CONVERGENCE OF SINGULAR INTEGRALS WITH
GENERAL MEASURES

PERTTI MATTILA AND JOAN VERDERA

ABSTRACT. We show that L2-bounded singular integrals in metric
spaces with respect to general measures and kernels converge weakly.
This implies a kind of average convergence almost everywhere. For
measures with zero density we prove the almost everywhere existence
of principal values.

1. INTRODUCTION

Singular integrals with respect to general measures in R™, and also in
metric spaces, have been studied widely, see, e.g., [C], [CW], [D1], [DS],
[M], [P], [Ve] and [V]. In this paper our setting is a separable metric space
(X, d) with a finite Borel measure p and a Borel measurable antisymmetric
kernel K: X x X \ {(z,y) : # = y} — R. Antisymmetry means that

K(IL’,y):*K(y,I) fOI‘I,yEX, x#y

Moreover, we shall assume that K is bounded in {(z,y) € X x X : d(z,y) >
0} for every 6 > 0. We shall also always assume that Vitali’s covering
theorem is valid for p and the family of closed balls. Although this is not
automatically true even when X is compact, it is true for example if X = R"”
or 4 is doubling, see, e.g., [F, Section 2.8].

The singular integral operator 7' associated with p and K is formally
given by

T(f)(x) = / K (. 9) 1 (y) dyay.

The problem which appears already in all classical cases such as the Hilbert
transform on R, i.e., K(z,y) = 1/(y — z), is that usually this integral
does not exist when = € spt u, the support of . When p is the Lebesgue
measure L on R" and K is a standard Calderén-Zygmund kernel, this can
be overcome by defining

(1) T(f)(x) = lm T.f(2),
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where
L@ = [ K du.
X\B(z,e€)

Here B(z,¢€) is the open ball with centre z and radius e. In such a case the
limit exists trivially for smooth functions due to cancellations, and by the
denseness of smooth functions in L*(£") standard techniques can be used
to show that it exists almost everywhere for L!-functions f. For general
measures this approach fails. Unless p has strong symmetry properties
around points in its support there are not enough cancellations to guarantee
the existence of the limit even for constant functions. However, when K is
antisymmetric one often defines T'(f) as a distribution by

L2 (T().9) = (1/2) / K(r.y)(f(@)g(y) — f(n)g(x)) dua dpy

when f and g are bounded Lipschitz functions, see [C] or [D1].

A central concept in the theory of singular integrals is the boundedness
in L2. This can be formulated in several ways which all agree in the classical
case of Calderén-Zygmund kernels and the Lebesgue measure. One way is
to say that the distributionally defined operator T', as in (1.2), is bounded
in L?(p) if it has a bounded extension to L?(u) — L?(p). Another way is
to require that the truncated operators T,, ¢ > 0, are uniformly bounded
in L?(u1). This agrees very generally with the boundedness in L?(u) of the
sublinear maximal operator T*:

(1.3 T (f)(a) = sup [T.(£)(x)].

see [NTV].

A natural question is whether the L2-boundedness forces the limit
lime o T.(f)(z) to exist for p almost all z € X. One would expect this
to be true at least if p is an m-dimensional Ahlfors-David-regular measure
in R™:

™ /C < p(B(z,r)) < Cr™ for x € sptpu, 0<r < diam(sptp),

and K is the vector-valued Riesz kernel |z — y|™™ !(z — y). In fact, by
a result of Tolsa, see [T1], this is true when m = 1 even for much more
general measures, but the proof is based on very special relations with the
kernel x/|z|* (essentially the Cauchy kernel 1/z for z € C = R?) and the
so-called Menger curvature. We shall discuss some relations of this problem
to rectifiability at the end of the paper. And we shall mention some kernels
for which L?-boundedness does not give the almost everywhere convergence
of principal values.

In this paper we prove some substitutes for (1.1) under the L?-bounded-
ness:
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1.4. Theorem. Suppose that T* (defined by (1.3)) is bounded in L?(u), that
18, there exists a constant Cy such that

(15) [rwran<ca [ 7

for f € L?(u). Then the truncated operators T. converge weakly in L*(p),
that is, there exists a bounded linear operator T: L?*(u) — L?(u) such that
lim [ Te(f)gdu = /T(f)gdu

€E—

for f,g € L?>(u). Moreover,

1

7)) =l s | » /. o K0 S iy dp

for u almost all z € X.

So even if we don’t know that T'(f) would exist as the limit of the simpler
integrals T¢(f), we know that it is almost everywhere the limit of the more
complicated but still concrete integrals of Theorem 1.4.

Observe that with some natural estimates the limit operator T satisfies
(1.2). This is so if, for example,

/ |K (2,y| d(z,y) duy duz < oo,

as one easily checks. In many cases also the converse in the first part of
Theorem 1.4 is true. Namely, by the Banach-Steinhaus theorem the weak
convergence implies that the truncated operators T, are uniformly bounded
and, as said before, often this is equivalent to the L?-boundedness of T*.

We prove Theorem 1.4 in Section 2. We first establish the weak con-
vergence. Then we deduce from it the average converge using Lebesgue
differentiation theorem. We shall also indicate in Section 3 another way of
getting the average convergence via the martingale convergence theorem.

In Section 4 we apply Theorem 1.4 to prove the following result on the
existence of principal values for measures with zero density:

1.6. Theorem. Suppose X = R™ or p is doubling. Let h: (0,00) — (0, 00)
be an increasing function such that lim, o h(r) = 0, h(2r) < Ch(r) for
r >0 and that forx,y € X, z # vy,

1
(1.7) K (z,y)| < m’
and for z € X, z # x with d(z,y) > 2d(y, z),

— €,z M
(1.8) K@ y) - K(2.2)l < ge= )
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Suppose also that for all x € X and r > 0,

(1.9) u(B(w,r)) < h(r)
and for wu almost all x € X,

_p(B(x,1)
(1.10) Thi% T 0.

If T*: L*(u) — L2(u) is bounded, then for f € L'(u) for p almost all
reX,

i T.(/)(2) = T(f)(x)
where T is the weak limit operator of Theorem 1.4.

Note that originally T'(f) was only defined for f € L?(u1), but under the
assumptions of the theorem it has a unique extension to L' (1) because we
have the weak L!'-inequality: for ¢ > 0,

(1.11) p(fz e X [T (f)(@)] > t}) < Ol /¢

For the doubling measures in metric spaces this was proved in [CW] and
for general measures in R™ in [NTV]. The assumptions on the kernels in
[NTV] are not quite same as above but it is easy to check that the proofs
can be modified.

Rather often the growth condition (1.9) is a consequence of the L? bound-
edness of T* (see [D1, p. 56].

For general kernels K as above the assumption (1.10) is necessary as an
example of David, which we discuss at the end of the paper, shows.

2. PROOF OF THEOREM 1.4

Let B be a closed ball in X. We denote by x 4 the characteristic function
of a set A and by A€ its complement in X. We have for all € > 0 (1 denotes
the constant function identically 1),

/Te(l)XB dp = _/TG(XB)dM = —/ Te(xs) dp,
because by antisymmetry
/ Te(xB) dp = 0.
B

Clearly, for all x € B¢ there is the limit (since B is closed)

T(xp)(w) = 21_{% Te(xB)().
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As |T.(xB)| < T*(xB) € L'(u), the dominated convergence theorem
yields that

21 lm [ T(Oxpdp=—lim | T(xp)dp = —/ T(xp)dp.
e— €e— Be c

Call S the dense subspace of L?(p) consisting of finite linear combinations
of characteristic functions of closed balls. (It is easy to verify that S is dense
since we assumed Vitali’s covering theorem for p.) Fix f in L?(u) and take
bin S extremely close to f in L?(u). Then for 0 < € < 6,

/ (T5(1) = T.(1))f du= / (T5(1) — T()(f — b) dyu+ / (T5(1) — T.(1))b du.

By (2.1), the second term goes to 0 as § — 0. For the first term we have
by the Schwartz inequality and the L?-boundedness (1.5) of T,

\ / (T5(1) — T.(1))(f — b) du‘ <||Ts(1) = T.(D)|l2]]f — bll2
< 2| T* (V)] = bll2 < 2(Cop(X))2 [ f = bl|a,

which we can make as small as we want. This gives that the finite limit

lim [ T.(1)f dp

€E—

exists for all f € L%(p).
Let again B be a closed ball and f € L?(u). Then for € > 0,

/TG(XB)fdu=/B/B\B( )K(x,y)duyf(w) dux

wf ] K dugf(e) ds,
¢ JB\B(z,e)

Applying what we proved above to the measure xppu we conclude that the
first integral converges as € — 0. The second integral converges again by
the dominated convergence theorem, since

/ K () duy ()] < T*(xs) (@) @)]
B\B(x,e¢)

and T*(xp)f € L*(n). Then also

lim [ T.(b)fdu

e—0
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exists for all f € L?(u),b € S. Arguing as above with the L2-boundedness
we find that

lim [ Te(9)f dp

€—

exists for all f,g € L?(u). This yields easily that there exists a bounded
linear operator T: L?(u) — L?(u) such that

/ T(g)f du = lim / T.(9)f du

for all f,g € L?(u), and we have established the required weak convergence.
Let B = B(z,r) be an open ball with y(B) > 0. Using the antisymmetry
of K we have for all € > 0,

/ To(fxse) di = — / FxseT.(xs) dy
B
= —/fTe(XB)dM+/fXBTe(XB)dM

- / T.(f)dp+ / (f — f5)Te () dus
B B

where fp = ﬁ [ fdp and [, Te(xB)dp = 0. Letting € — 0, we obtain
for the weak limit operator T,

/B T(fxse) dp = /B T(f) dyi + /B (f - f5)T(xz) du.

Dividing with u(B) = u(B(z,r)) and letting » — 0, we have for u almost
all z for the first term of the right hand side by the Lebesgue differentiation
theorem,

1

limy s /B T =T(G)

and for the second term by the Schwartz inequality, L?-boundedness of T
and the Lebesgue differentiation theorem,

1
hmi/ F = P30 Tt (emy) di = 0.
P WBEr) Jon !~ TP TN

On the other hand,

@ = [ K = [ K fw)
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as € — 0 for z € B with |T.(fxpe)(z)| < |T*(fxB)(z)|, and so by the
dominated convergence theorem,

/T(fch)du=lirrg)/ Te(fXBC)d,u:/ K(z,y)f(y) duy dpz.
B € B B J B¢

Combining the above equations, we obtain
1
i s [ K@i duydue = 75()
r—0 IU’(B(’Z7 ’I")) B(z,r) J B(z,r)°
for p almost all z € X. This proves the theorem.
For further reference we record for every ball B,

(2:2) [ rau= [ 10cdu=— [ 7o)
which follows as in the above proof.

3. MARTINGALES

We introduce a general nested system of sets. Standard examples are
dyadic lattices of cubes in R™. For each k € N = {1,2,...} let Dy be
a countable disjoint partition of X into p measurable sets D such that
#(0D) = 0. Let D = U Di. We assume that the system {Dj} is nested
in the sense that every D € Dy is contained in some D’ € Dy. Then every
D’ € Dy, is a disjoint union of sets in Dy, 1.

Suppose that T* is bounded in L?*(u). Let f € L?(u) and D € Dy. As
1(0D) = 0 we have for p almost all x € D,

K(w,y)f(y) dpy = lim K(z,y)f(y) dpy.
De €~V JDe\B(z,¢)

Moreover,

ST (fxpe)(@) <T*(f)(x) + T*(fxp) (@)

/ K(z,y)f(y) duy
De\B(z,€)

If also g € L?(u) we get by the dominated convergence theorem

(3.1) /D
< [ (Dlaldn+ [ T (ool d < .

Suppose now in addition that f is non-negative. Then by (3.1) we can define
for k € N,

s = ([ sa) [ [ K ) des o) s

K(z,y)f(y) duyg(z)
DC

duzx
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when z € D € Dy, where we interpret S f(z) = 0 when z € D € Dy with

Jp fdu=0.
Let v be a finite Borel measure on X such that

B)=/deu

for Borel sets B C X. Let Ay be the o-algebra generated by Dj. We shall
check that (Sif, Ax) is a martingale (with respect v).

Let D € Dy and let Dy, Ds,... be the sets in D41 which form the
disjoint partition of D. Then

S dv = / S dv
/D k1S zl: . k1S
= Z/ / K(z,y)dvydvz dv
DC
= Z/ K(z,y)dvydve
i i /DY
—Z/ Z/Kwyduyduw

Jri#£j

—|—Z/ nyduydvx

:O+/ / K(z,y)dvydvz,
D n\D

where 0 comes from the antisymmetry of K. This gives
L/S fdv=_8,f(z) for z€ D
2D )y k+1 = Ok

and implies that (Sif, A) is a martingale.
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Now we check that the martingale (S f, Ax) is L (v)-bounded. We esti-
mate using (3.1), the Schwartz inequality and the L2-boundedness of T*,

‘/Skfdu

K(x,y)dvy dvx I/(D)‘

DeDy, D JDe

/ K(z,y)f(y) dpy f () dp
D(‘

DeDy,

> (/DT*(f)fduﬂL/DT*(fxD)fdu)

DeDy,

> ((fowra) ™ (frw)”
# ([ >”2 (] #a) )
<D§k<</Lj<T*<f>2du)l/2 (o[ 7 du>1/2>< [ra)”
(5 firra)”
(Zohra) ) (zhra)
((Jrora)” (e ra)”) (] ra)”

<2c)/? / 12 du.

IN

IN

IN

This proves the L!'-boundedness. Hence by the martingale convergence
theorem (Sy f(z)) converges for p almost all z € X.
Now we assume also that

(3.2) klim sup{diam(D) : D € D} = 0.
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We define for f € L?(u), k € N,

@) = [ [ K@@ duydue when 2 € D e D,

where Ay f(z) =0 if u(D) = 0. Using the convergence of (Si f(z)) we shall
now verify that for f € L?(u) there exists the finite limit

(3-3) Tf(z) = lim Ayf(z)

for p almost all z € X. Clearly, we may assume that f is non-negative.
Moreover, since Ag(f) = Ar(f + 1) — Ax(1), we may assume that f > 1.
To prove (3.3) for such an f, write fp = ﬁfodu for D € Dy, with
w(D) > 0. Then by (3.1), the Schwartz inequality and (1.5) we have for
z €D,

|Skf(2) — Arf(2)]

</Dfd“>_l/D . K(z,y)f(y) dpy (f(z) — fp) dpa

o ([ polaws [ Txos - oldn)

5 (( / T*(f)2du>1/2
([ T*(fxD)2du>1/2> ([u-mr du)1/2

< (MID) (2 [ aur+ Con)du>1/2 (M(lD) -y du>1/2> |

Here for p almost all z € X as k — oo, the first factor goes to
212(T*(f)(2)? + Cof(2)?)'/2, and the second goes to 0. Hence Sy f(z) —
Arf(z) — 0, which proves (3.3) for non-negative functions f € L?(u) and of
course then also for all f € L?(pu). Moreover, T': L?(u) — L*(p) is bounded.

To get from this the average convergence with balls one needs to ap-
proximate balls with nested systems. At least in R™ this approximation
procedure can be done with dyadic cubes. The argument is quite technical
and will be omitted.

IN

IN
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4. PROOF OF THEOREM 1.6

We shall first make two reductions using the weak type inequality (1.11).
Firstly, we may assume that f = 1. To see this, note that we may of course
assume that f is non-negative. Bounded functions f such that f > § for
some § > 0 are dense in the space of non-negative L!(u)-functions, whence
standard techniques (as for (4.1) below) allow us to assume that f is such
a function. Replacing u by fu gives then the reduction to f = 1.

Secondly, we may assume the uniform condition

(4.1) w(B(z,r)) <n(r)h(r) < h(r) forx € X, r>0,

where 7 is a non-decreasing function such that n(r) — 0 as r — 0. To see
this, we use Egoroff’s theorem to select closed sets Fy,k = 1,2,..., such
that u(X \ Ex) < 1/k and p(B(x,r))/h(r) — 0 as 7 — 0 uniformly on Ej.
Then using (1.11) we have for all ¢ > 0,

p{z lirgi%p ITe(L)(z) — T5(1)(x)] > t})

= pl{r s imsup [7,(1 = x5,)(x) = To(01 = X (@)] > 1)

< p({z: T7(1 = xp,)(x) > t/2})

provided the limit lim. o Tc(x g, )(x) exists for p almost all x € Ej. (It
exists also for all # € Ef since Ej is closed.) That is, if we have the
convergence for the measures x g, u, which satisfy (4.1), we have it also
for p. Then it is easy to check that the limit must be T'(1)(x) p almost
everywhere.

Thus it is enough to prove that lim._o7(1)(a) = T(1)(a) for p almost
all a € X assuming (4.1). It is enough to consider points a € X such that
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Let 0 < § < 1/2 and choose p > 1/§. Using (2.2) we can write for € > 0,

1
MMmmZ;@“”W

= / K(a,z)dux
B(a,pe)\B(a,e)

1
+/ K(a,x) dpx + 7/ T(XB(a,e)) d1t
B(a,pe)© M(B(ave)) B(a,pe)© (@9

¢(e) :=Te(1)(a) —

1
+ 7/ T(X a,e )dﬂ
,U,(B((Z,G)) B(a,pe)\B(a,e) Bled

= ¢1(€) + p2(e) + ¢a(e),

o1(e) = / K(a,z)dpx,
B(a,pe)\B(a,e)

1
10) e:/ K(a,x d/wc—i-i/ T(XB(a,e)) A1t
2() B(a,pe)© ( ) :LL(B(a>E)) B(a,pe)© ( Bla9

and

1
bs(e) = 7/ T(XB(a) dit.
3() M(B(a’76)) B(a,pe)\B(a,e) ( pla ))

The first term ¢, is easy to estimate:

|¢1(e)]

/ K(a,x)dux
B(a,pe)\B(a,€)

_ H(Blape) _ o nlBlese)
h(e) h(pe)

by (1.7) and (1.10) for sufficiently small e. Here and later C for ¢ > 1
denotes a constant such that h(gr) < Cyh(r) for r > 0. We estimate ¢
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using (1.8) and (4.1),
|92 (€)]

1
K(a,z d/w:+7/ T(XB(ae)) dit
/Bm,pe)u (D) Ut B ) Sapeye P

w3 Dol
— K(a,z) d/wc—/ K(y,z)dpx | dpy
M(B(aﬂ 6)) B(a,e) ( B(a,pe)© B(a,pe)c

oy
/BW / (peye A, 2)h(d(a, 2)) Y

p(B(a, 2 pe))
2ipCy 1h(2l+1 €)

oo i+1
<e Z wlBla, 2" pe)) <2 < 2Ca/p < 2020,
=0

2ipeh(2%pe)

OMS

To estimate ¢3 we first show that at almost every point p is doubling
at some small scales. Then we only need to treat the case X = R". More
precisely, let C' > 2C5 be a constant and let F' be the set of those a € R™
for which there exists €, 0 < € < 1, such that

1(B(a,2 %)) > Cu(B(a,2 %€ for k=0,1,... .

We also assume that C' > 27!, We show now that u(F) = 0. To prove
this we may assume that the support of u is bounded, say spt u C B(0, R).
For a € F let € = €(a) be as above. Fix a big positive integer m and pick
for each a € F an integer k(a) > m such that for k > k(a),

CF < (27%¢(a)) .

By Vitali’s covering theorem we can find disjoint balls B(a;,2 %¢;) C
B(0,R) with ¢; = €(a;) and k; > k(a;) which cover p almost all of F.

Then
Sz,u( (ai, 27 e <ZC B(a,€;))

< Z (27%e))" T u(R™) < R™27 ™ u(R™).

Letting m — oo we get u(F) = 0.
Let now a € F° and 0 < € < 1. Then there is k =0, 1,..., such that

p(B(a,2'*e)) < Cp(B(a,27%¢))
and

w(B(a,2 7€) > Cu(B(a,277€) for j =0,...,k—1

7
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whence
w(B(a,279€)) < C I u(B(a,e) for j=0,...,k — 1.

Let ¢ = 27%¢. Then u(B(a,2¢)) < Cu(B(a,€)) and, since C > 2Cs, we
get

Te(1)(a) — a)| < Z|T21 ie( — Tr-5c(1)(a)|

/ |K (a,z)| dpx
B(a,2'=7€)\B(a,2 7€)

when € is small enough. Consequently,

0(e) = ¢(e)] < |Te(1)(a) — T, (1)(a)]

1 1
W(Ba,0)) /B(a,q T = Blae) /BM T dy

when € is small enough. Now we estimate the average of |¢p3(t)| over [e1, 2¢;]

+ <é

by
2€1
o estona
e / J
<f — |K (z,y)| duz dpy dt
1(B(a;t)) JB(apt)\Ba,t) JBlat)
/// — = |K(z,y)|dpx dpy dt
A 1(B(a,t))
where

A={(z,y,t) : d(z,a) <t < d(y,a) < pt, e; <t <2}
C{(z,y,t) : d(x,a) <261, d(y, a) < 2pey, d(z,a) <t <d(y,a)}.
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Thus by Fubini’s theorem, (1.7) and (4.1),
1 261
= mla

€1 €1

1 / / Koy d(y,a)
K(zx,y dt dux dupy

61u(B(a,€1)) B(a,2pey) J B(a,2¢1) d(z,a)

i
= — K(z,y)|(d(y,a) — d(x,a)) duy dux

e1ji(B(a,€1)) JB(a,2er) B(a,2p51)‘ (@ 9)l(dly, o) = d(@,a)
1
(

— K(z,y)|d(z,y) dpy dux
e1pu(B avel))/B(a,Qsl)/B(m,Z(p+1)51)| (= 9)|d(z.y)

IN

IN

IN

Y|
K (z,y)|d(z,y) duy dux
e1p(B(a,€1)) B(a,2¢1)5=0/B(z,2' =i (p+1)er )\ B(z,27 i (p+1)e1)

1 / 2 (p 4+ Degu(B(x, 28 (p + 1)eyr))
e1p(Bla, 1)) JBa,2e,) = h(27%(p + 1)e1)

IN

duzx

oo

LS e s Do)
elu(B(a,el))iZO h(27%(p + 1)e1)

< 4C2(p + Dn2(p + 1)er))p(B(a, 2€1))
- w(B(a,€1))

when e is small enough. So there is €3, €1 < €5 < 2€7, such that |¢p3(ea)] < 4.
Then |¢(e1) — Pp(e2)] < § as above and so

[¢(e)] < o(e) — dlex)| + |p(er) — ple2)] + |(e2)]
<26+ [¢1(e2)] + [d2(€2)] + |Ps(e2)| < (4 +2C2)6.
This completes the proof of Theorem 1.6.

IN

M(B(a’ 261))

<4CCy(p+ 1)n(2(p + 1)e) < 4.

5. REMARKS ON RECTIFIABILITY

One motivation for the developments in this paper was to find some new
insight to the following problem:

Let m be an integer, 0 < m < n, and let x4 be an m-dimensional Ahlfors-
David-regular Borel measure on R", as in Section 1. For i =1,2,...,n let
T; be the maximal operator related to p and the kernel |z —y|~™ ! (x; —y;).
Suppose that each T;* is bounded in L?(p). Does u have to be rectifiable,
or even uniformly rectifiable in the sense of David and Semmes?
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By the rectifiability of 4 we mean that there are m-dimensional C!-sur-
faces My, Ms, ... such that p(R™\U; M;) = 0. For the definitions of uniform
rectifiability, see [DS].

If mm = 1, the answer to the above question is yes by [MMV], and the
regularity assumptions on g can be considerably relaxed, see [T2]. The
problem is open for m > 2.

It was shown in [MPr], see also [M], that the rectifiability of an Ahlfors-
David-regular measure p follows from the existence of the principal values

—m—l(

lim |z — y| i —yi)dpy, i=1,...,n,

€=0 JRn\ B(a,e)
for 1 almost all z € R™. But it is not known if the L?-boundedness implies
the above almost everywhere convergence. Thus Theorem 1.4 is a kind of
replacement for this. Unfortunately we don’t know if the almost everywhere
convergence of the averages of Theorem 1.4 implies rectifiablity, nor do we
know if it implies the almost everywhere existence of the principal values in
this particular case.

These questions are also related to geometric properties of removable
sets of bounded analytic functions in C, see [MMYV], [P] and [T3], and of
Lipschitz harmonic functions in R"™, see [MP].

The L2-boundedness does not always imply the almost everywhere exis-
tence of principal values in the setting of Theorem 1.4. This can be seen
by considering a standard example of a purely unrectifiable 1-dimensional
Ahlfors-David-regular set in the plane which is the Cantor set obtained by
starting with the unit square, taking four squares of side-length 1/4 inside
it in its corners, then taking the squares of side-length 1/16 in the corners
of these, and so on. The final Cantor set C' is the compact set inside all
these squares of all generations. In [D2] David constructed a 1-dimensional
odd Calderén-Zygmund kernel K such that the operator T related to K is
bounded in L?(;) where y is the natural (1-dimensional Hausdorff) measure
on C'. However, it is easy to check that the principal values

lim K(z —y)duy
~0JB(z,e)°
fail to exist at p almost all points = € R2.
In [H2] Huovinen considered homogeneous kernels such as

K(2) = Re(z/|2* = 2°/|2[")
for z € C. He showed that there exist purely unrectifiable 1-dimensional
Ahlfors-David-regular sets on which for such a kernel the principal values

exist almost everywhere and the related operator is bounded in L? on some
subset of positive measure. On the other hand, he showed in [H1] that
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for the kernels z2k_1/|z\2k, k=1,2,..., and their linear combinations the
almost everywhere convergence of principal values on 1-dimensional AD-
regular sets implies their rectifiability.
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