PERIODIC ORBITS OF THE PLANAR COLLISION
RESTRICTED 3-BODY PROBLEM

JAUME LLIBRE! AND DANIEL PASCA?3

ABSTRACT. Using the continuation method we prove that the circu-
lar and the elliptic symmetric periodic orbits of the planar rotating
Kepler problem can be continued into periodic orbits of the planar
collision restricted 3—body problem. Additionally, we also continue to
this restricted problem the so called “comets orbits”.

1. INTRODUCTION

We consider a special case of the restricted 3—body problem, called col-
lision restricted 3—body problem. In our problem the two primaries with
equal masses are moving in a collision orbit of the 2—body problem, and
the infinitesimal mass is moving on a plane orthogonal to the line of motion
of the primaries. The purpose of this paper is to find symmetric periodic
orbits of this problem using the continuation method developed by Poincaré
which is one of the most frequently used methods for proving the existence
of periodic orbits. Starting with Poincaré in [8], which used this method to
prove the existence of periodic orbits for circular planar restricted 3-body
problem, see [10], this method was used also by other authors in different
problems like spatial isosceles 3-body problem (see [1], [5]), circular and
elliptic Sitnikov problem (see [3], [4]), collinear restricted 3—body problem
(see [2]), etc. In [6], we find a good discussion on the applicability of the
Poincaré’s continuation method to different N—body problems.

We give the equations of motion of the collision restricted 3-body prob-
lem in Section 2. In Section 4 we introduce three different kinds of symmet-
ric periodic orbits. In section 3, 5 and 6 we will prove the continuation of
the circular orbits (see Theorem 1), of the different three kinds of symmetric
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elliptic orbits (see Theorems 5, 6, 7) and of the comets orbits (see Theo-
rem 8) from the rotating Kepler problem to the collision restricted 3-body
problem.

2. THE COLLISION RESTRICTED 3—-BODY PROBLEM

Let m; = ma be two punctual masses (called primaries) describing a
collision orbit of the 2-body problem. We consider an infinitesimal mass
mg that moves on the plane II orthogonal to the line of motion of the
primaries through their center of mass. We choose the units of mass, length
and time so that m; = mge = 1/2, the gravitational constant G = 1, and
the period of the two primaries is 2w. We take the origin of coordinates at
the center of mass, the plane of the motion of the infinitesimal body is the
(X1, X2)-plane and the motion of the primaries take place on the z—axis
(see Figure 1). Then the equations of motion of the infinitesimal mass are

¥ = -
X2 X2 2(1)3
.. X

Xy = — 2

(X2 + X2 + 22(1)*%

where z(t) is the solution of the elliptic collision 2-body problem, which we
take as

2(t) = (1 — cos E(t)),

where > 0 is a small parameter and E(t) is the eccentric anomaly which
is a function of time via Kepler’s equation

E—sink =t.

We note that since F is 2m—periodic, z will be 2r—periodic. For more details
on the motion of the primaries see [9].

We want to analyze the continuation of periodic solutions for this prob-
lem from g = 0 to g > 0 small. Like in the case of planar circular restricted
3-body problem, we cannot prove the continuation of the periodic solutions
in fixed coordinates because the system in these coordinates is very degen-
erated. For this reason, we consider a rotating coordinate system (x1, x2, 2)
related with the fixed one through the following formula

T cost sint 0 X4
o | = | —sint cost O X5
z 0 0 1 z
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FiGURE 1. The elliptic collision 2-dimensional restricted
3-body problem

The Hamiltonian governing the motion of the infinitesimal mass for this
collision restricted 3—body problem is

(1) H:W_ITKy_;
2 ]2+ 22(t)]/2

-1 0
2T Ky is just the angular momentum. Since y is a small parameter the
Hamiltonian can be written into the form

where © = (z1,22) and y = (y1,y2) are conjugate, K = (0 1) and

(2) H= M — 2T Ky — 1 +O0u?).
2 ]|

When p = 0, H is the Hamiltonian of the 2-body problem, or Kepler
problem, in rotating coordinates. There are two main differences between
the Hamiltonian given by (2) and the corresponding Hamiltonian in the
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planar circular restricted 3—body problem. The first one is that for the col-
lision restricted 3-body problem the perturbation is of the order u? instead
of the order u for the planar circular restricted 3-body problem. The sec-
ond is that our Hamiltonian (2) depends explicitly on the time (i.e. it is
non-autonomous) but is 2r—periodic. The dependence is contained in the
terms of O(u?).

3. THE CONTINUATION OF THE CIRCULAR ORBITS

First we change the coordinates from the cartesian coordinates
(z1,22,y1,y2) to the polar coordinates (r,6, R,0). This change of coor-
dinates is given by

r1 =1rcosb, r9 = 7rsinf

ylzRCOSO—Qsinﬁ, yngsin9+9cost9.
r r

For more details see [7]. In these new coordinates the Hamiltonian is of the
form

Ch 1

N =

Now, following Section C of Chapter VI of [7], we can prove in the same
way the continuation of the circular orbits (or periodic orbits of the first
kind in the terminology introduced by Poincaré; for more details see [10])
from g = 0 to p > 0 sufficiently small.

Theorem 1. Let p, q relatively prime integers and T = 2mwp/q. Then the
circular T —periodic orbits of the Kepler problem in rotating coordinates with
angular momentum ¢ can be continued to a periodic orbit of period 2mp of
the collision restricted 3—body problem for small values of p > 0.

Proof. For = 0 the equations of motion are

) . 0?2 1
T:R, R:T—B—T—2,
é:%—l, 920.

T

Let © = ¢ be a fixed constant. The circular orbit R = 0, r = ¢? is a periodic
solution with period |27c®/(1 — ¢3)| (this is the time for @ to increase by
2m). We wish to consider the case when

2
273 /(1 — &) = 22

)

q
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which implies that
_ (P N1/3 — (P13
‘ (p + q) e (p - q)

Linearizing the r and R equations about this solution gives
7= R, R=—c%,

which has solutions of the form exp(+it/c?), and so the nontrivial multi-
pliers of the circular orbits are exp(4i27/(1 — ¢3)) which are not +1, since
1/(1 — ¢3) is not an integer. We apply the results of the Appendix to the
Hamiltonian system defined by (3) thinking this system as a 27wp—periodic
system, and continuing the circular orbit of period 27p/q rotated ¢ times.
Then, this orbit can be continued for @z > 0 small. [ |

4. SYMMETRIC PERIODIC ORBITS

The equations of motion of the infinitesimal mass in the rotating coordi-
nates are
!
(2% + 2% + 22(1))3/2’
L2
@l +a3 + 2P

i1:x1—|—2j:2—

(4)

{fQZIQ—Zfl—

It is easy to check that the equations of motion (4) are invariant under the
symmetry

(tv €, j?la z2, IQ) — (_t; Ty, _'ila —ZT2, IQ)
This means that if p(t) = (z1(t), 21 (t), z2(¢), 2(¢)) is a solution of system
(4), then also ¥ (t) = (z1(—t), —&1(—t), —x2(—1), Z2(—t)) is a solution. We
note that this symmetry corresponds to a symmetry with respect to the

xr1—axis, and will be denoted by S;. In fact, is well known the following
result.

Proposition 2. Let o(t) = (z1(t), 21 (t), 22(t), 2(t)) be a solution of system
(4). If #1(t) and x2(t) are zero at t = to and at t = to + T/2 but are not
simultaneously zero at any value of t € (to,to + 1T/2), then (t) is a S1-
symmetric periodic solution of period T .

Equations (4) are also invariant under the symmetry
(t,z1, 31,22, 82) — (—t, —21, &1, T2, —d2),

i.e., the symmetry with respect to the xo—axis, which will be denoted by S,
and is characterized as follows.



6 JAUME LLIBRE AND DANIEL PASCA

Proposition 3. Let o(t) = (z1(t), @1 (¢), 22(t), 2(t)) be a solution of system
(4). If z1(t) and i2(t) are zero at t =ty and at t = to + T/2 but are not
simultaneously zero at any value of t € (to,to + T/2), then p(t) is a Sz
symmetric periodic solution of period T .

We note that there could be periodic solutions of (4) that are simultane-
ously S1— and So—symmetric. These periodic solutions will be called doubly
symmetric periodic solutions and are characterized by the following result.

Proposition 4. Let o(t) = (z1(t), 21 (t), 22(t), 22(t)) be a solution of system
(4)-
(a) If 1(t) and x2(t) are zero at t = to and x1(t) and @2(t) are zero
at t = to + T/4 but are not simultaneously zero at any value of
t € (to,to+T/4), then o(t) is a doubly symmetric periodic solution
of period T'.
(b) If z1(t) and 2(t) are zero at t = to and &1(t) and x2(t) are zero
at t = to + T/4 but are not simultaneously zero at any value of
t € (to,to+T/4), then o(t) is a doubly symmetric periodic solution
of period T'.

For the proof of the above propositions, see for instance [3].

5. THE CONTINUATION OF SOME SYMMETRIC ELLIPTIC ORBITS

Poincaré defines periodic orbits of the second kind as those which are
generated from elliptic 2-body orbits. Again for more details see [10].

To prove the continuation of the circular and symmetric elliptic orbits we
change the coordinates from the polar coordinates (r, 6, R, ©) to Delaunay’s
coordinates (I, g,L,G). We recall here the geometrical meaning of these
coordinates

- 1 is the mean anomaly and is measured from the perihelion;

- ¢ is the argument of the pericenter and determines the orientation
of the major semi-axis of the ellipse in the plane of motion;

- L is related to the major semi-axis, a, by L = a'/?;

- G is related to the major semi-axis, a, and to the eccentricity, e, by
G = [a(1 — e?)]V/2.

In Delaunay coordinates the Hamiltonian (3) takes the form

1
5 H=—— —G+0(?).
5) 513~ G+ O?)
Following [11], we can prove in a similar way to the circular planar re-
stricted 3-body problem, the continuation to p > 0 small of the elliptic
orbits for the collision restricted 3—body problem. Taking into account the
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possible symmetries of the periodic solutions we have three different situa-
tions.

5.1. Continuation of S;—symmetric periodic orbits. We start to re-
mark that we have 8 different S;—symmetric elliptic orbits for the Kepler
problem in rotating coordinates which can be continued into S;—-symmetric
periodic orbits of the collision restricted 3-body problem when p > 0 is
small. These different orbits are easy to describe in terms of the initial
conditions in Delaunay coordinates g,l. For the counter-clockwise motion
of the infinitesimal mass we can have the following initial conditions

(a) g(0) =0,1(0) = 0, which means that the pericenter is on the positive
r1-semiaxis and the infinitesimal mass is at the pericenter;

(b) g(0) = m,1(0) = 0 which means that the pericenter is on the negative
r1-semiaxis and the infinitesimal mass is at the pericenter;

(¢) ¢g(0) =0,1(0) = 7 which means that the pericenter is on the positive
r1—semiaxis and the infinitesimal mass is at the apocenter;

(d) g(0) ==, 1(0) = 7 which means that the pericenter is on the nega-
tive z1-semiaxis and the infinitesimal mass is at the apocenter.

There are other 4 different S;—symmetric elliptic orbits for the clockwise
motion of the infinitesimal mass.

Now we analyze the situation when the motion of the infinitesimal body
is counter-clockwise. In Delaunay coordinates (I, g, L,G), an orthogonal
crossing of the x;—axis at a time ¢( is described by

(6) l(tg) =y, g(to) = nam, n1, Ny integers.

In order to have a S;—symmetric orbit we need to have 2 different orthogonal
crossings of the z;—axis. We will prove that, mod 27 in time, the 4 S;—
symmetric elliptic orbits can be continued into 16 different S;—-symmetric
orbits of the collision restricted 3—body problem when g is small. These
16 possibilities come from the fact that we can have the first orthogonal
crossings of the zj-axis in any of the situation (a), (b), (¢) or (d) and the
second orthogonal crossings of the x;-axis also in any of this 4 different
situations.

In the situation when the motion of the infinitesimal body is clockwise we
will obtain other 16 different S;—symmetric periodic orbits of the collision
restricted 3-body problem.

Theorem 5. Let p, q be relatively prime integers and T' = 2mwp/q. Then the
elliptic T—periodic orbit of the Kepler problem in rotating coordinates which
satisfies

(7) 1(0) = nym, g(0) = nam, L3(0) =p/q, G(0)= constant,
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can be continued into a Sy—symmetric periodic of period 2wp orbit of the
collision restricted 3—-body problem for small values of pn > 0.

Proof. The Hamiltonian of the collision restricted 3—body problem in De-
launay coordinates for small p is given by (5) and the equations of motion
are

. 1 .
l=— +0(?), L=0+0(?),
®) 73 T O . (1”)
g=-1+0(?), G =0+0(?).

For = 0 we consider the elliptic orbit satisfying the initial conditions (7).
The motion on this ellipse is

L =tq/p+mm, L= (p/a)"?,

g = —t+ nam, G = constant.
The period of the infinitesimal mass following this ellipse is T = 27xL? =
27p/q. Thus, the period of the motion of the three body together is 77 =
27p, so g(T"/2) = (—p + no2)7 and [(T"/2) = (¢ + n1)w. Hence, that orbit
satisfies (6) (and is thus S;-symmetric).

Now for small x> 0 we consider solutions satisfying (8) and the initial
conditions

1(0) =nim, ¢(0) =mnem, L(0)= Lo, G(0)=Gp.
We wish to solve
Y1(Lo, Go, t, 1) =0,
Ya(Lo, Go, t, 1) =0,
for Lo near (p/q)'/? and t near T'/2 where
Y1(Lo, Go, t, 1) = g(t) + (p — n2)m,
and

¥2(Lo, Go, t, 1) = U(t) — (g + na)m.
By the Implicit Function Theorem, it suffices to show that

1 /0t O /Ot
det (a¢1 /oL, 81/)2/8L0) 70

at the elliptic orbit, but for 4 = 0 we have

dg/ot  dljot\ ~1 q/p
®%@MM6WMJ_®%O %MMWQ#Q

for any t > 0. [ |
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We want to remark that some of these different families of S;—symmetric
periodic orbits are doubly symmetric but we will consider these situations
later on.

5.2. Continuation of S;—symmetric periodic orbits. Like in previ-
ous subsection we have 8 different So—symmetric elliptic orbits for the Ke-
pler problem in rotating coordinates which can be continued into the So—
symmetric orbits of the collision restricted 3-body problem when p is small.
Again, these different orbits are easy to describe in terms of the initial con-
ditions in Delaunay coordinates g,l. For the counter-clockwise motion of
the infinitesimal mass we can have the following initial conditions

(a) g(0) = —7/2, 1(0) = 0, which means that the pericenter is on the
negative ro—semiaxis and the infinitesimal mass is at the pericenter;
(b) g(0) = —7/2, 1(0) = 7 which means that the pericenter is on the
negative zo—semiaxis and the infinitesimal mass is at the apocenter;
(¢) g(0) = m/2, 1(0) = 7 which means that the pericenter is on the
positive xo—semiaxis and the infinitesimal mass is at the apocenter;
(d) g(0) = w/2, 1(0) = 0 which means that the pericenter is on the
positive xo—semiaxis and the infinitesimal mass is at the pericenter.

There are other 4 different S;—symmetric elliptic orbits for the clockwise
motion of the infinitesimal mass.

We start to analyze the situation when the motion of the infinitesimal
body is counter-clockwise. In Delaunay coordinates (I, g, L, G), an orthog-
onal crossing of the zo—axis at a time ¢( is described by

(9) l(tg) =, g(to) = nom + /2, ny,ny integers.

and to have an Sy—symmetric orbit we need to have 2 different orthogonal
crossings of the xzo—axis. We will see that, mod 27 in time, the 4 elliptic
orbits can be continued into 16 different So—symmetric periodic orbits of the
collision restricted 3—body problem when g is small. These 16 possibilities
come from the fact that we can have the first orthogonal crossings of the
xo—axis in any of the situation (a), (b), (¢) or (d) and the second orthogonal
crossings of the zo—axis also in any of this 4 different situations.

In the situation when the motion of the infinitesimal body is clockwise we
will obtain other 16 different Sa—symmetric orbits of the collision restricted
3-body problem.

Theorem 6. Let p,q be integers and T = 2wp/q. Then the elliptic T—
periodic orbit of the Kepler problem in rotating coordinates which satisfies

(10) 1(0) =nqm, g¢(0) =nom +7/2, L30)=p/q, G(0)= constant,
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can be continued into a So—symmetric periodic orbit of period 2mwp of the
collision restricted 3—-body problem for small values of pn > 0.

Proof. Like in the proof of Theorem 5, for u = 0 we consider the elliptic
orbit satisfying the initial conditions (10). The motion on this ellipse is,
L =tq/p+mm, L= (p/a)"?,
g=—t+nom+7/2, G = constant.

The period of the infinitesimal mass following this ellipse is T = 27 L3 =
27p/q. Thus, the period of the motion of the three bodies together is
T =27p, so g(T'/2) = (—p + na)w + 7/2 and 1(T"/2) = (n1 + ¢)w. Hence
that orbit satisfies (9) (and is thus Sy—symmetric).

Now for small ¢ > 0 we consider solutions satisfying (8) and the initial
conditions

1(0) =nim, ¢(0) =new+7/2, L(0) =Ly, G(0)=Go.

We wish to solve

Y1(Lo, Go, t, ) =0,

Ya2(Lo, Go, t, i) =0,
for Lo near (p/q)*/? and t near T'/2 where

Y1(Lo, Go, t, 1) = g(t) + (p — n2)m — /2,
and
a(Lo, Go, t, 1n) = U(t) — (n1 + q).

The rest of the proof is the same as in the proof of Theorem 5. [ |
5.3. Continuation of doubly symmetric periodic orbits. We saw in
the previous section, in Proposition 4, the characterization of the doubly

symmetric periodic orbit of (4). Taking into account (6) and (9) this char-
acterization implies the following conditions in Delaunay coordinates

(11) l(tg) = nm, g(to) = nam, n1,ng integers,
(orthogonal crossing on the z;—axis) and
(12)

l(to+T/4) = nam, g(to+T/4) = nym + /2, ns, ng integers,

(orthogonal crossing on the zo—axis).

Now counting all the possible relative positions of these orthogonal cross-
ings of z1—axis and zo—axis, is easy to see that, mod 27 in time, we can ob-
tain 16 different doubly symmetric periodic orbits of the collision restricted
3-body problem. Note that we have 16 orbits rotating in counter-clockwise
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and 16 orbits rotating in clockwise. Next theorem will show that the dou-
bly symmetric elliptic orbits of the Kepler problem can be continued into
doubly symmetric periodic orbits of the collision restricted 3-body problem
when g > 0 is small.

Theorem 7. Let p be an odd integer and q be an even integer and T =
27p/q. Then the elliptic T—periodic orbit of the Kepler problem in rotating
coordinates which satisfies the initial conditions

(13) 1(0) = mm, g(0) =nam, L3(0)=p/q, G(0)= constant,

can be continued into a doubly symmetric periodic orbit of the collision
restricted 3—-body problem for small values of 1 > 0.

Proof. Like in the proof of Theorem 5, for p = 0 we consider the elliptic
orbit satisfying the initial conditions (13). The motion on this ellipse is,

l= tq/p +mm, L= (p/q)l/:)’,

g = —t+nom, G = constant.
The period of the infinitesimal mass following this ellipse is T' = 2rL3 =
27p/q. Thus, the period of the motion of the three bodies together is
T = 27p, so g(T'/4) = —7p/2 4+ now and (T’ /4) = wq/2 + nymw. Taking
into account that p is odd and g is even, the orbit satisfies (12) (and is thus
doubly symmetric).

Now for small x> 0 we consider solutions satisfying (8) and the initial
conditions

1(0) =nym, g¢(0) =mnem, L(0)= Lo, G(0)=Go.
We wish to solve
Y1(Lo, Go, t, ) =0,
Y2(Lo, Go, t, 1) =0,
for Lo near (p/q)*/3 and t near T'/4 where
Y1(Lo, Go,t, i) = g(t) + mp/2 — na,

(14)

and
wQ(LOa G07 t, ,U) = l(t) - 7TQ/2 —m.
The rest of the proof is the same as in the proof of Theorem 5. [ |

We want to mention that the initial conditions (13) in the previous theo-
rem have been chosen such that the orbit start with an orthogonal crossing
with the x;—axis. We can prove a similar theorem in the case when we
choose the initial conditions such that the orbit will start with an orthogo-
nal crossing with the xo—axis. We note that also in this case we can continue
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the elliptic periodic symmetric orbits just in the situation when p is odd and
q is even.

6. THE CONTINUATION OF COMETS ORBITS

Following Section E of Chapter VI of [7], we will consider the situation
when the infinitesimal body is far from the primaries in which case it will
be called the comet. To consider orbits close to infinity, scale the variables
by * — e 2z, y — ey. This change is symplectic with multiplier . Thus,
with H — eH, since ¢ is a small parameter, the Hamiltonian (2) becomes

2 1
(15) H=—$TKy+E3{@—m}+O(E7).
Changing to polar coordinates we get
s[l(p2, ©° 1 7
(16) H=-6+[5(R+5) - =] + 06,
and the equations of motion are
. ez 1
7'“263R, R:€3(—3——2),
r r
(1) o
0=-1+c=, 0 =0.
r

The terms of order 7 have been dropped from the equations in (17), and
to this order of approximation, © is an integral.

Theorem 8. There exist 2 one—parameter families of nearly circular large
elliptic periodic solutions of the collision restricted 3—body problem for all
values of the parameter u. These orbits tend to infinity.

Proof. A pair of circular periodic solutions of (17) are © = +¢, R = 0,
r = ¢2, where c is a constant. The period of these solutions is 2c?/(c® —&3).
Linearizing the r and R equations about these solutions gives

. : e
(18) 7 =¢e3R, R= —%"
Equations (18) have solutions of the form exp(4ie3t/c?), and so the non-
trivial multipliers of the circular orbits of (17) are exp(+ie32n/(c® —&3)) =
1+ 27ied/c® + O(€9).

Consider the period map in a level surface of the Hamiltonian about
this circular orbit. Let u be the coordinate in this surface, with u« = 0,
corresponding to the circular orbit when ¢ = 0. The period map has a fixed
point at the origin up to terms of order ¢* and is the identity up to terms of
order €2, and at 2 there is a term whose Jacobian has eigenvalues +27i/c?.
That is, the period map is of the form P(u) = u + &3p(u) + O(£%), where
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p(0) = 0, and dp(0)/Ou has eigenvalues +27i/c?; so, in particular, dp(0)/0u
is nonsingular. Apply the implicit function theorem to G(u,e) = (P(u) —
u)/e® = p(u)+0(e?). Since G(0,0) = 0 and dG(0,0)/0u = dp(0)/Ou, there
is a smooth function @(e) such that G(@(e), ) = 0 for all € sufficiently small.
Thus, the two solutions can be continued from the equations in (17) to the
full equations, where the O(¢7) terms are included. In the scaled variables,
these solutions have period T ~ 27. [ |

We note that the two families mentioned in the statement of Theorem 8
correspond to counter-clockwise and clockwise motion.

7. APPENDIX

We recall some definitions and results about the continuation of periodic
solutions for periodic differential equations. For more details see [6] or [7].

Consider a periodic system of equations of the form & = f(¢,z,v) where
v is a parameter, and f is T-periodic in t, f(t + T,x,v) = f(t,z,v). Let
o(t, &, v) be the general solution, ¢(0,&,v) = ¢&.

A necessary and sufficient condition for ¢(¢,&’,v") to be periodic with a
period T is ¢(T,&',v") = ¢'.

A T-periodic solution ¢(t,&',v") can be continued if there is a smooth
function £(v) such that £(v') = ¢, and ¢(T,£(v'),v') is T-periodic.

The multipliers of the T—periodic solution ¢(t,&’,v") are the eigenvalues
of the 0¢(T, &', v")/O€.

A T—periodic solution can be continued if all of its multipliers are different
from +1.
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