FREE AND FRAGMENTING FILLING LENGTH

M. R. BRIDSON AND T. R. RILEY

AsstracT. The filling length of an edge-circui in the Cayley 2-complex of

a finite presentation of a group is the minimal integer lerigtuch that there

is a combinatorial null-homotopy of down to a base point through loops of
length at mosL. We introduce similar notions in which the null-homotopy is
not required to fix a base point, and in which the contractoaplis allowed

to bifurcate. We exhibit a group in which the resulting figimvariants exhibit
dramatically diferent behaviour to the standard notion of filling length. We
also define the corresponding filling invariants for Riemanmmanifolds and
translate our results to this setting.

1. INTRODUCTION

Consider a vertical cylinde€ ¢ R3 of heighth and diameted < h. Let
S be the surface formed by the curved portion®&nd the disc cappingfits
top. Topologically,S is a closed 2-disc. The loags can be homotoped i8 to
a constant loop through loops of length at medtby lifting it up the cylinder
and then contracting it across the top@f However, if we insist on keeping a
basepoint oS fixed in the course of the null-homotopy then we will encounte
far longer loops, some of length at least 2

In this article we will bring to light similar contrasts bede&n basepoint-fixed
and basepoint-free null-homotopies for loops in the CaglepmplexCay’(®) of
a finite presentatiof® of a groupl’. Wordsw that represent 1 ifi (null-homotopic
words) correspond to edge-circuitg in Cay?(®). The filling length FL(v) of w
was defined by Gromov [13] and in a combinatorial contextésrttinimal length
L such that there is a base point fiximgmbinatorial null-homotopgf n,, through
loops of length at modt. (A closely related notion called LNCH was considered
by Gersten in [9].) We define FFWj, the free filling lengthof w, likewise but
without holding a base point fixed, and FFR)( thefragmenting free filling length
of w, by also allowing the contracting loops to bifurcate. Diethidefinitions are
given in Section 2.
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Our first goal is to construct a finite presentation in whichLand FFL{v)
differ dramatically for an infinite sequence of null-homotopares of increasing
length. [Our notational conventions ame ] = a *b~ab, a® = b-labanda™ =
b~ta~b. For f,g: N — N, we write f < g when there exist€ > 0 such that for
all n we havef(n) < Cg(Cn+ C) + Cn + C, which gives an equivalence relation
expressing qualitative agreement of the growthd @indg: write f ~ g if and
onlyif f < gandg < f.]

Theorem A. LetI" be the group with aspherical presentation
Q = (abtT,7 | aa?[tal,[raf,[Tt,[rT]).

For n € N define w := [T,a®ra]. Then w is null-homotopic inQ, has length
£(Wn) = 8n+ 8, andFFL(w,) =~ n, butFL(wy) =~ 2"

We assume the reader is familiar withn Kampen diagramg4] is a recent
survey); they can be thought of asmbinatorial homotopy disdsr loops in the
Cayley 2-complex of a presentation. We show that there anekaampen dia-
gramsA, for w, that, owing to geometry like that in our cylinder exampleyéa
FFL(An) < nand FL(&n) ~ 2". Indeed, we will show that every van Kampen
diagramA for w,, has intrinsic diameter 2". (The intrinsic diameter oA is the
maximal distance between two vertices as measured in cataial metric on
Ay : it will then follow that FL(wy) > 2" .

The area Area() and intrinsic diameter IDiam) of w are the minima/A and
D, respectively, such that there is a van Kampen diagramvfaith A 2-cells or
with intrinsic diameteD. For M = Area IDiam, FL, FFL or FFFL defindilling
functionsM : N — N for finitely presented groups:

M(n) := max{ M(w) | w null-homotopic and’(w) < n}.

(The argument of M determines its meaning; the potentiabfobiguity is tol-
erated as it spares us from a terminology over-load.) In #se &= Area, the
function is theDehn function

In spite of Theorem A, the filling functions FL and FFL f@rare~-equivalent:
we will see in Section 3 that any van Kampen diagram fof :=
[T, aP"ra”ra?"r1a?"] has twopeaksand the savings that can be made by es-
caping the base point are no longer significant. On the otied hf we allow our
loops to bifurcate then they can pass over peaks indepdpd8otFFFL exhibits
markedly diferent behaviour.

Theorem B. The filling functiondDiam, FL, FFL, FFFL : N — N for Q satisfy

IDiam(n) =~ FL(n) =~ FFL(n) ~ Areapy) =~ 2"
FFFL() =~ n.
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We remark thaf” has the properties IDiam) ~ Area() and FLf) ~ Area(n),
which are unusual in non-hyperbolic groups. In contragtréaf) ~ n* for some
@ > 2 then IDiamfl) < n*~! —see [11].

Theorems A and B are proved in Section 3, modulo a number afiaiyx
propositions postponed to Section 4. The remainder of thisl@is dedicated
to establishing the credentials of FL, FFL and FFFL for is@hm in the pantheon
of filling invariants, to relating them to other filling furiohs, and to interpret them
in terms of algorithmic complexity.

As explained in [11], FL can be thought of as a space-comiylereasure
in that FL{v) is the minimalL such thatw can be converted to the empty word
through a sequence of words of length at magstach obtained from the previous
by free reduction, free expansion, or applying a relatorveshow in Section 2
that FFL and FFFL can be interpreted in a similar way: if wealow conjuga-
tion we get FFL{) and if we additionally include the move that replaces a word
w = uv by a pair of wordsu, v, we get FFFL). This point of view is useful
for calculations and allows us to prove that, as for FL, giadmite presentation,
Area(n) is at most an exponential of FFFL. This and other relatigpsshre spelt
out in the following theorem, which shows, in particularati® of Theorem A
provides an example of Arag(outgrowing FFFL() as extremely as is possible.

Theorem C. Let # be a finite presentation. There is a constant C, depending
only on®, such that for all ne N the Dehn, filling length, free filling length, and
fragmenting free filling length functiomsea FFL, FFFL : N — N of # satisfy

Areaf) cFFFLM)

<
FFFL() <

FFL(n) < FL(n) < CAreaf) + n.

In Section 5 we prove that Fh}, FFL(n) and FFFL() are all quasi-isometry
invariants (and, in particular, are all group invariantst-[d2, Theorem 8.1]) of
finitely presented groups, up teequivalence.

Theorem D. If £ and®’ are finite presentations of quasi-isometric groups then
FLp ~ FLp:, FFLp ~ FFLp, and FFFLp ~ FFFLp.

In Section 6 we define analogous filling invariantsxf), FFLx(n) and
FFFLx(n) describing the geometry of null-homotopies for rectifeatops in ar-
bitrary metric spaceX, and we prove:

Theorem E. Suppose a group with finite presentatio® = (A | R) acts properly
and cocompactly by isometries on a simply connected geoaesiic space X for
which there exist, L > 0 such that every loop of length less thaadmits a based
null-homotopy of filling length less than L. ThEhp ~ FLyx, FFLp ~ FFLx and
FFFLp ~ FFFLx.
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As the universal cover of any closed connected Riemmian fuldrsatisfies
these conditions and (as is well known) every finitely présiele group is the fun-
damental groups of such a manifold, we can use Theorem E aadalogues for
Area and IDiam (proved in [4, 6]) to obtain the following rétsfrom Theorem A
and B.

Corollary F. There exists a closed connected smooth Riemannian maifold
such that

IDiamg(n) =~ FLg(n) = FFLg(n) =~ Aregg(n)
FFFLg(n)

Moreover, there is an infinte sequence of loopsrcM such thatf(c,) — oo,
FFLg(cn) = n, andFLg(cy) =~ 2"

2n
n.

1R

1R

(Strictly speaking, the final part is not a direct corollafytive prior results, but

it follows from the methods of Section 6: thv, of Theorem A can be used to
constructword-likeloopsc, with £(c,) ~ £(wy); van Kampen diagrams witnessing
to the upper bounds FFf) < nand FL(v,) < 2" can be carried to fillings af;,
showing FFLg(c,) < nand Flg(c,) < 2" and every null-homotopy od, in M

has filling length> 2" because the filling-disc corresponding to a null-homotopy
induces a van Kampen diagram filling far, with ~ filling length.)

Natural questions that remain open include the following.

Open problem 1.1. Does there exist a finite presentation for which mLE&
FFL(n)?

Open problem 1.2. Does there exist a finite presentation for which IDiajng
FL(n)?

In reference to the first of these problems we note that fori@jrpresentation
(A | Ry of a groupG, the presentatiofiA U {t} | R) for G = Z satisfies FLif) ~
FFL(n) for the following reason. Ifv, is a word overP with FL(w;,) = FL(n) then
FFL([Wn, t]) = 2+ £(wn) + FL(w;,) since any diagram fomj,, t] is a diagram fomv,
joined to a diagram fow, ! by at-edge, and the mosffizient way to shell such a
diagram (from the point-of-view of FFL) is to shell thg diagram, then collapse
thet-edge, and then shell thg,~* diagram.

The second problem was posed by Gromov §BS;]. A negative answer would
imply that thedouble exponential upper boufig, 8] on the Dehn (i.e. area) func-
tion in terms of IDiam) could be improved to a single exponential using the
single exponential upper bound [11, 13] for Anggif terms of FL@).

AcknowledgementThe second author is grateful for support from NSF grant
0404767 and for the hospitality of the Centre de Recercaiatiea in Barcelona
during the writing of this article.
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2. THREE NOTIONS OF FILLING LENGTH

Let A be adiagram that is, a finite, planar, contractible, combinatorial 2-
complex; i.e. a van Kampen diagram bereft of any group th&odecorations.
Before discussing filling length, we recall and develop a boratorial notion of a
null-homotopy ofA from [11] called ashelling

Definition 2.1. A shellingS = (A;) of A is a sequence of diagrams
A = AO’ Al’ DR} Am’

in which eachh;,; is obtained from; by one of theshelling movesefined below
and depicted in Figure 1.

e 1-cell collapse.Remove a pairef, ) wheree! is a 1-cell withe” € get
ande! is attached to the rest d@f only by one of its end vertices €.
(We call such are! aspike)

e 1-cell expansion.Cut along some 1-ce# in A; that has a verteg® in
dA;, in such a way that” ande® are doubled.

e 2-cell collapseRemove a paire?, e') wheree? is a 2-cell which has some
edgee! € (€% N AA;). The dfect on the boundary circuit is to replaee
with 9€? \ el.

We say that the shellin§ is full whenAp, is a single vertex. Aull shelling to a
base vertex = A 0ndA is a full shelling in whichx is preserved throughout the
sequence;). In particular, in everyi-cell collapse & # %, and in everyl-cell
expansioron A; whereey = x a choice is made as to which of the two copies of
€ IS to bex in Aj,1.

We define dull fragmenting shellings of A by adapting the definition of a full
shelling to allow eacl; to be a disjoint union of finitely many diagrams, insisting
thatAn, be a set of vertices; we also allow one extra type of move:

e FragmentationA;,; is the disjoint union of\; andA!’, whereA; = A/UA”
andA; N A" is a single vertex.

1-cell 2-cell
collapse coIIapse
1-cell fragmentatio
expansion

Ficure 1. Shelling moves.
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For a shellingS, definet(S) := max £(0Ai), wheref(dA;) denotes the sum
of the lengths of the boundary circuits of the componenta;of Then thefill-
ing lengthFL(A, %), thefree filling lengthFFL(A), and thefragmented free filling
length FFFL(A) are the minimum of(S) as S ranges over all full shellings to
*, full shellings, and all full fragmenting free shellings &f respectively. This
notation emphasizes the fact that BL&) is defined with respect to a base vertex
* € 0A but FFL@) and FFFLQA) are not.

LetP = (A | R) be a finite presentation of a grolip Define the filling length
FL(w) of a null-homotopic wordv in a presentatio® = (A | R) by

FL(W) := min{FL(A, x) | A a van Kampen diagram fav},

and FFL() and FFFL) likewise.

A sequence = Wy, . . . , Wy, of null-homotopic words is aull-sequencd each
wi,1 is obtained fronw; by one of the following moves:

e Free reductionRemove a subworda! or a~ta fromw;, wherea € A.
e Free expansionThis is the inverse of a free reduction.
e Application of a relatorReplace a subwonrd of w; by a wordv such that
a cyclic conjugate ofiv-! is in R*L.
We define two more moves:

e Cyclic conjugationReplacew; by a cyclic permutation.
e FragmentationReplace a worav = uv by a pair of wordsy, v. (In effect,
insert a letter intav that represents a blank space.)

To employ the fragmentation move we must generalise our itlefirof a null-
sequenceso that eachv; is a finite sequence of words, and when we perform any
of the operations listed above we execute it on one of the svorg);.

The following reassuring lemma is straight forward to provihe “if” part
is well known (indeed, freely reducing, freely expandingdapply relators suf-
fices). The “only if” part can be proved by an easy inductiontlo& number of
fragmentation moves used.

Lemma 2.2. A word w overP represents the identity if and only if it can be
reduced to a sequence of empty words by free reductiongxpansions, applying
relators, cyclically conjugating, and fragmenting.

For a null-sequencs, definef(S) := max £(w;) where, if fragmentation moves
are employed{(w;) is the sum of the lengths of words in the sequemicé’roposi-
tion 1in [11] says that for all null-homotopic words we have FL{) = ming £(S),
quantifying over null-sequencesfor w that employfree reductionsfree expan-
sionsandapplications of relatorsWe add the following.
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Proposition 2.3. Quantifying over all null-sequencésfor a null-homotopic word
w, wherefree reductionfree expansionapplications of relatorsand cyclic con-
jugationare allowed, we hav&FL(w) = ming £(S). If, additionally, we allow
fragmentationsve getFFFL(W) = ming £(S).

Proof. The proof in [11] that mig £(S) < FL(w) is straightforward because the
words around the boundary of the van Kampen diagrams in thesemf a full
shelling form a null-sequence. Each word in the sequencewfdary words in
the course of &eeshelling of a van Kampen diagram is only defined up to cyclic
conjugation, as a base-vertex is not kept fixed during thiispelt is then easy to
see that mig £(S) < FFL(w), quantifying over all all null-sequencésfor w that
usefree reductionfree expansiorapplications of relatorsandcyclic conjugation
Introducingfragmentatiormoves into the shelling, producitEagmentationsn the
corresponding null-sequence. And we seedii{$) < FFFL(W).

The reverse bounds require more care. Given a null-sequ&fozev involving
applications of relationsindfree expansionandreductions we seek to construct
a van Kampen diagram with a shelling during which the lengththe boundary
circuit remain at most(S). This can be done by starting with an edge-loop la-
belled byw, and filling it in by attaching a 2-cell on eveapplication of a relator
by attaching a 1-cell on evefyee expansiorby folding together two adjacent 1-
cells on everfree reduction However it is possible that the resulting complex will
not be planar: 2-spheres or other cycles may be pincliedos example, when
an inverse paiaa! is inserted and then removed). Removing these cycles gives
a van Kampen diagram with FL(A) < ¢(w). This is explained carefully in [11].
If S also usegyclic conjugatiormoves then no extra complications are added to
the construction oA\. If S also usedragmentationghen the corresponding move
in the course of the construction dfis to identify two vertices so that an inner
boundary circuit is changed from a topological circle to afegeight. m]

Remark 2.4. (Filling length and space complexijyEnvisaging a null-sequence
to be the course of a calculation on a Turing tape, we see that)ks the non-
deterministic space complexity of the following approaohsblving the word
problem forP: write w on the tape and then exhaustively apply relators and per-
form free reductions and free expansions. A sequence of snibnag convertsv
into the empty word amounts to a proof thratepresents 1 i® and FL) is the
minimal upper bound on the number of places on the tape tivattocbe used in
the calculation (see [10] for more details). If we allow dgaonjugation then the
non-deterministic space complexity is FR)( If we also including fragmentation
then the non-deterministic space complexity is FRBLglus the maximum num-
ber of blank spaces separating the words; that is, betweeh(RfFand 2 FFFL).
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The following inequalities are easy
(1) FFFLW) < FFLW) < FL(w) < KAreafw) + ¢(w),
(2) IDiam(w) < FL(w),
whereK is a constant depending only éh (See [11] or [13].) Similar inequal-
ities, for example IDiam{) < FL(n) for all n, relate the corresponding filling
functions (defined in Section 1).

Itis well known [11, 13] that there is a constahitthat depends only oR, such
that the Dehn function AreaN — N of  satisfies

Areaq) < cFL()

for all n. This is essentially the bound Time-Space bound of algmithcom-
plexity: the number of dierent words of length Fln) on an alphabet of siz€
is CFL(n), and aswv admits a null-sequence that does not include repeated words
cFL(N is an upper bound on the number of times relations are apiplig null-

sequence and hence on Anea(The same proof applies to FFFL and so with (1)
gives Theorem C.

3. Proors or THEOREMS A AND B

Proof of Theorem AWe exploit a technique due to the first author in [3] to show
that the intrinsic diameter IDiamg) of w,, = [T, a®"ra"] is at least 2.

bn _L bn
) ) b" r b
an b" a
u
Y T o Hyv y o
u z
bn‘ Tbn : u
Uo i
> A
bn T p"

Ficure 2. A van Kampen diagram for w,, with a subdiagranx.

Supposer : A — Cay(Q) is a van Kampen diagram fav,. Figure 2 is a
schematic depiction of and Figure 3 shows an explicit example whrea 3. We
seek an edge-pathin A, along which reads a word in which the exponent sum of
the letterg is 2". A T-corridor throughA connects the two lettefE in w;,. Along

each side of this corridor we read a wardh {tﬂ,rﬂ}*. LetX be a subdiagram
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of A with boundary made up of one side of tiecorridor and a portion 0fA
labelleda™"ra”". A r-corridor inZ joins ther in a™®'ra”" to some edge-labelled
in u. Letug be the prefix ofu such that the letter immediately following is this
7, and then leu be the edge-path along the side of theorridor running from
the vertex at the end &' to the vertex at the end af. Letv e {(at ﬂ}* be
the word alongu. Thenup = a”vin Q. Killing T, t andr, retractsQ onto the
subpresentatiota, b | a® = a?). Sov=a" in(a,b | a° = a?), wherev e {aﬂ}* is
v with all letterst** removed. It follows that the exponent sum of the lettergim
2" and hence that has the asserted property.

Killing all generators other thaindefines a retraction of Q onto(t) = Z that is

distance decreasing with respect to word metrics. But tlagafpor: A > Z
has diameter at least ®n account of:. So IDiamv,) > 2", as claimed.

It is easy to check that the van Kampen diagr&,nrfor W, constructed below
admits a shelling down to their base vertex that realisebthumd FL{v,) < 2".
So, as IDiamf,) < FL(w,), we deduce that IDiamg,) ~ FL(w,) =~ 2"

The bound FFL{,) < n follows from Proposition 4.4. None-the-less we will
sketch a proof since the salient ideas, developing the agtiexample from Sec-
tion 1, appear here more transparently than in the more geoentexts of Sec-
tion 4.

The van Kampen diagrayaﬁg for ws is depicted in Figure 3. The analogous
construction of the diagram,, for w,, should be clear. Withim, there are four
triangular subdiagrams over the subpresentatioh| [a, t]), in which strings of
a-edges run vertically (in the sense of Figure 3). Cut alorghesd these strings
(except those of length"2at the left and right sides of the diagrams) and insert
back-to-back copies of théa,b | a° = a?)-diagramsQ that shortcut & to a
word ui of length~ log, k < n. Theseshortcut diagramg), are constructed in
Proposition 4.1 and the way they are inserted is shown (int& general context)
in Figure 8. Call the resulting diagraiy,.

For 0 < k < 2" let 5 be the edge-paths iy, forming concentric squares in
Figure 3, labelled by*T a*r~1akTa*r. Next, for 0< k < 2" definepy to be
the edge-path i\, that is obtained from, by replacing each subwoat* by its
shortcutu*t. (In particularp, = dA,.) Note that for alk, the length oy is < n.

We now briefly describe a full shelling af, that realises the bound FRA) <
n. In the course of this shelling we encounter the subdiagrains, that have
ok as their boundary loops. The following lemma concerningdiagrams)y of
Proposition 4.1 is the key to shelling the subdiagram bodrmeoy,; down to
that bounded byy. The length of the boundary loop is kept within n since
log, k < n.

Lemma 3.1. LetII be the van Kampen diagram comprising a copf2pf; and a
copyQ joined to each side of a t-corridor along sides labelléd’a Let x be a
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bbb T b bb
V' > “‘
Yy Y Y )
\',,' > “:(
r',',, > « « «
y YVY VY \ Y
Ay b > ddd<l< Yya
Y Y Y VY Y Y 'y \ A
. b b bLbLb > ddddd
Y YYVYVYY Y Y Y Y
"({rrrr Y Y Y Y Y t
. b bbb L L g dd d dl d o
Y YYVYVYY \ ¥ Y YVY Y Y
b bblt|t|t|t]t{t{t[t] Jt]t[t[t{t][t[t]t]p b b
Tyyrrrr Y VY ¥y Y Y Y VY Y Y VVT_ .......... *
b bbft|tft|t|t|t|t]t tit|tft{t|t|t|t|sbb b
\\\\\\\‘ A A A A A A A
2 Wl e e Kl el Kl > <r-<r—<€r<r<<<€
A A A A A A A A A A A A
A PP > <ttt | }
A A A A A A A A A A A
A P > <<
A A A A A A A A A
aL | P > < << Aa
A A A A A A A
N > V% s i Ny
A A A A A4
‘:;; - 144‘
A A A 4
\ P > 4
bbb T b bb

Ficure 3. The van Kampen diagrafn; for wa.

vertex ordll located at the start of either of the paths labellédadong the sides
of the t-corridor. TherFL(IL, x) < log, k.

The proof of this lemma becomes clear when one considersuc@mtly run-
ning the shellings of.1 and Qx of Proposition 4.1, and a shelling of the
corridor.

We complete the proof of Theorem A by noting that the lowenizbaFL (v,) >
nis trivial as FFL{v,) > €(w,) = 8n+ 8, and so FFL,) ~ n. O

Proof of Theorem BThe lower bound of 2 on IDiam{v,) established above
proves that 2 < IDiam(n). So by (1) in Section 2 we see that 2 FL(n) <
Area() and FFLG) < Areafn) for alln e N.

To establish 2 < FFL(n) we show that the words

W, = [T, aPra”ra”r1a™
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satisfy FFL@,) > 2. Figure 4 shows a van Kampen diagramgrbuilt up of a
copy of the diagram, for wy, a [T, 7]-2-cell, and a mirror image o,. Thusw;,
is null-homotopic.

b" o b"
bﬂl 2 /bn
T - Al
b“1 a2 b"
O

Ficure 4. A van Kampen diagram foa,.

To show that FFL4”) > 2" for all van Kampen diagrams’ for wj, we develop
the argument used to establish the lower bound on diametaeiproof of The-
orem A. AT-corridor runs through\’, and as there are three occurrences of
in w;, and three ofr~1, eachr is joined to ar~! by ar-corridor that crosses the
T-corridor. This is illustrated in Figure 5; note that gewaltiy the behaviour of
the corridors could be more complex because eactrridor could cross thé -
corridor multiple times. As shown in Figure 5, l&t, u, andus be the words along
the sides of the initial portions of these threeorridors running from the first,
second and thire in w;, and ending where the corridor first meets Theorridor.
(Sou; = us = (at)® andu, is the empty word in the example of Figure 4.)

RetractingQ onto the subpresentatiga, b | b~tab = a?) by killing T, t andr
we see that the exponent sum of the letteand hence also df in u; and inuz is
2", while the exponent sum im is 0. The word along the side of tilecorridor is
of the formvyrvorvaTvs Wherey, € {tﬂ, rﬂ}* andy; runs to the vertex at the end
of y, fori = 1,2, 3 (see Figure 5). By, considering the retractior@obntot) in
whicha, b, 7, T are killed, we see that the exponent sunmt iofv; is 2" fori = 1,4
and is-2" fori = 2, 3.

SupposeS = (A)) is a full shelling ofA’, in the course of which the base
vertex is not required to be kept fixed. The retractiioim which all generators
other thant are killed, defines a distance decreasing magf Q onto (t) = Z.
And the edge-circuip o nlaA{ : OA] — Z has length at most(0A). There are
natural combinatorial mapg : A] — A’ (only prevented from being injective
by 1-cell expansiomoves) under whicly;(0A]) forms a contracting sequence of
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edge-circuits. Let be the least integer such tha(dA]) includes either the vertex
at the end of/;, or at the start of/, — these are ringed by small circles in Figure 5.
We will explain why/(dA) is at least 2 when this vertex is at the end of;. A
similar argument will show the same result to hold wixés the vertex at the start
of v4. Some vertey on v, must be included iny;(dA]) because the contracting
edge-circuit cannot have yet crossed the vertex at theadteut So

FFLMW,) > £(0A) > [6(X) - o(y)l > 2,

as required.
a a
n n
o T N b
a ——t
uy y Wy Y
AT v o &
TY A ) Y'Y
b”\' > >
ANy L)
b T b b
a a

Ficure 5. A van Kampen diagramy’ for w,.

Itis clear thain > FFFL(n) because for all null-homotopic wordgwe have
FFFLW) > ¢(w). Proposition 4.7, which is the culmination of a sequence of
propositions in Section 4, will give FFFh] ~ n. Theorem C will then give us
Area() < 2" and the proof of the theorem will be complete. m|

4. AUXILIARY PROPOSITIONS

In this section we provide a number of results which build apProposi-
tion 4.7 where we prove a linear upper bound on FFifliff the presentatio®
of Theorem A. We begin in Proposition 4.1 with a technicaltegiving care-
fully controlled shellings of diagram€y that shortcut & in (a,b | a® = a?)
to a word of length< log, k. Next Proposition 4.2 claims the filling length of
Qo := (a,b,t| aa=?,[a,t]) admits a linear upper bound.

Proposition 4.4 gives a linear upper bound on RiALfEr null-homotopic words
in Q that have exactly one pair of lettéFsT~ and one pait, 71, with the occur-
rences of thd@ *! alternating with those of the*!. We show that such words have
diagrams with ond - and oner-corridor with these corridors crossing only once.
These diagrams can be thought ot@sers and are exemplified the diagrams
for w, constructed in the proof of Theorem A. In the proof of Profiosi4.4 we
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refer back to Proposition 4.3 which provides controlledigtngs for the four sub-
diagrams thatower diagram breaks up into if we remove tlie andr-corridors.

Next, in Proposition 4.5, we establish an upper bound on Fkj-that is linear
in £(w), for null-homotopic wordsw in Q that have exactly one pair of letters
T,T-L The essential idea here is to find a diagram that can be fraigehénto a
number of subdiagrams, one for eackorridor that crosses the-corridor, and
apply Proposition 4.4 to each of these subdiagrams. Priopodi.6 takes care of
the case where there is no letein w. Finally, we prove Proposition 4.7: given
a word that is null-homotopic i@ we construct a diagram that can be fragmented
into subdiagrams each of which contain at most ®reorridor, and then we apply
Propositions 4.5 and 4.6.

Proposition 4.1. Let P be the presentatiota,b | a® = a?). Fix k > 0. There is
a word y of length at mos12 + 4 log, k such that y = akin £. Moreover, there
is a®-van Kampen diagrar, with boundary word 4, ~* reading anticlockwise
starting from a vertex satisfying the following. Lgi be the subarc adQ along
which one reads'a There is a shellings = Qyo, . . ., Qp that collapseg = Qo

to x = Qp, such that eacky; is a subdiagram of2, and, expressing the boundary
circuit of Qy; asy; followed byv;, wherey; is the maximal length subarc 6y
that starts atx and followsu, we havef(v) < 12+ 4log, k.

Proof. Let m be the least integer such thdt 2 k. Som < 1+ log, k. Let= be
the standard van Kampen diagram that demonstrates thetgafal= a2 and is
depicted in Figure 6 in the case= 4. Let (&;) be the shelling oE in which each
Ej is a subdiagram @& andZ,,; is obtained frong; as follows. A 1-cell collapse
is performed on apikeof E; if possible. Otherwise, of the rightmost 2-cellsEn
let € be the lowest in the sense of Figure 6. Etbe the right-most edge of the
lower horizontal side o&. Thene; € §Z;. Perform a 2-cell collapse om?( e).
As an illustration, the numbers in the 2-cells in Figure 6vsltioe order in which
the 2-cells are collapsed.

When there is no spike ig;, its anticlockwise boundary circuit, starting from
*, follows horizontal(in the sense of Figure 6) edges labelledahyhen travels
upwardsthrough the boundary ah 2-cells (visiting at most three 1-cells of each)
and therdescendback tox along edges labellddl Removing the initial horizon-
tal path, the number of edges traversed is at mastdhd, as the total length of the
1-dimensional portions aiZ; is at most 8, andh < 1 + log, k, we deduce that the
length ofd®; minus the length of the initial horizontal arc, is at most£log, k.

In the casé = 2™ we find that defining; := &; for all i > 0 gives the asserted
result. For the cask # 2™, let ¢ be the maximuni such thatX is a prefix of
the wordw one reads anticlockwise aroudd;, starting fromx. Then defining
U 1= Wo L, wherew = akwp andQy = Z..,j forall i > 0, we have our result. O
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Figure 6. The van Kampen diagraifor a'a™".

Proposition 4.2. The filling length functiofrL : N — N of
Q := (abt|a’a?[at])
admits a linear upper bound.

Proof. Corollary E1 of [2] says that an HNN extension of a finitely geated free
group with finitely many stable letters, in which the assterdasubgroups are all
finitely generated, is asynchronously automatic. ThisiapgbQpy. Theorem 3.1
in [9] says (in diferent language) that if a group is asynchronously combable t
its filling length function admits a linear upper bound. m|

Proposition 4.3. Supposdat)™wt! is a null-homotopic word inQy, = (a,b,t |
aPa=2,[t,a]). Let A be the 1-dimensional van Kampen diagram for

tl(at) *(at)<tat (D

constructed by assembling 1-cellsiA as depicted at the right in Figure 7. There
is aQo-van Kampen diagram for (at)wt! with the following properties. There
is a shelling ofA through a sequence of diagrams= Ag, Ay, ...,An = A with
the portion t(at)™ of 9A left undisturbed throughout (see Figure 7). hebe the
maximal length arc of the boundary circuit &f contained entirely imA. There
exists C> 0, depending only 0@ such that L:= max(£(0Ai) — £(vi)) < CL(w).

Proof. We consider first the cade > 0. In Qy we find thatw™ = ti(at)™ =
ti-ka* = ti~ku,~1, whereuy is the word of Proposition 4.1 that has length at most
12+ 4log, k. These equalities are displayed in the left-most diagrafigire 7,
which shows the framework of the van Kamp&na union of a diagrand’ for
ti~kKu, 1w, a diagramp” for (at) kuct and a tripod; the lower triangular region in
the figure folds up to give a tripod, the exact configurationvbfch depends on
the relative signs of, k andj — k.

Note thatj—k = £(w) < £(w) asQo retracts ontdt) = Z. Andk < 2™ pbecause
killing t retractsQ, onto®. It follows that£(u) < 12 + 4£(w) and£(ti—*u,w) <
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20(w) + £(uy) < 12+ 6¢(w). By Proposition 4.2 we can take to be a van Kampen
diagram forti~u,~1w with filling length at most a constant times £5¢(w). We
can cut along the edge-pathAriabelled byu,t~(-, leavingA’ attached to the rest
of the diagram at only one vertex, and then séjland in the process the length
of the nonti(at)*-portion of the boundary curve has length at most a constant
timesé(w).

The wordtX(at)"*ak admits an obvious diagram with verticatorridors (as
shown in Figure 8) of height — 1,k — 2,...,1. We cut along the vertical paths
labelled by powers o& and insert copies of the diagrarf® of Proposition 4.1
and their mirror images, as shown in Figure 8 (illustratethmcase& = 6). The
shellings of Lemma 3.1 can be composed to give a shelling dowrthat realises
the asserted bound @n m]

Ficure 7. ShellingA down toA.

Ficure 8. A”.

Proposition 4.4. Suppose w is a null-homotopic word over
Q:=(ahbt T | aa?[tal[rat,[T1,[rT])
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such thatft(w) = £.(w) = 2 and the occurrences of*t and r*! alternate in w.
ThenFFL(w) < C¢(w) where C> 0 depends only oQ.

Proof. In any van Kampen diagram for w there is on€r -corridor and oner-
corridor. The condition that the occurrencegét andr*! in w alternate is equiv-
alent to saying that these corridors cross at least onge in

TakeA to be a minimal area diagram. We argue that the two corridassc
exactly once. The words along the sides of Thandr-corridors are of the form
a1t%ant® .. t% e, andBa(at)pa(at)y2 . . . (aty18y, wheree, ui = +1 anda; €
{tﬂ}* andg; € {(at ﬂ}* for all i. Further, thay; andg; must be reduced because
otherwiseA would not be a reduced diagram and hence not be of minimal area
Suppose, for a contradiction, that thendr-corridors cross more than once. Then
there is a subdiagram between the two corridors with boyndard wy = uv
whereu € {tﬂ}* andv e {(at)il}*. Killing all the generators other thamretracts
Q onto(t) = Z and sofi(wp) = 0. It follows thatfa(wo) = O because killing, 7
andT retractsQ onto the subpresentatignhin which a has infinite order. Se is
not freely reduced and we have a contradiction.

An additional feature of a minimal area diagram is that itte@ms noT or
r-annulus. This can be proved by a similar method to the above.

Conclude that consists of & -corridor, ar-corridor and four subdiagrams of
the form where Proposition 4.3 applies. Produce a new vargeardiagrani\’ for
w by replacing the four subdiagrams that minimise the lelhgthProposition 4.3.
A shelling of A’ realising the asserted bound is obtained by running skslifthe
four subdiagrams and the two corridors concurrently in thvaaus way so that the
diagram is eventually shelled to the T]-2-cell, and then to a single vertex. o

Proposition 4.5. Suppose w is a null-homotopic word & (defined above) and
£1(w) = 2. ThenFFFL(W) < C¢(w) where C> 0 depends only oQ.

Proof. Let A be a reduced van Kampen diagram far We will use the layout
of the r-corridors and the on&-corridor in A as a template for the construction
of another van Kampen diagran for w that will admit a shelling realising the
asserted bound.

Suppose is ar-corridor inA that does not cross thie-corridor. The wordwg
along the sides af is in {(at)}* and is reduced becaugeis a reduced diagram,
and so must beaf)* for somek e Z. Killing all defining generators other than
retractsQ onto(t). Sok < ¢(2), whereA is a portion of the boundary circuit af
connecting the end points of a side@f

If follows that if we remove any number afcorridors that do not cross the
T-corridor fromA, then the length of the boundary circuit of each connected-co
ponentis at most&w).

Suppose we remona| of ther-corridors that do not cross tffecorridor from
A. DefineAg to be the connected component that containsTtosrridor. All of
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the other connected components have boundary words thatiBittomotopic in
Qo = (a.b,t]a% [t.al]),

which is both a retract and a subpresentatioQoObtainA; from A by replacing
all these subdiagrams l@§p-diagrams of minimal FFL.

Repeating the following gives a shellingsf down toAq in the course of which
the boundary circuit has length at m&st(w), whereCy is a constant that depends
only onQ. Choose a-corridorC in A; such that, of the tow components we get by
removingC, that which does not contain tiiecorridor contains ne-corridor. Cut
along one side of using1-cell expansioimoves, and on&agmentatiormove.
Next usel-cell collapseand 2-cell collapsemoves to remove the 2-cells along
C. By the remarks above, both connected components have aouaidcuits of
length at most Aw). Collapse the component that does not contaimtwerridor
down to a single vertex using a minimal FFL shelling, in therse of which the
boundary circuit has length at most a constant tim#s/Pby Proposition 4.2. (In
fact, a shelling down taq within the required bound, can be achieved without the
fragmentation move if care is taken over base points.)

It remains to show that the wokgh aroundiA, admits a van Kampen diagram
with a full, fragmenting, free shelling in which the sum oétlengths of the bound-
aries of the components are at most a constant tiifvag. For then we can take
A, to beA; with Ag replaced by this diagram.

First suppose;(wp) = 0. Thenwg is null-homotopic in the retraa®; :=
(abt,T | afa?, [t,a],[T,t] ), and the length of th&-corridor in any reduced
Qq-diagramAj, for wp is at mostf(wp)/2 on account of the retraction onto.
Assume that the two components &f we get on removing th&-corridor are
Qo-diagrams of minimal FFL. Then we can collap§gby shelling each of these
components and the-corridor in turn, and using Proposition 4.2 it is easy toathe
that the length of the boundary circuit remains at most ateonsimest(wp).

Next supposé.(Wp) = 2. Then Proposition 4.4 applies and gives us the result
we need.

L

\

]T—)V\?lT[

V\?lT[

Ficure 9. Shelling away one-corridor.
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Finally, supposé.(wp) > 2. Then there is a subwotdw; ¢ in wp, wheres =
+1, £:(w1) = 0 andér(wy) = 1. Ast®wit~% = wy in Q, there is aQ-van Kampen
diagram fomy that we can shell by cutting along an edge-path labellea; ity cut
the diagram into two, as shown in Figure 9, and the shelliegwo components.
One of these components is a diagram fow;7-°w; %, and this we shell first
as per Proposition 4.4. The remaining component has bouhelagth£(wp) — 2
and includes two fewer letters?, and so by continuing inductively we can find a
shelling for which FFFL is at most a constant tinféay). m]

Proposition 4.6. Suppose w is a null-homotopic word in
Q= (abtr|aa?[ta],[raf]).
ThenFL(w) < C¢(w) where C> 0 depends only o@s.

Proof. The method used in the proof of Proposition 4.4, to reducééochse
where all ther-corridors cross th&-corridor, gives this result. m]

Proposition 4.7. Suppose w is a null-homotopic word @& ThenFFFL{W) <
C¢(w) where C> 0 depends only oQ.

Proof. The cases wherér(w) = 0 andét(w) = 2 are dealt with by Proposi-
tions 4.6 and 4.4, respectively. For the cés@v) > 2 we take a similar approach
to that used in the proof of Proposition 4.4 to control FRE{)(

There is a subwor@®w; T ¢ in w, wheres = +1 andT*w; T ¢ = wy in Q. So we
can find aR-van Kampen diagram faw that can be severed into two components,
one of which is a diagram foF®w; T~°w; 2, and the other of which is a diagram
for a word of length(w) — 2 that has two fewer letteiE*1. The former of these
two components can be shelled as per Proposition 4.4. Gongrnductively we
see that the other component can be taken to be a diagrantthasa shelling in
which the boundary circuit has length at most a constantsiffve). m]

5. QUASI-ISOMETRY INVARIANCE

In this section we prove Theorem D. Our approach is to momitav filling
length, in its three guises, behaves in the standard praofitiite presentability
is a quasi-isometry invariant [5, page 143]. As careful dified versions of this
proof are well established ([1], addressing Area, is theifirprint), our exposition
here will be brief.

We have quasi-isometric groupsandI” with finite presentation® = (A | R)
and®’ = (A’ | R'), respectively. So there is a quasi-isoemtry (I',d#) —
(I, d#) with quasi-inversg : (I, da) — (T, dx).

We begin by showing Rk ~ FLgp .

Supposeo’ is an edge-circuit in the Cayley graph #¥, visiting vertices
Vo,Vi,...,Vn = Vo in order. Consider a circujt in the Cayley graptCay!(#)
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of # obtained by joining the successive verticegibh), g(v1), . .., g(vn) by geo-
desics. Note that(p) is at most a constant timéo’). Fill p with a van Kampen
diagramA over® admitting a shellingS of filling length FLx(¢(p)) and usef to
mapA© to#’. Then joinf(a) to f(b) by a geodesic whenevarandb are the end
points of an edge i. The result is a combinatorial mag : Ag)(l) — Cay'(?)
filling a loop py, whereA(, is obtained from\ by subdividing each of its edges into
edge-paths of length at most some constant.

Interpolate between’ andpy by joiningy; to f(g(vi)) for everyi, to build a map
AL — Cay}(P’) whereA is obtained fromA( by attaching an annulus of
n 2-cells around the boundary.

A shellingS] of A7 down to the base vertex wit{S;) at most a constant times
(1+ FLp(€(0))) is obtained by first shelling awa), to leave just a stalk fromy, to
f(9(vo)), and then running a shelling af, modelled onS: whereS demands the
collapse of a 1-cell i\ collapse all the 1-cells in the corresponding edge-path in
A

OHowever, whilst the words around the 2-cellsAjf are null-homotopic they
may fail to be inR’, soA| may not be a van Kampen diagram of&r To rectify
this we will replace the 2-cells af} by van Kampen diagrams ovef, each of area
at most some uniform constant. A concern here is that van Kand@grams can
be singular 2-discs and so gluing them in place of 2-cells destroy planarity.
This is dealt with by replacing the 2-cells af one at a time; on each occasion, if
the 2-celle? to be replaced has non-embedded boundary circuit then wardiall
the edges inside the simple edge-ciretinh de? such that no edge ék? is outside
o, and then we filb. The result is a van Kampen diagraxf for p” over?”. We
obtain a shellings, for A/, by alteringS’: each time we discarded some connected
component of the set of edges inside sam&e contract it (more strictly, its pre-
image) and all the 2-cells it encloses to a single vertex @mewne of the diagrams
comprising the shelling, and each time we fill some 2-eelvith a van Kampen
diagramD we shell out all oD when we had been due to perform a 2-cell collapse
move one?. [This could fail to give a shelling when a 2-cell collapsevedn S
removes a paire?, e'), wheree' is one of the now contracted edges — but then a 1-
cell expansion followed by a 2-cell collapse producing s dfect can be used
instead.] The dference betwee(S;) and{(S,) is then at most some additive
constant. Deduce that bL< FLp. Interchanging® and®’ we have Flp < FLp
and so Flp =~ FLyp.

The proof that FFk ~ FFLy is essentially the same, except we consider free
shellings, we discard the stalk betwegrand f(g(vo)), and we replace Ft(¢(p))
by FFLy(£(p)). To show FFFL ~ FFFLy we additionally allow free and frag-
menting shellings and we use FEHE(p)) in place of Flx(£(p)); no further tech-
nical concerns arise.
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6. RIEMANNIAN VERSUS COMBINATORIAL FILLING LENGTH

Suppose : [0,1] — Xis aloop in a metric space.

A based null-homotopy lef ¢ is a continuous mapl : [0, 1]2 — X for which
H(0,t) = H(1,t) = ¢(0) for all t and, definingH; : [0, 1] —» X by Hi(s) = H(s 1),
we haveHy = c andHj(t) = ¢(0) for all t.

A free null-homotopy Hbf ¢ is a continuous mapl : [0,1]> — X such that
H(0O,t) = H(4,t) for all t, andHy andH; arec and a constant function, respectively.
Let S be the set of subspac&sof [0, 1] that have [01] x {0} c S and are

the union of a finite family of solid closed trianglés = [(a;, 0), (b, 0), (c;, di)]
with ¢ € [a;, bj] andd; € (0, 1]. The fibresS; of the projection mapping points in
S to their second co-ordinate are disjoint unicm;gl It; x {t} of closed intervals
I¢i. At finitely many criticalt-valuesr;, intervals comprising the fibres bifurcate or
collapse to a point.

A free and fragmenting null-homotopy ¢f c is a continuous mapl : S —» X
for someS € S where, definingH; to be the restriction oH to S;, we find that
Ho = c, thatH; is constant oty ; for all i, and thatH;(X) = H(y) for all t, whenever
x andy are the end points of sonhg. We define/(H;) to be the sum of the lengths
of thek; loops inX defined byH;. Note that takings to be a single triangle reduces
to the case of a free null-homotopy.

In each of the three settings above defi(ld) := supy; £(H:), and then

FL(c) = inf{¢(H)| based null-homotopids of c}
FFL(c) inf{ £(H) | free null-homotopies#i of ¢}
FFFL(C) inf{ £(H) | free and fragmenting null-homotopikkof c }.
For M = FL, FFL or FFFL, define M : [0, o) — [0, o) by
Mx () = sup{ M(c) | null-homotopic loopg with £(c) < 1}.

The following lemma gives gficient conditions for Fl, FFLx and FFFlx to
be well-defined — conditions enjoyed by the universal cofeary closed con-
nected Riemannian manifold, for example.

Lemma 6.1. Suppose X is the universal cover of a compact geodesic space Y
for which there exist, L > 0 such that every loop of length less thamdmits a
based null-homotopy of filling length less than L. Thér, FFLx andFFFLy are
well-defined functionfd, o) — [0, ).

Proof. The proof of Lemma 2.2 in [6] can readily be adapted to thistexin In
brief, we first show that every rectifiable logpn X admits a based null-homotopy
with finite filling length — apply a compactness argument toaglitrary based
null-homotopy forc to partitionc into finitely many loops of length at mogt by
hypothesis each such loop has finite filling length and itofe# thatc has finite
filling length.
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Next suppose has length and assume (by shrinkingif necessary) that balls
of radiusy in Y lift to X. CoverY with a maximal collection of disjoint balls of
radiusu/10 > 0O; let A c X be the set of lifts of their centres. Subdividénto
m < 1+ 10¢/u arcs with end-points;, each of length at mogt/10; eachv; lies
within /5 of someu; € A; form a piece-wise geodesic lo@p approximatinge
by connecting-up thesg. Loops made up of the portion offrom v; to vi;; and
geodesicsu, Ui, 1], [Ui, vi] and [ui;1, Vi+1] have length at mogt, and so homotopy
discs for these loops together forntallar betweenc andc’. By passing across
these discs one at a time, it is possible to homat@gross the collar to a loop
made up of’ and a stalk of lengtja/5 from ¢(0) to aug, encountering loops only
of length at most a constant (dependingloandy) timesl en route. Modulo the
action ofz1Y, there are only finitely many such piecewise geodesic loapk as
¢’ and, by our earlier argument, each one admits a filling ofdifilting length. It
follows that FLx, and hence FRLand FFFlLly, are well-defined functions. 0O

Proof of Theorem EFix a basepoinp € X. Define a quasi-isomet® mapping
the Cayley graph of = (A | R) to X by choosing a geodesic fropto its translate
a- pfor eacha € A, and then extending equivariantly. L'Etbe a quasi-isometry
from X toT" sendingx € X to somey such thaty.p is a point ofl".p closest tox.

A path in X is calledword-like (following [4]) if it is the image inX of an edge-
path in the Cayley graph. For eacke R, let ¢, denote the word-like loop iiX,
based ap that is the image of an edge-circuit in the Cayley graph ladel Map
the Cayley 2-complex oP to X by choosing a disc-filling arising from a based
null-homotopy of finite filling length for eact.

We will show first that Flx < FLp, FFLx < FFLpy and FFFlx < FFFLp. As
in the proof of Lemma 6.1, a collar between an arbitrary fiadtie loopc in X
and a word-like loog’, can be used to show there is no change in-tledasses
of FLx, FFLx or FFFLy if one takes the suprema in their definitions to be over
fillings of word-like loops only: for Flx one notes that can be homotoped across
the collar to a loop based &f0) that is obtained fron’ by attaching a stalk from
¢(0) to ¢’(0), and one need pass through loops of length no moreGlfés) + C
en route, wher€ is a constant independentgffor FFLx and FFFLy, the stalk is
abandoned and the homotopy is betweamdc'.

One gets an upper bound on the filling length of a word-likeploan X by
taking the image inX of a minimal filling length van Kampen diagram The
progress of the boundary circuit in the course of a shellirly dictates a sequence
of stages in a null-homotopy af Using Lemma 6.1, we can interpolate between
these stages in a way that increases the length of the curme byore than an
additive constant, and so we getyFkk FLp. The proof that FFk < FFLp and
FFFLx < FFFLy can be completed likewise.
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Now we address Rt < FLx. Consider a word-like loog : [0,1] —» X
corresponding to a null-homotopic wowd over # of lengthn. Fix a constant
A > MaXesn dx(p,a.p). Thené(c) < An. LetH : [0,1]> — X be a based null-
homotopy ofc with filling length at most 1+ FLx(4An). By uniform continuity,
there existg > 0 such that™ € Z anddy(H(a), H(b)) < 1 for all a,b € [0, 1]?
with dgz2(a, b) < &.

Subdivide [Q1]? into ¢! rectangles separated by the linest; wheret; = je
andj = 0,1,...,&7L. For all sucht = tj, take 0= 50 <51 <... < Sk =1in
such a way that for all, the restriction oM, to [s, &+1] is an arc of length at
mostd andk; < 1+ £(Hi)/A. Mark the pointss, ..., Sk onto each of the lines
t =t;. Then, forallj =0,1,....,e*—1andalli = 1,2,....k; — 1, join (s, t))
to (s, tj+1) by a straight-line segment whers (, tj.1) is the first marked point
reached from byg;, tj.1) by increasing thes-co-ordinate. Note that

(3) d(Hy, (su), Hiyo(s0) < 1+

In the same way, forall = 1,...,etandforalli = 1, ..., ki —1suchthatg;,t))
is not the terminal vertex of one of the edges we just condegtén (s, tj) to
some &, tj—1) for which

(4) d(Hy (si), He () < 1+4,

so as to produce a diagratrin which every 2-cell has boundary circuit of combi-
natorial length at most 4.
Orient every edge of A arbitrarily and define

e = Y(Hu(S)¥(H(9) ™

when the initial and terminal points efare § t) and @, t'), respectively. It follows
from (3) and (4) thage has word lengtlge| at most some constaKtwith respect
to A. Subdividee into a path oflge| edges; give each of these new edges an
orientation and a labelling by a letterjfi so that one reads a word representing
along the path. Make all the choices in the construction alisuch a way that
w labels the lindg = 0 and all the other edges &\ are labelled b.

The shelling 4;) of A which strips away the rectangles from left to right,
shelling each in turn from top to bottom, has

max((A) < K(L+ FLx(an) + 4K.

Letw; be the word one reads around the boundary circul oEach 2-cell in each
Ai has boundary circuit labelled by a null-homotopic word timaty not be inR,
but has length at most4 So it is possible to interpolate between theo produce
a null-sequence (see Section 2) with respeét for w = wp in which every word
has length at modf(1 + FLx(2n)) + 4K plus a constant. Thus L < FLy, as
required.
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That FFL» < FFLx can be proved in the same way. The argument needs to
be developed further to show that FEFk FFFLx. Given the word-like loof,
one takes a free and fragmenting null-homotépy S — X of ¢ with ¢(H) at
most FFFL(¢(c)) + 1 and with the property that whenever loops of length less
than some prior fixed constant appear, those loops are ctedrto points before
any further bifurcations occur. This implies that fortalthe number of connected
componentg; in the fibreS; = |_|:‘;1 Iy X {t} is at most a constant times{¥(H;)).

For the construction ol we inscribeS with the arcs of its intersection with the
linest = t; and with the additional lines= 7, wherer; are the criticak-values

of H. UsingH; and¥ as before, we subdivide the fib& into edges and label
each of itsk; connected components by a null-homotopic word — this wosks a
before, except we additionally insist that the end pointhefclosed interval
comprisingS; be included amongst the — this may add; to the total length the
words alongS;, but the argument given above ensures that this additiastlis

no more than a constant times«{¥(H;)). m]
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