ON THE EXISTENCE AND UNIQUENESS OF LIMIT
CYCLES IN LIENARD DIFFERENTIAL EQUATIONS
ALLOWING DISCONTINUITIES

JAUME LLIBRE, ENRIQUE PONCE AND FRANCISCO TORRES

ABSTRACT. In this paper we study the non—existence and the unique-
ness of limit cycles for the Liénard differential system of the form
& — f(z)& + g(x) = 0 where the functions f and g satisfy zf(z) > 0
and zg(z) > 0 for = # 0 but they can be discontinuous at z = 0.

In particular our results allow first to prove the non—existence
of limit cycles under suitable assumptions, and second to prove the
existence and uniqueness of a limit cycle in a class of discontinuous
Liénard systems which are relevant in engineering applications.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

One of the main problems in the qualitative theory of planar differential
equations is to know the existence of limit cycles and its number. This
problem restricted to polynomial differential equations is the well known
16—th Hilbert’s problem [7]. Since Hilbert’s problem turned out a strongly
difficult one Smale [12] particularized it to Liénard differential systems in
his list of problems for the present century.

For Liénard systems there are many results about the non—existence,
existence and uniqueness of limit cycles, see for instance [3, 5, 9, 13, 14]. In
this paper we provide a new contribution to this subject which can be also
applied to Liénard differential systems with some kind of discontinuities.

We consider for = € [a,b], where —co < a < 0 < b < oo, the Liénard
differential equation

(1) o’ = f(z)a’ +g(x) =0,
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where the functions f and g are given by

filz) ifz <0, 1(z) ifz <O,
) fla) = { fa(z) ifz>0, 9(w) = { 32(30) if x>0,

being fi, g1 continuously differentiable in [a,0], and f2, g2 continuously
differentiable in [0, b]. Note that the functions f and g are not defined at
x = 0 so that, if we eventually define f(0) and ¢(0), they are allowed to
have a jump discontinuity at the origin.

By using the classical Liénard plane we can obtain the equivalent differ-

ential system

v = F(z) =, [
3 here F(z)= s)ds,
(3) y' = g(a), W (x) Of()

and it is understood that F'(0) = 0, while g(0) is not defined by now.
This system has associated the vector field

oo B
@) X(x)— { ) ey where Xi(x) = < Fle) =y ) |
with x = (2,9)? and standing i = 1 for 2 < 0, and i = 2 for z > 0. The
ambiguity in the definition of X(x) on z = 0 will be clarified later on.

Since the system can be discontinuous we must adopt some criterion in
order to define solutions starting at or passing through the allowed discon-
tinuity line z = 0. Typically this is done by using the so called Filippov
approach, see for instance [10]. However here only the vertical component of
the vector field (4) could be discontinuous at the y-axis, while its horizontal
component turns out to be continuous. In fact, we have 2’ = —y on z = 0.
Thus if we consider for instance orbits starting at points with z < 0, then
these orbits are well defined whenever they do not touch the y-axis but they
can arrive at this straight line (obviously only at points (0,y) with y < 0)
by extending g(x) as if ¢(0) were equal to ¢1(0). Now starting from the
point (0,y) with y < 0 we assume that g(0) = g2(0) and we continue the
orbit inside > 0 using system (3).

From the above paragraph and using the standard terminology of planar
Filippov systems [10], the crossing set of the discontinuity line of system
(3) includes the negative y-axis. Similar arguments for > 0 imply that
the crossing set is the y-axis without the origin. In [10] the origin is then
called a singular isolated sliding point.

In short, except orbits arriving at the origin and assuming that the system
is actually discontinuous, it is natural to allow concatenation of solutions in
an obvious way so that the system has no sliding (Filippov) solutions. The
only possible singular point may be the origin, where each vector field can
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FIGURE 1. The three main cases for the local phase plane
at the origin when it is not a boundary equilibrium point:
regular point, pseudo-saddle and pseudo-focus.

either vanish or have a tangency with the y-axis. If at least one vector field
vanishes at the origin we say that it is a boundary equilibrium point. If both
vector fields are not zero at the origin we still can have a pseudo-equilibrium
point when both vector fields are anti-collinear (i.e. ¢g1(0)g2(0) < 0). Then
it behaves as an equilibrium point that may be reached in finite time. Its
stability and local phase portrait will be determined by studying its nearby
orbits, see Figure 1.

Proposition 1. For system (3) the following statements hold.

(a) If g1(0)g2(0) > O then the origin can be thought of a regular point.

(b) If g1(0)g2(0) = 0 then the origin is a boundary equilibrium point.

(¢) If g1(0)g2(0) < O then the origin is a pseudo-equilibrium point, being
of saddle type if g1(0) > 0 and g2(0) < 0, and of focus type if
91(0) < 0 and g2(0) > 0.

Proposition 1 will be proved in Section 2.

From the point of view of practical engineering problems the most inter-
esting case corresponds to the existence of a pseudo-equilibrium point or a
proper equilibrium point of focus type at the origin, because then it is pos-
sible that the system behaves locally or even globally as an oscillator. Thus
we will be mainly interested in possible periodic orbits. In this context,
to assure that there is no more singular points the following hypothesis is
assumed.

(H1) The function g satisfy xg(z) > 0 for x # 0.
We will require that the divergence of the vector field does not change its
sign in each side of the discontinuity line, i.e.

(H2) The function f satisfy xf(z) > 0 for = # 0.
Under the last hypothesis we have positive divergence for x > 0 and neg-
ative divergence for x < 0. Then in order to have some periodic orbit
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surrounding the origin, there must be some balance between the z-positive
and z-negative parts of the interior of the bounded region limited by the
periodic orbit. This idea will be precisely stated below in Lemma 7 but
in the same spirit of comparing the z-positive and z-negative half-planes
and following [1], it will be useful to introduce some auxiliary functions as
follows.

Under Hypothesis H2 and recalling the definition of F in (3), we define
a variable p = p(z) = F(x). As p'(x) = f(x), then p(z) > 0 for all z, and
sgn(p’(x)) = sgn(x) for x # 0. We deduce that the function p(z) has inverse
functions both for £ < 0 and for > 0, namely the non-positive decreasing
function

(5) z1:[0,F(a)] — [a,0], such that F(z1(p)) = p,
and the non-negative increasing function
(6) 23 [0, F(b)] — [0,8], such that F(z2(p)) = p.

Hence for & # 0 we have that both systems (3) and (4) are equivalent to
the two differential equations

) dy(zi(p)) _ _ g(xi(p)) 1 1 g(xi(p)
dp F(zi(p)) —y f(zi(p))  p—y fzi(p))’
where 7 = 1,2, according to x < 0 or x > 0 respectively, and these new dif-
ferential equations are both meaningful only for p > 0. Now by considering
the functions
g (zi(p))
® ") = )

equations (7) can be written in the more compact form

9) dy (zi(p)) _ hz(p)
dp Py

Note that h;(p) > 0 for p > 0 and i = 1,2, and that the effect of considering
equations (9) instead of the original systems (3) or (4) can be thought of as
if the plane (x,y) had been folded into the half-plane (p,y) with p > 0.

When hq(p) = ha(p) for p sufficiently small and the origin is a topological
focus it is not difficult to show that we have indeed a center, see for instance
Theorem 11.3 in [8]. We add a third hypothesis precluding such possibility.
It is written in a dual way to facilitate the checking of its validity in the
applications.

(H3) Assume that there exist the two limits
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satisfying

0<lh<lhhi< o0,
and if lo = I; then ho(p) < hi(p) for p > 0 and sufficiently small
(when Iy < Iy this last requirement is always fulfilled).

It is worth mentioning that this hypothesis implies that the origin is
topologically an unstable focus when I, > 0, see Lemma 11. Next result
states a necessary condition for the existence of periodic orbits under the
above hypotheses.

Theorem 2. Let [ and g be the functions defined in (2) such that f; and
gi are of class C! in [a,0] and [0,b] for i = 1,2, respectively, where —oo <
a<0<b<oo. Let F and h; be the functions defined in (3) and (8) and
assume that hypotheses H1-HS3 are fulfilled. If system (3) has a periodic
orbit contained in the band a < x < b, then the system

g9(x1) _ g(z2)
(10) F(ﬂfl) F(ZQ)ﬂ f(xl) f(xQ)’
has at least one solution (x1,x2) = (s51,82) with a < s1 < 0 < s3 < b, or
equivalently there exists at least one solution p € (0, F(a))N (0, F(b)) for the
equation hi(p) = ha(p).

Theorem 2 is proved in Section 2.
Now we give a result on uniqueness of limit cycles for Liénard equations
where discontinuities are allowed at x = 0.

Theorem 3. Under the same conditions of Theorem 2, assume that system
(10) has ezxactly one solution (x1,x2) = (s1,82) with a < s1 <0 < s3 < b,
or equivalently there exists exactly one solution p € (0, F(a)) N (0, F (b)) for
the equation hi(p) = ha(p). The following statement holds.

If the positive function

g(x)
11 o(r) = —~=—
) = @
is increasing for x € (a,0), or equivalently the positive function
hi(p)
12 e
(12) )

is decreasing for p € (0, F(a)), then system (3) has at most one periodic orbit
contained in the band a < x < b, and if it exists has a negative characteristic
exponent.

Theorem 3 is proved in Section 2.

Although our main motivation is the case of discontinuous systems, it
should be noted that the above results can be useful also for continuous
differential equations. For instance we can state the following result.
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Proposition 4. The following Liénard system

2 =oax?+ pzd + a2t —y,

(13) o

where 3> 0 and 9% — 32a < 0 has no limit cycles in the plane.

Proposition 4 is proved in Section 4.

We finish by considering an application of the above results to discon-
tinuous piecewise linear differential systems. This class is increasingly used
in engineering and applied sciences to model a large variety of technolog-
ical devices and physical systems [2, 15]. Similar differential systems had
been considered before in [6] but under the assumption of continuity for the
corresponding vector field.

Theorem 5. Consider the Liénard piecewise linear differential system

T= thx-—vy, . T = tox — vy, .
>
(14) { J= izt ay, if £ <0, { J= dyx+ an, if >0,

where it is assumed
t1 <0, di >0, a1 <0, ta>0, do >0, az>0.

Then the following statements hold.

(a) If az/ta < a1/t1 then a mecessary condition for the existence of
periodic orbits is do/t3 > di/t3. If the system has periodic orbits,
then it has a unique periodic orbit which is a stable limit cycle.

(b) If a1/t1 < ag/ty then a necessary condition for the existence of
periodic orbits is dy/t3 > do/t3. If the system has periodic orbits,
then it has a unique periodic orbit which is an unstable limit cycle.

(c) If az/ta = a1 /t1 then either the system has no periodic orbits when
di /13 # do /3, or it has a center at the origin when dy /t3 = do/t3.

Theorem 5 is proved in Section 5. Observe that statement (c) of Theorem
5 when 0 < az/ty = a1 /t1 and dy /t3 = da/t3 says that the origin is a center
even when the dynamics of the linear differential system in each half—plane
could be of node type. This situation happens when
i 1
3<3
t; ~ 4
for ¢ = 1,2. When both dynamics are of focus type and we are under the
assumptions of statements (a) and (b) of Theorem 5 the necessary condition
for the existence of limit cycles is also sufficient, as stated in our last main
result.
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Theorem 6. Under the assumptions of Theorem 5 and if
di 1
[ > j—
27 4

for i =1,2, then the following statements hold.

(a) If az/te < a1/t1 then the system has periodic orbits if and only if
do/t3 > di/t3, and in such case it has a unique periodic orbit which
is a stable limit cycle.

(b) If a1/t1 < aa/te then the system has periodic orbits if and only if
d1/t? > do/t3, and in such case it has a unique periodic orbit which
s an unstable limit cycle.

Theorem 6 is proved in Section 5.

2. ON THE ORIGIN AND THE PERIODIC ORBITS

In this section we prove Proposition 1 and we give some preliminary
results necessary for the proof of Theorem 2.

Proof of Proposition 1. The vector fields at the origin are X;(0,0) =
(0,91(0)) and X3(0,0) = (0, g2(0)), see (4). Then from (1) we have 2”(0) =
—g:(0) for ¢ = 1,2. Therefore if g1(0) and g2(0) are both positive or both
negative then X;(0,0) and X3(0,0) are collinear and the orbits of both
vector fields in a neighborhood of the origin have the same convexity. Con-
sequently we can define the vector field at the origin in such a way the orbit
through the origin has a quadratic tangency with the y-axis. This completes
the proof of statement (a).

Statement (b) follows directly from the definitions.

If g1(0)g2(0) < 0 then the vector fields at the origin are anti-collinear
and so the origin is a pseudo-equilibrium point. Assume g1(0) > 0 and
92(0) < 0. Then the vector field Xy has a visible quadratic tangency, that
is, the orbit of x’ = X;(x) through the origin is locally contained in 2 < 0
for backward and forward times. Similarly, the vector field X5 has also a
visible quadratic tangency in x > 0, see Figure 1. Hence the origin is a
topological saddle.

When ¢;(0) < 0 and g2(0) > 0 the vector fields X; and X3 have invisible
quadratic tangencies. That is, the unique point of the orbit of x' = X (x)
through the origin locally contained in # < 0 for backward and forward
times is the origin itself, and similarly for Xs; see Figure 1. Now the origin
is a topological focus. This ends the proof of statement (c). O

Now we extend a necessary condition for the existence of periodic orbits
fulfilled by smooth vector fields to the case of our discontinuous differential
systems.
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Lemma 7. Consider the functions [ and g defined as in (2). If system (3)
has a periodic orbit I' and the interior of the bounded region limited by T’
includes the origin and it is denoted by A, then I' crosses the y-axis in two
points different from the origin, and the function f satisfies the condition

//A f(z)dxdy = 0.

Proof. Since ' = —y on & = 0 and the origin is in A, it follows that
I’ intersects the y-axis in two points M = (0,yp) and N = (0,yn) with
ym <0 <yn.

We define Ay, I'1, and Ay , I's to be the parts of A and I' contained in
x < 0 and = > 0 respectively. We denote by A the oriented segment on
the y-axis from the point M to the point N while the same segment with
the opposite orientation is denoted by —A. Then by applying the Green’s
Theorem we have

/ /A faytsdy = | REZE / [ (@ydady
[Fa) =3l dy=g(o)do+ [ [F(@)=)dy—g(a)do

I
[ (P@) - dy—g(a)da+ / P (@)=y)dy—g(a)da

YN yM_
0+/ (—y)dy+0+/ (=y)dy =0,

Ym YN

and the conclusion follows. O

3. PROOF OF THEOREMS 2 AND 3
First we prove Theorem 2.

Proof of Theorem 2. We start by noticing that if system (3) has singular
points they must be on the y-axis because zg(x) > 0 if © # 0. Also we
have ¢1(0) < 0 and ¢2(0) > 0. Since 2’ = —y when x = 0 the unique
possible singular point is the origin, and from Proposition 1 it is a boundary
equilibrium point or a pseudo-focus because g1(0)g2(0) < 0.

Assume that system (3) has a periodic orbit T' contained in the band
a < x < b. As a consequence of the Poincaré-Bendixson Theorem for phase
portraits in the plane (see for instance [4]) the interior of the bounded region
limited by I' must contain a singular point. Such point in our system must
be the origin.

Next some geometrical properties of the periodic orbit I' will be estab-
lished. First since 2’ = —y on the y-axis, the orbit ' is run in counter-
clockwise sense. Let A = (z4,y4) and B = (zp,yp) be the points on T
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K
M

FI1cUrRE 2. Notable points associated to a periodic orbit
(thick line). For z < 0, it is sketched the orbit passing
through (zc,yc), where yg = yc = F(z¢). The line AOB
is the graph of the curve y = F(z).

for which the variable x assumes its minimum and maximum values, then
x4 <0 < zxp. Since for z # 0 we have

dv  F(x)—y

dy — glz)

and this derivative vanishes for x = x4 and x = xp, one obtains y4 = F(x4)

and yp = F(xp). Moreover this derivative only vanishes at the points A
and B. Indeed when dz/dy = 0 the second derivative is given by

e (B8 1)o@ 1@ vy 1
qr g(z)? 9(z)’

dz
ay =0

(15)

which has a definite sign, in fact the opposite sign to x. Then the derivative
(15) vanishes only once for z > 0 and only once for < 0, and so the points
A and B are the unique points where the orbit I" intersects the curve defined
by the equation y = F(x) denoted by Q.

It follows that I' intersects any straight line L defined by x = ¢ with
x4 < q < zp in exactly two points (¢, y) and (¢, y3) with yo < F(q) < ygs.
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In particular for ¢ = 0 such points are denoted by M = (0,yn) and N =
(0,yn) with yp < 0 < yn. Moreover the path T’ can be described as the
graph of y = y;(x) on the lower arc AM B and by the graph of y = y,(x) on
the upper arc ANB. Clearly y;(z) < F(x) < yu(z), that is " is below the
curve €2 on the lower arc AM B, while it is over the curve 2 on the upper
arc AN B, see Figure 2.

Differential equations (9) can be continuously extended to z = 0 by
putting h;(0) = I;, so that they define the orbits of the following two differ-
ential systems, both defined for p > 0:

P _ p—y
(16) ar ,
E - i(p)a

for i = 1,2. The arc M AN of the periodic orbit I' can be parameterized as
Iy (p) = { yi(zi(p) i yi(z1(p)) < ya,
Yu(z1(p))  if ya < yu(z1(p)),
while the arc M BN of T" can be parameterized as
Ta(p) = { yi(za(p))  if wi(22(p)) < ys,
yu(r2(p))  if yp < yulz2(p)),
where
(17)
yi(21(0)) = yi(22(0)) = ym <0 and y,(21(0)) = yu(z2(0)) = yn > 0.
Before proceeding further we state now some results from the theory of
differential inequalities, providing their proof for sake of completeness.

Lemma 8. Assume that the graphs of the two continuous functions y; :
[e,d] — R are solution curves for the Lipschitz differential systems

dp
-—— = DP=Y,
a7
E: #i(p),

for i =1,2, respectively. Assume also that the inequalities

p—yi(p) >0, and p —ya(p) >0, for all p € (c,d),
and
0 < ¢1(p) < d2(p), for all p € (¢,d),
are satisfied. The following statements hold.

(a) If yi(c) < yalc) then yi(p) < y2(p) for all p € (c,d].
(b) If y1(d) > ya(d) then yi(p) > y2(p) for all p € [c,d).
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Yu(z2(p))
J

N
§
L

p=p

FIGURE 3. In the new coordinates (p,y) both semi-orbits
are in the halfplane p > 0, and they must enclose the same
area.

Proof. For all p € (¢, d) such that y1(p) < y2(p) we have

dy _ ¢ulp) (D) < d2(p)  dya

dp p—yi(p) ~ p—y2p) p—y2p) dp’
so that the function y, — y; is strictly increasing in (¢, d) and the conclusion
of statement (a) follows easily.

To show statement (b) suppose on the contrary that there exists p €
[c,d) such that y1(p) < y2(p). Then by statement (a) we conclude that
y1(p) < ya(p) for all p € (p,d], and in particular that y;(d) < y2(d), which
is a contradiction. O

Remark 9. An analogous result for Lemma 8 is also true by reversing all
the inequalities in the statements when p—y1(p) < 0 and p—y=2(p) < 0 (i.e.
when the orbits are in the region y > p) while 0 < ¢1(p) < ¢2(p) still holds
for all p € (¢,d).

From the hypotheses we get that 0 < ho(0) < h1(0) and ha(p) < hi(p)
for 0 < p < 1. Then from (9) and (17) and using statement (a) of Lemma
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8 in the interval [0, p] with p sufficiently small, we obtain
yi (z2(p)) <y (z1(p)) for 0<p< 1.

On the other hand by using Remark 9 we have analogously

(18) Yu (21(p)) < yu (z2(p)) for 0 <p< 1.

Next we will show that both paths I'1(p) and I's(p) cross themselves at
least at one point. It can be easily seen that the system

d_ -p—y @ _ p—y

(19) dr " ifp <0, dr T ifp >0,
S~ _hy(-p) o~ ha(p)
dr ’ dr ’

has a counterclockwise periodic orbit I constituted by a path I’y which is
the symmetrical one with respect to the y-axis of the path T';(p) along with
the path T'y(p). System (19) is the Liénard system

dp

4

=~ _

I (p),

where

o m) ifp>o,
h(p){ ey ifp<o.

Then by applying Lemma 7 we have
(20) // sgn(z)dxdy = 0= —S51 + S,
A

where A is the interior of the region limited by f’, S1 and S> are the areas
of A on the left and on the right hand side of the line z = 0 respectively. If
the path I'y (p) does not cut the path I's(p), then Sy # S2 and (20) cannot
be fulfilled. So the path I';(p) must cut the path I's(p).
Assume now that ha(p) < hi(p) for 0 < p < min{ya,yp}. Since

y1 (z2(p)) and y; (z1(p)) are solutions of the equations

dy _ ha(p) dy _ a(p)

dp p—y dp p—y’
respectively, with y; (22(0)) = y; (21(0)), then by statement (a) of Lemma
8 we must have y; (z2(p)) < y1 (z1(p)) for 0 < p < min{y4,yp}. Similarly,
by using Remark 9 we must have y, (z1(p)) < yu (z2(p)) for 0 < p <
min {y4,ys}, and then the paths I'1(p) and I'z(p) do not cross themselves,
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which is a contradiction. Hence there must exist p such that hq(p) = ha(p),
i.e. the system
. x T
p= F(Il) _ F($2), f( 1) — f( 2)
g(z1)  g(x2)
must have a solution (z1,22) = (s1,82) with 24 < s1 <0 < 83 < xp, and
Theorem 2 is proved. O

Proof of Theorem 3. We start by assuming again the existence of a periodic
orbit I' contained in the band a < x < b with all the geometric properties
already established in the proof of Theorem 2. Furthermore we assume
that there is a unique value p < min{ya,ys} such that ha(p) < hi(p) for
0 < p < p, and hy(p) < ha(p) for p > p.

We claim first that y4 > yp, as shown in Figure 2. Now we start the
proof of the claim. By using statement (a) of Lemma 8 in the interval [0, )]
it follows that

yi (v2(p)) <y (z1(p)) for 0 <p < p,

and analogously, by using Remark 9 for the upper part, we have

Yu (21(p)) < yu (z2(p)) for 0 < p < p.

From the above inequalities we see that when the paths start to separate
from the y—axis the two arcs of path I's(p) are farther from the p—axis than
the two arcs of path T'y (p), see Figure 3. We already know from the proof of
Theorem 2 that both paths intersect and now from the relative position of
their beginning arcs at the y—axis we can assure that their crossing points
must appear in an even number counting multiplicities. In fact due to the
uniqueness of solutions of system (10), we conclude now that there exist a
unique value d; > p such that

Y1 (z2(p)) < yi (x1(p)) for 0 < p < 4y,
yi (v2(p)) >y (w1(p)) for 61 < p <min{ya,ys}.

This lower crossing point at p = &; for y; (z1(p)) and y; (x2(p)) must be
unique because resorting to Lemma 8(a) in the interval [61, min {ya,yr}]
we have y; (21(p)) < yi (z2(p)) in such interval. Similarly, by using Remark
9 there is a unique value d5 > p such that for the upper parts

Yu (21(p)) < yu (x2(p)) for 0 < p < dy,
Yu (1(p)) > yu (z2(p)) for d2 < p < min{ya,ys}.

Therefore, as these two crossing points are only possible when y4 > ypg, if
system (3) has a periodic orbit then the condition y4 > yp holds and our
first claim is proved.
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We now claim that the characteristic exponent of a periodic orbit of
system (3) is negative, that is the periodic orbit is a stable limit cycle.
Hence the system has at most one periodic orbit because we cannot have
two consecutive stable periodic orbits. This should complete the proof of
Theorem 3. Now we prove this second claim.

Let C = (x¢, yc) be the point on the curve  for which x4 < ¢ < 0 and
yo = F(x¢) = F(zp) = yp > yi(xc), and let T be the orbit of (3) passing
through the point C. Then the orbit I meets the y-axis in the points K and
L (see Figure 3), where yp; < yx < 0 < yr < yn. The orbit I is given by
the graph of y = g;(«) on the arc CK and by the graph of y = g,(z) on
the arc LC. Since yp = 41(0) < yx = $1(0), Lemma 8.a in the interval [0, p]
implies

(21) yi(x2(p)) < mi(z1(p)) for 0 <p <p.

The previous inequality can be extended to assure that

(22) yi(z2(p)) < Gi(x1(p))  for p<p <yp.

by using statement (b) of Lemma 8 in the interval [p, yp] because we know

that y; (z2(yB)) = yB = yc = 91 (x1(yp)) and that hi(p) < ha(p) for p > p.
By using Remark 9 in an analogous way, we can show that

(23) Ju(r1(p)) < yu(z2(p)) for 0 <p <ys.

Next we compute the characteristic exponent p of the periodic orbit T',
ie.

p= / Fla(t))dt,

where the line integral is described in the sense of the flow, that is counter-
clockwise.

The periodic orbit I' = {(z(t),y(t))} intersects the line z = s in the
points My and Ny, and the orbit I' = {(&(t), #(t))} intersects the line z = s,
in the points K7 and L;, see Figure 3. We first compute the integral

I= /MBNﬂx(t))dt RO

along the arc M BN of the periodic orbit I' and along the arc LCK of the
path T'.
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To this end we compute the following integrals

/f dt—i—/ffc’

[:M Mo p KK
[ @ o
0/ o) —n@ =T / F) —w)d -

ot st
J p =y (22(p)) ) p— i (z1(p))

j (w2 (0) — i (22 ()] dp
v @) — i @ o)

and from (21) we conclude that I; < 0. Now we consider

IQ:/ ))dt + /f:i

., B SO
/ p- yzd<p (p>>‘/ p- yzdicl(p)):
Lm/ [pyl - y( (2]1?5))1

and from (22) we conclude that I < 0. We have

) I':BNy I:L,C
[ i@ @
x[ﬂmyu(z)d +S/F” @)™ =
73 dp - YB dp B
) Yu (v2(p)) — P ) Ju (z1(p)) — p
n

15
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and from (23) we conclude that I3 < 0. We compute

= [ e [ rao-

I':NoN f‘:LL1

0 S1
fa) @
Zﬂm%md+!me@W

Jectier fe
Yu (22(p)) — p ) Uu (z1(p)) — p

j[m@ma g (22(p))] dp
[Yu (22(p)) — ] [Gu (z1(p)) — P

and from (23) we conclude that Iy < 0. Hence I = I1 + Io + I3+ I4 < 0 and
p=1+ [ fatnd- [ fao
:NAM [:LCK
n= | paoyde- [ g
I'"NA I:LC

= [ e [ @,
T:AM I:CK
so that p = I + J; + J2. Now we will show that J; < 0 and Jy < 0.

We compute the integral

We define

ya YB
P
P = Yu xl / p—= yu
yA YA
B /p Yu xl / ?9
0

yA

Yu (21(p)) = Ju (p)
[p Yu (21(p))] [p — u()]

where the function g, (p) is given by

@

Gu (p) = pu (1 (1~ 'p)) and p= z—z > 1.

Clearly the function g, (p) is a solution of the differential equation
dy _ hi (p)
dp p-y’
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where hy (p) = phy (™ 'p).
The function « defined in (11), which can be written for z < 0 as
g (z1(p)) _ hi(p)
f@)p  p 7’
is an increasing function of x7, and so a decreasing function of p. Then

ha (0'p) > p~ha (p), s0 ha(p) < phy (n'p) = ha(p) for p > 0. We
recall that for y = y,, (z1(p)) we knew that

dy _ hi(p)

dp  p—-y’

a(zi(p)) =

Now from the equality

and using the statement (b) corresponding to Remark 9 for h; and hy in the
interval [0,y4] we get y (z1(p)) < Ju(p) for 0 < p < ya, and consequently
J1 < 0.

Similarly we can show that Jy < 0, and the proof is complete. O

4. PROOF OF PROPOSITION 4

Hypotheses H1 clearly holds for system (13).

We see that f(z) = x(2a + 38z + 422). Obviously @ > 0 and since
the discriminant of the quadratic factor is negative Hypotheses H2 holds.
Regarding Hypothesis H3 we see that

glz) _ 1
flz) 2a+ 3Bz + 42’
so that I; = Iy = 1/(2a) but since 8 > 0 it is clear that ha(p) < hy(p) for
p > 0 and sufficiently small because z1(p) < 0 but z2(p) > 0.
Now we look for solutions (z1,22) = ($1, s2) with s1 < 0 < s2 of system
1 B 1
20+ 36z1 + 47?2 200+ 3Bxo + dal’

axf + faf + 2t = awd + fa3 + a3,
or equivalently of system

oz —x3) + B(as —ad) + a5 — 21 =0, 36(xy —x1) +4(23 — 23) = 0.
After removing the obvious factor zo — z1 > 0 we get the system
w1 4a0)+B(23 w1 wo+ad) Fad datvgfaas s =0, 38+4(x1+as) = 0.
Substituting the second equation in the first one multiplied by 4, we get
—3af+48 (23t wotx2) 36 (22 —x 1 xota2)-3fr 120 = 0, 3/4+4(x1412) = 0,
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and new simplifications lead to the quadratic system
—3a + 22 + 4xy1o + 22 =0, 30+ 4(x1 +x2) = 0.
A new substitution in the first equation multiplied by 16 gives the system
96% — 48a + 321115 = 0, 38+ 4(z1 + 22) = 0.
So the solutions 1 and x5 must be roots of the quadratic
480 — 947
32

which has real different solutions only if 932 — 32a > 0, and this is contrary
to the initial assumption. Then from Theorem 2 no limit cycles are possible.

x2+¥z+ 0,

5. PROOF OF THEOREMS 5 AND 6
First we show Theorem 5.

Proof of Theorem 5. We first check the hypotheses H1-H3 in order to see
that both Theorem 2 and Theorem 3 can be applied.
Hypotheses H1 and H2 are immediate.
We will use the functions /; in checking Hypothesis H3, and noting that
x;(p) = p/t; for i = 1,2, we have
P+t

hi(p) = 2 ‘

for i = 1,2. Now Hypothesis H3 is fulfilled whenever Iy = as/ts < I} =
ai/t1, or if ag/ta = a1 /t1 when da/t3 < di/t3. The equation hi(p) = ha(p)
becomes equivalent to

d1 dg as aq
24 a_Z)l,===_2
(24) <t§ t§>p ta t1

which has a unique positive solution only if

di d
—217—22 2_4) o
2 t2)\ta t©

Now statement (a) of Theorem 5 is a direct consequence of Theorems 2 and
3.

d; a;

Statement (b) can be shown by using statement (a) applied to the system

= (~t)r—y, . = (~t)r—y, .
. if £ <0, . if z >0,
{ Y= dox+ (—az), - y= dix+(—a1),
which corresponds to systems (14) after doing the change of variable (z, 7) —
(—z,—7).
Regarding statement (c), it is obvious that equation (24) has no solutions
different from zero when d; /t2 —da/t3 # 0 and the first assertion then comes
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<
I
=

Yy=-—p

FIGURE 4. Building the Poincaré map near the origin by
using the half-return maps P; and Ps.

from Theorem 2. In the remaining case we have hj(p) = ha(p) for all p and
the conclusion on having a center comes from the application of Theorem
11.3 in [8] to system (19). This completes the proof of Theorem 5. O

Starting from system (19) corresponding to system (14), when both dy-
namics are of focus type (stable for z < 0, unstable for > 0) it is pos-
sible to define globally a Poincaré return map by introducing a transver-
sal section to the flow. We select for that the negative y—axis and define
P : (0,00) — (0,00) which maps the coordinate y > 0 of the point (0, —y)
into the vertical coordinate P(y) of the point (0, —P(y)), where both points
are the initial and the final point, respectively, of one orbit that gives coun-
terclockwise a complete turn around the origin. For more details on the
definition of this Poincaré map see the proof of Lemma 10. The explicit
computation of this map P should solve the problem of determining the ex-
act number of periodic orbits; however this is not possible in general. The
following result will be needed later.

Lemma 10. Under the assumptions of Theorem 6 the derivative of the
Poincaré map P satisfy
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where fori=1,2,

Proof. To work in a more compact way we choose the folded plane, that is
systems (16), namely

dp
_'r: pP—-y
gyi di a;
o oett
for p > 0, and we define
- dl 1 e aiti
wimE T BT

for i = 1,2. Integrating both linear systems taking as initial point (0, —y),
we have
pi(T) = p ) (T) ( 0—pf )
=exp | =) Ci(r v
(yi(f)—y Plg) Gy g
where yf = p§, and

ST S

cos(wiT) + sin(w;T) _ sin(w;iT)
Qwi Wws
Ci (T) =
d; sin(w;7) sin(w;T)
71512%—1 cos(w;T) — 72%1

After one half-turn around the origin following these solutions (p;(7), y: (7)),
we will arrive up to the positive part of the y—axis for certain values 7; such
that p;(7;) = 0 with 0 < w;7; < 7, see Figure 4. The corresponding values
of yi(7;) allows to define the half-return maps

P; : (0,00) — (0,00) with P;(y) = v:(7;) and p;(7;) = 0 with 0 < w;7; <,

for i = 1,2. Now the return map P(y) of system (19) corresponding to
system (14) can be recovered by taking P(y) = P; (P (y)).

As it is shown in [6] for the continuous case, the study of such half-return
Poincaré maps is not possible explicitly and must be done in a parametric
way. Thus introducing the notation 6; = w;7; and x; = 1/(2w;) for i = 1,2,
the map P; is determined by the equation

cos 0;+k;sin6; —2k,; sin 6; ) e

e ( —p§ ) - ( —p; )
. -y — D Pi(y) — p¢
1+'<677 sin 6; cos 0; —k; sin 0; Y—Dp; i(y) — p§
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and it is parametrically described for each value of 8; € (0, ) as follows,

e "% _ cosh, + K, sin b;

y= -—p§

P(y) = —p§

2k; sin 0; ’

ei% — cosf; — K, sin b;

2k; sin 0; ’

for ¢ = 1,2. Hence a straightforward computation now shows that for the
derivatives we also have the parametric representation

dP; (6:) = 1— e (cosf; — kisind;) .0 Y
dy " 1 —eri%i(cosh; + kisinb;) Pi(y)’
so that
. dP(y) . 1 — eri%(cos 0; — k;sinb;) 1+ efi™ o
lim = lim § = — eMiT
y—oo d 0;i—n— 1 — e ribi(cosf; + k;sinf;) 1+ e T

We can conclude by the chain rule and the inverse function theorem that

dP(y) _ . AP (Pa(y) _ 1

1 _ _ Kom _ T(ke—K1)
y—oo  dy Y00 dy eram© c ’
and the lemma follows. O

This last result can be also obtained by resorting to the techniques fol-
lowed in [11].

We finish by giving the proof of Theorem 6. For that we show first
another technical result

Lemma 11. Hypothesis H3 implies that the origin is an unstable topological
focus if lo > 0.

Proof. We will show that when y > 0 is sufficiently small the Poincaré map
introduced in this section satisfies P(y) > y. Taking a point (g;,¢;) on the
line y = p sufficiently near the origin, we know that for the orbit passing
through this point

dp; d?p; 1
dy ’ dy2 hi (Ei) ’
and then the corresponding orbits can be approximated by
1
piy) =i — (y —e)* + Oy — &),

2hi(€i)
which cuts the y—axis in the points
yzi ~ t4/ 2h1(€1)€1 +&; &= £/ 2l;e; + €.

Note that for ¢; sufficiently small we have that y; < 0.
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We choose €1 and ¢ for the systems with ¢ = 1, 2, in such a way that the
two quadratic approximations for the orbits coincide in the positive y—axis,
namely

(25) g1+ 2h1(€1)€1 = &9 + v/ 2h2(€2)€2.

From Remark 9 and considering only the part of the orbits contained in the
region y > p we can assure that €1 < 2, see Figure 4. Now taking y = —y,
we can make the approximation P(y) =~ —y; so that

P(y) —y = —(e1 — v/2hi(e1)e1) + €2 — \/2ha(e2)e2 = 2(e2 — 1) > 0,

where we have taken into account the equality (25). This implies that the
origin is an unstable topological focus, see Figure 4. (|

Proof of Theorem 6. Reasoning like in the proof of Theorem 5 we must only
show statement (a).

From Lemma 11 we know that the origin is unstable and in particular
that for the Poincaré map P introduced in this section we have P(y) >y
for y > 0 and sufficiently small.

The assumptions assure that dy/t3 > dy/t3, and using that the function
1/v4x — 1 is decreasing for > 1/4 we see that k3 — k1 < 0. Therefore
from Lemma 10 we have

L= lim d—P = ¢m(m2mr) 1
y—oo dy
We will now claim that there exists y* > 0 with P(y*) < y* so that from
the intermediate value theorem we deduce the existence of a periodic orbit.
Then the conclusion of the theorem follows from Theorem 3.
Effectively we can assure that there exists a certain value g such that for
y > y we have

dP 1+L -
— < ——=L<1.
dy< 2 <

If P(y) < g we are done. Otherwise taking y* > g and invoking the Mean
Value Theorem we have

P(y*) — P(y) < L(y" — 9),
which implies that
P(y*) —y* < P(y) — Ly — (1 — L)y",

which is clearly negative if y* is big enough and the claim is true. O



LIENARD DIFFERENTIAL EQUATIONS ALLOWING DISCONTINUITIES 23

REFERENCES

[1] W. A. CopPPEL, Some Analytical Systems with at most one Limit Cycle, Dynamics
Reported, Vol. 2, Edited by U. Kirchgraber & H.O.Walther, John Wiley Sons Ltd,
1989.

[2] S. BANERJEE AND G.C. VERGHESE, Nonlinear Phenomena in Power Electronics,
IEEE Press, 2001.

[3] F. DUMORTIER AND C. L1, On the uniqueness of limit cycles surrounding one or more
singularities for Liénard equations, Nonlinearity 9 (1996), 1489-1500.

[4] F. DUMORTIER, J. LLIBRE AND J.C. ARTES, Qualitative theory of planar differential
systems, Universitext, Springer-Verlag, Berlin, 2006.

[5] F. DUMORTIER AND C. ROUSSEAU, Cubic Liénard equations with linear damping,
Nonlinearity 3 (1990), 1015-1039.

[6] E. FREIRE, E. PONCE, F. RoDRIGO AND F. TORRES, Bifurcation sets of continuous
piecewise linear systems with two zones, Int. J. Bifurcation and Chaos 8 (1998),
2073-2097.

[7] D. HILBERT, Mathematische Probleme, Lecture, Second Internat. Congr. Math.
(Paris, 1900), Nachr. Ges. Wiss. G”ttingen Math. Phys. KL. (1900), 253-297; English
transl., Bull. Amer. Math. Soc. 8 (1902), 437-479.

[8] D. W. JORDAN AND P. SMmITH, Nonlinear Ordinary Differential Equations, 3rd edition,
Oxford University Press, Oxford UK, 1999.

[9] A.I. KHiBNIK, B. KRAUSKOPF AND C. ROUSSEAU, Global study of a family of cubic
Liénard equations, Nonlinearity 11 (1998), 1505-1519.

[10] Yu. A. KUzNETSOV, S. RINALDI AND A. GRAGNANI, One-Parameter Bifurcations in
Planar Filippov Systems, Int. J. Bifurcation and Chaos 13 (2003), 2157—-2188.

[11] J. LLBRE AND E. PONCE, Bifurcation of a periodic orbit from infinity in planar
piecewise linear vector fields, Nonlinear Analysis 36 (1999), 623-653.

[12] S. SMALE, Mathematical Problems for the Next Century, Mathematical Intelligencer
20 (1998), 7-15.

[13] D. XI1AO AND Z. ZHANG, On the uniqueness and nonexistence of limit cycles for
predator—prey systems, Nonlinearity 16 (2003), 1185-1201.

[14] ZHANG ZHIFEN, DING TONGREN, HUANG WENZAO AND DONG ZHENXI, Qualitative
Theory of Differential Equations, Translations of Math. Monographs, Vol. 101, Amer.
Math. Soc, Providence, 1992.

[15] Z.T. ZHUSUBALIYEV AND E. MOSEKILDE, Bifurcations and Chaos in Piecewise—
Smooth Dynamical Systems, World Scientific, Singapoore, 2003.

JAUME LLIBRE,

DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA,
08193 BELLATERRA, BARCELONA, SPAIN

E-MAIL:jllibre@mat .uab.cat

ENRIQUE PONCE AND FRANCISCO TORRES,
E.T.S. INGENIEROS, CAMINO DE LOS DESCUBRIMIENTOS, 41092 SEVILLA, SPAIN,
E-MAIL:eponcem@us.es, ftorres@us.es



