTJUgMA9PMILvDrCeXLenNG0NOXMevbhj5z3H+fMkmc=</latexit>

4⇡/3

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="aUZxLWZ2tlxYN1EdJoouEZVgnVI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qbKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN9nkLA=</latexit>

C

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4
<latexit sha1_base64="qUjjms56o8d44K/Dx5BbNHCd2/Y=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVUieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEqLQlB OlWq4Tay8lUjPKcZRtJwpjQgekhy2DgoSovHQy6Mg+Nk7XDiJpntD2xP3dkZJQqWHom8qQ6L6az8bmf1kr0cGFlzIRJxoFnX4UJNzWkT3e2u4yiVTzoQFCJTOz2rRPJKHa3CZrjuDOr7wI9dOiWyqeVd18uQRTZeAQjqAALpxDGa6hAjWggHAPT/Bs3VqP1ov1Oi1dsmY9B/BH1tsPy7OQow==</latexit>

6

<latexit sha1_base64="8Bi01TwYz/FKl29JGJ4uSe7bxg0=">AAAB7HicbVC7SgNBFL0bXzG+opaCDAbBQsKu4KMzYGOZgJsEkiXMTmaTIbOzy8ysEJaU1jYWitja2/kddn6DfoSzSQpNPHC5h3Pu5T78mDOlbfvTyi0sLi2v5FcLa+sbm1vF7Z26ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wlfmNWyoVi8SNHsbUC3FPsIARrI3k2mXbdjrFUpYzoHniTEnp8u3rbv+99l3tFD/a3YgkIRWacKxUy7Fj7aVYakY4HRXaiaIxJgPcoy1DBQ6p8tLxsiN0aJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn4J5gjN78jypn5Sds/JpzSlVjmGCPOzBARyBA+dQgWuoggsEGNzDIzxZwnqwnq2XSWnOmvbswh9Yrz8oCZH/</latexit>

0.001
<latexit sha1_base64="6jET0KSUTbDQHrLHu5xH/mn/WWQ=">AAAB7HicbVC7SgNBFL3rM8ZX1FKQwSBYSNgN+OgM2Fgm4CaBZAmzk9lkyOzsMjMrhCWltY2FIrb2dn6Hnd+gH+FskkITD1zu4Zx7uQ8/5kxp2/60FhaXlldWc2v59Y3Nre3Czm5dRYkk1CURj2TTx4pyJqirmea0GUuKQ5/Thj+4yvzGLZWKReJGD2PqhbgnWMAI1kZy7ZJtlzuFYpYzoHniTEnx8u3r7uC99l3tFD7a3YgkIRWacKxUy7Fj7aVYakY4HeXbiaIxJgPcoy1DBQ6p8tLxsiN0ZJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn7x5gjN78jypl0vOWem05hQrJzBBDvbhEI7BgXOowDVUwQUCDO7hEZ4sYT1Yz9bLpHTBmvbswR9Yrz8pjZIA</latexit>

0.002

<latexit sha1_base64="FzGDj1VJhSpUE3VSL9Zj6Nm2VGQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnPlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx84P5F2</latexit>

e2
<latexit sha1_base64="RCiMSWH6j5egZ9vUMlJK1auBijw=">AAAB6nicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZ0VwgWcPs5GwyZHZ2mZkVwpJHEMFCEVsfw8pHsPNB7J1cCk38YeDj/89hzjl+zJnSjvNlLSwuLa+sZtay6xubW9u5nd2aihJJsUojHsmGTxRyJrCqmebYiCWS0OdY9/sXo7x+h1KxSNzoQYxeSLqCBYwSbaxrvHXaubxTdMay58GdQv78vfD98dA6qrRzn61ORJMQhaacKNV0nVh7KZGaUY7DbCtRGBPaJ11sGhQkROWl41GH9qFxOnYQSfOEtsfu746UhEoNQt9UhkT31Gw2Mv/LmokOzryUiTjRKOjkoyDhto7s0d52h0mkmg8MECqZmdWmPSIJ1eY6WXMEd3bleagdF91S8eTKzZdLMFEG9uEACuDCKZThEipQBQpduIcneLa49Wi9WK+T0gVr2rMHf2S9/QA1N5F0</latexit>

e0

<latexit sha1_base64="Eg5bdqeb2aE3W4fmo1Kd1KcDSBg=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEurDMFKzuLLhxWcFeoK0lk2ba2EwyJBmhDH0G3bhQxK0v4cpHcOeDuDe9LLT1h8DH/59Dzjl+xJk2rvvlLCwuLa+sptbS6xubW9uZnd2qlrEitEIkl6ruY005E7RimOG0HimKQ5/Tmt+/GOW1O6o0k+LaDCLaCnFXsIARbKxVpTfJcWHYzmTdvDsWmgdvCtnz99z3x33zqNzOfDY7ksQhFYZwrHXDcyPTSrAyjHA6TDdjTSNM+rhLGxYFDqluJeNph+jQOh0USGWfMGjs/u5IcKj1IPRtZYhNT89mI/O/rBGb4KyVMBHFhgoy+SiIOTISjVZHHaYoMXxgARPF7KyI9LDCxNgDpe0RvNmV56FayHvF/MmVly0VYaIU7MMB5MCDUyjBJZShAgRu4QGe4NmRzqPz4rxOShecac8e/JHz9gNndZK5</latexit>

e�2

<latexit sha1_base64="hAvBkE6l7aKEmVDb4EnYWsH5wRI=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEa3uLLhxWcFeoB1LJj1tYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDqD4GP/z+HnHOCiDNtXPfTSc3NLywupZczK6tr6xvZza2qlrGiUKGSS1UPiAbOBFQMMxzqkQISBhxqQf98lNduQWkmxZUZROCHpCtYh1FirFWF6+TgaNjK5tyCOxb+C94Ucmdv+a/3u+Z+uZX9aLYljUMQhnKidcNzI+MnRBlGOQwzzVhDRGifdKFhUZAQtJ+Mpx3iPeu0cUcq+4TBY/dnR0JCrQdhYCtDYnp6NhuZ/2WN2HRO/YSJKDYg6OSjTsyxkXi0Om4zBdTwgQVCFbOzYtojilBjD5SxR/BmV/4L1cOCVywcX3q5UhFNlEY7aBflkYdOUAldoDKqIIpu0D16RE+OdB6cZ+dlUppypj3b6Jec129qf5K7</latexit>

e�4

<latexit sha1_base64="zPJ9DRArjxf8AQWgyz2XK/k/M50=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsNCwKxjtDNhYJmAukKxhdjKbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYElohggtZ97CinIW0opnmtB5JigOP05rXuxjmtVsqFRPhle5H1A1wJ2Q+I1gbq0qvk6PCoJXN2Xl7JDQLzgRy529fd7vv5e9SK/vRbAsSBzTUhGOlGo4daTfBUjPC6SDTjBWNMOnhDm0YDHFAlZuMph2gfeO0kS+keaFGI/d3R4IDpfqBZyoDrLtqOhua/2WNWPtnbsLCKNY0JOOP/JgjLdBwddRmkhLN+wYwkczMikgXS0y0OVDGHMGZXnkWqsd5p5A/KTu54iGMlYYd2IMDcOAUinAJJagAgRu4h0d4soT1YD1bL+PSlDXp2YY/sl5/ABvnkzg=</latexit>

e�6
<latexit sha1_base64="+4oX39h0y/5xLdeNpdYNFGlD/PI=">AAAB7XicbZC7SgNBFIZn4y3GW9RSkMEgWGjYFdR0BmwsEzAXSNYwOzmbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYUqhQwYWse0QBZyFUNNMc6pEEEngcal7vYpjXbkEqJsIr3Y/ADUgnZD6jRBurCtfJUWHQyubsvD0SngVnArnzt6+73ffyd6mV/Wi2BY0DCDXlRKmGY0faTYjUjHIYZJqxgojQHulAw2BIAlBuMpp2gPeN08a+kOaFGo/c3x0JCZTqB56pDIjuqulsaP6XNWLtF9yEhVGsIaTjj/yYYy3wcHXcZhKo5n0DhEpmZsW0SySh2hwoY47gTK88C9XjvHOaPyk7ueIhGiuNdtAeOkAOOkNFdIlKqIIoukH36BE9WcJ6sJ6tl3Fpypr0bKM/sl5/AB7xkzo=</latexit>

e�8

<latexit sha1_base64="OjkQOkgxrEjqhXHhnQUeh4oUlgY=">AAAB7nicbZC7SgNBFIbPxluMt6ilIItBsNCwG/DSGbCxTMBcIFnD7OQkGTI7u8zMCmFJ6QPYWChia2vnc9j5DPoQTi6FRn8Y+Pj/c5hzjh9xprTjfFipufmFxaX0cmZldW19I7u5VVVhLClWaMhDWfeJQs4EVjTTHOuRRBL4HGt+/2KU125QKhaKKz2I0AtIV7AOo0Qbq4bXyZFbGLayOSfvjGX/BXcKufPXz9vdt/JXqZV9b7ZDGgcoNOVEqYbrRNpLiNSMchxmmrHCiNA+6WLDoCABKi8Zjzu0943TtjuhNE9oe+z+7EhIoNQg8E1lQHRPzWYj87+sEevOmZcwEcUaBZ181Im5rUN7tLvdZhKp5gMDhEpmZrVpj0hCtblQxhzBnV35L1QLefckf1x2c8VDmCgNO7AHB+DCKRThEkpQAQp9uIMHeLQi6956sp4npSlr2rMNv2S9fAOG0pNv</latexit>

e�12
<latexit sha1_base64="YXBw4lCe2GGC0W+i5ftBnP+2E2s=">AAAB7nicbZDJSgNBEIZr4hbjFvUoSGMQPGiYEVxuBrx4TMAskIyhp1NJmvQsdPcIYcjRB/DiQRGvXr35HN58Bn0IO8tBE39o+Pj/KrqqvEhwpW3700rNzS8sLqWXMyura+sb2c2tigpjybDMQhHKmkcVCh5gWXMtsBZJpL4nsOr1Lod59Ral4mFwrfsRuj7tBLzNGdXGquJNcuTYg2Y2Z+ftkcgsOBPIXbx93e2+l76LzexHoxWy2MdAM0GVqjt2pN2ESs2ZwEGmESuMKOvRDtYNBtRH5SajcQdk3zgt0g6leYEmI/d3R0J9pfq+Zyp9qrtqOhua/2X1WLfP3YQHUawxYOOP2rEgOiTD3UmLS2Ra9A1QJrmZlbAulZRpc6GMOYIzvfIsVI7zzmn+pOTkCocwVhp2YA8OwIEzKMAVFKEMDHpwD4/wZEXWg/VsvYxLU9akZxv+yHr9AYPIk20=</latexit>

e�10

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .

Figura A.6: Contorn d’integració i singularitats del problema PA.5.

Aix́ı doncs, tenim

I =
1

2
Im

(∮

C

z eiaz

z2 + 1
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)
=

1

2
Im

(
2πi res

z=i

z eiaz

z2 + 1

)
. (A.2)
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Notem que només contribueix el pol del semiplà superior, ja que és l’únic
interior al contorn d’integració. El residu corresponent és

res
z=i

z eiaz

z2 + 1
= lim

z→i

[
(z − i)

z eiaz

z2 + 1

]

= lim
z→i

[
(z − i)

z eiaz

(z − i)(z + i)

]
= lim

z→i

z eiaz

z + i
=

e−a

2
.

Si substitüım a (A.2), tenim finalment

∫ ∞

0

x sin ax

x2 + 1
dx =

πe−a

2

Examen B

PB.1 Considereu la funció

f(z) =
2x− a− 2iy

(x− 1)2 + by2
,

on a, b ∈ R i z = x+ iy.

(a) Determineu per a quins valors de a i b la funció f és anaĺıtica en
alguna regió.

(b) Especifiqueu aquesta regió.

(c) Trobeu les singularitats de f i determineu-ne el tipus.

PB.2 Una funció f és anaĺıtica a tot C, excepte a z = 0, i compleix

lim
z→∞

|f(z)| = 1, lim
z→0

[zf(z)] = 1.

Determineu totes les possibles funcions f que compleixen aquestes condi-
cions.

PB.3 Representeu gràficament i expresseu en forma polar o binomial tots els
valors de:

(a) 1i (b)

(
sinh

iπ

6

)1/4

PB.4 Trobeu els desenvolupaments en sèrie de potències de z−1, en els respec-
tius dominis de convergència, de la funció

f(z) =
i+ 1/2

(z − 2)[z − (1 + i/2)]
.



Càlcul en variable complexa Materials 199

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="QBcOP19TV8K+izzn6qbm5jeNN3E=">AAAB7HicbZC7TgJBFIbPekW8oZY2E4kJNmSXRLSTxMYSExdIAMnscIAJs7ObmVkTQngGGguNsfUprHwEOx/E3uFSKPgnk3z5/3My55wgFlwb1/1yVlbX1jc2U1vp7Z3dvf3MwWFFR4li6LNIRKoWUI2CS/QNNwJrsUIaBgKrQf96klcfUGkeyTsziLEZ0q7kHc6osZbPCd4XWpmsm3enIsvgzSF79Z77/hg3zsqtzGejHbEkRGmYoFrXPTc2zSFVhjOBo3Qj0RhT1qddrFuUNETdHE6HHZFT67RJJ1L2SUOm7u+OIQ21HoSBrQyp6enFbGL+l9UT07lsDrmME4OSzT7qJIKYiEw2J22ukBkxsECZ4nZWwnpUUWbsfdL2CN7iystQKeS9Yv781suWijBTCo7hBHLgwQWU4AbK4AMDDmN4gmdHOo/Oi/M6K11x5j1H8EfO2w9TyJIT</latexit>

ie2

<latexit sha1_base64="Hr/+4dzTVuAxJLTzZEeNNdP1fBA=">AAAB63icbZC7SgNBFIbPeo3xkqiFhc1iEGwMuwGjVgZsLCOYCyRrmJ3MJkNmZpeZWSEseQUbC0VsfRsrC8GnibNJCk38YeDj/89hzjl+xKjSjvNtLS2vrK6tZzaym1vbO7n87l5dhbHEpIZDFsqmjxRhVJCappqRZiQJ4j4jDX9wneaNByIVDcWdHkbE46gnaEAx0ql1Su5LnXzBKToT2YvgzqBwNT74uBx/5aqd/Ge7G+KYE6ExQ0q1XCfSXoKkppiRUbYdKxIhPEA90jIoECfKSyazjuxj43TtIJTmCW1P3N8dCeJKDblvKjnSfTWfpeZ/WSvWwYWXUBHFmgg8/SiIma1DO13c7lJJsGZDAwhLama1cR9JhLU5T9YcwZ1feRHqpaJbLp7duoVKGabKwCEcwQm4cA4VuIEq1ABDHx7hGV4sbj1Zr9bbtHTJmvXswx9Z7z8M2ZH9</latexit>

�e2

<latexit sha1_base64="UMBwfE31tg2it3PBVAoM3ixXFa4=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwMuwGjVgZsLCO4SSBZw+xkNhkyO7vMzAphyTPYWChi69NYWQg+TZxcCk38YeDj/89hzjl+zJnStv1tLS2vrK6tZzaym1vbO7n87l5NRYkk1CURj2TDx4pyJqirmea0EUuKQ5/Tut+/Huf1ByoVi8SdHsTUC3FXsIARrI3lnjJ6X2rnC3bRnggtgjODwtXo4ONy9JWrtvOfrU5EkpAKTThWqunYsfZSLDUjnA6zrUTRGJM+7tKmQYFDqrx0MuwQHRung4JImic0mri/O1IcKjUIfVMZYt1T89nY/C9rJjq48FIm4kRTQaYfBQlHOkLjzVGHSUo0HxjARDIzKyI9LDHR5j5ZcwRnfuVFqJWKTrl4dusUKmWYKgOHcAQn4MA5VOAGquACAQaP8AwvlrCerFfrbVq6ZM169uGPrPcf0k+ScA==</latexit>

�ie2

<latexit sha1_base64="tC/Bj+aQg5PQN/VGA2Z1B2tx25s=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxoLpAsYXZykgyZvTAzK4Qlj2BjoYitj2NlIfg0cXIpNPGHgY//P4c553iR4Erb9reVWlpeWV1Lr2c2Nre2s7md3aoKY8mwwkIRyrpHFQoeYEVzLbAeSaS+J7Dm9a/Hee0BpeJhcK8HEbo+7Qa8wxnVxro74djK5e2CPRFZBGcG+avR/sfl6CtbbuU+m+2QxT4GmgmqVMOxI+0mVGrOBA4zzVhhRFmfdrFhMKA+KjeZjDokR8Zpk04ozQs0mbi/OxLqKzXwPVPpU91T89nY/C9rxLpz4SY8iGKNAZt+1IkF0SEZ703aXCLTYmCAMsnNrIT1qKRMm+tkzBGc+ZUXoXpacIqFs1snXyrCVGk4gEM4BgfOoQQ3UIYKMOjCIzzDiyWsJ+vVepuWpqxZzx78kfX+A6vakcw=</latexit>�ie

<latexit sha1_base64="GiDb4rw7JMGTb8my27rKPs2iMF4=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ2eTIbOzy8ysEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7O0vLK6ll3PbWxube/kd/fqKkokxRqNeCSbPlHImcCaZppjM5ZIQp9jwx9cjvPGHUrFInGrhzF6IekJFjBKtLFuGHbyBafkTGQvgjuDwsV78fvjoX1c7eQ/292IJiEKTTlRquU6sfZSIjWjHEe5dqIwJnRAetgyKEiIyksnk47sI+N07SCS5gltT9zfHSkJlRqGvqkMie6r+Wxs/pe1Eh2ceykTcaJR0OlHQcJtHdnjte0uk0g1HxogVDIzq037RBKqzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7AddvkUU=</latexit>

ie
<latexit sha1_base64="GT8SY1KrxnIGx7rwy6MleW+eOa0=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxiLpAsYXZyNhkye2FmVgghb2BjoYitr2NlIfg0cXIpNPGHgY//P4c553ix4Erb9reVWlpeWV1Lr2c2Nre2s7md3aqKEsmwwiIRybpHFQoeYkVzLbAeS6SBJ7Dm9a7Hee0BpeJReK/7MboB7YTc54xqY92dYCuXtwv2RGQRnBnkr0b7H5ejr2y5lftstiOWBBhqJqhSDceOtTugUnMmcJhpJgpjynq0gw2DIQ1QuYPJpENyZJw28SNpXqjJxP3dMaCBUv3AM5UB1V01n43N/7JGov0Ld8DDONEYsulHfiKIjsh4bdLmEpkWfQOUSW5mJaxLJWXaHCdjjuDMr7wI1dOCUyyc3Tr5UhGmSsMBHMIxOHAOJbiBMlSAgQ+P8AwvVs96sl6tt2lpypr17MEfWe8/5yuRWQ==</latexit>�e

<latexit sha1_base64="xuDLHPH7BGGNivR6QAlhjTL90Ko=">AAAB8nicbZDLSgMxFIbPeK31VhXcuAkWoW7aGS+1y4IblxXsBaZjyaRpG5qZDElGKEMfQxAXFXHr07gTfRjTy0Jbfwh8/P855JzjR5wpbduf1tLyyuraemojvbm1vbOb2duvKRFLQqtEcCEbPlaUs5BWNdOcNiJJceBzWvf71+O8/kClYiK804OIegHuhqzDCNbGcnPnhYvT+8QpFIetTNbO2xOhRXBmkC0fRqOn769SpZX5aLYFiQMaasKxUq5jR9pLsNSMcDpMN2NFI0z6uEtdgyEOqPKSychDdGKcNuoIaV6o0cT93ZHgQKlB4JvKAOuems/G5n+ZG+tOyUtYGMWahmT6USfmSAs03h+1maRE84EBTCQzsyLSwxITba6UNkdw5ldehNpZ3inmL2+dbLkIU6XgCI4hBw5cQRluoAJVICDgEUbwYmnr2Xq13qalS9as5wD+yHr/ATgsk6E=</latexit>

(3/4)1/6
<latexit sha1_base64="rG5lEb1p+CQlBk88YGUcD25WvcI=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWdKVi7LLhxWdFeoB1KJs20oZlkSDJCGfoIblx4QXDlE7kTfRjTy0Jbfwh8/P855JwTxJxp47qfztLyyuraemYju7m1vbOb29uva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzTCmfoR7goWMYGOtG++s2Mnl3YI7EVoEbwb5ymH89vz9Va52ch/triRJRIUhHGvd8tzY+ClWhhFOR9l2ommMyQD3aMuiwBHVfjoZdYROrNNFoVT2CYMm7u+OFEdaD6PAVkbY9PV8Njb/y1qJCct+ykScGCrI9KMw4chINN4bdZmixPChBUwUs7Mi0scKE2Ovk7VH8OZXXoR6seCVCufXXr5SgqkycATHcAoeXEAFrqAKNSDQg3t4hCeHOw/Oi/M6LV1yZj0H8EfO+w+aWJEQ</latexit>

1/2

<latexit sha1_base64="QnSiRR42+a0NCwZ8gNMzJZC11Ks=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qTMXaZcGNywr2Au1QMmnaxmYmIckIZeg7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qZXVtfWN9GZma3tndy+7f1DTIlaEVongQjUCrClnEa0aZjhtSEVxGHBaDwbXk7z+QJVmIrozQ0n9EPci1mUEG2vVCi3Jzi/a2Zybd6dCy+DNIVc+kuPn769SpZ39aHUEiUMaGcKx1k3PlcZPsDKMcDrKtGJNJSYD3KNNixEOqfaT6bQjdGqdDuoKZV9k0NT93ZHgUOthGNjKEJu+Xswm5n9ZMzbdkp+wSMaGRmT2UTfmyAg0WR11mKLE8KEFTBSzsyLSxwoTYw+UsUfwFldehloh7xXzl7derlyEmdJwDCdwBh5cQRluoAJVIHAPj/ACr45wnpw3ZzwrTTnznkP4I+f9B+S6kmU=</latexit>

2⇡/3
<latexit sha1_base64="c5UPju88jnu6d69uNjCRmx2a7oo=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qjJfaZcGNywr2Au1QMmmmjc1MQpIRSuk7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qaXlldW19HpmY3Nreye7u1fVIlGEVojgQtUDrClnMa0YZjitS0VxFHBaC3rX47z2QJVmIr4zfUn9CHdiFjKCjbWqF03JTs9b2ZybdydCi+DNIFc6kKPn769iuZX9aLYFSSIaG8Kx1g3PlcYfYGUY4XSYaSaaSkx6uEMbFmMcUe0PJtMO0bF12igUyr7YoIn7u2OAI637UWArI2y6ej4bm/9ljcSERX/AYpkYGpPpR2HCkRFovDpqM0WJ4X0LmChmZ0WkixUmxh4oY4/gza+8CNWzvFfIX956uVIBpkrDIRzBCXhwBSW4gTJUgMA9PMILvDrCeXLenNG0NOXMevbhj5z3H+fMkmc=</latexit>

4⇡/3

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="aUZxLWZ2tlxYN1EdJoouEZVgnVI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qbKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN9nkLA=</latexit>

C

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4
<latexit sha1_base64="qUjjms56o8d44K/Dx5BbNHCd2/Y=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVUieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEqLQlBOlWq4Tay8lUjPKcZRtJwpjQgekhy2DgoSovHQy6Mg+Nk7XDiJpntD2xP3dkZJQqWHom8qQ6L6az8bmf1kr0cGFlzIRJxoFnX4UJNzWkT3e2u4yiVTzoQFCJTOz2rRPJKHa3CZrjuDOr7wI9dOiWyqeVd18uQRTZeAQjqAALpxDGa6hAjWggHAPT/Bs3VqP1ov1Oi1dsmY9B/BH1tsPy7OQow==</latexit>

6

<latexit sha1_base64="8Bi01TwYz/FKl29JGJ4uSe7bxg0=">AAAB7HicbVC7SgNBFL0bXzG+opaCDAbBQsKu4KMzYGOZgJsEkiXMTmaTIbOzy8ysEJaU1jYWitja2/kddn6DfoSzSQpNPHC5h3Pu5T78mDOlbfvTyi0sLi2v5FcLa+sbm1vF7Z26ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wlfmNWyoVi8SNHsbUC3FPsIARrI3k2mXbdjrFUpYzoHniTEnp8u3rbv+99l3tFD/a3YgkIRWacKxUy7Fj7aVYakY4HRXaiaIxJgPcoy1DBQ6p8tLxsiN0aJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn4J5gjN78jypn5Sds/JpzSlVjmGCPOzBARyBA+dQgWuoggsEGNzDIzxZwnqwnq2XSWnOmvbswh9Yrz8oCZH/</latexit>

0.001
<latexit sha1_base64="6jET0KSUTbDQHrLHu5xH/mn/WWQ=">AAAB7HicbVC7SgNBFL3rM8ZX1FKQwSBYSNgN+OgM2Fgm4CaBZAmzk9lkyOzsMjMrhCWltY2FIrb2dn6Hnd+gH+FskkITD1zu4Zx7uQ8/5kxp2/60FhaXlldWc2v59Y3Nre3Czm5dRYkk1CURj2TTx4pyJqirmea0GUuKQ5/Thj+4yvzGLZWKReJGD2PqhbgnWMAI1kZy7ZJtlzuFYpYzoHniTEnx8u3r7uC99l3tFD7a3YgkIRWacKxUy7Fj7aVYakY4HeXbiaIxJgPcoy1DBQ6p8tLxsiN0ZJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn7x5gjN78jypl0vOWem05hQrJzBBDvbhEI7BgXOowDVUwQUCDO7hEZ4sYT1Yz9bLpHTBmvbswR9Yrz8pjZIA</latexit>

0.002

<latexit sha1_base64="FzGDj1VJhSpUE3VSL9Zj6Nm2VGQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnPlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx84P5F2</latexit>

e2
<latexit sha1_base64="RCiMSWH6j5egZ9vUMlJK1auBijw=">AAAB6nicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZ0VwgWcPs5GwyZHZ2mZkVwpJHEMFCEVsfw8pHsPNB7J1cCk38YeDj/89hzjl+zJnSjvNlLSwuLa+sZtay6xubW9u5nd2aihJJsUojHsmGTxRyJrCqmebYiCWS0OdY9/sXo7x+h1KxSNzoQYxeSLqCBYwSbaxrvHXaubxTdMay58GdQv78vfD98dA6qrRzn61ORJMQhaacKNV0nVh7KZGaUY7DbCtRGBPaJ11sGhQkROWl41GH9qFxOnYQSfOEtsfu746UhEoNQt9UhkT31Gw2Mv/LmokOzryUiTjRKOjkoyDhto7s0d52h0mkmg8MECqZmdWmPSIJ1eY6WXMEd3bleagdF91S8eTKzZdLMFEG9uEACuDCKZThEipQBQpduIcneLa49Wi9WK+T0gVr2rMHf2S9/QA1N5F0</latexit>

e0

<latexit sha1_base64="Eg5bdqeb2aE3W4fmo1Kd1KcDSBg=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEurDMFKzuLLhxWcFeoK0lk2ba2EwyJBmhDH0G3bhQxK0v4cpHcOeDuDe9LLT1h8DH/59Dzjl+xJk2rvvlLCwuLa+sptbS6xubW9uZnd2qlrEitEIkl6ruY005E7RimOG0HimKQ5/Tmt+/GOW1O6o0k+LaDCLaCnFXsIARbKxVpTfJcWHYzmTdvDsWmgdvCtnz99z3x33zqNzOfDY7ksQhFYZwrHXDcyPTSrAyjHA6TDdjTSNM+rhLGxYFDqluJeNph+jQOh0USGWfMGjs/u5IcKj1IPRtZYhNT89mI/O/rBGb4KyVMBHFhgoy+SiIOTISjVZHHaYoMXxgARPF7KyI9LDCxNgDpe0RvNmV56FayHvF/MmVly0VYaIU7MMB5MCDUyjBJZShAgRu4QGe4NmRzqPz4rxOShecac8e/JHz9gNndZK5</latexit>

e�2

<latexit sha1_base64="hAvBkE6l7aKEmVDb4EnYWsH5wRI=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEa3uLLhxWcFeoB1LJj1tYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDqD4GP/z+HnHOCiDNtXPfTSc3NLywupZczK6tr6xvZza2qlrGiUKGSS1UPiAbOBFQMMxzqkQISBhxqQf98lNduQWkmxZUZROCHpCtYh1FirFWF6+TgaNjK5tyCOxb+C94Ucmdv+a/3u+Z+uZX9aLYljUMQhnKidcNzI+MnRBlGOQwzzVhDRGifdKFhUZAQtJ+Mpx3iPeu0cUcq+4TBY/dnR0JCrQdhYCtDYnp6NhuZ/2WN2HRO/YSJKDYg6OSjTsyxkXi0Om4zBdTwgQVCFbOzYtojilBjD5SxR/BmV/4L1cOCVywcX3q5UhFNlEY7aBflkYdOUAldoDKqIIpu0D16RE+OdB6cZ+dlUppypj3b6Jec129qf5K7</latexit>

e�4

<latexit sha1_base64="zPJ9DRArjxf8AQWgyz2XK/k/M50=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsNCwKxjtDNhYJmAukKxhdjKbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYElohggtZ97CinIW0opnmtB5JigOP05rXuxjmtVsqFRPhle5H1A1wJ2Q+I1gbq0qvk6PCoJXN2Xl7JDQLzgRy529fd7vv5e9SK/vRbAsSBzTUhGOlGo4daTfBUjPC6SDTjBWNMOnhDm0YDHFAlZuMph2gfeO0kS+keaFGI/d3R4IDpfqBZyoDrLtqOhua/2WNWPtnbsLCKNY0JOOP/JgjLdBwddRmkhLN+wYwkczMikgXS0y0OVDGHMGZXnkWqsd5p5A/KTu54iGMlYYd2IMDcOAUinAJJagAgRu4h0d4soT1YD1bL+PSlDXp2YY/sl5/ABvnkzg=</latexit>

e�6
<latexit sha1_base64="+4oX39h0y/5xLdeNpdYNFGlD/PI=">AAAB7XicbZC7SgNBFIZn4y3GW9RSkMEgWGjYFdR0BmwsEzAXSNYwOzmbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYUqhQwYWse0QBZyFUNNMc6pEEEngcal7vYpjXbkEqJsIr3Y/ADUgnZD6jRBurCtfJUWHQyubsvD0SngVnArnzt6+73ffyd6mV/Wi2BY0DCDXlRKmGY0faTYjUjHIYZJqxgojQHulAw2BIAlBuMpp2gPeN08a+kOaFGo/c3x0JCZTqB56pDIjuqulsaP6XNWLtF9yEhVGsIaTjj/yYYy3wcHXcZhKo5n0DhEpmZsW0SySh2hwoY47gTK88C9XjvHOaPyk7ueIhGiuNdtAeOkAOOkNFdIlKqIIoukH36BE9WcJ6sJ6tl3Fpypr0bKM/sl5/AB7xkzo=</latexit>

e�8

<latexit sha1_base64="OjkQOkgxrEjqhXHhnQUeh4oUlgY=">AAAB7nicbZC7SgNBFIbPxluMt6ilIItBsNCwG/DSGbCxTMBcIFnD7OQkGTI7u8zMCmFJ6QPYWChia2vnc9j5DPoQTi6FRn8Y+Pj/c5hzjh9xprTjfFipufmFxaX0cmZldW19I7u5VVVhLClWaMhDWfeJQs4EVjTTHOuRRBL4HGt+/2KU125QKhaKKz2I0AtIV7AOo0Qbq4bXyZFbGLayOSfvjGX/BXcKufPXz9vdt/JXqZV9b7ZDGgcoNOVEqYbrRNpLiNSMchxmmrHCiNA+6WLDoCABKi8Zjzu0943TtjuhNE9oe+z+7EhIoNQg8E1lQHRPzWYj87+sEevOmZcwEcUaBZ181Im5rUN7tLvdZhKp5gMDhEpmZrVpj0hCtblQxhzBnV35L1QLefckf1x2c8VDmCgNO7AHB+DCKRThEkpQAQp9uIMHeLQi6956sp4npSlr2rMNv2S9fAOG0pNv</latexit>

e�12
<latexit sha1_base64="YXBw4lCe2GGC0W+i5ftBnP+2E2s=">AAAB7nicbZDJSgNBEIZr4hbjFvUoSGMQPGiYEVxuBrx4TMAskIyhp1NJmvQsdPcIYcjRB/DiQRGvXr35HN58Bn0IO8tBE39o+Pj/KrqqvEhwpW3700rNzS8sLqWXMyura+sb2c2tigpjybDMQhHKmkcVCh5gWXMtsBZJpL4nsOr1Lod59Ral4mFwrfsRuj7tBLzNGdXGquJNcuTYg2Y2Z+ftkcgsOBPIXbx93e2+l76LzexHoxWy2MdAM0GVqjt2pN2ESs2ZwEGmESuMKOvRDtYNBtRH5SajcQdk3zgt0g6leYEmI/d3R0J9pfq+Zyp9qrtqOhua/2X1WLfP3YQHUawxYOOP2rEgOiTD3UmLS2Ra9A1QJrmZlbAulZRpc6GMOYIzvfIsVI7zzmn+pOTkCocwVhp2YA8OwIEzKMAVFKEMDHpwD4/wZEXWg/VsvYxLU9akZxv+yHr9AYPIk20=</latexit>

e�10

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="yO92+7aNSyivE3OUkUxM7Iz/u0M=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOyZdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKX5FG</latexit>�R
<latexit sha1_base64="Hr3UnXmIYnT8k8BYw7cclhcIEWA=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rTi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9iOQvw==</latexit>

R
<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="v5pQB7xK9hYsXJlKXJ8lhHC3BgQ=">AAAB73icbZC7SgNBFIZn4y3GW9TSZjAIsQm7AaOdARvLCOYC2TXMTs4mQ2Zn15lZISx5BsHGQhFb38HKR7DzQeydXApN/GHg4//PYc45fsyZ0rb9ZWWWlldW17LruY3Nre2d/O5eQ0WJpFCnEY9kyycKOBNQ10xzaMUSSOhzaPqDi3HevAOpWCSu9TAGLyQ9wQJGiTZWC27SshuzUSdfsEv2RHgRnBkUzt+L3x/37nGtk/90uxFNQhCacqJU27Fj7aVEakY5jHJuoiAmdEB60DYoSAjKSyfzjvCRcbo4iKR5QuOJ+7sjJaFSw9A3lSHRfTWfjc3/snaigzMvZSJONAg6/ShIONYRHi+Pu0wC1XxogFDJzKyY9okkVJsT5cwRnPmVF6FRLjmV0smVU6hW0FRZdIAOURE56BRV0SWqoTqiiKMH9ISerVvr0XqxXqelGWvWs4/+yHr7AUamk9U=</latexit>

e2⇡
<latexit sha1_base64="daEEU7hdx9IYtMEUKm9XnXEnrBM=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLCG4SSNYwOzlJhszOLjOzQljyDGksFLH1Kax8BDsfxN7JpdDEHwY+/v8c5pwTxJwp7ThfVmZldW19I7uZ29re2d3L7x/UVJRIih6NeCQbAVHImUBPM82xEUskYcCxHgyuJ3n9AaVikbjTwxj9kPQE6zJKtLE8vE+dUTtfcErOVPYyuHMoXL0Xvz/GrdNqO//Z6kQ0CVFoyolSTdeJtZ8SqRnlOMq1EoUxoQPSw6ZBQUJUfjoddmSfGKdjdyNpntD21P3dkZJQqWEYmMqQ6L5azCbmf1kz0d1LP2UiTjQKOvuom3BbR/Zkc7vDJFLNhwYIlczMatM+kYRqc5+cOYK7uPIy1M5Kbrl0fusWKmWYKQtHcAxFcOECKnADVfCAAoMxPMGzJaxH68V6nZVmrHnPIfyR9fYD+aSSgA==</latexit>

e0
<latexit sha1_base64="js9xn6z58IF26OVaJ+gImcGo5N4=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQxCLAy7AaOdARvLCOYi2TXMTmaTITO7y8ysEJY8g4WNhSK2PoOVj2Dng9g7uRSa+MPAx/+fw5xz/JgzpW37y1pYXFpeWc2sZdc3Nre2czu7dRUlktAaiXgkmz5WlLOQ1jTTnDZjSbHwOW34/YtR3rijUrEovNaDmHoCd0MWMIK1sW7obXpccmM2bOfydtEeC82DM4X8+Xvh++PePaq2c59uJyKJoKEmHCvVcuxYeymWmhFOh1k3UTTGpI+7tGUwxIIqLx0PPESHxumgIJLmhRqN3d8dKRZKDYRvKgXWPTWbjcz/slaigzMvZWGcaBqSyUdBwpGO0Gh71GGSEs0HBjCRzMyKSA9LTLS5UdYcwZldeR7qpaJTLp5cOflKGSbKwD4cQAEcOIUKXEIVakBAwAM8wbMlrUfrxXqdlC5Y0549+CPr7Qex65QM</latexit>

e�2⇡

<latexit sha1_base64="zDhUfz+uSIgrESzbtNMmpoXYdtY=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQxCLAy7otHOgI1lBHOR7BpmJ7PJkNnZZWZWCEuewcLGQhFbn8HKR7DzQeydXApN/GHg4//PYc45fsyZ0rb9Zc3NLywuLWdWsqtr6xubua3tmooSSWiVRDySDR8rypmgVc00p41YUhz6nNb93sUwr99RqVgkrnU/pl6IO4IFjGBtrBt6mx4euzEbtHJ5u2iPhGbBmUD+/L3w/XHvHlRauU+3HZEkpEITjpVqOnasvRRLzQing6ybKBpj0sMd2jQocEiVl44GHqB947RREEnzhEYj93dHikOl+qFvKkOsu2o6G5r/Zc1EB2deykScaCrI+KMg4UhHaLg9ajNJieZ9A5hIZmZFpIslJtrcKGuO4EyvPAu1o6JTKp5cOflyCcbKwC7sQQEcOIUyXEIFqkAghAd4gmdLWo/Wi/U6Lp2zJj078EfW2w+0+5QO</latexit>

e�4⇡

<latexit sha1_base64="eGSXCQkrLZDPMrIE167jXsS/iMk=">AAAB8HicbZC7SgNBFIbPxluMt6ilzWAQYmHYFYx2BmwsI5iLZNcwO5lNhszOLjOzQljyDBY2ForY+gxWPoKdD2Lv5FJo4g8DH/9/DnPO8WPOlLbtLyuzsLi0vJJdza2tb2xu5bd36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rw+xejvHFHpWKRuNaDmHoh7goWMIK1sW7obXpUdmM2bOcLdskeC82DM4XC+Xvx++PePay2859uJyJJSIUmHCvVcuxYeymWmhFOhzk3UTTGpI+7tGVQ4JAqLx0PPEQHxumgIJLmCY3G7u+OFIdKDULfVIZY99RsNjL/y1qJDs68lIk40VSQyUdBwpGO0Gh71GGSEs0HBjCRzMyKSA9LTLS5Uc4cwZldeR7qxyWnXDq5cgqVMkyUhT3YhyI4cAoVuIQq1IBACA/wBM+WtB6tF+t1Upqxpj278EfW2w+4C5QQ</latexit>

e�6⇡
<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .

<latexit sha1_base64="K0yIwZRhMNAkAH4MoEY/Y+rHPsM=">AAAB7HicbZDLSgMxFIbPeK31VhXcuAkWwVWdEaxdFty4rOC0hXYomTTThmYyIckIZegzuHFREV36QO5EH8b0stDWHwIf/38OOeeEkjNtXPfTWVldW9/YzG3lt3d29/YLB4d1naSKUJ8kPFHNEGvKmaC+YYbTplQUxyGnjXBwM8kbD1Rploh7M5Q0iHFPsIgRbKzltyW7qHQKRbfkToWWwZtDsXos38bfX5Vap/DR7iYkjakwhGOtW54rTZBhZRjhdJRvp5pKTAa4R1sWBY6pDrLpsCN0Zp0uihJlnzBo6v7uyHCs9TAObWWMTV8vZhPzv6yVmqgSZEzI1FBBZh9FKUcmQZPNUZcpSgwfWsBEMTsrIn2sMDH2Pnl7BG9x5WWoX5a8cunqzitWyzBTDk7gFM7Bg2uowi3UwAcCDB5hDM+OcJ6cF+d1VrrizHuO4I+c9x96oJIu</latexit>

⇡/8
<latexit sha1_base64="pQz3VOOaX7/+hl+bvSFv0EOvzbk=">AAAB8nicbZDLSgMxFIYzXmu9VQU3boJFqJt2UrR2WXDjsoK9QDuWTJppQzPJkGSEMvQxBHFREbc+jTvRhzG9LLT1h8DH/59Dzjl+xJk2rvvprKyurW9sprbS2zu7e/uZg8O6lrEitEYkl6rpY005E7RmmOG0GSmKQ5/Thj+4nuSNB6o0k+LODCPqhbgnWMAINtZq5VCheH6foMLFqJPJunl3KrgMaA7ZynE0fvr+Klc7mY92V5I4pMIQjrVuITcyXoKVYYTTUbodaxphMsA92rIocEi1l0xHHsEz63RhIJV9wsCp+7sjwaHWw9C3lSE2fb2YTcz/slZsgrKXMBHFhgoy+yiIOTQSTvaHXaYoMXxoARPF7KyQ9LHCxNgrpe0R0OLKy1Av5lEpf3mLspUSmCkFTsApyAEErkAF3IAqqAECJHgEY/DiGOfZeXXeZqUrzrznCPyR8/4DLvKTmw==</latexit>

(1/2)1/4

<latexit sha1_base64="Ihpha5jSUuEfVJ5l4J1wBuKC88Y=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBu3Wyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0r9j3c=</latexit>

1
<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2

<latexit sha1_base64="+uMqqeKbYwUukmywq1wz+aiX8qg=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWdKVi7LLhxWdFeoB1KJs20oZlkSDJCGfoIblx4QXDlE7kTfRjTy0Jbfwh8/P855JwTxJxp47qfztLyyuraemYju7m1vbOb29uva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzTCmfoR7goWMYGOtG3ZW7OTybsGdCC2CN4N85TB+e/7+Klc7uY92V5IkosIQjrVueW5s/BQrwwino2w70TTGZIB7tGVR4IhqP52MOkIn1umiUCr7hEET93dHiiOth1FgKyNs+no+G5v/Za3EhGU/ZSJODBVk+lGYcGQkGu+NukxRYvjQAiaK2VkR6WOFibHXydojePMrL0K9WPBKhfNrL18pwVQZOIJjOAUPLqACV1CFGhDowT08wpPDnQfnxXmdli45s54D+CPn/QfvqJFI</latexit>

i/2
<latexit sha1_base64="AgHkopwwwBnsR3WgdjCja6tAsFo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZJRI8YLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCplr1q+alRKtWoWRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJHhjME=</latexit>

A

<latexit sha1_base64="COPCM5CjbTdHLwpZCWAuMJRBLuM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZJRI9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCplr1q+alRKtWoWRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJNljMI=</latexit>

B

<latexit sha1_base64="572nmqRwVXGMClVNNMwBJI6Htuo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZJRI8kXDxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Amm9YXfeUKleSQfzCxGP6RjyUecUWOlZn1QLLlldwmySbyMlCBDY1D86g8jloQoDRNU657nxsZPqTKcCZwX+onGmLIpHWPPUklD1H66PHROrqwyJKNI2ZKGLNXfEykNtZ6Fge0MqZnodW8h/uf1EjO681Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy3fNCulWjWLIw8XcAnX4MEt1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/lOmMww==</latexit>

C

Figura B.1: Contorn del problema PB.5.

PB.5 Considereu la integral
∮
C
dz/ cosh z sobre el contorn de la figura B.1

(a) Demostreu que quan R → ∞, les integrals sobre C2 i C4 s’anul·len.

(b) Trobeu la singularitat de l’integrand a l’interior del contorn, demos-
treu que és un pol simple i calculeu el seu residu.

(c) A partir dels resultats anteriors, trobeu el valor de la integral real

∫ ∞

0

dx

coshx
.

Solucions

SB.1 (a) Calculem les derivades parcials de les funcions

u(x, y) =
2x− a

(x− 1)2 + by2
, v(x, y) =

−2y

(x− 1)2 + by2
.

Per les condicions de Cauchy-Riemann obtenim

0 =
∂u

∂x
− ∂v

∂y
= 2

(a− 2)(x− 1)

[(x− 1)2 + by2]2
,

0 =
∂u

∂y
+

∂v

∂x
= 2y

2(1− b)x+ (ab− 2)

[(x− 1)2 + by2]2
,

i, per tant,

a = 2 b = 1

Aix́ı doncs,

f(z) = 2
x− 1− iy

(x− 1)2 + by2
= 2

z∗ − 1

|z − 1|2 =
2

z − 1
.
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(b) Veiem que f és anaĺıtica a tot C, llevat del punt z = 1

(c) L’única singularitat de f és z = 1 i és un pol simple

SB.2 Com que

lim
z→0

zf(z) ̸= 0,

la funció f(z) té un pol simple a z = 0 i el residu corresponent és

res
z=0

f(z) = lim
z→0

zf(z) = 1.

Per tant,

f(z) =
1

z
+ g(z),

on g(z) és anaĺıtica a tot C. D’altra banda,

lim
z→∞

|g(z)| = lim
z→∞

|f(z)| = 1, (B.1)

ja que limz→∞(1/z) = 0. Per tant, |g(z)| és fitada i, d’acord amb el
teorema de Liouville, tenim g(z) = k. La constant k ha de tenir mòdul
1, ja que, altrament, (B.1) no es podria complir.

Per tant,

f(z) =
1

z
+ eiθ0 , θ0 ∈ R

SB.3 (a) 1i = ei log 1 = ei(2πki) = e−2πk, k ∈ Z.

e−2πk, k ∈ Z

Aquests valors es representen a la figura B.2.

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="QBcOP19TV8K+izzn6qbm5jeNN3E=">AAAB7HicbZC7TgJBFIbPekW8oZY2E4kJNmSXRLSTxMYSExdIAMnscIAJs7ObmVkTQngGGguNsfUprHwEOx/E3uFSKPgnk3z5/3My55wgFlwb1/1yVlbX1jc2U1vp7Z3dvf3MwWFFR4li6LNIRKoWUI2CS/QNNwJrsUIaBgKrQf96klcfUGkeyTsziLEZ0q7kHc6osZbPCd4XWpmsm3enIsvgzSF79Z77/hg3zsqtzGejHbEkRGmYoFrXPTc2zSFVhjOBo3Qj0RhT1qddrFuUNETdHE6HHZFT67RJJ1L2SUOm7u+OIQ21HoSBrQyp6enFbGL+l9UT07lsDrmME4OSzT7qJIKYiEw2J22ukBkxsECZ4nZWwnpUUWbsfdL2CN7iystQKeS9Yv781suWijBTCo7hBHLgwQWU4AbK4AMDDmN4gmdHOo/Oi/M6K11x5j1H8EfO2w9TyJIT</latexit>

ie2

<latexit sha1_base64="Hr/+4dzTVuAxJLTzZEeNNdP1fBA=">AAAB63icbZC7SgNBFIbPeo3xkqiFhc1iEGwMuwGjVgZsLCOYCyRrmJ3MJkNmZpeZWSEseQUbC0VsfRsrC8GnibNJCk38YeDj/89hzjl+xKjSjvNtLS2vrK6tZzaym1vbO7n87l5dhbHEpIZDFsqmjxRhVJCappqRZiQJ4j4jDX9wneaNByIVDcWdHkbE46gnaEAx0ql1Su5LnXzBKToT2YvgzqBwNT74uBx/5aqd/Ge7G+KYE6ExQ0q1XCfSXoKkppiRUbYdKxIhPEA90jIoECfKSyazjuxj43TtIJTmCW1P3N8dCeJKDblvKjnSfTWfpeZ/WSvWwYWXUBHFmgg8/SiIma1DO13c7lJJsGZDAwhLama1cR9JhLU5T9YcwZ1feRHqpaJbLp7duoVKGabKwCEcwQm4cA4VuIEq1ABDHx7hGV4sbj1Zr9bbtHTJmvXswx9Z7z8M2ZH9</latexit>

�e2

<latexit sha1_base64="UMBwfE31tg2it3PBVAoM3ixXFa4=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwMuwGjVgZsLCO4SSBZw+xkNhkyO7vMzAphyTPYWChi69NYWQg+TZxcCk38YeDj/89hzjl+zJnStv1tLS2vrK6tZzaym1vbO7n87l5NRYkk1CURj2TDx4pyJqirmea0EUuKQ5/Tut+/Huf1ByoVi8SdHsTUC3FXsIARrI3lnjJ6X2rnC3bRnggtgjODwtXo4ONy9JWrtvOfrU5EkpAKTThWqunYsfZSLDUjnA6zrUTRGJM+7tKmQYFDqrx0MuwQHRung4JImic0mri/O1IcKjUIfVMZYt1T89nY/C9rJjq48FIm4kRTQaYfBQlHOkLjzVGHSUo0HxjARDIzKyI9LDHR5j5ZcwRnfuVFqJWKTrl4dusUKmWYKgOHcAQn4MA5VOAGquACAQaP8AwvlrCerFfrbVq6ZM169uGPrPcf0k+ScA==</latexit>

�ie2

<latexit sha1_base64="tC/Bj+aQg5PQN/VGA2Z1B2tx25s=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxoLpAsYXZykgyZvTAzK4Qlj2BjoYitj2NlIfg0cXIpNPGHgY//P4c553iR4Erb9reVWlpeWV1Lr2c2Nre2s7md3aoKY8mwwkIRyrpHFQoeYEVzLbAeSaS+J7Dm9a/Hee0BpeJhcK8HEbo+7Qa8wxnVxro74djK5e2CPRFZBGcG+avR/sfl6CtbbuU+m+2QxT4GmgmqVMOxI+0mVGrOBA4zzVhhRFmfdrFhMKA+KjeZjDokR8Zpk04ozQs0mbi/OxLqKzXwPVPpU91T89nY/C9rxLpz4SY8iGKNAZt+1IkF0SEZ703aXCLTYmCAMsnNrIT1qKRMm+tkzBGc+ZUXoXpacIqFs1snXyrCVGk4gEM4BgfOoQQ3UIYKMOjCIzzDiyWsJ+vVepuWpqxZzx78kfX+A6vakcw=</latexit>�ie

<latexit sha1_base64="GiDb4rw7JMGTb8my27rKPs2iMF4=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ2eTIbOzy8ysEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7O0vLK6ll3PbWxube/kd/fqKkokxRqNeCSbPlHImcCaZppjM5ZIQp9jwx9cjvPGHUrFInGrhzF6IekJFjBKtLFuGHbyBafkTGQvgjuDwsV78fvjoX1c7eQ/292IJiEKTTlRquU6sfZSIjWjHEe5dqIwJnRAetgyKEiIyksnk47sI+N07SCS5gltT9zfHSkJlRqGvqkMie6r+Wxs/pe1Eh2ceykTcaJR0OlHQcJtHdnjte0uk0g1HxogVDIzq037RBKqzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7AddvkUU=</latexit>

ie
<latexit sha1_base64="GT8SY1KrxnIGx7rwy6MleW+eOa0=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxiLpAsYXZyNhkye2FmVgghb2BjoYitr2NlIfg0cXIpNPGHgY//P4c553ix4Erb9reVWlpeWV1Lr2c2Nre2s7md3aqKEsmwwiIRybpHFQoeYkVzLbAeS6SBJ7Dm9a7Hee0BpeJReK/7MboB7YTc54xqY92dYCuXtwv2RGQRnBnkr0b7H5ejr2y5lftstiOWBBhqJqhSDceOtTugUnMmcJhpJgpjynq0gw2DIQ1QuYPJpENyZJw28SNpXqjJxP3dMaCBUv3AM5UB1V01n43N/7JGov0Ld8DDONEYsulHfiKIjsh4bdLmEpkWfQOUSW5mJaxLJWXaHCdjjuDMr7wI1dOCUyyc3Tr5UhGmSsMBHMIxOHAOJbiBMlSAgQ+P8AwvVs96sl6tt2lpypr17MEfWe8/5yuRWQ==</latexit>�e

<latexit sha1_base64="xuDLHPH7BGGNivR6QAlhjTL90Ko=">AAAB8nicbZDLSgMxFIbPeK31VhXcuAkWoW7aGS+1y4IblxXsBaZjyaRpG5qZDElGKEMfQxAXFXHr07gTfRjTy0Jbfwh8/P855JzjR5wpbduf1tLyyuraemojvbm1vbOb2duvKRFLQqtEcCEbPlaUs5BWNdOcNiJJceBzWvf71+O8/kClYiK804OIegHuhqzDCNbGcnPnhYvT+8QpFIetTNbO2xOhRXBmkC0fRqOn769SpZX5aLYFiQMaasKxUq5jR9pLsNSMcDpMN2NFI0z6uEtdgyEOqPKSychDdGKcNuoIaV6o0cT93ZHgQKlB4JvKAOuems/G5n+ZG+tOyUtYGMWahmT6USfmSAs03h+1maRE84EBTCQzsyLSwxITba6UNkdw5ldehNpZ3inmL2+dbLkIU6XgCI4hBw5cQRluoAJVICDgEUbwYmnr2Xq13qalS9as5wD+yHr/ATgsk6E=</latexit>

(3/4)1/6
<latexit sha1_base64="rG5lEb1p+CQlBk88YGUcD25WvcI=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWdKVi7LLhxWdFeoB1KJs20oZlkSDJCGfoIblx4QXDlE7kTfRjTy0Jbfwh8/P855JwTxJxp47qfztLyyuraemYju7m1vbOb29uva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzTCmfoR7goWMYGOtG++s2Mnl3YI7EVoEbwb5ymH89vz9Va52ch/triRJRIUhHGvd8tzY+ClWhhFOR9l2ommMyQD3aMuiwBHVfjoZdYROrNNFoVT2CYMm7u+OFEdaD6PAVkbY9PV8Njb/y1qJCct+ykScGCrI9KMw4chINN4bdZmixPChBUwUs7Mi0scKE2Ovk7VH8OZXXoR6seCVCufXXr5SgqkycATHcAoeXEAFrqAKNSDQg3t4hCeHOw/Oi/M6LV1yZj0H8EfO+w+aWJEQ</latexit>

1/2

<latexit sha1_base64="QnSiRR42+a0NCwZ8gNMzJZC11Ks=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qTMXaZcGNywr2Au1QMmnaxmYmIckIZeg7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qZXVtfWN9GZma3tndy+7f1DTIlaEVongQjUCrClnEa0aZjhtSEVxGHBaDwbXk7z+QJVmIrozQ0n9EPci1mUEG2vVCi3Jzi/a2Zybd6dCy+DNIVc+kuPn769SpZ39aHUEiUMaGcKx1k3PlcZPsDKMcDrKtGJNJSYD3KNNixEOqfaT6bQjdGqdDuoKZV9k0NT93ZHgUOthGNjKEJu+Xswm5n9ZMzbdkp+wSMaGRmT2UTfmyAg0WR11mKLE8KEFTBSzsyLSxwoTYw+UsUfwFldehloh7xXzl7derlyEmdJwDCdwBh5cQRluoAJVIHAPj/ACr45wnpw3ZzwrTTnznkP4I+f9B+S6kmU=</latexit>

2⇡/3
<latexit sha1_base64="c5UPju88jnu6d69uNjCRmx2a7oo=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qjJfaZcGNywr2Au1QMmmmjc1MQpIRSuk7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qaXlldW19HpmY3Nreye7u1fVIlGEVojgQtUDrClnMa0YZjitS0VxFHBaC3rX47z2QJVmIr4zfUn9CHdiFjKCjbWqF03JTs9b2ZybdydCi+DNIFc6kKPn769iuZX9aLYFSSIaG8Kx1g3PlcYfYGUY4XSYaSaaSkx6uEMbFmMcUe0PJtMO0bF12igUyr7YoIn7u2OAI637UWArI2y6ej4bm/9ljcSERX/AYpkYGpPpR2HCkRFovDpqM0WJ4X0LmChmZ0WkixUmxh4oY4/gza+8CNWzvFfIX956uVIBpkrDIRzBCXhwBSW4gTJUgMA9PMILvDrCeXLenNG0NOXMevbhj5z3H+fMkmc=</latexit>

4⇡/3

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="aUZxLWZ2tlxYN1EdJoouEZVgnVI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qbKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN9nkLA=</latexit>

C

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4
<latexit sha1_base64="qUjjms56o8d44K/Dx5BbNHCd2/Y=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVUieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEqLQlBOlWq4Tay8lUjPKcZRtJwpjQgekhy2DgoSovHQy6Mg+Nk7XDiJpntD2xP3dkZJQqWHom8qQ6L6az8bmf1kr0cGFlzIRJxoFnX4UJNzWkT3e2u4yiVTzoQFCJTOz2rRPJKHa3CZrjuDOr7wI9dOiWyqeVd18uQRTZeAQjqAALpxDGa6hAjWggHAPT/Bs3VqP1ov1Oi1dsmY9B/BH1tsPy7OQow==</latexit>

6

<latexit sha1_base64="8Bi01TwYz/FKl29JGJ4uSe7bxg0=">AAAB7HicbVC7SgNBFL0bXzG+opaCDAbBQsKu4KMzYGOZgJsEkiXMTmaTIbOzy8ysEJaU1jYWitja2/kddn6DfoSzSQpNPHC5h3Pu5T78mDOlbfvTyi0sLi2v5FcLa+sbm1vF7Z26ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wlfmNWyoVi8SNHsbUC3FPsIARrI3k2mXbdjrFUpYzoHniTEnp8u3rbv+99l3tFD/a3YgkIRWacKxUy7Fj7aVYakY4HRXaiaIxJgPcoy1DBQ6p8tLxsiN0aJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn4J5gjN78jypn5Sds/JpzSlVjmGCPOzBARyBA+dQgWuoggsEGNzDIzxZwnqwnq2XSWnOmvbswh9Yrz8oCZH/</latexit>

0.001
<latexit sha1_base64="6jET0KSUTbDQHrLHu5xH/mn/WWQ=">AAAB7HicbVC7SgNBFL3rM8ZX1FKQwSBYSNgN+OgM2Fgm4CaBZAmzk9lkyOzsMjMrhCWltY2FIrb2dn6Hnd+gH+FskkITD1zu4Zx7uQ8/5kxp2/60FhaXlldWc2v59Y3Nre3Czm5dRYkk1CURj2TTx4pyJqirmea0GUuKQ5/Thj+4yvzGLZWKReJGD2PqhbgnWMAI1kZy7ZJtlzuFYpYzoHniTEnx8u3r7uC99l3tFD7a3YgkIRWacKxUy7Fj7aVYakY4HeXbiaIxJgPcoy1DBQ6p8tLxsiN0ZJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn7x5gjN78jypl0vOWem05hQrJzBBDvbhEI7BgXOowDVUwQUCDO7hEZ4sYT1Yz9bLpHTBmvbswR9Yrz8pjZIA</latexit>

0.002

<latexit sha1_base64="FzGDj1VJhSpUE3VSL9Zj6Nm2VGQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnPlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx84P5F2</latexit>

e2
<latexit sha1_base64="RCiMSWH6j5egZ9vUMlJK1auBijw=">AAAB6nicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZ0VwgWcPs5GwyZHZ2mZkVwpJHEMFCEVsfw8pHsPNB7J1cCk38YeDj/89hzjl+zJnSjvNlLSwuLa+sZtay6xubW9u5nd2aihJJsUojHsmGTxRyJrCqmebYiCWS0OdY9/sXo7x+h1KxSNzoQYxeSLqCBYwSbaxrvHXaubxTdMay58GdQv78vfD98dA6qrRzn61ORJMQhaacKNV0nVh7KZGaUY7DbCtRGBPaJ11sGhQkROWl41GH9qFxOnYQSfOEtsfu746UhEoNQt9UhkT31Gw2Mv/LmokOzryUiTjRKOjkoyDhto7s0d52h0mkmg8MECqZmdWmPSIJ1eY6WXMEd3bleagdF91S8eTKzZdLMFEG9uEACuDCKZThEipQBQpduIcneLa49Wi9WK+T0gVr2rMHf2S9/QA1N5F0</latexit>

e0

<latexit sha1_base64="Eg5bdqeb2aE3W4fmo1Kd1KcDSBg=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEurDMFKzuLLhxWcFeoK0lk2ba2EwyJBmhDH0G3bhQxK0v4cpHcOeDuDe9LLT1h8DH/59Dzjl+xJk2rvvlLCwuLa+sptbS6xubW9uZnd2qlrEitEIkl6ruY005E7RimOG0HimKQ5/Tmt+/GOW1O6o0k+LaDCLaCnFXsIARbKxVpTfJcWHYzmTdvDsWmgdvCtnz99z3x33zqNzOfDY7ksQhFYZwrHXDcyPTSrAyjHA6TDdjTSNM+rhLGxYFDqluJeNph+jQOh0USGWfMGjs/u5IcKj1IPRtZYhNT89mI/O/rBGb4KyVMBHFhgoy+SiIOTISjVZHHaYoMXxgARPF7KyI9LDCxNgDpe0RvNmV56FayHvF/MmVly0VYaIU7MMB5MCDUyjBJZShAgRu4QGe4NmRzqPz4rxOShecac8e/JHz9gNndZK5</latexit>

e�2

<latexit sha1_base64="hAvBkE6l7aKEmVDb4EnYWsH5wRI=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEa3uLLhxWcFeoB1LJj1tYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDqD4GP/z+HnHOCiDNtXPfTSc3NLywupZczK6tr6xvZza2qlrGiUKGSS1UPiAbOBFQMMxzqkQISBhxqQf98lNduQWkmxZUZROCHpCtYh1FirFWF6+TgaNjK5tyCOxb+C94Ucmdv+a/3u+Z+uZX9aLYljUMQhnKidcNzI+MnRBlGOQwzzVhDRGifdKFhUZAQtJ+Mpx3iPeu0cUcq+4TBY/dnR0JCrQdhYCtDYnp6NhuZ/2WN2HRO/YSJKDYg6OSjTsyxkXi0Om4zBdTwgQVCFbOzYtojilBjD5SxR/BmV/4L1cOCVywcX3q5UhFNlEY7aBflkYdOUAldoDKqIIpu0D16RE+OdB6cZ+dlUppypj3b6Jec129qf5K7</latexit>

e�4

<latexit sha1_base64="zPJ9DRArjxf8AQWgyz2XK/k/M50=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsNCwKxjtDNhYJmAukKxhdjKbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYElohggtZ97CinIW0opnmtB5JigOP05rXuxjmtVsqFRPhle5H1A1wJ2Q+I1gbq0qvk6PCoJXN2Xl7JDQLzgRy529fd7vv5e9SK/vRbAsSBzTUhGOlGo4daTfBUjPC6SDTjBWNMOnhDm0YDHFAlZuMph2gfeO0kS+keaFGI/d3R4IDpfqBZyoDrLtqOhua/2WNWPtnbsLCKNY0JOOP/JgjLdBwddRmkhLN+wYwkczMikgXS0y0OVDGHMGZXnkWqsd5p5A/KTu54iGMlYYd2IMDcOAUinAJJagAgRu4h0d4soT1YD1bL+PSlDXp2YY/sl5/ABvnkzg=</latexit>

e�6
<latexit sha1_base64="+4oX39h0y/5xLdeNpdYNFGlD/PI=">AAAB7XicbZC7SgNBFIZn4y3GW9RSkMEgWGjYFdR0BmwsEzAXSNYwOzmbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYUqhQwYWse0QBZyFUNNMc6pEEEngcal7vYpjXbkEqJsIr3Y/ADUgnZD6jRBurCtfJUWHQyubsvD0SngVnArnzt6+73ffyd6mV/Wi2BY0DCDXlRKmGY0faTYjUjHIYZJqxgojQHulAw2BIAlBuMpp2gPeN08a+kOaFGo/c3x0JCZTqB56pDIjuqulsaP6XNWLtF9yEhVGsIaTjj/yYYy3wcHXcZhKo5n0DhEpmZsW0SySh2hwoY47gTK88C9XjvHOaPyk7ueIhGiuNdtAeOkAOOkNFdIlKqIIoukH36BE9WcJ6sJ6tl3Fpypr0bKM/sl5/AB7xkzo=</latexit>

e�8

<latexit sha1_base64="OjkQOkgxrEjqhXHhnQUeh4oUlgY=">AAAB7nicbZC7SgNBFIbPxluMt6ilIItBsNCwG/DSGbCxTMBcIFnD7OQkGTI7u8zMCmFJ6QPYWChia2vnc9j5DPoQTi6FRn8Y+Pj/c5hzjh9xprTjfFipufmFxaX0cmZldW19I7u5VVVhLClWaMhDWfeJQs4EVjTTHOuRRBL4HGt+/2KU125QKhaKKz2I0AtIV7AOo0Qbq4bXyZFbGLayOSfvjGX/BXcKufPXz9vdt/JXqZV9b7ZDGgcoNOVEqYbrRNpLiNSMchxmmrHCiNA+6WLDoCABKi8Zjzu0943TtjuhNE9oe+z+7EhIoNQg8E1lQHRPzWYj87+sEevOmZcwEcUaBZ181Im5rUN7tLvdZhKp5gMDhEpmZrVpj0hCtblQxhzBnV35L1QLefckf1x2c8VDmCgNO7AHB+DCKRThEkpQAQp9uIMHeLQi6956sp4npSlr2rMNv2S9fAOG0pNv</latexit>

e�12
<latexit sha1_base64="YXBw4lCe2GGC0W+i5ftBnP+2E2s=">AAAB7nicbZDJSgNBEIZr4hbjFvUoSGMQPGiYEVxuBrx4TMAskIyhp1NJmvQsdPcIYcjRB/DiQRGvXr35HN58Bn0IO8tBE39o+Pj/KrqqvEhwpW3700rNzS8sLqWXMyura+sb2c2tigpjybDMQhHKmkcVCh5gWXMtsBZJpL4nsOr1Lod59Ral4mFwrfsRuj7tBLzNGdXGquJNcuTYg2Y2Z+ftkcgsOBPIXbx93e2+l76LzexHoxWy2MdAM0GVqjt2pN2ESs2ZwEGmESuMKOvRDtYNBtRH5SajcQdk3zgt0g6leYEmI/d3R0J9pfq+Zyp9qrtqOhua/2X1WLfP3YQHUawxYOOP2rEgOiTD3UmLS2Ra9A1QJrmZlbAulZRpc6GMOYIzvfIsVI7zzmn+pOTkCocwVhp2YA8OwIEzKMAVFKEMDHpwD4/wZEXWg/VsvYxLU9akZxv+yHr9AYPIk20=</latexit>

e�10

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="yO92+7aNSyivE3OUkUxM7Iz/u0M=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOyZdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKX5FG</latexit>�R
<latexit sha1_base64="Hr3UnXmIYnT8k8BYw7cclhcIEWA=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rTi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9iOQvw==</latexit>

R
<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="v5pQB7xK9hYsXJlKXJ8lhHC3BgQ=">AAAB73icbZC7SgNBFIZn4y3GW9TSZjAIsQm7AaOdARvLCOYC2TXMTs4mQ2Zn15lZISx5BsHGQhFb38HKR7DzQeydXApN/GHg4//PYc45fsyZ0rb9ZWWWlldW17LruY3Nre2d/O5eQ0WJpFCnEY9kyycKOBNQ10xzaMUSSOhzaPqDi3HevAOpWCSu9TAGLyQ9wQJGiTZWC27SshuzUSdfsEv2RHgRnBkUzt+L3x/37nGtk/90uxFNQhCacqJU27Fj7aVEakY5jHJuoiAmdEB60DYoSAjKSyfzjvCRcbo4iKR5QuOJ+7sjJaFSw9A3lSHRfTWfjc3/snaigzMvZSJONAg6/ShIONYRHi+Pu0wC1XxogFDJzKyY9okkVJsT5cwRnPmVF6FRLjmV0smVU6hW0FRZdIAOURE56BRV0SWqoTqiiKMH9ISerVvr0XqxXqelGWvWs4/+yHr7AUamk9U=</latexit>

e2⇡
<latexit sha1_base64="daEEU7hdx9IYtMEUKm9XnXEnrBM=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLCG4SSNYwOzlJhszOLjOzQljyDGksFLH1Kax8BDsfxN7JpdDEHwY+/v8c5pwTxJwp7ThfVmZldW19I7uZ29re2d3L7x/UVJRIih6NeCQbAVHImUBPM82xEUskYcCxHgyuJ3n9AaVikbjTwxj9kPQE6zJKtLE8vE+dUTtfcErOVPYyuHMoXL0Xvz/GrdNqO//Z6kQ0CVFoyolSTdeJtZ8SqRnlOMq1EoUxoQPSw6ZBQUJUfjoddmSfGKdjdyNpntD21P3dkZJQqWEYmMqQ6L5azCbmf1kz0d1LP2UiTjQKOvuom3BbR/Zkc7vDJFLNhwYIlczMatM+kYRqc5+cOYK7uPIy1M5Kbrl0fusWKmWYKQtHcAxFcOECKnADVfCAAoMxPMGzJaxH68V6nZVmrHnPIfyR9fYD+aSSgA==</latexit>

e0
<latexit sha1_base64="js9xn6z58IF26OVaJ+gImcGo5N4=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQxCLAy7AaOdARvLCOYi2TXMTmaTITO7y8ysEJY8g4WNhSK2PoOVj2Dng9g7uRSa+MPAx/+fw5xz/JgzpW37y1pYXFpeWc2sZdc3Nre2czu7dRUlktAaiXgkmz5WlLOQ1jTTnDZjSbHwOW34/YtR3rijUrEovNaDmHoCd0MWMIK1sW7obXpccmM2bOfydtEeC82DM4X8+Xvh++PePaq2c59uJyKJoKEmHCvVcuxYeymWmhFOh1k3UTTGpI+7tGUwxIIqLx0PPESHxumgIJLmhRqN3d8dKRZKDYRvKgXWPTWbjcz/slaigzMvZWGcaBqSyUdBwpGO0Gh71GGSEs0HBjCRzMyKSA9LTLS5UdYcwZldeR7qpaJTLp5cOflKGSbKwD4cQAEcOIUKXEIVakBAwAM8wbMlrUfrxXqdlC5Y0549+CPr7Qex65QM</latexit>

e�2⇡

<latexit sha1_base64="zDhUfz+uSIgrESzbtNMmpoXYdtY=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQxCLAy7otHOgI1lBHOR7BpmJ7PJkNnZZWZWCEuewcLGQhFbn8HKR7DzQeydXApN/GHg4//PYc45fsyZ0rb9Zc3NLywuLWdWsqtr6xubua3tmooSSWiVRDySDR8rypmgVc00p41YUhz6nNb93sUwr99RqVgkrnU/pl6IO4IFjGBtrBt6mx4euzEbtHJ5u2iPhGbBmUD+/L3w/XHvHlRauU+3HZEkpEITjpVqOnasvRRLzQing6ybKBpj0sMd2jQocEiVl44GHqB947RREEnzhEYj93dHikOl+qFvKkOsu2o6G5r/Zc1EB2deykScaCrI+KMg4UhHaLg9ajNJieZ9A5hIZmZFpIslJtrcKGuO4EyvPAu1o6JTKp5cOflyCcbKwC7sQQEcOIUyXEIFqkAghAd4gmdLWo/Wi/U6Lp2zJj078EfW2w+0+5QO</latexit>

e�4⇡

<latexit sha1_base64="eGSXCQkrLZDPMrIE167jXsS/iMk=">AAAB8HicbZC7SgNBFIbPxluMt6ilzWAQYmHYFYx2BmwsI5iLZNcwO5lNhszOLjOzQljyDBY2ForY+gxWPoKdD2Lv5FJo4g8DH/9/DnPO8WPOlLbtLyuzsLi0vJJdza2tb2xu5bd36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rw+xejvHFHpWKRuNaDmHoh7goWMIK1sW7obXpUdmM2bOcLdskeC82DM4XC+Xvx++PePay2859uJyJJSIUmHCvVcuxYeymWmhFOhzk3UTTGpI+7tGVQ4JAqLx0PPEQHxumgIJLmCY3G7u+OFIdKDULfVIZY99RsNjL/y1qJDs68lIk40VSQyUdBwpGO0Gh71GGSEs0HBjCRzMyKSA9LTLS5Uc4cwZldeR7qxyWnXDq5cgqVMkyUhT3YhyI4cAoVuIQq1IBACA/wBM+WtB6tF+t1Upqxpj278EfW2w+4C5QQ</latexit>

e�6⇡
<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .

<latexit sha1_base64="K0yIwZRhMNAkAH4MoEY/Y+rHPsM=">AAAB7HicbZDLSgMxFIbPeK31VhXcuAkWwVWdEaxdFty4rOC0hXYomTTThmYyIckIZegzuHFREV36QO5EH8b0stDWHwIf/38OOeeEkjNtXPfTWVldW9/YzG3lt3d29/YLB4d1naSKUJ8kPFHNEGvKmaC+YYbTplQUxyGnjXBwM8kbD1Rploh7M5Q0iHFPsIgRbKzltyW7qHQKRbfkToWWwZtDsXos38bfX5Vap/DR7iYkjakwhGOtW54rTZBhZRjhdJRvp5pKTAa4R1sWBY6pDrLpsCN0Zp0uihJlnzBo6v7uyHCs9TAObWWMTV8vZhPzv6yVmqgSZEzI1FBBZh9FKUcmQZPNUZcpSgwfWsBEMTsrIn2sMDH2Pnl7BG9x5WWoX5a8cunqzitWyzBTDk7gFM7Bg2uowi3UwAcCDB5hDM+OcJ6cF+d1VrrizHuO4I+c9x96oJIu</latexit>

⇡/8
<latexit sha1_base64="pQz3VOOaX7/+hl+bvSFv0EOvzbk=">AAAB8nicbZDLSgMxFIYzXmu9VQU3boJFqJt2UrR2WXDjsoK9QDuWTJppQzPJkGSEMvQxBHFREbc+jTvRhzG9LLT1h8DH/59Dzjl+xJk2rvvprKyurW9sprbS2zu7e/uZg8O6lrEitEYkl6rpY005E7RmmOG0GSmKQ5/Thj+4nuSNB6o0k+LODCPqhbgnWMAINtZq5VCheH6foMLFqJPJunl3KrgMaA7ZynE0fvr+Klc7mY92V5I4pMIQjrVuITcyXoKVYYTTUbodaxphMsA92rIocEi1l0xHHsEz63RhIJV9wsCp+7sjwaHWw9C3lSE2fb2YTcz/slZsgrKXMBHFhgoy+yiIOTQSTvaHXaYoMXxoARPF7KyQ9LHCxNgrpe0R0OLKy1Av5lEpf3mLspUSmCkFTsApyAEErkAF3IAqqAECJHgEY/DiGOfZeXXeZqUrzrznCPyR8/4DLvKTmw==</latexit>

(1/2)1/4

<latexit sha1_base64="Ihpha5jSUuEfVJ5l4J1wBuKC88Y=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBu3Wyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0r9j3c=</latexit>

1
<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2

<latexit sha1_base64="+uMqqeKbYwUukmywq1wz+aiX8qg=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWdKVi7LLhxWdFeoB1KJs20oZlkSDJCGfoIblx4QXDlE7kTfRjTy0Jbfwh8/P855JwTxJxp47qfztLyyuraemYju7m1vbOb29uva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzTCmfoR7goWMYGOtG3ZW7OTybsGdCC2CN4N85TB+e/7+Klc7uY92V5IkosIQjrVueW5s/BQrwwino2w70TTGZIB7tGVR4IhqP52MOkIn1umiUCr7hEET93dHiiOth1FgKyNs+no+G5v/Za3EhGU/ZSJODBVk+lGYcGQkGu+NukxRYvjQAiaK2VkR6WOFibHXydojePMrL0K9WPBKhfNrL18pwVQZOIJjOAUPLqACV1CFGhDowT08wpPDnQfnxXmdli45s54D+CPn/QfvqJFI</latexit>

i/2
<latexit sha1_base64="AgHkopwwwBnsR3WgdjCja6tAsFo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZJRI8YLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCplr1q+alRKtWoWRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJHhjME=</latexit>

A

<latexit sha1_base64="COPCM5CjbTdHLwpZCWAuMJRBLuM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZJRI9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCplr1q+alRKtWoWRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJNljMI=</latexit>

B

<latexit sha1_base64="572nmqRwVXGMClVNNMwBJI6Htuo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZJRI8kXDxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Amm9YXfeUKleSQfzCxGP6RjyUecUWOlZn1QLLlldwmySbyMlCBDY1D86g8jloQoDRNU657nxsZPqTKcCZwX+onGmLIpHWPPUklD1H66PHROrqwyJKNI2ZKGLNXfEykNtZ6Fge0MqZnodW8h/uf1EjO681Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy3fNCulWjWLIw8XcAnX4MEt1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/lOmMww==</latexit>

C

Figura B.2: Conjunt de nombres complexos 1i = e−2πk, k ∈ Z.
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<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="QBcOP19TV8K+izzn6qbm5jeNN3E=">AAAB7HicbZC7TgJBFIbPekW8oZY2E4kJNmSXRLSTxMYSExdIAMnscIAJs7ObmVkTQngGGguNsfUprHwEOx/E3uFSKPgnk3z5/3My55wgFlwb1/1yVlbX1jc2U1vp7Z3dvf3MwWFFR4li6LNIRKoWUI2CS/QNNwJrsUIaBgKrQf96klcfUGkeyTsziLEZ0q7kHc6osZbPCd4XWpmsm3enIsvgzSF79Z77/hg3zsqtzGejHbEkRGmYoFrXPTc2zSFVhjOBo3Qj0RhT1qddrFuUNETdHE6HHZFT67RJJ1L2SUOm7u+OIQ21HoSBrQyp6enFbGL+l9UT07lsDrmME4OSzT7qJIKYiEw2J22ukBkxsECZ4nZWwnpUUWbsfdL2CN7iystQKeS9Yv781suWijBTCo7hBHLgwQWU4AbK4AMDDmN4gmdHOo/Oi/M6K11x5j1H8EfO2w9TyJIT</latexit>

ie2

<latexit sha1_base64="Hr/+4dzTVuAxJLTzZEeNNdP1fBA=">AAAB63icbZC7SgNBFIbPeo3xkqiFhc1iEGwMuwGjVgZsLCOYCyRrmJ3MJkNmZpeZWSEseQUbC0VsfRsrC8GnibNJCk38YeDj/89hzjl+xKjSjvNtLS2vrK6tZzaym1vbO7n87l5dhbHEpIZDFsqmjxRhVJCappqRZiQJ4j4jDX9wneaNByIVDcWdHkbE46gnaEAx0ql1Su5LnXzBKToT2YvgzqBwNT74uBx/5aqd/Ge7G+KYE6ExQ0q1XCfSXoKkppiRUbYdKxIhPEA90jIoECfKSyazjuxj43TtIJTmCW1P3N8dCeJKDblvKjnSfTWfpeZ/WSvWwYWXUBHFmgg8/SiIma1DO13c7lJJsGZDAwhLama1cR9JhLU5T9YcwZ1feRHqpaJbLp7duoVKGabKwCEcwQm4cA4VuIEq1ABDHx7hGV4sbj1Zr9bbtHTJmvXswx9Z7z8M2ZH9</latexit>

�e2

<latexit sha1_base64="UMBwfE31tg2it3PBVAoM3ixXFa4=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwMuwGjVgZsLCO4SSBZw+xkNhkyO7vMzAphyTPYWChi69NYWQg+TZxcCk38YeDj/89hzjl+zJnStv1tLS2vrK6tZzaym1vbO7n87l5NRYkk1CURj2TDx4pyJqirmea0EUuKQ5/Tut+/Huf1ByoVi8SdHsTUC3FXsIARrI3lnjJ6X2rnC3bRnggtgjODwtXo4ONy9JWrtvOfrU5EkpAKTThWqunYsfZSLDUjnA6zrUTRGJM+7tKmQYFDqrx0MuwQHRung4JImic0mri/O1IcKjUIfVMZYt1T89nY/C9rJjq48FIm4kRTQaYfBQlHOkLjzVGHSUo0HxjARDIzKyI9LDHR5j5ZcwRnfuVFqJWKTrl4dusUKmWYKgOHcAQn4MA5VOAGquACAQaP8AwvlrCerFfrbVq6ZM169uGPrPcf0k+ScA==</latexit>

�ie2

<latexit sha1_base64="tC/Bj+aQg5PQN/VGA2Z1B2tx25s=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxoLpAsYXZykgyZvTAzK4Qlj2BjoYitj2NlIfg0cXIpNPGHgY//P4c553iR4Erb9reVWlpeWV1Lr2c2Nre2s7md3aoKY8mwwkIRyrpHFQoeYEVzLbAeSaS+J7Dm9a/Hee0BpeJhcK8HEbo+7Qa8wxnVxro74djK5e2CPRFZBGcG+avR/sfl6CtbbuU+m+2QxT4GmgmqVMOxI+0mVGrOBA4zzVhhRFmfdrFhMKA+KjeZjDokR8Zpk04ozQs0mbi/OxLqKzXwPVPpU91T89nY/C9rxLpz4SY8iGKNAZt+1IkF0SEZ703aXCLTYmCAMsnNrIT1qKRMm+tkzBGc+ZUXoXpacIqFs1snXyrCVGk4gEM4BgfOoQQ3UIYKMOjCIzzDiyWsJ+vVepuWpqxZzx78kfX+A6vakcw=</latexit>�ie

<latexit sha1_base64="GiDb4rw7JMGTb8my27rKPs2iMF4=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ2eTIbOzy8ysEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7O0vLK6ll3PbWxube/kd/fqKkokxRqNeCSbPlHImcCaZppjM5ZIQp9jwx9cjvPGHUrFInGrhzF6IekJFjBKtLFuGHbyBafkTGQvgjuDwsV78fvjoX1c7eQ/292IJiEKTTlRquU6sfZSIjWjHEe5dqIwJnRAetgyKEiIyksnk47sI+N07SCS5gltT9zfHSkJlRqGvqkMie6r+Wxs/pe1Eh2ceykTcaJR0OlHQcJtHdnjte0uk0g1HxogVDIzq037RBKqzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7AddvkUU=</latexit>

ie
<latexit sha1_base64="GT8SY1KrxnIGx7rwy6MleW+eOa0=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxiLpAsYXZyNhkye2FmVgghb2BjoYitr2NlIfg0cXIpNPGHgY//P4c553ix4Erb9reVWlpeWV1Lr2c2Nre2s7md3aqKEsmwwiIRybpHFQoeYkVzLbAeS6SBJ7Dm9a7Hee0BpeJReK/7MboB7YTc54xqY92dYCuXtwv2RGQRnBnkr0b7H5ejr2y5lftstiOWBBhqJqhSDceOtTugUnMmcJhpJgpjynq0gw2DIQ1QuYPJpENyZJw28SNpXqjJxP3dMaCBUv3AM5UB1V01n43N/7JGov0Ld8DDONEYsulHfiKIjsh4bdLmEpkWfQOUSW5mJaxLJWXaHCdjjuDMr7wI1dOCUyyc3Tr5UhGmSsMBHMIxOHAOJbiBMlSAgQ+P8AwvVs96sl6tt2lpypr17MEfWe8/5yuRWQ==</latexit>�e

<latexit sha1_base64="xuDLHPH7BGGNivR6QAlhjTL90Ko=">AAAB8nicbZDLSgMxFIbPeK31VhXcuAkWoW7aGS+1y4IblxXsBaZjyaRpG5qZDElGKEMfQxAXFXHr07gTfRjTy0Jbfwh8/P855JzjR5wpbduf1tLyyuraemojvbm1vbOb2duvKRFLQqtEcCEbPlaUs5BWNdOcNiJJceBzWvf71+O8/kClYiK804OIegHuhqzDCNbGcnPnhYvT+8QpFIetTNbO2xOhRXBmkC0fRqOn769SpZX5aLYFiQMaasKxUq5jR9pLsNSMcDpMN2NFI0z6uEtdgyEOqPKSychDdGKcNuoIaV6o0cT93ZHgQKlB4JvKAOuems/G5n+ZG+tOyUtYGMWahmT6USfmSAs03h+1maRE84EBTCQzsyLSwxITba6UNkdw5ldehNpZ3inmL2+dbLkIU6XgCI4hBw5cQRluoAJVICDgEUbwYmnr2Xq13qalS9as5wD+yHr/ATgsk6E=</latexit>

(3/4)1/6
<latexit sha1_base64="rG5lEb1p+CQlBk88YGUcD25WvcI=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWdKVi7LLhxWdFeoB1KJs20oZlkSDJCGfoIblx4QXDlE7kTfRjTy0Jbfwh8/P855JwTxJxp47qfztLyyuraemYju7m1vbOb29uva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzTCmfoR7goWMYGOtG++s2Mnl3YI7EVoEbwb5ymH89vz9Va52ch/triRJRIUhHGvd8tzY+ClWhhFOR9l2ommMyQD3aMuiwBHVfjoZdYROrNNFoVT2CYMm7u+OFEdaD6PAVkbY9PV8Njb/y1qJCct+ykScGCrI9KMw4chINN4bdZmixPChBUwUs7Mi0scKE2Ovk7VH8OZXXoR6seCVCufXXr5SgqkycATHcAoeXEAFrqAKNSDQg3t4hCeHOw/Oi/M6LV1yZj0H8EfO+w+aWJEQ</latexit>

1/2

<latexit sha1_base64="QnSiRR42+a0NCwZ8gNMzJZC11Ks=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qTMXaZcGNywr2Au1QMmnaxmYmIckIZeg7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qZXVtfWN9GZma3tndy+7f1DTIlaEVongQjUCrClnEa0aZjhtSEVxGHBaDwbXk7z+QJVmIrozQ0n9EPci1mUEG2vVCi3Jzi/a2Zybd6dCy+DNIVc+kuPn769SpZ39aHUEiUMaGcKx1k3PlcZPsDKMcDrKtGJNJSYD3KNNixEOqfaT6bQjdGqdDuoKZV9k0NT93ZHgUOthGNjKEJu+Xswm5n9ZMzbdkp+wSMaGRmT2UTfmyAg0WR11mKLE8KEFTBSzsyLSxwoTYw+UsUfwFldehloh7xXzl7derlyEmdJwDCdwBh5cQRluoAJVIHAPj/ACr45wnpw3ZzwrTTnznkP4I+f9B+S6kmU=</latexit>

2⇡/3
<latexit sha1_base64="c5UPju88jnu6d69uNjCRmx2a7oo=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qjJfaZcGNywr2Au1QMmmmjc1MQpIRSuk7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qaXlldW19HpmY3Nreye7u1fVIlGEVojgQtUDrClnMa0YZjitS0VxFHBaC3rX47z2QJVmIr4zfUn9CHdiFjKCjbWqF03JTs9b2ZybdydCi+DNIFc6kKPn769iuZX9aLYFSSIaG8Kx1g3PlcYfYGUY4XSYaSaaSkx6uEMbFmMcUe0PJtMO0bF12igUyr7YoIn7u2OAI637UWArI2y6ej4bm/9ljcSERX/AYpkYGpPpR2HCkRFovDpqM0WJ4X0LmChmZ0WkixUmxh4oY4/gza+8CNWzvFfIX956uVIBpkrDIRzBCXhwBSW4gTJUgMA9PMILvDrCeXLenNG0NOXMevbhj5z3H+fMkmc=</latexit>

4⇡/3

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="aUZxLWZ2tlxYN1EdJoouEZVgnVI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qbKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN9nkLA=</latexit>

C

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4
<latexit sha1_base64="qUjjms56o8d44K/Dx5BbNHCd2/Y=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVUieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEqLQlBOlWq4Tay8lUjPKcZRtJwpjQgekhy2DgoSovHQy6Mg+Nk7XDiJpntD2xP3dkZJQqWHom8qQ6L6az8bmf1kr0cGFlzIRJxoFnX4UJNzWkT3e2u4yiVTzoQFCJTOz2rRPJKHa3CZrjuDOr7wI9dOiWyqeVd18uQRTZeAQjqAALpxDGa6hAjWggHAPT/Bs3VqP1ov1Oi1dsmY9B/BH1tsPy7OQow==</latexit>

6

<latexit sha1_base64="8Bi01TwYz/FKl29JGJ4uSe7bxg0=">AAAB7HicbVC7SgNBFL0bXzG+opaCDAbBQsKu4KMzYGOZgJsEkiXMTmaTIbOzy8ysEJaU1jYWitja2/kddn6DfoSzSQpNPHC5h3Pu5T78mDOlbfvTyi0sLi2v5FcLa+sbm1vF7Z26ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wlfmNWyoVi8SNHsbUC3FPsIARrI3k2mXbdjrFUpYzoHniTEnp8u3rbv+99l3tFD/a3YgkIRWacKxUy7Fj7aVYakY4HRXaiaIxJgPcoy1DBQ6p8tLxsiN0aJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn4J5gjN78jypn5Sds/JpzSlVjmGCPOzBARyBA+dQgWuoggsEGNzDIzxZwnqwnq2XSWnOmvbswh9Yrz8oCZH/</latexit>

0.001
<latexit sha1_base64="6jET0KSUTbDQHrLHu5xH/mn/WWQ=">AAAB7HicbVC7SgNBFL3rM8ZX1FKQwSBYSNgN+OgM2Fgm4CaBZAmzk9lkyOzsMjMrhCWltY2FIrb2dn6Hnd+gH+FskkITD1zu4Zx7uQ8/5kxp2/60FhaXlldWc2v59Y3Nre3Czm5dRYkk1CURj2TTx4pyJqirmea0GUuKQ5/Thj+4yvzGLZWKReJGD2PqhbgnWMAI1kZy7ZJtlzuFYpYzoHniTEnx8u3r7uC99l3tFD7a3YgkIRWacKxUy7Fj7aVYakY4HeXbiaIxJgPcoy1DBQ6p8tLxsiN0ZJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn7x5gjN78jypl0vOWem05hQrJzBBDvbhEI7BgXOowDVUwQUCDO7hEZ4sYT1Yz9bLpHTBmvbswR9Yrz8pjZIA</latexit>

0.002

<latexit sha1_base64="FzGDj1VJhSpUE3VSL9Zj6Nm2VGQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnPlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx84P5F2</latexit>

e2
<latexit sha1_base64="RCiMSWH6j5egZ9vUMlJK1auBijw=">AAAB6nicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZ0VwgWcPs5GwyZHZ2mZkVwpJHEMFCEVsfw8pHsPNB7J1cCk38YeDj/89hzjl+zJnSjvNlLSwuLa+sZtay6xubW9u5nd2aihJJsUojHsmGTxRyJrCqmebYiCWS0OdY9/sXo7x+h1KxSNzoQYxeSLqCBYwSbaxrvHXaubxTdMay58GdQv78vfD98dA6qrRzn61ORJMQhaacKNV0nVh7KZGaUY7DbCtRGBPaJ11sGhQkROWl41GH9qFxOnYQSfOEtsfu746UhEoNQt9UhkT31Gw2Mv/LmokOzryUiTjRKOjkoyDhto7s0d52h0mkmg8MECqZmdWmPSIJ1eY6WXMEd3bleagdF91S8eTKzZdLMFEG9uEACuDCKZThEipQBQpduIcneLa49Wi9WK+T0gVr2rMHf2S9/QA1N5F0</latexit>

e0

<latexit sha1_base64="Eg5bdqeb2aE3W4fmo1Kd1KcDSBg=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEurDMFKzuLLhxWcFeoK0lk2ba2EwyJBmhDH0G3bhQxK0v4cpHcOeDuDe9LLT1h8DH/59Dzjl+xJk2rvvlLCwuLa+sptbS6xubW9uZnd2qlrEitEIkl6ruY005E7RimOG0HimKQ5/Tmt+/GOW1O6o0k+LaDCLaCnFXsIARbKxVpTfJcWHYzmTdvDsWmgdvCtnz99z3x33zqNzOfDY7ksQhFYZwrHXDcyPTSrAyjHA6TDdjTSNM+rhLGxYFDqluJeNph+jQOh0USGWfMGjs/u5IcKj1IPRtZYhNT89mI/O/rBGb4KyVMBHFhgoy+SiIOTISjVZHHaYoMXxgARPF7KyI9LDCxNgDpe0RvNmV56FayHvF/MmVly0VYaIU7MMB5MCDUyjBJZShAgRu4QGe4NmRzqPz4rxOShecac8e/JHz9gNndZK5</latexit>

e�2

<latexit sha1_base64="hAvBkE6l7aKEmVDb4EnYWsH5wRI=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEa3uLLhxWcFeoB1LJj1tYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDqD4GP/z+HnHOCiDNtXPfTSc3NLywupZczK6tr6xvZza2qlrGiUKGSS1UPiAbOBFQMMxzqkQISBhxqQf98lNduQWkmxZUZROCHpCtYh1FirFWF6+TgaNjK5tyCOxb+C94Ucmdv+a/3u+Z+uZX9aLYljUMQhnKidcNzI+MnRBlGOQwzzVhDRGifdKFhUZAQtJ+Mpx3iPeu0cUcq+4TBY/dnR0JCrQdhYCtDYnp6NhuZ/2WN2HRO/YSJKDYg6OSjTsyxkXi0Om4zBdTwgQVCFbOzYtojilBjD5SxR/BmV/4L1cOCVywcX3q5UhFNlEY7aBflkYdOUAldoDKqIIpu0D16RE+OdB6cZ+dlUppypj3b6Jec129qf5K7</latexit>

e�4

<latexit sha1_base64="zPJ9DRArjxf8AQWgyz2XK/k/M50=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsNCwKxjtDNhYJmAukKxhdjKbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYElohggtZ97CinIW0opnmtB5JigOP05rXuxjmtVsqFRPhle5H1A1wJ2Q+I1gbq0qvk6PCoJXN2Xl7JDQLzgRy529fd7vv5e9SK/vRbAsSBzTUhGOlGo4daTfBUjPC6SDTjBWNMOnhDm0YDHFAlZuMph2gfeO0kS+keaFGI/d3R4IDpfqBZyoDrLtqOhua/2WNWPtnbsLCKNY0JOOP/JgjLdBwddRmkhLN+wYwkczMikgXS0y0OVDGHMGZXnkWqsd5p5A/KTu54iGMlYYd2IMDcOAUinAJJagAgRu4h0d4soT1YD1bL+PSlDXp2YY/sl5/ABvnkzg=</latexit>

e�6
<latexit sha1_base64="+4oX39h0y/5xLdeNpdYNFGlD/PI=">AAAB7XicbZC7SgNBFIZn4y3GW9RSkMEgWGjYFdR0BmwsEzAXSNYwOzmbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYUqhQwYWse0QBZyFUNNMc6pEEEngcal7vYpjXbkEqJsIr3Y/ADUgnZD6jRBurCtfJUWHQyubsvD0SngVnArnzt6+73ffyd6mV/Wi2BY0DCDXlRKmGY0faTYjUjHIYZJqxgojQHulAw2BIAlBuMpp2gPeN08a+kOaFGo/c3x0JCZTqB56pDIjuqulsaP6XNWLtF9yEhVGsIaTjj/yYYy3wcHXcZhKo5n0DhEpmZsW0SySh2hwoY47gTK88C9XjvHOaPyk7ueIhGiuNdtAeOkAOOkNFdIlKqIIoukH36BE9WcJ6sJ6tl3Fpypr0bKM/sl5/AB7xkzo=</latexit>

e�8

<latexit sha1_base64="OjkQOkgxrEjqhXHhnQUeh4oUlgY=">AAAB7nicbZC7SgNBFIbPxluMt6ilIItBsNCwG/DSGbCxTMBcIFnD7OQkGTI7u8zMCmFJ6QPYWChia2vnc9j5DPoQTi6FRn8Y+Pj/c5hzjh9xprTjfFipufmFxaX0cmZldW19I7u5VVVhLClWaMhDWfeJQs4EVjTTHOuRRBL4HGt+/2KU125QKhaKKz2I0AtIV7AOo0Qbq4bXyZFbGLayOSfvjGX/BXcKufPXz9vdt/JXqZV9b7ZDGgcoNOVEqYbrRNpLiNSMchxmmrHCiNA+6WLDoCABKi8Zjzu0943TtjuhNE9oe+z+7EhIoNQg8E1lQHRPzWYj87+sEevOmZcwEcUaBZ181Im5rUN7tLvdZhKp5gMDhEpmZrVpj0hCtblQxhzBnV35L1QLefckf1x2c8VDmCgNO7AHB+DCKRThEkpQAQp9uIMHeLQi6956sp4npSlr2rMNv2S9fAOG0pNv</latexit>

e�12
<latexit sha1_base64="YXBw4lCe2GGC0W+i5ftBnP+2E2s=">AAAB7nicbZDJSgNBEIZr4hbjFvUoSGMQPGiYEVxuBrx4TMAskIyhp1NJmvQsdPcIYcjRB/DiQRGvXr35HN58Bn0IO8tBE39o+Pj/KrqqvEhwpW3700rNzS8sLqWXMyura+sb2c2tigpjybDMQhHKmkcVCh5gWXMtsBZJpL4nsOr1Lod59Ral4mFwrfsRuj7tBLzNGdXGquJNcuTYg2Y2Z+ftkcgsOBPIXbx93e2+l76LzexHoxWy2MdAM0GVqjt2pN2ESs2ZwEGmESuMKOvRDtYNBtRH5SajcQdk3zgt0g6leYEmI/d3R0J9pfq+Zyp9qrtqOhua/2X1WLfP3YQHUawxYOOP2rEgOiTD3UmLS2Ra9A1QJrmZlbAulZRpc6GMOYIzvfIsVI7zzmn+pOTkCocwVhp2YA8OwIEzKMAVFKEMDHpwD4/wZEXWg/VsvYxLU9akZxv+yHr9AYPIk20=</latexit>

e�10

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="yO92+7aNSyivE3OUkUxM7Iz/u0M=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOyZdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKX5FG</latexit>�R
<latexit sha1_base64="Hr3UnXmIYnT8k8BYw7cclhcIEWA=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rTi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9iOQvw==</latexit>

R
<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="v5pQB7xK9hYsXJlKXJ8lhHC3BgQ=">AAAB73icbZC7SgNBFIZn4y3GW9TSZjAIsQm7AaOdARvLCOYC2TXMTs4mQ2Zn15lZISx5BsHGQhFb38HKR7DzQeydXApN/GHg4//PYc45fsyZ0rb9ZWWWlldW17LruY3Nre2d/O5eQ0WJpFCnEY9kyycKOBNQ10xzaMUSSOhzaPqDi3HevAOpWCSu9TAGLyQ9wQJGiTZWC27SshuzUSdfsEv2RHgRnBkUzt+L3x/37nGtk/90uxFNQhCacqJU27Fj7aVEakY5jHJuoiAmdEB60DYoSAjKSyfzjvCRcbo4iKR5QuOJ+7sjJaFSw9A3lSHRfTWfjc3/snaigzMvZSJONAg6/ShIONYRHi+Pu0wC1XxogFDJzKyY9okkVJsT5cwRnPmVF6FRLjmV0smVU6hW0FRZdIAOURE56BRV0SWqoTqiiKMH9ISerVvr0XqxXqelGWvWs4/+yHr7AUamk9U=</latexit>

e2⇡
<latexit sha1_base64="daEEU7hdx9IYtMEUKm9XnXEnrBM=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLCG4SSNYwOzlJhszOLjOzQljyDGksFLH1Kax8BDsfxN7JpdDEHwY+/v8c5pwTxJwp7ThfVmZldW19I7uZ29re2d3L7x/UVJRIih6NeCQbAVHImUBPM82xEUskYcCxHgyuJ3n9AaVikbjTwxj9kPQE6zJKtLE8vE+dUTtfcErOVPYyuHMoXL0Xvz/GrdNqO//Z6kQ0CVFoyolSTdeJtZ8SqRnlOMq1EoUxoQPSw6ZBQUJUfjoddmSfGKdjdyNpntD21P3dkZJQqWEYmMqQ6L5azCbmf1kz0d1LP2UiTjQKOvuom3BbR/Zkc7vDJFLNhwYIlczMatM+kYRqc5+cOYK7uPIy1M5Kbrl0fusWKmWYKQtHcAxFcOECKnADVfCAAoMxPMGzJaxH68V6nZVmrHnPIfyR9fYD+aSSgA==</latexit>

e0
<latexit sha1_base64="js9xn6z58IF26OVaJ+gImcGo5N4=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQxCLAy7AaOdARvLCOYi2TXMTmaTITO7y8ysEJY8g4WNhSK2PoOVj2Dng9g7uRSa+MPAx/+fw5xz/JgzpW37y1pYXFpeWc2sZdc3Nre2czu7dRUlktAaiXgkmz5WlLOQ1jTTnDZjSbHwOW34/YtR3rijUrEovNaDmHoCd0MWMIK1sW7obXpccmM2bOfydtEeC82DM4X8+Xvh++PePaq2c59uJyKJoKEmHCvVcuxYeymWmhFOh1k3UTTGpI+7tGUwxIIqLx0PPESHxumgIJLmhRqN3d8dKRZKDYRvKgXWPTWbjcz/slaigzMvZWGcaBqSyUdBwpGO0Gh71GGSEs0HBjCRzMyKSA9LTLS5UdYcwZldeR7qpaJTLp5cOflKGSbKwD4cQAEcOIUKXEIVakBAwAM8wbMlrUfrxXqdlC5Y0549+CPr7Qex65QM</latexit>

e�2⇡

<latexit sha1_base64="zDhUfz+uSIgrESzbtNMmpoXYdtY=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQxCLAy7otHOgI1lBHOR7BpmJ7PJkNnZZWZWCEuewcLGQhFbn8HKR7DzQeydXApN/GHg4//PYc45fsyZ0rb9Zc3NLywuLWdWsqtr6xubua3tmooSSWiVRDySDR8rypmgVc00p41YUhz6nNb93sUwr99RqVgkrnU/pl6IO4IFjGBtrBt6mx4euzEbtHJ5u2iPhGbBmUD+/L3w/XHvHlRauU+3HZEkpEITjpVqOnasvRRLzQing6ybKBpj0sMd2jQocEiVl44GHqB947RREEnzhEYj93dHikOl+qFvKkOsu2o6G5r/Zc1EB2deykScaCrI+KMg4UhHaLg9ajNJieZ9A5hIZmZFpIslJtrcKGuO4EyvPAu1o6JTKp5cOflyCcbKwC7sQQEcOIUyXEIFqkAghAd4gmdLWo/Wi/U6Lp2zJj078EfW2w+0+5QO</latexit>

e�4⇡

<latexit sha1_base64="eGSXCQkrLZDPMrIE167jXsS/iMk=">AAAB8HicbZC7SgNBFIbPxluMt6ilzWAQYmHYFYx2BmwsI5iLZNcwO5lNhszOLjOzQljyDBY2ForY+gxWPoKdD2Lv5FJo4g8DH/9/DnPO8WPOlLbtLyuzsLi0vJJdza2tb2xu5bd36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rw+xejvHFHpWKRuNaDmHoh7goWMIK1sW7obXpUdmM2bOcLdskeC82DM4XC+Xvx++PePay2859uJyJJSIUmHCvVcuxYeymWmhFOhzk3UTTGpI+7tGVQ4JAqLx0PPEQHxumgIJLmCY3G7u+OFIdKDULfVIZY99RsNjL/y1qJDs68lIk40VSQyUdBwpGO0Gh71GGSEs0HBjCRzMyKSA9LTLS5Uc4cwZldeR7qxyWnXDq5cgqVMkyUhT3YhyI4cAoVuIQq1IBACA/wBM+WtB6tF+t1Upqxpj278EfW2w+4C5QQ</latexit>

e�6⇡
<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVB CtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .

<latexit sha1_base64="K0yIwZRhMNAkAH4MoEY/Y+rHPsM=">AAAB7HicbZDLSgMxFIbPeK31VhXcuAkWwVWdEaxdFty4rOC0hXYomTTThmYyIckIZegzuHFREV36QO5EH8b0stDWHwIf/38OOeeEkjNtXPfTWVldW9/YzG3lt3d29/YLB4d1naSKUJ8kPFHNEGvKmaC+YYbTplQUxyGnjXBwM8kbD1Rploh7M5Q0iHFPsIgRbKzltyW7qHQKRbfkToWWwZtDsXos38bfX5Vap/DR7iYkjakwhGOtW54rTZBhZRjhdJRvp5pKTAa4R1sWBY6pDrLpsCN0Zp0uihJlnzBo6v7uyHCs9TAObWWMTV8vZhPzv6yVmqgSZEzI1FBBZh9FKUcmQZPNUZcpSgwfWsBEMTsrIn2sMDH2Pnl7BG9x5WWoX5a8cunqzitWyzBTDk7gFM7Bg2uowi3UwAcCDB5hDM+OcJ6cF+d1VrrizHuO4I+c9x96oJIu</latexit>

⇡/8
<latexit sha1_base64="pQz3VOOaX7/+hl+bvSFv0EOvzbk=">AAAB8nicbZDLSgMxFIYzXmu9VQU3boJFqJt2UrR2WXDjsoK9QDuWTJppQzPJkGSEMvQxBHFREbc+jTvRhzG9LLT1h8DH/59Dzjl+xJk2rvvprKyurW9sprbS2zu7e/uZg8O6lrEitEYkl6rpY005E7RmmOG0GSmKQ5/Thj+4nuSNB6o0k+LODCPqhbgnWMAINtZq5VCheH6foMLFqJPJunl3KrgMaA7ZynE0fvr+Klc7mY92V5I4pMIQjrVuITcyXoKVYYTTUbodaxphMsA92rIocEi1l0xHHsEz63RhIJV9wsCp+7sjwaHWw9C3lSE2fb2YTcz/slZsgrKXMBHFhgoy+yiIOTQSTvaHXaYoMXxoARPF7KyQ9LHCxNgrpe0R0OLKy1Av5lEpf3mLspUSmCkFTsApyAEErkAF3IAqqAECJHgEY/DiGOfZeXXeZqUrzrznCPyR8/4DLvKTmw==</latexit>

(1/2)1/4

<latexit sha1_base64="Ihpha5jSUuEfVJ5l4J1wBuKC88Y=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBu3Wyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0r9j3c=</latexit>

1
<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2

<latexit sha1_base64="+uMqqeKbYwUukmywq1wz+aiX8qg=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWdKVi7LLhxWdFeoB1KJs20oZlkSDJCGfoIblx4QXDlE7kTfRjTy0Jbfwh8/P855JwTxJxp47qfztLyyuraemYju7m1vbOb29uva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzTCmfoR7goWMYGOtG3ZW7OTybsGdCC2CN4N85TB+e/7+Klc7uY92V5IkosIQjrVueW5s/BQrwwino2w70TTGZIB7tGVR4IhqP52MOkIn1umiUCr7hEET93dHiiOth1FgKyNs+no+G5v/Za3EhGU/ZSJODBVk+lGYcGQkGu+NukxRYvjQAiaK2VkR6WOFibHXydojePMrL0K9WPBKhfNrL18pwVQZOIJjOAUPLqACV1CFGhDowT08wpPDnQfnxXmdli45s54D+CPn/QfvqJFI</latexit>

i/2
<latexit sha1_base64="AgHkopwwwBnsR3WgdjCja6tAsFo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZJRI8YLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCplr1q+alRKtWoWRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJHhjME=</latexit>

A

<latexit sha1_base64="COPCM5CjbTdHLwpZCWAuMJRBLuM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZJRI9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCplr1q+alRKtWoWRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJNljMI=</latexit>

B

<latexit sha1_base64="572nmqRwVXGMClVNNMwBJI6Htuo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZJRI8kXDxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Amm9YXfeUKleSQfzCxGP6RjyUecUWOlZn1QLLlldwmySbyMlCBDY1D86g8jloQoDRNU657nxsZPqTKcCZwX+onGmLIpHWPPUklD1H66PHROrqwyJKNI2ZKGLNXfEykNtZ6Fge0MqZnodW8h/uf1EjO681Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy3fNCulWjWLIw8XcAnX4MEt1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/lOmMww==</latexit>

C
Figura B.3: Conjunt de nombres com-
plexos ei(π/2+2πk)/4, k = 0, 1, 2, 3.

<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="QBcOP19TV8K+izzn6qbm5jeNN3E=">AAAB7HicbZC7TgJBFIbPekW8oZY2E4kJNmSXRLSTxMYSExdIAMnscIAJs7ObmVkTQngGGguNsfUprHwEOx/E3uFSKPgnk3z5/3My55wgFlwb1/1yVlbX1jc2U1vp7Z3dvf3MwWFFR4li6LNIRKoWUI2CS/QNNwJrsUIaBgKrQf96klcfUGkeyTsziLEZ0q7kHc6osZbPCd4XWpmsm3enIsvgzSF79Z77/hg3zsqtzGejHbEkRGmYoFrXPTc2zSFVhjOBo3Qj0RhT1qddrFuUNETdHE6HHZFT67RJJ1L2SUOm7u+OIQ21HoSBrQyp6enFbGL+l9UT07lsDrmME4OSzT7qJIKYiEw2J22ukBkxsECZ4nZWwnpUUWbsfdL2CN7iystQKeS9Yv781suWijBTCo7hBHLgwQWU4AbK4AMDDmN4gmdHOo/Oi/M6K11x5j1H8EfO2w9TyJIT</latexit>

ie2

<latexit sha1_base64="Hr/+4dzTVuAxJLTzZEeNNdP1fBA=">AAAB63icbZC7SgNBFIbPeo3xkqiFhc1iEGwMuwGjVgZsLCOYCyRrmJ3MJkNmZpeZWSEseQUbC0VsfRsrC8GnibNJCk38YeDj/89hzjl+xKjSjvNtLS2vrK6tZzaym1vbO7n87l5dhbHEpIZDFsqmjxRhVJCappqRZiQJ4j4jDX9wneaNByIVDcWdHkbE46gnaEAx0ql1Su5LnXzBKToT2YvgzqBwNT74uBx/5aqd/Ge7G+KYE6ExQ0q1XCfSXoKkppiRUbYdKxIhPEA90jIoECfKSyazjuxj43TtIJTmCW1P3N8dCeJKDblvKjnSfTWfpeZ/WSvWwYWXUBHFmgg8/SiIma1DO13c7lJJsGZDAwhLama1cR9JhLU5T9YcwZ1feRHqpaJbLp7duoVKGabKwCEcwQm4cA4VuIEq1ABDHx7hGV4sbj1Zr9bbtHTJmvXswx9Z7z8M2ZH9</latexit>

�e2

<latexit sha1_base64="UMBwfE31tg2it3PBVAoM3ixXFa4=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwMuwGjVgZsLCO4SSBZw+xkNhkyO7vMzAphyTPYWChi69NYWQg+TZxcCk38YeDj/89hzjl+zJnStv1tLS2vrK6tZzaym1vbO7n87l5NRYkk1CURj2TDx4pyJqirmea0EUuKQ5/Tut+/Huf1ByoVi8SdHsTUC3FXsIARrI3lnjJ6X2rnC3bRnggtgjODwtXo4ONy9JWrtvOfrU5EkpAKTThWqunYsfZSLDUjnA6zrUTRGJM+7tKmQYFDqrx0MuwQHRung4JImic0mri/O1IcKjUIfVMZYt1T89nY/C9rJjq48FIm4kRTQaYfBQlHOkLjzVGHSUo0HxjARDIzKyI9LDHR5j5ZcwRnfuVFqJWKTrl4dusUKmWYKgOHcAQn4MA5VOAGquACAQaP8AwvlrCerFfrbVq6ZM169uGPrPcf0k+ScA==</latexit>

�ie2

<latexit sha1_base64="tC/Bj+aQg5PQN/VGA2Z1B2tx25s=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxoLpAsYXZykgyZvTAzK4Qlj2BjoYitj2NlIfg0cXIpNPGHgY//P4c553iR4Erb9reVWlpeWV1Lr2c2Nre2s7md3aoKY8mwwkIRyrpHFQoeYEVzLbAeSaS+J7Dm9a/Hee0BpeJhcK8HEbo+7Qa8wxnVxro74djK5e2CPRFZBGcG+avR/sfl6CtbbuU+m+2QxT4GmgmqVMOxI+0mVGrOBA4zzVhhRFmfdrFhMKA+KjeZjDokR8Zpk04ozQs0mbi/OxLqKzXwPVPpU91T89nY/C9rxLpz4SY8iGKNAZt+1IkF0SEZ703aXCLTYmCAMsnNrIT1qKRMm+tkzBGc+ZUXoXpacIqFs1snXyrCVGk4gEM4BgfOoQQ3UIYKMOjCIzzDiyWsJ+vVepuWpqxZzx78kfX+A6vakcw=</latexit>�ie

<latexit sha1_base64="GiDb4rw7JMGTb8my27rKPs2iMF4=">AAAB6XicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLKOYCyRJmJ2eTIbOzy8ysEJa8gSAWitj6GlY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7O0vLK6ll3PbWxube/kd/fqKkokxRqNeCSbPlHImcCaZppjM5ZIQp9jwx9cjvPGHUrFInGrhzF6IekJFjBKtLFuGHbyBafkTGQvgjuDwsV78fvjoX1c7eQ/292IJiEKTTlRquU6sfZSIjWjHEe5dqIwJnRAetgyKEiIyksnk47sI+N07SCS5gltT9zfHSkJlRqGvqkMie6r+Wxs/pe1Eh2ceykTcaJR0OlHQcJtHdnjte0uk0g1HxogVDIzq037RBKqzXFy5gju/MqLUD8pueXS6bVbqJRhqiwcwCEUwYUzqMAVVKEGFAK4hyd4tgbWo/VivU5LM9asZx/+yHr7AddvkUU=</latexit>

ie
<latexit sha1_base64="GT8SY1KrxnIGx7rwy6MleW+eOa0=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2BWMWhmwsYxiLpAsYXZyNhkye2FmVgghb2BjoYitr2NlIfg0cXIpNPGHgY//P4c553ix4Erb9reVWlpeWV1Lr2c2Nre2s7md3aqKEsmwwiIRybpHFQoeYkVzLbAeS6SBJ7Dm9a7Hee0BpeJReK/7MboB7YTc54xqY92dYCuXtwv2RGQRnBnkr0b7H5ejr2y5lftstiOWBBhqJqhSDceOtTugUnMmcJhpJgpjynq0gw2DIQ1QuYPJpENyZJw28SNpXqjJxP3dMaCBUv3AM5UB1V01n43N/7JGov0Ld8DDONEYsulHfiKIjsh4bdLmEpkWfQOUSW5mJaxLJWXaHCdjjuDMr7wI1dOCUyyc3Tr5UhGmSsMBHMIxOHAOJbiBMlSAgQ+P8AwvVs96sl6tt2lpypr17MEfWe8/5yuRWQ==</latexit>�e

<latexit sha1_base64="xuDLHPH7BGGNivR6QAlhjTL90Ko=">AAAB8nicbZDLSgMxFIbPeK31VhXcuAkWoW7aGS+1y4IblxXsBaZjyaRpG5qZDElGKEMfQxAXFXHr07gTfRjTy0Jbfwh8/P855JzjR5wpbduf1tLyyuraemojvbm1vbOb2duvKRFLQqtEcCEbPlaUs5BWNdOcNiJJceBzWvf71+O8/kClYiK804OIegHuhqzDCNbGcnPnhYvT+8QpFIetTNbO2xOhRXBmkC0fRqOn769SpZX5aLYFiQMaasKxUq5jR9pLsNSMcDpMN2NFI0z6uEtdgyEOqPKSychDdGKcNuoIaV6o0cT93ZHgQKlB4JvKAOuems/G5n+ZG+tOyUtYGMWahmT6USfmSAs03h+1maRE84EBTCQzsyLSwxITba6UNkdw5ldehNpZ3inmL2+dbLkIU6XgCI4hBw5cQRluoAJVICDgEUbwYmnr2Xq13qalS9as5wD+yHr/ATgsk6E=</latexit>

(3/4)1/6
<latexit sha1_base64="rG5lEb1p+CQlBk88YGUcD25WvcI=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWdKVi7LLhxWdFeoB1KJs20oZlkSDJCGfoIblx4QXDlE7kTfRjTy0Jbfwh8/P855JwTxJxp47qfztLyyuraemYju7m1vbOb29uva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzTCmfoR7goWMYGOtG++s2Mnl3YI7EVoEbwb5ymH89vz9Va52ch/triRJRIUhHGvd8tzY+ClWhhFOR9l2ommMyQD3aMuiwBHVfjoZdYROrNNFoVT2CYMm7u+OFEdaD6PAVkbY9PV8Njb/y1qJCct+ykScGCrI9KMw4chINN4bdZmixPChBUwUs7Mi0scKE2Ovk7VH8OZXXoR6seCVCufXXr5SgqkycATHcAoeXEAFrqAKNSDQg3t4hCeHOw/Oi/M6LV1yZj0H8EfO+w+aWJEQ</latexit>

1/2

<latexit sha1_base64="QnSiRR42+a0NCwZ8gNMzJZC11Ks=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qTMXaZcGNywr2Au1QMmnaxmYmIckIZeg7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qZXVtfWN9GZma3tndy+7f1DTIlaEVongQjUCrClnEa0aZjhtSEVxGHBaDwbXk7z+QJVmIrozQ0n9EPci1mUEG2vVCi3Jzi/a2Zybd6dCy+DNIVc+kuPn769SpZ39aHUEiUMaGcKx1k3PlcZPsDKMcDrKtGJNJSYD3KNNixEOqfaT6bQjdGqdDuoKZV9k0NT93ZHgUOthGNjKEJu+Xswm5n9ZMzbdkp+wSMaGRmT2UTfmyAg0WR11mKLE8KEFTBSzsyLSxwoTYw+UsUfwFldehloh7xXzl7derlyEmdJwDCdwBh5cQRluoAJVIHAPj/ACr45wnpw3ZzwrTTnznkP4I+f9B+S6kmU=</latexit>

2⇡/3
<latexit sha1_base64="c5UPju88jnu6d69uNjCRmx2a7oo=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7qjJfaZcGNywr2Au1QMmmmjc1MQpIRSuk7uBFUpFvfx53ow5heFtr6Q+Dj/88h55xAcqaN6346qaXlldW19HpmY3Nreye7u1fVIlGEVojgQtUDrClnMa0YZjitS0VxFHBaC3rX47z2QJVmIr4zfUn9CHdiFjKCjbWqF03JTs9b2ZybdydCi+DNIFc6kKPn769iuZX9aLYFSSIaG8Kx1g3PlcYfYGUY4XSYaSaaSkx6uEMbFmMcUe0PJtMO0bF12igUyr7YoIn7u2OAI637UWArI2y6ej4bm/9ljcSERX/AYpkYGpPpR2HCkRFovDpqM0WJ4X0LmChmZ0WkixUmxh4oY4/gza+8CNWzvFfIX956uVIBpkrDIRzBCXhwBSW4gTJUgMA9PMILvDrCeXLenNG0NOXMevbhj5z3H+fMkmc=</latexit>

4⇡/3

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="aUZxLWZ2tlxYN1EdJoouEZVgnVI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qbKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN9nkLA=</latexit>

C

<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2
<latexit sha1_base64="dkGqhm811J/8JRfc7+6+JA63CZI=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2RaOdARvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEqp+1szik4E9mL4M4gd/me//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjq48IZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLZxU3VyrCVGk4gEPIgwvnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AcirkKE=</latexit>

4
<latexit sha1_base64="qUjjms56o8d44K/Dx5BbNHCd2/Y=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2ljVUieXd4rORPYiuDPIX74Xvj8e2ieVTu6z3Y1oEqLQlBOlWq4Tay8lUjPKcZRtJwpjQgekhy2DgoSovHQy6Mg+Nk7XDiJpntD2xP3dkZJQqWHom8qQ6L6az8bmf1kr0cGFlzIRJxoFnX4UJNzWkT3e2u4yiVTzoQFCJTOz2rRPJKHa3CZrjuDOr7wI9dOiWyqeVd18uQRTZeAQjqAALpxDGa6hAjWggHAPT/Bs3VqP1ov1Oi1dsmY9B/BH1tsPy7OQow==</latexit>

6

<latexit sha1_base64="8Bi01TwYz/FKl29JGJ4uSe7bxg0=">AAAB7HicbVC7SgNBFL0bXzG+opaCDAbBQsKu4KMzYGOZgJsEkiXMTmaTIbOzy8ysEJaU1jYWitja2/kddn6DfoSzSQpNPHC5h3Pu5T78mDOlbfvTyi0sLi2v5FcLa+sbm1vF7Z26ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wlfmNWyoVi8SNHsbUC3FPsIARrI3k2mXbdjrFUpYzoHniTEnp8u3rbv+99l3tFD/a3YgkIRWacKxUy7Fj7aVYakY4HRXaiaIxJgPcoy1DBQ6p8tLxsiN0aJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn4J5gjN78jypn5Sds/JpzSlVjmGCPOzBARyBA+dQgWuoggsEGNzDIzxZwnqwnq2XSWnOmvbswh9Yrz8oCZH/</latexit>

0.001
<latexit sha1_base64="6jET0KSUTbDQHrLHu5xH/mn/WWQ=">AAAB7HicbVC7SgNBFL3rM8ZX1FKQwSBYSNgN+OgM2Fgm4CaBZAmzk9lkyOzsMjMrhCWltY2FIrb2dn6Hnd+gH+FskkITD1zu4Zx7uQ8/5kxp2/60FhaXlldWc2v59Y3Nre3Czm5dRYkk1CURj2TTx4pyJqirmea0GUuKQ5/Thj+4yvzGLZWKReJGD2PqhbgnWMAI1kZy7ZJtlzuFYpYzoHniTEnx8u3r7uC99l3tFD7a3YgkIRWacKxUy7Fj7aVYakY4HeXbiaIxJgPcoy1DBQ6p8tLxsiN0ZJQuCiJpQmg0Vn93pDhUahj6pjLEuq9mvUz8z2slOrjwUibiRFNBJoOChCMdoexy1GWSEs2HhmAimdkVkT6WmGjzn7x5gjN78jypl0vOWem05hQrJzBBDvbhEI7BgXOowDVUwQUCDO7hEZ4sYT1Yz9bLpHTBmvbswR9Yrz8pjZIA</latexit>

0.002

<latexit sha1_base64="FzGDj1VJhSpUE3VSL9Zj6Nm2VGQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQYhN2A0Y7AzaWEc0FkjXMTk6SIbOzy8ysEJY8gggWitj6GFY+gp0PYu/kUmjiDwMf/38Oc87xI86UdpwvK7W0vLK6ll7PbGxube9kd/dqKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9cjPP6HUrFQnGjhxF6AekJ1mWUaGNd422xnc05BWciexHcGeTO3/PfHw+t40o7+9nqhDQOUGjKiVJN14m0lxCpGeU4yrRihRGhA9LDpkFBAlReMhl1ZB8Zp2N3Q2me0PbE/d2RkECpYeCbyoDovprPxuZ/WTPW3TMvYSKKNQo6/agbc1uH9nhvu8MkUs2HBgiVzMxq0z6RhGpznYw5gju/8iLUigW3VDi5cnPlEkyVhgM4hDy4cApluIQKVIFCD+7hCZ4tbj1aL9brtDRlzXr24Y+stx84P5F2</latexit>

e2
<latexit sha1_base64="RCiMSWH6j5egZ9vUMlJK1auBijw=">AAAB6nicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGMZ0VwgWcPs5GwyZHZ2mZkVwpJHEMFCEVsfw8pHsPNB7J1cCk38YeDj/89hzjl+zJnSjvNlLSwuLa+sZtay6xubW9u5nd2aihJJsUojHsmGTxRyJrCqmebYiCWS0OdY9/sXo7x+h1KxSNzoQYxeSLqCBYwSbaxrvHXaubxTdMay58GdQv78vfD98dA6qrRzn61ORJMQhaacKNV0nVh7KZGaUY7DbCtRGBPaJ11sGhQkROWl41GH9qFxOnYQSfOEtsfu746UhEoNQt9UhkT31Gw2Mv/LmokOzryUiTjRKOjkoyDhto7s0d52h0mkmg8MECqZmdWmPSIJ1eY6WXMEd3bleagdF91S8eTKzZdLMFEG9uEACuDCKZThEipQBQpduIcneLa49Wi9WK+T0gVr2rMHf2S9/QA1N5F0</latexit>

e0

<latexit sha1_base64="Eg5bdqeb2aE3W4fmo1Kd1KcDSBg=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEurDMFKzuLLhxWcFeoK0lk2ba2EwyJBmhDH0G3bhQxK0v4cpHcOeDuDe9LLT1h8DH/59Dzjl+xJk2rvvlLCwuLa+sptbS6xubW9uZnd2qlrEitEIkl6ruY005E7RimOG0HimKQ5/Tmt+/GOW1O6o0k+LaDCLaCnFXsIARbKxVpTfJcWHYzmTdvDsWmgdvCtnz99z3x33zqNzOfDY7ksQhFYZwrHXDcyPTSrAyjHA6TDdjTSNM+rhLGxYFDqluJeNph+jQOh0USGWfMGjs/u5IcKj1IPRtZYhNT89mI/O/rBGb4KyVMBHFhgoy+SiIOTISjVZHHaYoMXxgARPF7KyI9LDCxNgDpe0RvNmV56FayHvF/MmVly0VYaIU7MMB5MCDUyjBJZShAgRu4QGe4NmRzqPz4rxOShecac8e/JHz9gNndZK5</latexit>

e�2

<latexit sha1_base64="hAvBkE6l7aKEmVDb4EnYWsH5wRI=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIdWGZEa3uLLhxWcFeoB1LJj1tYzPJkGSEMvQZdONCEbe+hCsfwZ0P4t70stDqD4GP/z+HnHOCiDNtXPfTSc3NLywupZczK6tr6xvZza2qlrGiUKGSS1UPiAbOBFQMMxzqkQISBhxqQf98lNduQWkmxZUZROCHpCtYh1FirFWF6+TgaNjK5tyCOxb+C94Ucmdv+a/3u+Z+uZX9aLYljUMQhnKidcNzI+MnRBlGOQwzzVhDRGifdKFhUZAQtJ+Mpx3iPeu0cUcq+4TBY/dnR0JCrQdhYCtDYnp6NhuZ/2WN2HRO/YSJKDYg6OSjTsyxkXi0Om4zBdTwgQVCFbOzYtojilBjD5SxR/BmV/4L1cOCVywcX3q5UhFNlEY7aBflkYdOUAldoDKqIIpu0D16RE+OdB6cZ+dlUppypj3b6Jec129qf5K7</latexit>

e�4

<latexit sha1_base64="zPJ9DRArjxf8AQWgyz2XK/k/M50=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsNCwKxjtDNhYJmAukKxhdjKbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYElohggtZ97CinIW0opnmtB5JigOP05rXuxjmtVsqFRPhle5H1A1wJ2Q+I1gbq0qvk6PCoJXN2Xl7JDQLzgRy529fd7vv5e9SK/vRbAsSBzTUhGOlGo4daTfBUjPC6SDTjBWNMOnhDm0YDHFAlZuMph2gfeO0kS+keaFGI/d3R4IDpfqBZyoDrLtqOhua/2WNWPtnbsLCKNY0JOOP/JgjLdBwddRmkhLN+wYwkczMikgXS0y0OVDGHMGZXnkWqsd5p5A/KTu54iGMlYYd2IMDcOAUinAJJagAgRu4h0d4soT1YD1bL+PSlDXp2YY/sl5/ABvnkzg=</latexit>

e�6
<latexit sha1_base64="+4oX39h0y/5xLdeNpdYNFGlD/PI=">AAAB7XicbZC7SgNBFIZn4y3GW9RSkMEgWGjYFdR0BmwsEzAXSNYwOzmbjJndWWZmhbCktLexUMTW2s7nsPMZ9CGcXApN/GHg4//PYc45XsSZ0rb9aaXm5hcWl9LLmZXVtfWN7OZWVYlYUqhQwYWse0QBZyFUNNMc6pEEEngcal7vYpjXbkEqJsIr3Y/ADUgnZD6jRBurCtfJUWHQyubsvD0SngVnArnzt6+73ffyd6mV/Wi2BY0DCDXlRKmGY0faTYjUjHIYZJqxgojQHulAw2BIAlBuMpp2gPeN08a+kOaFGo/c3x0JCZTqB56pDIjuqulsaP6XNWLtF9yEhVGsIaTjj/yYYy3wcHXcZhKo5n0DhEpmZsW0SySh2hwoY47gTK88C9XjvHOaPyk7ueIhGiuNdtAeOkAOOkNFdIlKqIIoukH36BE9WcJ6sJ6tl3Fpypr0bKM/sl5/AB7xkzo=</latexit>

e�8

<latexit sha1_base64="OjkQOkgxrEjqhXHhnQUeh4oUlgY=">AAAB7nicbZC7SgNBFIbPxluMt6ilIItBsNCwG/DSGbCxTMBcIFnD7OQkGTI7u8zMCmFJ6QPYWChia2vnc9j5DPoQTi6FRn8Y+Pj/c5hzjh9xprTjfFipufmFxaX0cmZldW19I7u5VVVhLClWaMhDWfeJQs4EVjTTHOuRRBL4HGt+/2KU125QKhaKKz2I0AtIV7AOo0Qbq4bXyZFbGLayOSfvjGX/BXcKufPXz9vdt/JXqZV9b7ZDGgcoNOVEqYbrRNpLiNSMchxmmrHCiNA+6WLDoCABKi8Zjzu0943TtjuhNE9oe+z+7EhIoNQg8E1lQHRPzWYj87+sEevOmZcwEcUaBZ181Im5rUN7tLvdZhKp5gMDhEpmZrVpj0hCtblQxhzBnV35L1QLefckf1x2c8VDmCgNO7AHB+DCKRThEkpQAQp9uIMHeLQi6956sp4npSlr2rMNv2S9fAOG0pNv</latexit>

e�12
<latexit sha1_base64="YXBw4lCe2GGC0W+i5ftBnP+2E2s=">AAAB7nicbZDJSgNBEIZr4hbjFvUoSGMQPGiYEVxuBrx4TMAskIyhp1NJmvQsdPcIYcjRB/DiQRGvXr35HN58Bn0IO8tBE39o+Pj/KrqqvEhwpW3700rNzS8sLqWXMyura+sb2c2tigpjybDMQhHKmkcVCh5gWXMtsBZJpL4nsOr1Lod59Ral4mFwrfsRuj7tBLzNGdXGquJNcuTYg2Y2Z+ftkcgsOBPIXbx93e2+l76LzexHoxWy2MdAM0GVqjt2pN2ESs2ZwEGmESuMKOvRDtYNBtRH5SajcQdk3zgt0g6leYEmI/d3R0J9pfq+Zyp9qrtqOhua/2X1WLfP3YQHUawxYOOP2rEgOiTD3UmLS2Ra9A1QJrmZlbAulZRpc6GMOYIzvfIsVI7zzmn+pOTkCocwVhp2YA8OwIEzKMAVFKEMDHpwD4/wZEXWg/VsvYxLU9akZxv+yHr9AYPIk20=</latexit>

e�10

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .

<latexit sha1_base64="LlXGqOiPj9lj95LSjqzi0e0Nu/0=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQYhN2hUQ7AzaWEdwkkF3C7GQ2GTI7u8zMCmHJM6SxUMTWp7DyEex8EHsnl0ITfxj4+P9zmHNOkHCmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUVHEqCXVJzGPZDrCinAnqaqY5bSeS4ijgtBUMb6Z564FKxWJxr0cJ9SPcFyxkBGtjuV7CEOsWS3bFngmtgrOA0vV7+ftj4p03usVPrxeTNKJCE46V6jh2ov0MS80Ip+OClyqaYDLEfdoxKHBElZ/Nhh2jM+P0UBhL84RGM/d3R4YjpUZRYCojrAdqOZua/2WdVIdXfsZEkmoqyPyjMOVIx2i6OeoxSYnmIwOYSGZmRWSAJSba3KdgjuAsr7wKzYuKU6tU75xSvQZz5eEETqEMDlxCHW6hAS4QYDCBJ3i2hPVovViv89Kcteg5hj+y3n4AtU6SUw==</latexit>

⇡i

<latexit sha1_base64="yO92+7aNSyivE3OUkUxM7Iz/u0M=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOyZdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKX5FG</latexit>�R
<latexit sha1_base64="Hr3UnXmIYnT8k8BYw7cclhcIEWA=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rTi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9iOQvw==</latexit>

R
<latexit sha1_base64="P+guhNJO9EQbGjc35rxBZflTiFQ=">AAAB6nicbZDLSgMxFIZPvNbWS9VlN8EiuCozgtVloQtdVrQXaIeSyWTa0ExmSDJCGfoIblwoxa2v4gu4821MLwtt/SHw8f/nkHOOnwiujeN8o43Nre2d3dxevrB/cHhUPD5p6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsf1Wd5+4kpzWP5aMYJ8yIykDzklBhrPdT7br9YdirOXHgd3CWUa4XbaemzEzT6xa9eENM0YtJQQbTuuk5ivIwow6lgk3wv1SwhdEQGrGtRkohpL5uPOsHn1glwGCv7pMFz93dHRiKtx5FvKyNihno1m5n/Zd3UhDdexmWSGibp4qMwFdjEeLY3Drhi1IixBUIVt7NiOiSKUGOvk7dHcFdXXofWZcWtVq7u3XKtCgvloARncAEuXEMN7qABTaAwgGd4hTck0AuaovdF6QZa9pzCH6GPH3TikC0=</latexit>

C1

<latexit sha1_base64="CLLK/WnfoVTUM7Po4xjH0eoWKd8=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSFKwuC13osqK9QBvKZDJph04mYWYilNBHcONCKW59FV/AnW/jNO1CW38Y+Pj/c5hzjhdzprRtf1u5re2d3b38fqF4cHh0XDo57agokYS2ScQj2fOwopwJ2tZMc9qLJcWhx2nXmzQXefeJSsUi8ainMXVDPBIsYARrYz00h7VhqWJX7UxoE5wVVBrF23n5s+e3hqWvgR+RJKRCE46V6jt2rN0US80Ip7PCIFE0xmSCR7RvUOCQKjfNRp2hC+P4KIikeUKjzP3dkeJQqWnomcoQ67Fazxbmf1k/0cGNmzIRJ5oKsvwoSDjSEVrsjXwmKdF8agATycysiIyxxESb6xTMEZz1lTehU6s69erVvVNp1GGpPJThHC7BgWtowB20oA0ERvAMr/BmcevFmlvvy9Kcteo5gz+yPn4AdmaQLg==</latexit>

C2

<latexit sha1_base64="VH1ImUwCCRV/yUAWeeXJ+MGv42k=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSKFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAd+qQLw==</latexit>

C3

<latexit sha1_base64="owQLZg2e+vjEc5opuT8GL9nqpiU=">AAAB6nicbZDLSsNAFIZP6q22XqouuxksgquSiFaXhS50WdFeoA1lMpm0QyeTMDMRSugjuHGhFLe+ii/gzrdx0nahrT8MfPz/Ocw5x4s5U9q2v63cxubW9k5+t1Dc2z84LB0dt1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjjRtZ3nmiUrFIPOpJTN0QDwULGMHaWA+NweWgVLGr9lxoHZwlVOrF21n5s+s3B6Wvvh+RJKRCE46V6jl2rN0US80Ip9NCP1E0xmSMh7RnUOCQKjedjzpFZ8bxURBJ84RGc/d3R4pDpSahZypDrEdqNcvM/7JeooMbN2UiTjQVZPFRkHCkI5TtjXwmKdF8YgATycysiIywxESb6xTMEZzVldehfVF1atWre6dSr8FCeSjDKZyDA9dQhztoQgsIDOEZXuHN4taLNbPeF6U5a9lzAn9kffwAeW6QMA==</latexit>

C4

<latexit sha1_base64="v5pQB7xK9hYsXJlKXJ8lhHC3BgQ=">AAAB73icbZC7SgNBFIZn4y3GW9TSZjAIsQm7AaOdARvLCOYC2TXMTs4mQ2Zn15lZISx5BsHGQhFb38HKR7DzQeydXApN/GHg4//PYc45fsyZ0rb9ZWWWlldW17LruY3Nre2d/O5eQ0WJpFCnEY9kyycKOBNQ10xzaMUSSOhzaPqDi3HevAOpWCSu9TAGLyQ9wQJGiTZWC27SshuzUSdfsEv2RHgRnBkUzt+L3x/37nGtk/90uxFNQhCacqJU27Fj7aVEakY5jHJuoiAmdEB60DYoSAjKSyfzjvCRcbo4iKR5QuOJ+7sjJaFSw9A3lSHRfTWfjc3/snaigzMvZSJONAg6/ShIONYRHi+Pu0wC1XxogFDJzKyY9okkVJsT5cwRnPmVF6FRLjmV0smVU6hW0FRZdIAOURE56BRV0SWqoTqiiKMH9ISerVvr0XqxXqelGWvWs4/+yHr7AUamk9U=</latexit>

e2⇡
<latexit sha1_base64="daEEU7hdx9IYtMEUKm9XnXEnrBM=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdARvLCG4SSNYwOzlJhszOLjOzQljyDGksFLH1Kax8BDsfxN7JpdDEHwY+/v8c5pwTxJwp7ThfVmZldW19I7uZ29re2d3L7x/UVJRIih6NeCQbAVHImUBPM82xEUskYcCxHgyuJ3n9AaVikbjTwxj9kPQE6zJKtLE8vE+dUTtfcErOVPYyuHMoXL0Xvz/GrdNqO//Z6kQ0CVFoyolSTdeJtZ8SqRnlOMq1EoUxoQPSw6ZBQUJUfjoddmSfGKdjdyNpntD21P3dkZJQqWEYmMqQ6L5azCbmf1kz0d1LP2UiTjQKOvuom3BbR/Zkc7vDJFLNhwYIlczMatM+kYRqc5+cOYK7uPIy1M5Kbrl0fusWKmWYKQtHcAxFcOECKnADVfCAAoMxPMGzJaxH68V6nZVmrHnPIfyR9fYD+aSSgA==</latexit>

e0
<latexit sha1_base64="js9xn6z58IF26OVaJ+gImcGo5N4=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQxCLAy7AaOdARvLCOYi2TXMTmaTITO7y8ysEJY8g4WNhSK2PoOVj2Dng9g7uRSa+MPAx/+fw5xz/JgzpW37y1pYXFpeWc2sZdc3Nre2czu7dRUlktAaiXgkmz5WlLOQ1jTTnDZjSbHwOW34/YtR3rijUrEovNaDmHoCd0MWMIK1sW7obXpccmM2bOfydtEeC82DM4X8+Xvh++PePaq2c59uJyKJoKEmHCvVcuxYeymWmhFOh1k3UTTGpI+7tGUwxIIqLx0PPESHxumgIJLmhRqN3d8dKRZKDYRvKgXWPTWbjcz/slaigzMvZWGcaBqSyUdBwpGO0Gh71GGSEs0HBjCRzMyKSA9LTLS5UdYcwZldeR7qpaJTLp5cOflKGSbKwD4cQAEcOIUKXEIVakBAwAM8wbMlrUfrxXqdlC5Y0549+CPr7Qex65QM</latexit>

e�2⇡

<latexit sha1_base64="zDhUfz+uSIgrESzbtNMmpoXYdtY=">AAAB8HicbZC7SgNBFIbPeo3xFrW0GQxCLAy7otHOgI1lBHOR7BpmJ7PJkNnZZWZWCEuewcLGQhFbn8HKR7DzQeydXApN/GHg4//PYc45fsyZ0rb9Zc3NLywuLWdWsqtr6xubua3tmooSSWiVRDySDR8rypmgVc00p41YUhz6nNb93sUwr99RqVgkrnU/pl6IO4IFjGBtrBt6mx4euzEbtHJ5u2iPhGbBmUD+/L3w/XHvHlRauU+3HZEkpEITjpVqOnasvRRLzQing6ybKBpj0sMd2jQocEiVl44GHqB947RREEnzhEYj93dHikOl+qFvKkOsu2o6G5r/Zc1EB2deykScaCrI+KMg4UhHaLg9ajNJieZ9A5hIZmZFpIslJtrcKGuO4EyvPAu1o6JTKp5cOflyCcbKwC7sQQEcOIUyXEIFqkAghAd4gmdLWo/Wi/U6Lp2zJj078EfW2w+0+5QO</latexit>

e�4⇡

<latexit sha1_base64="eGSXCQkrLZDPMrIE167jXsS/iMk=">AAAB8HicbZC7SgNBFIbPxluMt6ilzWAQYmHYFYx2BmwsI5iLZNcwO5lNhszOLjOzQljyDBY2ForY+gxWPoKdD2Lv5FJo4g8DH/9/DnPO8WPOlLbtLyuzsLi0vJJdza2tb2xu5bd36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rw+xejvHFHpWKRuNaDmHoh7goWMIK1sW7obXpUdmM2bOcLdskeC82DM4XC+Xvx++PePay2859uJyJJSIUmHCvVcuxYeymWmhFOhzk3UTTGpI+7tGVQ4JAqLx0PPEQHxumgIJLmCY3G7u+OFIdKDULfVIZY99RsNjL/y1qJDs68lIk40VSQyUdBwpGO0Gh71GGSEs0HBjCRzMyKSA9LTLS5Uc4cwZldeR7qxyWnXDq5cgqVMkyUhT3YhyI4cAoVuIQq1IBACA/wBM+WtB6tF+t1Upqxpj278EfW2w+4C5QQ</latexit>

e�6⇡
<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .

<latexit sha1_base64="K0yIwZRhMNAkAH4MoEY/Y+rHPsM=">AAAB7HicbZDLSgMxFIbPeK31VhXcuAkWwVWdEaxdFty4rOC0hXYomTTThmYyIckIZegzuHFREV36QO5EH8b0stDWHwIf/38OOeeEkjNtXPfTWVldW9/YzG3lt3d29/YLB4d1naSKUJ8kPFHNEGvKmaC+YYbTplQUxyGnjXBwM8kbD1Rploh7M5Q0iHFPsIgRbKzltyW7qHQKRbfkToWWwZtDsXos38bfX5Vap/DR7iYkjakwhGOtW54rTZBhZRjhdJRvp5pKTAa4R1sWBY6pDrLpsCN0Zp0uihJlnzBo6v7uyHCs9TAObWWMTV8vZhPzv6yVmqgSZEzI1FBBZh9FKUcmQZPNUZcpSgwfWsBEMTsrIn2sMDH2Pnl7BG9x5WWoX5a8cunqzitWyzBTDk7gFM7Bg2uowi3UwAcCDB5hDM+OcJ6cF+d1VrrizHuO4I+c9x96oJIu</latexit>

⇡/8
<latexit sha1_base64="pQz3VOOaX7/+hl+bvSFv0EOvzbk=">AAAB8nicbZDLSgMxFIYzXmu9VQU3boJFqJt2UrR2WXDjsoK9QDuWTJppQzPJkGSEMvQxBHFREbc+jTvRhzG9LLT1h8DH/59Dzjl+xJk2rvvprKyurW9sprbS2zu7e/uZg8O6lrEitEYkl6rpY005E7RmmOG0GSmKQ5/Thj+4nuSNB6o0k+LODCPqhbgnWMAINtZq5VCheH6foMLFqJPJunl3KrgMaA7ZynE0fvr+Klc7mY92V5I4pMIQjrVuITcyXoKVYYTTUbodaxphMsA92rIocEi1l0xHHsEz63RhIJV9wsCp+7sjwaHWw9C3lSE2fb2YTcz/slZsgrKXMBHFhgoy+yiIOTQSTvaHXaYoMXxoARPF7KyQ9LHCxNgrpe0R0OLKy1Av5lEpf3mLspUSmCkFTsApyAEErkAF3IAqqAECJHgEY/DiGOfZeXXeZqUrzrznCPyR8/4DLvKTmw==</latexit>

(1/2)1/4

<latexit sha1_base64="Ihpha5jSUuEfVJ5l4J1wBuKC88Y=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBu3Wyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0r9j3c=</latexit>

1
<latexit sha1_base64="f1c1VTcgDKdj5fBnEjaWALQ+81g=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2A0Y7AzaWCZgLJCHMTs4mY2YvzMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CuwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrSd64Q6l4GNzoUYQdn/YD7nFGtbGqxW42ZxfsqcgyOHPIXb7nvz8e2qeVbvaz3QtZ7GOgmaBKtRw70p2ESs2ZwHGmHSuMKBvSPrYMBtRH1Ummg47JiXF6xAuleYEmU/d3R0J9pUa+ayp9qgdqMZuY/2WtWHsXnYQHUawxYLOPvFgQHZLJ1qTHJTItRgYok9zMStiASsq0uU3GHMFZXHkZ6sWCUyqcVZ1cuQQzpeEIjiEPDpxDGa6hAjVggHAPT/Bs3VqP1ov1OitNWfOeQ/gj6+0HxaOQnw==</latexit>

2

<latexit sha1_base64="+uMqqeKbYwUukmywq1wz+aiX8qg=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWdKVi7LLhxWdFeoB1KJs20oZlkSDJCGfoIblx4QXDlE7kTfRjTy0Jbfwh8/P855JwTxJxp47qfztLyyuraemYju7m1vbOb29uva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzTCmfoR7goWMYGOtG3ZW7OTybsGdCC2CN4N85TB+e/7+Klc7uY92V5IkosIQjrVueW5s/BQrwwino2w70TTGZIB7tGVR4IhqP52MOkIn1umiUCr7hEET93dHiiOth1FgKyNs+no+G5v/Za3EhGU/ZSJODBVk+lGYcGQkGu+NukxRYvjQAiaK2VkR6WOFibHXydojePMrL0K9WPBKhfNrL18pwVQZOIJjOAUPLqACV1CFGhDowT08wpPDnQfnxXmdli45s54D+CPn/QfvqJFI</latexit>

i/2
<latexit sha1_base64="kUxudHvox9GcpCw6M4JVBhxvViA=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdERvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEql+1szik4E9mL4M4gd/Ge//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjo494ZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLpxUnVyrCVGk4gEPIgwtnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7AdwPkK0=</latexit>

A

<latexit sha1_base64="z1pD/lGbL9b5wWlwR39I3UCgZz4=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdQRvLBMwFkiXMTs4mY2Znl5lZIYQ8gYUWitj6HFY+gp0PYu/kUmjiDwMf/38Oc87xY86UdpwvK7W0vLK6ll7PbGxube9kd/dqKkokxSqNeCQbPlHImcCqZppjI5ZIQp9j3e9fjfP6HUrFInGjBzF6IekKFjBKtLEql+1szik4E9mL4M4gd/Ge//54aB2X29nPVieiSYhCU06UarpOrL0hkZpRjqNMK1EYE9onXWwaFCRE5Q0ng47sI+N07CCS5gltT9zfHUMSKjUIfVMZEt1T89nY/C9rJjo494ZMxIlGQacfBQm3dWSPt7Y7TCLVfGCAUMnMrDbtEUmoNrfJmCO48ysvQu2k4BYLpxUnVyrCVGk4gEPIgwtnUIJrKEMVKCDcwxM8W7fWo/VivU5LU9asZx/+yHr7Ad2TkK4=</latexit>

B

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

Figura B.4: Singularitats i regions de con-
vergència de la funció f(z) del proble-
ma PB.4.

(b)

(
sinh

iπ

6

)1/4

=
(
i sin

π

6

)1/4
=

(
i

2

)1/4

=
4

√
1

2
ei(π/2+2πk)/4 , k = 0, 1, 2, 3.

ei(π/2+2πk)/4, k = 0, 1, 2, 3

Aquests valors es representen a la figura B.3.

SB.4 Les singularitats de f(z) són a z = 2 i a z = 1+ i/2 (vegeu la figura B.4).
Si descomponem en fraccions simples veiem que

f(z) =
i

z − 2
− i

z − (1 + i/2)
.

A les regions A (|z − 1| < 1/2), B (1/2 < |z − 1| < 1) i C (1 < |z − 1|)
tenim

i

z − 2
=





− i

1− (z − 1)
= −i

∞∑

n=0

(z − 1)n, convergent a A ∪B;

i/(z − 1)

1− 1/(z − 1)
= i

∞∑

n=1

1

(z − 1)n
, convergent a C.

Anàlogament

− i

z − (1 + i/2)
=





2

1− 2i(1− z)
= 2

∞∑

n=0

(−2i)n(z − 1)n, conv. a A;

−i/(z − 1)

1− i
2

1
z−1

= −i

∞∑

n=1

(i/2)n−1

(z − 1)n
, conv. a B ∪ C;
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on en tots els casos hem usat

1

1− α
=
∞∑

n=0

αn, si |α| < 1.

Per tant,

f(z) =





∞∑

n=0

[2(−2i)n − i] (z − 1)n, convergent a A;

−i

∞∑

n=0

(z − 1)n − i
∞∑

n=1

(
i
2

)n−1 1

(z − 1)n
, convergent a B;

i
∞∑

n=1

[
1−

(
i

2

)n−1
]

1

(z − 1)n
, convergent a C.

SB.5 (a) Sobre C2, z = R + iy i, per tant, quan R → ∞ tenim

∣∣∣∣
∫

C2

dz

cosh z

∣∣∣∣ ≤
∫ π

0

|i| dy
| cosh(R + iy)|

≤
∫ π

0

2 dy

|eR − e−R| ≤
2πe−R

1− e−2R
→ 0, (B.2)

on hem usat

| cosh(R + iy)| = 1

2

∣∣eReiy + e−Re−iy
∣∣ ≥ 1

2

(
eR − e−R

)
.

Similarment, sobre C4, z = −R + iy i, per tant, quan R → ∞ tenim

∣∣∣∣
∫

C4

dz

cosh z

∣∣∣∣ ≤
∫ π

0

|i| dy
| cosh(−R + iy)|

≤
∫ π

0

2 dy

|e−R − eR| ≤
2πe−R

1− e−2R
→ 0. (B.3)

(b) Les singularitats de l’integrand són els valors de z que anul·len cosh z.
Com que cosh z = cos iz aquestes singularitats són

zk = iπ
2k + 1

2
, k ∈ Z,
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de les quals només z0 = iπ/2 és interior a C. El residu corresponent és

res
z=iπ/2

1

cosh z
= lim

z→iπ/2

z − iπ/2

cosh z

(∗)
= lim

z→iπ/2

1

sinh z

=
1

sinh(iπ/2)
=

1

i sin(π/2)
= −i, (B.4)

on hem usat la regla de L’Hôpital a la igualtat (∗). La igualtat (B.4)
demostra que z = z0 és un pol simple i alhora ens dona el residu corres-
ponent.

(c) Observem que sobre C1, z = x, i, per tant

∫

C1

dz

cosh z
=

∫ R

−R

dx

coshx
.

Sobre C3, z = x+ iπ, i, per tant

∫

C3

dz

cosh z
=

∫ −R

R

dx

cosh(x+ iπ)
=

∫ R

−R

dx

coshx
,

on hem usat que cosh(z + iπ) = − cosh z. En el ĺımit R → ∞ tenim

2πi(−i) =

∮

C

dz

cosh z
=

∫

C1

dz

cosh z
+

∫

C3

dz

cosh z

= 2

∫ ∞

−∞

dx

coshx
= 4

∫ ∞

0

dx

coshx
,

on hem usat el teorema dels residus, (B.2), (B.3) i el fet que cosh z és una
funció parella. Aix́ı doncs,

∫ ∞

0

dx

coshx
=

π

2

Examen C

PC.1 Representeu gràficament i expresseu en forma polar tots els valors de:

(a) ii,

(b)
√
sinh (ξ + iπ) , on ξ és el nombre real ξ = log(1+

√
2) (el valor de ξ

s’ha escollit perquè el resultat final sigui molt senzill).
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PC.2 Considereu l’operació següent ∼ sobre C. Si z = x+ iy definim

z̃ = −x+ iy (és una reflexió sobre l’eix y).

Sigui f(z) una funció anaĺıtica a tot C. És anaĺıtica la funció g(z) = f̃(z̃ )?
Demostreu que ho és o doneu un contraexemple.

PC.3 Trobeu els desenvolupaments en sèrie de potències de z−1, en els respec-
tius dominis de convergència, de la funció

f(z) =
eaz

z − 1
+

1

z
.

Indiqueu de quin tipus de desenvolupament es tracta i calculeu el residu
de f(z) en el punt z = 1.

PC.4 Sigui I la integral real

I =

∫ 1

0

√
x(1− x) dx.

(a) Usant el contorn de la figura C.1, on ϵ → 0+, i escollint adientment
la branca de

√
z(z − 1), demostreu que

I =
i

2

∮

CR

√
z(z − 1) dz, (C.1)

on CR és una circumferència de radi R > 1 centrada a l’origen.

(b) Desenvolupeu l’integrand de (C.1) en sèrie de Laurent de potències
de z, vàlida a la regió |z| > 1. Integreu la sèrie terme a terme i
calculeu I.

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .
<latexit sha1_base64="hNLy7eiThupjC7+YugyD5r5aIAo=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahItakYHVnwY3LCvYBTSyT6W07dDIJMxOhhn6DH+DGhSJuXbvyE9z5Ie6dPhbaeuByD+fcy9w5fsSoVLb9ZaQWFpeWV9KrmbX1jc2subVdk2EsCFRJyELR8LEERjlUFVUMGpEAHPgM6n7/YuTXb0FIGvJrNYjAC3CX0w4lWGmpZWbhJjlyI3pcPCzqNmyZObtgj2HNE2dKcufv+e+Pe/eg0jI/3XZI4gC4IgxL2XTsSHkJFooSBsOMG0uIMOnjLjQ15TgA6SXjw4fWvlbaVicUuriyxurvjQQHUg4CX08GWPXkrDcS//OaseqceQnlUayAk8lDnZhZKrRGKVhtKoAoNtAEE0H1rRbpYYGJ0llldAjO7JfnSa1YcEqFkys7Vy6hCdJoF+2hPHLQKSqjS1RBVURQjB7QE3o27oxH48V4nYymjOnODvoD4+0HxoSWOQ==</latexit>

e�⇡/2+2⇡

<latexit sha1_base64="ZFxjdKHTFrTqN1la9EG9h5KgA+E=">AAAB8XicbZC7SgNBFIZn4y3GW9TSZjAIsTDuBox2BmwsI5gLZtcwOzlJhszOLjOzQljyDDY2ForY+gpWPoKdD2Lv5FJo4g8DH/9/DnPO8SPOlLbtLyu1sLi0vJJezaytb2xuZbd3aiqMJYUqDXkoGz5RwJmAqmaaQyOSQAKfQ93vX4zy+h1IxUJxrQcReAHpCtZhlGhj3cBtcuRG7Lg4bGVzdsEeC8+DM4Xc+Xv+++PePay0sp9uO6RxAEJTTpRqOnakvYRIzSiHYcaNFUSE9kkXmgYFCUB5yXjiIT4wTht3Qmme0Hjs/u5ISKDUIPBNZUB0T81mI/O/rBnrzpmXMBHFGgSdfNSJOdYhHq2P20wC1XxggFDJzKyY9ogkVJsjZcwRnNmV56FWLDilwsmVnSuX0ERptIf2UR456BSV0SWqoCqiSKAH9ISeLWU9Wi/W66Q0ZU17dtEfWW8/IXeURA==</latexit>

e�⇡/2

<latexit sha1_base64="M5bT86z098DBh9/LfOlzunzbLSk=">AAAB+HicbVC7TgJBFL2LL8QHq5Y2E4kJFuAuiWgniY0lJvJI2JXMDgNMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaC0BoJeSiaHpaUs4DWFFOcNiNBse9x2vAGF2O/cUuFZGFwrYYRdX3cC1iXEay01Daz9CYpOBE7LhVKuo3aZs4qWhOgRWLPSO78Pf/9ce8cVdvmp9MJSezTQBGOpWzZVqTcBAvFCKejjBNLGmEywD3a0jTAPpVuMjl8hA610kHdUOgKFJqovzcS7Es59D096WPVl/PeWPzPa8Wqe+YmLIhiRQMyfagbc6RCNE4BdZigRPGhJpgIpm9FpI8FJkpnldEh2PNfXiT1UtEuF0+urFylDFOkYR8OIA82nEIFLqEKNSAQwwM8wbNxZzwaL8brdDRlzHb24A+Mtx/JlpY7</latexit>

e�⇡/2�2⇡

<latexit sha1_base64="Ovw/3A9hhsraXWAfQInqY79Lb3c=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXKNpJYmOJiTwSdiWzwwUnzD4yM2uCG77BD7Cx0Bhbays/wc4PsXd4FAqe5OaenHNv5s7xIs6ksqwvI7WwuLS8kl7NrK1vbGbNre26DGNBoUZDHoqmRyRwFkBNMcWhGQkgvseh4fXPR37jFoRkYXClBhG4PukFrMsoUVpqm1m4TgpOxA5LhSPdhm0zZxWtMfA8sackd/ae//64dw6qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZhxYgkRoX3Sg5amAfFBusn48CHe10oHd0OhK1B4rP7eSIgv5cD39KRP1I2c9Ubif14rVt1TN2FBFCsI6OShbsyxCvEoBdxhAqjiA00IFUzfiukNEYQqnVVGh2DPfnme1EtFu1w8vrRylTKaII120R7KIxudoAq6QFVUQxTF6AE9oWfjzng0XozXyWjKmO7soD8w3n4AzKaWPQ==</latexit>

e�⇡/2�4⇡

<latexit sha1_base64="1GfeSKw1IIbAkU079aHCJHjL1l0=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXRLSTxMYSE3kk7EpmhwtMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9DwxtcjP3GLQjJwuBaDSNwfdILWJdRorTUNrNwkxSciB2XCmXdRm0zZxWtCfAisWckd/6e//64d46qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZRxYgkRoQPSg5amAfFBusnk8BE+1EoHd0OhK1B4ov7eSIgv5dD39KRPVF/Oe2PxP68Vq+6Zm7AgihUEdPpQN+ZYhXicAu4wAVTxoSaECqZvxbRPBKFKZ5XRIdjzX14k9VLRLhdPrqxcpYymSKN9dIDyyEanqIIuURXVEEUxekBP6Nm4Mx6NF+N1OpoyZjt76A+Mtx/PtpY/</latexit>

e�⇡/2�6⇡

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0

<latexit sha1_base64="BR3XH29q9djDpZdztaur5Lz9WvI=">AAAB7nicbZDLSsNAFIZP6q3WW1Vw4yZYBFclKVjdWXDTZQV7gTaUyXTSDp1M4syJUEJfQXDjQhG3Po8738I30Olloa0/DHz8/znMOcePBdfoOJ9WZmV1bX0ju5nb2t7Z3cvvHzR0lCjK6jQSkWr5RDPBJasjR8FasWIk9AVr+sPrSd68Z0rzSN7iKGZeSPqSB5wSNFaTd/SdwlI3X3CKzlT2MrhzKFx916pHX+sPtW7+o9OLaBIyiVQQrduuE6OXEoWcCjbOdRLNYkKHpM/aBiUJmfbS6bhj+9Q4PTuIlHkS7an7uyMlodaj0DeVIcGBXswm5n9ZO8Hg0ku5jBNkks4+ChJhY2RPdrd7XDGKYmSAUMXNrDYdEEUomgvlzBHcxZWXoVEquuXi+Y1TqJRhpiwcwwmcgQsXUIEq1KAOFIbwCM/wYsXWk/Vqvc1KM9a85xD+yHr/AeKykus=</latexit>

i
p

2

<latexit sha1_base64="mbapy+F4u/Jjf/2z8/g5hoUf/5s=">AAAB/nicbVDLSsNAFJ3UV62vqOjGTbQIbqxJobXLghuXFewDmlAm09t26GQSZyZCCQU/w5XgxoUibv0Od6If4/Sx0NYDFw7n3Mu99/gRo1LZ9qeRWlhcWl5Jr2bW1jc2t8ztnZoMY0GgSkIWioaPJTDKoaqoYtCIBODAZ1D3+xcjv34LQtKQX6tBBF6Au5x2KMFKSy1zj7p9EPw05xQgOHMPXXkjVL5lZu2cPYY1T5wpyZb3o4f7769SpWV+uO2QxAFwRRiWsunYkfISLBQlDIYZN5YQYdLHXWhqynEA0kvG5w+tY620rU4odHFljdXfEwkOpBwEvu4MsOrJWW8k/uc1Y9UpeQnlUayAk8miTswsFVqjLKw2FUAUG2iCiaD6Vov0sMBE6cQyOgRn9uV5UsvnnGKucKXTKKIJ0ugAHaET5KBzVEaXqIKqiKAEPaJn9GLcGU/Gq/E2aU0Z05ld9AfG+w/EE5hu</latexit>

i/
p

2

<latexit sha1_base64="aq1ky2OyCRdZ7OvjLMKkI+Ln6Ss=">AAAB/3icbVC7SgNBFJ2NrxhfUSGNzWoQbBJ3A4kpAzaWEcwDskuYndxNhszOrjOzQogp/AsrCxsLRWz9DTvRj3HyKDTxwIXDOfdy7z1exKhUlvVpJJaWV1bXkuupjc2t7Z307l5dhrEgUCMhC0XTwxIY5VBTVDFoRgJw4DFoeP3zsd+4ASFpyK/UIAI3wF1OfUqw0lI7nclRpw+C5/J2EYJT59CR10IV2umslbcmMBeJPSPZSiZ6uP/+Klfb6Q+nE5I4AK4Iw1K2bCtS7hALRQmDUcqJJUSY9HEXWppyHIB0h5P7R+axVjqmHwpdXJkT9ffEEAdSDgJPdwZY9eS8Nxb/81qx8svukPIoVsDJdJEfM1OF5jgMs0MFEMUGmmAiqL7VJD0sMFE6spQOwZ5/eZHUC3m7lC9e6jRKaIokOkBH6ATZ6AxV0AWqohoi6BY9omf0YtwZT8ar8TZtTRizmX30B8b7DzEymKU=</latexit>

�i/
p

2

<latexit sha1_base64="7tJOgmMOXY/A1xo8rRaB32RLD7k=">AAAB73icbZDJSgNBEIZr4hbjFhW8eGkMghfDTMDozYCXHCOYBZIh9HQ6SZOeJd01QhjyCh68eFDEq6/jzbfwDbSzHDTxh4aP/6+iq8qLpNBo259WamV1bX0jvZnZ2t7Z3cvuH9R0GCvGqyyUoWp4VHMpAl5FgZI3IsWp70le9wY3k7x+z5UWYXCHo4i7Pu0FoisYRWM1zkVLDxUW2tmcnbenIsvgzCF3/V0pH32tP1Ta2Y9WJ2SxzwNkkmrddOwI3YQqFEzycaYVax5RNqA93jQYUJ9rN5nOOyanxumQbqjMC5BM3d8dCfW1HvmeqfQp9vViNjH/y5oxdq/cRARRjDxgs4+6sSQYksnypCMUZyhHBihTwsxKWJ8qytCcKGOO4CyuvAy1Qt4p5i9u7VypCDOl4RhO4AwcuIQSlKECVWAg4RGe4cUaWk/Wq/U2K01Z855D+CPr/QdNIJMi</latexit>

�i
p

2

Figura C.1: Contorn d’integració del problema PC.4.
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(c) El resultat de l’apartat anterior, contradiu el teorema dels residus?
Raoneu la resposta.

PC.5 Feu servir el teorema dels residus i calculeu el valor de la integral real

∫ 2π

0

sin2 θ

1 + 8 cos2 θ
dθ.

Solucions

SC.1 (a)
ii = ei log i = ei(i

π
2
+2πki) = e−

π
2
−2πk, k ∈ Z

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .
<latexit sha1_base64="hNLy7eiThupjC7+YugyD5r5aIAo=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahItakYHVnwY3LCvYBTSyT6W07dDIJMxOhhn6DH+DGhSJuXbvyE9z5Ie6dPhbaeuByD+fcy9w5fsSoVLb9ZaQWFpeWV9KrmbX1jc2subVdk2EsCFRJyELR8LEERjlUFVUMGpEAHPgM6n7/YuTXb0FIGvJrNYjAC3CX0w4lWGmpZWbhJjlyI3pcPCzqNmyZObtgj2HNE2dKcufv+e+Pe/eg0jI/3XZI4gC4IgxL2XTsSHkJFooSBsOMG0uIMOnjLjQ15TgA6SXjw4fWvlbaVicUuriyxurvjQQHUg4CX08GWPXkrDcS//OaseqceQnlUayAk8lDnZhZKrRGKVhtKoAoNtAEE0H1rRbpYYGJ0llldAjO7JfnSa1YcEqFkys7Vy6hCdJoF+2hPHLQKSqjS1RBVURQjB7QE3o27oxH48V4nYymjOnODvoD4+0HxoSWOQ==</latexit>

e�⇡/2+2⇡

<latexit sha1_base64="ZFxjdKHTFrTqN1la9EG9h5KgA+E=">AAAB8XicbZC7SgNBFIZn4y3GW9TSZjAIsTDuBox2BmwsI5gLZtcwOzlJhszOLjOzQljyDDY2ForY+gpWPoKdD2Lv5FJo4g8DH/9/DnPO8SPOlLbtLyu1sLi0vJJezaytb2xuZbd3aiqMJYUqDXkoGz5RwJmAqmaaQyOSQAKfQ93vX4zy+h1IxUJxrQcReAHpCtZhlGhj3cBtcuRG7Lg4bGVzdsEeC8+DM4Xc+Xv+++PePay0sp9uO6RxAEJTTpRqOnakvYRIzSiHYcaNFUSE9kkXmgYFCUB5yXjiIT4wTht3Qmme0Hjs/u5ISKDUIPBNZUB0T81mI/O/rBnrzpmXMBHFGgSdfNSJOdYhHq2P20wC1XxggFDJzKyY9ogkVJsjZcwRnNmV56FWLDilwsmVnSuX0ERptIf2UR456BSV0SWqoCqiSKAH9ISeLWU9Wi/W66Q0ZU17dtEfWW8/IXeURA==</latexit>

e�⇡/2

<latexit sha1_base64="M5bT86z098DBh9/LfOlzunzbLSk=">AAAB+HicbVC7TgJBFL2LL8QHq5Y2E4kJFuAuiWgniY0lJvJI2JXMDgNMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaC0BoJeSiaHpaUs4DWFFOcNiNBse9x2vAGF2O/cUuFZGFwrYYRdX3cC1iXEay01Daz9CYpOBE7LhVKuo3aZs4qWhOgRWLPSO78Pf/9ce8cVdvmp9MJSezTQBGOpWzZVqTcBAvFCKejjBNLGmEywD3a0jTAPpVuMjl8hA610kHdUOgKFJqovzcS7Es59D096WPVl/PeWPzPa8Wqe+YmLIhiRQMyfagbc6RCNE4BdZigRPGhJpgIpm9FpI8FJkpnldEh2PNfXiT1UtEuF0+urFylDFOkYR8OIA82nEIFLqEKNSAQwwM8wbNxZzwaL8brdDRlzHb24A+Mtx/JlpY7</latexit>

e�⇡/2�2⇡

<latexit sha1_base64="Ovw/3A9hhsraXWAfQInqY79Lb3c=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXKNpJYmOJiTwSdiWzwwUnzD4yM2uCG77BD7Cx0Bhbays/wc4PsXd4FAqe5OaenHNv5s7xIs6ksqwvI7WwuLS8kl7NrK1vbGbNre26DGNBoUZDHoqmRyRwFkBNMcWhGQkgvseh4fXPR37jFoRkYXClBhG4PukFrMsoUVpqm1m4TgpOxA5LhSPdhm0zZxWtMfA8sackd/ae//64dw6qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZhxYgkRoX3Sg5amAfFBusn48CHe10oHd0OhK1B4rP7eSIgv5cD39KRP1I2c9Ubif14rVt1TN2FBFCsI6OShbsyxCvEoBdxhAqjiA00IFUzfiukNEYQqnVVGh2DPfnme1EtFu1w8vrRylTKaII120R7KIxudoAq6QFVUQxTF6AE9oWfjzng0XozXyWjKmO7soD8w3n4AzKaWPQ==</latexit>

e�⇡/2�4⇡

<latexit sha1_base64="1GfeSKw1IIbAkU079aHCJHjL1l0=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXRLSTxMYSE3kk7EpmhwtMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9DwxtcjP3GLQjJwuBaDSNwfdILWJdRorTUNrNwkxSciB2XCmXdRm0zZxWtCfAisWckd/6e//64d46qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZRxYgkRoQPSg5amAfFBusnk8BE+1EoHd0OhK1B4ov7eSIgv5dD39KRPVF/Oe2PxP68Vq+6Zm7AgihUEdPpQN+ZYhXicAu4wAVTxoSaECqZvxbRPBKFKZ5XRIdjzX14k9VLRLhdPrqxcpYymSKN9dIDyyEanqIIuURXVEEUxekBP6Nm4Mx6NF+N1OpoyZjt76A+Mtx/PtpY/</latexit>

e�⇡/2�6⇡

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0

<latexit sha1_base64="BR3XH29q9djDpZdztaur5Lz9WvI=">AAAB7nicbZDLSsNAFIZP6q3WW1Vw4yZYBFclKVjdWXDTZQV7gTaUyXTSDp1M4syJUEJfQXDjQhG3Po8738I30Olloa0/DHz8/znMOcePBdfoOJ9WZmV1bX0ju5nb2t7Z3cvvHzR0lCjK6jQSkWr5RDPBJasjR8FasWIk9AVr+sPrSd68Z0rzSN7iKGZeSPqSB5wSNFaTd/SdwlI3X3CKzlT2MrhzKFx916pHX+sPtW7+o9OLaBIyiVQQrduuE6OXEoWcCjbOdRLNYkKHpM/aBiUJmfbS6bhj+9Q4PTuIlHkS7an7uyMlodaj0DeVIcGBXswm5n9ZO8Hg0ku5jBNkks4+ChJhY2RPdrd7XDGKYmSAUMXNrDYdEEUomgvlzBHcxZWXoVEquuXi+Y1TqJRhpiwcwwmcgQsXUIEq1KAOFIbwCM/wYsXWk/Vqvc1KM9a85xD+yHr/AeKykus=</latexit>

i
p

2

<latexit sha1_base64="mbapy+F4u/Jjf/2z8/g5hoUf/5s=">AAAB/nicbVDLSsNAFJ3UV62vqOjGTbQIbqxJobXLghuXFewDmlAm09t26GQSZyZCCQU/w5XgxoUibv0Od6If4/Sx0NYDFw7n3Mu99/gRo1LZ9qeRWlhcWl5Jr2bW1jc2t8ztnZoMY0GgSkIWioaPJTDKoaqoYtCIBODAZ1D3+xcjv34LQtKQX6tBBF6Au5x2KMFKSy1zj7p9EPw05xQgOHMPXXkjVL5lZu2cPYY1T5wpyZb3o4f7769SpWV+uO2QxAFwRRiWsunYkfISLBQlDIYZN5YQYdLHXWhqynEA0kvG5w+tY620rU4odHFljdXfEwkOpBwEvu4MsOrJWW8k/uc1Y9UpeQnlUayAk8miTswsFVqjLKw2FUAUG2iCiaD6Vov0sMBE6cQyOgRn9uV5UsvnnGKucKXTKKIJ0ugAHaET5KBzVEaXqIKqiKAEPaJn9GLcGU/Gq/E2aU0Z05ld9AfG+w/EE5hu</latexit>

i/
p

2

<latexit sha1_base64="aq1ky2OyCRdZ7OvjLMKkI+Ln6Ss=">AAAB/3icbVC7SgNBFJ2NrxhfUSGNzWoQbBJ3A4kpAzaWEcwDskuYndxNhszOrjOzQogp/AsrCxsLRWz9DTvRj3HyKDTxwIXDOfdy7z1exKhUlvVpJJaWV1bXkuupjc2t7Z307l5dhrEgUCMhC0XTwxIY5VBTVDFoRgJw4DFoeP3zsd+4ASFpyK/UIAI3wF1OfUqw0lI7nclRpw+C5/J2EYJT59CR10IV2umslbcmMBeJPSPZSiZ6uP/+Klfb6Q+nE5I4AK4Iw1K2bCtS7hALRQmDUcqJJUSY9HEXWppyHIB0h5P7R+axVjqmHwpdXJkT9ffEEAdSDgJPdwZY9eS8Nxb/81qx8svukPIoVsDJdJEfM1OF5jgMs0MFEMUGmmAiqL7VJD0sMFE6spQOwZ5/eZHUC3m7lC9e6jRKaIokOkBH6ATZ6AxV0AWqohoi6BY9omf0YtwZT8ar8TZtTRizmX30B8b7DzEymKU=</latexit>

�i/
p

2

<latexit sha1_base64="7tJOgmMOXY/A1xo8rRaB32RLD7k=">AAAB73icbZDJSgNBEIZr4hbjFhW8eGkMghfDTMDozYCXHCOYBZIh9HQ6SZOeJd01QhjyCh68eFDEq6/jzbfwDbSzHDTxh4aP/6+iq8qLpNBo259WamV1bX0jvZnZ2t7Z3cvuH9R0GCvGqyyUoWp4VHMpAl5FgZI3IsWp70le9wY3k7x+z5UWYXCHo4i7Pu0FoisYRWM1zkVLDxUW2tmcnbenIsvgzCF3/V0pH32tP1Ta2Y9WJ2SxzwNkkmrddOwI3YQqFEzycaYVax5RNqA93jQYUJ9rN5nOOyanxumQbqjMC5BM3d8dCfW1HvmeqfQp9vViNjH/y5oxdq/cRARRjDxgs4+6sSQYksnypCMUZyhHBihTwsxKWJ8qytCcKGOO4CyuvAy1Qt4p5i9u7VypCDOl4RhO4AwcuIQSlKECVWAg4RGe4cUaWk/Wq/U2K01Z855D+CPr/QdNIJMi</latexit>

�i
p

2

Figura C.2: El conjunt de nombres complexos e−
π
2 −2πk, k ∈ Z.

ii = e−
π
2
−2πk, k ∈ Z

Aquests valors es representen a la figura C.2.

(b) De la definició de sinh tenim

sinh(ξ + iπ) =
eξ+iπ − e−ξ−iπ

2
=

−eξ + e−ξ

2
= −

1 +
√
2− 1

1+
√
2

2

= −(1 +
√
2)2 − 1

2(1 +
√
2)

= −1 + 2
√
2 + 2− 1

2(1 +
√
2)

= −1.

Per tant,
√

sinh(ξ + iπ) =
√
−1 = ±i.

√
sinh(ξ + iπ) = ±i

Aquests valors es representen a la figura C.3.

SC.2 Definim, com és habitual, u, v, U , V , com les parts reals i imaginàries de
f(z) i de g(z). És a dir,

f(z) = u(x, y) + iv(x, y); g(z) = U(x, y) + iV (x, y).
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<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .
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Figura C.3: Els valors complexos
√
sinh(ξ + iπ) = ±i.

Veiem immediatament que

U(x, y) + iV (x, y) = g(z) = f̃(z̃ ) = −u(−x, y) + iv(−x, y),

i, per tant,

U(x, y) = −u(−x, y), V (x, y) = v(−x, y).

Provem si les condicions de Cauchy-Riemann es compleixen per a U i V .
Si η

def
= −x,

∂

∂x
U(x, y) = − ∂

∂η
u(η, y)

∂η

∂x
=

∂

∂η
u(η, y)

(∗)
=

∂

∂y
v(η, y) =

∂

∂y
V (x, y),

∂

∂x
V (x, y) =

∂

∂η
v(η, y)

∂η

∂x
= − ∂

∂η
v(η, y)

(∗)
=

∂

∂y
u(η, y) = − ∂

∂y
U(x, y),

on les igualtats assenyalades amb (∗) són les condicions de Cauchy-Rie-
mann per a la funció (anaĺıtica) f . Veiem, doncs, que les condicions de
Cauchy-Riemann,

∂

∂x
U(x, y) =

∂

∂y
V (x, y),

∂

∂x
V (x, y) = − ∂

∂y
U(x, y),

es compleixen per a tot z ∈ C. Per tant,

g(z) és anaĺıtica a tot C

SC.3 Observem que

eaz = eaea(z−1) = ea
∞∑

n=0

an(z − 1)n

n!
, ∀z ∈ C,
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i que

1

z
=

1

1 + (z − 1)
=
∞∑

n=0

(−1)n(z − 1)n, |z − 1| < 1,

1

z
=

1

(z − 1) + 1
=

1/(z − 1)

1 + 1/(z − 1)
=

1

z − 1

∞∑

n=0

(−1)n

(z − 1)n

=
1

z − 1
−
∞∑

n=2

(−1)n

(z − 1)n
, |z − 1| > 1.

Per tant,

f(z) =
ea

z − 1
+ ea

∞∑

n=1

an(z − 1)n−1

n!
+
∞∑

n=0

(−1)n(z − 1)n

=
ea

z − 1
+
∞∑

n=0

[
an+1ea

(n+ 1)!
+ (−1)n

]
(z − 1)n, 0 < |z − 1| < 1,

f(z) =
1 + ea

z − 1
−
∞∑

n=2

(−1)n

(z − 1)n
+ ea

∞∑

n=0

an+1(z − 1)n

(n+ 1)!
, |z − 1| > 1.

Aix́ı doncs,

f(z) =





ea

z − 1
+
∞∑

n=0

[
an+1ea

(n+ 1)!
+ (−1)n

]
(z − 1)n, 0 < |z − 1| < 1

1 + ea

z − 1
−
∞∑

n=2

(−1)n

(z − 1)n
+ ea

∞∑

n=0

an+1(z − 1)n

(n+ 1)!
, |z − 1| > 1

En tots dos casos es tracta d’un desenvolupament de Laurent. El residu
a z = 1 es llegeix directament del primer desenvolupament i és

res
z=1

f(z) = ea

SC.4 (a) Si
z = r0e

iϕ0 , z − 1 = r1e
iϕ1 amb −π ≤ ϕ0 , ϕ1 < π,

escollim la branca de
√
z(z − 1) definida per

√
z(z − 1) =

√
r0r1e

(ϕ0+ϕ1)/2.
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Notem que si z = x ± iϵ/2 amb x ∈ [0, 1], quan ϵ → 0+ tenim ϕ0 → 0 i
ϕ1 → ±π i, per tant,

√
z(z − 1) →

√
x(1− x) e±iπ/2 = ±i

√
x(1− x) .

Notem, també, que els dos contorns semicirculars de la figura C.1 no
donen cap contribució en el ĺımit ϵ → 0+, ja que

−
∫

↷

√
z(z − 1) dz =

∫

↷

√
z(z − 1) dz

= i
( ϵ
2

)3/2 ∫ π/2

−π/2
eiϕ
√
eiϕ[(ϵ/2)eiϕ − 1] dϕ → 0.

El teorema de Cauchy-Goursat ens permet escriure

i

∫ 1

0

√
x(1− x) dx− i

∫ 0

1

√
x(1− x) dx+

∮

CR

√
z(z − 1) dz = 0,

és a dir, 2iI = −
∮
CR

√
z(z − 1) dz. Per tant,

I =
i

2

∮

CR

√
z(z − 1) dz.

(b) L’integrand es pot representar per una sèrie de Laurent en potències
de z a la regió |z| > 1, ja que és anaĺıtic en aquesta regió. La sèrie és

√
z(z − 1) = z

√
1− 1

z
= z − 1

2
− 1

8

1

z
− 1

16

1

z2
+ · · · ,

i es pot obtenir, per exemple, a partir del desenvolupament en sèrie de
Taylor

√
1− x = 1− x/2− x2/8 + · · · . En ser la sèrie convergent, es pot

integrar terme a terme. Tenim
∮

CR

dz

z
= 2πi,

∮

CR

dz

zn
= 0, n ̸= 1,

i, per tant,

I =
π

8

(c) L’integrand no té pols a l’interior de CR i si apliquéssim el teorema
dels residus hauŕıem de trobar que la integral sobre aquest contorn és
zero.

El teorema dels residus només s’aplica quan les singularitats de l’integrand
interiors al contorn d’integració són äıllades. En aquest cas, a l’interior
de CR, la funció

√
z(z − 1) té singularitats que no són äıllades (té punts

d’embrancament i talls de branca). No hi ha, per tant, cap contradicció,
ja que el teorema dels residus no és aplicable.
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SC.5 En aquest tipus d’integrals reals cal substituir eiθ per z, amb la qual cosa

sin θ =
z − z−1

2i
, cos θ =

z + z−1

2
, dθ = −i

dz

z
,

i la integració respecte de θ a l’interval [0, 2π] es converteix en la integració
respecte de z sobre la circumferència C de radi 1 centrada a l’origen.
Tenim, doncs,

∫ 2π

0

sin2 θ

1 + 8 cos2 θ
dθ =

∮

C

(z2 − 1)2

2z4 + 5z2 + 2

idz

4z
.

Busquem els zeros del denominador

(2z4 + 5z2 + 2)z = 2z(z2 + 2)

(
z2 +

1

2

)

= 2z
(
z + i

√
2
)(

z − i
√
2
)(

z +
i√
2

)(
z − i√

2

)
.
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<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .
<latexit sha1_base64="hNLy7eiThupjC7+YugyD5r5aIAo=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahItakYHVnwY3LCvYBTSyT6W07dDIJMxOhhn6DH+DGhSJuXbvyE9z5Ie6dPhbaeuByD+fcy9w5fsSoVLb9ZaQWFpeWV9KrmbX1jc2subVdk2EsCFRJyELR8LEERjlUFVUMGpEAHPgM6n7/YuTXb0FIGvJrNYjAC3CX0w4lWGmpZWbhJjlyI3pcPCzqNmyZObtgj2HNE2dKcufv+e+Pe/eg0jI/3XZI4gC4IgxL2XTsSHkJFooSBsOMG0uIMOnjLjQ15TgA6SXjw4fWvlbaVicUuriyxurvjQQHUg4CX08GWPXkrDcS//OaseqceQnlUayAk8lDnZhZKrRGKVhtKoAoNtAEE0H1rRbpYYGJ0llldAjO7JfnSa1YcEqFkys7Vy6hCdJoF+2hPHLQKSqjS1RBVURQjB7QE3o27oxH48V4nYymjOnODvoD4+0HxoSWOQ==</latexit>

e�⇡/2+2⇡

<latexit sha1_base64="ZFxjdKHTFrTqN1la9EG9h5KgA+E=">AAAB8XicbZC7SgNBFIZn4y3GW9TSZjAIsTDuBox2BmwsI5gLZtcwOzlJhszOLjOzQljyDDY2ForY+gpWPoKdD2Lv5FJo4g8DH/9/DnPO8SPOlLbtLyu1sLi0vJJezaytb2xuZbd3aiqMJYUqDXkoGz5RwJmAqmaaQyOSQAKfQ93vX4zy+h1IxUJxrQcReAHpCtZhlGhj3cBtcuRG7Lg4bGVzdsEeC8+DM4Xc+Xv+++PePay0sp9uO6RxAEJTTpRqOnakvYRIzSiHYcaNFUSE9kkXmgYFCUB5yXjiIT4wTht3Qmme0Hjs/u5ISKDUIPBNZUB0T81mI/O/rBnrzpmXMBHFGgSdfNSJOdYhHq2P20wC1XxggFDJzKyY9ogkVJsjZcwRnNmV56FWLDilwsmVnSuX0ERptIf2UR456BSV0SWqoCqiSKAH9ISeLWU9Wi/W66Q0ZU17dtEfWW8/IXeURA==</latexit>

e�⇡/2

<latexit sha1_base64="M5bT86z098DBh9/LfOlzunzbLSk=">AAAB+HicbVC7TgJBFL2LL8QHq5Y2E4kJFuAuiWgniY0lJvJI2JXMDgNMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaC0BoJeSiaHpaUs4DWFFOcNiNBse9x2vAGF2O/cUuFZGFwrYYRdX3cC1iXEay01Daz9CYpOBE7LhVKuo3aZs4qWhOgRWLPSO78Pf/9ce8cVdvmp9MJSezTQBGOpWzZVqTcBAvFCKejjBNLGmEywD3a0jTAPpVuMjl8hA610kHdUOgKFJqovzcS7Es59D096WPVl/PeWPzPa8Wqe+YmLIhiRQMyfagbc6RCNE4BdZigRPGhJpgIpm9FpI8FJkpnldEh2PNfXiT1UtEuF0+urFylDFOkYR8OIA82nEIFLqEKNSAQwwM8wbNxZzwaL8brdDRlzHb24A+Mtx/JlpY7</latexit>

e�⇡/2�2⇡

<latexit sha1_base64="Ovw/3A9hhsraXWAfQInqY79Lb3c=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXKNpJYmOJiTwSdiWzwwUnzD4yM2uCG77BD7Cx0Bhbays/wc4PsXd4FAqe5OaenHNv5s7xIs6ksqwvI7WwuLS8kl7NrK1vbGbNre26DGNBoUZDHoqmRyRwFkBNMcWhGQkgvseh4fXPR37jFoRkYXClBhG4PukFrMsoUVpqm1m4TgpOxA5LhSPdhm0zZxWtMfA8sackd/ae//64dw6qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZhxYgkRoX3Sg5amAfFBusn48CHe10oHd0OhK1B4rP7eSIgv5cD39KRP1I2c9Ubif14rVt1TN2FBFCsI6OShbsyxCvEoBdxhAqjiA00IFUzfiukNEYQqnVVGh2DPfnme1EtFu1w8vrRylTKaII120R7KIxudoAq6QFVUQxTF6AE9oWfjzng0XozXyWjKmO7soD8w3n4AzKaWPQ==</latexit>

e�⇡/2�4⇡

<latexit sha1_base64="1GfeSKw1IIbAkU079aHCJHjL1l0=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXRLSTxMYSE3kk7EpmhwtMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9DwxtcjP3GLQjJwuBaDSNwfdILWJdRorTUNrNwkxSciB2XCmXdRm0zZxWtCfAisWckd/6e//64d46qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZRxYgkRoQPSg5amAfFBusnk8BE+1EoHd0OhK1B4ov7eSIgv5dD39KRPVF/Oe2PxP68Vq+6Zm7AgihUEdPpQN+ZYhXicAu4wAVTxoSaECqZvxbRPBKFKZ5XRIdjzX14k9VLRLhdPrqxcpYymSKN9dIDyyEanqIIuURXVEEUxekBP6Nm4Mx6NF+N1OpoyZjt76A+Mtx/PtpY/</latexit>

e�⇡/2�6⇡

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0

<latexit sha1_base64="BR3XH29q9djDpZdztaur5Lz9WvI=">AAAB7nicbZDLSsNAFIZP6q3WW1Vw4yZYBFclKVjdWXDTZQV7gTaUyXTSDp1M4syJUEJfQXDjQhG3Po8738I30Olloa0/DHz8/znMOcePBdfoOJ9WZmV1bX0ju5nb2t7Z3cvvHzR0lCjK6jQSkWr5RDPBJasjR8FasWIk9AVr+sPrSd68Z0rzSN7iKGZeSPqSB5wSNFaTd/SdwlI3X3CKzlT2MrhzKFx916pHX+sPtW7+o9OLaBIyiVQQrduuE6OXEoWcCjbOdRLNYkKHpM/aBiUJmfbS6bhj+9Q4PTuIlHkS7an7uyMlodaj0DeVIcGBXswm5n9ZO8Hg0ku5jBNkks4+ChJhY2RPdrd7XDGKYmSAUMXNrDYdEEUomgvlzBHcxZWXoVEquuXi+Y1TqJRhpiwcwwmcgQsXUIEq1KAOFIbwCM/wYsXWk/Vqvc1KM9a85xD+yHr/AeKykus=</latexit>

i
p

2

<latexit sha1_base64="mbapy+F4u/Jjf/2z8/g5hoUf/5s=">AAAB/nicbVDLSsNAFJ3UV62vqOjGTbQIbqxJobXLghuXFewDmlAm09t26GQSZyZCCQU/w5XgxoUibv0Od6If4/Sx0NYDFw7n3Mu99/gRo1LZ9qeRWlhcWl5Jr2bW1jc2t8ztnZoMY0GgSkIWioaPJTDKoaqoYtCIBODAZ1D3+xcjv34LQtKQX6tBBF6Au5x2KMFKSy1zj7p9EPw05xQgOHMPXXkjVL5lZu2cPYY1T5wpyZb3o4f7769SpWV+uO2QxAFwRRiWsunYkfISLBQlDIYZN5YQYdLHXWhqynEA0kvG5w+tY620rU4odHFljdXfEwkOpBwEvu4MsOrJWW8k/uc1Y9UpeQnlUayAk8miTswsFVqjLKw2FUAUG2iCiaD6Vov0sMBE6cQyOgRn9uV5UsvnnGKucKXTKKIJ0ugAHaET5KBzVEaXqIKqiKAEPaJn9GLcGU/Gq/E2aU0Z05ld9AfG+w/EE5hu</latexit>

i/
p

2

<latexit sha1_base64="aq1ky2OyCRdZ7OvjLMKkI+Ln6Ss=">AAAB/3icbVC7SgNBFJ2NrxhfUSGNzWoQbBJ3A4kpAzaWEcwDskuYndxNhszOrjOzQogp/AsrCxsLRWz9DTvRj3HyKDTxwIXDOfdy7z1exKhUlvVpJJaWV1bXkuupjc2t7Z307l5dhrEgUCMhC0XTwxIY5VBTVDFoRgJw4DFoeP3zsd+4ASFpyK/UIAI3wF1OfUqw0lI7nclRpw+C5/J2EYJT59CR10IV2umslbcmMBeJPSPZSiZ6uP/+Klfb6Q+nE5I4AK4Iw1K2bCtS7hALRQmDUcqJJUSY9HEXWppyHIB0h5P7R+axVjqmHwpdXJkT9ffEEAdSDgJPdwZY9eS8Nxb/81qx8svukPIoVsDJdJEfM1OF5jgMs0MFEMUGmmAiqL7VJD0sMFE6spQOwZ5/eZHUC3m7lC9e6jRKaIokOkBH6ATZ6AxV0AWqohoi6BY9omf0YtwZT8ar8TZtTRizmX30B8b7DzEymKU=</latexit>

�i/
p

2

<latexit sha1_base64="7tJOgmMOXY/A1xo8rRaB32RLD7k=">AAAB73icbZDJSgNBEIZr4hbjFhW8eGkMghfDTMDozYCXHCOYBZIh9HQ6SZOeJd01QhjyCh68eFDEq6/jzbfwDbSzHDTxh4aP/6+iq8qLpNBo259WamV1bX0jvZnZ2t7Z3cvuH9R0GCvGqyyUoWp4VHMpAl5FgZI3IsWp70le9wY3k7x+z5UWYXCHo4i7Pu0FoisYRWM1zkVLDxUW2tmcnbenIsvgzCF3/V0pH32tP1Ta2Y9WJ2SxzwNkkmrddOwI3YQqFEzycaYVax5RNqA93jQYUJ9rN5nOOyanxumQbqjMC5BM3d8dCfW1HvmeqfQp9vViNjH/y5oxdq/cRARRjDxgs4+6sSQYksnypCMUZyhHBihTwsxKWJ8qytCcKGOO4CyuvAy1Qt4p5i9u7VypCDOl4RhO4AwcuIQSlKECVWAg4RGe4cUaWk/Wq/U2K01Z855D+CPr/QdNIJMi</latexit>

�i
p

2

Figura C.4: Contorn d’integració del problema PC.5. També es representen els pols de
l’integrand.

Per tant, l’integrand té pols simples als punts z = i
√
2, z = −i

√
2, z =

0, z = i/
√
2, z = −i/

√
2, que s’indiquen a la figura C.4. Notem que

únicament els tres últims són interiors al contorn. Els seus residus són

k0 =
i

8
, ki/

√
2 = − 3i

16
, k−i/

√
2 = − 3i

16
,

i, per tant,
∫ 2π

0

sin2 θ

1 + 8 cos2 θ
dθ = 2πi

(
i

8
− 3i

16
− 3i

16

)
.

Finalment, ∫ 2π

0

sin2 θ

1 + 8 cos2 θ
dθ =

π

2
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Examen D

PD.1 Trobeu i representeu gràficament totes les solucions de les equacions

(a) e1/z = −1, (b) zπ = 1.

PD.2 Considereu la branca del logaritme següent:

f(z) = log r + iθ, π/4 ≤ θ < 9π/4,

on, com és habitual, z = reiθ.

(a) Dibuixeu les seves singularitats i el tall de branca.

(b) Calculeu la sèrie de Laurent de f(z) al voltant del punt z = 1.

(c) Determineu i dibuixeu la regió on

i) la sèrie convergeix

ii) la sèrie convergeix cap a la funció f(z).

(d) Responeu els apartats anteriors considerant la branca principal del
logaritme

g(z) = log r + iθ, −π < θ ≤ π. (D.1)

PD.3 Trobeu els diferents desenvolupaments en sèrie de potències de z de la
funció

f(z) =
1

z

(
2

z − 2
− 1

z − 1

)
,

en els respectius dominis de convergència.

PD.4 Sigui C el foli de Descartes x3 + y3 = 6xy/ 3
√
4 en el pla complex (on

x+ iy = z) que s’il·lustra a la figura D.1, on també es mostra l’aśımptota
de C: x+ y + 2/ 3

√
4 = 0. Trobeu el valor de les integrals

(a)

∫

C

dz

(z − 1− i)2
(b)

∫

C

dz

z2 − 2i

Nota: Tant l’equació de C com la de la seva aśımptota no són necessàries
per calcular les integrals que es demanen. Us caldrà tancar el contorn
d’alguna forma.

PD.5 Calculeu la integral real
∫ ∞

0

dx

(x2 + a2)(x2 + b2)
,

on a > b > 0.
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Figura D.1: Foli de Descartes x3 + y3 = 6xy/ 3
√
4 i la seva aśımptota x+ y + 2/ 3

√
4 = 0.

Solucions

SD.1 (a) zn =
i

(2n+ 1)π
, n ∈ Z

Aquest conjunt es representa a la figura D.2.
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Figura D.2: Els valors complexos i/[(2n+
1)π], n ∈ Z.

1-1

Figura D.3: Els 200 primers valors del con-
junt {e2ni}. S’observa com aquests punts
van poblant densament la circumferència
|z| = 1.

(b) zn = e2ni, n ∈ Z

Els nombres {zn} poblen densament la circumferència unitat. Es repre-
senten a la figura D.3.

SD.2 (a) Les singularitats i tall de branca de f(z) es mostren a la figura D.4.

(b) Al voltant del punt z = 1 la branca donada del logaritme és derivable
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<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="V6Q75lWipEcAm9Ath8ux8BscH1o=">AAACGHicbVDLSsNAFJ3UV42vqEs3wSLWTU0KVpcFNy4r2Ac0odxMJu3QySTMTIQS+hlu/BU3LhRx251/47TNQqsXZjiccw/33hOkjErlOF9GaW19Y3OrvG3u7O7tH1iHRx2ZZAKTNk5YInoBSMIoJ21FFSO9VBCIA0a6wfh2rncfiZA04Q9qkhI/hiGnEcWgNDWwLj1MuCKC8qEp9ZcxEFSB8jyzmmZc2eE5iQMBHEOsGy8GVsWpOYuy/wK3ABVUVGtgzbwwwdncjBlI2XedVPk5CEUxI1PTyyRJAY9hSPoacj1G+vnisKl9ppnQjhKhn95lwf505BBLOYkD3RmDGslVbU7+p/UzFd34OeVppgjHy0FRxmyV2POU7JAKghWbaABYB0KxjUcgAOuopKlDcFdP/gs69ZrbqF3d1yvNRhFHGZ2gU1RFLrpGTXSHWqiNMHpCL+gNvRvPxqvxYXwuW0tG4TlGv8qYfQO/oKAr</latexit>

singularitat
(punt d’embrancament)

<latexit sha1_base64="5nXZumQRlZQ34/cBRcG8WDJAVr0=">AAAB7HicbVBNSwMxEJ2tX7V+VQUvXoJF8FR3RWuPBS8eK7htoV1KNk3b0Gw2JFmhLP0NXjxURI/+IG+iP8b046CtDwYe780wMy+UnGnjup9OZmV1bX0ju5nb2t7Z3cvvH9R0nChCfRLzWDVCrClngvqGGU4bUlEchZzWw8HNxK8/UKVZLO7NUNIgwj3BuoxgYyW/Jdn5ZTtfcIvuFGiZeHNSqBzJt/H3V7nazn+0OjFJIioM4VjrpudKE6RYGUY4HeVaiaYSkwHu0aalAkdUB+n02BE6tUoHdWNlSxg0VX9PpDjSehiFtjPCpq8XvYn4n9dMTLccpEzIxFBBZou6CUcmRpPPUYcpSgwfWoKJYvZWRPpYYWJsPjkbgrf48jKpXRS9UvHqzqZRghmycAwncAYeXEMFbqEKPhBg8AhjeHaE8+S8OK+z1owznzmEP3DefwB0QJIp</latexit>

⇡/4 <latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="5f8lTSbwQc3i3QWU9+ySU48mlEI=">AAACLXicbZBLSwMxFIXv1Fetr6pLN8EiuCozBavLghuXFWwV2iKZ9LYNzSRDkhFK8Q+58a+I4KIibvVnePtY+LqQ8HHOCUlOnCrpfBhOgtzS8srqWn69sLG5tb1T3N1rOpNZgQ1hlLE3MXeopMaGl17hTWqRJ7HC63h4PvWv79A6afSVH6XYSXhfy54U3JNkiofQBgEIGjztFiRRHwrQJXLkMCKkTJs0AYbcu1muD5/EglIcCrfFUlgOZ8P+QrSAEiymflt8bneNyBLUXijuXCsKU98Zc+ulUHhfaGcOUy6GvI8tQs0TdJ3x7Lf37IiULusZS0t7NlO/nxjzxLlRElMy4X7gfntT8T+vlfneWWcsdZp51GJ+US9TzBs2rY51pUXh1YiACyvprUwMuOXCU8HTEqLfX/4LzUo5qpZPLiulWnVRRx4O4BCOIYJTqMEF1KFBxT7AE0zgNXgMXoK34H0ezQWLM/vwY4KPL5LUnDE=</latexit>

disc de
convergència
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és el disc de convergència de la sèrie (D.2).

disc de

convergència

1

ii) Notem, però, que la sèrie (D.3) només convergeix a la funció f(z) a
la regió indicada a la figura següent:

aqúı la sèrie

(D.3) convergeix a f(z)

1

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

Figura D.4: Tall de branca i punt d’embrancament de f(z) al problema PD.2.

i f ′(z) = 1/z. Per tant,

f ′(z) =
1

1− (1− z)
=
∞∑

n=0

(1− z)n, (D.2)

i si integrem terme a terme obtenim f(z) = k −∑∞n=1 (1− z)n/n. La
constant d’integració és k = f(1) = 2πi, ja que 2π és l’únic argument d’1
comprès entre π/4 i 9π/4. Aix́ı doncs,

f(z) = 2πi−
∞∑

n=1

(1− z)n

n
(D.3)

Una altra manera, més directa, d’arribar a aquest resultat és adonar-
se que la sèrie buscada és de Taylor i que, per tant, la podem obtenir
calculant les derivades successives del logaritme a z = 1.

(c) i. La sèrie (D.3) convergeix a la regió circular |z − 1| < 1 (vegeu la
figura D.5), ja que aquest és el disc de convergència de la sèrie (D.2).

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="V6Q75lWipEcAm9Ath8ux8BscH1o=">AAACGHicbVDLSsNAFJ3UV42vqEs3wSLWTU0KVpcFNy4r2Ac0odxMJu3QySTMTIQS+hlu/BU3LhRx251/47TNQqsXZjiccw/33hOkjErlOF9GaW19Y3OrvG3u7O7tH1iHRx2ZZAKTNk5YInoBSMIoJ21FFSO9VBCIA0a6wfh2rncfiZA04Q9qkhI/hiGnEcWgNDWwLj1MuCKC8qEp9ZcxEFSB8jyzmmZc2eE5iQMBHEOsGy8GVsWpOYuy/wK3ABVUVGtgzbwwwdncjBlI2XedVPk5CEUxI1PTyyRJAY9hSPoacj1G+vnisKl9ppnQjhKhn95lwf505BBLOYkD3RmDGslVbU7+p/UzFd34OeVppgjHy0FRxmyV2POU7JAKghWbaABYB0KxjUcgAOuopKlDcFdP/gs69ZrbqF3d1yvNRhFHGZ2gU1RFLrpGTXSHWqiNMHpCL+gNvRvPxqvxYXwuW0tG4TlGv8qYfQO/oKAr</latexit>

singularitat
(punt d’embrancament)

<latexit sha1_base64="5nXZumQRlZQ34/cBRcG8WDJAVr0=">AAAB7HicbVBNSwMxEJ2tX7V+VQUvXoJF8FR3RWuPBS8eK7htoV1KNk3b0Gw2JFmhLP0NXjxURI/+IG+iP8b046CtDwYe780wMy+UnGnjup9OZmV1bX0ju5nb2t7Z3cvvH9R0nChCfRLzWDVCrClngvqGGU4bUlEchZzWw8HNxK8/UKVZLO7NUNIgwj3BuoxgYyW/Jdn5ZTtfcIvuFGiZeHNSqBzJt/H3V7nazn+0OjFJIioM4VjrpudKE6RYGUY4HeVaiaYSkwHu0aalAkdUB+n02BE6tUoHdWNlSxg0VX9PpDjSehiFtjPCpq8XvYn4n9dMTLccpEzIxFBBZou6CUcmRpPPUYcpSgwfWoKJYvZWRPpYYWJsPjkbgrf48jKpXRS9UvHqzqZRghmycAwncAYeXEMFbqEKPhBg8AhjeHaE8+S8OK+z1owznzmEP3DefwB0QJIp</latexit>

⇡/4 <latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="5f8lTSbwQc3i3QWU9+ySU48mlEI=">AAACLXicbZBLSwMxFIXv1Fetr6pLN8EiuCozBavLghuXFWwV2iKZ9LYNzSRDkhFK8Q+58a+I4KIibvVnePtY+LqQ8HHOCUlOnCrpfBhOgtzS8srqWn69sLG5tb1T3N1rOpNZgQ1hlLE3MXeopMaGl17hTWqRJ7HC63h4PvWv79A6afSVH6XYSXhfy54U3JNkiofQBgEIGjztFiRRHwrQJXLkMCKkTJs0AYbcu1muD5/EglIcCrfFUlgOZ8P+QrSAEiymflt8bneNyBLUXijuXCsKU98Zc+ulUHhfaGcOUy6GvI8tQs0TdJ3x7Lf37IiULusZS0t7NlO/nxjzxLlRElMy4X7gfntT8T+vlfneWWcsdZp51GJ+US9TzBs2rY51pUXh1YiACyvprUwMuOXCU8HTEqLfX/4LzUo5qpZPLiulWnVRRx4O4BCOIYJTqMEF1KFBxT7AE0zgNXgMXoK34H0ezQWLM/vwY4KPL5LUnDE=</latexit>
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és el disc de convergència de la sèrie (D.2).

disc de

convergència

1

ii) Notem, però, que la sèrie (D.3) només convergeix a la funció f(z) a
la regió indicada a la figura següent:

aqúı la sèrie

(D.3) convergeix a f(z)

1

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

Figura D.5: Disc de convergència de
la sèrie (D.3).

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="V6Q75lWipEcAm9Ath8ux8BscH1o=">AAACGHicbVDLSsNAFJ3UV42vqEs3wSLWTU0KVpcFNy4r2Ac0odxMJu3QySTMTIQS+hlu/BU3LhRx251/47TNQqsXZjiccw/33hOkjErlOF9GaW19Y3OrvG3u7O7tH1iHRx2ZZAKTNk5YInoBSMIoJ21FFSO9VBCIA0a6wfh2rncfiZA04Q9qkhI/hiGnEcWgNDWwLj1MuCKC8qEp9ZcxEFSB8jyzmmZc2eE5iQMBHEOsGy8GVsWpOYuy/wK3ABVUVGtgzbwwwdncjBlI2XedVPk5CEUxI1PTyyRJAY9hSPoacj1G+vnisKl9ppnQjhKhn95lwf505BBLOYkD3RmDGslVbU7+p/UzFd34OeVppgjHy0FRxmyV2POU7JAKghWbaABYB0KxjUcgAOuopKlDcFdP/gs69ZrbqF3d1yvNRhFHGZ2gU1RFLrpGTXSHWqiNMHpCL+gNvRvPxqvxYXwuW0tG4TlGv8qYfQO/oKAr</latexit>

singularitat
(punt d’embrancament)

<latexit sha1_base64="5nXZumQRlZQ34/cBRcG8WDJAVr0=">AAAB7HicbVBNSwMxEJ2tX7V+VQUvXoJF8FR3RWuPBS8eK7htoV1KNk3b0Gw2JFmhLP0NXjxURI/+IG+iP8b046CtDwYe780wMy+UnGnjup9OZmV1bX0ju5nb2t7Z3cvvH9R0nChCfRLzWDVCrClngvqGGU4bUlEchZzWw8HNxK8/UKVZLO7NUNIgwj3BuoxgYyW/Jdn5ZTtfcIvuFGiZeHNSqBzJt/H3V7nazn+0OjFJIioM4VjrpudKE6RYGUY4HeVaiaYSkwHu0aalAkdUB+n02BE6tUoHdWNlSxg0VX9PpDjSehiFtjPCpq8XvYn4n9dMTLccpEzIxFBBZou6CUcmRpPPUYcpSgwfWoKJYvZWRPpYYWJsPjkbgrf48jKpXRS9UvHqzqZRghmycAwncAYeXEMFbqEKPhBg8AhjeHaE8+S8OK+z1owznzmEP3DefwB0QJIp</latexit>

⇡/4 <latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="5f8lTSbwQc3i3QWU9+ySU48mlEI=">AAACLXicbZBLSwMxFIXv1Fetr6pLN8EiuCozBavLghuXFWwV2iKZ9LYNzSRDkhFK8Q+58a+I4KIibvVnePtY+LqQ8HHOCUlOnCrpfBhOgtzS8srqWn69sLG5tb1T3N1rOpNZgQ1hlLE3MXeopMaGl17hTWqRJ7HC63h4PvWv79A6afSVH6XYSXhfy54U3JNkiofQBgEIGjztFiRRHwrQJXLkMCKkTJs0AYbcu1muD5/EglIcCrfFUlgOZ8P+QrSAEiymflt8bneNyBLUXijuXCsKU98Zc+ulUHhfaGcOUy6GvI8tQs0TdJ3x7Lf37IiULusZS0t7NlO/nxjzxLlRElMy4X7gfntT8T+vlfneWWcsdZp51GJ+US9TzBs2rY51pUXh1YiACyvprUwMuOXCU8HTEqLfX/4LzUo5qpZPLiulWnVRRx4O4BCOIYJTqMEF1KFBxT7AE0zgNXgMXoK34H0ezQWLM/vwY4KPL5LUnDE=</latexit>

disc de
convergència
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és el disc de convergència de la sèrie (D.2).

disc de

convergència

1

ii) Notem, però, que la sèrie (D.3) només convergeix a la funció f(z) a
la regió indicada a la figura següent:

aqúı la sèrie

(D.3) convergeix a f(z)

1

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

aqúı la sèrie (D.3)
convergeix a f(z)

Figura D.6: Regió on la sèrie (D.3)
convergeix a f(z).
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ii. Notem, però, que la sèrie (D.3) només convergeix a la funció f(z) a la
regió indicada a la figura D.6.

(d) Apartat (a) per a la funció g(z): les singularitats i tall de branca de
g(z) en aquest cas es mostren a la figura D.7.

Apartat (b) per a la funció g(z): la constant d’integració és ara k =
g(1) = 0, ja que 0 és l’únic argument d’1 comprès entre −π i π. Per
tant,

g(z) = −
∞∑

n=1

(1− z)n

n
(D.4)

Apartat (c) per a la funció g(z): la sèrie (D.4) és convergent a la regió
circular |z−1| < 1 (vegeu figura D.8) i convergeix a g(z) en tot aquest
disc.

SD.3 Si descomponem en fraccions simples, tenim

1

z

2

z − 2
= − 1

2− z
− 1

z
, −1

z

1

z − 1
=

1

1− z
+

1

z
.

Si sumem aquestes igualtats veiem que els termes z−1 es cancel·len i que

f(z) =
1

1− z
− 1

2− z
.

Les singularitats de f(z) són, doncs, z = 1 i z = 2. El punt z = 0 és una
singularitat evitable que desapareix si definim f(0) = 1/2.

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="V6Q75lWipEcAm9Ath8ux8BscH1o=">AAACGHicbVDLSsNAFJ3UV42vqEs3wSLWTU0KVpcFNy4r2Ac0odxMJu3QySTMTIQS+hlu/BU3LhRx251/47TNQqsXZjiccw/33hOkjErlOF9GaW19Y3OrvG3u7O7tH1iHRx2ZZAKTNk5YInoBSMIoJ21FFSO9VBCIA0a6wfh2rncfiZA04Q9qkhI/hiGnEcWgNDWwLj1MuCKC8qEp9ZcxEFSB8jyzmmZc2eE5iQMBHEOsGy8GVsWpOYuy/wK3ABVUVGtgzbwwwdncjBlI2XedVPk5CEUxI1PTyyRJAY9hSPoacj1G+vnisKl9ppnQjhKhn95lwf505BBLOYkD3RmDGslVbU7+p/UzFd34OeVppgjHy0FRxmyV2POU7JAKghWbaABYB0KxjUcgAOuopKlDcFdP/gs69ZrbqF3d1yvNRhFHGZ2gU1RFLrpGTXSHWqiNMHpCL+gNvRvPxqvxYXwuW0tG4TlGv8qYfQO/oKAr</latexit>

singularitat
(punt d’embrancament)

<latexit sha1_base64="5nXZumQRlZQ34/cBRcG8WDJAVr0=">AAAB7HicbVBNSwMxEJ2tX7V+VQUvXoJF8FR3RWuPBS8eK7htoV1KNk3b0Gw2JFmhLP0NXjxURI/+IG+iP8b046CtDwYe780wMy+UnGnjup9OZmV1bX0ju5nb2t7Z3cvvH9R0nChCfRLzWDVCrClngvqGGU4bUlEchZzWw8HNxK8/UKVZLO7NUNIgwj3BuoxgYyW/Jdn5ZTtfcIvuFGiZeHNSqBzJt/H3V7nazn+0OjFJIioM4VjrpudKE6RYGUY4HeVaiaYSkwHu0aalAkdUB+n02BE6tUoHdWNlSxg0VX9PpDjSehiFtjPCpq8XvYn4n9dMTLccpEzIxFBBZou6CUcmRpPPUYcpSgwfWoKJYvZWRPpYYWJsPjkbgrf48jKpXRS9UvHqzqZRghmycAwncAYeXEMFbqEKPhBg8AhjeHaE8+S8OK+z1owznzmEP3DefwB0QJIp</latexit>

⇡/4 <latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="5f8lTSbwQc3i3QWU9+ySU48mlEI=">AAACLXicbZBLSwMxFIXv1Fetr6pLN8EiuCozBavLghuXFWwV2iKZ9LYNzSRDkhFK8Q+58a+I4KIibvVnePtY+LqQ8HHOCUlOnCrpfBhOgtzS8srqWn69sLG5tb1T3N1rOpNZgQ1hlLE3MXeopMaGl17hTWqRJ7HC63h4PvWv79A6afSVH6XYSXhfy54U3JNkiofQBgEIGjztFiRRHwrQJXLkMCKkTJs0AYbcu1muD5/EglIcCrfFUlgOZ8P+QrSAEiymflt8bneNyBLUXijuXCsKU98Zc+ulUHhfaGcOUy6GvI8tQs0TdJ3x7Lf37IiULusZS0t7NlO/nxjzxLlRElMy4X7gfntT8T+vlfneWWcsdZp51GJ+US9TzBs2rY51pUXh1YiACyvprUwMuOXCU8HTEqLfX/4LzUo5qpZPLiulWnVRRx4O4BCOIYJTqMEF1KFBxT7AE0zgNXgMXoK34H0ezQWLM/vwY4KPL5LUnDE=</latexit>

disc de
convergència

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="V6Q75lWipEcAm9Ath8ux8BscH1o=">AAACGHicbVDLSsNAFJ3UV42vqEs3wSLWTU0KVpcFNy4r2Ac0odxMJu3QySTMTIQS+hlu/BU3LhRx251/47TNQqsXZjiccw/33hOkjErlOF9GaW19Y3OrvG3u7O7tH1iHRx2ZZAKTNk5YInoBSMIoJ21FFSO9VBCIA0a6wfh2rncfiZA04Q9qkhI/hiGnEcWgNDWwLj1MuCKC8qEp9ZcxEFSB8jyzmmZc2eE5iQMBHEOsGy8GVsWpOYuy/wK3ABVUVGtgzbwwwdncjBlI2XedVPk5CEUxI1PTyyRJAY9hSPoacj1G+vnisKl9ppnQjhKhn95lwf505BBLOYkD3RmDGslVbU7+p/UzFd34OeVppgjHy0FRxmyV2POU7JAKghWbaABYB0KxjUcgAOuopKlDcFdP/gs69ZrbqF3d1yvNRhFHGZ2gU1RFLrpGTXSHWqiNMHpCL+gNvRvPxqvxYXwuW0tG4TlGv8qYfQO/oKAr</latexit>

singularitat
(punt d’embrancament)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="5f8lTSbwQc3i3QWU9+ySU48mlEI=">AAACLXicbZBLSwMxFIXv1Fetr6pLN8EiuCozBavLghuXFWwV2iKZ9LYNzSRDkhFK8Q+58a+I4KIibvVnePtY+LqQ8HHOCUlOnCrpfBhOgtzS8srqWn69sLG5tb1T3N1rOpNZgQ1hlLE3MXeopMaGl17hTWqRJ7HC63h4PvWv79A6afSVH6XYSXhfy54U3JNkiofQBgEIGjztFiRRHwrQJXLkMCKkTJs0AYbcu1muD5/EglIcCrfFUlgOZ8P+QrSAEiymflt8bneNyBLUXijuXCsKU98Zc+ulUHhfaGcOUy6GvI8tQs0TdJ3x7Lf37IiULusZS0t7NlO/nxjzxLlRElMy4X7gfntT8T+vlfneWWcsdZp51GJ+US9TzBs2rY51pUXh1YiACyvprUwMuOXCU8HTEqLfX/4LzUo5qpZPLiulWnVRRx4O4BCOIYJTqMEF1KFBxT7AE0zgNXgMXoK34H0ezQWLM/vwY4KPL5LUnDE=</latexit>

disc de
convergència

Figura D.7: Tall de branca i punt d’em-
brancament de g(z) al problema PD.2.

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="V6Q75lWipEcAm9Ath8ux8BscH1o=">AAACGHicbVDLSsNAFJ3UV42vqEs3wSLWTU0KVpcFNy4r2Ac0odxMJu3QySTMTIQS+hlu/BU3LhRx251/47TNQqsXZjiccw/33hOkjErlOF9GaW19Y3OrvG3u7O7tH1iHRx2ZZAKTNk5YInoBSMIoJ21FFSO9VBCIA0a6wfh2rncfiZA04Q9qkhI/hiGnEcWgNDWwLj1MuCKC8qEp9ZcxEFSB8jyzmmZc2eE5iQMBHEOsGy8GVsWpOYuy/wK3ABVUVGtgzbwwwdncjBlI2XedVPk5CEUxI1PTyyRJAY9hSPoacj1G+vnisKl9ppnQjhKhn95lwf505BBLOYkD3RmDGslVbU7+p/UzFd34OeVppgjHy0FRxmyV2POU7JAKghWbaABYB0KxjUcgAOuopKlDcFdP/gs69ZrbqF3d1yvNRhFHGZ2gU1RFLrpGTXSHWqiNMHpCL+gNvRvPxqvxYXwuW0tG4TlGv8qYfQO/oKAr</latexit>

singularitat
(punt d’embrancament)

<latexit sha1_base64="5nXZumQRlZQ34/cBRcG8WDJAVr0=">AAAB7HicbVBNSwMxEJ2tX7V+VQUvXoJF8FR3RWuPBS8eK7htoV1KNk3b0Gw2JFmhLP0NXjxURI/+IG+iP8b046CtDwYe780wMy+UnGnjup9OZmV1bX0ju5nb2t7Z3cvvH9R0nChCfRLzWDVCrClngvqGGU4bUlEchZzWw8HNxK8/UKVZLO7NUNIgwj3BuoxgYyW/Jdn5ZTtfcIvuFGiZeHNSqBzJt/H3V7nazn+0OjFJIioM4VjrpudKE6RYGUY4HeVaiaYSkwHu0aalAkdUB+n02BE6tUoHdWNlSxg0VX9PpDjSehiFtjPCpq8XvYn4n9dMTLccpEzIxFBBZou6CUcmRpPPUYcpSgwfWoKJYvZWRPpYYWJsPjkbgrf48jKpXRS9UvHqzqZRghmycAwncAYeXEMFbqEKPhBg8AhjeHaE8+S8OK+z1owznzmEP3DefwB0QJIp</latexit>

⇡/4 <latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="5f8lTSbwQc3i3QWU9+ySU48mlEI=">AAACLXicbZBLSwMxFIXv1Fetr6pLN8EiuCozBavLghuXFWwV2iKZ9LYNzSRDkhFK8Q+58a+I4KIibvVnePtY+LqQ8HHOCUlOnCrpfBhOgtzS8srqWn69sLG5tb1T3N1rOpNZgQ1hlLE3MXeopMaGl17hTWqRJ7HC63h4PvWv79A6afSVH6XYSXhfy54U3JNkiofQBgEIGjztFiRRHwrQJXLkMCKkTJs0AYbcu1muD5/EglIcCrfFUlgOZ8P+QrSAEiymflt8bneNyBLUXijuXCsKU98Zc+ulUHhfaGcOUy6GvI8tQs0TdJ3x7Lf37IiULusZS0t7NlO/nxjzxLlRElMy4X7gfntT8T+vlfneWWcsdZp51GJ+US9TzBs2rY51pUXh1YiACyvprUwMuOXCU8HTEqLfX/4LzUo5qpZPLiulWnVRRx4O4BCOIYJTqMEF1KFBxT7AE0zgNXgMXoK34H0ezQWLM/vwY4KPL5LUnDE=</latexit>

disc de
convergència

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="V6Q75lWipEcAm9Ath8ux8BscH1o=">AAACGHicbVDLSsNAFJ3UV42vqEs3wSLWTU0KVpcFNy4r2Ac0odxMJu3QySTMTIQS+hlu/BU3LhRx251/47TNQqsXZjiccw/33hOkjErlOF9GaW19Y3OrvG3u7O7tH1iHRx2ZZAKTNk5YInoBSMIoJ21FFSO9VBCIA0a6wfh2rncfiZA04Q9qkhI/hiGnEcWgNDWwLj1MuCKC8qEp9ZcxEFSB8jyzmmZc2eE5iQMBHEOsGy8GVsWpOYuy/wK3ABVUVGtgzbwwwdncjBlI2XedVPk5CEUxI1PTyyRJAY9hSPoacj1G+vnisKl9ppnQjhKhn95lwf505BBLOYkD3RmDGslVbU7+p/UzFd34OeVppgjHy0FRxmyV2POU7JAKghWbaABYB0KxjUcgAOuopKlDcFdP/gs69ZrbqF3d1yvNRhFHGZ2gU1RFLrpGTXSHWqiNMHpCL+gNvRvPxqvxYXwuW0tG4TlGv8qYfQO/oKAr</latexit>

singularitat
(punt d’embrancament)

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="5f8lTSbwQc3i3QWU9+ySU48mlEI=">AAACLXicbZBLSwMxFIXv1Fetr6pLN8EiuCozBavLghuXFWwV2iKZ9LYNzSRDkhFK8Q+58a+I4KIibvVnePtY+LqQ8HHOCUlOnCrpfBhOgtzS8srqWn69sLG5tb1T3N1rOpNZgQ1hlLE3MXeopMaGl17hTWqRJ7HC63h4PvWv79A6afSVH6XYSXhfy54U3JNkiofQBgEIGjztFiRRHwrQJXLkMCKkTJs0AYbcu1muD5/EglIcCrfFUlgOZ8P+QrSAEiymflt8bneNyBLUXijuXCsKU98Zc+ulUHhfaGcOUy6GvI8tQs0TdJ3x7Lf37IiULusZS0t7NlO/nxjzxLlRElMy4X7gfntT8T+vlfneWWcsdZp51GJ+US9TzBs2rY51pUXh1YiACyvprUwMuOXCU8HTEqLfX/4LzUo5qpZPLiulWnVRRx4O4BCOIYJTqMEF1KFBxT7AE0zgNXgMXoK34H0ezQWLM/vwY4KPL5LUnDE=</latexit>

disc de
convergència

aqúı la sèrie (D.4)
convergeix a g(z)

Figura D.8: Disc de convergència de la
sèrie (D.4). La sèrie convergeix a g(z) en
tot el disc.
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En el cercle |z| < 1 fem els desenvolupaments

1

1− z
=
∞∑

n=0

zn, |z| < 1,

1

2− z
=

1

2

1

1− z/2
=

1

2

∞∑

n=0

(z
2

)n
, |z| < 2.

Per tant,

f(z) =
∞∑

n=0

(
1− 1

2n+1

)
zn, |z| < 1

A la corona 1 < |z| < 2,

1

1− z
= −1

z

1

1− 1/z
= −

∞∑

n=0

1

zn+1
, |z| > 1,

i, per tant,

f(z) = −
∞∑

n=1

1

zn
−
∞∑

n=0

zn

2n+1
, 1 < |z| < 2

Finalment, a la regió |z| > 2,

1

2− z
= −1

z

1

1− 2/z
= −

∞∑

n=0

2n

zn+1
, |z| > 2,

i, per tant,

f(z) =
∞∑

n=0

2n − 1

zn+1
, |z| > 2

SD.4 (a) Tanquem el contorn afegint al foli de Descartes C (= CO∪CT ) el tros
de circumferència CR de radi R centrada a z0 = 1+i (vegeu la figura D.9)
i separem el contorn sencer pel punt z = 0 (on el foli es talla a ell mateix)
en dos contorns tancats, CT i CO ∪ CR. Notem que la integral sobre el
contorn CR és zero en el ĺımit R → ∞, ja que

∣∣∣∣
∫

CR

dz

(z − 1− i)2

∣∣∣∣ ≤
∫ θ0−3π/2

−θ0

∣∣iReiθdθ
∣∣

|R2e2iθ| =
1

R

∫ 3π/2−θ0

θ0

dθ

=
1

R

(
3π

2
− 2θ0

)
−−−→
R→∞

0.



Càlcul en variable complexa Materials 215<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .
<latexit sha1_base64="hNLy7eiThupjC7+YugyD5r5aIAo=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahItakYHVnwY3LCvYBTSyT6W07dDIJMxOhhn6DH+DGhSJuXbvyE9z5Ie6dPhbaeuByD+fcy9w5fsSoVLb9ZaQWFpeWV9KrmbX1jc2subVdk2EsCFRJyELR8LEERjlUFVUMGpEAHPgM6n7/YuTXb0FIGvJrNYjAC3CX0w4lWGmpZWbhJjlyI3pcPCzqNmyZObtgj2HNE2dKcufv+e+Pe/eg0jI/3XZI4gC4IgxL2XTsSHkJFooSBsOMG0uIMOnjLjQ15TgA6SXjw4fWvlbaVicUuriyxurvjQQHUg4CX08GWPXkrDcS//OaseqceQnlUayAk8lDnZhZKrRGKVhtKoAoNtAEE0H1rRbpYYGJ0llldAjO7JfnSa1YcEqFkys7Vy6hCdJoF+2hPHLQKSqjS1RBVURQjB7QE3o27oxH48V4nYymjOnODvoD4+0HxoSWOQ==</latexit>

e�⇡/2+2⇡

<latexit sha1_base64="ZFxjdKHTFrTqN1la9EG9h5KgA+E=">AAAB8XicbZC7SgNBFIZn4y3GW9TSZjAIsTDuBox2BmwsI5gLZtcwOzlJhszOLjOzQljyDDY2ForY+gpWPoKdD2Lv5FJo4g8DH/9/DnPO8SPOlLbtLyu1sLi0vJJezaytb2xuZbd3aiqMJYUqDXkoGz5RwJmAqmaaQyOSQAKfQ93vX4zy+h1IxUJxrQcReAHpCtZhlGhj3cBtcuRG7Lg4bGVzdsEeC8+DM4Xc+Xv+++PePay0sp9uO6RxAEJTTpRqOnakvYRIzSiHYcaNFUSE9kkXmgYFCUB5yXjiIT4wTht3Qmme0Hjs/u5ISKDUIPBNZUB0T81mI/O/rBnrzpmXMBHFGgSdfNSJOdYhHq2P20wC1XxggFDJzKyY9ogkVJsjZcwRnNmV56FWLDilwsmVnSuX0ERptIf2UR456BSV0SWqoCqiSKAH9ISeLWU9Wi/W66Q0ZU17dtEfWW8/IXeURA==</latexit>

e�⇡/2

<latexit sha1_base64="M5bT86z098DBh9/LfOlzunzbLSk=">AAAB+HicbVC7TgJBFL2LL8QHq5Y2E4kJFuAuiWgniY0lJvJI2JXMDgNMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaC0BoJeSiaHpaUs4DWFFOcNiNBse9x2vAGF2O/cUuFZGFwrYYRdX3cC1iXEay01Daz9CYpOBE7LhVKuo3aZs4qWhOgRWLPSO78Pf/9ce8cVdvmp9MJSezTQBGOpWzZVqTcBAvFCKejjBNLGmEywD3a0jTAPpVuMjl8hA610kHdUOgKFJqovzcS7Es59D096WPVl/PeWPzPa8Wqe+YmLIhiRQMyfagbc6RCNE4BdZigRPGhJpgIpm9FpI8FJkpnldEh2PNfXiT1UtEuF0+urFylDFOkYR8OIA82nEIFLqEKNSAQwwM8wbNxZzwaL8brdDRlzHb24A+Mtx/JlpY7</latexit>

e�⇡/2�2⇡

<latexit sha1_base64="Ovw/3A9hhsraXWAfQInqY79Lb3c=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXKNpJYmOJiTwSdiWzwwUnzD4yM2uCG77BD7Cx0Bhbays/wc4PsXd4FAqe5OaenHNv5s7xIs6ksqwvI7WwuLS8kl7NrK1vbGbNre26DGNBoUZDHoqmRyRwFkBNMcWhGQkgvseh4fXPR37jFoRkYXClBhG4PukFrMsoUVpqm1m4TgpOxA5LhSPdhm0zZxWtMfA8sackd/ae//64dw6qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZhxYgkRoX3Sg5amAfFBusn48CHe10oHd0OhK1B4rP7eSIgv5cD39KRP1I2c9Ubif14rVt1TN2FBFCsI6OShbsyxCvEoBdxhAqjiA00IFUzfiukNEYQqnVVGh2DPfnme1EtFu1w8vrRylTKaII120R7KIxudoAq6QFVUQxTF6AE9oWfjzng0XozXyWjKmO7soD8w3n4AzKaWPQ==</latexit>

e�⇡/2�4⇡

<latexit sha1_base64="1GfeSKw1IIbAkU079aHCJHjL1l0=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXRLSTxMYSE3kk7EpmhwtMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9DwxtcjP3GLQjJwuBaDSNwfdILWJdRorTUNrNwkxSciB2XCmXdRm0zZxWtCfAisWckd/6e//64d46qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZRxYgkRoQPSg5amAfFBusnk8BE+1EoHd0OhK1B4ov7eSIgv5dD39KRPVF/Oe2PxP68Vq+6Zm7AgihUEdPpQN+ZYhXicAu4wAVTxoSaECqZvxbRPBKFKZ5XRIdjzX14k9VLRLhdPrqxcpYymSKN9dIDyyEanqIIuURXVEEUxekBP6Nm4Mx6NF+N1OpoyZjt76A+Mtx/PtpY/</latexit>

e�⇡/2�6⇡

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0

<latexit sha1_base64="BR3XH29q9djDpZdztaur5Lz9WvI=">AAAB7nicbZDLSsNAFIZP6q3WW1Vw4yZYBFclKVjdWXDTZQV7gTaUyXTSDp1M4syJUEJfQXDjQhG3Po8738I30Olloa0/DHz8/znMOcePBdfoOJ9WZmV1bX0ju5nb2t7Z3cvvHzR0lCjK6jQSkWr5RDPBJasjR8FasWIk9AVr+sPrSd68Z0rzSN7iKGZeSPqSB5wSNFaTd/SdwlI3X3CKzlT2MrhzKFx916pHX+sPtW7+o9OLaBIyiVQQrduuE6OXEoWcCjbOdRLNYkKHpM/aBiUJmfbS6bhj+9Q4PTuIlHkS7an7uyMlodaj0DeVIcGBXswm5n9ZO8Hg0ku5jBNkks4+ChJhY2RPdrd7XDGKYmSAUMXNrDYdEEUomgvlzBHcxZWXoVEquuXi+Y1TqJRhpiwcwwmcgQsXUIEq1KAOFIbwCM/wYsXWk/Vqvc1KM9a85xD+yHr/AeKykus=</latexit>

i
p

2

<latexit sha1_base64="mbapy+F4u/Jjf/2z8/g5hoUf/5s=">AAAB/nicbVDLSsNAFJ3UV62vqOjGTbQIbqxJobXLghuXFewDmlAm09t26GQSZyZCCQU/w5XgxoUibv0Od6If4/Sx0NYDFw7n3Mu99/gRo1LZ9qeRWlhcWl5Jr2bW1jc2t8ztnZoMY0GgSkIWioaPJTDKoaqoYtCIBODAZ1D3+xcjv34LQtKQX6tBBF6Au5x2KMFKSy1zj7p9EPw05xQgOHMPXXkjVL5lZu2cPYY1T5wpyZb3o4f7769SpWV+uO2QxAFwRRiWsunYkfISLBQlDIYZN5YQYdLHXWhqynEA0kvG5w+tY620rU4odHFljdXfEwkOpBwEvu4MsOrJWW8k/uc1Y9UpeQnlUayAk8miTswsFVqjLKw2FUAUG2iCiaD6Vov0sMBE6cQyOgRn9uV5UsvnnGKucKXTKKIJ0ugAHaET5KBzVEaXqIKqiKAEPaJn9GLcGU/Gq/E2aU0Z05ld9AfG+w/EE5hu</latexit>

i/
p

2

<latexit sha1_base64="aq1ky2OyCRdZ7OvjLMKkI+Ln6Ss=">AAAB/3icbVC7SgNBFJ2NrxhfUSGNzWoQbBJ3A4kpAzaWEcwDskuYndxNhszOrjOzQogp/AsrCxsLRWz9DTvRj3HyKDTxwIXDOfdy7z1exKhUlvVpJJaWV1bXkuupjc2t7Z307l5dhrEgUCMhC0XTwxIY5VBTVDFoRgJw4DFoeP3zsd+4ASFpyK/UIAI3wF1OfUqw0lI7nclRpw+C5/J2EYJT59CR10IV2umslbcmMBeJPSPZSiZ6uP/+Klfb6Q+nE5I4AK4Iw1K2bCtS7hALRQmDUcqJJUSY9HEXWppyHIB0h5P7R+axVjqmHwpdXJkT9ffEEAdSDgJPdwZY9eS8Nxb/81qx8svukPIoVsDJdJEfM1OF5jgMs0MFEMUGmmAiqL7VJD0sMFE6spQOwZ5/eZHUC3m7lC9e6jRKaIokOkBH6ATZ6AxV0AWqohoi6BY9omf0YtwZT8ar8TZtTRizmX30B8b7DzEymKU=</latexit>

�i/
p

2

<latexit sha1_base64="7tJOgmMOXY/A1xo8rRaB32RLD7k=">AAAB73icbZDJSgNBEIZr4hbjFhW8eGkMghfDTMDozYCXHCOYBZIh9HQ6SZOeJd01QhjyCh68eFDEq6/jzbfwDbSzHDTxh4aP/6+iq8qLpNBo259WamV1bX0jvZnZ2t7Z3cvuH9R0GCvGqyyUoWp4VHMpAl5FgZI3IsWp70le9wY3k7x+z5UWYXCHo4i7Pu0FoisYRWM1zkVLDxUW2tmcnbenIsvgzCF3/V0pH32tP1Ta2Y9WJ2SxzwNkkmrddOwI3YQqFEzycaYVax5RNqA93jQYUJ9rN5nOOyanxumQbqjMC5BM3d8dCfW1HvmeqfQp9vViNjH/y5oxdq/cRARRjDxgs4+6sSQYksnypCMUZyhHBihTwsxKWJ8qytCcKGOO4CyuvAy1Qt4p5i9u7VypCDOl4RhO4AwcuIQSlKECVWAg4RGe4cUaWk/Wq/U2K01Z855D+CPr/QdNIJMi</latexit>

�i
p

2

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="mXHgOvkN1F/p7wqUlM9mJEOHvxU=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkoiWF0WutBlxb6gDWUymbRDJ5MwMxFK6Ce4caEUt/6KP+DOv3GadqGtBy4czrmXe+/xYs6Utu1vK7e1vbO7l98vFA8Oj45LJ6cdFSWS0DaJeCR7HlaUM0HbmmlOe7GkOPQ47XqTxsLvPlGpWCRaehpTN8QjwQJGsDbSY2PYGpYqdtXOgDaJsyKVevFuXv7s+c1h6WvgRyQJqdCEY6X6jh1rN8VSM8LprDBIFI0xmeAR7RsqcEiVm2anztCFUXwURNKU0ChTf0+kOFRqGnqmM8R6rNa9hfif1090cOumTMSJpoIsFwUJRzpCi7+RzyQlmk8NwUQycysiYywx0SadggnBWX95k3Suqk6tev1g0qjBEnkowzlcggM3UId7aEIbCIzgGV7hzeLWizW33petOWs1cwZ/YH38AKmekE8=</latexit>

CT

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="D9mgRtJCVovRQ27lP0VnxJagMm8=">AAAB73icbVBNS8NAEN3Ur9r6UfXYS7AInkoiWD0WPOixgm0DbSibzbRdutnE3YlQQv+EFxFFvPpD/APe/DduPw7a+mDg8d4MM/OCRHCNjvNt5dbWNza38tuF4s7u3n7p4LCl41QxaLJYxMoLqAbBJTSRowAvUUCjQEA7GF1N/fYDKM1jeYfjBPyIDiTvc0bRSF4Xh4C05/RKFafqzGCvEndBKvXi9XP50wsbvdJXN4xZGoFEJqjWHddJ0M+oQs4ETArdVENC2YgOoGOopBFoP5vdO7FPjBLa/ViZkmjP1N8TGY20HkeB6YwoDvWyNxX/8zop9i/9jMskRZBsvqifChtje/q8HXIFDMXYEMoUN7fabEgVZWgiKpgQ3OWXV0nrrOrWque3Jo0amSNPyuSYnBKXXJA6uSEN0iSMCPJIXsirdW89WW/W+7w1Zy1mjsgfWB8/hZKSjA==</latexit>

✓0

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="IG50Bc5ovEIS5AWpHyL5UXbnZc8=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkoiWF0WutCdFe0D2lAmk0k7dDIJMxOhhH6CGxdKceuv+APu/BsnbRfaeuDC4Zx7ufceL+ZMadv+tnIbm1vbO/ndQnFv/+CwdHTcVlEiCW2RiEey62FFORO0pZnmtBtLikOP0443bmR+54lKxSLxqCcxdUM8FCxgBGsjPTQGd4NSxa7ac6B14ixJpV68mZU/u35zUPrq+xFJQio04VipnmPH2k2x1IxwOi30E0VjTMZ4SHuGChxS5abzU6fozCg+CiJpSmg0V39PpDhUahJ6pjPEeqRWvUz8z+slOrh2UybiRFNBFouChCMdoexv5DNJieYTQzCRzNyKyAhLTLRJp2BCcFZfXifti6pTq17emzRqsEAeynAK5+DAFdThFprQAgJDeIZXeLO49WLNrPdFa85azpzAH1gfP6IKkEo=</latexit>

CO

<latexit sha1_base64="D9mgRtJCVovRQ27lP0VnxJagMm8=">AAAB73icbVBNS8NAEN3Ur9r6UfXYS7AInkoiWD0WPOixgm0DbSibzbRdutnE3YlQQv+EFxFFvPpD/APe/DduPw7a+mDg8d4MM/OCRHCNjvNt5dbWNza38tuF4s7u3n7p4LCl41QxaLJYxMoLqAbBJTSRowAvUUCjQEA7GF1N/fYDKM1jeYfjBPyIDiTvc0bRSF4Xh4C05/RKFafqzGCvEndBKvXi9XP50wsbvdJXN4xZGoFEJqjWHddJ0M+oQs4ETArdVENC2YgOoGOopBFoP5vdO7FPjBLa/ViZkmjP1N8TGY20HkeB6YwoDvWyNxX/8zop9i/9jMskRZBsvqifChtje/q8HXIFDMXYEMoUN7fabEgVZWgiKpgQ3OWXV0nrrOrWque3Jo0amSNPyuSYnBKXXJA6uSEN0iSMCPJIXsirdW89WW/W+7w1Zy1mjsgfWB8/hZKSjA==</latexit>

✓0
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<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="j4kJGAxT8snQIlkrow7cyKdy11U=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMFoGbCwjmAckS5idzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0KjBy4czrmXe+8JYs60cd1PJ7O0vLK6ll3PbWxube/kd/dqWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO60H/auLX76nSTIpbM4ipH+GuYCEj2Fip9thOT71hO19wi+4U6C/x5qRQPvgqvI0fRpV2/qPVkSSJqDCEY62bnhsbP8XKMMLpMNdKNI0x6eMubVoqcES1n06vHaJjq3RQKJUtYdBU/TmR4kjrQRTYzgibnl70JuJ/XjMx4aWfMhEnhgoyWxQmHBmJJq+jDlOUGD6wBBPF7K2I9LDCxNiAcjYEb/Hlv6R2VvRKxfMbm0YJZsjCIRzBCXhwAWW4hgpUgcAdPMELjBzpPDtj53XWmnHmM/vwC877N0WDkp4=</latexit>z�1

<latexit sha1_base64="ILkmswk3q5X6vTIXNF7sYANgWSY=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWE3YLQM2FhGMA9IQpidzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0ITD1w4nHMv997jR5xp47pfTmpldW19I72Z2dre2d3L7h9UtYwVoRUiuVR1H2vKmaAVwwyn9UhRHPqc1vz+9cSvPVClmRR3ZhDRVoi7ggWMYGOl6lM7OS8M29mcm3enQMvEm5Nc6eg79z5+HJXb2c9mR5I4pMIQjrVueG5kWglWhhFOh5lmrGmESR93acNSgUOqW8n02iE6tUoHBVLZEgZN1d8TCQ61HoS+7Qyx6elFbyL+5zViE1y1Eiai2FBBZouCmCMj0eR11GGKEsMHlmCimL0VkR5WmBgbUMaG4C2+vEyqhbxXzF/c2jSKMEMajuEEzsCDSyjBDZShAgTu4RleYeRI58UZO2+z1pQznzmEP3A+fgBHCJKf</latexit>z�2

<latexit sha1_base64="cJd3Vft0WhJIFxkEGX/f0vW3vU0=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMVoGbCwjmAckS5idTJIxszPLzKwSl/yDjYUhWNj4P3Z+ip2TR6GJBy4czrmXe+8JIs60cd0vJ7W0vLK6ll7PbGxube9kd/cqWsaK0DKRXKpagDXlTNCyYYbTWqQoDgNOq0HveuxXH6jSTIo704+oH+KOYG1GsLFS5amZnJ4Pmtmcm3cnQIvEm5Fc8eA79z56HJaa2c9GS5I4pMIQjrWue25k/AQrwwing0wj1jTCpIc7tG6pwCHVfjK5doCOrdJCbalsCYMm6u+JBIda98PAdobYdPW8Nxb/8+qxaV/5CRNRbKgg00XtmCMj0fh11GKKEsP7lmCimL0VkS5WmBgbUMaG4M2/vEgqZ3mvkL+4tWkUYIo0HMIRnIAHl1CEGyhBGQjcwzO8wtCRzoszct6mrSlnNrMPf+B8/ABIjZKg</latexit>z�3

<latexit sha1_base64="jazcfw7+mKwMUQ0b9EZBtfyg/9w=">AAAB7XicbZC7SgNBFIZnvcZ4i1raLAYhNmFXMNoZsLGMYC6QXcLs7GwyZnZmmTkbCEueQRsLRWx9CSsfwc4HsXdyKTTxh4GP/z+HOecECWcaHOfLWlpeWV1bz23kN7e2d3YLe/sNLVNFaJ1ILlUrwJpyJmgdGHDaShTFccBpM+hfjfPmgCrNpLiFYUL9GHcFixjBYKyGNwgl6E6h6JSdiexFcGdQvHwvfX/ceye1TuHTCyVJYyqAcKx123US8DOsgBFOR3kv1TTBpI+7tG1Q4JhqP5tMO7KPjRPakVTmCbAn7u+ODMdaD+PAVMYYeno+G5v/Ze0Uogs/YyJJgQoy/ShKuQ3SHq9uh0xRAnxoABPFzKw26WGFCZgD5c0R3PmVF6FxWnYr5bMbp1itoKly6BAdoRJy0TmqomtUQ3VE0B16QE/o2ZLWo/VivU5Ll6xZzwH6I+vtBxSwkyo=</latexit>...

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

Figura D.9: Contorns emprats a la solució
del problema PD.4 (a).

<latexit sha1_base64="BYRt8pIR/De/dUnbTQ9u/NJPOyE=">AAAB6nicbVDLSgNBEOzxGRMfUY+5DAbBU9gVjB4DCnqMaB6QLGF2djYZMju7zMwKYcknePGgBK/+ij/gzb9x8jhoYkFDUdVNd5efCK6N43yjtfWNza3t3E6+sLu3f1A8PGrqOFWUNWgsYtX2iWaCS9Yw3AjWThQjkS9Yyx9eT/3WE1Oax/LRjBLmRaQvecgpMVZ6uOk5vWLZqTgz4FXiLki5VridlD7bQb1X/OoGMU0jJg0VROuO6yTGy4gynAo2zndTzRJCh6TPOpZKEjHtZbNTx/jUKgEOY2VLGjxTf09kJNJ6FPm2MyJmoJe9qfif10lNeOVlXCapYZLOF4WpwCbG079xwBWjRowsIVRxeyumA6IINTadvA3BXX55lTTPK261cnFv06jCHDkowQmcgQuXUIM7qEMDKPThGV7hDQn0gibofd66hhYzx/AH6OMHdJSQLA==</latexit>

D0

<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="YIBobpTKOKvGKi6Uf/Lyq35VL/U=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMFoGtLCMYB6QLGF2MpuMmZ1ZZmaVsOQfbCwMwcLG/7HzU+ycJBaaeODC4Zx7ufeeIOZMG9f9dDJLyyura9n13Mbm1vZOfnevpmWiCK0SyaVqBFhTzgStGmY4bcSK4ijgtB70ryZ+/YEqzaS4M4OY+hHuChYygo2Vatft9NQbtvMFt+hOgRaJ90MK5YOvwtv4cVRp5z9aHUmSiApDONa66bmx8VOsDCOcDnOtRNMYkz7u0qalAkdU++n02iE6tkoHhVLZEgZN1d8TKY60HkSB7Yyw6el5byL+5zUTE176KRNxYqggs0VhwpGRaPI66jBFieEDSzBRzN6KSA8rTIwNKGdD8OZfXiS1s6JXKp7f2jRKMEMWDuEITsCDCyjDDVSgCgTu4QleYORI59kZO6+z1ozzM7MPf+C8fwPyjpJo</latexit>

D�1

<latexit sha1_base64="QSdpxn20jiU41i+IFlbzItIbaLw=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d+K27YJTdCZCi+DOoHA12v+4HH3lK237s9WJSBJSoQnHSjVdJ9ZeiqVmhNNhrpUoGmPSx13aNChwSJWXTiYdoiPjdFAQSfOERhP3d0eKQ6UGoW8qQ6x7aj4bm/9lzUQHF17KRJxoKsj0oyDhSEdovDbqMEmJ5gMDmEhmZkWkhyUm2hwnZ47gzq+8CLXTolsqnt06hXIJpsrCARzCMbhwDmW4gQpUgUAAj/AML1bferJerbdpacaa9ezBH1nvP5gLkSQ=</latexit>�1
<latexit sha1_base64="bL9pNeDQPbNEerNN//0Z6kaGlgQ=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0kamXAxjKKuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gepI3HqhULBT3ehhRN8A9wXxGsDbW3Vmxk8vbBXsqtAzOHPJX48OPy/FXttrJfba7IYkDKjThWKmWY0faTbDUjHA6yrRjRSNMBrhHWwYFDqhyk+mkI3RinC7yQ2me0Gjq/u5IcKDUMPBMZYB1Xy1mE/O/rBVr/8JNmIhiTQWZfeTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvjZMwRnMWVl6FeLDjlQunWzlfKMFMajuAYTsGBc6jADVShBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wGZj5El</latexit>�2

<latexit sha1_base64="RgqDuZjcXoLgszRdmzz4Y9V+V88=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWE3YLQMaGEZwTwgWcLsZJKMmZ1ZZmaVsOQfbCwMwcLG/7HzU+ycPApNPHDhcM693HtPEHGmjet+OamV1bX1jfRmZmt7Z3cvu39Q1TJWhFaI5FLVA6wpZ4JWDDOc1iNFcRhwWgv61xO/9kiVZlLcm0FE/RB3Beswgo2Vqjet5LwwbGVzbt6dAi0Tb05ypaPv3Pv4aVRuZT+bbUnikApDONa64bmR8ROsDCOcDjPNWNMIkz7u0oalAodU+8n02iE6tUobdaSyJQyaqr8nEhxqPQgD2xli09OL3kT8z2vEpnPlJ0xEsaGCzBZ1Yo6MRJPXUZspSgwfWIKJYvZWRHpYYWJsQBkbgrf48jKpFvJeMX9xZ9MowgxpOIYTOAMPLqEEt1CGChB4gGd4hZEjnRdn7LzNWlPOfOYQ/sD5+AH0E5Jp</latexit>

D�2

<latexit sha1_base64="sTN/9iCEhlkhC9ZVCi0rR9efCKs=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiCXdB0SOJF4+YyEcCG9ItXah0203bNSEb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2d++4kqzaR4MJOY+hEeChYygo2VWpVezC6q/WLJLbtzoFXiZaQEGRr94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVKXu18tX9Zaley+LIwwmcwjl4cA11uIMGNIHAIzzDK7w50nlx3p2PRWvOyWaO4Q+czx+iEY59</latexit>

2⇡/3

<latexit sha1_base64="8/qmi9ZkoFeK1GKcUMN9HiGm/D4=">AAAB7XicbVDJSgNBEK2JW4xbVPDiZTAInuKMS8wx4MVjBLNAMoSeTk/Spqe76e4RQsg/eBFUJFf/x5vox9hZDpr4oODxXhVV9ULJqDae9+mklpZXVtfS65mNza3tnezuXlWLRGFSwYIJVQ+RJoxyUjHUMFKXiqA4ZKQW9q7Hfu2BKE0FvzN9SYIYdTiNKEbGStWLpqSn561szst7E7iLxJ+RXOlAjp6/v4rlVvaj2RY4iQk3mCGtG74nTTBAylDMyDDTTDSRCPdQhzQs5SgmOhhMrh26x1Zpu5FQtrhxJ+rviQGKte7Hoe2MkenqeW8s/uc1EhMVgwHlMjGE4+miKGGuEe74dbdNFcGG9S1BWFF7q4u7SCFsbEAZG4I///IiqZ7l/UL+8tamUYAp0nAIR3ACPlxBCW6gDBXAcA+P8AKvjnCenDdnNG1NObOZffgD5/0H53ySZg==</latexit>

4⇡/3
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="mXHgOvkN1F/p7wqUlM9mJEOHvxU=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkoiWF0WutBlxb6gDWUymbRDJ5MwMxFK6Ce4caEUt/6KP+DOv3GadqGtBy4czrmXe+/xYs6Utu1vK7e1vbO7l98vFA8Oj45LJ6cdFSWS0DaJeCR7HlaUM0HbmmlOe7GkOPQ47XqTxsLvPlGpWCRaehpTN8QjwQJGsDbSY2PYGpYqdtXOgDaJsyKVevFuXv7s+c1h6WvgRyQJqdCEY6X6jh1rN8VSM8LprDBIFI0xmeAR7RsqcEiVm2anztCFUXwURNKU0ChTf0+kOFRqGnqmM8R6rNa9hfif1090cOumTMSJpoIsFwUJRzpCi7+RzyQlmk8NwUQycysiYywx0SadggnBWX95k3Suqk6tev1g0qjBEnkowzlcggM3UId7aEIbCIzgGV7hzeLWizW33petOWs1cwZ/YH38AKmekE8=</latexit>

CT

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="IG50Bc5ovEIS5AWpHyL5UXbnZc8=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkoiWF0WutCdFe0D2lAmk0k7dDIJMxOhhH6CGxdKceuv+APu/BsnbRfaeuDC4Zx7ufceL+ZMadv+tnIbm1vbO/ndQnFv/+CwdHTcVlEiCW2RiEey62FFORO0pZnmtBtLikOP0443bmR+54lKxSLxqCcxdUM8FCxgBGsjPTQGd4NSxa7ac6B14ixJpV68mZU/u35zUPrq+xFJQio04VipnmPH2k2x1IxwOi30E0VjTMZ4SHuGChxS5abzU6fozCg+CiJpSmg0V39PpDhUahJ6pjPEeqRWvUz8z+slOrh2UybiRFNBFouChCMdoexv5DNJieYTQzCRzNyKyAhLTLRJp2BCcFZfXifti6pTq17emzRqsEAeynAK5+DAFdThFprQAgJDeIZXeLO49WLNrPdFa85azpzAH1gfP6IKkEo=</latexit>

CO
<latexit sha1_base64="bPduqIk0Y5Jg7FF1HF3FAbWv34Y=">AAAB63icbVDLSgNBEOz1GRMfUY+5DAbBi2FXMHoMeNBjBPOAZAmzs5NkyMzsMjMrxCW/4MWDD7z6Kf6AN//G2SQHTSxoKKq66e4KYs60cd1vZ2V1bX1jM7eVL2zv7O4V9w+aOkoUoQ0S8Ui1A6wpZ5I2DDOctmNFsQg4bQWjq8xv3VOlWSTvzDimvsADyfqMYJNJpw89t1csuxV3CrRMvDkp1wrXr6XPdljvFb+6YUQSQaUhHGvd8dzY+ClWhhFOJ/luommMyQgPaMdSiQXVfjq9dYKOrRKifqRsSYOm6u+JFAutxyKwnQKboV70MvE/r5OY/qWfMhknhkoyW9RPODIRyh5HIVOUGD62BBPF7K2IDLHCxNh48jYEb/HlZdI8q3jVyvmtTaMKM+SgBEdwAh5cQA1uoA4NIDCER3iGF0c4T86b8z5rXXHmM4fwB87HDzCKkJk=</latexit>�z0

Figura D.10: Contorns emprats a la
solució del problema PD.4 (b).

Per tant, en aquest ĺımit tenim
∫

CO

dz

(z − 1− i)2
=

∮

CR∪CO

dz

(z − 1− i)2
= 0,

ja que el contorn tancat CR∪CO no conté cap singularitat. Notem també
que ∮

CT

dz

(z − 1− i)2
= 0,

ja que el residu de (z − 1− i)−2 a z0 és zero. Per tant,

∫

C

dz

(z − 1− i)2
= 0

(b) Primer de tot observem que

z2 − 2i = (z − 1− i)(z + 1 + i).

Tanquem el contorn exactament com a l’apartat anterior. El tros CR ara
tampoc contribueix, ja que
∣∣∣∣
∫

CR

dz

z2 − 2i

∣∣∣∣ ≤
∫ θ0−3π/2

−θ0

∣∣iReiθdθ
∣∣

|Reiθ| |Reiθ + 2 + 2i| ≤
∫ 3π/2−θ0

θ0

dθ∣∣R− 2
√
2
∣∣

=
1∣∣R− 2
√
2
∣∣

(
3π

2
− 2θ0

)
−−−→
R→∞

0.

La diferència amb l’apartat anterior és que ara hi ha també un pol a
l’interior de CR ∪ CO. Els residus són

res
z=±z0

(
1

z2 − 2i

)
=

1

2z

∣∣∣∣
z=±(1+i)

= ± 1

2(1 + i)
= ±1− i

4
.
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<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="sYEAyOVMqJkEqCp4hkqQ3vcqt8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7rlzdV0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+ISY1I</latexit>

(a)
<latexit sha1_base64="QA2rNPtiSbWvvd3jFcqJU0hgmX0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3oOYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Xbm6r5bqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8Aic6NSQ==</latexit>

(b)

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1

<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="OdPSYwZqANDeKdGeT8m7iMa/xyA=">AAACJXicbVHLSgMxFL1TX3V8VV0KEiyCqzJTsLosuHHhooJ9QFtKJr1tQzOZIckIpfRn3PgrblxYRHDl1s8wnXahrTckOTnnXpJ7EsSCa+N5n05mbX1jcyu77e7s7u0f5A6PajpKFMMqi0SkGgHVKLjEquFGYCNWSMNAYD0Y3sz0+iMqzSP5YEYxtkPal7zHGTWWinKn0AIGCBKMXRVwi/rggobv9IQWEejavWWHC3dAIbFKWtHJ5b2ClwZZBf4C5GERlU5u2upGLAlRGiao1k3fi017TJXhTODEbSUaY8qGtI9NCyUNUbfHaZcTcm6ZLulFyk5pSMr+rhjTUOtRGNjMkJqBXtZm5H9aMzG96/aYyzgxKNn8ol4iiInIzDLS5QqZESMLKFPcvpWwAVWUGWusa03wl1teBbViwS8VLu+L+XJpYUcWTuAMLsCHKyjDLVSgar/iCV7gDabOs/PqvDsf89SMs6g5hj/hfP0AQp+aqg==</latexit>

sèries de
Laurent

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1

<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="ImlIOsC0ZiLgjhzMDBjhirUBAQ0=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWk1oksSF7rEKI8EGjKdTmHCdNrMTE2w4RPcuNAQt/6KP+DOv3EoLBQ8yU1Ozrk3997jxZwpbdvfVm5tfWNzK79dKO7s7u2XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG1zO//UilYpF40OOYuiEeCBYwgrWR7p/65/1Sxa7aGdAqcRakUi/eTMufHb/RL331/IgkIRWacKxU17Fj7aZYakY4nRR6iaIxJiM8oF1DBQ6pctPs1Ak6MYqPgkiaEhpl6u+JFIdKjUPPdIZYD9WyNxP/87qJDq7clIk40VSQ+aIg4UhHaPY38pmkRPOxIZhIZm5FZIglJtqkUzAhOMsvr5LWWdWpVS/uTBo1mCMPZTiGU3DgEupwCw1oAoEBPMMrvFncerGm1vu8NWctZo7gD6yPH8tkkGU=</latexit>z3

<latexit sha1_base64="i+qKMntkMp+CXdaSMDekJQbIzO0=">AAACIXicbVHLSgMxFL1TX3V8VV3qIlgEV2Wm4GNZcOOyQluFTpFMeluDmWRIMkIp/oobf8WNC0W6E3/AzzAdZ6GtN+Rycs69JPckTgU3Ngg+vNLC4tLySnnVX1vf2NyqbO90jMo0wzZTQunrmBoUXGLbcivwOtVIk1jgVXx3PtWv7lEbrmTLjlLsJXQo+YAzah2lKvsQAQMECdZlDdyhIfhg4Cs/IRDouxy55UMLKIxAgAJ9U6kGtSAPMg/CAlShiOZNZRL1FcsSlJYJakw3DFLbG1NtORP44EeZwZSyOzrEroOSJmh643zCB3LomD4ZKO22tCRnf3eMaWLMKIldZULtrZnVpuR/Wjezg7PemMs0syjZz0WDTBCryNQu0ucamRUjByjT3L2VsFuqKbPOVN+ZEM6OPA869Vp4Uju+rFcbJ4UdZdiDAziCEE6hARfQhLb7hkd4hld48568F+/dm/yUlryiZxf+hPf5DUInmbE=</latexit>

sèrie de
Taylor

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="aElkJZtDDifZHP91VTn27jhJGb8=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsKuYPQY8KDHiOYByRJmZ2eTIbMzy8ysEJZ8ghcPSvDqr/gD3vwbJ4+DJhY0FFXddHcFCWfauO63k9vY3Nreye8Winv7B4elo+OWlqkitEkkl6oTYE05E7RpmOG0kyiK44DTdjC6mfntJ6o0k+LRjBPqx3ggWMQINlZ6UH2vX6q4VXcOtE68JanUi7fT8mcnbPRLX71QkjSmwhCOte56bmL8DCvDCKeTQi/VNMFkhAe0a6nAMdV+Nj91gs6sEqJIKlvCoLn6eyLDsdbjOLCdMTZDverNxP+8bmqiaz9jIkkNFWSxKEo5MhLN/kYhU5QYPrYEE8XsrYgMscLE2HQKNgRv9eV10rqoerXq5b1NowYL5KEMp3AOHlxBHe6gAU0gMIBneIU3hzsvztR5X7TmnOXMCfyB8/EDvCyQWw==</latexit>r1

<latexit sha1_base64="5QqKNUgVF5w6Puj7n72bgiaEdJQ=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsJuwOgx4EGPEU0MJEuYnZ1NhszOLDOzQljyCV48KMGrv+IPePNvnDwOmljQUFR1090VJJxp47rfTm5jc2t7J79bKO7tHxyWjo7bWqaK0BaRXKpOgDXlTNCWYYbTTqIojgNOH4PR9cx/fKJKMykezDihfowHgkWMYGOle9Wv9UsVt+rOgdaJtySVRvFmWv7shM1+6asXSpLGVBjCsdZdz02Mn2FlGOF0UuilmiaYjPCAdi0VOKbaz+anTtCZVUIUSWVLGDRXf09kONZ6HAe2M8ZmqFe9mfif101NdOVnTCSpoYIsFkUpR0ai2d8oZIoSw8eWYKKYvRWRIVaYGJtOwYbgrb68Ttq1qlevXtzZNOqwQB7KcArn4MElNOAWmtACAgN4hld4c7jz4kyd90VrzlnOnMAfOB8/vbCQXA==</latexit>r2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="bOrKdKTIxS2bfz4JWMHYz1TssEQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLBMwFkhBmJ2eTMbMXZmaFuOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44bCa60bX9ZqaXlldW19HpmY3Nreye7u1dTYSwZVlkoQtlwqULBA6xqrgU2IonUdwXW3cHlOK/folQ8DK71MMK2T3sB9zij2liVu042ZxfsicgiODPIXbznvz8eWsflTvaz1Q1Z7GOgmaBKNR070u2ESs2ZwFGmFSuMKBvQHjYNBtRH1U4mg47IkXG6xAuleYEmE/d3R0J9pYa+ayp9qvtqPhub/2XNWHvn7YQHUawxYNOPvFgQHZLx1qTLJTIthgYok9zMSlifSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurEerRfrdVqasmY9+/BH1tsPMoKQ5g==</latexit>z

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="14pt2jQopjp9LER4eYXFkG+AA2U=">AAAB6XicbZDLSgMxFIbP1Futt1GXboJFrJsyI1jdWXDjsoq9QDuUTJppQzOZIckIdegbCOJCEbe+hisfwZ0P4t70stDWHwIf/38OOef4MWdKO86XlVlYXFpeya7m1tY3Nrfs7Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3+xSiv31KpWCRu9CCmXoi7ggWMYG2s67vDtp13is5YaB7cKeTP3wvfHw+to0rb/mx1IpKEVGjCsVJN14m1l2KpGeF0mGslisaY9HGXNg0KHFLlpeNJh+jAOB0URNI8odHY/d2R4lCpQeibyhDrnprNRuZ/WTPRwZmXMhEnmgoy+ShIONIRGq2NOkxSovnAACaSmVkR6WGJiTbHyZkjuLMrz0PtuOiWiidXTr5cgomysAf7UAAXTqEMl1CBKhAI4B6e4NnqW4/Wi/U6Kc1Y055d+CPr7QeS/JEX</latexit>

z0

<latexit sha1_base64="aElkJZtDDifZHP91VTn27jhJGb8=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsKuYPQY8KDHiOYByRJmZ2eTIbMzy8ysEJZ8ghcPSvDqr/gD3vwbJ4+DJhY0FFXddHcFCWfauO63k9vY3Nreye8Winv7B4elo+OWlqkitEkkl6oTYE05E7RpmOG0kyiK44DTdjC6mfntJ6o0k+LRjBPqx3ggWMQINlZ6UH2vX6q4VXcOtE68JanUi7fT8mcnbPRLX71QkjSmwhCOte56bmL8DCvDCKeTQi/VNMFkhAe0a6nAMdV+Nj91gs6sEqJIKlvCoLn6eyLDsdbjOLCdMTZDverNxP+8bmqiaz9jIkkNFWSxKEo5MhLN/kYhU5QYPrYEE8XsrYgMscLE2HQKNgRv9eV10rqoerXq5b1NowYL5KEMp3AOHlxBHe6gAU0gMIBneIU3hzsvztR5X7TmnOXMCfyB8/EDvCyQWw==</latexit>r1

<latexit sha1_base64="5QqKNUgVF5w6Puj7n72bgiaEdJQ=">AAAB6nicbVDLSgNBEOyNr5j4iHrMZTAInsJuwOgx4EGPEU0MJEuYnZ1NhszOLDOzQljyCV48KMGrv+IPePNvnDwOmljQUFR1090VJJxp47rfTm5jc2t7J79bKO7tHxyWjo7bWqaK0BaRXKpOgDXlTNCWYYbTTqIojgNOH4PR9cx/fKJKMykezDihfowHgkWMYGOle9Wv9UsVt+rOgdaJtySVRvFmWv7shM1+6asXSpLGVBjCsd Zdz02Mn2FlGOF0UuilmiaYjPCAdi0VOKbaz+anTtCZVUIUSWVLGDRXf09kONZ6HAe2M8ZmqFe9mfif101NdOVnTCSpoYIsFkUpR0ai2d8oZIoSw8eWYKKYvRWRIVaYGJtOwYbgrb68Ttq1qlevXtzZNOqwQB7KcArn4MElNOAWmtACAgN4hld4c7jz4kyd90VrzlnOnMAfOB8/vbCQXA==</latexit>r2

<latexit sha1_base64="gHfrSXdQ+cpYbQUQRbkuNQuAEJ4=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DOegxonlAsoTZ2dlkyMzsMjMrhCWf4MWDErz6K/6AN//GyeOgiQUNRVU33V1Bwpk2rvvtbGxube/s5vbyhf2Dw6Pi8UlLx6kitEliHqtOgDXlTNKmYYbTTqIoFgGn7WBUn/ntJ6o0i+WjGSfUF3ggWcQINlZ6qPe9frHsVtw50DrxlqRcK9xOS5+dsNEvfvXCmKSCSkM41rrruYnxM6wMI5xO8r1U0wSTER7QrqUSC6r9bH7qBJ1bJURRrGxJg+bq74kMC63HIrCdApuhXvVm4n9eNzXRjZ8xmaSGSrJYFKUcmRjN/kYhU5QYPrYEE8XsrYgMscLE2HTyNgRv9eV10rqseNXK1b1NowoL5KAEZ3ABHlxDDe6gAU0gMIBneIU3hzsvztR5X7RuOMuZU/gD5+MHdJKQLA==</latexit>

C1

<latexit sha1_base64="iFH5cffMowMPLBbjKmOhetJBZJ4=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlJRJckLHSJUR4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8ahsFDwJDc5Oefe3HuPF3OmtG1/W7mt7Z3dvfx+oXhweHRcOjntqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadebNBd+94lKxSLxqKcxdUM8EixgBGsjPTSHtWGpYlftDGiTOCtSaRRv5+XPnt8alr4GfkSSkApNOFaq79ixdlMsNSOczgqDRNEYkwke0b6hAodUuWl26gxdGMVHQSRNCY0y9fdEikOlpqFnOkOsx2rdW4j/ef1EBzduykScaCrIclGQcKQjtPgb+UxSovnUEEwkM7ciMsYSE23SKZgQnPWXN0mnVnXq1at7k0YdlshDGc7hEhy4hgbcQQvaQGAEz/AKbxa3Xqy59b5szVmrmTP4A+vjB3YWkC0=</latexit>

C2

<latexit sha1_base64="LZI/t2BbK7HggYIVYdXJ63QbfKo=">AAAB9HicbVDLSgMxFL3js9ZXVXDjJliEuikzBWs3QsGNywr2Ae1QMmmmDc1kxiRTqEO/Qxciirj1Y9yJfozpY6GtBy73cM695OZ4EWdK2/antbS8srq2ntpIb25t7+xm9vZrKowloVUS8lA2PKwoZ4JWNdOcNiJJceBxWvf6l2O/PqBSsVDc6GFE3QB3BfMZwdpIrt92cnenF367YFo7k7Xz9gRokTgzki0fRk8P31+lSjvz0eqEJA6o0IRjpZqOHWk3wVIzwuko3YoVjTDp4y5tGipwQJWbTI4eoROjdJAfSlNCo4n6eyPBgVLDwDOTAdY9Ne+Nxf+8Zqz9kpswEcWaCjJ9yI850iEaJ4A6TFKi+dAQTCQztyLSwxITbXJKmxCc+S8vkloh7xTzZ9cmjSJMkYIjOIYcOHAOZbiCClSBwC3cwzO8WAPr0Xq13qajS9Zs5wD+wHr/AfRZlKE=</latexit>

f1(z) = f2(z)

<latexit sha1_base64="yWLjBDghbMvEZ4fAWCZgQN2FY9k=">AAACJ3icbVDLSgMxFL3js9ZX1aULg1XQTZkpWF0W3LhUsFpoS7mTZmowkxmSjFBL/8aNv+JGUBFd+gH+g7e1C7XekHByzrkk94Spktb5/rs3NT0zOzefW8gvLi2vrBbW1i9skhkuajxRiamHaIWSWtScdErUUyMwDpW4DK+Ph/rljTBWJvrc9VLRirGrZSQ5OqKSwhY0gYMADY5OA5JQFxjsQARtCGAPbmGfbk1aDJBUBAWf5JbUh+1C0S/5o2KTIBiDIozrtF14anYSnsVCO67Q2kbgp67VR+MkV2KQb2ZWpMivsSsaBDXGwrb6ozkHbJeYDosSQ1s7NmJ/dvQxtrYXh+SM0V3Zv9qQ/E9rZC46avWlTjMnNP9+KMoUcwkbhsY60gjuVI8AciPpr4xfoUHuKNo8hRD8HXkSXJRLQaV0cFYuVivjOHKwCdsUcQCHUIUTOIUahXoHD/AML9699+i9em/f1ilv3LMBv8r7+ALLLJpK</latexit>

f1(z)
anaĺıtica

<latexit sha1_base64="rQoDyEZus67tpTJwiDZe6nfqV+U=">AAACJ3icbVDLSgMxFL3j2/qqunRhsAq6KTMFH0vBjUsFawttKXfSTBvMZIYkI9Ti37jxV9wIKqJLP8B/8Pax0NYbEk7OOZfknjBV0jrf//Smpmdm5+YXFnNLyyura/n1jWubZIaLMk9UYqohWqGkFmUnnRLV1AiMQyUq4c1ZX6/cCmNloq9cNxWNGNtaRpKjIyrJb0MdOAjQ4Og0IAm1gcEuRNCEEuzDHRzQrU6LAZKKoOCb3JL6sJkv+EV/UGwSBCNQgFFdNPMv9VbCs1hoxxVaWwv81DV6aJzkStzn6pkVKfIbbIsaQY2xsI3eYM57tkdMi0WJoa0dG7C/O3oYW9uNQ3LG6Dp2XOuT/2m1zEUnjZ7UaeaE5sOHokwxl7B+aKwljeBOdQkgN5L+yngHDXJH0eYohGB85ElwXSoGR8XDy1Lh9GgUxwJswQ5FHMAxnMI5XECZQn2AJ3iFN+/Re/bevY+hdcob9WzCn/K+fgDM0JpL</latexit>

f2(z)
anaĺıtica

<latexit sha1_base64="dT6dEQ6bjbSC5YBBFJJOkP+KSGA=">AAAB6nicbVDLSgNBEOzxGRMfUY+5DAbBU9gVjB4DCnqMaB6QLGF2djYZMju7zMwKYcknePGgBK/+ij/gzb9x8jhoYkFDUdVNd5efCK6N43yjtfWNza3t3E6+sLu3f1A8PGrqOFWUNWgsYtX2iWaCS9Yw3AjWThQjkS9Yyx9eT/3WE1Oax/LRjBLmRaQvecgpMVZ6uOm5vWLZqTgz4FXiLki5VridlD7bQb1X/OoGMU0jJg0VROuO6yTGy4gynAo2zndTzRJCh6TPOpZKEjHtZbNTx/jUKgEOY2VLGjxTf09kJNJ6FPm2MyJmoJe9qfif10lNeOVlXCapYZLOF4WpwCbG079xwBWjRowsIVRxeyumA6IINTadvA3BXX55lTTPK261cnFv06jCHDkowQmcgQuXUIM7qEMDKPThGV7hDQn0gibofd66hhYzx/AH6OMHdhiQLQ==</latexit>

D1
<latexit sha1_base64="5KOKWjNsDVQR2VvJTI91/o3TP14=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosKOiyon1AG8pkMmmHTiZhZiKU0E9w40Ipbv0Vf8Cdf+Ok7UJbD1w4nHMv997jxZwpbdvfVm5jc2t7J79bKO7tHxyWjo7bKkokoS0S8Uh2PawoZ4K2NNOcdmNJcehx2vHG15nfeaJSsUg86klM3RAPBQsYwdpIDzeD2qBUsav2HGidOEtSaRRvZ+XPrt8clL76fkSSkApNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hAodUuen81Ck6M4qPgkiaEhrN1d8TKQ6VmoSe6QyxHqlVLxP/83qJDq7clIk40VSQxaIg4UhHKPsb+UxSovnEEEwkM7ciMsISE23SKZgQnNWX10m7VnXq1Yt7k0YdFshDGU7hHBy4hAbcQRNaQGAIz/AKbxa3XqyZ9b5ozVnLmRP4A+vjB3eckC4=</latexit>

D2 <latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="wcaOAG25SaQlXMEPb1aHtwGkobQ=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVloRuXFU1baEOZTCft2MkkzEyEEvoJblwoIrjyi9z5Ff6C08dCWw9cOJxzL/feEyScKe04X1ZuZXVtfSO/Wdja3tnds/cPGipOJaEeiXksWwFWlDNBPc00p61EUhwFnDaDYW3iNx+oVCwWd3qUUD/CfcFCRrA20m2te9+1S07ZmQItE3dOStXD9+KZ943qXfuz04tJGlGhCcdKtV0n0X6GpWaE03GhkyqaYDLEfdo2VOCIKj+bnjpGJ0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq0ZuI/3ntVIdXfsZEkmoqyGxRmHKkYzT5G/WYpETzkSGYSGZuRWSAJSbapFMwIbiLLy+TxnnZrZQvbkwaFZghD0dwDKfgwiVU4Rrq4AGBPjzCM7xY3HqyXq23WWvOms8U4Q+sjx+NhpA3</latexit>

Cj

<latexit sha1_base64="Itmn8ZryIZRJVkXanyKYKYe/B+k=">AAAB6nicbVDLSsNAFL2pr1pf0a7EzWARBKEkgtVlwY3LiqYttKFMppN27GQSZiZCDf0ENy4UEVz5Re78Cn/B6WOhrQcuHM65l3vvCRLOlHacLyu3tLyyupZfL2xsbm3v2Lt7dRWnklCPxDyWzQArypmgnmaa02YiKY4CThvB4HLsN+6pVCwWt3qYUD/CPcFCRrA20s1D565jl5yyMwFaJO6MlKr778UT7xvVOvZnuxuTNKJCE46VarlOov0MS80Ip6NCO1U0wWSAe7RlqMARVX42OXWEjozSRWEsTQmNJurviQxHSg2jwHRGWPfVvDcW//NaqQ4v/IyJJNVUkOmiMOVIx2j8N+oySYnmQ0MwkczcikgfS0y0SadgQnDnX14k9dOyWymfXZs0KjBFHg7gEI7BhXOowhXUwAMCPXiEZ3ixuPVkvVpv09acNZspwh9YHz/hUJBu</latexit>zj

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

<latexit sha1_base64="kPze7CgfE/SjJnpSPF31/WEE24k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIvH+MgDkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYf7a69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+alQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ46zsVcoXd+elaiWLIw9HcAyn4MElVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/nbeNVg==</latexit>

R = 1

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

Figura D.11: Contorn del problema PD.5.

Apliquem ara el teorema dels residus a CT i CR ∪ CO (recordem que es
recorre en sentit negatiu) separadament

∫

C

dz

z2 − 2i
= 2πi

[
1− i

4
−
(
−1− i

4

)]
,

i la solució és ∫

C

dz

z2 − 2i
= π(1 + i)

SD.5 Si

I =

∫ ∞

0

dx

(x2 + a2)(x2 + b2)
,

com que l’integrand és una funció parella, tenim I = (1/2) limR→∞ IR, on

IR =

∫ R

−R

dx

(x2 + a2)(x2 + b2)
.

Sigui C el contorn tancat [−R,R] ∪CR de la figura D.11. Considerem la
integral

J def
=

∫

C

dz

(z2 + a2)(z2 + b2)
= IR +

∫

CR

dz

(z2 + a2)(z2 + b2)

def
= IR + I ′R. (D.5)

Sobre el contorn CR tenim z = Reiθ, dz = Reiθi dθ i, per tant,

|I ′R| ≤
∫ π

0

Rdθ

|R2 − a2||R2 − b2|
R→∞−−−−→ 0,

on hem usat que ∣∣z2 + a2
∣∣ ≥

∣∣|z|2 − a2
∣∣

(anàlogament per a |z2+b2|). Això vol dir que I ′R = 0 en el ĺımit R → ∞.
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L’integrand de J té quatre pols simples a z = ±ia i z = ±ib. Només
z = ia i z = ib són a l’interior del contorn. Els residus són

kia =
1

(z + ia)(z2 + b2)

∣∣∣∣
z=ia

=
1

2ia

1

(b2 − a2)
,

kib =
1

(z + ib)(z2 + a2)

∣∣∣∣
z=ib

=
1

2ib

1

(a2 − b2)
.

Per tant, el teorema dels residus ens permet escriure

J = 2πi (kia + kib).

Llavors, si fem el ĺımit R → ∞ a (D.5) tenim

I =
1

2
(2πi) (kia + kib) =

π

2

1

b2 − a2

(
1

a
− 1

b

)
=

π

2ab

1

a+ b
.

La solució és, doncs,

∫ ∞

0

dx

(x2 + a2)(x2 + b2)
=

π

2ab

1

a+ b

Examen E

PE.1 (a) Obtingueu i representeu gràficament totes les solucions de l’equa-
ció sin z =

√
2.

(b) Comproveu que tots aquests valors satisfan sin2 z + cos2 z = 1.

PE.2 Considereu la branca principal del logaritme:

log z = log r + iθ, −π < θ ≤ π,

on, com és habitual, z = reiθ. Calculeu els tres primers termes (els
d’exponent més baix) de les sèries de Laurent (si existeixen) de

f(z) = 1/ log z

al voltant dels punts z = 1, z = 0 i z = e. Determineu en cada cas la
regió de convergència i dibuixeu-la.

PE.3 Sigui z = x + iy, sigui f(z) = u(x, y) + iv(x, y) una funció anaĺıtica en
un domini D del pla complex i sigui ρ un nombre real positiu més petit
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que la distància mı́nima de z a la frontera de D. Mitjançant la fórmula
integral de Cauchy, calculeu

1

2π

∫ 2π

0

u(x+ ρ cosϕ, y + ρ sinϕ) dϕ.

Ajut: El resultat és una de les possibilitats següents: 0, u(x + ρ, y + ρ),
f(ρ), u(ρ, ρ), u(x, y), v(x, y).

PE.4 Amb el teorema de la sèrie de Laurent, determineu l’expressió més general
d’una funció f(z) anaĺıtica en tot el pla C i tal que

lim
z→∞

f(z)

z2
= 0.

PE.5 Feu servir el contorn de la figura E.1 i calculeu amb el mètode dels residus
les integrals

I± =

∫ ∞

0

dx

x4 ± 6x2 + 25
,

<latexit sha1_base64="Yierp2Juypwqaz4lo/aw0LhrITY=">AAAB6XicbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxmDuUCyhNnJbDJkdnaZmRXCkjewsVDE1texshB8mji5FJr4w8DH/5/DnHO8iDOlbfvbSq2srq1vpDczW9s7u9nc3n5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZpI3HqhULBT3ehhRN8A9wXxGsDZW9azayeXtgj0VWgZnDvnr8eHH1fgrW+nkPtvdkMQBFZpwrFTLsSPtJlhqRjgdZdqxohEmA9yjLYMCB1S5yXTSEToxThf5oTRPaDR1f3ckOFBqGHimMsC6rxaziflf1oq1f+kmTESxpoLMPvJjjnSIJmujLpOUaD40gIlkZlZE+lhios1xMuYIzuLKy1AvFpxS4fzOzpdLMFMajuAYTsGBCyjDLVSgBgR8eIRneLEG1pP1ar3NSlPWvOcA/sh6/wHKD5FF</latexit>�R
<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="pbB6ef7/HBHTBPDxHrbDM/OEaN0=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEazuLLhxWcFeoFNKJs20oZlkTDJCGfoMghsXirj1HVz5CO58EPeml4W2/hD4+P9zyDkniDnTxnW/nMzS8srqWnY9t7G5tb2T392ra5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSDy3HeuKNKMyluzDCm7Qj3BAsZwcZaTZ/GmnEpOvmCW3InQovgzaBw8V78/rj3j6ud/KfflSSJqDCEY61bnhubdoqVYYTTUc5PNI0xGeAebVkUOKK6nU7mHaEj63RRKJV9wqCJ+7sjxZHWwyiwlRE2fT2fjc3/slZiwvN2ykScGCrI9KMw4chINF4edZmixPChBUwUs7Mi0scKE2NPlLNH8OZXXoT6Sckrl06v3UKlDFNl4QAOoQgenEEFrqAKNSDA4QGe4Nm5dR6dF+d1WppxZj378EfO2w+WA5QI</latexit>✏

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="0UaHZKf+Vh/+tx55tRzKnibt3f8=">AAAB7HicbVC7SgNBFL0bXzG+opaCLAbBQsKu4KMzYGOZgHlAsoTZyWwyZHZ2mbkrhCWltY2FIrb2dn6Hnd+gH+HkUWjigQuHc+7hPvxYcI2O82llFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBNcsipyFKwRK0ZCX7C6378a+fVbpjSP5A0OYuaFpCt5wClBI1VbnQh1O19wis4Y9jxxp6Rw+fZ1t/9e+S638x8mR5OQSaSCaN10nRi9lCjkVLBhrpVoFhPaJ13WNFSSkGkvHS87tA+N0rGDSJmSaI/V34mUhFoPQt90hgR7etYbif95zQSDCy/lMk6QSToZFCTCxsgeXW53uGIUxcAQQhU3u9q0RxShaP6TM09wZ0+eJ7WTontWPK24hdIxTJCFPTiAI3DhHEpwDWWoAgUO9/AIT5a0Hqxn62XSmrGmmV34A+v1B+lIkyY=</latexit>. . .

<latexit sha1_base64="uXcaS+U1b74lRlwMfsmIN0x5hKo=">AAAB7HicbVC7SgNBFL3rM8ZX1NJmMQixCbuC0c6AjWUENwkkS5idzCZDZmeXmbtCWPINaSwUsfUrrPwEOz/E3smj0MQDFw7n3MN9BIngGh3ny1pZXVvf2Mxt5bd3dvf2CweHdR2nijKPxiJWzYBoJrhkHnIUrJkoRqJAsEYwuJn4jQemNI/lPQ4T5kekJ3nIKUEjee1ujLpTKDplZwp7mbhzUrx+L31/jNtntU7h0+RoGjGJVBCtW66ToJ8RhZwKNsq3U80SQgekx1qGShIx7WfTZUf2qVG6dhgrUxLtqfo7kZFI62EUmM6IYF8vehPxP6+VYnjlZ1wmKTJJZ4PCVNgY25PL7S5XjKIYGkKo4mZXm/aJIhTNf/LmCe7iycukfl52K+WLO7dYrcAMOTiGEyiBC5dQhVuogQcUOIzhCZ4taT1aL9brrHXFmmeO4A+stx86+ZKr</latexit>. . .
<latexit sha1_base64="hNLy7eiThupjC7+YugyD5r5aIAo=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahItakYHVnwY3LCvYBTSyT6W07dDIJMxOhhn6DH+DGhSJuXbvyE9z5Ie6dPhbaeuByD+fcy9w5fsSoVLb9ZaQWFpeWV9KrmbX1jc2subVdk2EsCFRJyELR8LEERjlUFVUMGpEAHPgM6n7/YuTXb0FIGvJrNYjAC3CX0w4lWGmpZWbhJjlyI3pcPCzqNmyZObtgj2HNE2dKcufv+e+Pe/eg0jI/3XZI4gC4IgxL2XTsSHkJFooSBsOMG0uIMOnjLjQ15TgA6SXjw4fWvlbaVicUuriyxurvjQQHUg4CX08GWPXkrDcS//OaseqceQnlUayAk8lDnZhZKrRGKVhtKoAoNtAEE0H1rRbpYYGJ0llldAjO7JfnSa1YcEqFkys7Vy6hCdJoF+2hPHLQKSqjS1RBVURQjB7QE3o27oxH48V4nYymjOnODvoD4+0HxoSWOQ==</latexit>

e�⇡/2+2⇡

<latexit sha1_base64="ZFxjdKHTFrTqN1la9EG9h5KgA+E=">AAAB8XicbZC7SgNBFIZn4y3GW9TSZjAIsTDuBox2BmwsI5gLZtcwOzlJhszOLjOzQljyDDY2ForY+gpWPoKdD2Lv5FJo4g8DH/9/DnPO8SPOlLbtLyu1sLi0vJJezaytb2xuZbd3aiqMJYUqDXkoGz5RwJmAqmaaQyOSQAKfQ93vX4zy+h1IxUJxrQcReAHpCtZhlGhj3cBtcuRG7Lg4bGVzdsEeC8+DM4Xc+Xv+++PePay0sp9uO6RxAEJTTpRqOnakvYRIzSiHYcaNFUSE9kkXmgYFCUB5yXjiIT4wTht3Qmme0Hjs/u5ISKDUIPBNZUB0T81mI/O/rBnrzpmXMBHFGgSdfNSJOdYhHq2P20wC1XxggFDJzKyY9ogkVJsjZcwRnNmV56FWLDilwsmVnSuX0ERptIf2UR456BSV0SWqoCqiSKAH9ISeLWU9Wi/W66Q0ZU17dtEfWW8/IXeURA==</latexit>

e�⇡/2

<latexit sha1_base64="M5bT86z098DBh9/LfOlzunzbLSk=">AAAB+HicbVC7TgJBFL2LL8QHq5Y2E4kJFuAuiWgniY0lJvJI2JXMDgNMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaC0BoJeSiaHpaUs4DWFFOcNiNBse9x2vAGF2O/cUuFZGFwrYYRdX3cC1iXEay01Daz9CYpOBE7LhVKuo3aZs4qWhOgRWLPSO78Pf/9ce8cVdvmp9MJSezTQBGOpWzZVqTcBAvFCKejjBNLGmEywD3a0jTAPpVuMjl8hA610kHdUOgKFJqovzcS7Es59D096WPVl/PeWPzPa8Wqe+YmLIhiRQMyfagbc6RCNE4BdZigRPGhJpgIpm9FpI8FJkpnldEh2PNfXiT1UtEuF0+urFylDFOkYR8OIA82nEIFLqEKNSAQwwM8wbNxZzwaL8brdDRlzHb24A+Mtx/JlpY7</latexit>

e�⇡/2�2⇡

<latexit sha1_base64="Ovw/3A9hhsraXWAfQInqY79Lb3c=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXKNpJYmOJiTwSdiWzwwUnzD4yM2uCG77BD7Cx0Bhbays/wc4PsXd4FAqe5OaenHNv5s7xIs6ksqwvI7WwuLS8kl7NrK1vbGbNre26DGNBoUZDHoqmRyRwFkBNMcWhGQkgvseh4fXPR37jFoRkYXClBhG4PukFrMsoUVpqm1m4TgpOxA5LhSPdhm0zZxWtMfA8sackd/ae//64dw6qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZhxYgkRoX3Sg5amAfFBusn48CHe10oHd0OhK1B4rP7eSIgv5cD39KRP1I2c9Ubif14rVt1TN2FBFCsI6OShbsyxCvEoBdxhAqjiA00IFUzfiukNEYQqnVVGh2DPfnme1EtFu1w8vrRylTKaII120R7KIxudoAq6QFVUQxTF6AE9oWfjzng0XozXyWjKmO7soD8w3n4AzKaWPQ==</latexit>

e�⇡/2�4⇡

<latexit sha1_base64="1GfeSKw1IIbAkU079aHCJHjL1l0=">AAAB+HicbVC7TgJBFJ3FF+KDVUubicQEC3CXRLSTxMYSE3kk7EpmhwtMmH1kZtYEN3yDH2BjoTG21lZ+gp0fYu/wKBQ8yc09OefezJ3jRZxJZVlfRmppeWV1Lb2e2djc2s6aO7t1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9DwxtcjP3GLQjJwuBaDSNwfdILWJdRorTUNrNwkxSciB2XCmXdRm0zZxWtCfAisWckd/6e//64d46qbfPT6YQ09iFQlBMpW7YVKTchQjHKYZRxYgkRoQPSg5amAfFBusnk8BE+1EoHd0OhK1B4ov7eSIgv5dD39KRPVF/Oe2PxP68Vq+6Zm7AgihUEdPpQN+ZYhXicAu4wAVTxoSaECqZvxbRPBKFKZ5XRIdjzX14k9VLRLhdPrqxcpYymSKN9dIDyyEanqIIuURXVEEUxekBP6Nm4Mx6NF+N1OpoyZjt76A+Mtx/PtpY/</latexit>

e�⇡/2�6⇡

<latexit sha1_base64="jPxvRY0nbTHe1aQk0qEIlhHGrnU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVTdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGQ6Q1g==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0

<latexit sha1_base64="BR3XH29q9djDpZdztaur5Lz9WvI=">AAAB7nicbZDLSsNAFIZP6q3WW1Vw4yZYBFclKVjdWXDTZQV7gTaUyXTSDp1M4syJUEJfQXDjQhG3Po8738I30Olloa0/DHz8/znMOcePBdfoOJ9WZmV1bX0ju5nb2t7Z3cvvHzR0lCjK6jQSkWr5RDPBJasjR8FasWIk9AVr+sPrSd68Z0rzSN7iKGZeSPqSB5wSNFaTd/SdwlI3X3CKzlT2MrhzKFx916pHX+sPtW7+o9OLaBIyiVQQrduuE6OXEoWcCjbOdRLNYkKHpM/aBiUJmfbS6bhj+9Q4PTuIlHkS7an7uyMlodaj0DeVIcGBXswm5n9ZO8Hg0ku5jBNkks4+ChJhY2RPdrd7XDGKYmSAUMXNrDYdEEUomgvlzBHcxZWXoVEquuXi+Y1TqJRhpiwcwwmcgQsXUIEq1KAOFIbwCM/wYsXWk/Vqvc1KM9a85xD+yHr/AeKykus=</latexit>

i
p

2

<latexit sha1_base64="mbapy+F4u/Jjf/2z8/g5hoUf/5s=">AAAB/nicbVDLSsNAFJ3UV62vqOjGTbQIbqxJobXLghuXFewDmlAm09t26GQSZyZCCQU/w5XgxoUibv0Od6If4/Sx0NYDFw7n3Mu99/gRo1LZ9qeRWlhcWl5Jr2bW1jc2t8ztnZoMY0GgSkIWioaPJTDKoaqoYtCIBODAZ1D3+xcjv34LQtKQX6tBBF6Au5x2KMFKSy1zj7p9EPw05xQgOHMPXXkjVL5lZu2cPYY1T5wpyZb3o4f7769SpWV+uO2QxAFwRRiWsunYkfISLBQlDIYZN5YQYdLHXWhqynEA0kvG5w+tY620rU4odHFljdXfEwkOpBwEvu4MsOrJWW8k/uc1Y9UpeQnlUayAk8miTswsFVqjLKw2FUAUG2iCiaD6Vov0sMBE6cQyOgRn9uV5UsvnnGKucKXTKKIJ0ugAHaET5KBzVEaXqIKqiKAEPaJn9GLcGU/Gq/E2aU0Z05ld9AfG+w/EE5hu</latexit>

i/
p

2

<latexit sha1_base64="aq1ky2OyCRdZ7OvjLMKkI+Ln6Ss=">AAAB/3icbVC7SgNBFJ2NrxhfUSGNzWoQbBJ3A4kpAzaWEcwDskuYndxNhszOrjOzQogp/AsrCxsLRWz9DTvRj3HyKDTxwIXDOfdy7z1exKhUlvVpJJaWV1bXkuupjc2t7Z307l5dhrEgUCMhC0XTwxIY5VBTVDFoRgJw4DFoeP3zsd+4ASFpyK/UIAI3wF1OfUqw0lI7nclRpw+C5/J2EYJT59CR10IV2umslbcmMBeJPSPZSiZ6uP/+Klfb6Q+nE5I4AK4Iw1K2bCtS7hALRQmDUcqJJUSY9HEXWppyHIB0h5P7R+axVjqmHwpdXJkT9ffEEAdSDgJPdwZY9eS8Nxb/81qx8svukPIoVsDJdJEfM1OF5jgMs0MFEMUGmmAiqL7VJD0sMFE6spQOwZ5/eZHUC3m7lC9e6jRKaIokOkBH6ATZ6AxV0AWqohoi6BY9omf0YtwZT8ar8TZtTRizmX30B8b7DzEymKU=</latexit>

�i/
p

2

<latexit sha1_base64="7tJOgmMOXY/A1xo8rRaB32RLD7k=">AAAB73icbZDJSgNBEIZr4hbjFhW8eGkMghfDTMDozYCXHCOYBZIh9HQ6SZOeJd01QhjyCh68eFDEq6/jzbfwDbSzHDTxh4aP/6+iq8qLpNBo259WamV1bX0jvZnZ2t7Z3cvuH9R0GCvGqyyUoWp4VHMpAl5FgZI3IsWp70le9wY3k7x+z5UWYXCHo4i7Pu0FoisYRWM1zkVLDxUW2tmcnbenIsvgzCF3/V0pH32tP1Ta2Y9WJ2SxzwNkkmrddOwI3YQqFEzycaYVax5RNqA93jQYUJ9rN5nOOyanxumQbqjMC5BM3d8dCfW1HvmeqfQp9vViNjH/y5oxdq/cRARRjDxgs4+6sSQYksnypCMUZyhHBihTwsxKWJ8qytCcKGOO4CyuvAy1Qt4p5i9u7VypCDOl4RhO4AwcuIQSlKECVWAg4RGe4cUaWk/Wq/U2K01Z855D+CPr/QdNIJMi</latexit>

�i
p

2

<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR

<latexit sha1_base64="mXHgOvkN1F/p7wqUlM9mJEOHvxU=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkoiWF0WutBlxb6gDWUymbRDJ5MwMxFK6Ce4caEUt/6KP+DOv3GadqGtBy4czrmXe+/xYs6Utu1vK7e1vbO7l98vFA8Oj45LJ6cdFSWS0DaJeCR7HlaUM0HbmmlOe7GkOPQ47XqTxsLvPlGpWCRaehpTN8QjwQJGsDbSY2PYGpYqdtXOgDaJsyKVevFuXv7s+c1h6WvgRyQJqdCEY6X6jh1rN8VSM8LprDBIFI0xmeAR7RsqcEiVm2anztCFUXwURNKU0ChTf0+kOFRqGnqmM8R6rNa9hfif1090cOumTMSJpoIsFwUJRzpCi7+RzyQlmk8NwUQycysiYywx0SadggnBWX95k3Suqk6tev1g0qjBEnkowzlcggM3UId7aEIbCIzgGV7hzeLWizW33petOWs1cwZ/YH38AKmekE8=</latexit>

CT

<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="D9mgRtJCVovRQ27lP0VnxJagMm8=">AAAB73icbVBNS8NAEN3Ur9r6UfXYS7AInkoiWD0WPOixgm0DbSibzbRdutnE3YlQQv+EFxFFvPpD/APe/DduPw7a+mDg8d4MM/OCRHCNjvNt5dbWNza38tuF4s7u3n7p4LCl41QxaLJYxMoLqAbBJTSRowAvUUCjQEA7GF1N/fYDKM1jeYfjBPyIDiTvc0bRSF4Xh4C05/RKFafqzGCvEndBKvXi9XP50wsbvdJXN4xZGoFEJqjWHddJ0M+oQs4ETArdVENC2YgOoGOopBFoP5vdO7FPjBLa/ViZkmjP1N8TGY20HkeB6YwoDvWyNxX/8zop9i/9jMskRZBsvqifChtje/q8HXIFDMXYEMoUN7fabEgVZWgiKpgQ3OWXV0nrrOrWque3Jo0amSNPyuSYnBKXXJA6uSEN0iSMCPJIXsirdW89WW/W+7w1Zy1mjsgfWB8/hZKSjA==</latexit>

✓0

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="IG50Bc5ovEIS5AWpHyL5UXbnZc8=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkoiWF0WutCdFe0D2lAmk0k7dDIJMxOhhH6CGxdKceuv+APu/BsnbRfaeuDC4Zx7ufceL+ZMadv+tnIbm1vbO/ndQnFv/+CwdHTcVlEiCW2RiEey62FFORO0pZnmtBtLikOP0443bmR+54lKxSLxqCcxdUM8FCxgBGsjPTQGd4NSxa7ac6B14ixJpV68mZU/u35zUPrq+xFJQio04VipnmPH2k2x1IxwOi30E0VjTMZ4SHuGChxS5abzU6fozCg+CiJpSmg0V39PpDhUahJ6pjPEeqRWvUz8z+slOrh2UybiRFNBFouChCMdoexv5DNJieYTQzCRzNyKyAhLTLRJp2BCcFZfXifti6pTq17emzRqsEAeynAK5+DAFdThFprQAgJDeIZXeLO49WLNrPdFa85azpzAH1gfP6IKkEo=</latexit>

CO

<latexit sha1_base64="D9mgRtJCVovRQ27lP0VnxJagMm8=">AAAB73icbVBNS8NAEN3Ur9r6UfXYS7AInkoiWD0WPOixgm0DbSibzbRdutnE3YlQQv+EFxFFvPpD/APe/DduPw7a+mDg8d4MM/OCRHCNjvNt5dbWNza38tuF4s7u3n7p4LCl41QxaLJYxMoLqAbBJTSRowAvUUCjQEA7GF1N/fYDKM1jeYfjBPyIDiTvc0bRSF4Xh4C05/RKFafqzGCvEndBKvXi9XP50wsbvdJXN4xZGoFEJqjWHddJ0M+oQs4ETArdVENC2YgOoGOopBFoP5vdO7FPjBLa/ViZkmjP1N8TGY20HkeB6YwoDvWyNxX/8zop9i/9jMskRZBsvqifChtje/q8HXIFDMXYEMoUN7fabEgVZWgiKpgQ3OWXV0nrrOrWque3Jo0amSNPyuSYnBKXXJA6uSEN0iSMCPJIXsirdW89WW/W+7w1Zy1mjsgfWB8/hZKSjA==</latexit>

✓0

-0.4 -0.2 0.2 0.4

-0.4

-0.2

0.2

0.4
<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="j4kJGAxT8snQIlkrow7cyKdy11U=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMFoGbCwjmAckS5idzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0KjBy4czrmXe+8JYs60cd1PJ7O0vLK6ll3PbWxube/kd/dqWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO60H/auLX76nSTIpbM4ipH+GuYCEj2Fip9thOT71hO19wi+4U6C/x5qRQPvgqvI0fRpV2/qPVkSSJqDCEY62bnhsbP8XKMMLpMNdKNI0x6eMubVoqcES1n06vHaJjq3RQKJUtYdBU/TmR4kjrQRTYzgibnl70JuJ/XjMx4aWfMhEnhgoyWxQmHBmJJq+jDlOUGD6wBBPF7K2I9LDCxNiAcjYEb/Hlv6R2VvRKxfMbm0YJZsjCIRzBCXhwAWW4hgpUgcAdPMELjBzpPDtj53XWmnHmM/vwC877N0WDkp4=</latexit>z�1

<latexit sha1_base64="ILkmswk3q5X6vTIXNF7sYANgWSY=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWE3YLQM2FhGMA9IQpidzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0ITD1w4nHMv997jR5xp47pfTmpldW19I72Z2dre2d3L7h9UtYwVoRUiuVR1H2vKmaAVwwyn9UhRHPqc1vz+9cSvPVClmRR3ZhDRVoi7ggWMYGOl6lM7OS8M29mcm3enQMvEm5Nc6eg79z5+HJXb2c9mR5I4pMIQjrVueG5kWglWhhFOh5lmrGmESR93acNSgUOqW8n02iE6tUoHBVLZEgZN1d8TCQ61HoS+7Qyx6elFbyL+5zViE1y1Eiai2FBBZouCmCMj0eR11GGKEsMHlmCimL0VkR5WmBgbUMaG4C2+vEyqhbxXzF/c2jSKMEMajuEEzsCDSyjBDZShAgTu4RleYeRI58UZO2+z1pQznzmEP3A+fgBHCJKf</latexit>z�2

<latexit sha1_base64="cJd3Vft0WhJIFxkEGX/f0vW3vU0=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMVoGbCwjmAckS5idTJIxszPLzKwSl/yDjYUhWNj4P3Z+ip2TR6GJBy4czrmXe+8JIs60cd0vJ7W0vLK6ll7PbGxube9kd/cqWsaK0DKRXKpagDXlTNCyYYbTWqQoDgNOq0HveuxXH6jSTIo704+oH+KOYG1GsLFS5amZnJ4Pmtmcm3cnQIvEm5Fc8eA79z56HJaa2c9GS5I4pMIQjrWue25k/AQrwwing0wj1jTCpIc7tG6pwCHVfjK5doCOrdJCbalsCYMm6u+JBIda98PAdobYdPW8Nxb/8+qxaV/5CRNRbKgg00XtmCMj0fh11GKKEsP7lmCimL0VkS5WmBgbUMaG4M2/vEgqZ3mvkL+4tWkUYIo0HMIRnIAHl1CEGyhBGQjcwzO8wtCRzoszct6mrSlnNrMPf+B8/ABIjZKg</latexit>z�3

<latexit sha1_base64="jazcfw7+mKwMUQ0b9EZBtfyg/9w=">AAAB7XicbZC7SgNBFIZnvcZ4i1raLAYhNmFXMNoZsLGMYC6QXcLs7GwyZnZmmTkbCEueQRsLRWx9CSsfwc4HsXdyKTTxh4GP/z+HOecECWcaHOfLWlpeWV1bz23kN7e2d3YLe/sNLVNFaJ1ILlUrwJpyJmgdGHDaShTFccBpM+hfjfPmgCrNpLiFYUL9GHcFixjBYKyGNwgl6E6h6JSdiexFcGdQvHwvfX/ceye1TuHTCyVJYyqAcKx123US8DOsgBFOR3kv1TTBpI+7tG1Q4JhqP5tMO7KPjRPakVTmCbAn7u+ODMdaD+PAVMYYeno+G5v/Ze0Uogs/YyJJgQoy/ShKuQ3SHq9uh0xRAnxoABPFzKw26WGFCZgD5c0R3PmVF6FxWnYr5bMbp1itoKly6BAdoRJy0TmqomtUQ3VE0B16QE/o2ZLWo/VivU5Ll6xZzwH6I+vtBxSwkyo=</latexit>...

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="a4UMw9JOzVMIey7j7DfM3zpCVlo=">AAAB6nicbZDLSgMxFIbPeK31VnXpJliEuikzgtWdBTcu66UXaIeSSTNtaCYZkoxQhj6CCC4UcetjuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvRnn9jirNpLg1g5j6Ee4KFjKCjbVuGLpu5/Ju0R0LzYM3hfz5e+H746F1VGnnPlsdSZKICkM41rrpubHxU6wMI5wOs61E0xiTPu7SpkWBI6r9dDzqEB1ap4NCqewTBo3d3x0pjrQeRIGtjLDp6dlsZP6XNRMTnvkpE3FiqCCTj8KEIyPRaG/UYYoSwwcWMFHMzopIDytMjL1O1h7Bm115HmrHRa9UPLly8+USTJSBfTiAAnhwCmW4hApUgUAX7uEJnh3uPDovzuukdMGZ9uzBHzlvPxBRkVs=</latexit>

iR

<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C

Figura E.1: Contorn utilitzat al
problema PE.5

Figura E.2: El conjunt dels nombres complexos de la
forma (1/2 + 2k)π − i log(

√
2± 1), k ∈ Z.

Ajut: Per trobar les arrels del denominador, observeu que

z4 + 6z2 + 25 = (z2 − 2z + 5)(z2 + 2z + 5).

PE.6 Calculeu amb el mètode dels residus

∫ 2π

0

dθ

3 + cos θ + 2 sin θ
.
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Solucions

SE.1 (a)

sin z =
eiz − e−iz

2i
=

√
2 ⇒ eiz − i2

√
2− e−iz = 0

⇒
(
eiz
)2 − i2

√
2eiz − 1 = 0 ⇒ eiz = i(

√
2± 1). (E.1)

Per tant,

iz = log
{
i(
√
2± 1)

}
= log(

√
2± 1) + i

(π
2
+ 2πk

)
, k ∈ Z.

Aix́ı doncs,

z =

(
1

2
+ 2k

)
π − i log(

√
2± 1), k ∈ Z

(b)

cos z =
eiz + e−iz

2
=

i

2

(√
2± 1− 1√

2± 1

)

=
i

2(
√
2± 1)

[
(
√
2± 1)2 − 1

]
= ±i,

on hem usat (E.1) a la segona igualtat. Per tant,

sin2 z + cos2 z = 2 + (±i)2 = 1.

SE.2 i. Sèrie al voltant de z = 1:

− log z = − log [1− (1− z)]

= (1− z) +
(1− z)2

2
+

(1− z)3

3
+ · · ·

= (1− z)

[
1 +

(1− z)

2
+

(1− z)2

3
· · ·
]
.

Per tant,

1

log z
= − 1

1− z
· 1

1 + (1−z)
2

+ (1−z)2
3

+ · · ·

= − 1

1− z

{
1−

[
(1− z)

2
+

(1− z)2

3
+ · · ·

]

+

[
(1− z)

2
+

(1− z)2

3
+ · · ·

]2
+ · · ·

}

= − 1

1− z

{
1− 1− z

2
− (1− z)2

3
+

(1− z)2

22
+ · · ·

}
.
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Combinant els dos últims termes obtenim

1

log z
=

1

z − 1
+

1

2
− z − 1

12
+ · · · , 0 < |z − 1| < 1

ii. Sèrie al voltant de z = 0:

no existeix perquè z = 0 és un punt d’embrancament

iii. Sèrie al voltant de z = e: log z = log

[
e

(
1− e− z

e

)]

= 1− e− z

e
− (e− z)2

2e2
+ · · ·

Per tant,

1

log z
=

1

1− e−z
e

− (e−z)2
2e2

+ · · ·

= 1 +

[
e− z

e
+

(e− z)2

2e2
+ · · ·

]
+

[
e− z

e
+

(e− z)2

2e2
+ · · ·

]2
+ · · ·

= 1 +
e− z

e
+

(e− z)2

2e2
+

(
e− z

e

)2

+ · · · .

Combinant els termes quadràtics obtenim

1

log z
= 1− z − e

e
+

3(z − e)2

2e2
+ · · · , |z − e| < e− 1

Les regions de convergència de les sèries obtingudes i les diverses singu-
laritats de f(z) es mostren a la figura E.3.

-0.4 -0.2 0.2 0.4

-0.4

-0.2

0.2

0.4
<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="j4kJGAxT8snQIlkrow7cyKdy11U=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMFoGbCwjmAckS5idzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0KjBy4czrmXe+8JYs60cd1PJ7O0vLK6ll3PbWxube/kd/dqWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO60H/auLX76nSTIpbM4ipH+GuYCEj2Fip9thOT71hO19wi+4U6C/x5qRQPvgqvI0fRpV2/qPVkSSJqDCEY62bnhsbP8XKMMLpMNdKNI0x6eMubVoqcES1n06vHaJjq3RQKJUtYdBU/TmR4kjrQRTYzgibnl70JuJ/XjMx4aWfMhEnhgoyWxQmHBmJJq+jDlOUGD6wBBPF7K2I9LDCxNiAcjYEb/Hlv6R2VvRKxfMbm0YJZsjCIRzBCXhwAWW4hgpUgcAdPMELjBzpPDtj53XWmnHmM/vwC877N0WDkp4=</latexit>z�1

<latexit sha1_base64="ILkmswk3q5X6vTIXNF7sYANgWSY=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWE3YLQM2FhGMA9IQpidzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0ITD1w4nHMv997jR5xp47pfTmpldW19I72Z2dre2d3L7h9UtYwVoRUiuVR1H2vKmaAVwwyn9UhRHPqc1vz+9cSvPVClmRR3ZhDRVoi7ggWMYGOl6lM7OS8M29mcm3enQMvEm5Nc6eg79z5+HJXb2c9mR5I4pMIQjrVueG5kWglWhhFOh5lmrGmESR93acNSgUOqW8n02iE6tUoHBVLZEgZN1d8TCQ61HoS+7Qyx6elFbyL+5zViE1y1Eiai2FBBZouCmCMj0eR11GGKEsMHlmCimL0VkR5WmBgbUMaG4C2+vEyqhbxXzF/c2jSKMEMajuEEzsCDSyjBDZShAgTu4RleYeRI58UZO2+z1pQznzmEP3A+fgBHCJKf</latexit>z�2

<latexit sha1_base64="cJd3Vft0WhJIFxkEGX/f0vW3vU0=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMVoGbCwjmAckS5idTJIxszPLzKwSl/yDjYUhWNj4P3Z+ip2TR6GJBy4czrmXe+8JIs60cd0vJ7W0vLK6ll7PbGxube9kd/cqWsaK0DKRXKpagDXlTNCyYYbTWqQoDgNOq0HveuxXH6jSTIo704+oH+KOYG1GsLFS5amZnJ4Pmtmcm3cnQIvEm5Fc8eA79z56HJaa2c9GS5I4pMIQjrWue25k/AQrwwing0wj1jTCpIc7tG6pwCHVfjK5doCOrdJCbalsCYMm6u+JBIda98PAdobYdPW8Nxb/8+qxaV/5CRNRbKgg00XtmCMj0fh11GKKEsP7lmCimL0VkS5WmBgbUMaG4M2/vEgqZ3mvkL+4tWkUYIo0HMIRnIAHl1CEGyhBGQjcwzO8wtCRzoszct6mrSlnNrMPf+B8/ABIjZKg</latexit>z�3

<latexit sha1_base64="jazcfw7+mKwMUQ0b9EZBtfyg/9w=">AAAB7XicbZC7SgNBFIZnvcZ4i1raLAYhNmFXMNoZsLGMYC6QXcLs7GwyZnZmmTkbCEueQRsLRWx9CSsfwc4HsXdyKTTxh4GP/z+HOecECWcaHOfLWlpeWV1bz23kN7e2d3YLe/sNLVNFaJ1ILlUrwJpyJmgdGHDaShTFccBpM+hfjfPmgCrNpLiFYUL9GHcFixjBYKyGNwgl6E6h6JSdiexFcGdQvHwvfX/ceye1TuHTCyVJYyqAcKx123US8DOsgBFOR3kv1TTBpI+7tG1Q4JhqP5tMO7KPjRPakVTmCbAn7u+ODMdaD+PAVMYYeno+G5v/Ze0Uogs/YyJJgQoy/ShKuQ3SHq9uh0xRAnxoABPFzKw26WGFCZgD5c0R3PmVF6FxWnYr5bMbp1itoKly6BAdoRJy0TmqomtUQ3VE0B16QE/o2ZLWo/VivU5Ll6xZzwH6I+vtBxSwkyo=</latexit>...

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="uLj8RoEO1A38nquDS/HDZw3nthw=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV7OTyTtGZyF4Edwb5y/fC98dD+6TSyX22uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGVQkBCVl04GHdnHxunaQSTNE9qeuL87UhIqNQx9UxkS3Vfz2dj8L2slOrjwUibiRKOg04+ChNs6ssdb210mkWo+NECoZGZWm/aJJFSb22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUEO7hCZ6tW+vRerFep6VL1qznAP7IevsBEq6Q0Q==</latexit>e

<latexit sha1_base64="BVID1gtyAZdNMiCyj40SGoJb1uI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktWD0WvHisYD+wXUo2zbahSTYkWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pmyTVhLZIwhPdjbChnEnassxy2lWaYhFx2okmt3O/80S1YYl8sFNFQ4FHksWMYOukR5VwZJhQnA7KFb/qL4DWSZCTCuRoDspf/WFCUkGlJRwb0wt8ZcMMa8sIp7NSPzVUYTLBI9pzVGJBTZgtLp6hC6cMUZxoV9Kihfp7IsPCmKmIXKfAdmxWvbn4n9dLbXwTZkyq1FJJlovilCOboPn7aMg0JZZPHcFEM3crImOsMbEupJILIVh9eZ20a9WgXr26r1Ua9TyOIpzBOVxCANfQgDtoQgsISHiGV3jzjPfivXsfy9aCl8+cwh94nz+M+JDP</latexit>

pol simple

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="1TLxMoqnZ7sQ/dwcNrJGpI7H5sA=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0V0VZKC1WXBjcsK9gFNKJPpbTt0MgkzE6GEbt34K25cKOLWP3Dn3zhps9DWAwOHc+7hzj1hwpnSrvttldbWNza3ytv2zu7e/oFzeNRWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64eQm9zsPIBWLxb2eJhBEZCTYkFGijdR3sE9BaJBMjOwkFdr37cE5RKEkgpLIWH2n4lbdOfAq8QpSQQWafefLH8Q0zbOUE6V6npvoICNSM8phZvupgoTQCRlBz1Bhtqggm18yw2dGGeBhLM0TGs/V34mMREpNo9BMRkSP1bKXi/95vVQPr4OMiSTVIOhi0TDlWMc4rwUPmASq+dQQQiUzf8V0TCShphtlmxK85ZNXSbtW9erVy7tapVEv6iijE3SKLpCHrlAD3aImaiGKHtEzekVv1pP1Yr1bH4vRklVkjtEfWJ8/StuaDQ==</latexit>

punt
d’embrancament

<latexit sha1_base64="iMksBRvQmbBLiTBf1lKZGOKYG+s=">AAAB8HicbVDJSgNBEO2JW4xbVPDiZTAIXhJmBGMOHgJePEYwi8Qh9HRqkibdPUN3jxAn+QovObjg1c/xJvoxdpaDJj4oeLxXRVU9P2JUacf5tFJLyyura+n1zMbm1vZOdnevpsJYEqiSkIWy4WMFjAqoaqoZNCIJmPsM6n7vcuzX70EqGoob3Y/A47gjaEAJ1ka6HTzkYXABebeVzTkFZwJ7kbgzkisfRC+j769SpZX9uGuHJOYgNGFYqabrRNpLsNSUMBhm7mIFESY93IGmoQJzUF4yOXhoHxulbQehNCW0PVF/TySYK9XnvunkWHfVvDcW//OasQ5KXkJFFGsQZLooiJmtQ3v8vd2mEohmfUMwkdTcapMulphok1HGhODOv7xIaqcFt1g4uzZpFNEUaXSIjtAJctE5KqMrVEFVRBBHj+gJPVvSGlmv1tu0NWXNZvbRH1jvPzhsk7w=</latexit>|z � e| < e � 1

<latexit sha1_base64="iqOuI0xuUJBLWf9/k6RcJdmCuOw=">AAAB8HicbVDJSgNBEK1xjXGLCl68DAbBi2FGMOaQQ8CLxwhmkWQIPZ2epEl3z9DdI8RJvsJLDi549XO8iX6MneWgiQ8KHu9VUVXPjxhV2nE+raXlldW19dRGenNre2c3s7dfVWEsMangkIWy7iNFGBWkoqlmpB5JgrjPSM3vXY392j2RiobiVvcj4nHUETSgGGkj3TnFwcOZOyi6rUzWyTkT2IvEnZFs6TB6GX1/FcqtzEezHeKYE6ExQ0o1XCfSXoKkppiRYboZKxIh3EMd0jBUIE6Ul0wOHtonRmnbQShNCW1P1N8TCeJK9blvOjnSXTXvjcX/vEasg4KXUBHFmgg8XRTEzNahPf7eblNJsGZ9QxCW1Nxq4y6SCGuTUdqE4M6/vEiq5zk3n7u4MWnkYYoUHMExnIILl1CCayhDBTBweIQneLakNbJerbdp65I1mzmAP7DefwCtBpNi</latexit>

0 < |z � 1| < 1
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Aquests quatre zeros són, doncs, pols simples de la funció 1/(z4+6z2+25)
i estan representats a la figura

CR

C

iR

R

�1 � 2i 1 � 2i

�1 + 2i
1 + 2i

L’únic pol interior al contorn és z = 1 + 2i. El corresponent residu és

Res 1+2i = lim
z!1+2i


(z � 1 � 2i)

(z + 1 + 2i) (z � 1 + 2i) (z + 1 � 2i) (z � 1 � 2i)

�

=


1

(z + 1 + 2i) (z � 1 + 2i) (z + 1 � 2i)

�

z=1+2i

=
1

(2 + 4i) (4i) (2)
=

1

16i (1 + 2i)
⇥ 1 � 2i

1 � 2i
=

1 � 2i

80i
.

Pel teorema dels residus tenim
I

C

dz

z4 + 6z2 + 25
= 2⇡i

1 � 2i

80i
=

⇡(1 � 2i)

40
. (E.2)

La contribució de CR és zero en el ĺımit R ! 1, ja que, per exemple,

|z4 + 6z2 + 25| = |z2 � (1 + 2i)2| |z2 � (1 � 2i)2|
� (R2 � 5)2 ,

on hem usat la desigualtat |z � w| � ||z| � |w||. Per tant,

����
Z

CR

dz

z4 + 6z2 + 25

���� 
⇡R

2(R2 � 5)2

R!1����! 0 .

La integral sobre l’eix real és
Z 1

0

dx

x4 + 6x2 + 25
= I+ ,

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="a4UMw9JOzVMIey7j7DfM3zpCVlo=">AAAB6nicbZDLSgMxFIbPeK31VnXpJliEuikzgtWdBTcu66UXaIeSSTNtaCYZkoxQhj6CCC4UcetjuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvRnn9jirNpLg1g5j6Ee4KFjKCjbVuGLpu5/Ju0R0LzYM3hfz5e+H746F1VGnnPlsdSZKICkM41rrpubHxU6wMI5wOs61E0xiTPu7SpkWBI6r9dDzqEB1ap4NCqewTBo3d3x0pjrQeRIGtjLDp6dlsZP6XNRMTnvkpE3FiqCCTj8KEIyPRaG/UYYoSwwcWMFHMzopIDytMjL1O1h7Bm115HmrHRa9UPLly8+USTJSBfTiAAnhwCmW4hApUgUAX7uEJnh3uPDovzuukdMGZ9uzBHzlvPxBRkVs=</latexit>

iR
<latexit sha1_base64="6uoV2S8342401iTokJCp9kAk83w=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQYhN2BaOdgTSWCZgLJCHMTs4mY2Znl5lZISx5AgstFLH1Oax8BDsfxN7JpdDEHwY+/v8c5pzjRZwp7ThfVmpldW19I72Z2dre2d3L7h/UVRhLijUa8lA2PaKQM4E1zTTHZiSRBB7HhjcsT/LGHUrFQnGjRxF2AtIXzGeUaGNVy91szik4U9nL4M4hd/We//54aJ9WutnPdi+kcYBCU06UarlOpDsJkZpRjuNMO1YYETokfWwZFCRA1Ummg47tE+P0bD+U5gltT93fHQkJlBoFnqkMiB6oxWxi/pe1Yu1fdhImolijoLOP/JjbOrQnW9s9JpFqPjJAqGRmVpsOiCRUm9tkzBHcxZWXoX5WcIuF86qTKxVhpjQcwTHkwYULKME1VKAGFBDu4QmerVvr0XqxXmelKWvecwh/ZL39AN8XkK8=</latexit>

C
<latexit sha1_base64="Qgs3Ut7cFu0o8TCyNulJi02r9E8=">AAAB63icbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisYC/QDiWTZtrQTGZIMkIZ+gpuXCji1rdx5ULwaWqm7UJbfwh8/P855JzjRZwpbdvfVmZldW19I7uZ29re2c0X9vYbKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGN2nefKBSsVDc61FE3QD3BfMZwTq1nLMy6xaKdsmeCi2DM4fi9eTw42ryla91C5+dXkjigApNOFaq7diRdhMsNSOcjnOdWNEIkyHu07ZBgQOq3GQ66xidGKeH/FCaJzSaur87EhwoNQo8UxlgPVCLWWr+l7Vj7V+6CRNRrKkgs4/8mCMdonRx1GOSEs1HBjCRzMyKyABLTLQ5T84cwVlceRka5ZJTKZ3f2cVqBWbKwhEcwyk4cAFVuIUa1IHAAB7hGV6swHqyXq23WWnGmvccwB9Z7z/KupHR</latexit>

1 + 2i
<latexit sha1_base64="1s5p61CskFOpoOTbQEFN6jbSBKk=">AAAB7HicbZDLSgMxFIbP1Futl1ZduHATLIIglpmCVVcW3Lis4LSFdiiZNNOGZjJDkhHK0Gdw40IRtz6NKxeCT1PTy0KrPwQ+/v8ccs7xY86Utu0vK7O0vLK6ll3PbWxubecLO7t1FSWSUJdEPJJNHyvKmaCuZprTZiwpDn1OG/7gepI37qlULBJ3ehhTL8Q9wQJGsDaWe+qclFmnULRL9lToLzhzKF6N998vx5/5Wqfw0e5GJAmp0IRjpVqOHWsvxVIzwuko104UjTEZ4B5tGRQ4pMpLp8OO0JFxuiiIpHlCo6n7syPFoVLD0DeVIdZ9tZhNzP+yVqKDCy9lIk40FWT2UZBwpCM02Rx1maRE86EBTCQzsyLSxxITbe6TM0dwFlf+C/VyyamUzm7tYrUCM2XhAA7hGBw4hyrcQA1cIMDgAZ7g2RLWo/Vivc5KM9a8Zw9+yXr7BjSbkgg=</latexit>�1 + 2i

<latexit sha1_base64="o7U/mVODLVoTTiTK+E3pz7KtCqo=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwSdgNGrQzYWEZwk0CyhNnJbDJkdnaZmRXCkmewsVDE1qexshB8mji5FJr4w8DH/5/DnHP8mDOlbfvbWlldW9/YzGxlt3d293L5/YO6ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wM8kbD1QqFol7PYypF+KeYAEjWBvLLTrFMuvkC3bJngotgzOHwvX46ONq/JWrdfKf7W5EkpAKTThWquXYsfZSLDUjnI6y7UTRGJMB7tGWQYFDqrx0OuwInRqni4JImic0mrq/O1IcKjUMfVMZYt1Xi9nE/C9rJTq49FIm4kRTQWYfBQlHOkKTzVGXSUo0HxrARDIzKyJ9LDHR5j5ZcwRnceVlqJdLTqV0fmcXqhWYKQPHcAJn4MAFVOEWauACAQaP8AwvlrCerFfrbVa6Ys17DuGPrPcfN6eSCg==</latexit>�1 � 2i
<latexit sha1_base64="lnteL6ABFclJcwAhQsGgjPGLius=">AAAB63icbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnBXCBZwuxkNhkyO7vMzAphySvYWChi69tYWQg+TZxNUmjiDwMf/38Oc87xIs6Utu1vK7Oyura+kd3MbW3v7OYLe/sNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDmzRvPlCpWCju9SiiboD7gvmMYJ1azlmZdQtFu2RPhZbBmUPxenL4cTX5yte6hc9OLyRxQIUmHCvVduxIuwmWmhFOx7lOrGiEyRD3adugwAFVbjKddYxOjNNDfijNExpN3d8dCQ6UGgWeqQywHqjFLDX/y9qx9i/dhIko1lSQ2Ud+zJEOUbo46jFJieYjA5hIZmZFZIAlJtqcJ2eO4CyuvAyNcsmplM7v7GK1AjNl4QiO4RQcuIAq3EIN6kBgAI/wDC9WYD1Zr9bbrDRjzXsO4I+s9x/NxpHT</latexit>

1 � 2i

Figura E.3: Discs de convergència i singularitats de la funció f(z) = 1/ log z.
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SE.3 Sigui C una circumferència de centre z i radi ρ. Com que la funció f(z) =
u(x, y) + iv(x, y) és anaĺıtica sobre i a l’interior a C, tenim

f(z) =
1

2πi

∮

C

f(w)

w − z
dw .

Si parametritzem w = z + ρeiϕ, dw = ρeiϕ i dϕ tenim

f(z) =
1

2π

∫ 2π

0

f(z + ρeiϕ) dϕ,

i prenent la part real

1

2π

∫ 2π

0

u(x+ ρ cosϕ, y + ρ sinϕ) dϕ = u(x, y)

SE.4

lim
z→∞

f(z)

z2
= 0 ⇔ ∀ϵ > 0, ∃R :

∣∣∣∣
f(z)

z2

∣∣∣∣ < ϵ si |z| > R.

Per tant, per a cada ϵ donat, si z = reiϕ i r > R tindrem

|f(reiϕ)|
r2

< ϵ.

D’altra banda, en ser f(z) anaĺıtica a tot C,

f(z) =
∞∑

n=0

anz
n, ∀z ∈ C,

on

an =
1

2πi

∮

C

f(z)

zn+1
dz,

i C és qualsevol contorn tancat que envolti l’origen. Si com a contorn C
escollim una circumferència de radi r > max{1, R} i centre z = 0, tenim

an =
1

2πi

∫ 2π

0

f(reiϕ)

(reiϕ)n+1
reiϕi dϕ =

1

2π

∫ 2π

0

f(reiϕ)

rneinϕ
dϕ,

i, per tant,

|an| ≤
1

2π

∫ 2π

0

|f(reiϕ)|
r2

1

rn−2
dϕ

<
1

2π

∫ 2π

0

ϵ

rn−2
dϕ =

ϵ

rn−2
≤ ϵ (si n ≥ 2).



222 Materials Emili Bagan, Antoni Méndez i Oriol Pujolàs

En ser an nombres complexos determinats (independents de r), aquesta
última desigualtat vol dir que an = 0 per a n ≥ 2. Per tant,

f(z) = a0 + a1z, a0, a1 ∈ C

Un raonament alternatiu per arribar a aquest resultat és que, en ser f(z)
anaĺıtica a tot el pla complex, es pot expressar

f(z) =
∞∑

k=0

akz
k, ∀z ∈ C,

i, per tant,

f(z)

z2
=

a0
z2

+
a1
z

+
∞∑

k=2

akz
k−2

def
=

a0
z2

+
a1
z

+ g(z),

on g(z) també és anaĺıtica a tot C. Com que lim|z|→∞ f(z)/z2 = 0, i els dos
primers termes també tendeixen a zero, es conclou que lim|z|→∞ g(z) = 0.
Això vol dir que |g(z)| és fitada a tot el pla complex, ja que si, per exemple,
considerem un disc |z| ≤ ρ, podem fer |g(z)|, fora del disc, tan petit com
vulguem prenent ρ suficientment gran, mentre que al disc, |g(z)| és fitada
perquè és cont́ınua i el disc és un conjunt compacte.

El teorema de Liouville ens assegura que si g(z) és anaĺıtica i de mòdul
fitat a tot el plà complex, ha de ser constant. En aquest cas, g(z) = 0, ja
que el seu ĺımit quan |z| → ∞ és zero. Aix́ı doncs,

f(z)

z2
=

a0
z2

+
a1
z

⇒ f(z) = a0 + a1z.

SE.5 Considerem la integral ∮

C

dz

z4 + 6z2 + 25
,

on C és el contorn de la figura E.1. Per obtenir els residus hem de trobar
els zeros de z4 + 6z2 + 25. Si fem servir la informació de l’enunciat, això
és equivalent a trobar els zeros de z2 + 2z + 5. Un senzill càlcul ens dona
els quatre zeros següents:

1± 2i, −(1± 2i).

Per tant, tenim

z4 + 6z2 + 25 = (z − 1− 2i) (z + 1 + 2i) (z − 1 + 2i) (z + 1− 2i).
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-0.4 -0.2 0.2 0.4

-0.4

-0.2

0.2

0.4
<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="j4kJGAxT8snQIlkrow7cyKdy11U=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMFoGbCwjmAckS5idzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0KjBy4czrmXe+8JYs60cd1PJ7O0vLK6ll3PbWxube/kd/dqWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO60H/auLX76nSTIpbM4ipH+GuYCEj2Fip9thOT71hO19wi+4U6C/x5qRQPvgqvI0fRpV2/qPVkSSJqDCEY62bnhsbP8XKMMLpMNdKNI0x6eMubVoqcES1n06vHaJjq3RQKJUtYdBU/TmR4kjrQRTYzgibnl70JuJ/XjMx4aWfMhEnhgoyWxQmHBmJJq+jDlOUGD6wBBPF7K2I9LDCxNiAcjYEb/Hlv6R2VvRKxfMbm0YJZsjCIRzBCXhwAWW4hgpUgcAdPMELjBzpPDtj53XWmnHmM/vwC877N0WDkp4=</latexit>z�1

<latexit sha1_base64="ILkmswk3q5X6vTIXNF7sYANgWSY=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWE3YLQM2FhGMA9IQpidzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0ITD1w4nHMv997jR5xp47pfTmpldW19I72Z2dre2d3L7h9UtYwVoRUiuVR1H2vKmaAVwwyn9UhRHPqc1vz+9cSvPVClmRR3ZhDRVoi7ggWMYGOl6lM7OS8M29mcm3enQMvEm5Nc6eg79z5+HJXb2c9mR5I4pMIQjrVueG5kWglWhhFOh5lmrGmESR93acNSgUOqW8n02iE6tUoHBVLZEgZN1d8TCQ61HoS+7Qyx6elFbyL+5zViE1y1Eiai2FBBZouCmCMj0eR11GGKEsMHlmCimL0VkR5WmBgbUMaG4C2+vEyqhbxXzF/c2jSKMEMajuEEzsCDSyjBDZShAgTu4RleYeRI58UZO2+z1pQznzmEP3A+fgBHCJKf</latexit>z�2

<latexit sha1_base64="cJd3Vft0WhJIFxkEGX/f0vW3vU0=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMVoGbCwjmAckS5idTJIxszPLzKwSl/yDjYUhWNj4P3Z+ip2TR6GJBy4czrmXe+8JIs60cd0vJ7W0vLK6ll7PbGxube9kd/cqWsaK0DKRXKpagDXlTNCyYYbTWqQoDgNOq0HveuxXH6jSTIo704+oH+KOYG1GsLFS5amZnJ4Pmtmcm3cnQIvEm5Fc8eA79z56HJaa2c9GS5I4pMIQjrWue25k/AQrwwing0wj1jTCpIc7tG6pwCHVfjK5doCOrdJCbalsCYMm6u+JBIda98PAdobYdPW8Nxb/8+qxaV/5CRNRbKgg00XtmCMj0fh11GKKEsP7lmCimL0VkS5WmBgbUMaG4M2/vEgqZ3mvkL+4tWkUYIo0HMIRnIAHl1CEGyhBGQjcwzO8wtCRzoszct6mrSlnNrMPf+B8/ABIjZKg</latexit>z�3

<latexit sha1_base64="jazcfw7+mKwMUQ0b9EZBtfyg/9w=">AAAB7XicbZC7SgNBFIZnvcZ4i1raLAYhNmFXMNoZsLGMYC6QXcLs7GwyZnZmmTkbCEueQRsLRWx9CSsfwc4HsXdyKTTxh4GP/z+HOecECWcaHOfLWlpeWV1bz23kN7e2d3YLe/sNLVNFaJ1ILlUrwJpyJmgdGHDaShTFccBpM+hfjfPmgCrNpLiFYUL9GHcFixjBYKyGNwgl6E6h6JSdiexFcGdQvHwvfX/ceye1TuHTCyVJYyqAcKx123US8DOsgBFOR3kv1TTBpI+7tG1Q4JhqP5tMO7KPjRPakVTmCbAn7u+ODMdaD+PAVMYYeno+G5v/Ze0Uogs/YyJJgQoy/ShKuQ3SHq9uh0xRAnxoABPFzKw26WGFCZgD5c0R3PmVF6FxWnYr5bMbp1itoKly6BAdoRJy0TmqomtUQ3VE0B16QE/o2ZLWo/VivU5Ll6xZzwH6I+vtBxSwkyo=</latexit>...

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="uLj8RoEO1A38nquDS/HDZw3nthw=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV7OTyTtGZyF4Edwb5y/fC98dD+6TSyX22uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGVQkBCVl04GHdnHxunaQSTNE9qeuL87UhIqNQx9UxkS3Vfz2dj8L2slOrjwUibiRKOg04+ChNs6ssdb210mkWo+NECoZGZWm/aJJFSb22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUEO7hCZ6tW+vRerFep6VL1qznAP7IevsBEq6Q0Q==</latexit>e

<latexit sha1_base64="BVID1gtyAZdNMiCyj40SGoJb1uI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktWD0WvHisYD+wXUo2zbahSTYkWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pmyTVhLZIwhPdjbChnEnassxy2lWaYhFx2okmt3O/80S1YYl8sFNFQ4FHksWMYOukR5VwZJhQnA7KFb/qL4DWSZCTCuRoDspf/WFCUkGlJRwb0wt8ZcMMa8sIp7NSPzVUYTLBI9pzVGJBTZgtLp6hC6cMUZxoV9Kihfp7IsPCmKmIXKfAdmxWvbn4n9dLbXwTZkyq1FJJlovilCOboPn7aMg0JZZPHcFEM3crImOsMbEupJILIVh9eZ20a9WgXr26r1Ua9TyOIpzBOVxCANfQgDtoQgsISHiGV3jzjPfivXsfy9aCl8+cwh94nz+M+JDP</latexit>

pol simple

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz 03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="1TLxMoqnZ7sQ/dwcNrJGpI7H5sA=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0V0VZKC1WXBjcsK9gFNKJPpbTt0MgkzE6GEbt34K25cKOLWP3Dn3zhps9DWAwOHc+7hzj1hwpnSrvttldbWNza3ytv2zu7e/oFzeNRWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64eQm9zsPIBWLxb2eJhBEZCTYkFGijdR3sE9BaJBMjOwkFdr37cE5RKEkgpLIWH2n4lbdOfAq8QpSQQWafefLH8Q0zbOUE6V6npvoICNSM8phZvupgoTQCRlBz1Bhtqggm18yw2dGGeBhLM0TGs/V34mMREpNo9BMRkSP1bKXi/95vVQPr4OMiSTVIOhi0TDlWMc4rwUPmASq+dQQQiUzf8V0TCShphtlmxK85ZNXSbtW9erVy7tapVEv6iijE3SKLpCHrlAD3aImaiGKHtEzekVv1pP1Yr1bH4vRklVkjtEfWJ8/StuaDQ==</latexit>

punt
d’embrancament

<latexit sha1_base64="iMksBRvQmbBLiTBf1lKZGOKYG+s=">AAAB8HicbVDJSgNBEO2JW4xbVPDiZTAIXhJmBGMOHgJePEYwi8Qh9HRqkibdPUN3jxAn+QovObjg1c/xJvoxdpaDJj4oeLxXRVU9P2JUacf5tFJLyyura+n1zMbm1vZOdnevpsJYEqiSkIWy4WMFjAqoaqoZNCIJmPsM6n7vcuzX70EqGoob3Y/A47gjaEAJ1ka6HTzkYXABebeVzTkFZwJ7kbgzkisfRC+j769SpZX9uGuHJOYgNGFYqabrRNpLsNSUMBhm7mIFESY93IGmoQJzUF4yOXhoHxulbQehNCW0PVF/TySYK9XnvunkWHfVvDcW//OasQ5KXkJFFGsQZLooiJmtQ3v8vd2mEohmfUMwkdTcapMulphok1HGhODOv7xIaqcFt1g4uzZpFNEUaXSIjtAJctE5KqMrVEFVRBBHj+gJPVvSGlmv1tu0NWXNZvbRH1jvPzhsk7w=</latexit>|z � e| < e � 1

<latexit sha1_base64="iqOuI0xuUJBLWf9/k6RcJdmCuOw=">AAAB8HicbVDJSgNBEK1xjXGLCl68DAbBi2FGMOaQQ8CLxwhmkWQIPZ2epEl3z9DdI8RJvsJLDi549XO8iX6MneWgiQ8KHu9VUVXPjxhV2nE+raXlldW19dRGenNre2c3s7dfVWEsMangkIWy7iNFGBWkoqlmpB5JgrjPSM3vXY392j2RiobiVvcj4nHUETSgGGkj3TnFwcOZOyi6rUzWyTkT2IvEnZFs6TB6GX1/FcqtzEezHeKYE6ExQ0o1XCfSXoKkppiRYboZKxIh3EMd0jBUIE6Ul0wOHtonRmnbQShNCW1P1N8TCeJK9blvOjnSXTXvjcX/vEasg4KXUBHFmgg8XRTEzNahPf7eblNJsGZ9QxCW1Nxq4y6SCGuTUdqE4M6/vEiq5zk3n7u4MWnkYYoUHMExnIILl1CCayhDBTBweIQneLakNbJerbdp65I1mzmAP7DefwCtBpNi</latexit>

0 < |z � 1| < 1

<latexit sha1_base64="bvhMKIWmXoKp5aCyIMLuTrsyI70=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2BaOdARvLRMwFkiXMTs4mY2YvzMwKIeQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZqaXlldW19HpmY3Nreye7u1dTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lOK/foVQ8Cm/0IEY3oN2Q+5xRbazKdTubswv2RGQRnBnkLt7z3x8PreNyO/vZ6kQsCTDUTFClmo4da3dIpeZM4CjTShTGlPVpF5sGQxqgcoeTQUfkyDgd4kfSvFCTifu7Y0gDpQaBZyoDqntqPhub/2XNRPvn7pCHcaIxZNOP/EQQHZHx1qTDJTItBgYok9zMSliPSsq0uU3GHMGZX3kRaicFp1g4rdi5UhGmSsMBHEIeHDiDElxBGarAAOEenuDZurUerRfrdVqasmY9+/BH1tsP9dOQvg==</latexit>

R

<latexit sha1_base64="a4UMw9JOzVMIey7j7DfM3zpCVlo=">AAAB6nicbZDLSgMxFIbPeK31VnXpJliEuikzgtWdBTcu66UXaIeSSTNtaCYZkoxQhj6CCC4UcetjuPIR3Pkg7k0vC239IfDx/+eQc04Qc6aN6345C4tLyyurmbXs+sbm1nZuZ7emZaIIrRLJpWoEWFPOBK0aZjhtxIriKOC0HvQvRnn9jirNpLg1g5j6Ee4KFjKCjbVuGLpu5/Ju0R0LzYM3hfz5e+H746F1VGnnPlsdSZKICkM41rrpubHxU6wMI5wOs61E0xiTPu7SpkWBI6r9dDzqEB1ap4NCqewTBo3d3x0pjrQeRIGtjLDp6dlsZP6XNRMTnvkpE3FiqCCTj8KEIyPRaG/UYYoSwwcWMFHMzopIDytMjL1O1h7Bm115HmrHRa9UPLly8+USTJSBfTiAAnhwCmW4hApUgUAX7uEJnh3uPDovzuukdMGZ9uzBHzlvPxBRkVs=</latexit>

iR
<latexit sha1_base64="dsaDGhuOKY+AUwnJVqt7G00NdHA=">AAAB6nicbVDLTsJAFL3FF4IP1CWbicTEFWlNRJckLHSJDx4JNGQ6ncKE6bSZmZqQhk9w40JD3Por/oA7/8YpsFDwJDc5Oefe3HuPF3OmtG1/W7mNza3tnfxuobi3f3BYOjpuqyiRhLZIxCPZ9bCinAna0kxz2o0lxaHHaccbNzK/80SlYpF41JOYuiEeChYwgrWRHhqD+0GpYlftOdA6cZakUi/ezMqfXb85KH31/YgkIRWacKxUz7Fj7aZYakY4nRb6iaIxJmM8pD1DBQ6pctP5qVN0ZhQfBZE0JTSaq78nUhwqNQk90xliPVKrXib+5/USHVy7KRNxoqkgi0VBwpGOUPY38pmkRPOJIZhIZm5FZIQlJtqkUzAhOKsvr5P2RdWpVS/vTBo1WCAPZTiFc3DgCupwC01oAYEhPMMrvFncerFm1vuiNWctZ07gD6yPH6aWkE0=</latexit>

CR
<latexit sha1_base64="Qgs3Ut7cFu0o8TCyNulJi02r9E8=">AAAB63icbZDLSgMxFIbP1Futl1ZduHATLIIglJmCVVcW3LisYC/QDiWTZtrQTGZIMkIZ+gpuXCji1rdx5ULwaWqm7UJbfwh8/P855JzjRZwpbdvfVmZldW19I7uZ29re2c0X9vYbKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGN2nefKBSsVDc61FE3QD3BfMZwTq1nLMy6xaKdsmeCi2DM4fi9eTw42ryla91C5+dXkjigApNOFaq7diRdhMsNSOcjnOdWNEIkyHu07ZBgQOq3GQ66xidGKeH/FCaJzSaur87EhwoNQo8UxlgPVCLWWr+l7Vj7V+6CRNRrKkgs4/8mCMdonRx1GOSEs1HBjCRzMyKyABLTLQ5T84cwVlceRka5ZJTKZ3f2cVqBWbKwhEcwyk4cAFVuIUa1IHAAB7hGV6swHqyXq23WWnGmvccwB9Z7z/KupHR</latexit>

1 + 2i
<latexit sha1_base64="1s5p61CskFOpoOTbQEFN6jbSBKk=">AAAB7HicbZDLSgMxFIbP1Futl1ZduHATLIIglpmCVVcW3Lis4LSFdiiZNNOGZjJDkhHK0Gdw40IRtz6NKxeCT1PTy0KrPwQ+/v8ccs7xY86Utu0vK7O0vLK6ll3PbWxubecLO7t1FSWSUJdEPJJNHyvKmaCuZprTZiwpDn1OG/7gepI37qlULBJ3ehhTL8Q9wQJGsDaWe+qclFmnULRL9lToLzhzKF6N998vx5/5Wqfw0e5GJAmp0IRjpVqOHWsvxVIzwuko104UjTEZ4B5tGRQ4pMpLp8OO0JFxuiiIpHlCo6n7syPFoVLD0DeVIdZ9tZhNzP+yVqKDCy9lIk40FWT2UZBwpCM02Rx1maRE86EBTCQzsyLSxxITbe6TM0dwFlf+C/VyyamUzm7tYrUCM2XhAA7hGBw4hyrcQA1cIMDgAZ7g2RLWo/Vivc5KM9a8Zw9+yXr7BjSbkgg=</latexit>�1 + 2i

<latexit sha1_base64="o7U/mVODLVoTTiTK+E3pz7KtCqo=">AAAB7HicbZC7SgNBFIbPeo3xkqiFhc1gEGwSdgNGrQzYWEZwk0CyhNnJbDJkdnaZmRXCkmewsVDE1qexshB8mji5FJr4w8DH/5/DnHP8mDOlbfvbWlldW9/YzGxlt3d293L5/YO6ihJJqEsiHsmmjxXlTFBXM81pM5YUhz6nDX9wM8kbD1QqFol7PYypF+KeYAEjWBvLLTrFMuvkC3bJngotgzOHwvX46ONq/JWrdfKf7W5EkpAKTThWquXYsfZSLDUjnI6y7UTRGJMB7tGWQYFDqrx0OuwInRqni4JImic0mrq/O1IcKjUMfVMZYt1Xi9nE/C9rJTq49FIm4kRTQWYfBQlHOkKTzVGXSUo0HxrARDIzKyJ9LDHR5j5ZcwRnceVlqJdLTqV0fmcXqhWYKQPHcAJn4MAFVOEWauACAQaP8AwvlrCerFfrbVa6Ys17DuGPrPcfN6eSCg==</latexit>�1 � 2i
<latexit sha1_base64="lnteL6ABFclJcwAhQsGgjPGLius=">AAAB63icbZC7SgNBFIbPxluMl0QtLGwGg2Bj2A0YtTJgYxnBXCBZwuxkNhkyO7vMzAphySvYWChi69tYWQg+TZxNUmjiDwMf/38Oc87xIs6Utu1vK7Oyura+kd3MbW3v7OYLe/sNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDmzRvPlCpWCju9SiiboD7gvmMYJ1azlmZdQtFu2RPhZbBmUPxenL4cTX5yte6hc9OLyRxQIUmHCvVduxIuwmWmhFOx7lOrGiEyRD3adugwAFVbjKddYxOjNNDfijNExpN3d8dCQ6UGgWeqQywHqjFLDX/y9qx9i/dhIko1lSQ2Ud+zJEOUbo46jFJieYjA5hIZmZFZIAlJtqcJ2eO4CyuvAyNcsmplM7v7GK1AjNl4QiO4RQcuIAq3EIN6kBgAI/wDC9WYD1Zr9bbrDRjzXsO4I+s9x/NxpHT</latexit>

1 � 2i

Figura E.4: Pols de 1/(z4 + 6z2 + 25). Només 1 + 2i és interior al contorn d’integració.

Aquests quatre zeros són pols simples de la funció 1/(z4+6z2+25) i estan
representats a la figura E.4. L’únic pol interior al contorn d’integració
és z = 1 + 2i. El residu és

k1+2i = lim
z→1+2i

[
(z − 1− 2i)

(z + 1 + 2i) (z − 1 + 2i) (z + 1− 2i) (z − 1− 2i)

]

=
1

(z + 1 + 2i) (z − 1 + 2i) (z + 1− 2i)

∣∣∣∣
z=1+2i

=
1

(2 + 4i) (4i) (2)
=

1

16i (1 + 2i)
· 1− 2i

1− 2i
=

1− 2i

80i
.

Pel teorema dels residus tenim
∮

C

dz

z4 + 6z2 + 25
= 2πi

1− 2i

80i
=

π(1− 2i)

40
. (E.2)

La contribució de CR és zero en el ĺımit R → ∞, ja que, per exemple,

|z4 + 6z2 + 25| = |z2 − (1 + 2i)2| |z2 − (1− 2i)2| ≥ (R2 − 5)2,

on hem usat la desigualtat |z − w| ≥ ||z| − |w||. Per tant,
∣∣∣∣
∫

CR

dz

z4 + 6z2 + 25

∣∣∣∣ ≤
πR

2(R2 − 5)2
−−−→
R→∞

0.

La integral sobre l’eix real és
∫ ∞

0

dx

x4 + 6x2 + 25
= I+ ,

mentre que la integral sobre l’eix imaginari és

∫ 0

∞

d(ix)

(ix)4 + 6(ix)2 + 25
= −i

∫ ∞

0

dx

x4 − 6x2 + 25
= −iI− .
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Aix́ı doncs, en el ĺımit R → ∞ tenim

∮

C

dz

z4 + 6z2 + 25
= I+ − iI− .

Si ho comparem amb (E.2) arribem a

I+ =
π

40
, I− =

π

20

SE.6 Si

I
def
=

∫ 2π

0

dθ

3 + cos θ + 2 sin θ
,

i substitüım eiθ = z, dθ = −idz/z, tenim

I =

∮

C

2iz (−idz/z)

(2 + i)z2 + 6iz − (2− i)
=

∮

C

2 dz

[z + (1 + 2i)][(2 + i)z + i]

=
2

2 + i

∮

C

dz

[z + (1 + 2i)]
[
z + i

2+i

] ,

on C és la circumferència |z| = 1. Només el pol situat a z = −i/(2 + i)
és interior al contorn i el residu és

k =
2

2 + i

1
−i
2+i

+ 1 + 2i
=

1

2i
.

Per tant, I = 2πi
(

1
2i

)
= π, és a dir,

∫ 2π

0

dθ

3 + cos θ + 2 sin θ
= π

Examen F

PF.1 Trobeu tots els nombres reals a, b, α i β per als quals es compleix

a eiα + b eiβ = 0.

PF.2 Sigui f(z) = u(x, y) + iv(x, y), on z = x + iy. Trobeu la funció v(x, y)
per tal que f(z) sigui anaĺıtica i especifiqueu el domini d’analiticitat, si
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(a) u(x, y) = 1− 2xy (b) u(x, y) = 1− 2(x2 + y2)

PF.3 (a) Amb el teorema de la sèrie de Laurent, determineu l’expressió més
general d’una funció g(z) anaĺıtica en tot el pla C i tal que

lim
z→∞

g(z) = 0.

(b) Una funció f(z) té un pol doble a z = 0 i és anaĺıtica a la resta del
pla C. Sabem que f(1/2) = 4, que limz→∞ f(z) = 0 i que

∮

C□

f(z) = 0,

on C□ és el contorn quadrat de la figura F.1. Determineu f(z).

-0.4 -0.2 0.2 0.4

-0.4

-0.2

0.2

0.4
<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="j4kJGAxT8snQIlkrow7cyKdy11U=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMFoGbCwjmAckS5idzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0KjBy4czrmXe+8JYs60cd1PJ7O0vLK6ll3PbWxube/kd/dqWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO60H/auLX76nSTIpbM4ipH+GuYCEj2Fip9thOT71hO19wi+4U6C/x5qRQPvgqvI0fRpV2/qPVkSSJqDCEY62bnhsbP8XKMMLpMNdKNI0x6eMubVoqcES1n06vHaJjq3RQKJUtYdBU/TmR4kjrQRTYzgibnl70JuJ/XjMx4aWfMhEnhgoyWxQmHBmJJq+jDlOUGD6wBBPF7K2I9LDCxNiAcjYEb/Hlv6R2VvRKxfMbm0YJZsjCIRzBCXhwAWW4hgpUgcAdPMELjBzpPDtj53XWmnHmM/vwC877N0WDkp4=</latexit>z�1

<latexit sha1_base64="ILkmswk3q5X6vTIXNF7sYANgWSY=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWE3YLQM2FhGMA9IQpidzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0ITD1w4nHMv997jR5xp47pfTmpldW19I72Z2dre2d3L7h9UtYwVoRUiuVR1H2vKmaAVwwyn9UhRHPqc1vz+9cSvPVClmRR3ZhDRVoi7ggWMYGOl6lM7OS8M29mcm3enQMvEm5Nc6eg79z5+HJXb2c9mR5I4pMIQjrVueG5kWglWhhFOh5lmrGmESR93acNSgUOqW8n02iE6tUoHBVLZEgZN1d8TCQ61HoS+7Qyx6elFbyL+5zViE1y1Eiai2FBBZouCmCMj0eR11GGKEsMHlmCimL0VkR5WmBgbUMaG4C2+vEyqhbxXzF/c2jSKMEMajuEEzsCDSyjBDZShAgTu4RleYeRI58UZO2+z1pQznzmEP3A+fgBHCJKf</latexit>z�2

<latexit sha1_base64="cJd3Vft0WhJIFxkEGX/f0vW3vU0=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMVoGbCwjmAckS5idTJIxszPLzKwSl/yDjYUhWNj4P3Z+ip2TR6GJBy4czrmXe+8JIs60cd0vJ7W0vLK6ll7PbGxube9kd/cqWsaK0DKRXKpagDXlTNCyYYbTWqQoDgNOq0HveuxXH6jSTIo704+oH+KOYG1GsLFS5amZnJ4Pmtmcm3cnQIvEm5Fc8eA79z56HJaa2c9GS5I4pMIQjrWue25k/AQrwwing0wj1jTCpIc7tG6pwCHVfjK5doCOrdJCbalsCYMm6u+JBIda98PAdobYdPW8Nxb/8+qxaV/5CRNRbKgg00XtmCMj0fh11GKKEsP7lmCimL0VkS5WmBgbUMaG4M2/vEgqZ3mvkL+4tWkUYIo0HMIRnIAHl1CEGyhBGQjcwzO8wtCRzoszct6mrSlnNrMPf+B8/ABIjZKg</latexit>z�3

<latexit sha1_base64="jazcfw7+mKwMUQ0b9EZBtfyg/9w=">AAAB7XicbZC7SgNBFIZnvcZ4i1raLAYhNmFXMNoZsLGMYC6QXcLs7GwyZnZmmTkbCEueQRsLRWx9CSsfwc4HsXdyKTTxh4GP/z+HOecECWcaHOfLWlpeWV1bz23kN7e2d3YLe/sNLVNFaJ1ILlUrwJpyJmgdGHDaShTFccBpM+hfjfPmgCrNpLiFYUL9GHcFixjBYKyGNwgl6E6h6JSdiexFcGdQvHwvfX/ceye1TuHTCyVJYyqAcKx123US8DOsgBFOR3kv1TTBpI+7tG1Q4JhqP5tMO7KPjRPakVTmCbAn7u+ODMdaD+PAVMYYeno+G5v/Ze0Uogs/YyJJgQoy/ShKuQ3SHq9uh0xRAnxoABPFzKw26WGFCZgD5c0R3PmVF6FxWnYr5bMbp1itoKly6BAdoRJy0TmqomtUQ3VE0B16QE/o2ZLWo/VivU5Ll6xZzwH6I+vtBxSwkyo=</latexit>...

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="uLj8RoEO1A38nquDS/HDZw3nthw=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV7OTyTtGZyF4Edwb5y/fC98dD+6TSyX22uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGVQkBCVl04GHdnHxunaQSTNE9qeuL87UhIqNQx9UxkS3Vfz2dj8L2slOrjwUibiRKOg04+ChNs6ssdb210mkWo+NECoZGZWm/aJJFSb22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUEO7hCZ6tW+vRerFep6VL1qznAP7IevsBEq6Q0Q==</latexit>e

<latexit sha1_base64="BVID1gtyAZdNMiCyj40SGoJb1uI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktWD0WvHisYD+wXUo2zbahSTYkWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pmyTVhLZIwhPdjbChnEnassxy2lWaYhFx2okmt3O/80S1YYl8sFNFQ4FHksWMYOukR5VwZJhQnA7KFb/qL4DWSZCTCuRoDspf/WFCUkGlJRwb0wt8ZcMMa8sIp7NSPzVUYTLBI9pzVGJBTZgtLp6hC6cMUZxoV9Kihfp7IsPCmKmIXKfAdmxWvbn4n9dLbXwTZkyq1FJJlovilCOboPn7aMg0JZZPHcFEM3crImOsMbEupJILIVh9eZ20a9WgXr26r1Ua9TyOIpzBOVxCANfQgDtoQgsISHiGV3jzjPfivXsfy9aCl8+cwh94nz+M+JDP</latexit>

pol simple

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="1TLxMoqnZ7sQ/dwcNrJGpI7H5sA=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0V0VZKC1WXBjcsK9gFNKJPpbTt0MgkzE6GEbt34K25cKOLWP3Dn3zhps9DWAwOHc+7hzj1hwpnSrvttldbWNza3ytv2zu7e/oFzeNRWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64eQm9zsPIBWLxb2eJhBEZCTYkFGijdR3sE9BaJBMjOwkFdr37cE5RKEkgpLIWH2n4lbdOfAq8QpSQQWafefLH8Q0zbOUE6V6npvoICNSM8phZvupgoTQCRlBz1Bhtqggm18yw2dGGeBhLM0TGs/V34mMREpNo9BMRkSP1bKXi/95vVQPr4OMiSTVIOhi0TDlWMc4rwUPmASq+dQQQiUzf8V0TCShphtlmxK85ZNXSbtW9erVy7tapVEv6iijE3SKLpCHrlAD3aImaiGKHtEzekVv1pP1Yr1bH4vRklVkjtEfWJ8/StuaDQ==</latexit>

punt
d’embrancament

<latexit sha1_base64="iMksBRvQmbBLiTBf1lKZGOKYG+s=">AAAB8HicbVDJSgNBEO2JW4xbVPDiZTAIXhJmBGMOHgJePEYwi8Qh9HRqkibdPUN3jxAn+QovObjg1c/xJvoxdpaDJj4oeLxXRVU9P2JUacf5tFJLyyura+n1zMbm1vZOdnevpsJYEqiSkIWy4WMFjAqoaqoZNCIJmPsM6n7vcuzX70EqGoob3Y/A47gjaEAJ1ka6HTzkYXABebeVzTkFZwJ7kbgzkisfRC+j769SpZX9uGuHJOYgNGFYqabrRNpLsNSUMBhm7mIFESY93IGmoQJzUF4yOXhoHxulbQehNCW0PVF/TySYK9XnvunkWHfVvDcW//OasQ5KXkJFFGsQZLooiJmtQ3v8vd2mEohmfUMwkdTcapMulphok1HGhODOv7xIaqcFt1g4uzZpFNEUaXSIjtAJctE5KqMrVEFVRBBHj+gJPVvSGlmv1tu0NWXNZvbRH1jvPzhsk7w=</latexit>|z � e| < e � 1

<latexit sha1_base64="iqOuI0xuUJBLWf9/k6RcJdmCuOw=">AAAB8HicbVDJSgNBEK1xjXGLCl68DAbBi2FGMOaQQ8CLxwhmkWQIPZ2epEl3z9DdI8RJvsJLDi549XO8iX6MneWgiQ8KHu9VUVXPjxhV2nE+raXlldW19dRGenNre2c3s7dfVWEsMangkIWy7iNFGBWkoqlmpB5JgrjPSM3vXY392j2RiobiVvcj4nHUETSgGGkj3TnFwcOZOyi6rUzWyTkT2IvEnZFs6TB6GX1/FcqtzEezHeKYE6ExQ0o1XCfSXoKkppiRYboZKxIh3EMd0jBUIE6Ul0wOHtonRmnbQShNCW1P1N8TCeJK9blvOjnSXTXvjcX/vEasg4KXUBHFmgg8XRTEzNahPf7eblNJsGZ9QxCW1Nxq4y6SCGuTUdqE4M6/vEiq5zk3n7u4MWnkYYoUHMExnIILl1CCayhDBTBweIQneLakNbJerbdp65I1mzmAP7DefwCtBpNi</latexit>

0 < |z � 1| < 1

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="TKY/c7oLOBJdMQ7vG40uWn+NwUM=">AAAB7XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB6DOegxgnlAsoTZ2UkyZnZmmZkVw5J/8OIhIl79En/Am3/j5HHQxIKGoqqb7q4g5kwb1/121tY3Nre2MzvZ3O7e/kH+8KihZaIIrRPJpWoFWFPOBK0bZjhtxYriKOC0GQyrU7/5SJVmUtybUUz9CPcF6zGCjZUa1W7nWj5180W35M6AVom3IMVK7mZS+GyFtW7+qxNKkkRUGMKx1m3PjY2fYmUY4XSc7SSaxpgMcZ+2LRU4otpPZ9eO0alVQtSTypYwaKb+nkhxpPUoCmxnhM1AL3tT8T+vnZjelZ8yESeGCjJf1Es4MhJNX0chU5QYPrIEE8XsrYgMsMLE2ICyNgRv+eVV0jgveeXSxZ1NowxzZKAAJ3AGHlxCBW6hBnUg8ADPMIFXRzovzpvzPm9dcxYzx/AHzscP6quRng==</latexit>

C⇤
<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="NZhMDams0OtpqLf1QdZgP5WgOSc=">AAAB7HicbVA9SwNBEJ2LXzF+RQUbm8UgWIU7wZjCImBjGcFLAskR9jZ7yZK9vWN3T4iX/AYbi4ho6Q+yE/0xbj4KTXww8Hhvhpl5fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BTUWJJNQlEY9kw8eKciaoq5nmtBFLikOf07rfv5749XsqFYvEnR7E1AtxV7CAEayN5A4fhldOO1+wi/YUaJk4c1KoHMVv4++vcrWd/2h1IpKEVGjCsVJNx461l2KpGeF0lGslisaY9HGXNg0VOKTKS6fHjtCpUTooiKQpodFU/T2R4lCpQeibzhDrnlr0JuJ/XjPRQdlLmYgTTQWZLQoSjnSEJp+jDpOUaD4wBBPJzK2I9LDERJt8ciYEZ/HlZVI7Lzql4sWtSaMEM2ThGE7gDBy4hArcQBVcIMDgEcbwbAnryXqxXmetGWs+cwh/YL3/AOCtknA=</latexit>|z| < 1

<latexit sha1_base64="0teXUSyiAjQSD1Bvm7A27lVjVTw=">AAAB7HicbVBNS8NAEJ3Ur1q/qoIXL4tF8FQSwdqTFLx4rGDaQhvKZrtpl242YXcj1LS/wYuHiujRH+RN9Me4/Tho64OBx3szzMzzY86Utu1PK7Oyura+kd3MbW3v7O7l9w9qKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v3+9cSv31OpWCTu9CCmXoi7ggWMYG0kd/gwvHLa+YJdtKdAy8SZk0LlKH4bf3+Vq+38R6sTkSSkQhOOlWo6dqy9FEvNCKejXCtRNMakj7u0aajAIVVeOj12hE6N0kFBJE0Jjabq74kUh0oNQt90hlj31KI3Ef/zmokOyl7KRJxoKshsUZBwpCM0+Rx1mKRE84EhmEhmbkWkhyUm2uSTMyE4iy8vk9p50SkVL25NGiWYIQvHcAJn4MAlVOAGquACAQaPMIZnS1hP1ov1OmvNWPOZQ/gD6/0H47eScg==</latexit>|z| > 1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="NZhMDams0OtpqLf1QdZgP5WgOSc=">AAAB7HicbVA9SwNBEJ2LXzF+RQUbm8UgWIU7wZjCImBjGcFLAskR9jZ7yZK9vWN3T4iX/AYbi4ho6Q+yE/0xbj4KTXww8Hhvhpl5fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BTUWJJNQlEY9kw8eKciaoq5nmtBFLikOf07rfv5749XsqFYvEnR7E1AtxV7CAEayN5A4fhldOO1+wi/YUaJk4c1KoHMVv4++vcrWd/2h1IpKEVGjCsVJNx461l2KpGeF0lGslisaY9HGXNg0VOKTKS6fHjtCpUTooiKQpodFU/T2R4lCpQeibzhDrnlr0JuJ/XjPRQdlLmYgTTQWZLQoSjnSEJp+jDpOUaD4wBBPJzK2I9LDERJt8ciYEZ/HlZVI7Lzql4sWtSaMEM2ThGE7gDBy4hArcQBVcIMDgEcbwbAnryXqxXmetGWs+cwh/YL3/AOCtknA=</latexit>|z| < 1

<latexit sha1_base64="0teXUSyiAjQSD1Bvm7A27lVjVTw=">AAAB7HicbVBNS8NAEJ3Ur1q/qoIXL4tF8FQSwdqTFLx4rGDaQhvKZrtpl242YXcj1LS/wYuHiujRH+RN9Me4/Tho64OBx3szzMzzY86Utu1PK7Oyura+kd3MbW3v7O7l9w9qKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v3+9cSv31OpWCTu9CCmXoi7ggWMYG0kd/gwvHLa+YJdtKdAy8SZk0LlKH4bf3+Vq+38R6sTkSSkQhOOlWo6dqy9FEvNCKejXCtRNMakj7u0aajAIVVeOj12hE6N0kFBJE0Jjabq74kUh0oNQt90hlj31KI3Ef/zmokOyl7KRJxoKshsUZBwpCM0+Rx1mKRE84EhmEhmbkWkhyUm2uSTMyE4iy8vk9p50SkVL25NGiWYIQvHcAJn4MAlVOAGquACAQaPMIZnS1hP1ov1OmvNWPOZQ/gD6/0H47eScg==</latexit>|z| > 1 <latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="SxHFEecJZnLoCks0znrwSPPQXe8=">AAAB8HicbVDJSgNBEK2JW4xbVPDiZTAIghBmAsYccgh48RjBLJIMoafTSZp09wzdPUKc5Cu85OCCVz/Hm+jH2FkOmvig4PFeFVX1/JBRpR3n00qsrK6tbyQ3U1vbO7t76f2DqgoiiUkFByyQdR8pwqggFU01I/VQEsR9Rmp+/2ri1+6JVDQQt3oQEo+jrqAdipE20p1THD6c02Ex10pnnKwzhb1M3DnJlI7Cl/H3V6HcSn802wGOOBEaM6RUw3VC7cVIaooZGaWakSIhwn3UJQ1DBeJEefH04JF9apS23QmkKaHtqfp7IkZcqQH3TSdHuqcWvYn4n9eIdKfgxVSEkSYCzxZ1ImbrwJ58b7epJFizgSEIS2putXEPSYS1yShlQnAXX14m1VzWzWcvbkwaeZghCcdwAmfgwiWU4BrKUAEMHB7hCZ4taY2tV+tt1pqw5jOH8AfW+w8BEZOZ</latexit>

0 < |z + i| < 2

<latexit sha1_base64="SaL8cttupikygVx9sdnCk+sb7G4=">AAAB7nicbVDLSgNBEOyNrxhfUcGLl8EgCELYDRhzkoAXjxHMA5IlzE5mkyGzu8PMrBA3+QgvIop69Xu8iX6Mk8dBEwsaiqpuurs8wZnStv1ppZaWV1bX0uuZjc2t7Z3s7l5NRbEktEoiHsmGhxXlLKRVzTSnDSEpDjxO617/cuzXb6lULApv9EBQN8DdkPmMYG2k+vDulA0vCu1szs7bE6BF4sxIrnwgXh+/v0qVdvaj1YlIHNBQE46Vajq20G6CpWaE01GmFSsqMOnjLm0aGuKAKjeZnDtCx0bpID+SpkKNJurviQQHSg0Cz3QGWPfUvDcW//OasfZLbsJCEWsakukiP+ZIR2j8O+owSYnmA0MwkczcikgPS0y0SShjQnDmX14ktULeKebPrk0aRZgiDYdwBCfgwDmU4QoqUAUCfbiHJ3i2hPVgvVhv09aUNZvZhz+w3n8AE1aTGw==</latexit>|z + i| > 2

Figura F.1: Contorn del problema PF.3.

PF.4 Considereu la funció f(z) =
z

1 + z2
. Trobeu tots els desenvolupaments

en sèrie de Laurent de f(z),

(a) en potències de z (b) en potències de z + i

Especifiqueu o dibuixeu les regions de convergència.

PF.5 Calculeu la integral

I =

∫ ∞

0

x sin ax

(1 + x2)2
dx,

on a és un nombre real positiu.
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Solucions

SF.1 Tenim que
a eiα = −b eiβ. (F.1)

Dos nombres complexos són iguals si ho són els seus mòduls i els seus
arguments difereixen en múltiples enters de 2π. Per tant,

• si a i b tenen el mateix signe, (F.1) es pot escriure |a| eiα = |b| eiβ+iπ, i
tenim

a = b, α = β + (2n+ 1)π, n ∈ Z

• si a i b tenen signes oposats, (F.1) es pot escriure |a|eiα = |b| eiβ, i
tenim

a = −b, α = β + 2nπ, n ∈ Z

SF.2 (a) La funció u(x, y) és harmònica, ja que

uxx = uyy = 0 ⇒ uxx + uyy = 0

i, per tant, és la part real d’una funció f(z) anaĺıtica. Per les condicions
de Cauchy-Riemann tenim

vy = ux = −2y ⇒ v = −y2 + g(x),

on g(x) és una funció arbitrària. Per l’altra condició de Cauchy-Riemann
tenim

g′(x) = vx = −uy = 2x ⇒ g(x) = x2 + constant.

Per tant,

v(x, y) = x2 − y2 + constant

L’expressió de f(z) com a funció de z es pot trobar fent les substitucions

x = (z + z∗)/2, y = (z − z∗)/2i

a la funció u(z, y)+ iv(x, y), i s’obté f(z) = iz2+ constant. El seu domini
d’analiticitat és tot el pla complex.

(b) La funció no és harmònica, ja que

uxx = uyy = −4 ⇒ uxx + uyy = −8 ̸= 0.

Per tant, no existeix cap funció v(x, y) tal que f = u+ iv sigui anaĺıtica.

No existeix
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SF.3 (a) En ser g(z) anaĺıtica en tot el pla complex, admet un desenvolupament
en sèrie de Taylor g(z) =

∑∞
n=0 anz

n que convergeix a tot el pla. Els
coeficients són

an =
1

2πi

∮

C

g(z)

zn+1
dz,

on C és un contorn tancat qualsevol que envolti el punt z = 0.

El significat de limz→∞ g(z) = 0 és: ∀ϵ > 0, ∃M tal que |g(z)| < ϵ,
si |z| > M . Aix́ı doncs, si per cada ϵ donat escollim com a contorn C
una circumferència de radi R > max {1,M} i parametritzem z = Reiθ,
θ ∈ [0, 2π], dz = Reiθi dθ, tenim

|an| ≤
1

2π

∮

C

|g(z)|
|z|n+1

|dz| = 1

2πRn

∫ 2π

0

|f(Reiθ)| dθ <
ϵ

Rn
≤ ϵ,

d’on dedüım que an = 0, ∀n ≥ 0. Aix́ı doncs,

g(z) = 0

(b) La funció f(z) ha de ser de la forma

f(z) =
a−2
z2

+
a−1
z

+ g(z),

on g(z) és anaĺıtica. Com que els dos primers sumands tendeixen a zero
quan |z| → ∞, la condició limz→∞ f(z) = 0 implica que limz→∞ g(z) = 0
i, d’acord amb l’apartat anterior, això vol dir que g(z) = 0.

D’altra banda, en ser
∮
C□

f(z) = 0, pel teorema dels residus tenim que

a−1 = 0. Per tant, f(z) = a−2/z2. Determinem a−2 amb la condi-
ció f(1/2) = 4:

4 = f(1/2) =
a−2

(1/2)2
= 4a−2,

és a dir, a−2 = 1. Aix́ı arribem a

f(z) = 1/z2

SF.4 (a) La funció z/(1 + z2) té singularitats a z = ±i. Com que busquem
desenvolupaments al voltant de z = 0 (que no és una singularitat), les
diferents sèries (de potències de z) convergiran al disc |z| < 1 (sèrie de
Taylor) i a la corona |z| > 1 (sèrie de Laurent). Aquestes regions es
representen a la figura F.2, que també mostra els pols de f(z). A la
regió |z| < 1 tenim

z

z2 + 1
=

z

1− (−z2)
= z

∞∑

n=0

(−1)nz2n =
∞∑

n=0

(−1)nz2n+1,
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<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="j4kJGAxT8snQIlkrow7cyKdy11U=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMFoGbCwjmAckS5idzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0KjBy4czrmXe+8JYs60cd1PJ7O0vLK6ll3PbWxube/kd/dqWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO60H/auLX76nSTIpbM4ipH+GuYCEj2Fip9thOT71hO19wi+4U6C/x5qRQPvgqvI0fRpV2/qPVkSSJqDCEY62bnhsbP8XKMMLpMNdKNI0x6eMubVoqcES1n06vHaJjq3RQKJUtYdBU/TmR4kjrQRTYzgibnl70JuJ/XjMx4aWfMhEnhgoyWxQmHBmJJq+jDlOUGD6wBBPF7K2I9LDCxNiAcjYEb/Hlv6R2VvRKxfMbm0YJZsjCIRzBCXhwAWW4hgpUgcAdPMELjBzpPDtj53XWmnHmM/vwC877N0WDkp4=</latexit>z�1

<latexit sha1_base64="ILkmswk3q5X6vTIXNF7sYANgWSY=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWE3YLQM2FhGMA9IQpidzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0ITD1w4nHMv997jR5xp47pfTmpldW19I72Z2dre2d3L7h9UtYwVoRUiuVR1H2vKmaAVwwyn9UhRHPqc1vz+9cSvPVClmRR3ZhDRVoi7ggWMYGOl6lM7OS8M29mcm3enQMvEm5Nc6eg79z5+HJXb2c9mR5I4pMIQjrVueG5kWglWhhFOh5lmrGmESR93acNSgUOqW8n02iE6tUoHBVLZEgZN1d8TCQ61HoS+7Qyx6elFbyL+5zViE1y1Eiai2FBBZouCmCMj0eR11GGKEsMHlmCimL0VkR5WmBgbUMaG4C2+vEyqhbxXzF/c2jSKMEMajuEEzsCDSyjBDZShAgTu4RleYeRI58UZO2+z1pQznzmEP3A+fgBHCJKf</latexit>z�2

<latexit sha1_base64="cJd3Vft0WhJIFxkEGX/f0vW3vU0=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMVoGbCwjmAckS5idTJIxszPLzKwSl/yDjYUhWNj4P3Z+ip2TR6GJBy4czrmXe+8JIs60cd0vJ7W0vLK6ll7PbGxube9kd/cqWsaK0DKRXKpagDXlTNCyYYbTWqQoDgNOq0HveuxXH6jSTIo704+oH+KOYG1GsLFS5amZnJ4Pmtmcm3cnQIvEm5Fc8eA79z56HJaa2c9GS5I4pMIQjrWue25k/AQrwwing0wj1jTCpIc7tG6pwCHVfjK5doCOrdJCbalsCYMm6u+JBIda98PAdobYdPW8Nxb/8+qxaV/5CRNRbKgg00XtmCMj0fh11GKKEsP7lmCimL0VkS5WmBgbUMaG4M2/vEgqZ3mvkL+4tWkUYIo0HMIRnIAHl1CEGyhBGQjcwzO8wtCRzoszct6mrSlnNrMPf+B8/ABIjZKg</latexit>z�3

<latexit sha1_base64="jazcfw7+mKwMUQ0b9EZBtfyg/9w=">AAAB7XicbZC7SgNBFIZnvcZ4i1raLAYhNmFXMNoZsLGMYC6QXcLs7GwyZnZmmTkbCEueQRsLRWx9CSsfwc4HsXdyKTTxh4GP/z+HOecECWcaHOfLWlpeWV1bz23kN7e2d3YLe/sNLVNFaJ1ILlUrwJpyJmgdGHDaShTFccBpM+hfjfPmgCrNpLiFYUL9GHcFixjBYKyGNwgl6E6h6JSdiexFcGdQvHwvfX/ceye1TuHTCyVJYyqAcKx123US8DOsgBFOR3kv1TTBpI+7tG1Q4JhqP5tMO7KPjRPakVTmCbAn7u+ODMdaD+PAVMYYeno+G5v/Ze0Uogs/YyJJgQoy/ShKuQ3SHq9uh0xRAnxoABPFzKw26WGFCZgD5c0R3PmVF6FxWnYr5bMbp1itoKly6BAdoRJy0TmqomtUQ3VE0B16QE/o2ZLWo/VivU5Ll6xZzwH6I+vtBxSwkyo=</latexit>...

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="uLj8RoEO1A38nquDS/HDZw3nthw=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV7OTyTtGZyF4Edwb5y/fC98dD+6TSyX22uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGVQkBCVl04GHdnHxunaQSTNE9qeuL87UhIqNQx9UxkS3Vfz2dj8L2slOrjwUibiRKOg04+ChNs6ssdb210mkWo+NECoZGZWm/aJJFSb22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUEO7hCZ6tW+vRerFep6VL1qznAP7IevsBEq6Q0Q==</latexit>e

<latexit sha1_base64="BVID1gtyAZdNMiCyj40SGoJb1uI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktWD0WvHisYD+wXUo2zbahSTYkWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pmyTVhLZIwhPdjbChnEnassxy2lWaYhFx2okmt3O/80S1YYl8sFNFQ4FHksWMYOukR5VwZJhQnA7KFb/qL4DWSZCTCuRoDspf/WFCUkGlJRwb0wt8ZcMMa8sIp7NSPzVUYTLBI9pzVGJBTZgtLp6hC6cMUZxoV9Kihfp7IsPCmKmIXKfAdmxWvbn4n9dLbXwTZkyq1FJJlovilCOboPn7aMg0JZZPHcFEM3crImOsMbEupJILIVh9eZ20a9WgXr26r1Ua9TyOIpzBOVxCANfQgDtoQgsISHiGV3jzjPfivXsfy9aCl8+cwh94nz+M+JDP</latexit>

pol simple

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="1TLxMoqnZ7sQ/dwcNrJGpI7H5sA=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0V0VZKC1WXBjcsK9gFNKJPpbTt0MgkzE6GEbt34K25cKOLWP3Dn3zhps9DWAwOHc+7hzj1hwpnSrvttldbWNza3ytv2zu7e/oFzeNRWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64eQm9zsPIBWLxb2eJhBEZCTYkFGijdR3sE9BaJBMjOwkFdr37cE5RKEkgpLIWH2n4lbdOfAq8QpSQQWafefLH8Q0zbOUE6V6npvoICNSM8phZvupgoTQCRlBz1Bhtqggm18yw2dGGeBhLM0TGs/V34mMREpNo9BMRkSP1bKXi/95vVQPr4OMiSTVIOhi0TDlWMc4rwUPmASq+dQQQiUzf8V0TCShphtlmxK85ZNXSbtW9erVy7tapVEv6iijE3SKLpCHrlAD3aImaiGKHtEzekVv1pP1Yr1bH4vRklVkjtEfWJ8/StuaDQ==</latexit>

punt
d’embrancament

<latexit sha1_base64="iMksBRvQmbBLiTBf1lKZGOKYG+s=">AAAB8HicbVDJSgNBEO2JW4xbVPDiZTAIXhJmBGMOHgJePEYwi8Qh9HRqkibdPUN3jxAn+QovObjg1c/xJvoxdpaDJj4oeLxXRVU9P2JUacf5tFJLyyura+n1zMbm1vZOdnevpsJYEqiSkIWy4WMFjAqoaqoZNCIJmPsM6n7vcuzX70EqGoob3Y/A47gjaEAJ1ka6HTzkYXABebeVzTkFZwJ7kbgzkisfRC+j769SpZX9uGuHJOYgNGFYqabrRNpLsNSUMBhm7mIFESY93IGmoQJzUF4yOXhoHxulbQehNCW0PVF/TySYK9XnvunkWHfVvDcW//OasQ5KXkJFFGsQZLooiJmtQ3v8vd2mEohmfUMwkdTcapMulphok1HGhODOv7xIaqcFt1g4uzZpFNEUaXSIjtAJctE5KqMrVEFVRBBHj+gJPVvSGlmv1tu0NWXNZvbRH1jvPzhsk7w=</latexit>|z � e| < e � 1

<latexit sha1_base64="iqOuI0xuUJBLWf9/k6RcJdmCuOw=">AAAB8HicbVDJSgNBEK1xjXGLCl68DAbBi2FGMOaQQ8CLxwhmkWQIPZ2epEl3z9DdI8RJvsJLDi549XO8iX6MneWgiQ8KHu9VUVXPjxhV2nE+raXlldW19dRGenNre2c3s7dfVWEsMangkIWy7iNFGBWkoqlmpB5JgrjPSM3vXY392j2RiobiVvcj4nHUETSgGGkj3TnFwcOZOyi6rUzWyTkT2IvEnZFs6TB6GX1/FcqtzEezHeKYE6ExQ0o1XCfSXoKkppiRYboZKxIh3EMd0jBUIE6Ul0wOHtonRmnbQShNCW1P1N8TCeJK9blvOjnSXTXvjcX/vEasg4KXUBHFmgg8XRTEzNahPf7eblNJsGZ9QxCW1Nxq4y6SCGuTUdqE4M6/vEiq5zk3n7u4MWnkYYoUHMExnIILl1CCayhDBTBweIQneLakNbJerbdp65I1mzmAP7DefwCtBpNi</latexit>

0 < |z � 1| < 1

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="TKY/c7oLOBJdMQ7vG40uWn+NwUM=">AAAB7XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB6DOegxgnlAsoTZ2UkyZnZmmZkVw5J/8OIhIl79En/Am3/j5HHQxIKGoqqb7q4g5kwb1/121tY3Nre2MzvZ3O7e/kH+8KihZaIIrRPJpWoFWFPOBK0bZjhtxYriKOC0GQyrU7/5SJVmUtybUUz9CPcF6zGCjZUa1W7nWj5180W35M6AVom3IMVK7mZS+GyFtW7+qxNKkkRUGMKx1m3PjY2fYmUY4XSc7SSaxpgMcZ+2LRU4otpPZ9eO0alVQtSTypYwaKb+nkhxpPUoCmxnhM1AL3tT8T+vnZjelZ8yESeGCjJf1Es4MhJNX0chU5QYPrIEE8XsrYgMsMLE2ICyNgRv+eVV0jgveeXSxZ1NowxzZKAAJ3AGHlxCBW6hBnUg8ADPMIFXRzovzpvzPm9dcxYzx/AHzscP6quRng==</latexit>

C⇤
<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="NZhMDams0OtpqLf1QdZgP5WgOSc=">AAAB7HicbVA9SwNBEJ2LXzF+RQUbm8UgWIU7wZjCImBjGcFLAskR9jZ7yZK9vWN3T4iX/AYbi4ho6Q+yE/0xbj4KTXww8Hhvhpl5fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BTUWJJNQlEY9kw8eKciaoq5nmtBFLikOf07rfv5749XsqFYvEnR7E1AtxV7CAEayN5A4fhldOO1+wi/YUaJk4c1KoHMVv4++vcrWd/2h1IpKEVGjCsVJNx461l2KpGeF0lGslisaY9HGXNg0VOKTKS6fHjtCpUTooiKQpodFU/T2R4lCpQeibzhDrnlr0JuJ/XjPRQdlLmYgTTQWZLQoSjnSEJp+jDpOUaD4wBBPJzK2I9LDERJt8ciYEZ/HlZVI7Lzql4sWtSaMEM2ThGE7gDBy4hArcQBVcIMDgEcbwbAnryXqxXmetGWs+cwh/YL3/AOCtknA=</latexit>|z| < 1

<latexit sha1_base64="0teXUSyiAjQSD1Bvm7A27lVjVTw=">AAAB7HicbVBNS8NAEJ3Ur1q/qoIXL4tF8FQSwdqTFLx4rGDaQhvKZrtpl242YXcj1LS/wYuHiujRH+RN9Me4/Tho64OBx3szzMzzY86Utu1PK7Oyura+kd3MbW3v7O7l9w9qKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v3+9cSv31OpWCTu9CCmXoi7ggWMYG0kd/gwvHLa+YJdtKdAy8SZk0LlKH4bf3+Vq+38R6sTkSSkQhOOlWo6dqy9FEvNCKejXCtRNMakj7u0aajAIVVeOj12hE6N0kFBJE0Jjabq74kUh0oNQt90hlj31KI3Ef/zmokOyl7KRJxoKshsUZBwpCM0+Rx1mKRE84EhmEhmbkWkhyUm2uSTMyE4iy8vk9p50SkVL25NGiWYIQvHcAJn4MAlVOAGquACAQaPMIZnS1hP1ov1OmvNWPOZQ/gD6/0H47eScg==</latexit>|z| > 1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="NZhMDams0OtpqLf1QdZgP5WgOSc=">AAAB7HicbVA9SwNBEJ2LXzF+RQUbm8UgWIU7wZjCImBjGcFLAskR9jZ7yZK9vWN3T4iX/AYbi4ho6Q+yE/0xbj4KTXww8Hhvhpl5fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BTUWJJNQlEY9kw8eKciaoq5nmtBFLikOf07rfv5749XsqFYvEnR7E1AtxV7CAEayN5A4fhldOO1+wi/YUaJk4c1KoHMVv4++vcrWd/2h1IpKEVGjCsVJNx461l2KpGeF0lGslisaY9HGXNg0VOKTKS6fHjtCpUTooiKQpodFU/T2R4lCpQeibzhDrnlr0JuJ/XjPRQdlLmYgTTQWZLQoSjnSEJp+jDpOUaD4wBBPJzK2I9LDERJt8ciYEZ/HlZVI7Lzql4sWtSaMEM2ThGE7gDBy4hArcQBVcIMDgEcbwbAnryXqxXmetGWs+cwh/YL3/AOCtknA=</latexit>|z| < 1

<latexit sha1_base64="0teXUSyiAjQSD1Bvm7A27lVjVTw=">AAAB7HicbVBNS8NAEJ3Ur1q/qoIXL4tF8FQSwdqTFLx4rGDaQhvKZrtpl242YXcj1LS/wYuHiujRH+RN9Me4/Tho64OBx3szzMzzY86Utu1PK7Oyura+kd3MbW3v7O7l9w9qKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v3+9cSv31OpWCTu9CCmXoi7ggWMYG0kd/gwvHLa+YJdtKdAy8SZk0LlKH4bf3+Vq+38R6sTkSSkQhOOlWo6dqy9FEvNCKejXCtRNMakj7u0aajAIVVeOj12hE6N0kFBJE0Jjabq74kUh0oNQt90hlj31KI3Ef/zmokOyl7KRJxoKshsUZBwpCM0+Rx1mKRE84EhmEhmbkWkhyUm2uSTMyE4iy8vk9p50SkVL25NGiWYIQvHcAJn4MAlVOAGquACAQaPMIZnS1hP1ov1OmvNWPOZQ/gD6/0H47eScg==</latexit>|z| > 1 <latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="SxHFEecJZnLoCks0znrwSPPQXe8=">AAAB8HicbVDJSgNBEK2JW4xbVPDiZTAIghBmAsYccgh48RjBLJIMoafTSZp09wzdPUKc5Cu85OCCVz/Hm+jH2FkOmvig4PFeFVX1/JBRpR3n00qsrK6tbyQ3U1vbO7t76f2DqgoiiUkFByyQdR8pwqggFU01I/VQEsR9Rmp+/2ri1+6JVDQQt3oQEo+jrqAdipE20p1THD6c02Ex10pnnKwzhb1M3DnJlI7Cl/H3V6HcSn802wGOOBEaM6RUw3VC7cVIaooZGaWakSIhwn3UJQ1DBeJEefH04JF9apS23QmkKaHtqfp7IkZcqQH3TSdHuqcWvYn4n9eIdKfgxVSEkSYCzxZ1ImbrwJ58b7epJFizgSEIS2putXEPSYS1yShlQnAXX14m1VzWzWcvbkwaeZghCcdwAmfgwiWU4BrKUAEMHB7hCZ4taY2tV+tt1pqw5jOH8AfW+w8BEZOZ</latexit>

0 < |z + i| < 2

<latexit sha1_base64="SaL8cttupikygVx9sdnCk+sb7G4=">AAAB7nicbVDLSgNBEOyNrxhfUcGLl8EgCELYDRhzkoAXjxHMA5IlzE5mkyGzu8PMrBA3+QgvIop69Xu8iX6Mk8dBEwsaiqpuurs8wZnStv1ppZaWV1bX0uuZjc2t7Z3s7l5NRbEktEoiHsmGhxXlLKRVzTSnDSEpDjxO617/cuzXb6lULApv9EBQN8DdkPmMYG2k+vDulA0vCu1szs7bE6BF4sxIrnwgXh+/v0qVdvaj1YlIHNBQE46Vajq20G6CpWaE01GmFSsqMOnjLm0aGuKAKjeZnDtCx0bpID+SpkKNJurviQQHSg0Cz3QGWPfUvDcW//OasfZLbsJCEWsakukiP+ZIR2j8O+owSYnmA0MwkczcikgPS0y0SShjQnDmX14ktULeKebPrk0aRZgiDYdwBCfgwDmU4QoqUAUCfbiHJ3i2hPVgvVhv09aUNZvZhz+w3n8AE1aTGw==</latexit>|z + i| > 2

Figura F.2: Regions de convergència de les
sèries (F.2).
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<latexit sha1_base64="JJRofpLzrHgYvfbxXP2qEXUYWjQ=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+q5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPxtiQYg==</latexit>z0

<latexit sha1_base64="FpK/ZU3BbOcejcmGozpYPkiNbDs=">AAAB6nicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB4DHvQY0TwgWcLs7GwyZGZ2mZkV4pJP8OJBCV79FX/Am3/j5HHQxIKGoqqb7q4g4Uwb1/121tY3Nre2czv5wu7e/kHx8Kip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nvqtR6o0i+WDGSXUF7gvWcQINla6f+p5vWLZrbgzoFXiLUi5VriZlD7bYb1X/OqGMUkFlYZwrHXHcxPjZ1gZRjgd57uppgkmQ9ynHUslFlT72ezUMTq1SoiiWNmSBs3U3xMZFlqPRGA7BTYDvexNxf+8TmqiKz9jMkkNlWS+KEo5MjGa/o1CpigxfGQJJorZWxEZYIWJsenkbQje8surpHle8aqVizubRhXmyEEJTuAMPLiEGtxCHRpAoA/P8ApvDndenInzPm9dcxYzx/AHzscPyFyQYw==</latexit>z1
<latexit sha1_base64="aC6gd3Nrpsl/iNPY1Q4OaqPuW2Y=">AAAB6nicbVDLSsNAFL2pr9r6qLrsZrAIrkpSsLosuNBlRfuANpTJZNIOnUzCzESIoZ/gxoVS3Por/oA7/8bpY6GtBy4czrmXe+/xYs6Utu1vK7exubW9k98tFPf2Dw5LR8dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjj65nfeaRSsUg86DSmboiHggWMYG2k+6dBbVCq2FV7DrROnCWpNIo30/Jn128OSl99PyJJSIUmHCvVc+xYuxmWmhFOJ4V+omiMyRgPac9QgUOq3Gx+6gSdGcVHQSRNCY3m6u+JDIdKpaFnOkOsR2rVm4n/eb1EB1duxkScaCrIYlGQcKQjNPsb+UxSonlqCCaSmVsRGWGJiTbpFEwIzurL66Rdqzr16sWdSaMOC+ShDKdwDg5cQgNuoQktIDCEZ3iFN4tbL9bUel+05qzlzAn8gfXxA8ngkGQ=</latexit>z2

<latexit sha1_base64="j4kJGAxT8snQIlkrow7cyKdy11U=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMFoGbCwjmAckS5idzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0KjBy4czrmXe+8JYs60cd1PJ7O0vLK6ll3PbWxube/kd/dqWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO60H/auLX76nSTIpbM4ipH+GuYCEj2Fip9thOT71hO19wi+4U6C/x5qRQPvgqvI0fRpV2/qPVkSSJqDCEY62bnhsbP8XKMMLpMNdKNI0x6eMubVoqcES1n06vHaJjq3RQKJUtYdBU/TmR4kjrQRTYzgibnl70JuJ/XjMx4aWfMhEnhgoyWxQmHBmJJq+jDlOUGD6wBBPF7K2I9LDCxNiAcjYEb/Hlv6R2VvRKxfMbm0YJZsjCIRzBCXhwAWW4hgpUgcAdPMELjBzpPDtj53XWmnHmM/vwC877N0WDkp4=</latexit>z�1

<latexit sha1_base64="ILkmswk3q5X6vTIXNF7sYANgWSY=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWE3YLQM2FhGMA9IQpidzCZjZmeWmVklLvkHGwtDsLDxf+z8FDsnj0ITD1w4nHMv997jR5xp47pfTmpldW19I72Z2dre2d3L7h9UtYwVoRUiuVR1H2vKmaAVwwyn9UhRHPqc1vz+9cSvPVClmRR3ZhDRVoi7ggWMYGOl6lM7OS8M29mcm3enQMvEm5Nc6eg79z5+HJXb2c9mR5I4pMIQjrVueG5kWglWhhFOh5lmrGmESR93acNSgUOqW8n02iE6tUoHBVLZEgZN1d8TCQ61HoS+7Qyx6elFbyL+5zViE1y1Eiai2FBBZouCmCMj0eR11GGKEsMHlmCimL0VkR5WmBgbUMaG4C2+vEyqhbxXzF/c2jSKMEMajuEEzsCDSyjBDZShAgTu4RleYeRI58UZO2+z1pQznzmEP3A+fgBHCJKf</latexit>z�2

<latexit sha1_base64="cJd3Vft0WhJIFxkEGX/f0vW3vU0=">AAAB7XicbVC7SgNBFL0bXzG+4qOzGQyCjWFXMVoGbCwjmAckS5idTJIxszPLzKwSl/yDjYUhWNj4P3Z+ip2TR6GJBy4czrmXe+8JIs60cd0vJ7W0vLK6ll7PbGxube9kd/cqWsaK0DKRXKpagDXlTNCyYYbTWqQoDgNOq0HveuxXH6jSTIo704+oH+KOYG1GsLFS5amZnJ4Pmtmcm3cnQIvEm5Fc8eA79z56HJaa2c9GS5I4pMIQjrWue25k/AQrwwing0wj1jTCpIc7tG6pwCHVfjK5doCOrdJCbalsCYMm6u+JBIda98PAdobYdPW8Nxb/8+qxaV/5CRNRbKgg00XtmCMj0fh11GKKEsP7lmCimL0VkS5WmBgbUMaG4M2/vEgqZ3mvkL+4tWkUYIo0HMIRnIAHl1CEGyhBGQjcwzO8wtCRzoszct6mrSlnNrMPf+B8/ABIjZKg</latexit>z�3

<latexit sha1_base64="jazcfw7+mKwMUQ0b9EZBtfyg/9w=">AAAB7XicbZC7SgNBFIZnvcZ4i1raLAYhNmFXMNoZsLGMYC6QXcLs7GwyZnZmmTkbCEueQRsLRWx9CSsfwc4HsXdyKTTxh4GP/z+HOecECWcaHOfLWlpeWV1bz23kN7e2d3YLe/sNLVNFaJ1ILlUrwJpyJmgdGHDaShTFccBpM+hfjfPmgCrNpLiFYUL9GHcFixjBYKyGNwgl6E6h6JSdiexFcGdQvHwvfX/ceye1TuHTCyVJYyqAcKx123US8DOsgBFOR3kv1TTBpI+7tG1Q4JhqP5tMO7KPjRPakVTmCbAn7u+ODMdaD+PAVMYYeno+G5v/Ze0Uogs/YyJJgQoy/ShKuQ3SHq9uh0xRAnxoABPFzKw26WGFCZgD5c0R3PmVF6FxWnYr5bMbp1itoKly6BAdoRJy0TmqomtUQ3VE0B16QE/o2ZLWo/VivU5Ll6xZzwH6I+vtBxSwkyo=</latexit>...

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="uLj8RoEO1A38nquDS/HDZw3nthw=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV7OTyTtGZyF4Edwb5y/fC98dD+6TSyX22uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGVQkBCVl04GHdnHxunaQSTNE9qeuL87UhIqNQx9UxkS3Vfz2dj8L2slOrjwUibiRKOg04+ChNs6ssdb210mkWo+NECoZGZWm/aJJFSb22TNEdz5lRehflp0S8WzqpMvl2CqDBzCERTAhXMowzVUoAYUEO7hCZ6tW+vRerFep6VL1qznAP7IevsBEq6Q0Q==</latexit>e

<latexit sha1_base64="BVID1gtyAZdNMiCyj40SGoJb1uI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktWD0WvHisYD+wXUo2zbahSTYkWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pmyTVhLZIwhPdjbChnEnassxy2lWaYhFx2okmt3O/80S1YYl8sFNFQ4FHksWMYOukR5VwZJhQnA7KFb/qL4DWSZCTCuRoDspf/WFCUkGlJRwb0wt8ZcMMa8sIp7NSPzVUYTLBI9pzVGJBTZgtLp6hC6cMUZxoV9Kihfp7IsPCmKmIXKfAdmxWvbn4n9dLbXwTZkyq1FJJlovilCOboPn7aMg0JZZPHcFEM3crImOsMbEupJILIVh9eZ20a9WgXr26r1Ua9TyOIpzBOVxCANfQgDtoQgsISHiGV3jzjPfivXsfy9aCl8+cwh94nz+M+JDP</latexit>

pol simple

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="1TLxMoqnZ7sQ/dwcNrJGpI7H5sA=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0V0VZKC1WXBjcsK9gFNKJPpbTt0MgkzE6GEbt34K25cKOLWP3Dn3zhps9DWAwOHc+7hzj1hwpnSrvttldbWNza3ytv2zu7e/oFzeNRWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64eQm9zsPIBWLxb2eJhBEZCTYkFGijdR3sE9BaJBMjOwkFdr37cE5RKEkgpLIWH2n4lbdOfAq8QpSQQWafefLH8Q0zbOUE6V6npvoICNSM8phZvupgoTQCRlBz1Bhtqggm18yw2dGGeBhLM0TGs/V34mMREpNo9BMRkSP1bKXi/95vVQPr4OMiSTVIOhi0TDlWMc4rwUPmASq+dQQQiUzf8V0TCShphtlmxK85ZNXSbtW9erVy7tapVEv6iijE3SKLpCHrlAD3aImaiGKHtEzekVv1pP1Yr1bH4vRklVkjtEfWJ8/StuaDQ==</latexit>

punt
d’embrancament

<latexit sha1_base64="iMksBRvQmbBLiTBf1lKZGOKYG+s=">AAAB8HicbVDJSgNBEO2JW4xbVPDiZTAIXhJmBGMOHgJePEYwi8Qh9HRqkibdPUN3jxAn+QovObjg1c/xJvoxdpaDJj4oeLxXRVU9P2JUacf5tFJLyyura+n1zMbm1vZOdnevpsJYEqiSkIWy4WMFjAqoaqoZNCIJmPsM6n7vcuzX70EqGoob3Y/A47gjaEAJ1ka6HTzkYXABebeVzTkFZwJ7kbgzkisfRC+j769SpZX9uGuHJOYgNGFYqabrRNpLsNSUMBhm7mIFESY93IGmoQJzUF4yOXhoHxulbQehNCW0PVF/TySYK9XnvunkWHfVvDcW//OasQ5KXkJFFGsQZLooiJmtQ3v8vd2mEohmfUMwkdTcapMulphok1HGhODOv7xIaqcFt1g4uzZpFNEUaXSIjtAJctE5KqMrVEFVRBBHj+gJPVvSGlmv1tu0NWXNZvbRH1jvPzhsk7w=</latexit>|z � e| < e � 1

<latexit sha1_base64="iqOuI0xuUJBLWf9/k6RcJdmCuOw=">AAAB8HicbVDJSgNBEK1xjXGLCl68DAbBi2FGMOaQQ8CLxwhmkWQIPZ2epEl3z9DdI8RJvsJLDi549XO8iX6MneWgiQ8KHu9VUVXPjxhV2nE+raXlldW19dRGenNre2c3s7dfVWEsMangkIWy7iNFGBWkoqlmpB5JgrjPSM3vXY392j2RiobiVvcj4nHUETSgGGkj3TnFwcOZOyi6rUzWyTkT2IvEnZFs6TB6GX1/FcqtzEezHeKYE6ExQ0o1XCfSXoKkppiRYboZKxIh3EMd0jBUIE6Ul0wOHtonRmnbQShNCW1P1N8TCeJK9blvOjnSXTXvjcX/vEasg4KXUBHFmgg8XRTEzNahPf7eblNJsGZ9QxCW1Nxq4y6SCGuTUdqE4M6/vEiq5zk3n7u4MWnkYYoUHMExnIILl1CCayhDBTBweIQneLakNbJerbdp65I1mzmAP7DefwCtBpNi</latexit>

0 < |z � 1| < 1

<latexit sha1_base64="KJm+1yqYjAoxs3GJua4zC58+H/c=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7gtHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0l9j3Y=</latexit>

0
<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="TKY/c7oLOBJdMQ7vG40uWn+NwUM=">AAAB7XicbVDLSgNBEOz1GRMfUY+5DAbBU9gVjB6DOegxgnlAsoTZ2UkyZnZmmZkVw5J/8OIhIl79En/Am3/j5HHQxIKGoqqb7q4g5kwb1/121tY3Nre2MzvZ3O7e/kH+8KihZaIIrRPJpWoFWFPOBK0bZjhtxYriKOC0GQyrU7/5SJVmUtybUUz9CPcF6zGCjZUa1W7nWj5180W35M6AVom3IMVK7mZS+GyFtW7+qxNKkkRUGMKx1m3PjY2fYmUY4XSc7SSaxpgMcZ+2LRU4otpPZ9eO0alVQtSTypYwaKb+nkhxpPUoCmxnhM1AL3tT8T+vnZjelZ8yESeGCjJf1Es4MhJNX0chU5QYPrIEE8XsrYgMsMLE2ICyNgRv+eVV0jgveeXSxZ1NowxzZKAAJ3AGHlxCBW6hBnUg8ADPMIFXRzovzpvzPm9dcxYzx/AHzscP6quRng==</latexit>

C⇤
<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="NZhMDams0OtpqLf1QdZgP5WgOSc=">AAAB7HicbVA9SwNBEJ2LXzF+RQUbm8UgWIU7wZjCImBjGcFLAskR9jZ7yZK9vWN3T4iX/AYbi4ho6Q+yE/0xbj4KTXww8Hhvhpl5fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BTUWJJNQlEY9kw8eKciaoq5nmtBFLikOf07rfv5749XsqFYvEnR7E1AtxV7CAEayN5A4fhldOO1+wi/YUaJk4c1KoHMVv4++vcrWd/2h1IpKEVGjCsVJNx461l2KpGeF0lGslisaY9HGXNg0VOKTKS6fHjtCpUTooiKQpodFU/T2R4lCpQeibzhDrnlr0JuJ/XjPRQdlLmYgTTQWZLQoSjnSEJp+jDpOUaD4wBBPJzK2I9LDERJt8ciYEZ/HlZVI7Lzql4sWtSaMEM2ThGE7gDBy4hArcQBVcIMDgEcbwbAnryXqxXmetGWs+cwh/YL3/AOCtknA=</latexit>|z| < 1

<latexit sha1_base64="0teXUSyiAjQSD1Bvm7A27lVjVTw=">AAAB7HicbVBNS8NAEJ3Ur1q/qoIXL4tF8FQSwdqTFLx4rGDaQhvKZrtpl242YXcj1LS/wYuHiujRH+RN9Me4/Tho64OBx3szzMzzY86Utu1PK7Oyura+kd3MbW3v7O7l9w9qKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v3+9cSv31OpWCTu9CCmXoi7ggWMYG0kd/gwvHLa+YJdtKdAy8SZk0LlKH4bf3+Vq+38R6sTkSSkQhOOlWo6dqy9FEvNCKejXCtRNMakj7u0aajAIVVeOj12hE6N0kFBJE0Jjabq74kUh0oNQt90hlj31KI3Ef/zmokOyl7KRJxoKshsUZBwpCM0+Rx1mKRE84EhmEhmbkWkhyUm2uSTMyE4iy8vk9p50SkVL25NGiWYIQvHcAJn4MAlVOAGquACAQaPMIZnS1hP1ov1OmvNWPOZQ/gD6/0H47eScg==</latexit>|z| > 1

<latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="NZhMDams0OtpqLf1QdZgP5WgOSc=">AAAB7HicbVA9SwNBEJ2LXzF+RQUbm8UgWIU7wZjCImBjGcFLAskR9jZ7yZK9vWN3T4iX/AYbi4ho6Q+yE/0xbj4KTXww8Hhvhpl5fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BTUWJJNQlEY9kw8eKciaoq5nmtBFLikOf07rfv5749XsqFYvEnR7E1AtxV7CAEayN5A4fhldOO1+wi/YUaJk4c1KoHMVv4++vcrWd/2h1IpKEVGjCsVJNx461l2KpGeF0lGslisaY9HGXNg0VOKTKS6fHjtCpUTooiKQpodFU/T2R4lCpQeibzhDrnlr0JuJ/XjPRQdlLmYgTTQWZLQoSjnSEJp+jDpOUaD4wBBPJzK2I9LDERJt8ciYEZ/HlZVI7Lzql4sWtSaMEM2ThGE7gDBy4hArcQBVcIMDgEcbwbAnryXqxXmetGWs+cwh/YL3/AOCtknA=</latexit>|z| < 1

<latexit sha1_base64="0teXUSyiAjQSD1Bvm7A27lVjVTw=">AAAB7HicbVBNS8NAEJ3Ur1q/qoIXL4tF8FQSwdqTFLx4rGDaQhvKZrtpl242YXcj1LS/wYuHiujRH+RN9Me4/Tho64OBx3szzMzzY86Utu1PK7Oyura+kd3MbW3v7O7l9w9qKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v3+9cSv31OpWCTu9CCmXoi7ggWMYG0kd/gwvHLa+YJdtKdAy8SZk0LlKH4bf3+Vq+38R6sTkSSkQhOOlWo6dqy9FEvNCKejXCtRNMakj7u0aajAIVVeOj12hE6N0kFBJE0Jjabq74kUh0oNQt90hlj31KI3Ef/zmokOyl7KRJxoKshsUZBwpCM0+Rx1mKRE84EhmEhmbkWkhyUm2uSTMyE4iy8vk9p50SkVL25NGiWYIQvHcAJn4MAlVOAGquACAQaPMIZnS1hP1ov1OmvNWPOZQ/gD6/0H47eScg==</latexit>|z| > 1 <latexit sha1_base64="o1n+2/KTBaBYuDm4y4qu26t6IV0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhV1snlnaIzkb0I7gzyl++F74+H9kmlk/tsdyOahCg05USpluvE2kuJ1IxyHGXbicKY0AHpYcugICEqL50MOrKPjdO1g0iaJ7Q9cX93pCRUahj6pjIkuq/ms7H5X9ZKdHDhpUzEiUZBpx8FCbd1ZI+3trtMItV8aIBQycysNu0TSag2t8maI7jzKy9C/bTolopnVSdfLsFUGTiEIyiAC+dQhmuoQA0oINzDEzxbt9aj9WK9TkuXrFnPAfyR9fYDGL6Q1Q==</latexit>

i

<latexit sha1_base64="w2Mlt3fuGggDryY4aY214RzB3Lc=">AAAB6XicbZC7SgNBFIbPxluMl6xaWNgMBsHGsCsYtTJgYxnFXCBZwuxkNhkyO7vMzAphyRvYWChi6+tYWQg+TZxcCk38YeDj/89hzjl+zJnSjvNtZZaWV1bXsuu5jc2t7by9s1tTUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+/Huf1ByoVi8S9HsTUC3FXsIARrI11d8LadsEpOhOhRXBnULga7X9cjr7ylbb92epEJAmp0IRjpZquE2svxVIzwukw10oUjTHp4y5tGhQ4pMpLJ5MO0ZFxOiiIpHlCo4n7uyPFoVKD0DeVIdY9NZ+Nzf+yZqKDCy9lIk40FWT6UZBwpCM0Xht1mKRE84EBTCQzsyLSwxITbY6TM0dw51dehNpp0S0Vz26dQrkEU2XhAA7hGFw4hzLcQAWqQCCAR3iGF6tvPVmv1tu0NGPNevbgj6z3H+zrkVw=</latexit>�i

<latexit sha1_base64="SxHFEecJZnLoCks0znrwSPPQXe8=">AAAB8HicbVDJSgNBEK2JW4xbVPDiZTAIghBmAsYccgh48RjBLJIMoafTSZp09wzdPUKc5Cu85OCCVz/Hm+jH2FkOmvig4PFeFVX1/JBRpR3n00qsrK6tbyQ3U1vbO7t76f2DqgoiiUkFByyQdR8pwqggFU01I/VQEsR9Rmp+/2ri1+6JVDQQt3oQEo+jrqAdipE20p1THD6c02Ex10pnnKwzhb1M3DnJlI7Cl/H3V6HcSn802wGOOBEaM6RUw3VC7cVIaooZGaWakSIhwn3UJQ1DBeJEefH04JF9apS23QmkKaHtqfp7IkZcqQH3TSdHuqcWvYn4n9eIdKfgxVSEkSYCzxZ1ImbrwJ58b7epJFizgSEIS2putXEPSYS1yShlQnAXX14m1VzWzWcvbkwaeZghCcdwAmfgwiWU4BrKUAEMHB7hCZ4taY2tV+tt1pqw5jOH8AfW+w8BEZOZ</latexit>

0 < |z + i| < 2

<latexit sha1_base64="SaL8cttupikygVx9sdnCk+sb7G4=">AAAB7nicbVDLSgNBEOyNrxhfUcGLl8EgCELYDRhzkoAXjxHMA5IlzE5mkyGzu8PMrBA3+QgvIop69Xu8iX6Mk8dBEwsaiqpuurs8wZnStv1ppZaWV1bX0uuZjc2t7Z3s7l5NRbEktEoiHsmGhxXlLKRVzTSnDSEpDjxO617/cuzXb6lULApv9EBQN8DdkPmMYG2k+vDulA0vCu1szs7bE6BF4sxIrnwgXh+/v0qVdvaj1YlIHNBQE46Vajq20G6CpWaE01GmFSsqMOnjLm0aGuKAKjeZnDtCx0bpID+SpkKNJurviQQHSg0Cz3QGWPfUvDcW//OasfZLbsJCEWsakukiP+ZIR2j8O+owSYnmA0MwkczcikgPS0y0SShjQnDmX14ktULeKebPrk0aRZgiDYdwBCfgwDmU4QoqUAUCfbiHJ3i2hPVgvVhv09aUNZvZhz+w3n8AE1aTGw==</latexit>|z + i| > 2

Figura F.3: Regions de convergència de les
sèries (F.4).

i a la regió |z| > 1

z

z2 + 1
=

1

z

1

1− (−1/z2)
=

1

z

∞∑

n=0

(−1)n

z2n
=
∞∑

n=0

(−1)n

z2n+1
.

Aix́ı doncs,

f(z) =





∞∑

n=0

(−1)nz2n+1, |z| < 1

∞∑

n=0

(−1)n

z2n+1
, |z| > 1

(F.2)

(b) Ara els desenvolupaments són al voltant de z = −i (que és una sin-
gularitat), les diferents sèries (de potències de z + i) convergiran a les
corones 0 < |z + i| < 2 (sèrie de Laurent) i |z + i| > 2 (sèrie de Laurent).
Aquestes regions es representen a la figura F.3. Descomponem la funció
en fraccions simples

z

z2 + 1
=

1/2

z + i
+

1/2

z − i
. (F.3)

El primer terme ja és una potència de z + i i està definit per ∀z ̸= −i.
A la corona més interna, escrivim el segon terme en la forma

1/2

z + i− 2i
= − 1/2

2i [1− (z + i)/(2i)]
= − 1

4i

∞∑

n=0

(
z + i

2i

)n

,

que és convergent quan |(z + i)/(2i)| < 1, és a dir, quan |z + i| < 2.
Llavors, ho substitüım a (F.3) i arribem a

z

z2 + 1
=

1/2

z + i
+
∞∑

n=0

(−1)nin+1

2n+2
(z + i)n, 0 < |z + i| < 2.
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A la corona |z + i| > 2 hem d’expressar el segon terme de (F.3) com

1/2

z + i− 2i
=

1/2

(z + i) [1− 2i/(z + i)]

=
1/2

(z + i)

∞∑

n=0

(2i)n

(z + i)n
=
∞∑

n=1

2n−1in

(z + i)n+1
=
∞∑

k=2

2k−2ik−1

(z + i)k
,

on hem redefinit l’́ındex de sumació k = n + 1. Ho substitüım a (F.3) i
tenim

f(z) =
1

z + i
+
∞∑

n=2

2n−2in−1

(z + i)n
, |z + i| > 2 .

Aix́ı doncs,

f(z) =





1

2

1

z + i
+
∞∑

n=0

(−1)nin+1

2n+2
(z + i)n, |z + i| < 2;

1

z + i
+
∞∑

n=2

2n−2in−1

(z + i)n
, |z + i| > 2.

(F.4)

SF.5 En ser l’integrand una funció parella, tenim

I =
1

2

∫ ∞

−∞

x sin ax

(1 + x2)2
dx.

Aquesta integral és del segon tipus dels descrits a la secció 5.3 i, per tant,

I =
1

2
Im


2πi




suma de tots els residus de

zeiaz

(z2 + 1)2

en el semiplà Im z > 0





.

La funció només té un pol doble al semiplà Im z > 0, en el punt z = i. El
residu és

ki = lim
z→i

{
d

dz

[
(z − i)2

zeiaz

(z2 + 1)2

]}
=

ae−a

4
.

Aix́ı doncs,

I =

∫ ∞

0

dx
x sin ax

(1 + x2)2
=

πa e−a

4
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Examen G

PG.1 Trobeu tots els valors de

(a) cosh(1 + iπ) (b) i i

PG.2 Considereu la funció definida per

F (z) = −
∫ z

0

log(1− w)

w
dw,

on log z és la branca principal de la funció logaritme que té el tall sobre
l’eix real negatiu.

(a) Determineu on és anaĺıtica la funció F (z) i quins tipus de singulari-
tats té.

(b) Calculeu la seva sèrie de Taylor o Laurent en potències de z. Dibuixeu
la regió on convergeix.

Nota: No proveu de fer la integral, ja que no es pot expressar en termes
de funcions elementals. Useu els teoremes sobre integrals independents
del camı́.

PG.3 Sigui f(z) una funció que no s’anul·la a cap punt del contorn C, definit
per |z| = 1, ni al seu interior. Suposeu que a l’interior de C la funció
f(z) té dos pols simples i un pol d’ordre 3, i que és anaĺıtica a la resta
de punts (inclosos els del contorn C). Calculeu el valor de

1

2πi

∮

C

f ′(z)

f(z)
dz,

on C es recorre en sentit positiu (antihorari).
Ajut: Apliqueu el teorema dels residus a la funció g(z) = f ′(z)/f(z).

PG.4 Considereu la funció

f(z) =
1

z
+ z2.

Trobeu tots els desenvolupaments en sèrie de Laurent de f(z) en potències
(negatives i/o positives) de z − 1 i especifiqueu o dibuixeu les regions de
convergència.

PG.5 Amb el teorema dels residus, calculeu la integral

I =

∫ ∞

0

x sinx

x2 + b2
dx,

on b és un nombre real, no nul.
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Solucions

SG.1 (a) cosh z = (ez + e−z)/2. Per tant,

cosh(1 + iπ) =
e1eiπ + e−1e−iπ

2
=

−e1 − e−1

2
= − cosh 1.

cosh(1 + iπ) = − cosh 1

(b) zw = exp(w log z). Per tant,

i i = exp(i log i) = exp
[
i
(
i
π

2
+ 2πki

)]
= e−π/2e−2πk,

on k és un nombre enter qualsevol. Aix́ı doncs,

i i = e−π(2k+
1
2), k ∈ Z

SG.2 (a) Apliquem el teorema 3.6 a la funció f(z) = −z−1 log(1− z). Aquesta
funció només és singular als punts z per als quals 1− z ∈ (−∞, 0] de l’eix
real (tall de branca del logaritme), és a dir, z ∈ [1,+∞). Aparentment,
sembla que també hi ha un pol simple a z = 0, però aquest punt és una
singularitat evitable, ja que − log(1 − z) = z + z2/2 + · · · , la qual cosa
implica que f(z) = z−1(z + z2/2 + · · · ) = 1 + z/2 + · · · . Aix́ı doncs,
f(z) és anaĺıtica en el domini simplement connex constitüıt per tot el pla
complex, llevat d’un tall de branca que va des del punt d’embrancament
z = 1 fins a +∞ de l’eix real (vegeu la figura G.1). El teorema 3.6 ens
assegura que F (z) és anaĺıtica a la mateixa regió, i és evident que té el
mateix tipus de singularitats que f(z).

F (z) és anaĺıtica a tot el pla complex, llevat d’un tall de branca
que va des de z = 1 (punt d’embrancament) fins a +∞, sobre
l’eix real.

(b) La funció f(z) és desenvolupable en sèrie de potències al voltant de
l’origen

f(z) = −1

z
log(1− z) =

1

z

∞∑

k=1

zk

k
=
∞∑

k=1

zk−1

k
.

Aquesta sèrie és de Taylor, ja que z = 0 no és una singularitat de f .
El disc de convergència és |z| < 1, ja que la distància de z = 0 a la
singularitat més propera z = 1 (punt d’embrancament) és 1. Si z és un
punt d’aquest disc, podem integrar terme a terme la sèrie anterior per
arribar a

F (z) =
∞∑

k=1

∫ z

0

wk−1

k
dw =

∞∑

k=1

zk

k2
,
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<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="NZhMDams0OtpqLf1QdZgP5WgOSc=">AAAB7HicbVA9SwNBEJ2LXzF+RQUbm8UgWIU7wZjCImBjGcFLAskR9jZ7yZK9vWN3T4iX/AYbi4ho6Q+yE/0xbj4KTXww8Hhvhpl5fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BTUWJJNQlEY9kw8eKciaoq5nmtBFLikOf07rfv5749XsqFYvEnR7E1AtxV7CAEayN5A4fhldOO1+wi/YUaJk4c1KoHMVv4++vcrWd/2h1IpKEVGjCsVJNx461l2KpGeF0lGslisaY9HGXNg0VOKTKS6fHjtCpUTooiKQpodFU/T2R4lCpQeibzhDrnlr0JuJ/XjPRQdlLmYgTTQWZLQoSjnSEJp+jDpOUaD4wBBPJzK2I9LDERJt8ciYEZ/HlZVI7Lzql4sWtSaMEM2ThGE7gDBy4hArcQBVcIMDgEcbwbAnryXqxXmetGWs+cwh/YL3/AOCtknA=</latexit>|z| < 1

<latexit sha1_base64="1TLxMoqnZ7sQ/dwcNrJGpI7H5sA=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0V0VZKC1WXBjcsK9gFNKJPpbTt0MgkzE6GEbt34K25cKOLWP3Dn3zhps9DWAwOHc+7hzj1hwpnSrvttldbWNza3ytv2zu7e/oFzeNRWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64eQm9zsPIBWLxb2eJhBEZCTYkFGijdR3sE9BaJBMjOwkFdr37cE5RKEkgpLIWH2n4lbdOfAq8QpSQQWafefLH8Q0zbOUE6V6npvoICNSM8phZvupgoTQCRlBz1Bhtqggm18yw2dGGeBhLM0TGs/V34mMREpNo9BMRkSP1bKXi/95vVQPr4OMiSTVIOhi0TDlWMc4rwUPmASq+dQQQiUzf8V0TCShphtlmxK85ZNXSbtW9erVy7tapVEv6iijE3SKLpCHrlAD3aImaiGKHtEzekVv1pP1Yr1bH4vRklVkjtEfWJ8/StuaDQ==</latexit>

punt
d’embrancament

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="PwxnL8RoU0a1DePa6dYttXeyxtU=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvQWwTwgWcLspHczZPbBzKwSlvyHFw+KePVfvPkd/oCTZA+aWNBQVHXT3eUlgitt219WYW19Y3OruF3a2d3bPygfHrVVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb3w98zsPKBWPo3s9SdANaRBxnzOqjRSABIQAOHwDgdtBuWJX7TnIKnFyUoEczUH5sz+MWRpipJmgSvUcO9FuRqXmTOC01E8VJpSNaYA9QyMaonKz+dVTcmaUIfFjaSrSZK7+nshoqNQk9ExnSPVILXsz8T+vl2r/ys14lKQaI7ZY5KeC6JjMIiBDLpFpMTGEMsnNrYSNqKRMm6BKJgRn+eVV0q5VnXr14q5WadTzOIpwAqdwDg5cQgNuoAktYCbgJ3iBV+vRerberPdFa8HKZ47hD6yPH8GZkA4=</latexit>

regió I

<latexit sha1_base64="0X7yur5jyd/dvw2aE3ApR/s/Svc=">AAAB93icbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtgnlAsoTZSW8yZPbBzKywLPkRLx4U8eqvePM7/AEnyR40saChqOqmu8uLBVfatr+swsbm1vZOcbe0t39weFQ+PumoKJEM2ywSkex5VKHgIbY11wJ7sUQaeAK73vR27ncfUSoehQ86jdEN6DjkPmdUG2kCEhDGwOEbCDShOSxX7Kq9AFknTk4qkKM1LH8ORhFLAgw1E1SpvmPH2s2o1JwJnJUGicKYsikdY9/QkAao3Gxx94xcGGVE/EiaCjVZqL8nMhoolQae6QyonqhVby7+5/UT7d+4GQ/jRGPIlov8RBAdkXkIZMQlMi1SQyiT3NxK2IRKyrSJqmRCcFZfXiedWtWpV6/ua5VGPY+jCGdwDpfgwDU04A5a0AYGGp7gBV6t1Hq23qz3ZWvBymdO4Q+sjx9+zpBq</latexit>

regió II

<latexit sha1_base64="M0ZL13644edyL/QsJKrJH1LZ3hk=">AAAB8nicbVDLSgMxFM34rPVVFdy4SS2CG8uMYO1KCm5cVrAPmBlKJs20oZlkSDJCnfYzBHFREbd+jTvRjzF9LLT1wIXDOfdy7z1BzKjStv1pLS2vrK6tZzaym1vbO7u5vf26EonEpIYFE7IZIEUY5aSmqWakGUuCooCRRtC7HvuNeyIVFfxO92PiR6jDaUgx0kZyBw9nzsDLX3l5p5Ur2EV7ArhInBkpVA7j0dP3V7nayn14bYGTiHCNGVLKdexY+ymSmmJGhlkvUSRGuIc6xDWUo4goP52cPIQnRmnDUEhTXMOJ+nsiRZFS/SgwnRHSXTXvjcX/PDfRYdlPKY8TTTieLgoTBrWA4/9hm0qCNesbgrCk5laIu0girE1KWROCM//yIqmfF51S8eLWpFECU2TAETgGp8ABl6ACbkAV1AAGAjyCEXixtPVsvVpv09YlazZzAP7Aev8B2QKUBg==</latexit>|z � 1|>1

<latexit sha1_base64="6hYA7YtkJ3kuY/Iq+iZmtUsXj/g=">AAAB8nicbVDLSgMxFM34rPVVFdy4SS2CG8uMYO3CRcGNywr2ATNDyaSZNjSTDElGqNN+hiAuKuLWr3En+jGmj4W2HrhwOOde7r0niBlV2rY/raXlldW19cxGdnNre2c3t7dfVyKRmNSwYEI2A6QIo5zUNNWMNGNJUBQw0gh612O/cU+kooLf6X5M/Ah1OA0pRtpI7uDhzBl4+Ssv77RyBbtoTwAXiTMjhcphPHr6/ipXW7kPry1wEhGuMUNKuY4daz9FUlPMyDDrJYrECPdQh7iGchQR5aeTk4fwxChtGAppims4UX9PpChSqh8FpjNCuqvmvbH4n+cmOiz7KeVxognH00VhwqAWcPw/bFNJsGZ9QxCW1NwKcRdJhLVJKWtCcOZfXiT186JTKl7cmjRKYIoMOALH4BQ44BJUwA2oghrAQIBHMAIvlraerVfrbdq6ZM1mDsAfWO8/1fSUBA==</latexit>|z � 1|<1

Figura G.1: Regions de convergència de la
funció f(z) = −(1/z) log(1 − z) del pro-
blema PG.2. També s’indiquen les seves
singularitats.

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1

<latexit sha1_base64="NZhMDams0OtpqLf1QdZgP5WgOSc=">AAAB7HicbVA9SwNBEJ2LXzF+RQUbm8UgWIU7wZjCImBjGcFLAskR9jZ7yZK9vWN3T4iX/AYbi4ho6Q+yE/0xbj4KTXww8Hhvhpl5fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BTUWJJNQlEY9kw8eKciaoq5nmtBFLikOf07rfv5749XsqFYvEnR7E1AtxV7CAEayN5A4fhldOO1+wi/YUaJk4c1KoHMVv4++vcrWd/2h1IpKEVGjCsVJNx461l2KpGeF0lGslisaY9HGXNg0VOKTKS6fHjtCpUTooiKQpodFU/T2R4lCpQeibzhDrnlr0JuJ/XjPRQdlLmYgTTQWZLQoSjnSEJp+jDpOUaD4wBBPJzK2I9LDERJt8ciYEZ/HlZVI7Lzql4sWtSaMEM2ThGE7gDBy4hArcQBVcIMDgEcbwbAnryXqxXmetGWs+cwh/YL3/AOCtknA=</latexit>|z| < 1

<latexit sha1_base64="1TLxMoqnZ7sQ/dwcNrJGpI7H5sA=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0V0VZKC1WXBjcsK9gFNKJPpbTt0MgkzE6GEbt34K25cKOLWP3Dn3zhps9DWAwOHc+7hzj1hwpnSrvttldbWNza3ytv2zu7e/oFzeNRWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64eQm9zsPIBWLxb2eJhBEZCTYkFGijdR3sE9BaJBMjOwkFdr37cE5RKEkgpLIWH2n4lbdOfAq8QpSQQWafefLH8Q0zbOUE6V6npvoICNSM8phZvupgoTQCRlBz1Bhtqggm18yw2dGGeBhLM0TGs/V34mMREpNo9BMRkSP1bKXi/95vVQPr4OMiSTVIOhi0TDlWMc4rwUPmASq+dQQQiUzf8V0TCShphtlmxK85ZNXSbtW9erVy7tapVEv6iijE3SKLpCHrlAD3aImaiGKHtEzekVv1pP1Yr1bH4vRklVkjtEfWJ8/StuaDQ==</latexit>

punt
d’embrancament

<latexit sha1_base64="s/j2B/ntjywLXAieKIfWDZzMQjc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKVo8FLx4r2FZoY5lstu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYjVfYCaCS5Zy3Aj2H2iGEaBYJ1gfD3zO49MaR7LOzNJmB/hUPIBp2is9GBQCBIyEiiUFPvlilt15yCrxMtJBXI0++WvXhjTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP51VNyZpWQDGJlSxoyV39PZBhpPYkC2xmhGellbyb+53VTM7jyMy6T1DBJF4sGqSAmJrMISMgVo0ZMLEGquL2V0BEqpMYGVbIheMsvr5J2rerVqxe3tUqjnsdRhBM4hXPw4BIacANNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz/xK5If</latexit>

tall de branca

<latexit sha1_base64="eXp6jMoNIOpComyre6k0pznOUxo=">AAAB6HicbZC7SgNBFIbPeo3xFrW0WQxCbMKuYLQzYGOZgLlAsoTZydlkzOzsMjMrhCVPYKGFIrY+h5WPYOeD2Du5FJr4w8DH/5/DnHP8mDOlHefLWlpeWV1bz2xkN7e2d3Zze/t1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uxnnjDqVikbjRwxi9kPQECxgl2lhVt5PLO0VnInsR3BnkL98L3x8P7ZNKJ/fZ7kY0CVFoyolSLdeJtZcSqRnlOMq2E4UxoQPSw5ZBQUJUXjoZdGQfG6drB5E0T2h74v7uSEmo1DD0TWVIdF/NZ2Pzv6yV6ODCS5mIE42CTj8KEm7ryB5vbXeZRKr50AChkplZbdonklBtbpM1R3DnV16E+mnRLRXPqk6+XIKpMnAIR1AAF86hDNdQgRpQQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0Hw8+QnQ==</latexit>

1
<latexit sha1_base64="PwxnL8RoU0a1DePa6dYttXeyxtU=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXvQWwTwgWcLspHczZPbBzKwSlvyHFw+KePVfvPkd/oCTZA+aWNBQVHXT3eUlgitt219WYW19Y3OruF3a2d3bPygfHrVVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb3w98zsPKBWPo3s9SdANaRBxnzOqjRSABIQAOHwDgdtBuWJX7TnIKnFyUoEczUH5sz+MWRpipJmgSvUcO9FuRqXmTOC01E8VJpSNaYA9QyMaonKz+dVTcmaUIfFjaSrSZK7+nshoqNQk9ExnSPVILXsz8T+vl2r/ys14lKQaI7ZY5KeC6JjMIiBDLpFpMTGEMsnNrYSNqKRMm6BKJgRn+eVV0q5VnXr14q5WadTzOIpwAqdwDg5cQgNuoAktYCbgJ3iBV+vRerberPdFa8HKZ47hD6yPH8GZkA4=</latexit>

regió I

<latexit sha1_base64="0X7yur5jyd/dvw2aE3ApR/s/Svc=">AAAB93icbVDLSgNBEOyNrxhfUY9eBoPgKewGjB4DXswtgnlAsoTZSW8yZPbBzKywLPkRLx4U8eqvePM7/AEnyR40saChqOqmu8uLBVfatr+swsbm1vZOcbe0t39weFQ+PumoKJEM2ywSkex5VKHgIbY11wJ7sUQaeAK73vR27ncfUSoehQ86jdEN6DjkPmdUG2kCEhDGwOEbCDShOSxX7Kq9AFknTk4qkKM1LH8ORhFLAgw1E1SpvmPH2s2o1JwJnJUGicKYsikdY9/QkAao3Gxx94xcGGVE/EiaCjVZqL8nMhoolQae6QyonqhVby7+5/UT7d+4GQ/jRGPIlov8RBAdkXkIZMQlMi1SQyiT3NxK2IRKyrSJqmRCcFZfXiedWtWpV6/ua5VGPY+jCGdwDpfgwDU04A5a0AYGGp7gBV6t1Hq23qz3ZWvBymdO4Q+sjx9+zpBq</latexit>

regió II

<latexit sha1_base64="M0ZL13644edyL/QsJKrJH1LZ3hk=">AAAB8nicbVDLSgMxFM34rPVVFdy4SS2CG8uMYO1KCm5cVrAPmBlKJs20oZlkSDJCnfYzBHFREbd+jTvRjzF9LLT1wIXDOfdy7z1BzKjStv1pLS2vrK6tZzaym1vbO7u5vf26EonEpIYFE7IZIEUY5aSmqWakGUuCooCRRtC7HvuNeyIVFfxO92PiR6jDaUgx0kZyBw9nzsDLX3l5p5Ur2EV7ArhInBkpVA7j0dP3V7nayn14bYGTiHCNGVLKdexY+ymSmmJGhlkvUSRGuIc6xDWUo4goP52cPIQnRmnDUEhTXMOJ+nsiRZFS/SgwnRHSXTXvjcX/PDfRYdlPKY8TTTieLgoTBrWA4/9hm0qCNesbgrCk5laIu0girE1KWROCM//yIqmfF51S8eLWpFECU2TAETgGp8ABl6ACbkAV1AAGAjyCEXixtPVsvVpv09YlazZzAP7Aev8B2QKUBg==</latexit>|z � 1|>1

<latexit sha1_base64="6hYA7YtkJ3kuY/Iq+iZmtUsXj/g=">AAAB8nicbVDLSgMxFM34rPVVFdy4SS2CG8uMYO3CRcGNywr2ATNDyaSZNjSTDElGqNN+hiAuKuLWr3En+jGmj4W2HrhwOOde7r0niBlV2rY/raXlldW19cxGdnNre2c3t7dfVyKRmNSwYEI2A6QIo5zUNNWMNGNJUBQw0gh612O/cU+kooLf6X5M/Ah1OA0pRtpI7uDhzBl4+Ssv77RyBbtoTwAXiTMjhcphPHr6/ipXW7kPry1wEhGuMUNKuY4daz9FUlPMyDDrJYrECPdQh7iGchQR5aeTk4fwxChtGAppims4UX9PpChSqh8FpjNCuqvmvbH4n+cmOiz7KeVxognH00VhwqAWcPw/bFNJsGZ9QxCW1NwKcRdJhLVJKWtCcOZfXiT186JTKl7cmjRKYIoMOALH4BQ44BJUwA2oghrAQIBHMAIvlraerVfrbdq6ZM1mDsAfWO8/1fSUBA==</latexit>|z � 1|<1

Figura G.2: Regions de convergència i pol
de la funció f(z) del problema PG.4.

que té el mateix disc de convergència. Aix́ı doncs,

F (z) =
∞∑

k=1

zk

k2
, |z| < 1

SG.3 Sigui g(z) = f ′(z)/f(z). Com que el denominador, f(z), mai s’anul·la a
|z| ≤ 1, les úniques singularitats de g(z) són els pols de f ′(z) (que també
són pols de f(z), ja que allà on f és anaĺıtica, f ′ també ho és).

Si z0 és un pol d’ordre m de f(z), en un entorn d’aquest punt tenim

f(z) =
bm

(z − z0)m
+

b−m+1

(z − z0)m−1
+ · · ·

=
bm

(z − z0)m

[
1 +

b−m+1

bm
(z − z0) + · · ·

]
, (G.1)

on bm ̸= 0. Si derivem terme a terme tenim

f ′(z) =
−mbm

(z − z0)m+1
+

(−m+ 1)b−m+1

(z − z0)m
+ · · ·

=
−mbm

(z − z0)m+1

[
1 +

(−m+ 1)b−m+1

−mbm
(z − z0) + · · ·

]
. (G.2)

Veiem, doncs, que allà on f té un pol d’ordre m, f ′ hi té un pol d’ordre
m+ 1. Dividint (G.2) per (G.1) tenim

g(z) =
−m

z − z0
(1 + · · · ),
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on els punts suspensius (· · · ) indiquen potències positives de z − z0.
Aquesta igualtat ens diu que g(z) té un pol simple allà on f(z) hi té
un pol d’ordre m i que el corresponent residu és

res
z=z0

g(z) = −m,

és a dir, és l’ordre del pol de f(z) amb signe canviat. Aix́ı doncs,

1

2πi

∮

C

g(z) dz = − (2 pols)× (ordre 1)− (1 pol)× (ordre 3) = − 5.

Per tant,

1

2πi

∮

C

f ′(z)

f(z)
dz = − 5

SG.4 La funció f(z) = 1/z + z2 té un pol simple a z = 0. Aix́ı doncs, té
dos desenvolupaments de Laurent en potències de z − 1, un vàlid a
|z − 1| < 1 i l’altre vàlid a |z − 1| > 1 (regions I i II de la figura G.2).

Regió I:

1

z
=

1

1− (1− z)
= 1 + (1− z) + (1− z)2 +

∞∑

k=3

(1− z)k,

i, també,
z2 = [1− (1− z)]2 = 1− 2(1− z) + (1− z)2.

Sumem aquestes dues expressions i obtenim

f(z) = 2− (1− z) + 2(1− z)2 +
∞∑

k=3

(1− z)k

Regió II:

1

z
= − 1

1− z

1

1− (1− z)−1
= − 1

1− z

∞∑

k=0

1

(1− z)k
= −

∞∑

k=1

1

(1− z)k

i, com abans,

z2 = [1− (1− z)]2 = 1− 2(1− z) + (1− z)2.

Sumem aquestes dues expressions i obtenim

f(z) = −
∞∑

k=1

1

(1− z)k
+ 1− 2(1− z) + (1− z)2
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SG.5 En ser l’integrand una funció parella, tenim

I =
1

2

∫ ∞

−∞

x sinx

x2 + b2
dx.

Aquesta integral és del segon tipus dels descrits a la secció 5.3 i, per tant,

I =
1

2
Im


2πi




suma de tots els residus de

zeiz

z2 + b2

en el semiplà Im z > 0





.

La funció només té un pol simple en el semiplà Im z > 0, en el punt
z = i|b|. El residu és

res
i|b|

= lim
z→i|b|

[
(z − i|b|) zeiz

z2 + b2

]
= lim

z→i|b|

[
zeiz

z + i|b|

]
=

e−|b|

2
.

Aix́ı doncs,

I =

∫ ∞

0

x sinx

x2 + b2
dx =

π

2
e−|b|



Càlcul en variable complexa Materials 235

Bibliografia

Incloem aqúı una llista no exhaustiva dels textos que hem utilitzat més en la
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