ON THE UPPER BOUND OF THE NUMBER OF LIMIT
CYCLES OBTAINED BY THE SECOND ORDER
AVERAGING METHOD II

JAUME LLIBRE! AND JIANG YU?

ABSTRACT. For e small we consider the number of limit cycles of the
system & = —y(l4+z)+eF(z,y), y = 2(1+z)+eG(z,y), where F and
G are polynomials of degree n starting with terms of degree 1. We
prove for n = 1,2, 3,4 that at most 2n — 1 limit cycles can bifurcate
from the periodic orbits of the unperturbed system (¢ = 0) using the
averaging theory of second order, and that there are systems realizing
this upper bound for n = 4.

1. INTRODUCTION

In the research on the existence and distribution of the limit cycles of
planar polynomial differential systems one of the main tools is the study
of the limit cycles which can bifurcate from the periodic orbits of a center
when we perturb it. For example, for the system

T = —y+ep(z,y),
y = z+eq(z,y),

where p(x,y), ¢(x,y) are polynomials of degree n, it is well known that at
most [(n — 1)/2] limit cycles can bifurcate from the periodic orbits of the
linear center £ = —y, y = x, using techniques of first order, see for instance
[2].

In [4] the authors perturb the quadratic center, formed by the linear
center and a straight line of singular points:

i = —y(l+z)+ep(z,y),
Y (14 z) +eq(x, y).

They obtain at least n limit cycles bifurcating from the periodic orbits of
the center, using averaging theory of first order.
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Moreover, in [1] and [5] the authors extend these results to three di-
mensional systems, studying the perturbation of the systems & = —y, y =
z, 2=0and t = —y(l +x), y = (1 + ), 2 = 0 inside the class of poly-
nomial vector fields of degree n, respectively. Thus they obtain that these
systems can have at least n(n — 1)/2 and n? limit cycles, respectively, using
averaging theory of first order.

In this paper we consider the two dimensional polynomial differential

systems
(1) T = fy(1+x)+€F(x,y),
Y z(1+z)+eG(z,y),

where F'(z,y) and G(z,y) are polynomials of degree n starting with terms of
degree 1. Using the averaging theory, if the first averaged function vanishes,
the number of limit cycles of system (1) depends on the second averaged
function. In [6] it is proved the following result.

Theorem 1. Applying the averaging theory of second order to system (1)
with F' and G polynomials of degree n, we can obtain at most 2n — 1 limit
cycles bifurcating from the periodic orbits of the center of system (1) for

e=0.

We do not know if the upper bound on the number of limit cycles in
Theorem 1 can be reached. In general, this is a difficult problem. The main
goal of the present paper is to show that this upper bound is reached for
n = 4, instead of for n = 1,2,3. We describe the homogenous polynomials
F and G of system (1) as F = Fy+ Fo+-- -+ F, and G = G1+ G2+ -+ G,
where

Fi(z,y) = Z ai; 'y,

i+i=k
Gr(z,y) = Z bij 'y’
iti=k
fork=1,---,n.
Theorem 2. For n = 1 system (1) has at most one limit cycle using

averaging theory of first order and there are systems (1) having one limit
cycle. Moreover, a1 o = bo,1 = 0 if and only if the first order averaged
function is zero. If a1 0 = bo,1 = 0, then the origin of system (1) is a
center.

If n = 2 the conditions in order that the first averaged function vanishes
are

(2) aio =asp, bog = —aso, b1 =—(a20+aoz2).
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Theorem 3. For n = 2 assume that (2) holds. Then system (1) can have
at most 1 limit cycles using averaging theory of second order. Moreover,
there are systems (1) satisfying (2) with 1 limit cycles.

If n = 3 the conditions in order that the first averaged function vanishes
are

(3) bos =0, aso=a20—a1,0, b2, =bi1+a02—a12+a1,0, bo1 = —ai0.

Theorem 4. Forn = 3 assume that (3) holds. then system (1) can have at
most 3 limit cycles using averaging theory of second order. Moreover, there
are systems (1) satisfying (3) with 3 limit cycles.

If n = 4 the conditions in order that the first averaged function vanishes
are
(1)

ag2 =ba1 +a12 —bi1 +3bos + 3as0 — ar0, apa = —bi,3+bos,

bo,1 = —a1,0, G2,0 = —G4,0 + a1,0+azp, a22 = —3by3 — 3as0 — b3 1.

Theorem 5. Forn = 4 assume that (4) holds. then system (1) can have at
most T limit cycles using averaging theory of second order. Moreover, there
are systems (1) satisfying (4) with 7 limit cycles.

In short, the averaging theory of second order applied to systems (1) does
not provide a better number on their limit cycles when n = 1,2 and n = 3.
But for n = 4, the results using the second order are clearly better than the
ones obtained using first order.

This paper is organized as follows. In Section 2 and 3 we present the
first averaged function and some degenerated conditions. In Section 4 we
present the proof of the results for n = 3 (i.e. Theorem 4 and examples).
In Section 5, we give the proof of Theorems 2 and 3. Finally, in Section 6,
we show that for n = 4 there are 7 limit cycles in system (1) by averaging
theory of second order (i.e. Theorem 5).

2. PRELIMINARY RESULTS

Here we use the notation on the averaging theory of the first and second
order introduced in Subsection 2.1 of [6]. By means of the change of variables
x =rcosf,y =rsinf, system (1) in the region r > 0 can be written as

7 =¢(cosOF +sinfG),
(5) 0 :1+TC089+§(C080G—Sin9F),
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Here and in what follows F' and G will denote F'(r cos 6, rsin§) and G(r cos 6,
rsin @), respectively. System (5) in the region r > 0 is equivalent to the sys-
tem

d
(6) = efB,1)+e29(0,1) + O(),
where
cosO F +sinf G
10 = —ese
9(0.7) = _ (cosfF + sin 6G)(cos G — sm0F)

r(1+rcosf)?

In this paper we consider system (6), when the first averaged function
vanishes. So applying the averaging theory to system (6), we must assume
that,

2
(7) () = % [ ro.nan=o
™ af(6,r)

which naturally implies that df = 0. Then we have the second

averaging system associated with system (6)

dr

) =100 + 60,

where ¢° = / (0,7)do and

(90 = ;/ </f9r )dw/jﬂafér ") . (r)ds,
(e

1 2m s
with z(r) = —2—/ (/ f(9,7")d9> ds. We denote the second averaged
T Jo 0

function by

Ay = 10+ ¢".
According with Corollary 4 in [6], every simple equilibrium point of system
(8), that is, a simple zero of the function As implies a limit cycle of system

(1)

To prove Theorem 3 we shall need the following Lemma.
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Lemma 6. The following equalities hold.

1 [ 1 1
L o= — do =
! 2 Jo (1 +7rcosh)? (1 —1r2)3/2°

1 [ 1 1
L = 7/ do = ,
2r Jo 14 rcosf V1-—7r2

1 27 1— -
Is = — (:05911[1(1—&-7“0059)dezir7

21 Jo r

Lo 3r2 42 — 21 — 72(1 + 22
o= 2 [ o 0m(1 4 reosg) ag — S F 22V 2r)

21 Jo 673

21 9
2v/1 —1r2 -2

Is = — cos201n(1 + rcosf) df = Vi-ri+r ,

21 Jo 2r2

1 [ 2 W1 — 72t 8248
Is = 7/005401n(1+rcos€)d9:_( " )\/sz+r e+ .

Proof: The integrals can be computed by the Residue Theorem. See Lemma
8 in [6]. O

3. THE AVERAGED FUNCTION OF SECOND ORDER FOR 1 = 3

First we consider the case n = 3. We obtain easily the first averaged

function
- p(MV1I—=r2+q(r)  &(r)
2ry/1 —r2 2ry1 —r2’
where
p(r) = (n—&43bos)r? — 2eq,
q(r) = 2rtbos+2(a10—n—eo—bos)r? + 2eo,
e0 = ag2—0a20+bi1+by3s—ba1—ai2+aso+aio—bo1,
n = azo—azo, §=—ap2—bi1+az+by.

The number of zeros of fO(r) = 0 is the same as for ¢(r). Let p = v/1 — 12,
we get ¢(r) = ¢(p), where

¢ = (p=1)(2p°bo,3—(n—E+Do 3)p° +(2e0+E+n—3bo 3—2a1,0) p+2(n—a10))-
Since a1,0,€,m and by 3 are arbitrary parameters, it is clear that there can
exist three zeros of ¢(p) in (0, 1), which means that three is the upper bound
on the number of limit cycles in system (1) for n = 3, when we consider
the averaged function up to the first order. This result can be referred to
[4]. Moreover, we have the degenerated condition of (7) ey = bp,3 = 0 and
n=~&=a, ie

bos =0,a30 = azo — a1,0,b21 =b1,1 +ap2 — a2 +aio, b1 = —aio,
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such that p(r) = 0, ¢(r) = 0. Therefore, system (1) is simplified into
(10)

T

—y(1 4 z) + e(ar,0z + a1y + a2,02° + a112y + ao 29>+
(a2,0 — a1,0)2° + a1 2%y + a1 pxy® + ag 3y°),

Yy = .’1?(1 + .T) + E(bl,ol’ —a1,0Y + b2)0$2 + 51)1.’17y + b0,2y2+

b3,0$3 + (a170 +ag2 —ayo + b171)ac2y + b172my2).

In polar coordinates we have the corresponding function f(6,r). If we write
sin?@ = 1 — cos? 6, it can be written as

sin 0
11 0,r) = cosf,r cosf,r)sinf + q3(r) ——,

(1) f(0.r) = a0+ a( )+ a2( ) M1 r——
where

g0 = ajorcos20, g =1r?(—N cos® 0 + M cos?),

go =egr?cos®l +ejrcosh+ (ag,1 +bgo — ea)r? + ey,

N =2a10—a20+ag2+0b1,1, M=ag2+bi1+ao,

er =bo+ai1 —bo2+ags—az1—bso+ b1,

ez = —ap3+az1+bzo—bi2, ea=ag1+bio—ei,
and

2
g3 = e3r® +e4, e3=>bga—bi2—aps3.

Since f9(r) = 0, we know that g;(cos@,r) is always an odd function in the
variable cosf. By calculation we have

t
/ f(0,7)d = Go1(cost,r)sint + go(cost,r) + q3(r) Iy,
0

where
oo [ b s
o 1+ mrcosé r
i 1 ' Lo 2
dn = — | (go+q1)d0 = -r*(Ncos“t—2N +3M) + ay,or cos(t),
sint Jg 3 ,
t
Q2 = /qg(cos&r)sianG.
0

Hence, the first term appearing in the expression As(r) is

(12)

1 27 8(‘104-(11) _ 8(]2 o g3 - )
10 _ L ANgo+aq1) 9 0 a4 »
[ = 27r/0 ( or (G2+g3l0)+( r +5T(1+rcost))qm sin t) dt.

If ¢1(cosf,r) =0, which implies N = M = a; 9 = 0, that is,
(13) a10=0, az0=0, ag2+0b11=0,
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then f19 = 0. Moreover, in this case we have
1 2T
A = — 0,r)de.
o) = 5= [ st

Now, we assume that ¢1 (cos 8, r) #Z 0. Noting that ¢;, g;, ¢ = 1,2 are trigono-
metric polynomials , we have by a direct calculation,

o or

It is easy to know that the other integrals in f!0 can be expressed as a
combination of five basic integrals I;,i = 1,2,--- ,5 shown in Lemma 6.
Substituting them into f1°, we can obtain

. = VI o)

1 27 b 0 1
/ (M% + 601% sin? ¢)dt = Z(3N —AM)eqr.
0

where
f1 = mart+mer? —24(2a1 0+ N)es, g1 = nerS+ngr® +nor’+24(2a1 o+ N)ey
with
my = 3(364 + 463)N - 12(64 + 263)]\47
mo = 12(36’4 — 263)M + 4(1063 — 364)N + 12a270(e4 + 263),
Neg = 4(2N - 3M)€3, TNy = 8(63 - 364)N + 12(63 + 364)M) + 12(12’063,
N9 = —12(64 — 263)M — 4(1063 + 664)N — 12&2,0(364 + 263).

Next we consider the function g(6,r). We write sin?@ =1 — cos?#, and
denote

(15) 9(6,7) = L (0,1 H (6, 7).

where
cosOF +sinG  f(0,r)
(14+7cos@)2  1+rcosf

_ qu1(r) q12(r) R
B <QI0(COSG’T) + 14 rcosf + (14 rcosf)? sinf+

qo1(cos @, )

1 = Q1(cos,7)sinb + Qo(cos b, )

qoo(cos @, 1) +

1+rcosf’
with
goo = —TNcos®>0+ (N + 2ay9)cosf +rM — (N + 2a; o)/,
g1 =—(M+aio)r+ (N +2a10)/r,
qio = earcosf —es +eq,
qui = (boa —e3)r? +eq+ex — e,

_ 2
gi2 = €e3r” — ey,
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and
Hy =sinfF — cos G = Py(cosd,r) + Py(cosb,r)sin b,
where
Py = egrdcost O+ (er + ez)r? cos® 0+ay cos® 0 —esr? cosf — ay,
Py = Nr?cos® 0+ (N — 2aq0)r? cos? 0 — (a1 273 +2a4 or) cos 0 —ag 212,
with
_ 3
ag = ap,3r” +aop,
a; = egrd + (eg +eq)r,
es = bso+apsz— e,
es =ar1 —bgpo.

Hence from (8) the average of the function g(6,r) is

2

1 1 27T
(16) ¢ g(6,7)dd = /‘GM%+HQﬁmMM&
0

~ 21 o T 2nr

The function g° can be expressed as a combination of the basic integrals
I, and I; shown in Lemma 6. Substituting them into ¢° and taking into
account the parity of P;,Q;,7 = 0,1 in the variable cosf, we can obtain

1 1
17 L V1—1r2 4 = ,
( ) g 8T3m(f2(r) r gg(’l")) 87"3m¢(r)
where
fo = (temM + tenN +t60)r¢ + (tam M + tan N + tao)r*+

(8M€4 + t2nN + t2aa1,0 + t20)7"2 - 16(2&1’0 + N)€4
tem = (3ea — 8ag,3 + 4es),
ten = (—e3 — 2e2 — 3eg + 4ap,3 + bo2),

teo = —(4bo 2 — 4des + e2)ar 2,

tym = (464 + 8es — 8(10_’1 + 866),

tyn = (—264 —4eg + 4a0’1 —des + 8a0’3 - 466),

t40 —8eg + 16@03)@1)0 + (1663 — 8[)072 + 4eq — 461)@072 + 4@1)2154&,

= (

tae = (—6e3+ 2bg 2 +e1 —eq — e2),

to, = (8(10,1 — 8es + 8ez — 866),
= ( 1666 — 1665 + 864 + 16&0,1 + 1663),
= (

t2a -
—1664 + 861 — 862)@0’2 — 8041’2(61 — €2 — 364),

t20
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and
g2 = (8Mag s + 860)r% + (84mM + 540N + s40)r*+

(—8M€4 + 8o, N + $2401,0 + 820)7“2 + 16((11)0 + N)€4
se0 = 8ai,0a0,3 + (8es — 8bp2)ao,2 + 8a1,2(—2e3 + by 2),

S4m = (8&071 — 866 — 865),
San = —8ag,3 + 8es
S40 = S4a@1,0 + Sapo,2 — 8ai2(e1 — 3es + boa — 2e4 — €3),

S4q = (8@0’1 + 16e3 — 8es — 8eg — 16&0’3),

Sqp = (861 — 8e4 + 8()0)2 — 8ey — 1663),

Son = (—8e4 — 8ag,1 + 8e5 — 8es + 8eg),

$20 = (862 — 861 + 1664)0,0,2 + 8&172(61 — €3 — 364),
S2q = (1666 - 16(10,1 — 1663 + 1665 - 2464).

The functions fs and gy are two even polynomials of degree 6 in the variable
r. In the view of (14) and (17), we get

(18) A :(2f1—|—3f2)\/1—7"2—|—2gl+3gg: q’(’l")
’ 2431 — 2 24r3yT 72

4. PROOF OF THEOREMS 4

Using the second averaging theory, it is easy from formula (18) to know
that the number of simple zeros of ®(r) in (0,1) is equal to the number
of limit cycles bifurcating form system (1) considering up to second order
averaging function.

Proof of statement (a) of Theorem 4 : Condition (13) implies that as g =
M = N =0. So, f1° =0 and we have the function

— 1)2 N
Ay =0 = — (p b(p),
2=49g 8p T2 2 (p)
where
(;g(p) = a172(4b0_2 — 463 + 62),03 —+ (8([)0_’2 — 63)(1072+2(62+463)a172)p2+

(4(2b072+62 — 61)&0,2—5—(463 —3eq —4dey — 4b072 +461)a172)p+
8(63 - 64)0,072 + 8(64 — 63)&1)2.
Hence by the second averaging theory, system (1) has at most 3 limit cycles.
Moreover, note that the following facts,

(i) e;i=1,2,3,4 and by 2 can take arbitrary values because they are
formed by different coefficients a; ; and b; ;;
(ii) ao,2 and a; 9 are not included in e;,7 = 1,2, 3,4.
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Thus, bp 2, e2,e1 and e can allow to choose the coefficients of (;AS(p) arbitrar-

ily. Hence ¢(r) can have at most 3 zeros in (0,1). Hence system (1) can

have at most 3 limit cycles. This completes the proof of statement (a). O
For example we can take the system

. 1 43
i o= —y(l+a)+eGy* + 2y’ + ),
) 1 13 21 .
y = x(1+$)+5(*zz2*ixyfzyzfjfsfﬁy),

which satisfies the degenerated condition (13), f* = £ =0 and

Bp) =320~ Do~ 5)p ).

Hence, this system has at least 3 limit cycles near p = 1/4, p = 1/2 and
p = 3/4 for £ small by the averaging theory of second order.

Proof of statement (b) of Theorem 4 : If we write v/1 — 12 = p, we can
know that

1 —1)3(p+1)
(19) Ay = 104 ¢° = W‘I’(P),

where @(p) is a polynomial of degree 3 in the variable p. We are only
interested in the zeros of As(p) with p € (0,1). Note that f19 and ¢° are
given in (14) and (17), respectively. More exactly,

3
®(p) = (3cspar,o0+ 3cs2a2,0+ 3¢ 3(a02 + bi,1) + 3¢z aa12)p° +
2
(c2,1a1,0 + c2,2a2,0 + C2,.300,2 + €34a1,2 + 2¢2.501,1)p" +
(c1,101,0 + €1,2a2,0 + €1,300,2 + C1 4012 + c1,5011)p +

24(2a1,0 — az,0)co,1 + (a1,2 — ao,2)¢o,2,
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where
€31 = —ag3+bi2+az1—bso,
€32 = —ag1+2b39— aoz3,

c33 = —2ag3+bi2+bso,

€34 = —ag1 — 3b12 —3a03 — b3,
Co1 = 50&073 + 14b1,2 — 8()0,2 + 6a2’1 — 6()3,0,
C22 = —6&2,1 + 16[)072 - 16b172 — 22040)3 + 12()3’0,

0273 = 8b072 - 200,0,3 — 261)1,2 + 61)3707

co5 = 2ag3+4bg 2 + 3b30 — b1 2,
Coq4 = —24b0’2 + 30()1’2 - 6a2’1 + 300,073 — 6b3’0,
€11 = 3(1271 - 47(10,3 + ].le,() + 44b072 - 41b172 + 96370 - 12b270 - 126011,

Cl2 = 126071 — 3&2,1 +25a073—24b170—18b3,0 — 16bo,2+24b270+166172,

13 = —33bs0+24bs 0+26a0,3—24a21—32bo 2 + 12a1,1—12b1 o + 23b1 2,
c1,a = 24bg2—24bs 0+33a2,1—24a1,1 — 21ap 3+33b3 0 — 21b; 2+12my,
mo = ap1+ b1,

c15 = —bia+2ag3— 12010+ 4bg,2 + 12029 — b3 0,

Co,1 = Q1,1 —a21 — @o,1,

Co2 = G171+ b2,0 —ap,1 —a2,1 — bl,() - b3,0~

Hence the second averaged function can have at most 3 zeros in (0, 1). Next,
we take a1,0 = ag,0 = a1,2 = b1,1 = 0. Then we have

(20) D(p) = ap2(3c3,3p° + ca,30° + 1,30 — Co,2).

It is easy to check that there are enough coefficients a; ; and b; ; such that
the coefficients cg 3, 2,3, ¢1,3 and ¢g 2 of function (20) are arbitrary. O

For example we can take the system

937
—y(l+a)+e(—y+y° +14°),

T 24
. 467 116
y = x(l—l—x)—i—a(—?x—i—ﬁy—i— ?1‘3)
Then formula (19) becomes
N 1 1 3
(p)=320p— p—=)p—"2).
(p)=32(p = =)= 7)

Hence, this system has at least 3 limit cycles near p = 1/4, p = 1/2 and
p = 3/4 for ¢ small by the averaging theory of second order.
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5. PROOFS OF THEOREMS 2 AND 3

Proof of Theorem 2 : For n = 1 we can obtain easily the first averaged
function
fo . (bo1 —a10)V1—1r2+ bo,17”2 +aio—bo1
- s |
Writing p = v/1 — 72, we have

0 L—p
= p\/ﬁ(bo,lp +a1y).
It is clear that f° has a unique root in (0, 1), when we consider the averaging
theory of first order. Then if by,; = a;1,0 = 0, we need to consider the second
averaged function As(r). We say Aa(r) = 0, because the singular point
(0,0) is a center having the first integral
H(‘T7 y) =

:172+y2 )
= 9 +€(a0,1 +b170)x+€(5a071 +€a071b1,0 — bl,O — aovl) ln(l +x — 80,071).

In fact Theorem 2 is proved. O
For n = 2 the first averaged function is

- (26 +2(8— &+ 2a)V1 =12 +2(B— €+ a)r? +2(£ — B —2a)
2ryv/1 — 72 ’
where o = ag0 —a1,0, 8 = bo,1 + a10 and § = ag2 + az, + b1,;. Taking

V1 =12 = p, we have

0 I—p 2
f 2p\/m(ﬁp + (28 — £+ 20)p — 2a).
Since o, # and ¢ are arbitrary parameters, it is obvious that f° can have
at most 2 zeros in (0,1), which means that system (1) for n = 2 can have
at most two limit cycles by averaging theory of first order. Moreover, we
consider the averaged function up to second order. From the degenerated
condition of (7), we have a = 3 =¢ =0, i.e.

a1,0 = azp0, bo1=—aso, b1 =—(az0+aoz2).
Hence, system (1) is simplified into
(21)
i = —y(l+2z)+e(asor+ aory + azox? + a2y + ao2y?)
v = z(1+z)+e(bior — azoy + b2ox? — (ap2 + az0)zy + bo 2y?).

Proof of statement of Theorem 8 : From (11) we get the function f(6,r)
with

qo = a1,0rcos20, ¢ =0, go =nrcosd —, gz =bo2r*+7
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where
n=ai1+bao—bo2, d=b1o+ap1, y=n—20
Then, by formula (12), we can obtain

a
11 = 5= (22 =) + 40V = 24 1o 5 + (37 = 2bo,2)r" — ).
T —T

If ¢1(cos(f,7) = 0, i.e. azo =0, we have f!©=0. Then Ay = ¢°. In the
same way as before, we have rg(6,r) = Hy Hy, where

H, = % = Qo(cosb,r) + Q1(cosb,r)sinb,
with qo + ¢ n+ q
o+q 3
Qo= 1+7rcosf’ Qu=mn- 1+7rcos®  (1+rcosh)?’
and
Hy = cos0G — sinF = Py(0,r) + P1(0,7)sin6
with

Py= nr?cos® 0+ 6rcos® 0 + (bao — n)r?cos + (byo — )r,
P = —(2a2,0r%cos® 0 + 2as o7 cos 0 + ag or?).

Applying formula (16) and the integrals Iy, Is and I of Lemma 6, we get

1
0 _ _ 4 2 .2 4 2
g = 4T3m((t47“ +tar® +to) V1 — 12 + s47% + 5217 + 50),
where

ty = (2bo,2 —n)ao,2 — 2bo,2a2,0,
ta = (674 20)ao,2 — 2a2,0(37 — 2bo,2 + 2b1,0 — 2b2)),
Sq4 = (25 + 4’}/ — 2b072)a072 — 2&2,0(131,0 — 2b072 — bg,o),
S92 = 7(6"}/ -+ 25)0,0’2 -+ 2&270(21)170 — 21)0,2 — 2b270 + 5’)/),
tg = —s9=8az,07.

If as o = 0, taking p = V1 — r? we easily get

(22) A= g0 =22 op ok oty + b)),

2p4/1 — p?

Since by 2,n and v can be chosen arbitrarily, the function A, may have at
most 1 zeros in (0,1). If ag g # 0, the second averaged function becomes

g =07
2p+/1—p?

It is easy to check that ag,g, by 2, 7 and «y are arbitrary parameters. Hence
As can have also at most one zeros in (0, 1). O

((a0,2(2bg,2 —1)—2bg 2a2,0) p—2(a1,1+b1,0)a2,0+2a0,2(V+bo,2))-
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6. PROOFS OF THEOREM 5

For n = 4 we can obtain easily the first averaged function

o _PaWVI— P talr) _ o)
8rv1 —1r2 8ry/1— 12’
where ps and g4 are two even polynomials in r of degree 4. Writing p =

V1I—=72, we get ¢(r) = ¢(p), where

f

¢ = (p—1(cop* + c1p® + cap® + csp — cu),
co = 3a04+ a22+ 3a40+ b3 1 + 3by 3,
c1 = a2 —5b13+b31+8bp3—baga+ a4,
co = 4byq+4ar2 —4bi1 —5bs + b1z —4by 3 —4aso —
Tago + 4aso + ag.4 — dag e — 4ag 2,
cs = (—4bos—4ba1 +b13— Taso+ 3az2+3bs1 —8bg1 +
4b1 1 + 4dao2 + ap,a — 4as o — 4a1 2 + 4asy),
ca = 8aio+8azo— 8as,+ 8asp.
Since the coefficients ¢; are arbitrary for ¢« = 0,1,--- ,4, the function g?)(p)

can have at most 4 zeros in (0, 1), which means that system (1) for n = 4 can
have at most four limit cycles by averaging theory of first order. Moreover,
if the first averaged function vanishes, we get the degenerated condition (4)
from ¢(p) = 0. Using (4) system (1) can be simplified into
(23)
@ = —y(l4+x)+e(ar0z + a1y + (b21 + (—aso + a0+ az )z +
ap1zy +ap 2 —big + 3bo s + 3as0 — a10)y® + asor3+
a120y? + az 2%y + ao 3y> + (b1 3 + as0xt + ag szy>+
(=3bo,3 — 3as,p — bs1)x*y? + as 123y + bo3)y?),
y = $(1 + .73) + E(bLol‘ —aioy + b270$2 + bl,lxy + b072y2 + b370.733+
bioxy? + bo12%y + bo 3y> + ba ozt 4 bi 32> + b px?y?+
bz 2%y + bo.ay?).

From (11) the function f(8,r) is given by

1 1
G = 5(b073 + a4,0)r3 cos 40 + 5(@4,0 — b073)r3 cos 26 + ay or cos 20,
@ = (as,0— aa0— ns)r? cos® @ + nsr? cos 0,
g = ngricos®+ (no + n4)r2 cos? 0 +

(n1r3 + (b1,0 + ap1 — no)r) cos 6 + nar? + ng,

g3 = boar* + (boo — n2)r? — ny,
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where
ng = a1 —aop3—bio+bso—nz—ny,
ny = a3 — 2bg 4+ b2,
ng = bia—ay13—bya+ags+ 204,
ng = —ayz+as; —baa+big+boy,
ng = ai1—bo2+bao—ao1—bio,
ns = 3bos 4 b1+ a1+ 3a4,.

Moreover, from (15) we rewrite the function g(¢,r) into the form rg(0,r) =
HiH,, where

0
H, = % = Q1(cosf,r)sinf + Qo(cos b, 1)
a1 d12 . do1
0 _dor
(Cho + 1+ rcos + (1+rcost9)2> SIn G+ goo -+ 1+7rcosf’
Hy, = cos0G —sinfF = Py(cosb,r) + Pi(cosb,r)sinf.

After computing, we have that
qoo = 4(bo3+ ag)r?cos® O+ (¢ + 2ay,0)rcos? 0 —

((30,4,0 + 5[)073)7“2 + C) cosf + (3&470 + 5()0,3 + 77,5)7“ + %,

1
o1 = ;(50,37“4 — (3a4,0 + 15 + 5bo 3 + a10)r* — ¢),
G0 = ngrlcos?f+ orcosf + nqr? +b1,0 + a1 + 0 — ng,
g1 = (n2—n)r’+2ng+0—bio—aga,
q12 = boar* + (bo2 — n2)r® — ng,
¢ = a30—5as,0—ns —4by3 — 2a1,0,
o = mng—n3g+ng,
and
Py = (m3+me— b470)r4 cos® 0 — (a3 + b3 o + my)r cost 6 —

((m3 + 2ma2)r* + (mq + bao)r?) cos® 0 + (r*mg + r?my) cos 0 +
(myr3 — (@o,1 + b1,0)7) cos? 6 + CL073T3 + raga

P = 4soricos® 0+ 5173 cos® 0 + (sort + (51 — 4sg + 2a170)r2) cos? 0 +
(7’3(01’2 —bo3)+2ay07)cosf + (—by 3+ b0,3)7"4 +

2
(ag,o —s1 — b1 +bos+3sg —a1,0)r",
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where
so = bos+asp,
51 = aso+bos—ai2—ba1,
s = b1z —0b31—5by3— a4y,
mi = a1 — bopo,
my = a1z —boya,
m3 = bya—azpq,
ms = a1 —bio—2a03.

Again applying formula (16) and the integrals Iy, I, I5 and I of Lemma
6, we obtain the averaged function of second order with respect to system
(23), more precisely

fsvl—r2+gs _ ®(r)

96r3v1—12 96131 —r2’
where f3 and g3 are two even polynomials in r of degree 8. In order to
evaluate the number of zeros of function (24), we write r = y/1 — p2, and
have ®(r) = ¢(p), with

(24) Ag =

(25) o= (p—1)%p(p),

where ¢ is a polynomial in p of degree 7. Hence, system (23) can have
at most 7 limit cycles by averaging theory of second order. This number
coincides with the upper bound 2n — 1 given by n = 4 in [6]. The functions
® and ¢ can be computed by Maple, we omit them here because they are
very large. We claim that the upper bound 7 can be attained doing an
example.

For example we can take the system

i = —y(l+4a)+e(—z— 4022055 _9p2 4 831173030, 16?’(7)32(2)21 3
2, 4 964825019 .3 %%1%7463
—6ay” + % — 506 Y — a0 y’
i = 2(l4+2)+e(y+ay— 172061512 | 13712275 23+ P — 6ady—
2703%?%31 2.2 672 65009403, 4
“10032 1Y +xy ~ 6638 )-

Then it is easy to check that function ¢(p) in formula (23) is

2 3 4 5 6 7

¢ =131072(p — %)(P - g)(p - g)(p - g)(p - g)(p - g)(p - g)-

Hence, this system has at least 7 limit cycles near p = 1/8, p = 2/8, ---,
and p = 7/8 for € small by the averaging theory of second order.
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