SEMIPURITY OF TEMPERED DELIGNE COHOMOLOGY
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ABSTRACT. In this paper we define the formal and tempered Deligne
cohomology groups, that are obtained by applying the Deligne com-
plex functor to the complexes of formal differential forms and tem-
pered currents respectively. We then prove the existence of a duality
between them, a vanishing theorem for the former and a semipurity
property for the latter. The motivation of this results comes from the
study of covariant arithmetic Chow groups. The semi-purity property
of tempered Deligne cohomology implies, in particular, that several
definitions of covariant arithmetic Chow groups agree for projective
arithmetic varieties.
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The aim of this note is to study some properties of formal and tempered
Deligne cohomology (with real coefficients). These cohomology groups are
defined by applying the Deligne complex functor to the complexes of formal

differential forms and tempered currents respectively.
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Let X be a complex projective manifold and let Y be a Zariski locally
closed subset of X. Let i : Y — X denote the inclusion and let i*,4', i, %
be the induced functors in the derived category of abelian sheaves. Then
the complex of formal differential forms of ¥ computes the cohomology of Y’
with compact supports. That is, it computes the groups H*(X,47*R). The
complex of tempered currents on Y compute the cohomology of X with
supports on Y, that is, it computes the groups H*(X,i.i'R). Following
Deligne, the previous groups have a mixed Hodge structure, hence a Hodge
filtration that we will call the Deligne-Hodge filtration. The complexes of
formal differential forms and tempered currents are examples of Dolbeault
complexes (see [6]). Therefore they have a Hodge filtration obtained from
the bigrading of differential forms. In general, this Hodge filtration does not
induce the Deligne-Hodge filtration in cohomology. Moreover, the spectral
sequence associated to this Hodge filtration does not degenerate at the E*-
term.

This implies that the formal and tempered Deligne cohomology groups
with real coefficients will not have, in general, the same properties as Delig-
ne-Beilinson cohomology. For instance they do not need to be finite dimen-
sional. They have a structure of topological vector spaces, but they may be
non-separated.

Note however, that in the particular case when Y = X, the formal and
tempered Deligne cohomology groups with real coefficients, agree with the
usual real Deligne cohomology groups.

In this note we will construct a (Poincaré like) duality between formal
Deligne cohomology and tempered Deligne cohomology, that induce a per-
fect pairing between the corresponding separated vector spaces. In partic-
ular, applying this duality to the case Y = X we obtain an exceptional
duality for real Deligne Beilinson cohomology (corollary 2.28) of smooth
projective varieties that, to my knowledge, is new. The shape of this excep-
tional duality reminds very much the functional equation of L-functions.
It would be interesting to know whether this duality has any arithmetic
meaning.

The second result is a vanishing result for formal Deligne cohomology.
Thanks to the previous duality, the vanishing result of formal Deligne co-
homology implies a semipurity property of tempered Deligne cohomology
(corollary [2.34).

The motivation for these results comes from the study of covariant arith-
metic Chow groups introduced in [3] and [6]. The covariant arithmetic
Chow groups are a variant of the arithmetic Chow groups defined by Gillet
and Soulé, that are covariant for arbitrary proper morphism. By contrast,



the original definition of Gillet and Soulé are only funtorial for proper mor-
phisms between arithmetic varieties that induce smooth maps between the
corresponding complex varieties. The covariant arithmetic Chow groups do
not have a product structure, but they are a module over the contravariant
arithmetic Chow groups (see [6] for more details). Similar definitions of
covariant Chow groups have been given by Kawagushi and Moriwaki [13]
and by Zha [16]. These two definitions are equivalent except for the fact
that Zha neglects the structure of real manifold induced on the complex
manifold associated to an arithmetic variety.

Although not explicitly stated, in the paper [6], the covariant arithmetic
Chow groups are defined by means of tempered Deligne cohomology. The
semi-purity property of tempered Deligne cohomology was announced and
used in [6]. Hence this paper can be seen as a complement of [6]. A new
consequence of the semipurity property is that, for an arithmetic variety that
is generically projective, the covariant Chow groups introduced in [3] and
[6] are isomorphic to the covariant Chow groups introduced by Kawagushi
and Moriwaki.
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2. COMPLEXES OF FORMS AND CURRENTS

By a complex algebraic manifold we will mean the analytical manifold
associated to a smooth scheme over C. Let X be a projective complex al-
gebraic manifold. We will consider the following situation: let Z C Y be
closed subvarieties of X, let U and V be the open subsets U = X \ Y,
V =X\ Z and let W be the locally closed subset W =Y \ Z.

2.1. Flat forms and Whitney forms. THE COMPLEX OF WHITNEY
FORMS Let &% denote the sheaf of smooth differential forms on X. We
will denote by E*(U) the complex of global differential forms over U and
by E*(U) the complex of differential forms with compact support.

Let &5 (flatY’) denote the ideal sheaf of differential forms that are flat
along Y. Recall that a differential form on X is called flat along Y if its
Taylor expansion vanishes at all points of Y. We write

Efo = &5 (HatY).
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The sections of this complex of sheaves are called Whitney forms on Y.
Whitney’s extension theorem ([15] IV theorem 3.1), gives us a precise de-
scription of the space of Whitney forms in terms of jets over Y. For
instance, if Y is the smooth subvariety of C™ defined by the equations
z1 = -+ =z, = 0, then the germ of the sheaf of Whitney functions on Y at
the point = (0,...,0) is

693900,3: = 66397x[[zk+1, ey Zny Zhdls e oy Zn]-
We will write
&y (flat Z) = &% (flat Z) /&% (Hat Y).
Observe that &« (flat Z) can also be defined as the kernel of the morphism

* *
gyoo i éoZoo.

The sheaf &5« (flat Z) agrees with the sheaf denoted Cyy g C¥ in [12].

The complex &« (flat Z) is a complex of fine sheaves. We will denote the
corresponding complex of global sections by £, (W) := I'(X, 6y (flat Z)).
Note that the complex £, (W) depends only on the locally closed subspace
W C X and not on a particular choice of closed subsets Y and Z. Observe
also that E%,,(X) = E*(X) is the usual complex of smooth differential
forms on X.

We will denote by E%y (W) the real subcomplex underlying E, (W).

By the acyclicity of fine sheaves, there is a diagram of short exact se-
quences

(2.1) 0

0——=Ew(lU) ——=FE*(X) —= Exw(Y)——=0

0——=Exw(V) —=E"(X) — Exw(4) —0

Ew (W) 0 0




The complex E*(X) is a topological vector space with the C*° topology.
With this topology E*(X) is a Fréchet topological vector space ([1] 11T p.
9). Moreover E%, (U) is a closed subspace. In fact, by [15] V corollaire
1.6, it is the closure of the complex of differential forms that have compact
support contained in U, that we denote E*(U). More generally, all the
monomorphisms in diagram (2.1)) are closed immersions.

The following result states that, being U an algebraic open subset of X,
the complex E%,, (U) does not depend on X but only on U.

Proposition 2.2. Let 7 : X — X bea proper birational morphism with
D = m=1(Y), that induces an isomorphism between X \ D and U, then the
natural map

7 E*(X) — E*(X)
induces an isomorphism m* : I'(X, &% (flatY)) — T'(X, &% (flat D).
Proof. By [14] the morphism
™ B*(X) — E*(X)
is a closed immersion. Since I'(X, &% (flatY)) and T'(X, &% (flat D)) are the

closure of EX(U) in E*(X) and E*(X) respectively, then they are identified
by 7*. O

THE COHOMOLOGY OF THE COMPLEX OF WHITNEY FORMS. By [14] (see
also [2] for a more general statement) we have

Proposition 2.3. The complex 5« is a resolution of the constant sheaf
C on'Y by fine sheaves. Therefore
H*(Exw(W)) = HZ (W, C),

where HY denotes cohomology with compact supports. (I

2.2. Currents with support in a subvariety. THE COMPLEX OF CUR-
RENTS. We first recall the definition of the complex of currents and we fix
the sign convention and some normalizations. We will follow the conventions
of [6] §5.4 but with the homological grading.

Let 2X be the sheaf of degree n currents on X. That is, for any open
subset V of X, the group Z;X(V) is the topological dual of the group of
sections with compact support E? (V). The differential

d: 97)7(( — ‘@;(71
is defined by
dT(p) = (=1)"T(de);
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here T is a current and ¢ a test form. Note that we are using the sign
convention of, for instance [11], instead of the sign convention of [9].
The bigrading §¢ =, ,—,, &% induces a bigrading DX = @Hq:n@p),{q,
with Z;,(V') the topological dual of T'o(V, £%7).
The real structure of &% induces a real structure
DR c 9%,

We will denote
1
XR(\ X,R X
;% (p) @) D" C D).
If X is equidimensional of dimension d we will write
(24) Z% = D5 0e IK" =D pa g and P5p(d) = Z3i",(d ~p).
We will use all the conventions of [6] §5.4. In particular, if y is an algebraic

cycle of X of dimension e, we will write §, € X, N 25" (e) for the current

80) = gy [ 1

Furthermore, there is an action
ERQ DX — DX

m—n’

wT —  wAT

where the current w A T is defined by
(WAT)(n) =T(nAw).
This action induces actions

EX® 95,(5 — 9X

X peeq and  EXE(p) @ T (q) — T, (a — p).

Finally, if X is equidimensional of dimension d, there is a fundamental
current 0x € Qfd N .@;fi’R(d), and a morphism
(2.5) Ex — Doy, = D%, wr— [w] =wAdx.

This morphism sends &g (p) to .@2)2’}{“ (d—p) = P%x(p)

CURRENTS WITH SUPPORT ON A SUBVARIETY AND EXTENDABLE CUR-
RENTS As in the previous section let Z C Y denote two closed subvarieties
of Xand put U= X\Y,V=X\Zand W =Y \ Z. We denote by 2}
the subcomplex of X formed by currents with support on Y. In other
words, for any open subset U’ of X we have

2YT (WU ={T € 2XU") | T(n) =0, Vnp e T(U' NU,ER)}.

Observe that, by continuity, the sections of 2Y " (U’) vanish on
L. (U, &% fatY)).



We write 25/ =92%X /27" and 72 =97 /977 .

As in the case of differential forms, the complex @3{ T/ZT can also be

defined as the kernel of the morphism
GXI7T — gV
All the above sheaves inherit a bigrading and a real structure.
Observe that, except for the fact that we are using here the homological
grading, the complex of sheaves 7,/ ¥ is denoted in [12] by THom(Cw ,Dbx).
The complex .@3; T/ s a complex of fine sheaves. We will denote
the complex of global sections by D*XT(W‘X’) =T(X, @foo/zoo). Thus the
complex DX i (W*°) is defined for any Zariski locally closed subset W C X.
The corresponding real complex will be denoted by D*XT’R(WO").
By [14], the complex DfT (U) can be identified with the image of the
morphism
D*(X) — D*(U),
that is, it is the complex of currents on U that can be extended to a current
on the whole X. The elements of DX T(U) will be called extendable cur-

rents. In the literature they are called also moderate or temperate currents.
Moreover, as was the case with the complex E%,, (U), being U a Zariski

open subset, the complex D*XT(U) only depends on U and not on X.

THE PAIRING BETWEEN FORMS AND CURRENTS. We have already intro-
duced an action
(2.6) E"(X)® Dp(X) — Dy (X)), w@T+——wAT,
where the current w A T is defined by
(@A T)(n) = T Aw).
The subspace DX ’ (Y) is invariant under this action and annihilates the

subspace E% (U). Therefore we obtain induced actions
(2.7)

(V@D (V) — DXE(Y),  Exw(U)@Dy (U) — Dx_,(U)
and, more generally, an action
(2.8) Row (W) @ D (W) — DX, (W),

Since X is proper, there is a canonical morphism
deg: Dy(X) — C
given by deg(T') = T(1). Observe that deg(Dg(X)) C R.
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Combining the degree and the above actions, we recover the pairing
E"(X) ® Dn(X) — C,
that identifies D,,(X) with the topological dual of E™(X). Under this iden-
tification, the subspace E'%, (U) is the orthogonal to the subspace Dy ’ (Y).

Therefore DfT(U) is the topological dual of E%,, (U) and DnXT (Y) is the

topological dual of E%,,(Y). More generally DT)L(T(W) is the topological
dual of EY,, (W). Note that here, the key point is the fact that £, (U)
is the closure of I'.(U, &%) and hence a closed subspace.

The above pairings induce a pairing

Eg(X)(p) ® Dp(X)(p) — R,

and similar pairings for the other complexes of forms and currents.
Finally, observe that there is a commutative diagram with exact rows
and columns

(2.9) 0

0 — DX (2) — D.(X) — DX (V) —=0

that is the topological dual of the diagram (2.1)).

THE HOMOLOGY OF THE COMPLEXES OF CURRENTS By [14] we have

Proposition 2.10. The homology of the complexes DfT (W) is given by
H.(DX" (W) = HPM (W, C),
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where HBM denote Borel-Moore homology. In particular, since we are as-
suming Y proper,
T
H.(DX (V) = H.(Y,0).
O

2.3. Formal and tempered Deligne cohomology. FORMAL DELIGNE
COHOMOLOGY The complex E%., (W) is an example of a Dolbeault alge-
bra (see [6]). Recall that, following Deligne, the cohomology of any complex
variety has a mixed Hodge structure. We will call the Hodge filtration of
this mixed Hodge structure the Deligne-Hodge filtration.

From the structure of Dolbeault algebra of E%.,, (W) we can define a
Hodge filtration. It is the filtration associated to the bigrading. In general,
this Hodge filtration does not induce the Deligne-Hodge filtration in coho-
mology. Moreover, the spectral sequence associated to this Hodge filtration
does not need to degenerate at the £y term. Therefore, the Dolbeault co-
homology groups ng(E*(Y‘X’)) are not, in general, direct summands of
HPT4(Y,C). In fact, they can be infinite dimensional as can be seen in the
easiest example: Put X = P{. Let ¢ be the absolute coordinate and let Y
be the point ¢ = 0. Then Hg’O(E*(Y‘X’)) = C[[t]], the ring of formal power
series in one variable.

Following [4] and [6], to every Dolbeault algebra we can associate a
Deligne algebra. We refer the reader to [4] and [6] §5 for the definition and
properties of Dolbeault algebras, Dolbeault complexes and the associated
Deligne complexes. We will use freely the notation therein. In particular the
Deligne algebra associated to the above Dolbeault algebra will be denoted
D*(Eyw (W), *).

Definition 2.11. The real formal Deligne cohomology of W (with compact
supports) is defined by

pr (W7, R(p)) = H (D" (Exw (W), p))-
When W is proper we will just write H7,, (W, R(p)).

The notation W is a reminder that this cohomology depends, not only
on W but on an infinitesimal neighbourhood of infinite order of W in X.

Remark 2.12. Since we are assuming that X is smooth and proper, the
formal Deligne cohomology of X, H7;(X* R(p)), given in the previous
definition agrees with the usual Deligne cohomology of X. Nevertheless,
by the discussion before the definition, the formal Deligne cohomology with
compact supports of U or the formal Deligne cohomology of Y, do not agree,
in general, with the usual Deligne-Beilinson cohomology. For instance the
groups H7;(U,R(p)) can be infinite dimensional.
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HoMOLOGICAL DOLBEAULT COMPLEXES AND HOMOLOGICAL DELIGNE
COMPLEXES In order to define formal Deligne homology we first translate
the notions of [6] §5.2 to the homological grading.

Definition 2.13. A homological Dolbeault compler A = (AR d,) is a
graded complex of real vector spaces, which is bounded from above and
equipped with a bigrading on A® = AR @y C, i.e.,
AS = @ Ap.gs
ptg=n
satisfying the following properties:
(i) The differential d4 can be decomposed as the sum d4 = d + 0 of
operators d of type (—1,0), resp. 0 of type (0, —1).
(ii) It satisfies the symmetry property A, , = A, ,, where  denotes
complex conjugation.

Notation 2.14. Given a homological Dolbeault complex A = (AR d4),
we will use the following notations. The Hodge filtration F' of A is the
increasing filtration of AC given by

@ Ap”nfp"

F,A, = F,AS =
p'<p

The filtration F of A is the complex conjugate of F, i.e.,
F,A, = F,AS = F,AC.

For an element z € A®, we write x; ; for its component in A4; ;. For k, k' € Z,
we define an operator Fj, i : A® — AC by the rule

Fk’k/({E) = Z Zr-
1<k, l’'<k’

We note that the operator Fj ; is the projection of A% onto the subspace
F,A,NF, A,. This subspace will be denoted Fy 1 As. We will write Fj, =
Fr oo-

We denote by AR(p) the subgroup (2mi)~? - AR C AC, and we define the
operator

T, : AY — AR(p)

by setting m,(z) == & (z + (—1)PZ).

To any homological Dolbeault complex we can associate a homological
Deligne complex.

Definition 2.15. Let A be a homological Dolbeault complex. We denote
by A.(p)P the complex s(AR(p) ® F,A - A®), where u(a, f) = —a + f
and s( ) denotes the simple complex of a morphism of complexes.

10



Definition 2.16. Let A be a homological Dolbeault complex. Then, the
(homological) Deligne complex (D*(A, x),dp) associated to A is the graded
complex given by

DH(A7p) = {

A% (p+ 1) Ny pAS if n>2+1,
AR (p) N Fp p A7, if n<2p,

with differential given, for € D,,(A4,p), by

—Fy pt1n—prrdaz, if n>2p+1,
dpzx = { —200z, if n=2p+1,
dax, if n<2p.

For instance, Let A be a Dolbeault complex satisfying A, , = 0 for p < 0,
q <0,p>mn,orq>n. Then, for p > n, the complex D(A, p) agrees with the
real complex A%(p). For 0 < p < n, we have represented D(A, p) in figure
1, where the upper right square is shifted by one; this means in particular
that A,, , sits in degree 2n —1 and Apy1 p41 sits in degree 2p+1. For p < 0
the complex D(A, p) agrees with the real complex AR(p + 1)[1].

Ap+1,n — . Anm
| !
: S (2]
! !

Apriptr = - = AR

A

Aop < — App
! !
)
! !
Ao —  — Ayo)p

FIGuRrE 1. D(A,p)

Remark 2.17. It is clear from the definition that, for all p € Z, the functor
D(-,p) is exact.

The main property of the Deligne complex is expressed by the following
proposition; for a proof in the cohomological case see [4].
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Proposition 2.18. The complezes A.(p)P and D.(A, p) are homotopically
equivalent. The homotopy equivalences 1 : A, (p)? — D, (A,p), and ¢ :
D (A,p) — An(p)? are given by

m(w), ifn>2p+1,
Fppa + 2mp(0wpi1,n—p-1), if n < 2p,

,ll)(a”f7w)_{

where m(w) = Tpp1(EFp_pn—pw), i.e., T is the projection of Ac over the
cokernel of u, and

o(z) = (0pt1,n—p = OTn—p,p+1,20Tp11,0—p, T), ifn=2p+1,
(I7I7 0)7 /Z:fn S 2p'

Moreover, 1 o ¢ = id, and ¢ o9 — id = dh + hd, where h : A,(p)? —
A1 (p)P is given by

h(a, f,w) = (ﬂ'p(pr +Fn_pw), —2F,(mpt1w),0), ifn>2p+ 1,
I (QWp(Fn—pw), —Fp pw — QFn—p(Wp+1W), 0), if n < 2p.

O

TEMPERED DELIGNE HOMOLOGY. Applying the above discussion to the

complex D*XT’R(W) we obtain the homological Deligne complex
D.(DX" (W), %).

Definition 2.19. The tempered Deligne (Borel-Moore) homology of W is
defined by
T T
HY (W, R(p)) = Hi(D:(DY™ (W),p)).

Remark 2.20. (i) Again, since X is smooth and proper, the tem-
pered Deligne homology of X agrees with the Deligne homology of
X. In particular, the group HP(X,R(p)) agrees with the group
denoted 'H;"(X,R(—p)) in [1I]. But, since the Hodge filtration
of the complex of currents with support on Y does not induce
the Deligne-Hodge filtration in the homology of Y, the tempered
Deligne homology does not agree in general with Deligne-Beilinson
homology.
(ii) Asin the case of formal cohomology, the notation HP" (W2, R(p))
reminds us that these groups do not depend only on W but on an
infinitesimal neighborhood of W of infinite order.

EQUIDIMENSIONAL MANIFOLDS. If X is equidimensional of dimension d the
morfism (2.5) induces morphisms

(2.21) D*(E*(X),p) — D2d—n(Ds(X),d - p),
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that, in turn induce the Poincaré duality isomorphism
(2.22) Hp (X, R(p)) — Hiy_,(X,R(d —p)).
Therefore, we can define tempered Deligne cohomology groups as follows
B (U.R(p)) = HE; (U R(d — p)),
B w (V.R(p)) = HE, (W R(d —p)).

In general, if X is a disjoint union of equidimensional algebraic mani-
folds,then we define the tempered Deligne cohomology of X as the direct
sum of the tempered Deligne cohomology of its components.

THE MODULE STRUCTURE OF TEMPERED DELIGNE HOMOLOGY. The no-
tion of Dolbeault module over a Dolbeault algebra introduced in [6] can be
easily modified to define homological Dolbeault modules over a Dolbeault
algebra. The actions (2.6), (2.7) and (2.8) provide the basic examples.
Modifying the construction of [6] 5.17 and 5.18 we obtain

Proposition 2.23. There is a pseudo-associative action
T T
D" (Exw(W),p) @ Dy (D" (W), q) — Di—n (D™ (W), q —p)
that induces an associative action

(W2, R(p)) @ HE (W=, R(q)) — HE., (W=, R(q —p)).

m—n

O

THE EXCEPTIONAL DUALITY. In general, Poincaré duality for Deligne co-
homology is not given by a bilinear pairing, but by the isomorphism (2.22)
between Deligne cohomology and Deligne homology (see for instance [11]).
Nevertheless, in the case of real Deligne cohomology, there is an exceptional
duality that comes from the symmetry of the Deligne complex asociated
with a Dolbeault complex. This duality can be generalized to a pairing
between formal Deligne cohomology and tempered Deligne homology.

Proposition 2.24. For every pair of integers n,p, there is a pairing
T
Dn(EXW(W)ap) ®Dn—1(DX (W),p - 1) — R

given by w @ T — T(w). This pairing identifies Dn_l(DXT(W),p -1
with the topological dual of D" (Ex,,, (W), p). Moreover, it is compatible, up
to the sign, with the differential in the Deligne complex:

()" dp T)(w), ifn<2p—1,
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It is also compatible, up to the sign, with the action of D*(Exw (W), x*).
That is, if w € D" (Exw(W>®),p), T € Dn(DX (W),q) and n €
DY Exw(W),r), withn —m+1=1andp—q+r =1 then

(=D)"T(new),

(weT)(n) =

ifm>2q, | >2r
ifm <2q, I <2r
ifm>2q, | <2r,
ifm<2q, | >2r.

Proof. Assume that n < 2p. Put ¢g=p—1 and m =n — 1. Then
D (Exw (W), p)
=E%w g (W) (p=1) [(FPEGw (W) +FPER (W) N By (W)r(p — 1)

= By (W) (p — 1) N F"PEGH (W) N FUPERGS (W),

D, (DX (W), q)
= DXTEWw>=)(q)n F,DX" (W) F,DX" (W)
= DX (W)(p — 1) N Fpet DX (W) N By DX (W),

n—1

Therefore, the first statement follows from the duality between Exw (W)
and DX” (W) and the fact that, under this duality, fo_Tl’R(W)(p —1)is
identified with the dual of E;;le(W)(p— 1) and Fp,lfojl (W) is identified
with the dual of F"~PE" (W).

The compatibility with the differential is a straightforward computation
using the formulas for the differential given in [4] theorem 2.6. For instance,

if w € D" (Exw(W),p), with n < 2p — 1 and T € D,,(DX" (W), q), with
m=mn and ¢ = p — 1, then we have
(dp T)(w) = (dT)(w

(dT)(w)
(=1)"T(dw)
(=D)"T(

(,

)T (Fr—prhn=ptl q )
DT (—dpw).

In the third equality we have used that T € Fy; N F‘q = Fp_1,p—1, which
implies that, for any form 7, we have T'(n) = T(F"~P+Ln=r+lp) The other
cases are analogous.

Similarly, the compatibility with the product follows from the formulas in
[4] theorem 2.6. For instance, let w € D" (Exw (W), p), TEDW(DXT(VV)7 q)
and n € DY (Exw(W),r), withn —m +1=1and p—q+r = 1. Assume
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that n < 2p, m > 2q, [ > 2r, then
(weT)(n) = ((=1)"rp(w) AT +w Are(T))(n),
where r,(w) = 2m,(FP dw) and ry(T) = 27, (F,dT). But
(=1)"rp(w) AT (n) = (=1)"T(n Arp(w)),
and
(WA Tq(T))(n) =1¢(T)(n Aw)
=27y Fo(dT)(n A w)
—2F,(dT) (5 Aw)
=20Ty41,m—q(n A w)
=T (2(—1)’”*18(77 Aw)d™m=9)
=T (2(—1)”“8(77 A w)p”*l’"ﬂfpfr) .
On the other hand
Tnew)=T (77 Arp(w) + (71)128((,0 A 77)p+r*1’"+l*pfr) .

The other cases are analogous. ([l

DuALiTYy. We summarize in the next proposition the basic properties of
formal Deligne cohomology and tempered Deligne homology that follow
from the previous discussions.

Proposition 2.25. For every pair of integers n and p, by applying the
exact functors D*(_,p) and Di(_,p — 1) to the diagrams (2.1) and (2.9))
respectively, we obtain the corresponding diagrams of Deligne complexes that
are the topological dual of each other. In particular we obtain long exact
sequences

(2.26) Hp, (W= R(p) — Hp, (Y, R(p) — Hp, (2, R(p)) —
HEL (W™, R(p)) —

and
(227) — HP (W™ R(p—1)) — HE' (Y®,R(p — 1)) —
HP' (2% R(p — 1)) — HP" (W=, R(p - 1))
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and pairings
7 (Y, R(p) ® HP (Y™, R(p — 1)) — R,
% (W= R(p) @ HE, (W™ R(p — 1)) — R,
% (2%, R(p)) © HY™, (2%,p — 1) — R.

that are compatible with the above sequences.

Moreover, the topologies of the space of differential forms and of the space
of currents induce structures of topological vector spaces on the real formal
Deligne cohomology groups and the tempered Deligne homology groups. The
above pairings induce a perfect pairing of the corresponding separated vector
spaces.

Proof. This is a direct consequence of the exactness of the functors D*(_, p)
and D,(_,p— 1) and proposition [2.24. |

The image of dp in the complex D*(E,(U), p) does not need to be closed.
Therefore the pairings between formal cohomology and tempered homology
do not need to be perfect. Only the induced pairings in the corresponding
separated vector spaces are perfect. Nevertheless, in the case of a the proper
algebraic complex manifold X, by Hodge theory, we obtain a perfect pairing
between Deligne-Beilinson cohomology and homology.

Corollary 2.28 (Exceptional duality for Deligne cohomology). Let X be a
proper complex algebraic manifold, equidimensional of dimension d. Then
there is a perfect duality

Hp(X,R(p)) @ H' "' (X,R(d —p+1)) — R
which is compatible, up to a sign, with the product in Deligne cohomology.

Proof. By Poincaré duality in Deligne cohomology (cf. [11] 1.5) there is a
natural isomorphism

HE™" X R(d — p+1)) 2 HY (X,R(p — 1)).
By Hodge theory we know that

H" Y X,R(p—1)NF" " "NnFrr  ifn<2p,
H%(&R(p)):{ (oEE-1) ’

H"(X,R(p)) NF" N FP, if n > 2p.
Moreover, the pairing is given, up to a sign, by the wedge product of differ-

ential forms followed by the integral along X. Therefore, by Serre’s duality
the pairing of proposition 2.25/is perfect. O
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2.4. Semi-purity of tempered Deligne cohomology. VANISHING THE-
OREMS. The aim of this section is to prove the following result

Theorem 2.29. (Semi-purity of tempered Deligne homology) Let X be a
projective complez algebraic manifold, W a locally closed subvariety, of di-
mension at most p. Then

H,?T(WOOJR(@)) =0, for all n > max(e +p,2p—1).

Proof. We will prove the result by ascending induction over p. The result is
trivially true for p < 0. Then, by the exact sequence (2.27) and induction,
one is reduced to the case W closed.

We will deduce the theorem by duality from the following proposition

Proposition 2.30. Let Y be a closed subvariety of a projective complex
algebraic manifold. Let p be the dimension of Y. Then

HEFH(Y ™ R(e+1)) =0, for all n > max(e+ p,2p — 1)

Proof. Let #y be the ideal of holomorphic functions on X vanishing at Y
and write
0o =1m Q% /7FQ%.
k

By [12] theorem 5.12 we have

Lemma 2.31. The complex of sheaves éa{}]g is a fine resolution of QL. O

Since, by [14], the sheaf éa;xJR is an acyclic resolution of the constant
sheaf Ry, from lemma [2.31 and the techniques of [4], we deduce that
H%;(Y*°,R(e + 1)) is isomorphic to the hypercohomology of the complex
of sheaves

(2.32) Rpry~(e) =Ry (f) — Qoo — .. — e
Lemma 2.33. Ifn > p then H"(Y,Q.) = 0.
Proof. By [10] proposition 1.6.1

H"(Y,Q}.) = H"(Y™%,0F),

where Y?# is the corresponding algebraic variety and Qg, is the comple-
tion of the sheaf of algebraic differentials. But now Y?# is a noetherian
topological space of dimension p, hence the lemma. O

Using lemma 2.33/ we obtain that the EY " term of the spectral sequence
of the hypercohomology of the complex (2.32) can be non zero only for
s=0,0<t<2pand 1 <s<e+1,0<t<p, which implies proposition
2.30. O
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We finish now the proof of the theorem. By proposition 2.30) for every
n > max(p + e, 2p — 1), the morphism

db D" (Exw(Y),e4+1) — D" THExw(Y),e+1)

satisfies Tm(d) = Ker(ds"), hence the image of d is a closed subspace.
Therefore, by [1] IV.2 theorem 1, we have that the dual morphism

dp : Dp(DX7 (Y), ) — Dp_1 (DX (Y), )

has closed image. This implies that, for n > max(p + e, 2p — 1), the vector

space H,?T(YOO,R(e)) is separated. Therefore, by proposition [2.25 for
n > max(p + e,2p — 1) the pairing

Hpf (Y, R(e+ 1) @ HY (Y™, R(e) — R
is perfect. Hence by proposition 2.30 we obtain the theorem. ([l

SEMI-PURITY OF TEMPERED DELIGNE COHOMOLOGY. The semi-purity the-
orem can be stated in terms of tempered Deligne cohomology as follows.

Corollary 2.34. Let X be a complex quasi-projective manifold and Y a
closed subvariety of codimension at least p. Then

p7 y(X,R(e)) =0, for allm < min(e + p,2p + 1),

In particular
Hpr v(X,R(p)) =0, for alln < 2p.

This is the weak purity property used in [6] 6.4.

3. ARITHMETIC INTERSECTION THEORY

3.1. Definition of Covariant arithmetic Chow groups. In [3], the au-
thor introduced a variant of the arithmetic Chow groups that are covari-
ant with respect to arbitrary proper morphisms. In the paper [6] these
groups are further studied as an example of cohomological arithmetic Chow
groups. These groups are denoted by éﬁ*(x y Deur). The semi-purity prop-
erty (corollary 2.34) was announced in [6] and has consequences in the
behaviour of the covariant arithmetic Chow groups. On the other hand,
Kawaguchi and Moriwaki [13] have given another definition of covariant
arithmetic Chow groups called D-arithmetic Chow groups. A consequence
of Corollary 2.34/is that, when X is equidimensional and generically projec-
tive, both definitions of covariant arithmetic Chow groups agree. We note
that Zha [16] has also introduced a notion of covariant arithmetic Chow
groups that only differs from the definition of [13] on the fact that he ne-
glects the anti-linear involution F**°.
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In this section we will summarize the properties of the covariant arith-
metic Chow groups. We will use the notations and terminology of [6], but
we will use the grading by dimension that is more natural when dealing
with covariant Chow groups.

ARITHMETIC RINGS AND ARITHMETIC VARIETIES. Let A be an arithmetic
ring (see [7]) with fraction field F. In particular A is provided with a non
empty set of complex embeddings ¥ and a conjugate linear involution Fo
of C*¥ that commmutes with the diagonal embedding of A in C*. Since
we will be working with dimension of cycles, following [§] we will further
impose that A is equicodimensional and Jacobson. Let S = Spec A and let
e=dim§S.

An arithmetic variety X is a flat quasi-projective scheme over A, that
has smooth generic fibre Xp. To every arithmetic variety X we can as-
sociate a complex algebraic manifold Xy and a real algebraic manifold
Xr = (X5, Fx)-

THE ARITHMETIC COMPLEX OF TEMPERED DELIGNE HOMOLOGY To every
pair of integers n,p, and every open Zariski subset U of Xr we assign the
group

DX (Up) = D (DX U).)

where ¢ is the involution that acts as complex conjugation on the space
and on the currents. That is, if T € D, (X¢) then o(T) = (Fx)«T. And
()° denote the elements that are fixed by 0. Then DX (__ p) is a totally
acyclic sheaf (in the sense of [6]) for the real scheme underlying Xg. When
X is fixed, DS will be denoted by D,

If U is a Zarisky open subset of Xg and Y = X \ Ug we write

(31  HY(U),R() = H.(D"(U,p)),

(32)  HPY (X R(p)) = Ha(s(D™(U.p)), D™ (X, p),

(3.3) D5 4 (Xw.p) = D54 (X, p) /Imdp,

(3.4) 2D (Xa, p) = Ker(dp : D" (Xz, p) — D3, (X, ).

Let Z, = Z,(Xgr) be the set of dimension p Zariski closed subsets of Xg
ordered by inclusion. Then we will write

Diur(X]R \ vap) = li,n Diur(XR \ Y7 p)a

YezP
DI ( Xk \ Zp,p) = DJM(Xr \ Zp,p) /Imdp
T
HY 27 (X, R(p)) = Ho(s(D (Xg \ Zp,p)), D™ (X, p)).
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GREEN OBJECTS. We recall the definition of Green object for a cycle
given in [6] but adapted to the grading by dimension. Let y be a dimen-
sion p algebraic cycle of Xg. Let Y be the support of y. The class of

y in HQDPT’Y(XR,R(p))7 denoted cl(y), is represented by the pair (d,,0) €
(D (Xg,p), D (Ug,p)). We denote also by cl(y) the image of this class

T
in Hy %" (Xg,R(p)).
In this setting, the truncated homology classes can be written as
D7 =,
H 77(Xe,R(p) =
={(wy,gy) € ZD5 (X, p) & D" 1 (Xr \ Zp,p) | dp gy = wy}.
There is an obvious class map
~1nT T
ol: HY % (Xz,R(p) — HY "™ (Xe R(p)).
Then a Green object for y is an element
~ 5D7 .2,
gy = (wy, gy) € H2p (Xr,R(p))

such that cl(g,) = cl(y).
The following result follows direcly from the definition

~1T
Lemma 3.5. An element g, = (wy,gy) € HQDP ’Z”(XR,R(p)) is a Green
object for y if and only if there exists a current 7y € 55511()(]1@,]3) such that
gy = :ﬂX\ZP
dp 7 + 0y = wy.

ARITHMETIC CHOW GROUPS. Every dimension p algebraic cycle y on X
defines a dimension (p—e) algebraic cycle yg on Xg, where e is the dimension
of the base scheme S.

Definition 3.6. The group of arithmetic cycles of dimension p is defined
as

7 cur DT 2, .
Zp(X, D) = {(y, 8y) € Zp(X)©H,, 5" " (Xr, R(p—e)) | cl(yr) = cl(gy)}-
Let W be a dimension p+ 1 irreducible subvariety of X and f € K(W)* be

a rational function. Let WR be a resolution of singularities of Wx and let
t: Wr — Xpg be the induced map. Then we write

—~ 1 _
div f = (div £, (0, .(~ log /).
The group of cycles rationally equivalent to zero is the subgroup
Rat, (X, D) C Z,(X, D)
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generated by the elements of the form div f. The homological arithmetic
Chow groups of X are defined as

CH, (X, D) = Z,(X, D) / Rat, (X, D)

There are well-defined maps

¢ : CH, (X, D) — CH,(X), Cly 8y] = [y,

p: CHppar(X) — HE 5o (X,p— ) C D5 (X, p), plf) = cl(f),

a: Dyp_geq1(X,p — ) — CH,(X, Do), a(@) = [0,a(a)),
w : CHy (X, D™) — ZD§i" (X, p — €), wly, gy) = w(gy),
h: ZDSE(X,p) — HE' (X,p), h(a) = [a].

3.2. Properties of Covariant arithmetic Chow groups. BASIC PROP-
ERTIES. Recall that in [6], there are defined contravariant arithmetic Chow

groups denoted by Gﬁ*(x, Diog). The following result follows from the
theory developed [6] and corollary [2.34] (semi-purity property).

Theorem 3.7. With the above notations, we have the following statements:

(i) There are exact sequences

CHy p1(X) =5 DG 5oy (X, p — €) = CH, (X, D™™) — CH,(X) — 0.

T a  Arr ury (C—w
CHy 11(X) 5 HP 5y (Xa, R(p — €)) = CH, (X, Do) (&%)
(38)  CHy(X) @ ZD5y 5o (X,p— ) % Hp o (Xe, R(p — ) — 0.
In particular, if X is projective, then there is an exact sequence
CHy i1 (X) 5 HE o1 (X, R(p — €)) — CH, (X, Do) (&=
(3.9) CH,(X) ® ZD5¥ 4 (X,p — ¢) T HD o (Xe,R(p — ¢)) — 0.

(i) For any reqular arithmetic variety X over A there are defined con-

travariant arithmetic Chow groups aﬁp(X, Diog). Furthermore, if
X is equidimensional of dimension d, then there is a morphism of
arithmetic Chow groups

CH' (X, Diog) — CHy_,(X, D).

When X is projective this morphism is injective. Moreover, if Xp
has dimension zero, this morphism is an isomorphism.
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(iii) For any proper morphism f : X — Y of arithmetic varieties over
A, there is a morphism of covariant arithmetic Chow groups

f* . 6ﬁp(X; Dcur) B 6ﬁp(Y; Dcur)-

If g1 Y — Z is another such morphism, the equality (go f). =
g«o fi« holds. Moreover, if X andY are reqular and fr : Xp — Yp
is a smooth proper morphism of projective varieties, then f, is
compatible with the direct image of contravariant arithmetic Chow
groups.

(w) If f + X — Y is a flat morphism, equidimensional of relative
dimension d, and such that fr is smooth, then there is a pull-back
map

£ CH, (Y, D) — CH,y (X, D™).

If X andY are regular and equidimensional, this map is equivalent
with the pullback map defined in the contravariant Chow groups.

(v) Let f: X — Y be a flat map between arithmetic varieties, which
18 smooth over F and let g : P — Y be a proper map. Let Z
be the fibre product of X and P over Y, with p : Z — P and
q:Z — X the two projections. Thus p is flat and smooth over F
and q is proper. Then for any x € éﬁ* (P, D), it holds

g.p*(x) = f*g.(x) € CH,(X, D).

Proof. Part (i) follows from the standard exact sequences of [6] Theorem
4.13 adapted to the grading by dimension and corollary 2.34.

For (ii) we first notice that, if M is an equidimensional complex algebraic
manifold, D C X is a normal crossing divisor, w is a differential form with
logarithmic singularities along D and 7 a form that is flat along D, then
n Aw is flat along D. In particular, if M is proper and U = M \ D, then
the associated current [w] belongs to D& (U). Then, if y is a codimension
p cycle on X then, by the assumptions on X and on the arithmetic ring,
y is a dimension d — p algebraic algebraic cycle. Moreover, if (wy,gy) is a
Green form for y (i.e. a Diog-Green object for y) then, by lemma 3.5 and
[6] Proposition 6.5 we have that ([w,],[g,]) is a D*""-Green object for y.
Therefore we have a well defined map

2 (X, Diog) — Za—p(X, D).

By definition this map is compatible with rational equivalence, hence we
obtain a map at the level of Chow groups.
To prove (iii) we first observe that, if Z C Xy is a closed subset, then

f*D*XET(Z ) C DXs (f(Z)). Therefore, the pushforward of currents define a
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covariant f-morphism
f# . f*Diur,X Diur,Y-

Here we are using the terminology of [6] 3.67 but adapted to the grading by
dimension. Therefore applying [6] §4.5 we obtain the push-forward map for
covariant arithmetic Chow groups. More concertely this map is defined as

Ty (Wy, Gy)) = (fay, (fawy, (fegy) ))-

It is straighforward to check that it agrees with the direct image of Djoq-
arithmetic Chow groups when Y is projective and fr smooth.

We now prove (iv). Since fr is smooth, for any Zariski closed subset
Z C Yg equidimensional of dimension p, there is a well defined morphism

F*Dy(Ys) — Dy y2a(Xs) that sends DY (Z) to DX%,,(f~1(Z)). There-
fore we obtain well defined morphisms
f# Dy (Ye,p) — Dpisa(Xr,p + d),
JE DR (Ya\Zp) — DXz \ [f'Zp+d),
that send 7" to f*T/(27i)%. Then the proof of (iv) is straightforward using

the theory of [6] 4.4 adapted to the grading by dimension.
(v) Follows as [§] Lemma 11. O

MULTIPLICATIVE PROPERTIES. In the next result we state the multiplicative
properties between covariant and contravariant Chow groups. The proofs
are simple modification of [8] Theorem 3. First, for a form n € Dt (Xgr,p)

log
and an element z € CHy (X, D) we define
nNz=amew(r)) =anAw(z)).

Theorem 3.10. Given a map f: X — Y of arithmetic varieties, with Y
regular, there is a cap product

CH' (Y, Dpog) ® CH,(X, D)  —  CH,_,(X, D)
YT — Y.fx
which is also denoted y N X if X =Y. This product satisfies the following
properties
(1) w(y.rx) = ffw(y) Aw(x), and, for any n € 512(%_1(YR,p), it holds
atn).r=a(fFm)ne.
(i1) CH,(X,D)q is a graded CH (Y, Diog)-module.
(i1i) If g : Y — Y’ is a map of arithmetic varieties with Y’ also regular,
y € CHP(Y’,Dlog) and x € CHy (X, D), theny' .5z = ¢*(y').rx.
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(iv) If h : X' — X s projective, ¥’ € éﬁq(X’,Dcur) and y €
cH’ (Y, Diog), then y.f(hyi(z")) = hy(y.fra’). e

(v) If h : X' — X s flat and smooth over F, x € CH,(X,D"),

——p
y € CH' (Y, Diog), then h*(y.52) = y.; (0" (2)).

(vi) Let f : X — Y be a flat map between arithmetic varieties, with Y
regular and projective, and let g : P — Y be a proper smooth map
of arithmetic varieties of relative dimension d. Let Z be the fibre
product of X and P over Y, withp : Z — P and q: Z — X
the two projections. Then, for all v € CH,(X,D) and v €
6ﬁq(P, Diog), it holds the equality

4(vpq" (2)) = gu7-pa.
Proof. To define y.;x we follow closely [8]. We may assume that Y is
equidimensional, that z = (V, gy) with V' a prime algebraic cycle and y =
(W, gw) with each component of W meeting V properly on the generic fibre
Xp. Asin [8] we can define a cycle [V].;[W] € CH,—,(VN f~1(|W]))q that
gives us a well defined cycle ([V].;[W])p € Zg—p(XF). Our task now is
to construct the Green object for this cycle. Let gw = (ww,gw) and
gv = (wv,gv). We write Uy = XR\\V|7 Uw = X]R\ffl‘w| and r =q — p.
We now define, in analogy with [6] theorem 3.37,
gw *7 9v = fTgw * gv
= (1" ww) swv (F* (gw) e v, [ (@w) o v), [ (gw) o 9v) ")
= (f"(ww) Awy, ((f(gw) Awy, f*(ww) Agv),
af*(gw) A gv—=0f (gw) A gv—f*(gw) A dgv+f*(gw) A dgv)
€ Hyo(DS™ (X, ), s(DS (U, €) & DS (Uy, €) — D™ (Uw N Uy, ¢)))
2 Hoo (DS (X, ), D™ (Unr U Uy, ).

Now the proof follows as in [8] Theorem 3 and Lemma 12. O

Remark 3.11. (i) The main difference between the arithmetic Chow
groups introduced here and the arithmetic Chow groups used in
[8] is that, if © € CH, (X, D) then w(x) is an arbitrary current
instead of a smooth differential forms. This allow us to define direct
images for arbitrary proper morphisms. But the price we have to
pay is that there is defined inverse images only for morphisms that
are smooth over F.
(ii) The restriction in theorem 3.7 that the compatibility of direct im-
ages for the covariant Chow groups and the contravariant Chow
groups is due to the fact that the latter is only defined when the
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base is proper. There are two ways to overcome this difficulty.
One is to allow arbitrary singularities at infinity in the spirit of [5]
3.5, but then, one will have to allow also arbitratry singularities
at infinity for currents. This means that we will have to consider
currents that are extendable in some components of the boundary
but are not extendable in the other. The second option would be
to use a different notion of logarithmic singularities that has better
properties with respect to direct images.

RELATIONSHIP WITH OTHER ARITHMETIC CHOW GROUPS. Let us assume
now that Xp is projective and let CH (X) denote the arithmetic Chow
groups introduced in [7] and CH, (X) denote the arithmetic Chow groups
introduced in [8]. In [6] it is shown that there is an isomorphism

1 CH (X, Diog) — CH (X)),

that is compatible with products, inverse images with respect to arbitrary
morphisms and direct images with respect to proper morphism that are
smooth over F'. We shall state the analogous result for covariant arithmetic
Chow groups.

Proposition 3.12. Let X be an arithmetic variety with Xg projective.
Then there is a short exact sequence

0— CH, (X) ~% CH..(X, D) — P ZD§3 (X p) / ZD32"M X, p) — 0,
p

where D;‘;‘OOth(XR,p) denotes the subspace of currents that can be repre-
sented by smooth differential forms. Moreover ¢ satisfies the following prop-
erties
(i) If f : X — Y is a proper morphism of arithmetic varieties that is
smooth over F and with Y projective, then f, o ¢ = ¢ o f,.
(i) If f : X — Y is a flat morphism of arithmetic varieties that is
smooth over F, with Xp and Y projective, then f*o¢d = ¢o f*.
(i) If f + X — Y is a morphism of arithmetic varieties, with Xp
and Y projectives and Y regular then, for y € éﬁp(Y, Diog) and
x € aﬁq(Y) then it holds the equality

y-r¢(@) = P(y). .

Proof. Let y be a dimension p algebraic cycle of X and let g, be a Green
current for y in the sense of [§]. Recall that the normalization used here for
the current 4, differs with the normalization used in [§] by a factor ﬁ
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Then, by 3.5, the pair

1 1 _
(WQMXR\ZP, W(—Qaa)gy + 5y>

is a D°"-Green object for y. Therefore we obtain a well defined morphism
ZP(X) — ZP(X, D). Tt is straighforward to check that this map pre-
serves rational equivalence,, the exactness of the above exact sequence and
properties (i), (ii) and (iii). O

Corollary 3.13. With the hypothesis of the proposition, every element x €
CH, (X, D) can be represented as

z = ¢(z1) +a(n)
where 1 € aﬁp(X) and n € ~§;11(XR,p). Moreover, if

z = ¢(x1) +a(n) = ¢(z) +a(n’)

are two such representations, then n —1n' € 5§rﬁ_ﬁ‘fth(XR,p).

Proof. This follows from the previous proposition and the fact that the map

dp : DS, (Xp,p) — ZD5¥ (Xp, p) /2D (X, p)

is surjective due to the projectivity of X. The last statement follows from
[7] Theorem 1.2.2. O

The following result follows now easily from the previous corollary.

Corollary 3.14. Assume furthermore that X is equidimensional of dimen-

sion d and let aﬁ;(X) denote the D-arithmetic Chow groups introduced in
[13]. Then there is a natural isomorphism

P CHp (X) — @ CHap (X, D).
p p

Moreover this isomorphism is compatible with push-forwards and the struc-
ture of module over the contravariant arithmetic Chow groups. (]
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