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Dedicated to the memory of Heiner Zieschang, who first noticed that genus two handlebodies could be
interesting

ABSTRACT. Suppose a genus two handlebody is removed fra@mzanifold

M and then a single meridian of the handlebody is restored. The result is a knot
or link complement inM and it is natural to ask whether geometric properties
of the link complement say something about the meridian that was restored.
Here we consider what the relation must be between two not necessarily disjoint
meridians so that restoring each of them gives a trivial knot or a split link.

1. BACKGROUND

For a knot or link in a3-manifold, here are some natural geometric questions
that arise, in roughly ascending order of geometric sophistication: is the knot the
unknot? is the link split? is the link or knot a connected sum? are there companion
tori? beyond connected sums, are there essential annuli in the link complement?
beyond connected sums, are there essential meridinal planar surfaces? One well-
established context for such questions is that of Dehn surgery (cf [Go]) where one
imagines filling in the knot or link complement with solid tori via different merid-
ian slopes and then asks under what conditions two of the fillings have geometric
features such as those listed above.

Another natural context is this: Suppdaeis a genug handlebody embedded
in a compact orientabl8-manifold M. Supposex, 8 are not necessarily disjoint
essential properly embedded disks/ih(called therefore meridian disks). Then
W —n(a) (respW —n(B)) is a regular neighborhood of a knot or libka] (resp
L[B]) in M. Under what circumstances di¢a] andL[B] have geometric features
like those outlined above? At the most primitive level (and so presumably the eas-
iest level) one can ask when bdtha] andL[8] are split (if a link) or trivial (if
a knot). Put another way, supposBa],M[B] are the manifolds obtained from
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M —W by restoring neighborhoods of the meridianand. Under what circum-
stances are bothl[a] andM([B] reducible and/o9-reducible? (In the absence of
Lens space 08! x & summands in a close®manifold M, ad-reducing disk for
a knot complement is equivalent to an unknotting disk for the knot.)

Not only is this a natural question, the solution to it in specific cases has been
of significant interest in knot theory over the past two decades. Here is a probably
partial list of such results, fdvl = S*:

e [Sc3] (see also [Ga]) considers the case in which one meridian disk is
separating, the other is non-separating, and the two meridians intersect in
a single arc.

e [BS1]and[BS2] (see also [STZ2]) consider the case in which both meridian
disks are non-separating and the two intersect in a single arc.

e [EM3] incorporates both by considering the case in which there are non-
isotopic non-separating meridian digkgu’ for W which are disjoint from
botha andf.

If we extend the question to whether one of the links is a connected sum, the
literature becomes even more extensive, including [EM1], [EMZ2], [EM3], [Sc2],
[ST1].

We briefly describe a typical conclusion in the arguments above. First some
terminology: Say that the handlebody C M is unknottedf it is isotopic to the
regular neighborhood of a figure 8 graphthat lies on a sphere M. If W is
unknotted and is such a spine and ift and u’ are the pair of meridian disks
for W that are dual to the two edges Bfthenpu andu’ are called amnknotting
pair of meridians forw. Put another way, the meridians and u’ for W are
called unknotting meridians, a! is said to be unknotted, if there are properly
embedded diska,A’ ¢ M — interior(W) such thatunA| = |u'NA’| =1 and
unA’ =’ NA =0. What is typically proven (most generally by Eudave i\a
in [EM3]) is this: We are given specific conditions on the filling meridiarend,
including that they are both disjoint from the same pair of non-isotopic meridians
u, 1’ for W. We suppose further that the manifold$a | andM|[g] are both either
reducible org-reducible, wherealsl —W is irreducible. The conclusion is thét
is unknotted irM, and the meridiang andp’ are an unknotting pair of meridians
for W.

Put in this way, one wonders if the various conditions arand 3 can be
dropped to give a global theorem on the unknottedne®g.dfor example:

Naive Conjecture: Consider a genus two handlebody c M whose closed
complemenM —W is irreducible and whose boundady is incompressible in
M —W. Supposer and3 are meridians fovV. Then eitheW is unknotted or at
least one oM[a], M[B] is both irreducible and-irreducible.
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This naive conjecture is plainly false. Most obviously, taketo be merely
a regular neighborhood &; no matter howa and 3 are chosen, botM[a],
M[B] ared-reducible. But there are easy counterexamples eveklferS®. For
example, attach an asto the unknot) ¢ S, an arc chosen to be so complicated
that the closed compleme&t — (U Ue) is both irreducible and-irreducible.
LetW = n(U Ue) and choose bottr andf3 to be copies of the meridian & that
is dual to the are. Then botH_[a], L[B] are the unknot. Of course, takiogandf3
parallel like this might be regarded as cheating. Figure 1 (due to Kinoshita [Ki]) is
a more subtle counterexample in whighand 3 aren't parallel. The complement
of Kinoshita’s graph is also called the Thurston wye manifold and is known to be
d-irreducible, sdV is knotted.

FIGURE 1

In view of these counterexamples to the naive conjecture, are there simple con-
ditions that ensure the conclusion of the conjecture, that aithisrunknotted or at
least one oM[a] or M[B] is both irreducible and-irreducible? With reasonable
conditions on the original pa{M,W), it appears that there are such conditions on
filling meridiansa andf. These are outlined in the next section.

2. A CONJECTURE AND A WEAK CONVERSE

SupposeN is a genus two handlebody properly embedded in a compact ori-
entable3 manifold M. The pair is callechdmissibleif these conditions are satis-
fied:
any sphere iM is separating
M contains no Lens space summands
any pair of curves i@M that compress iM are isotopic indM
M —W is irreducible
JM is incompressible in the complement\f

These are reasonable conditions to assume in our context: The first two guar-
antee that the complement of a knot in a clos&d d-reducible only if the knot
is the unknot. The third condition (which is the most technical) removes the first
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counterexample above, in whidh is merely a regular neighborhood \of. The
last two conditions remove obvious counterexamples in which reducing spheres or
0-reducing disks exist even before filling meridians are added.

The precise conditions that we propose on the pair of filling meridiafisc W
depend on whethar and are separating or non-separating. Supposedtatd
B have been properly isotoped W to minimize |a N B|. In particulara N
consists of a possibly empty collection of arcs.

Definition 2.1. If a and 8 are both non-separating then they atigned if

e there is a non-separating meridian disk f&fthat is disjoint from botto
andf3 and
e all arcs ofa N B are parallel in both disks.

Definition 2.2. If a and 3 are both separating then they are aligned if

e there is a non-separating meridian digkfor W that is disjoint from both
o andB and

e There is a longitude in the boundary of the solid tows- u that is dis-
joint from a and .

Here alongitudeof a solid torus means any simple closed curve in the bound-
ary that intersects a meridian disk in a single pointaland 8 are aligned and
separating, then they both lie in tHepunctured spheréW — (du U longitude
and they separate the same pairs of punctures there.

Finally

Definition 2.3. If o is non-separating an¢ is separating, then the disks are
aligned if they are disjoint or, when they are not disjoint,

e one solid torus component W — 8 has a meridianu disjoint from both
o andB and

e the other solid torus component\Wf— 8 has a meridiar3’ that is disjoint
from 8 and furthermore

¢ B’ is maximally aligned withr. That is,a and B’ are aligned (as defined
in Definition 2.1) andB’Na| = |BNa|—1. See Figure 2.

For a pair of non-separating disks, the condition that all arcso8 are parallel
in both disks means that eitherand are disjoint, or exactly two components of
o — 3 (and two components @ — a) are outermost disks, that is disks incident to
a single arc component of N 3. The condition is clearly satisfied whenever there
are at most two arcs of intersection, iédia NdS| < 4.

Here is the main conjecture:

Conjecture 1. If (M,W) is an admissible pair then either

e W is unknotted antl = S
e atleast one oM[a] or M[B] is both irreducible and-irreducible, or
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e o andf are aligned inM.

In most appearances of this general problem cited in the literature abave,
anddp intersect in few points, so they are automatically aligned. Hence the con-
jecture would not recapture the known results but rather would extend them to a
more general setting. Conjecture 1 appears to be true, at least with one additional
technical hypothesis: Whel@a N dg| < 4, assume further thd¥l contains no
proper summand that is a rational homology sphere. A complete proof is not yet
written down; even for a weaker result, in whidhirreducible is removed from
the second conclusion, the combinatorial argument is extremely complicated. The
intention here is to offer the more straightforward proofs in these three important
special cases:

e M —W is d-reducible.
e |dandp| < 4. (This requires the additional technical condition.)
e Botha andp are separating.

In addition, we explain why the combinatorics becomes so difficult once non-
separating meridians are considered.

Before starting to verify the conjecture in these special cases, here is a sort of
weak converse to Conjecture 1:

Theorem 2.4. Supposex and 3 are aligned meridians iW. Then there is an
unknottedembedding ofV in S* (hence in any3-manifold) so that each df[a]
andL[B] is either the unknot or a split link.

Proof. Suppose first thatr and 3 are both separating. Emb&d as the regular
neighborhood of an eyeglass graph (ie two cirdgso, connected by an edgg

in & c . Sincea is separating, such an embeddingtan be found so that

is the meridian dual to the edgeThenL[a] = 01U 02 is split. Further choose the
embeddingV so that in the framing of the toW — a, the longitude) of the solid
torusW — i that is disjoint froma U 8 (cf Definition 2.2) is one of the three curves
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OWNS. ThenA bounds a disk irf> —W, so one component f[3] bounds a
disk in the complement of the other, showing that the Lifi8] is also split.

In casea and 3 are non-separating, a more subtle construction is required.
Begin with an annulud in & ¢ S* and draw a paiP of disjoint spanning arcs.
Let u. be points indA — dP, one in each component ofA but both lying on
the boundary of the same rectangle compone#t-efP. A product neighborhood
Ax[-1,1 c & x[-1,1] c S is a solid unknotted torus in whicR x [-1,1]
can be thought of as the union of two disjoint meridimnand 3. Connect disk
neighborhoods ofi. x {1/2} in dA x [—1,1] by adding an unknottedi-handle
on the outside oA x [—1,1] that lies aboves? x {0}. The result is an unknotted
embedding ofV, with the meridianu of the 1-handle also a meridian &% that
is disjoint froma and3. Now repeat the construction after first altering exactly
one of the original spanning arcs by n > 0 Dehn twists around the core of
the annulusA. The construction gives aligned meridians with exaatly 1 arcs
of intersection. It is not hard to show that, given a pair of aligned non-separating
meridians inW which haven — 1 arcs of intersection, there is an automorphism
of W that carries the pair ta and3. The corresponding knotga] andL[3] are
easily seen to be unknotted. (In fact they are isotopic: the isotopy merely undoes
the Dehn twists used in the construction by adding twists around the mefidian
of the 1-handle.) See Figure 3.

M+

;’/

i

/
|
,7

Ax{-1}

)

A x{1}

-1

FIGURE 3

In caseB is separating and is not, lety andp’ be meridians of the solid tori
M — 3 as given in Definition 2.3, so that
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e bothu andp’ are disjoint fromg,

e U is also disjoint fromor and

o (' is aligned witha.
Apply the previous construction to the aligned meridiansndB’. The definition
requires that the aligne intersecta in almost as many components @sloes.
Viewed dually, this implies thgB intersectsr only once more thap’ does. This
constraing3 to be a regular neighborhood of the gc connectingu, x {1/2}
to u_ x {1/2} in the diskd(Ax 1) — (Ax {~1}UdB’). As beforeW — a is the
unknot. W — S8 is a regular neighborhood of the trivial link, with one component
parallel to the core of x {0} and the other to the union @_ and the core of the
1-handle. See Figure 4. O
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FIGURE 4

A first step towards the proof of Conjecture 1 is to note that we can restrict to
the case in whictv —W is d-irreducible.

Proposition 2.5. Conjecture 1 is true whekl —W is d-reducible.
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Proof. Case 1:There is ad-reducing diskP for M —W such thatdPNda| =1
(or, symmetrically|0PNdB| = 1).

In this caseW — n(a) 2WuUn(P) so any reducing sphere fot[a] would be
areducing sphere fod —W > M — (Wun (P)), contradicting the assumption that
(M, W) is an admissible pair. Similarly, M[a] is d-reducible via a disk whose
boundary lies o@M, the disk would be @-reducing disk foM —W, contradict-
ing the assumption thgM,W) is an admissible pair. Hence eithdf{a] is both
irreducible and-irreducible (the second conclusion) or there &-egeducing disk
for M[a] whose boundary lies oW — n(a)). SinceM contains no Lens space
summands, such a disk is incident to the solid taékls n(a) in a longitude and
the union of the disk withWW — n (a) is a ball. Equivalently, there is@-reducing
diskD for M — (WU n(P)) so thaWun(P)un(D) is a ball. W is clearly a genus
2 Heegaard surface for the ball, so it follows from Waldhausen’s theorem [Wa] that
W is unknotted, giving the first conclusion and completing the proof in this case.

Case 2: There is ad-reducing disk(P,dP) ¢ (M —W,dW — a) for M[a] (or
symmetrically for3 andM[f]).

In this case first note th&/ — n (a) consists of one or two solid tori (depending
on whetherr separateg/) anddP lies on one of them. Sindé contains no Lens
space or non-separatirdgspheresgP is in fact a longitude of the solid torus on
whose boundary it lies. S®P is non-separating.

Suppose first thadP is disjoint fromd as well asda; we show thatr andf3
are then aligned. Lett be a meridian folW which is disjoint froma and whose
boundary is disjoint from@P. In particular, ifa is non-separating, take a parallel
copy ofa for u. If B intersectsu then an outermost disk @ cut off by u would
be a meridian of the solid torW¥ — u for which dP is a longitude, a contradiction.
Hencef lies entirely in the solid torusV — . B can't be essential in that solid
torus for the same reason. HenBds inessential id(W — u) and so is either
parallel tou (hence disjoint from and therefore aligned withor separating. &
is non-separating then it is parallel gioand so disjoint from and therefore aligned
with B. If a, like B, is separating, thedP is the longitude required by Definition
2.2 to show thatr and are aligned.

So henceforth assume th@® andd 3 are not disjoint. Apply the Jaco handle-
addition lemma [Ja] (as generalized by [CG] to the reducible case) Witaadle
n(B) attached to thé-reducible (viaP) manifold M —W: If M[B] is reducible
or d-reducible then there is a-reducing diskJ for M — W whose boundary is
disjoint from 3. SincedM is incompressible iM —W, dJ lies ondW. Since itis
disjoint from 3, dJ can't be parallel t@P. An outermost disk cut off frond by P
(or Jitself if Jis disjoint fromP) then gives @-reducing diskE for M —W that is
disjoint fromP. If JE is essential on the boundary of the solid toiis! n (P) then
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Wun(P)un(E) is a3-ball Heegaard split bW. It follows from Waldhausen'’s
theorem [Wa] thatV is unknotted and we are done.

Suppose then th@E is inessential o@ (W U n (P)), so it is separating idW.
E can't then be an outermost disk dfcut off by P (for if it were, dJ would
intersect one copy alP in dW — dP more than the other) 6 = J. In patrticular,
JE is disjoint fromB as well asdP and so bounds a separating meridignc W
as well. Sinced3 anddP intersect is a meridian for the solid torus component
of W — E’ for which 9P is the longitude. Henc&® 3 N dP| = 1 and we are done
by the first case.

Now consider the general case:

Apply the Jaco handle-addition lemmart¢a) and conclude that eithét[a] is
irreducible and?-irreducible (the second conclusion) odaeducing disk P, dP)
can be found whose boundary is disjoint fram SincedM is incompressible
inM—W, dP C W —a. If dP is essential odM|[a] the proof follows from
Case 2. IfdP is inessential o@M[a| then it is coplanar (possibly parallel with)
a, sodP bounds a meridia® for W. In particular,dP is separating, sinckl
contains no non-separating spheres. Similarly there is a separatingdd®) c
(M —W,0W — B). If dP anddQ are parallel indW then it follows easily that
o andf3 are disjoint from each other and hence aligneddRfand dQ are not
isotopic indW then they must intersect, and an outermost arc of intersecti@n in
cuts off a disk(F,dF) c (M —W,dW — dP) whose boundary is essential on, and
hence a longitude of, one of the solid t@vi— P’. If a is a meridian of that solid
torus, usé asP in Case 1. Ifa is the meridian of the other solid torus, Uses
Pin Case 2. O

Following Proposition 2.5, Conjecture 1 is equivalent to the apparently weaker

Conjecture 2. SupposéM,W) is an admissible pair ant —W is d-irreducible.
Then either

e at least one oM|[a] or M[B] is both irreducible and-irreducible, or
e o andp are aligned inM.

Proposition 2.6. Conjecture 2 is true whef@da Ndf| < 4 and M contains no
proper summand that is a rational homology sphere.

Proof. When|da N dB| < 4, there are at most two arcs of intersection, so each
arc of intersection is incident to an outermost disk in bmthnd 3 and, moreover,

all arcs of intersection are parallel in both disks. Gluing an outermost disk of one
to an outermost disk of the other gives a meridian diskfothat is disjoint from

both a and . It follows that if a and 3 are both non-separating, then they are
aligned.
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So it suffices to consider the case in which at least one of theny seysep-
arating. We aim to show then thatM[a] is either reducible od-reducible, then
M[B] is neither reducible na?-reducible. There are two cases to consider:

Case L:jdandp|=2.

In this casg3 must be non-separating. The argument mimics in this more gen-
eral setting the central argument of [Ga], which in fact provides the complete ar-
gument wherM is the3-sphere.

Let L € M —W be the regular neighborhood of a circle parallebtm, soL
bounds a diskD in M that intersect®V in a single copy ofa. Sinceanf is
a single arcD intersects the solid torus =W — 3 in two oppositely-oriented
meridians. (For example, in Gabai's settivg,— a is a split link andW — 3 is
obtained from the split link by a band su@D encircles the band.)

First observe thaM[f] — L is irreducible andd-irreducible. For suppose first
that ad-reducing disk or reducing sphe@@were disjoint fromD. SinceM[B]U
n(D) =W, O would also be a-reducing disk or reducing sphere M —W,
contradicting the hypothesis. Similarly,( intersectsD an innermost dislE in
Q- D provides a?-reducing disk fodW in the complement dofi[3] Un (D) = W.

Let M[B], be the manifold obtained froid 3] by O-framed surgery oh.

Claim: If M[a] is reducible o@-reducible, then so i [B],

To prove the claim, supposgis a reducing sphere oxreducing disk foM [a].
Thenint(P)NW is a collection of parallel copies @f. Let A C W be an annulus
containing all their boundary componerim(ls) NoW. Let A' be a copy ofA
pushed intdV rel dA. ThenW — n(A') is isotopic tow U (L) and under this
isotopy the boundary components of the planar surfaeeP —W that previously
were onA becomed-framed curves od(n(L)). After O-framed surgery oh to get
M(B],, these components ain (L) can be capped off to give a copy C M[B]o
of P that eitherd-reduces or reduced [Blo- See Figure 5. Tha®' does not bound
a ball is obvious ifP’ is non-separating (em is odd). If P’ is separating, note
that such a ball must have come from the componeM ef (WU n(L)un(P))
not adjacent t&V. But this component is completed by attach#agandles in the
same way in botM[B], andM[a], and we know thaP is a reducing sphere in
MIa] and so does not bound a ball. This completes the proof of the Claim.

Following the Claim, apply the central theorem of [Sc4] to the linkn the
manifold M[B] and rule out possible conclusions a)-t):C M[B] is not home-
omorphic to a braid irD? x S' since, for one thingl is null-homologous. Nor
doesM|[f] contain a Lens space summand, siMeloesn’t. L bounds a disk in
M so it can’t be cabled i with the same boundary slope. Hence conclusion d)



REFILLING MERIDIANS IN A GENUS 2 HANDLEBODY COMPLEMENT 11

Oy .. 0n —
=
kAﬁ \

==

.1

FIGURES

of the main theorem of [Sc4] applies M[B] andM[B],. We now examine the
consequences.

Suppose tha¥[a] is reducible. TheM[B], is reducible, so by [ScAM[B] is
irreducible and?-irreducible.

Suppose tham[a] is d-reducible via the disl. We note that ifdP lies on
the boundary of one of the solid tori componentd®f- a then that solid torus
lies in a3-ball in M, soM[a] is reducible. Then, via the previous commevi{3]
is irreducible andd-irreducible. So we can assume tl# c M. ThendP is
disjoint from anygd-reducing disk forM[B] since, by hypothesis, any essential
simple closed curves id@M that compress itM are isotopic. Hencd![B], is
Jd-reducible via a disk whose boundary is disjoint from ahyeducing disk for
M[B]. So by [Sc4]M|[B] is irreducible and-irreducible. To summarize: M[a]
is reducible ord-reducible, therM[f] is neither reducible na#-reducible. Thus
we have the first conclusion of Conjecture 2, completing the proof in this case.

Case 2:|[dandf|=4.

In this caseB N a consists of two arcs; call the rectangles that lie between them
in a andf3 respectivelyRg and RB' The outermost disks @8 cut off by o are

both meridians of the same solid torus compon®nof W — a; in fact they are
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parallel copies of the same disk meridiap ¢ Wy whose boundary consists of an
arc inRqg parallel to the arc§ Na and an arc o@W — a. See Figure 6.

FIGURE 6

The unionA = Ry URp; is either an annulus or Bbius band inV (depending
on the orientations of the ar@n a in a) which, whend-compressed teW
along D[} becomeg3. Put another wayyW_ =W — A is a handlebody or pair of
handlebodies (depending on whetlers a Mobius band or an annulus) which,
when d-reduced anngDB becomesN — B. A copy a’ of a pushed inton
intersectsDB in a single arc. Essentially, we intend to settle Case 2 by applying
Case 1 to the disk® ; anda’, two meridians ofA_ that intersect in a single arc.

If Ais an annulus, theW/_ is the union of a solid torug\k (essentially the
component oV — a that is notW;) and a genus two component. In this case,

let W' be the genu®-component and’ = M —Ws. If A is a Mobius band let
W =W_ andM’ = M.

Claim 1: If M[a] is reducible om-reducible, so isv'[a].

Proof of Claim 1: M’[a] is obtained fromM[a] by attachingA to dM|[a] via
JA and thickeningA. This operation can’t turn a complementary component of
a sphere or properly embedded disk int@-hall, so it can't make a reducible
manifold irreducible or @-reducible manifold-irreducible.

Claim 2: If M[B] is reducible ow-reducible, so isM’[DB].
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Proof of Claim 2:By constructiong-compressing\ to dW via DB givesp, so
M[B] is homeomorphic th/[DB]

Claim 3: M’ =W is irreducible and-irreducible.

Proof of Claim 3:SupposeSis a reducing sphere drreducing disk foM’ —W'
andA’ is the annulus or Mbius band dual té\ in W. That is W U n(A') 2 W if
Ais a Mbbius band andlV' U (A') UW, 2 W if Ais an annulus. ISis disjoint
from A’ thenSis a reducing sphere @-reducing disk forM —W, contradicting
hypothesis.

On the other hand, suppoS@andA’ are not disjoint. Closed componentsSsf
A’ that are inessential i can be removed by a standard innermost disk argument;
if any essential closed componentsSsf A’ remain, then an innermost disk 8-
A would be a compressing disk faW in M —W, again contradicting hypothesis.
Similarly, all arc components &N A’ (which only can arise iSis ad-reducing
disk, not a reducing sphere) that are inessentia¥iie non-spanning) can be
removed by a standard outermost arc argument. On the other hand, a spanning
arc inSN A’ is clearly impossible i’ is an annulus, since the endsAffare on
different components af (M’ —W'’) whereag)Scan only be incident to one. K
is a Mobius band then an outermost disk cut off fr&hy A’ will be a d-reducing
disk forM —W, again contradicting hypothesis.

Following Claim 3, Case 1) may be applied to the diskf)B cW in M’
If M’[a] is reducible ow-reducible therM’[DB] is irreducible and-irreducible.

Hence, following Claims 1 and 2, M[a] is reducible ord-reducible,M[B] is
irreducible andd-irreducible. O

Proposition 2.7. Conjecture 2 is true if botlr and are separating (and, i a N
dB| < 4, M contains no proper summand that is a rational homology sphere).

The rest of the section is devoted to the proof of Proposition 2.7. The proof
requires a few internal lemmas.

Following Proposition 2.6 we may as well assufde Ndg| > 6.

Suppose botlw andf are separating, & — n(a) andW — n () are each a
pair of solid tori. IfM[a], say, isd-reducible and th@-reducing diskP is incident
to a solid torus componetfity of d(W — n(a)) thend(Wy UP) is a sphere iM
that separates the two solid tori, Ba] is reducible as well ag-reducible. On
the other hand, iM[a] is d-reducible and th@-reducing diskP is incident to
JM thenP is ad-reducing disk foM as well. In that cas@P lies in the unique
isotopy class 0®M which compresses M, following the assumption tham, W)
is admissible. We deduce that if neithdfa] nor M[B] are reducible but both are
J-reducible then th@-reducing disks have disjoint boundaries, lyingi.
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The proof proceeds by assuming that bbtfa| andM[g] are d-reducible or
reducible and concludes thatand must be aligned. La? (respQ) be a reducing
sphere (if one exists) a?-reducing disk (if no reducing sphere exists) Mfa]
(respM([B]). Following the first comments, we can assume that, everaifidQ
are disks, their boundaries are disjoint. In that case, the combinatorial argument
that follows is unaffected by the boundaries of the disks, so the case in Which
andQ are reducing spheres is representative. Henceforth we will assumié that
andQ are reducing spheres.

SinceM — W s irreducible andd-irreducible, a reducing sphefefor M[a]
must pass through the handjéa) m> 1times. (Ifm=1thenin factP —W would
be ad-reducing disk foM — W, contradicting hypothesis. We do not exploit this,
though, by assuming > 2, sincem= 1 may be true wheR is ad-reducing disk.
We want to keep the case in whi€his a sphere completely representative.) Let
P = P—W be the associated properly embedded planar surfale-iWw. Then
JP has componentgy,...,an,m> 1, each of them parallel odW to da. Label
the aj in the order they appear in an annular neighborhoodmin dW. (There
are two choices for the direction of the ordering — choose either.@l%oreducing
sphere foM[B] there is a similar planar surfa¢®,dQ) c (M —W,d(M —W))
whose boundary components are similarly labgded..3,,n > 1. ChooseP and
Q so as to minimizeédP N dQ|. If [PNJQ| = 0thena andp are disjoint and
hence aligned, finishing the proof. L@t,Bj C W be meridian disks iV bounded
by ai,BJ- respectively, foreach <i <mandl<j<n.

As is now a classical strategy, vielN Q as giving rise to graph& andY
respectively in the spheré’sand@. The vertices of the graphs correspond respec-
tively to the boundary components BfandQ (ie copies of the meridiang and
B) and edges of the graph correspond to the arcs of intersect®n@. Circles
of intersection are ignored. The valence of each vert&xim|a N B|-nand inY
isjanB|-m.

Consider any poinkin PN 0Q, sayx € dajNdB;. Tox we then assign the
ordered pair(i, j),1 <i <m,1< j <n. When viewed in the graphisandY the
pointx appears as an end of a unique edge. Assign to the end of the eXigileein
label j. Similarly assign to the end of the edgeMithe labeli. For eachl < j <n,
of the|a N B|-nends of edges incident to any vertexinexactly|a N B3| will have
label j. A similar remark holds for labeling around a vertexYof

An important difference between the topology exploited in this proof and that
used in the analysis of Dehn surgery (cf [CGLS]) is that in the latter, any two
componentsxj, 3; of the boundaries oP andQ respectively always intersect in
the torus boundary of th8-manifold with the same orientation. In the present
situation, each component aP will intersect each component ofQ with both
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orientations. Indeed, since both bound meridian disk&/pfhe sum of the orien-
tations of all points of intersection will be trivial.

Let A C dW be the annulus betweem; and ay, whose core igda. To any
proper arc inA that spandA and is properly isotoped to minimally intersect the
aj, assign the orientation that points fram to an. This is called thespanning
orientation of the arc. Similarly leB C JW be the annulus betwegy and g,
and define the spanning orientation for spanning ard® taf be the orientation
that points fromB3, to 8,,. The spanning orientation fé gives what is called the
spanningnormal orientation irdW to each componenty, ..., am of dP, namely
the normal orientation that points from to a;.;. Similarly define the spanning
normal orientation for each componentigfof dQ.

Choose now normal orientations férandQ. Following such a choice, an edge
in 2 is calledincoherenif the normal orientation o along the arc of intersection
agrees with the spanning orientation at one end and disagrees at the other. Oth-
erwise (if it agrees at both ends or disagrees at both ends) it is calteztent
Whether the edge is coherent or incoherent is independent of the original choice
of orderings of théd; or the choice of normal orientation f@. Note that by defi-
nition an incoherent edge cannot have ends with the samejlali¢vo coherent
edges are parallel and adjacent, one with ends labglgd and the other with
corresponding ends labelgd, j5 thenj; — j3 = j2 — j5 modn. Similarly if two
incoherent edges are parallel and adjacent, fhenj; = j> + j5 modn. Similar
remarks hold for labels of ends of edgesvinNote that if two edges are parallel
and if one is coherent and the other isn't, then the spanning orientations agree on
one end (ie induce the same orientation on that componei®)adind disagree on
the other. The only way that spanning orientations can disagree at adjacent labels
is if the interval between them does not lie Bnso one pair of adjacent ends are
either both labeled or both labeleah.

Lemma 2.8. There are no trivial loops in eitheY or .

Proof. We show that an innermost trivial loop ¥fican be used to reduce W — P
consists ofn— 1 copies oD? x| (labelledW, ..., W,—1) and two solid torivg and
W Eachl-handleW,1 <i < m— 1 lies between copie§; and &1 of a; the
solid torusW, is incident toP in @, and the solid torus\, is incident toP in &,

An innermost trivial loop inY cuts off a diskD from Q whose boundary consists
of an arcq on 0Q — P ¢ dW — P (in the component 0fQ on which the loop is
based) and an afcin PN Q. Suppose first thag lies in the annulus lying between
somea; andai;1, 1 <i < m. gcan't be inessential in the annulus, sin@® N Q)|
has been minimized up to isotopy é#W. Soq spans the annulus. THehandle
W can be viewed as a regular neighborhood of thegar€henD can be used to
isotopeW throughy c P, removing bothd; andd;; and reducingn by 2.

If g does not lie in an annulus between someand a1 thenq must be an
essential arc iIdW — n(a) with its ends on one of the componeunts or oy, say
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om. (Both ends have to be on the same cumfeor an, sincea is separating.)
That is,q is an essential arc on the punctured ta?\ég, — & .

Claim: q passes through a meridian\&f, exactly once.

Proof of Claim: The arcy together with a subarp of a,, form a closed curve
in P, and so a closed curve that bounds a disMim]. If this disk is attached to
D alongy the result is a dislD in M[a] whose boundarpUq is an essential
closed curve on the boundaryWf,. SinceM contains no Lens space summands
or non-separating sphergs, q is a longitude ofMy, and so intersects a meridian
in a single point. By isotoping to be very short, the intersection point liesgn
establishing the claim.

Following the claim, W, can be viewed as a regular neighborhoodyoht-
tached todm. D can be used to isotoperel g (and with itWy,) throughP at y,
eliminating the meridiard,, of intersection and thereby reducingby one. The
symmetric argument eliminates trivial loops3n a

Following Lemma 2.8 we may immediately assume timah > 2. In the ab-
sence of trivial loops in the graphs, our analysis will focus on edges that are parallel
in the graph. Parallel edges cut off faces that are bigons. We will be interested in
large families of parallel edges. So consider a collection of parallel eglgese
in Y, with ends on verticeg,w. Number them in order aroung making an ar-
bitrary choice between the two possible ways of doing this. Arbitrarily\ctile
source vertex. Then the family of edges defines a funaidrom a sequence of
labels arounds (namely the labels of the ends ef, ..., atVv) to a sequence of
labels aroundv (namely the labels of the ends ef, ..., e atw). In a typical set-
ting we will know or assume a lot about the label sequenee(edlled thesource
sequenceand a little about the label sequencenatTypically we will only know
that the label sequence atlies as a contiguous subsequence of a much larger
sequence called tharget sequence

In our setting, labels around any vertexX¥rappear in (circular) order

1,.mm..11.mm..,1 .. 1. mm..1

with |0a N dB| > 6 determining the total number of sequentes.,mandm,...,1
that appear. If the source sequence of a set of parallel edges (that is, the sequence
of labels at the vertey) is of lengtht < mthen the above long sequence is a natural
target sequence. That is, we know that the ends of the eglgese atw have
labels some ordered contiguous subsequence in the long sequence above. But we
could equally well have used the shorter target sequéncem,m,...,1,1,.....m
since any ordered sequence &f m contiguous labels is also an ordered contigu-
ous sequence ih...mm,....1 1 ... m.

The following lemmas are classical, going back at least to [GL], [Sc1]:
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Lemma 2.9. Supposep is a function as described above determined by a set
of parallel edges inY, with source sequenck...m. Forall 1 <i<m-1, if
o(i)=i+1, theng(i+1) #i.

Proof. The bigon between the edges represents a rectangle embeddedith

one pair of opposite sides lying i8. The other pair of opposite sides are par-
allel spanning arcs on the annulusd#/ betweena; andaj1. Moreover these
spanning arcs are oriented in such a way that if the rectangle between them in
the annulus is added, the result is @ihilis bandA with its boundary orP. The
union of the Mbbius bandA and a disk component & — dA is a copy ofRP? in

M, whose regular neighborhood is then a puncti&&d in M, contradicting the
hypothesis thal contains no Lens space summands. a

Lemma 2.10. Supposep is a function as described above determined by a set of
parallel edges inY, with source sequende...,m. Then:

e Forall 2<i<m-1,if ¢(i) =i, theng(i+1) #i—1.

o If (1) =1, theng(2) # 1.

o If @(m) =m, theng(m—1) #m.

Proof. In each case, the hypothesis implies that an edgévirith the same label
on each end is incoherent. O

Jointly call these lemmathe standardRP? contradiction and note that they
are typically applied to show that a set of mutually parallel edges can't be too
numerous. For example, in our context:

Lemma 2.11. No label sequencg, ..., mappears as a source sequence for any set
of parallel edges irY-

Proof. Consider the image of the label sequence in the target sequence
L..omm..11 . .m If 1)is the p!" term in the target sequence, calk
p < 2m, theoffsetof the function. Consider the possible offsets.

If the offset is trivial o = 0) or p = 2mthen for all1 <i <m, ¢(i) =i. This
means that for each lab2l< i < mthere is an edge iN with that label at both
ends. Looking at the other graph, this means that every vert&xisnthe base
vertex for a loop. An innermost loop then can have no vertices in its interior, ie it
would be a trivial loop, contradicting Lemma 2.8.

Supposd < p < 2m-—1. If p is even, then the labeh— % contradicts Lemma

2.9. If p is odd then the labeh— % contradicts Lemma 2.10. O

The point is informally captured in the graph in Figure 7.

Itis easy to complete the proof of Proposition 2.7. Recall that following Propo-
sition 2.6 we can assume thato N dB| > 6. That means that every vertex ¥
has on its boundaries at least six disjoint label sequehcesmorm,...,1. Ac-
cording to Lemma 2.11 no such sequence can be entirely at the end of a parallel set
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FIGURE 7

of edges. It follows that there are at least six breaks between sets of parallel edges
at each vertex, hence at least six separate sets of parallel edges incident to each
vertex. This leads to a simple Euler characteristic contradiction, cf [GL, Lemma
4.1]. O

3. WHEN MERIDIANS ARE NON-SEPARATING— AN INTRODUCTION

Much complication is added if one or both of the meridian®r 3 is non-
separating. The most striking is that the graphsnd Y might have trivial loops,
as we now describe.

Just as in the proof of Propaosition 2.7, no innermost trivial loo}y tan have
ends labelled,i + 1, but there are three other possibilities: as before they could
have ends labelletl 1 or m,;m. Or they could have ends labelédn since, asx is
non-separating, some arc@B — da could have its ends on opposite sidegaf.
Only the last possibility (ends labelddm) withstands closer scrutiny:

Lemma 3.1. No innermost trivial loop inY"has both ends labelleti(or, symmet-
rically, both ends labelledn).

Proof. Consider the twice punctured torti$ = 0W — a. The two punctures (that
is, d-components) of * can be identified witlor; andap,.

Claim 1: Any pair of arcs ofd3 — da that have both ends at; (or both ends
atap) are parallel inr*.

Proof of Claim 1: Two non-parallel such arcs with ends @ would have
complement inT* a punctured disk, with punctuie,. All arcs of 3 — da that
have one end oo, must then have their other end an in order to be essential
in T*. But thend would be incident taa; at least four more times than it is
incident toam,. This is absurd, since1 and o, are parallel anddP N dQ| has
been minimized up to isotopy. The contradiction proves Claim 1.
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Claim 2: Any arc of @3 — da that has both ends at; or both ends atr, is
meridinal inT*. That is, the arc, together with a subarcoaf (or a ) joining the
ends, form a meridian circle on the boundary of the solid tévus a.

Proof of Claim 2:Any outermost disk of8 cut off by a intersectsT* C dW in
an arcy which either has both ends at or both ends atr,, say the former. The
outermost disk is a meridian of the solid toM¥s— a soy, together with a subarc
of da1 forms a meridian circle in the boundary of the solid towis- a. This and
Claim 1 establish Claim 2 for arcs with both endsrat

Any arc ofd3 — da with both ends atr,, (and a counting argument shows that
there must be as many such arcs as there are with both eadsratist be merid-
inal since if it had any other slope, it would necessarily intersect the meridinal arc
with both ends atr;. This establishes Claim 2 also for arcs with both endspat

Following the claims, consider the difkcut off from Q by an innermost trivial
loop A in Y'with both ends labeled. The two claims guarantee that the cugi2
intersectsW — o in a meridinal arc. In particular, the union Bfwith the disk
in P cut off by A and a subarc ofP is a diskD, in M[a] whose boundary in
W — a is a meridian circle on the boundary of the solid tods- a. The union of
D, with a meridian disk fokV — a contradicts the assumption thdtcontains no
non-separating spheres. |

Following the Lemma, we have that any innermost trivial loop¥ihas ends
labeledl, m. The diskD C Q it cuts off can be used td-compres$ to dW. This
altersP, replacing the boundary curves, a, with a separating curve bounding a
separating meridiao™ of W. ReplaceP then with a planar surface (still calléy)
whose boundary components consist of cuves.., ok parallel toda and curves
aji,...,as parallel toda*, each family labeled in order, and in such an order that
one complementary componentdW is a pair of pants with boundary components
ai, a1 andayg. The construction guarantees tld& intersects the pair of pants in
at least one arc with ends on baih anday, hence no arc with both ends ofj.
See Figure 8.

After this replacement, the vertices bihow are of two different types and the
labeling of edges around any vertexYiis therefore more complicated. But by
allowing two vertex types, choosirigandQ to minimize|dP N dQ| now guaran-
tees that the corresponding grapin Q has no trivial loops. Indeed, such a trivial
loop would have its ends either:

e on aj, which would allows to be reduced by, via the argument of
Lemma 2.8;

e on parallel copies of a meridiam or a*, which would allows to be re-
duced by2, via the argument of Lemma 2.8;

e or on exactly two of the three meridiams, a1, a%. In this case, @-
compression removes the two meridians incident to the loop and adds a
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copy of the third meridian, reducing the total number of meridians and
with it |PN2Q)|.

The whole construction can be done symmetrically i non-separating: Triv-
ial loops could arise il but be dealt with by identifying a separating meridh
and alteringQ so that it intersect®/ in some curves parallel @3 and some other
curves parallel t@3*.

Although, after this alteration, the graphsand Y have no trivial loops, the
combinatorial argument now requires tracking four sets of circles. This means
that there are two sets of labels in each graph and two possible labeling schemes
around vertices in each graph. Also, the possible target sequences that arise are
much more complicated than those that arise in the proof of Proposition 2.7. For
example, a target sequence might contain

1.kl .. k1 ..k..
intermixed with sequences of the form
s,.., 15 1% ... s

As of this writing, such a combinatorial argument can be constructed for the case of
reducing spheres. The argument appears likely to extend to the cagedadicing
disks, but the addition of an extra boundary component (namely, the boundary
component of the reducing disk) makes the final result (Conjecture 2 hence Con-
jecture 1) still uncertain. One wonders if there is a sutured manifold proof which
would avoid the combinatorial complication, in the same way that Gabai's [Ga]
circumvented the combinatorial difficulties of [Sc3].
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