EMBEDDING THEOREMS OF FUNCTION CLASSES, III

B. SIMONOV AND S. TIKHONOV

ABSTRACT. In this paper we obtain the necessary and sufficient con-
ditions for embedding results of different function classes. The main
result is a criterion for embedding theorems for the so-called general-
ized Weyl-Nikol’skii class and the generalized Lipschitz class. To de-
fine the Weyl-Nikol’skii class, we use the concept of a (A, 3)-derivative,
which is a generalization of the derivative in the sense of Weyl. As
corollaries, we give estimates of norms and moduli of smoothness of
transformed Fourier series.

1. INTRODUCTION

History of the question. One of the main problems of constructive ap-
proximation® is in finding a relationship between differential properties of
a function and its structural or constructive characteristics. This topic
started to develop more than a century ago and in many cases the research
was conducted as follows; authors considered a given functional class and
by investigating the properties of its elements obtained embedding theorems
with other functional classes. We recommend the articles by A. Pinkus [Pi]
and V. V. Zhuk and G. I. Natanson [Zh-Na] for a historical review.

The following three classical results gave rise to development of new areas
within the approximation theory:

1
(B) f" € Lipa <= (fl)—() ! O<a<l,reZ)
ipa wrnf, ) = —7a a<lreZ,),
(C) f € Lipa = f € Lipa 0<a<l).
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IThe concept became well known through Bersntein’s paper [Be,S,4, V. 2, p.295-300;
p. 349-360].
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Result (A) was proved? by D. Jackson (1911, [Ja]) in the necessity part,
and by S. Bernstein (1912, [Be,S,1], [Be,S,2]) and Ch. de la Vallée-Poussin
(1919, [Va]) in the sufficiency part.

The theorems of this type are called direct and inverse theorems for
trigonometric approximation. Direct theorems for L,,1 < p < oo (see the
review [Zh-Nal) are written as follows:

En(f)p < C(k) wk(f,n%rl)p, k,n € N, (1)
E.(f)p < C;Ef) wk(f(r)’n}kl)p’ k,n,r € N. (2)

Inverse theorems for L,,1 < p < oo (see the review [Zh-Na]):

o (f. ) < (O(kl))k ;(y+1)k_1Eu(f)p, koneN,  (3)

n+1 n+
Wk (f(r)7 %H)p < (4)
Ch) [ ——— S+ ) B () + S )T, |
(TL+1) v=0 v=n-+1

k,n € N.

Here and further, the best trigonometric approximation E,(f), and the
modulus of smoothness wy(f,d), are defined by

Eo(f)p =min (|If = T|,;T € Ty,
T,, = span {cosma,sinmz : |m| < n}

and
wi. (f,6), = s AR @), (5)

Apf(x) =057 (Lnf(@)  and  Apf(a) = fz+h) — f(2)
respectively.
Note that the theorems on existence of the r-th derivative of f from a
given space have been initiated by Bernstein [Be,S,1]. He proved that the
condition > "7 E,(f)e < oo implies f(" € C. Later, for L, (1 < p <

v=1
o0), the following results were obtained (see the review [Zh-Na] and the

2See [Be,S,3] for a detailed review of the question before the 30-ths XX century.
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paper by O.V. Besov [Be,O]). For convenience, we write these results in
terms of the Besov space By o and the Sobolev space W

B;,l C W; C B;,oo p = 17007
B, ,CW, CB,, 1<p<2,
BIT,’QCW;CB;J, 2 <p<oo.

Result (B) was proved by A. Zygmund (1945, [Zy,1]). He was one of the
first to use the modulus of smoothness concept of integer order introduced
by S. Bernstein in 1912 ([Be,S,1]). At present, the moduli of smoothness
properties are well-studied ([Jo|, [Zh-Na]) and the result (B) follows from
inequalities (see [De-Lo, Chapters 2 and 6], [Jo-Sc]):

1 C(k,r) o 1
warT(f,n)pg wk(f ’n) , k,r,n €N (6)

n" p

Wi (f(T), l) < C(k,r) Z . (f7 1) , k,r,m e N. (7)
n’p v=n-+1 v/ip
Comparing the last two inequalities and inequalities (2) and (4) we see that
from (6) and (7), using (1) and (3), it is easy to get (2) and (4).

Result (C) was proved by LI. Privalov (1919, [Pr]). The most complete
version of the inequality, from which embedding (C) follows, was obtained
by A. Zygmund ([Zy,1]) and N.K. Bary and S.B. Stechkin ([Ba-St]) and is
the following one (p = 1, c0)

n

ar(F0. 1), = Ot (“’“ S (1) # 3 1>> |

v=1 v=n+1
(8)
kkneN,reZ,.

Finally, we note the paper by G.H. Hardy and J.S. Littlewood [Ha-Li]
in which seemingly, for the first time, some problems were formulated and
solved in the same setting as in the present paper. For the historical aspects
of this approach see also [Og].

Embedding theorems for functional classes. The results (A) - (C) as well
as their generalizations mentioned above can be written as the embedding
theorems of the following functional classes:

wy={feL,:fVeL,},
W;':{feLp:f(")eLp},

WyHalgl = {f € W) wa (£0.6) = Ole()}.
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Wy o] = {1 € Wy s (7.6) = 00006)}.

WiBle = { e Wy B (5) = Ofeu/m)]}.

We will study more general classes for which W, W;; , Wy Haleg], /V\[%f H,[9],
WTE,[£] are particular cases.

Transformed Fourier series. Let L, = L,[0,27] (1 < p < o) be a space of
2m-periodic measurable functions for which |f|? is integrable, and L., =
C10,27] be the space of 2m-periodic continuous functions with || f|lcc =
max {|f(x)],0 <z < 27}.

Let summable function f(x) have the Fourier series

aoéf) + (@ (f) cosva +b,(f)sinve) = Y A,(f,).

v=1 v=0
(9)

P

f(@) ~o(f) =

By the transformed Fourier series of (9) we mean the series

= w3 . T
o(f,\B) = ;)\y [al,cos <yz+ 5 ) + b, sin <1/x—|— 5 ﬂ ,
where 8 € R and A = {\,} is a given sequence of positive numbers.

Studies of the transformed Fourier series are naturally related to the
problems of Fourier multipliers theory (see [Be-L6], [Be-II-Ni], [Zy,2, Vol 1,
Chapter III]), summability methods (see [Bu-Ne, Chapter 1.2], [Zy,2, Vol
1, Chapter II1]) and® so-called the fractional Sobolev classes or the Weyl
classes.

We call the class
W) ={feL,: 3geL, g@)~olfA8}

the Weyl class. It is because A\, = n",r > 0 and § = r the class sz"ﬁ co-
incides with the class W, which is defined in the term of fractional deriv-
atives f(") in the Weyl sense ([Zy,2, Vol. 2, Chapter XII]). In the case
Ap=n",7>0and 8 =r+1 the class W;"ﬁ coincides with the class W/;,"
We call the function g(x) ~ o(f, A, 3) the (A, §)-derivative of the function
f(z) and denote it by 9 ().

Generalized Weyl-Nikolskii class. In the definition of this functional class we
use the modulus of smoothness concept we(f,d), of fractional® order of a

3See also references to [Ba,2, §13, Chapter II].

4The term ”fractional” can be found in earlier papers ([Bu-Dy-Gé6-St] and [Ta]) which
used this definition. As in the case of fractional derivatives, the positive number « that
defines the modulus order is not necessarily rational.
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function f(z) € Ly, i.e.,
wa(f:0)p = sup Ay f(@)],

k<6
where -
1@ = L (O et @mm axo
v=0

is the a-th difference® of a function f with step h at the point z. It is clear
that for a € N this definition is the same as (5).
Let @, (a > 0) be the class of functions (), defined and non-negative on
(0, 7] such that

1. ¢(6) = 0 (6 — 0),

2. ¢(9) is non-decreasing,

3. 0~ %p(0) is non-increasing.
For such a > 0, € @, and A = {\,} the generalized Weyl-Nikolskii class
is defined similarly to the classes W) H[¢] and W;H (]

WM H, (] = { FeEWM: w, ( FOB), 5)p = 0[p(8)].6 — +o}.

It is clear that if A, = n",r > 0 and 8 = r, then WZ;\ﬁHa[go] = Wy Hu[y]
and if A, =n",r >0 and =71+ 1, then W;‘ﬁHa[go] = W;Ha[go]

In the case A, = 1 and # = 0 the class W7 H,[p] coincides with the
generalized Lipschitz class HZ, i.e.,

e = {f € Ly wal,0), = O[p(6)] 6 +0}.
In particular,
Lip (7, L) = B [0 = {f € Ly s n(£,8), =O[5"] 8 +0}.

The problem setting and the structure of the paper. In this paper, we obtain
embedding theorems for the Weyl class sz‘ﬁ , for the generalized Weyl-
Nikolskii class W, H,[p] and for the generalized Lipschitz class HP[w].
We show a relation between the parameters o and v depending on the
behavior of the sequence {\,,} and on the metric L,,.

The remainder of the paper is organized as follows. In section 2 we
present the main theorem. Sections 3 and 4 contain the proofs of the suf-
ficiency and necessity parts of the main theorem respectively. In section
5 we provide several corollaries. In particular, we describe the difference
in results for metrics L,,1 < p < oo and L,,p = 1,00. The estimates

5As usual, (f) = w for v > 1, (5) = g for v = 1, and (f) =1 for
v=0.
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w~(fM,6), and wv(f(”, ), are written in terms of wg(f,d), for different

values of 7, and (3. The concluding remarks are given in section 6.

2. EMBEDDING THEOREMS FOR GENERALIZED LIPSCHITZ AND

WEYL-NIKOLSKII CLASSES

For A = {A\,},cn we define AN, = Xy — Ay1; N2\, = A (AN).

Theorem 1. Let § = min(2,p), a € Ry, S € R, and A = {\,} be a non-
decreasing sequence of positive numbers. Let p be a non-negative number

such that the sequence {n"PA,} is non-increasing.
I. Letl<p<oo. Then

= 1
HE, W] c WP = (M, = M)W’ (> < o0, (10)

n=1

P
H,,,

- 1
{n‘ae Z ylpta)d (y—ﬂ")\ﬁ —(v+ 1)_”9/\,9/“) W? (V)

v=1

i 1 1 g
+ Z (A1 = AD) W’ (1/) + AW’ (n—kl)}
v=n-+2

B O[“O(nil)}’

1
W c H ., lw] <= =0 {w(

[w] C W;’ﬁHQ[go] —

[}

1
P\n
WP H,lg] C HY, [w] ()

II. Letp=1 orp=oc.
(a) If AN, >0 or A%), <0, then

A, ‘57F =
Hg+p[w]CWp5 — |cos2z_:1()\n+1—/\n)w<n>

LR S SN ) R
+ |Sln7|;>\n7 < 0o0;

and if, additionally, for some T > 0 the following inequality holds,

(B—p)
2

sin ,

An ‘
A? <T> >0 with r=p+T7sign
n

then
HE | [w] C WP H,g] <=

(14)



EMBEDDING THEOREMS OF FUNCTION CLASSES, III 7

—« S r+o —r _ - l
<~ n ZV (1/ A—(v+1) )\VH)w(y

v=1
T 1

+  |cos %| Z Mor1 — M) w ()

v=n-+2 v

o0 1
. s w v 1

+ |Sll'1 %| Z )\V¥ + )\n+1w <n_|_1>

v=n-+2

- o)

(b) If for B3 = 2k, k € Z, the condition A?(1/)\,) > 0 holds, and for
B # 2k, k € Z, conditions A% (1/X\,) >0 and Y < )\Q are fulfilled,

vA, — An
v=n+1
then 1 1
- = .
WP ? C H§+p[w] — E =0 [w <n)] ; (16)
and if, additionally, for some T > 0 the following inequality holds,
2 (5-)z0 or AF(5) <0 winh T =p+Tsign sinM7
An \, 5
then 1
n 1
R I Rl L))o

3. PROOF OF SUFFICIENCY IN THEOREM 1.

We will use the following notations.
Let a function f(x) € L have Fourier series (9). Then S, (f) denotes the
n-th partial sum of (9), V;,(f) denotes the de la Vallée-Poussin mean and
K, (z) is the Fejér kernel, i.e.,

Su(f) = émx), Vo(f) =1

|=
N
2
=

Kn(z) = 5 Z—:o (% + 2—31 cosmx) .

The following lemmas play the central role in the proof of Theorem 1.

Lemma 3.1. Let f(z) € L,, 1 <p < oo, and a > 0. Then

Cripaan(£3) (w72 [V o]+ - Vil

<Co(p @£ 1) | (15)

p
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If f(x) € Ly, 1 <p < o0, then

Cipaan(rin) = (w0 s, + 15 - .0, )
< Calpaken(fiy) . (19)

Proof of Lemma 3.1. The estimate from above w, ( 1, %) follows from

the inequality (see [Bu-Dy-Go-St]) wq (Tn, %) < C(p,o)n= || T
)

T, is a trigonometric polynomial of order n. We get

Woz(fa%)p C(p, ) (wa(Tnv:&)p"‘ ||f_Tn||p)

C(p,a) (n“

, where
P

IN

IN

()

+\If =17 .
+lr -, )
Now we will estimate wq, ( f %) from below. We need the generalized

7| < Cpajwa(Tn t)
P P
and the generalized Jackson inequality (see [Bu-Dy-G6-St])

Eu(f)p < Cl0) wa (ﬁ nil) (20)

Nikol’skii-Stechkin inequality (see [Ta]) n™%

It is well known that the Vallée-Poussin mean is the nearly best approxi-
mant, i.e.,

1f = Va(Nll, < CEW(f)p- (21)
Then,

n—Ot

V)| + 5@ = Valf o)l
< C(p7 04) (wa (an %)p + En(f)?)
< 0 ({8 2), wen(r 1) ) < Clnana(5.2),

p

and (18) is proved. Using
1f = Sn(Hl, < Cp) En(f)p (22)

for 1 < p < oo, we will have (19) similarly. This completes the proof of
Lemma 3.1.

We note that (18) and (19) are realization results (see paper [Di-Hr-1v]
by Z. Ditzian, V. H. Hristov, K. G. Ivanov).
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Lemma 3.2. ([St,S]). Let f(z) € L,, p=1,00, and let > k™ Ex(f), < o
k=1

t
be true. Then f(x) € L, and

En(f)p <C (En(f)p + Z klEk(f)z’) ) n € N.

k=n-+1

Lemma 3.3. Let p = 1,00 and {\,} be monotonic concave (or convex)
sequence. Let

To(x) = Z a, cosvr + b, sinvz,
v=0
n
T.(\x) = Z Av (ay cosve + b, sinve) .
v=0

Then for M > N >0 one has
1T (A 2)=Tn (A 2)|l, < (M, N) [T () =T (2)]],,
where u(M,N) =
2M (Apr = An—1) AN — (N + D)(Ange—Anta),  if AnT (nD), A%N, > 0;

22+ (N + 1)(ANt2—=AN+1) = AN+1, if Al (nl), A%A, < 0;
(N +1)(Ant1 — Ant2) + AN, if Al (n1), A%N, > 0.

Proof of Lemma 3.3. Applying two times Abel’s transformation we write

. M
1
[Tr (N 2)=Tn (A 2)|, = ;‘V(TM—TN) (x +u) Z)\V oS uuduH =
P

v=N+1
1 n M-—2
= 7H/ (TM — TN) (.’E + u){ Z ()\u e 2)\1/+1 + )\u+2) (I/ + ].)KU(U) +
T
g v=N+1
+ ()\N+2 — )\N+1) (N + l)KN(U) +
+ (Av—1— Amr) MKMA(U)}du + A (T —Tn)|| <
p
< | Tm(z) — Tn (),
M—2
{ Z Ay —2X041 + Aoga| (W + 1) + | Ao — A | M + )\M}
v=N+1

= [Tar () = T ()|, I(M, N).
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First we estimate I(M, N) in the case A, T (n 1), A%\, > 0. We have
M—2

Z A =2 11+ 12) (WD) +(Anr —Anim) M4+ Ay
v=N+1

—(N+1) Avg2 = Ang1) + (Avg1 — Avr-1)
+Aar + (2M — 1) ()\M — )\M—l)
= —(N+ 1) (AN+2 = AN41) F Anp +2M (Apr—Ap—1) -
If A\, T (n1), A%\, <0, then
I(M,N) = (N+1)(An+1—Ans2) + (Av—1 — Ant1) + Au

+ (A — Av-1)

Finally, if \,, | (n T), A%\, >0, then
I(M,N)=(N+1)(An+1 — AN+2) + Ans1-

This completes the proof of Lemma 3.3.

I(M,N)

Lemma 3.4. Suppose p =1, 0c0.

2n+1

Let Ton gni1(x) = 3 (c,, cos vx + d,, sin Vx); then
y=2n
Cl Hfgn,72n+1(£€)Hp < HT27L’271,+1 (ZU)HP < CQ HTQn’Qn«#l (x)”p . (23)

Proof of Lemma 3.4. We rewrite Ton on+1(x) in the following way
2n+1 1
Ton on+1(z) = Z > (ch cos vz + vd, sin yx) .

y=2on

Applying Lemma 3.3 and the Bernstein inequality we have

1 271.+1

HT27L7 gn+1 () Hp < 027 Z (yc,, cosvx + vd, sin 1/3:)

v=2"

2n+1 /

1
= 027 Z —d, cosvx + ¢, sinvx

v=2"

P

IN

C HT27L7 on+1 (.’L‘)

p

The same reasoning for TQW)znﬁ—l(x) works for the left-hand inequality of
(23). The proof is now complete.

Sufficiency in (10) - (17).
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I.1< p < 00. In this case, if A\,, = 1, the Riesz inequality ([Zy,2, V. 1,
p. 253]) [fll, < C(p)|If[lp implies

1FXP, < Cp, B fl- (24)
Henceforth, C(s,t,---) will be positive constants that are dependent only
on s,t,--- and may be different in different formulas.

Let the series in the right part of (10) be convergent and f € Hf, [w].
We will use the following representation

n+1

Mo =2 +> (M =)
v=2

Applying the Minkowski’s inequality, we get ( here and further A; =

2n+1
A (fo2), Dpsn = S Ay(f,x), where A, (f, ) is from (9))
v=2"+41
2 P 5
L = /[ngn_lﬁll dz
0 n=1
o
2 5 ,
< Cp) | M /[ZAZ] dr o +
0 n=1
50 27 50 % % é
+3 (M =M ) /[ZA%} da . (25)
s=2 ) n=s

By the Littlewood-Paley theorem ([Zy,2, V. II, p. 233]) and (22), we write

I <C(p) {A‘{||f|z +) (A=) Egs_l(f)p} . (26)
s=1

Then, both the generalized Jackson inequality (20) and f € HY p[w] imply
I; < 0o. Thus, there exists a function g € L, with Fourier series

S ot A, (27)
n=1

and also ||g||l, < C(p)I1. We rewrite series (27) in the form of > v, A, (f, ),
n=1

where v; := \;, i = 1,2 and v, 1= Agn for 2" 1 +1 < <27 (n=2,3,---).
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Further, we write the series

ZAnAn(ﬁx) = ZVnAnAn(fwr)? (28)
n=1 n=1
where Ay = Ag = 1, A, := A\ /vn = A\ /Aan for 2771+ 1 < v <27 (n =
2,3,--+). The sequence {A,} satisfies the conditions of the Marcinkiewicz
multiplier theorem ([Zy,2, V.II, p. 232]), i.e., series (28) is the Fourier series
of a function fN9 ¢ L, [[f*O), < C(p)|lgllp- Then, inequalities (20),
(24) and (26) imply

o0 25 -1 %
OB, < C(pﬁ){A?IIfII%ZE&1(f)p 5 %l—m} )
s=1 n=2s—1
00 1 3
< cononn G+ 3 0t (1)
n=1 p

i.e., the sufficiency in (10) has been proved.

Let the inequality in (11) hold, and f € H§+p[w]. Let us prove f €

sz"ﬁHa []. First we estimate wo(f*?), 1) By Lemma 3.1,

1
wa [ fOD =) <O, @) ([IF™ = Su(FAD)|, + 0= S (FPD)],).
n
P

(30)
Using (29) for the function (f —S,), we have ([a] is the integer part of a)

[ — S, (FA)], <

2n
S C(paﬁa a7p){>\791+1 ||f - San + Ef%](f)l’ Z ()\ngl - )\g)

s=1
SN CREOE AT

s=n-+1
& ]
= C(p,ﬂ,a,p){AfL+lwz+p <f7 n) + Z (A1 — AZ) wg+p (f, i) } )
P v=n+1 p

(31)

Further, we estimate the second item of (30). Let m be an integer such
that 2™ < n + 1 < 2™+, We will use here the representation

270N, = 27 (mFRONE L4y (2—“P9A§V - 2—<”+1>P9A§V+1) .
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Then, using Lemmas 3.1, 3.3, we can follow the way of proof in (25)-(29).
Then, one can obtain

e |8E (fO) |, <

1
é C(paﬁvavp){)‘z+1wz+p(fv ﬁ)p

1
n 1 |7
+ TN (TN = (v )TN ) VTl (f’ y) -(32)
v=1 b

We use (31), (32) and the right part of (11) to obtain f € W* Hq[e].

Now we prove that conditions ﬁ =0 [w (%)] and %j) =0 [w (%)] are
sufficient for W»# € HY, [w] and WP H,[p] C HY, [w], respectively.

From the properties of the sequence {\,}, using the Littlewood-Paley
and the Marcinkiewicz multiplier theorem, we get

1
Watp <f7 n) <
p

0, ) (If = SalDlly +n= @S ()],)

< O B0, 0) (WHIFOD = S (POl + A7 eSS (PO )

IN

Then, by Lemma 3.1, the following inequalities are true

1
Wa+p (fa n)
p
< Cp, B, )X I F D

Thus, the first part implies sufficiency in (13) and the second implies suffi-
ciency in (12).

II. p = 1 or p = oo. Let the series in (14) be convergent, and let
feH, [w]. Consider the series

IN

C(p, By, p)A; 'wa <f(*’ﬁ), 1> <
p

n

cos %Vl(/\, f) — sin %’VE(A, 1) (33)

+ Z{ " W O )V O ) =sin ™ (Ve (0, )=V (0 f))} ,

n=1

where Vi(A, f) := MAL(f, z),
Va(\ f) = o\ Vi(f) =



14 B. SIMONOV AND S. TIKHONOV

Z)\ An(f, z) 2&? Am <1m;n)Am(f,x)(n22).

m=n-+1

Let M > N > 0. From the inequality [|f — Va(f)[l, < CEn(f), and the
Jackson inequality (20), and using the properties of {\,} and the outline of

Lemma 3.3, we get
A=

> [oos T (s ) = Vo 0 s . (Vs ) = Vo f))}

n=N

M gn+2_1
7T6 n
<> | cos [ [[Van+1 (f) = Vo ()], Do 1AP AR (m A+ 1) + 272  Adgnsa |
=N| m=2"n
nt2_q

Hsin 1 [T () = Voo )| [ S 12l 1)+ 272180000
m=2"

+|cos§| +|51n—|

p

M
LZ Agn+z (Vant1 —Van ) (f)
=N

LZ )\2n+2(V2n+1 — V2n>

< c{m (108 5 1Bav (1) + 5 1B (7,

+ Z ol — <|cos|wa+p (f, 1) +|sin7r—2ﬂ\wa+p (f,i) )} (34)

n=2N_—1

P

To complete the proof of the sufficiency part in (14), we apply Lemma 3.2,
inequality (3) (see [Ta] for the case k > 0), and inequality (20). Then
the convergence of series in (14) and f € HJ,, [w] imply that there exists
¢ € L, such that series (33) converges to ¢ in L,. Let us show that
o(p) = a(fOD). If F, is the n-th partial sum of (33), then, say for cosine
coefficients,

an(p) = an(p — Fyin) + an(FNin) = an(@ — Fnyn) + an(fo\’ﬁ))a

and

1 ™
an(p — FNin) = - / (¢ — Fnin) (z) cosnz dz

—T

IN

C) e = Fngnll, — 0 (N = o0).

This completes the proof of the sufficiency part of (14).
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Let f € HY  [w] and the condition in the right part of (15) hold. We
will estimate from above w,, (f(’\ﬂ), %)p. By Lemma 3.1,

on (109,2) <0ta) (109 v+ i) ).
n/y P P
Let us show that
wa) - Vn(f(w)H <
P
1 6 — 1
S C(ﬁ7 «, T) <Anwo¢+7' (fa n) +| CcOos 7| Z(Au—i-l_Au) Woc-‘rr <fa V)
P v=n-+1 P
. T8 = A 1
+ | sin 7| Z — Wackr (f7 1/) > . (35)
v=n-+1 p
M
We have already shown that A = || 3> (Vawu (fO9) = Vou (fO)) | . Then
n=N P
for 2™ < n < 2mtl
Hf(kﬁ) _ Vn(f(/\ﬂ))H < ‘ Vn(f(’\’ﬁ)) _ VQmH(f(A,ﬁ))H
p p
o0
+ | X () Vo (1)
v=m-+1 p
= Il + IQ.

By Lemma 3.4, we have

o= feos T (Vah ) Ve O ) —sin 2 (Va S~ T (3, )
p
< Vol ) = Vamns O Dl + Va0 1) = Vs 0, 5|
< CIValA ) = Varas A D,

and, by Lemma 3.3, we get I} < A\ywor (f, %)

;
Secondly
o< feos | Y (Vo) = Va0 1)
v=m-+1 p
b2 S (ooh - )
v=m+1

p
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As in (34), we have

M
1
S (Ve — V) (0P| < (AWW (ﬁ 2N) "
v=N p p
+ Z 5.
V+1 waJrr f> ; )
v=2N41 P

5 (Ve ) = Va0, ) | <
v=N

Z Agv+2 (V2v — Vars (f))

P
Mo o 2”*271
[ - ()] | 182l 4 1) + 27 Mg
v=N P m=2v
=: Iy + Ia.
By Lemma 3.2,
Li < e |[Vawsa (f) = Van (/)|
P
M s -
Y Qavre = Ao | (1) = Var (1)
v=N p
< C <A2N+1 Do B+ D Qavrz = Agusa) ZE%(f)p)
= v=N sS=v
S C Z 70-}04-&-7" (fa ) 9
v=2N
2 1
I, < C Z (Agyts — )\2u71)E2u »p < C Z Wa+r ( , ) ,
v=N v=92N v p
and (35) follows.
Repeating the argument in (34), we estimate n~=® Vn(a)(f()"ﬁ)) . By
p
Lemma 3.3 and by inequalities (20) and (21), we write
1
[V < csan (naxnwﬁr (f, n) + (36)
P P

CE( ) ()
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By means of (35) and (36) we get f € W¥ H,[yp], because of the condition
n (15).

Let us prove (16). Let f € WP, To establish f € H, (w), we shall
first estimate E, (f), for the case sin %= 75 0. Repeating the reasoning in
(34), by (21), we get (2™ < n < 2m+! )

— 1
En(Py < O3 5>

Vigv—1] — Vav) (f(’\’ﬁ))H

p

IN

<1 FAB)
OBy (SO, 3 5 < o I

If sin ”B =0, it is easy to see that

C C
En(f)p < +— n(f(/\’ﬁ))p < 7Hf(/\’ﬂ)||p-
An An
Substituting the bound for E,,(f), into (3) and using the fact that n” A, 1
(n 1), we can write

1), 2o i 2 oL ()]
p n

ie., f€ Hy (w). This completes the proof of the sufficiency part in (16).
Let the right part of (17) be true, and f € Hf [w]. First let us prove
that

[vie | < O n .

STV (37)

P

If B = p+ 2m, and therefore, r = p, then V,ga”)(f) = Vn(a)({z—:},f(k’ﬁ))
and, by Lemma 3.3

v V()

< Cla, r)/\

n" o
< Clan) 1 [V (s )
p n

p

Iftp ;é p + 2m, and therefore, r > p, then by Lemma 3.4

p

< zn: HV2(15X+T)(f) V2(yatr )Hp + HVl(aJrr)(f)Hp

INA
Q
(=)
M/J:
> l\D
N

(63 [e3 1 [e3%
- ey = v om0

p p
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(@ [ ¢(n, oovr 1
< ofpmeen], (z_:o v +A1>
< C(a,r)?"‘é(’?ll(f(,\,ﬁ))

2’".

p

Thus, by (37) and the estimate E,,(f), < %E[ﬁ](f()"ﬁ))p, we can write
n 1

onsr (1.2) < Clan) (e v )|+ B,
< C(a,r) <na

A , ](f()\’ﬁ))p)

c g2 on2) o280 ()]

V)| +

n
4

Thus, ng) =0 [w(%)] is sufficient for W];\"@Ha le] € HE | [w].

4. PROOF OF NECESSITY IN THEOREM 1.

First we define the trigonometric polynomials 7,41 (x):

n+1 j . 42
3 1<j<nt2
_ in e =J ="
Tot1(x) = aj sin jz, where af =q{7" , 5
; l-3h, P <isn+tl

We will use the following lemmas as well as Lemmas 3.1-3.2.

Lemma 4.1. ([Te]). Let f(x) € Ly have the Fourier series (9). Then

>
k

v=n-+1

Lemma 4.2. ([Zy,2, V.1, p. 215]) Let 1 < p < 0.

(a) If a function f(x) € L, has the Fourier series Y (a, cos2”z+b, sin 2x),

v=1
then

{i (a7 + bi)}% < Cllfllp-

v=1

(b) Let apn,by(n € N) be real numbers such that Y. (a? +b2) < co. Then

v=1

18

(a, cos2”z + b, sin2¥z) be the Fourier series of a function f(x) € Ly,
1

174
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and

o0

||f||p<C{Z(a3+bi)}2-

v=1
Lemma 4.3. ([Ba,2, Vol.2, p. 269]). Let f(z) € Lo have the Fourier

oo
series Y (a, cos2¥x + b, sin 2”x), where a,,b, > 0. Then

v=1
4 Z((Ig + bg) < Eon1(f)oo < Cy Z(CLE + bg).
&=n E=n

We need the following definitions. Let w(-) € ®,.
We call ¥ a Qq, 9(w)-sequence if

0 < v au(r) vl (39)

of) = B ze)

We call € a gq, g(w)-sequence if

1
0<€n§w(n+1>, enl (0 1) (40)
1 n+1 % 1
Crw <n+1> < {(n+ 1)? ; ya“eﬁ} < Chw <n+1> . (41)

Necessity in (10) - (17).

We prove the necessity part by constructing corresponding examples. The
proof is in eight steps.

I.1 < p<oo. Step 1. Let us show the necessity part in (10).
Let w(:) € @44, and 6 = min(2,p). We will construct a sequence ¢ that
will be a Qq+p, 0(w)-sequence.
Let us assume that we have chosen integers 1 = ny < ng < --- < ng. Then,
we define ng11 as minimum of integers N > ng such that

()3 (2) ()

= ntow (%) , if ng <n < mgyr,
y =
0, if n=0.

It is easy to see that this sequence is required.

We set
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Let HY, [w] C W)-?, and let the series in (10) be divergent. By means
of properties of sequence {1}, we have

o = S (1)

v=1
< Clonp, ) (A = A0) Y m(ekno=iyf
v=1 m=v
< Cla,p,0) 3 My eror-1yl,
v=1

Step 1(a): 2 < p < co. We consider the series

Y27t (yF, — 43,0
v=1

=

cos 2" . (42)

Since

o0

2P (g~ i) < D[ o) Sz e

v=1 v=1 E=v
< > eyl < Cwi(1),  (43)
v=1
then, by Zygmund’s Lemma 4.2, series (42) is the Fourier series of a function
fi(z) € L,. By Lemmas 3.1 and 4.2,

C(a, p)waer (fla %)p <

n 3 &
< g—matp) (Z QEQQ(aJrP)V) + ( Z aﬁ) =: I + I,

v=1 v=n-+1

N|=

1
where a, = 27(F7) (3, — 92, ,)? . Repeating the argument in (43), we
get

Il S 2—n((1+/’)w2n S w(%)’

because of (38) and

oo

T, < Cleup) ( 2. 22““**’%&;)2 < Clov (57,

v=n-+1
because of (39).
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Thus, fi(x) € HY

P ¢ ,lw]. Then from our assumption, fi(z) € W%, On
the other hand,

9], > ctop (S ppmsentiz) =
p v=1

This contradiction proves the convergence of series in (10).
Step 1(b): 1 < p < 2. Consider series®
ov

Z cospux.  (44)

=

1 cosT + Z g—v(atp)gr(5—1) (v, — b, )

v=1 p=2v-141
0o 1/« 1/8
Using Jensen inequality (Z a%) < ( aﬁ) (ap, >0and 0 < B <
n=1 n=1
a < 00), we write
o [ 50 9v 2 5
/ Z g—vlat+p)gu(:-1) (W8 — b, )7 Z cos it da
0 v=1 p=2v-141
P ov p
< / ZTVp(wp)zu(kp) (W8, — v, ) Z cos pz| | do
0 _y:l N:2u_1+1
< Clp) Y (W5 — ) 2777 < O(p)wr(1),
v=1
2¥ P
because of Ci(p)2V®P~1 < ST cospzx|| < Ca(p)2vP~Y. By the
pu=2v-141
P

Littlewood-Paley theorem, there existb a function fo € L, with Fourier
series (44). Onme can see that f, € HY, [w]. Then fo € Wp» 5 On the other
hand, Paley’s theorem on Fourier coeflicients [Zy,2, V. 2 p. 121] implies
that for fo € L,

A, p
ol
P
00 2
> C(p)227up(a+p)21/(lfp) (1/)5”_ 5971) Z )\pﬂp 2
v=1 pu=2v-141
> Cla,pp) S (W8 —vh )Y (2—£(a+p>pA§§ —2—<5+1>(Q+P>ng§+l)
v=1 E=v

6Series of this type was considered in [Ti,M,1].
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> Ci(a,pop) S WAL PO Y O, p pg AB2TPOFOT = o,

v=1

This contradiction shows that the series in the right part of (10) converges.
This completes the proof of the necessity part of (10).
Step 2. Let us prove the necessity in (11) for 2 < p < co.

We notice that by Lemmas 3.1 and 4.2, we have for f(z) ~ > (a, cos2”x+

v=1
b, sin 2" x)

Wa (f, 2}”) = (22’“ Z(ai+b3)22”“> +< > (a3+bi>> . (45)

v=1 v=m-+1

Let w(-) € ®4,. One can construct” a sequence € such that € is a go.4 . o (w)-
sequence. We consider for this case

o0
cosx + Z (63, — €5041)

v=1

Nl=
[N

g0 + (e1 — €3) cos 2" x. (46)
Repeating the argument for series (42) we obtain that series (46) is the
Fourier series of a function f3 € L,. Since Egn-1(f3), < C(p)ean, then
by (3), (41) implies f3 € H}, [w]. We define fi3 := fi + f3. We have
fis€ HY W] C WpA’ﬁHa [¢]. Tt is easy to see from (45) that

Cla, B)wa f§*5)7ni1)p > wa fx,ﬁ)’%ﬂ)p+wa(féx,ﬁ)7%ﬂ)p_

(47)
) . By (45), using the properties of the
P

Let us estimate wa< 1()"5), n%_l

sequence {9, }, we have (2™ <n +1 < 2m*1)

1
wi 1(&6)7 >
n—+1 »

V

> c<a,mzw‘s>z—2v<r+a>( (Aik—Aék-1>+A§m>
v=m k=m
2 2 i - 2 42 2 i
k=m
1 = 1
> Cla.p) (ALM <n+1> + VZZM (A1 = AD) <V>> - (48)

7See, for example, [Ge].
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Now we estimate wa( é’\’ﬂ) L ) . By (45), we have (2™ < n+1 <
P

’ n+1
G2 (s 1
“\" Tn+1l ,
m

> Cla,B)277m ) 27903, (€3, — €3u1)
v=0

2m+1)

v

m

> Ci(a, B)27°m Y 205 5, — Co(, p)AmiiEamin. (49)
v=0

The Jackson inequality implies

2 (0p) 1 S 2 (A.8)
Wq (f3 ’”‘Fl)p > Cla)Ejm_4 (fs )p

> C(Ot,ﬂ) Z )‘gu (Eg’/ - 63”‘“)
> Cla, B)Asme5m. (50)
Both estimates (49) and (50) imply

p

n+1 %
1
on (#7557) = Clas) <<n+1>-ﬂazxiu2a—%i) NG

v=1

Using (41) and v=°\, |, we get

1
2 2
App1w (n+1)+

n+1
+ (n+1)72 Z p2pta) 2 (i) (A= =X (v +1)7%)

v=1
n+1
< Cla,p)(n+1)72* Y w2 Al (52)
v=1

Combining estimates (47), (48), (51), (52), and wa( 1(?))‘”6), %ﬂ) =
P
O [¢ ()], we arrive at the condition in the right part of (11).
Step 3. Let us prove the necessity in (11) for 1 < p < 2. The proof
for 1 < p < 2 is similar to 2 < p < oo. The only difference is that we use

Paley’s theorem on Fourier coefficients instead of Zygmund’s theorem. In
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this case we consider the sum of fa(x) and the following function

21/+1
1

1
g0 + (e} —&b)? cosz + E o (3 €1 — 2u+2 ” g cos ux. (53)
pn=2v+1

Step 4. To prove the necessity in (12) and (16), we consider the general
case 1 < p < oo. Let @ be the class of all decreasing null-sequences. It is
clear that

foob()] = vepaes Bool(2)

Let us assume that }—Z =0 [w (%)] does not hold for all v € ® and W;"B -

HY ., [w]. Then there exist v = {y,} € ® and {C,, 1 oo} such that ”"—" >

Cnw ( ) Further, we choose a subsequence {m, } such that "“1 >2
and Vi, < 2%, Consider the series

Y
Am,,

£ cos(mp, + 1)x. (54)

k

F I

[e.e]
Since > ;\mﬂ < 11— ¥ 5 < oo, there exists a function f4 € L, with

k=0 """k o k=0
. . & & (\,8)
Fourier series (54). Because > vym, < > 5 < 00, we have f;"" € L,
k=0 =0
L&,f4€IV3ﬁ.

On the other hand, by (20) and E,,_1(f)p, > C (lan| + |bn]),

My

1 TYm,
Watp <f4, m) > C’(oz,p)Emnk (fa)p = C’(oz,p))\ :
Nk D

> c<a,p>cnkw( L )
m.

ng
, fa ¢ HE,,[w]. This contradiction implies that the condition i =

O [w (£)] is necessary for W) Hngp[ w).
Step 5. To prove the necessity in (13) and (17), we verify that for any

p >0 and for any 1 < p < o0,
—olw(t (55)
An nj)l|’
First we remark that

L reraee =0l

W] =

2,8
WP Hap] € HE plw
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Assume that the relation in the right hand side of (55) does not hold. Then
there exist v = {7, } € ® and {C),, 1 oo} such that ’ym"/\i > Chw ( )

We choose a subsequence {m,, } such that % > 2 and v, <2
g

mMn

Because Z Vrrin,, P (i) < go( ) Z st < 00, there exists a function
k=0

fs € L, with Fourier series

> 1
E YV, P

m
k=0

N

) 08 (M, + 1). (56)

For my, <n <my,,,, by Lemmas 3.1 and 4.3, we have

Wa (vai) < Cwa (f5771L)

k
S C<n_azrymnsg@<m ) n3+ Z rym"a (m ))
= M s=k+1 M
1 1
< ofe(2) T te (L) X ) <oo(2),
s=k+1
Therefore, f5 € HPE[yp], ie., setting % = {%1,%2,%3,"'}, we have

1
X8
T e WP H ).

However, we have

t-m 1
Wa+p (f5A o, )
Nk p

CE, (&) >C%w‘p(mik)

5 P =

)
Mn, )

ie., fé%’_ﬁ) ¢ H.,, ,[w]. This contradicts our assumption. The proof of the
necessity part in (12)-(13) and (16)-(17) is now complete.

II. p =1 or p = 0co. Step 6. Let us prove the necessity in (14). Let
HE, Jw] € WP and the series in (14) be divergent.

Step 6(a): sin 2% 5 7 0. Then the dlvergence of the series in (14) is equiv-

v

Ay, &

Y

CcC,,w (

alent to the divergence of the series Zl %w (5) .
n=

Let p = 1. We take a sequence € which is a ga+,,1(w)-sequence and
consider the series

Z —euy1) Ky(). (57)

v=1
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This series is convergent in L; (see [Ge]) to a function fo(x), En(fe)1 =
O (e,,). By means of (3), (41), we get fg € [w] € WM. One can

a+p p
rewrite (57) in the following form
a, cos vz, where ay,=¢e, —vy LI
Z ]:z; J+1
By Lemma 4.1,
A > € —¢€
A, v 1
|12 = ey e =) 52 e, - ZA Z S
v=1 v=1 =v

C(ﬂ) (Z %SV - Z(au - al/—‘,-l)AU)

v=1 v=1
o0 )\V o0
> CiB) Y e = Ca(d) <>\1a1 + ) g — man) .
v=1 n=1
Using (40) and (41), we get

oo

Z%&/ < O(P)Z?u)( ) Z)\ y~(ate)— IZmo‘ﬂ’ 1

v=1 v=1

_ C(p)i a+ﬂ1€mz V7a1<Cpai
m=1 =

ﬂ
m
m=1

Therefore,

|2, = (58)

> Ci(a, p, B Z/\ v w( ) Co(ay p, B) </\1a1+Z()\l,+1/\l,)ay> .
v=1

On the other hand, using monotonicity of {a,} and Lemma 4.1, we have

cun i, > o (o 5 2)
> C(p) (/\16l1 + Z )\2VCL2V>
v=0
> Aag + Z agy (Agv+1 — Aov)

v=0
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> ar+ Y (A1 — A)aw. (59)
v=1

From (58) and (59) we get

Hfé%ﬁ)”l > C(a, p,0) i)\uy—lw <i> o

This contradiction implies the convergence of series in (14).
o0
Let now p = co. Define the function (see [Ba,1]) f7(z) = 3 e v !sinvz,
=1

where ¢ is a ga4p,1(w)-sequence. We have E,(f7)e < C’a;rl. Using (3)
and (41), we get fr € Hh, [w] € WP, On the other hand,

0o Now
Cc(B) Z ov(ate)g,, o 2

_ (X.B)
o=l 2 @)
v=0
00 0 Nom
S gvlatn Z 2
Z C(O[, P 6) 02 Egv 2m(a+p)

- conm S (2)

This implies the convergence of the series in (14).

Step 6(b): sin B” = 0. Let the series in (14) be divergent. We will
consider only the non -trivial case p > 0. Let € be a gq4,, 1(w)-sequence. By
means of the properties {\,}, we have

> Ousr =2 (1)

v=2
P)Z (€25 — €9541) [Z gmla+te) Z 277(0FP) Ny — Agvo1)
s=0 m=0
+ Z gm(atp) Z 9—v(a+p) (Agv — )\21/—1)‘|
v=s+1
< C(a,p) Z (v — Evt1) A (60)
v=0

Let p = 1. The series

Z —€ut1) Tu() (61)

v=1
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converges ([Ge]) to a fg € L1, and E,(fs)1 < Ceny1. Then fs € HY, [w] C
Wp)"ﬁ . We rewrite (61) in the following way

oo
E b, sinvzx, where

00
14 14
bl/: g 1—- . Ev —Ep + E N v — €&y .
j=v < ‘7+1)( +1) j:2y—1‘7+1( +1)

By Lemma 4.1, we write

[57], 2 e 2 0930 e,

v=1

This contradicts the divergence of the series in (60). Thus, the series in (14)
converges.
Let p = 0. Let 9 be a Qa+4p,1-sequence. Then, we define

fola) = rcosa + Y 2770 (4hy — 4hy,1) cos 2V

v=1

Similarly, as for fi; in the case 2 < p < o0, it is easy to see that fg €

H?, [w] € WP, By Lemma 4.3, we have
|7 = cw (Alwl 30 A2 (g wl))
v=1
> C(B) fj At =ly,
v=1
> i Avt1 — w(1/v) = oo,
v=1

this contradicts fo € Wé\ﬁ . This completes the proof of the necessity in
(14).

Step 7. 'We will prove the necessity in (15) for the case sin = ;é 0. Let
HY . |w] C W;‘ BH,[p]. Let € be a gy 1(w)-sequence. So, (4 ) holds for

a + r instead of « and 1 instead of #. Since sin % #0,

1 —a = r+a —r —-r 1
7= A”““’<n+1>+” ZV* (v = (v ) Ml)“’(y)
p ZOO p ZOO
+ | [¢0)] 7 ()\V+1 ) ( ) + ‘ sin 7| )\l/

v=n-+2 v=n-+2
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C(a, B,1) Z )\ —|—n “Z)\ysl, 1) =:Cl(a, B,7) (J1+J2) . (62)

=n+1
We will use several times the following evident inequalities:

1

wa(f75>pXwa<f+,%)p+wa<f_,%)p, where fi(g;);:M.

2
(63)

Step 7(a): p = oo and cos ¥ # 0. Then by Lemma 3.1, we write ( ;i’ﬁ) =
(X.8)
(), )

g 1 (e 1 —a [y (@) p BN
wa I 0) 2w () = Ol |V (0|
> Clan |V 0| = Cladh  (69)
p

(o)
By (20) and ) ar < 4FE,(f)s (see [Ba,l1]), we have
k=2n

1
walI7.2) = C@) By (7137 2 Cla )1 (65)

We have already proved that fr € HA, .[w] € W} Hg[p]. Collecting in-
equalities (64), (65), and (62) we arrive at the right-hand side of (15).
Step 7(b): p = oo and cos 22 = 0. If cos ”ﬁ # 0, then we use (65) and

wa< ;A,ﬁ)’l)p > Cla)n ™™

n

V@ (D) ()

Z C(OZ, ﬁ)JQ
P
If cos ”5 =0, then f; = +f7, and

w0 (109.2) = C@Bg (1), = Cla, )

To obtain the estimate of J, we define

oo

€
fro(@) = =2 + (g1 — £5) cosz + Z (e9v — €9vt1) cos 27T
2 v=1

It is clear that E,(fi0)p < €nt1. Then, by (41), we have f19 € HY, .[w] C

WP H,[p]. Using wq (f, %)p > C(a)n™ V,ga)(f)H and Lemma 4.3, we
p

write (2™ <n+1 < 2mT1)

Ag) 1
Wa ( 1(0 )72,',n) Z
p
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C(OZ7 5)2—77101 Z )\2V2Va (Egu — €2p+1)

v=0

Y

> Ci(a,B,r)27me Z Aov2"%%g0 — Co(a, B, 1) Agm+1€gm+1.  (66)
v=0

Concurrently, w,, (fl(é’m7 2%) > C(a, B)Agm+1€qm+1. Then, we get
P

1
on (F7.2) = Clapn)n (67)
p
and by (63),

1 1
C(Oé,ﬂ,’l") |:J1 + J2:| < Wwq ( 1(8‘76), 2m) + wa ( 7(>\,5)’ 2m)
P p

1 1
(im0 1) ol (2]

n/, n
The necessity in (15) follows.

Step 7(c): p = 1 and cos &5 # 0. We use the function fs. We have fg €
H?  [w] and by Lemma 4.1,

X

1 = ay
wa(#7.2) 2 C@BL(X), 2 ClanB) Y A
v=n—+1
9] e, o0
> LA — - .
= C(a,ﬂ) <V§rf\u v anJrl)\n V:;rf/\u )\l/l)alj>

On the other hand,

1 oo
W (féw)’ 7)1 > C(a, 8,7) (an+1)\n + Z (A — Au_l)ay> .

n
v=n-+1

The last two inequalities imply wa( é)‘*ﬁ) l)l > C(a, B,7)J1. Also,

‘n

wQ(éAﬂ)’l)p > C(a)n_a

n

V(0

) > C(a, B)J2. (68)

Step 7(d): p =1 and cos %5* = 0. If cos % # 0, then we use wa( ék,ﬁ)’ %)1 =
C(a, B,r)J1 and

1
walJ072) = Clan

n ftl

VUL = Cle gy



EMBEDDING THEOREMS OF FUNCTION CLASSES, III 31

If cos ”ﬁ = 0, we consider fg + fg. Using Lemmas 3.1 and 4.1, we have
n
\,B) l > C —« A ozflb
o (J00.7), 2 Gt S n
2 Ol(aaﬂafr‘)niaz)‘vyaileu—l - CQ(Qa/Bar)Anen-

Since we, (f(A 2 1) > O(a, B,7) Ann, then wa ( ) %) > O(a, B,7)Js
1
Thus

Clo [+ 2] < (o 107 1) =0p ()]

i.e., the necessity in (15) follows.

Step 8. We will prove the necessity in (15) for the case sin ”5 =0. Let
HY . [w] € WP H,[g] and € be a gar,1(w)-sequence. Since sin 7 =0, we
have from (41)

1 —« En r+o —r —r 1
/\n+1w (M) + n 2 v + (V )\1/ — (l/ + 1) )\y+1) w <l/>
e Z—— 1
+ |cos 5 E Mg1 —M)w (V)

v=n+2
< Oé 57 ( Z )\ EI/-‘rl) - Duguya_l>
v=n-+1 v=1
= C(O{,ﬁ, T) (J3 + J4) . (69)

Step 8(a): p = oo and cos * # 0. By the Jackson inequality and Lemma
4.3, we have

1 oo
Wa ( fa\’ﬁ), 2m) > C(w, B) Z Aov (Eqv — Eov1) . (70)
p v=m

We also note that by Lemma (4.3), (67) holds for all & > 0. This and

) give wq ( OB), nil) > C(a, B) (J3 + Js). Using condition (69) and

fw € HY  [w] C W)‘ SH, [ |, we arrive at the relation in the right part of
(15).

Step 8(b): p = oo and cos ¥ = 0. Then we consider fio and fi; :=
fro. Tt is clear that fi; € L, and fi9 + fi1 € HA, [w]. Nevertheless,

A, A,
wa< 1(0 ﬁ%ﬁ)p Z C(a7ﬂ)J37 Wa( 1(1 B)aﬁﬂ)p Z C(Oé,ﬁ)J4, and
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A, A, A,
an (157 ), e (F27. 7)< (ot A0 245)
&)
Step 8(c): p = 1 and cos & # 0. Since fé)"ﬁ)(x) ~ £ > Ab,sinvz, by
v=1

Lemmas 3.1 and 4.1, we write (see Step 7(d))

we (fékﬁ)v l)p > Cla)n™

n

VUG 2 c@pn )

Also, by Lemma 4.1 and the Jackson inequality (20), we have

1 > b,
W (fé*’ﬁ%n) Clonf) D M
1 v=n-+1

Y

> Clad) YA Y,
v=n-+1 j=2v—1 ‘7+

> Cla,B,r) Y (g5 —ej41) Mo
j=4n—1

Using the properties of modulus of smoothness, we get (15).
Step 8(d): p = 1and cos 5* = 0. We use that f12 := fs € Ly and E, (f12), <

Cepnyq (see [Ge]). Then fs+fi12 € HY,, [w] and w, ( é’\’ﬁ) 1) > Cl(a, 8)J3,

‘n

[
Wa ( 1(3"6), %)1 > C(a, 8)J4. This completes the proof of Theorem 1.

5. COROLLARIES. ESTIMATES OF TRANSFORMED FOURIER SERIES.

Theorem 1 actually provides estimates of the norms and moduli of
smoothness of the transformed Fourier series, i.e., the estimates of ||¢||, and
wa (i, 6)p, where ¢ ~ o(f,A), by wy(f,d)p. Analyzing Theorem 1, one can
see that the following two conditions play a crucial role. The first is the be-
havior of the transforming sequence {\,} and the second is the alternation
between L,, 1 <p < oo and L,, p =1, 00.

We will investigate in detail some important examples for L, 1 < p < oo
and for L,, p = 1, 00, separately.

1. The case 1 < p < oo.

Theorem 2. Let 1 < p < 00, § = min(2,p) 7 = max(2,p), « € Ry, and
A = {A.} be a non-decreasing sequence of positive numbers. Let p be a
non-negative number such that the sequence {n=P\,} is non-increasing.
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I. Iffor fe Lg the series

> 1
W! 2
Z:: )‘n+1 (x+p <f7 n)p

converges, then there exists a function ¢ € Lg with Fourier series o(f,\),
and

el <

sc<p,A,a,p>{A9||f"+Z My =)ty (1) } )
p

1
* %n—&—l

C(p,/\ o p{ QOZ p+a)9 —pe)\e ( ) pé‘/\V_H) Wiy, (f 1)

v=1

+ Z /\nJrl a+p (f’ ) + )‘0+1wa+p (f’ i) } : (73)
p p

v=n-+2

II. Iffor fe Lg there exists a function ¢ € L, with Fourier series o(f, ),
then

{ATHf”p + Z n+1 a—i—p (fa > } S C(pa /\7 O‘vp)”w”Pv (74)
p

n 1
{ Y N ) A, () + )
v=1 p

|

[eS) .,- . 1 T

Z (An-‘rl - /\n) a+p <f7 > + A +1wa+p <f7 n) }
v=n-+2 P P
<C(p,A ) !
— p’ ) a’ p wa @7 n + 1 »

1
wa+p (fzn) S C(pv)‘aa7p>”<§¢? (76)
p n

IN

1
oty (f, 1) o hanp) P (77)
P
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Inequalities (72)-(73) and (76)-(77) were proved in Theorem 1 (see the suf-
ficiency in part I). To prove (74)-(75), we use similar reasoning, applied
to the theorems by Littlewood-Paley, Marcinkiewicz, and the Minkowski’s
inequality.

As an important corollary of Theorem 2,

Corollary 1. Let 1 < p < 0o, § = min(2,p) 7 = max(2,p). Then, for any
k,r >0,

[e'e] B .,_ 1 T . 1
1 { Z v 1Wk+r <fa Z/> } S Wk <f( ), n) (78)
v=n-+1 p P
C i rg—1 .6 l ’
2 v wk+r f7 Py 9
v=n-+1 P

where C1 = Cy(p, k,r),Cy = Ca(p, k,r),n € N.

N

IN

The last two inequalities are an improvement compared to (6) and (7).
Indeed, by properties of the modulus of smoothness and by the Jensen
inequality,

n7-Wk;+r <f7 Tll) S C(k7 7’) { i V7'T—1w7k—+7" <f7 i) } 3
P v=n+1 p
0 N7 0 1

{ Z A (f’ V)p} < C(k,7) Z Vo <f, V)p.

v=n+1 v=n+1

A=

Example. Let ¢(t) = t"In"*(1/t) and 2 < p < 00,3 < A < 1. For
witr (f,1), < ¥(t), (6) and (7) give only Cln™(1/t) < wy (f(r)ﬂf)p, and
(78) gives Cy In~ATYP(1/1) < wy (f(’"),t)p < CyIn~4*Y2(1/t), which is
superior.

Proof of Corollary 1 is obvious from (73) and (75) with r = p, because if
feLy 1<p<oo,then )~ a(f,\) for {\, =n"}.

From (6), (7) and (78), one can see that it is natural to estimate
W (f(V),é)p by watr (f, t)p. Further analysis allows the distinction be-
tween three different types of such estimates. It will be convenient for us to
write inequalities in integral form:
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1. v =7 (see Corollary 1)3

) )
/ T (e S < wa(f0,6), < / L (F0)dt S
0 0

79
2. y=r—¢, 0<e <r (see Theorem 2 for p =7 and \,, = n""°): )
5 1 =
/5 (=TT (f1) dt+6a‘r/tf(rf€+a)‘rflw;+a(f,t)pdt <
0 5
< wo(f79),8),, (80)
wa(fU79,0), <
5 1 g
< /t (r=e)0=10 (f,t) dt+5“9/t*(”*€+a>9*1w§+a(f,t)pdt 1 (81)
5
3.y=r+e¢ 0<e<a, (see [Po-Si-Ti,1]):
s = 1
/ SR (F),dt < 50 /t (0=2)0-1,,0 (f(r+<)
0 5
(82)

%\»—A

-

1
/t a—e)T—1 -r(f(rJre)
)

)
)0— 0
< /t T+€ ! r+o¢ fa }
0

One can consider a more general sequence than {\, = n7}, v > 0. Let us
define {A,(s) := A(s, 1)}, where
¢ s
A(s,t) = A(s,m,t) /{ Ydu + ¢~ Ts/ u"¢(u)du | (84)
0

and non-negative function &£(u) on [0, 1] is such that «™*¢(u) is summable.

The sequence {A,, = A, (s)} is often considered a transforming sequence.
Example. 1. {A, =n},0<~y <72 {A, =n"In"*n}, A>0;3.
{A, =In"n}, A>0.

8Here and further 7 = max(2,p), 0 = min(2,p). We will write A1 < Ag, if A1 < CAy,
C > 1. Also, if A1 < A2 and Az < A1, then A1 < As.
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Properties of A(s,t): A(s,t) is non-increasing on ¢, A(s,r,t)t" is non-
decreasing on t. By these properties and Theorem 2, one can obtain the fol-
lowing estimates, which are more general than (80)—(81) (see also [Po-Si,1]).

Theorem 3. Let 1 < p < 00, § = min(2,p) 7 = max(2,p), o,r > 0, and
A ={An(s) == A(s, 1)}, where A(s,t) and &(t) were denoted above.
I. If for f € L, the integral

s

1
Il = f(t) w(iJrr (fa t) dt
/ :

is finite for s = 0, then there exists a function ¢ € L, with Fourier series
U(fv A)? ||S0||P S C(p7 55 a, T, 5)[17 and

)

t
an(pid), < Cloars)d [0 [urgdust,o(f.0)de
0

0

s

1 1
+ 60‘5/1,‘0‘5_1/f(u)duwf+a(f,t)pdt —.CL.  (85)
5 t

II. If for f € L, there exists a function ¢ € L, with Fourier series o(f,A),
then fO?” S=T ||SO||P Z C(pa 57 a, T, S)Il7 and Wey (807 6)p 2 C(p7€a a, T, 8)12

In a similar way we can generalize inequalities (82)—(83).

Theorem 4. Let 1 < p < oo, § = min(2,p) 7 = max(2,p), o,r > 0, and
A ={An(s) == A(s, 1)}, where A(s,t) and £(t) were denoted above.
1. If for f € L, the integral

s

1
L= / £(t) Wiy, (f11), dt
0

is finite for s = 0, then there exists a function ¢ € L, with Fourier series
a(f,N), llell, < C(p, &, a,r,s)I3, and for any a1 > «
Iy(7,s) =

—(r+a)T—1

1
TT+o)T T t ( T
= (5( +a) A (S’T’é)/mwr+a1(%t)l7dt
5

< C(pvé.?o‘?ala T, 5)
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1
0

5 t
X |A(s, 7, 0)wrtal(f,0)p+ /t_Te_l/u’"Té(u)duwara(f, t)pdt
0 0

=: CI5(0) (86)
II.  If for f € L, there exists a function ¢ € L, with Fourier series
o(f,A), then for s = 7 and for any a1 > «a |||, > C(p, A\, a,r,s)I3 and
14(‘9’8) > C(p7£7a,a1aTa 3)15(8)
2. The case p = 1, o0.

Estimates wq (¢, t)p by wrya(f,t), for this case follow from Theorem 1 (see
part IT). We will write only the commonly used estimates of wq(f(, 1),

and wa (£, 1), by Wi a(fst)p.
Corollary 2. If p= 1,00, then (6), (7) are true for any k,r > 0.
As a corollary of Theorem 1 for {\, =n”}, p>0and §=p—+1,

Corollary 3. Let p=1,00. One has

—~ >0 1
-1
HY, Jw] C W) = E nf" w (n) < 0.

n=1
For p=1,p =0 and a = 1 Corollary 3 gives the answer for the question
by F. Moricz [Mo]. Also, we mention the papers [Be,S,1], [Ha-Sh], [St,5],
where the embedding results were obtained in the necessity part.
Corollary 4. Let p=1,00, and r,a, e > 0.

I. If for f € L, the series Y V" w,iate (f, %)p converges, then there

v=1
exists () € Ly, and
~ 1
(r) ,) <
Wa (f ), S
< C(’I“ « 5) n- zn:l/,-‘_a_lw?“lﬂ-lf (f l) +i VT_&}T‘"FOL"FE (f l)
— ) ) V:1 ) v pV:nJrl ) v » )

n € N. .
II. If for f € L, there exists f e L,, then

Wria+te <f, ’I]:L) S Mwa <f~(r), 1) ) n € N. (87)
p p

n" n

Using direct and inverse approximation theorems, we can rewrite inequal-
ity in I in the following equivalent form (compare to [Ba-St]):
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Corollary 5. Let p = 1,00, and r,a > 0. If for f € L, the series

[e.e] ~
S vlE, (f)p converges, then there exists f(") € Ly, and

v=1

Wy (f(r), %)p < C'(,,a7 a, E) <n—a Z Vr+oz—1Eu (f)p + Z l/r—lEV (f)p> ,

v=1 v=n-+1
n € N.
6. FINAL REMARKS

1. The Weyl class W[f"ﬁ coincides with the class of functions from L(0, 27)
such that their Fourier series can be presented in the following form

27
=1

/) + z_:l o /Lb(x —t) cos(ut - 7;—6) dt, (z)e L°.
V= 0

Further, consider the case when

1 w3

3¢ cos(vt ~ )

is the Fourier series of a summable function Dj g(t). For example, it is

so if {A\, T o0} (n 1), and Z V/\ < 00. Then the elements of WAfB can

HM8

differ only by the mean Value from functions f, which have the following
representation by convolution,

2m
— = [vla-0Dsstdt, v € L.
0

Here, ¢ coincides almost everywhere with f(*%). See, for example, [Bu-Ne,
Ch. 11]. A representation by convolution was first considered in [Sz].
2. The generalization of W E[¢] is the class

WPEE = {f e WP B (FO) = ofe/m)]}.

We do not consider in this paper the embedding results between W# E[¢],

WP H,p] and Elgp] = W,}{l}’OE[go]. We only notice that some results of
such types follow from direct and inverse theorems (1)-(4). Also, we mention
the papers [Ha-Li], [Og], [Si-Ti], and [St,A].

3. The results of sections 2 and 5 can be generalized to a multidimensional
case. We only write here the following estimates for the mixed modulus of
smoothness we, o, (f,d1,92)p of a function f (in the L, metric) of orders aq
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and as (a1,a2 > 0) with respect to the variables 1 and xs, respectively
(see, for example, [Po-Si-Ti,1]).

Theorem 5. Let f(xy,22) € Ly, 1 < p < 0o, § =min(2,p),7 = max(2, p),
and let oy, o, 1,79 > 0,
L It

1 1
Jl(a) = //t1—T19—1t2—7‘29—1w§1+a17T2+a2 (f,tl,tg)p dtq dto < 00,
0 0

then f has a mized derivative in the sense of Weyl f(":72) € LZO),

Hf(rl’”)Hp < C(p, T1’T2)J1(9)’

and

wal,ag (f(rl’rz), 513 52)1) S

4102
O(p,()é1,042,7’1,7"2) //tlirleiltgweilwfi-ﬁ-al77'2+a2(f7tlvtQ)Pdtldt2
00

IN

=: CJQ(@)
II. If f has a mized derivative in the sense of Weyl f(r:r2) ¢ Lg, then
Ti(7) < Cp,ry,ra) [ F77)

and
Jo(7) < Clp, ar, g, 71,72)Way an (f7172), 81, 62) .

Theorem 6. Let f(x1,x2) € Lg, p=1,00, and let ay,an, 71,79 > 0.
L If

1 1
J3 = //tfrliltzfrzilwr1+a1,rz+az(f7t17t2)pdf1 dty < oo,
0 O

then f has a mized derivative in the sense of Weyl f(":72) € Lg,

£, < C(ry,m2) T3,
and

Waq,az (f(’l“1,’f‘2)7 515 52)10 S
51 02

< 0(01,062,7"177"2)//tf”*ltgrrlwrﬁahrﬁaz(f,tl,tg)p dty dts.
00

=
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II. If f has a mized derivative in the sense of Weyl f(r1:r2) € Lg, then

Writa1,rat+az (f7 517 52)10 < C(ah a2, 71, T2)6{16£2 Hf(hﬂ"z) ||p7

and
Wri4aq,retas (f7 51a 52)}7 S C(ala a2,T1, TQ)(;II 5;‘200@17&2 (f(rl’r2)5 517 52)1"

See [Po-Si-Ti,1] for the estimates of transformed series in a multidimen-
sional case.
4. In view of inequalities (79) and (80) - (83), the problem of finding the
estimates of wqa (¢, 1), by wa+r (f,1), arises such as in the case ¢ ~ o(f, )

with A, = n"Inn. If 4 <0 (that is the analogue of the case A, = n" %),
then estimates wq (,t),, follow from Theorem 3. For example, if p = 2 and

~o(f,n"In n), A <0, then

p g—2r—1 ) 2B -1
/1 AT ( r+ﬁ(f,t)2dt+5 ﬁ/wwrw(f,t)gdt.
0 5 ¢
(88)
Note that the only difference between (88) and (80)-(81) is related to the
replacement of n~¢ by In“ n.
The case A > 0 (that is the analogue of the case \,, = n""¢) is interesting.
For p=2 and ¢ ~ a(f,nrlnAn),A > 0 we have

281,24 2 / g2 2
F) t

5
2
_ / pr1 2 <t> W2y y(fot)adt. (89)
0

Comparing this with the estimates (82)-(83) one can remark that the new
item w%(gp, )2 has appeared in (89). Thus, this case has essential distinc-
tions. See for detail [Po-Si-Ti,2], [T4,S,1].

5. Defining the class W"# H,[gp] we assumed that ¢ € ®,. This restric-
tion is natural for a majorant of the modulus of smoothness of order « (see
[T1,S,3]).

6. In Theorem 1 (item IT) we used the inequality

v=n-+1
mark that it is equivalent to the following condition: there exists € > 0 such

that the sequence {n"¢\,} is almost increasing, i.e., n A, < Cm ™A\,
C > 1, n < m. This and other equivalence results can be found in [Ba-St]
and [T4,S,2].

1 C
A S P We re-
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