NORM INEQUALITIES IN MULTIDIMENSIONAL
LORENTZ SPACES

BORIS SIMONOV AND SERGEY TIKHONOV

ABSTRACT. In this paper we obtain necessary and sufficient condi-
tions for double trigonometric series to belong to generalized Lorentz
spaces, not symmetric in general. Estimates for the norms are given
in terms of coefficients.

1. INTRODUCTION

Let f(x,y) be a measurable function on [0, 27r]2. We define the rearrange-
ment of f(z,y) with respect to y to be f;(x,t2) = (f(x,y)) (z,t2), ie.,
y

[y (z,t2) is a nonincreasing function on ¢y and the functions f;(z,t2) and
|f(z,y)| are equimeasurable as functions of one variable for almost all z.
We define the rearrangement of f;(z,t2) with respect to  to be f.(t1,t2).
Therefore f, (t1,t2) is nonincreasing on ¢; and to and equimeasurable with
£yl

According to [BKPS]-[BPS], if 0 < o < o0, we say that a measurable
function f(x,y), which is 27-periodic on each variable, belongs to the two-
dimensional weighted Lorentz space A§(w), if

27 27

[0
| fllag @) = //w(tl,h)(f;z(tl,tz)) dty dito < 00,
00

where the weighted function w € W, i.e., w(ty,t2) is an a.e. positive mea-
surable function on [0, 27]%. B
Similarly, we say that f(z,y) belongs to A§(w) provided that

27 27 i
% (0%
I fllAg @) = //w(t17t2)(fzy(t17t2))) dtpdty | < oo.
0 0
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We consider the following series

oo oo

(1.1) Z Z @y, COS T COS MY,

n=0m=0
oo oo

(1.2) Z Z Gy, COS T SIN MY,

n=1m=0
oo 0o

(1.3) Z Z A, SIN T COS MY,

n=0m=1

(o) (o)
(1.4) Z Z Ay, SIN T SIn NY,

n=1m=1

where the coefficients a,,, are real numbers and cos 0z := cosQy := % We
also suppose that the sequence {a,,} satisfies the condition

(1.5) Gmn — 0 as m+n — oo.

For integers k1 and ko we define

k1 ko
Agy by Omn = 2(71)10}61 Z(—l)ﬂc,izamﬂ n+j (m,n > 0),

i=0 j=0

WhereC,i:wforlZlandC’,izlforl:O.

We note that if {a,,,} satisfies (1.5) and Ay, g,amn > 0 for integers
k1,ka > 1, then Ag s,amn >0 forall 0 <s; <k; and 0 < sg < k.

By C, C; we denote positive constants that may be different on different
occasions. Also, F' < G means that there exist constants C; and C5 such
that C1F < G < CoF.

Now we recall the definition of convergence of double series in the Pring-

oo} o0
sheim’s sense. The partial sums of the series > " ¢, are defined to be
v=0 pu=0
n m .
Smn = >, > cuv. If there exists a number S such that for any ¢ > 0 there
v=0 pu=0
exist integers k and [ such that |S,,, — S| < e for all n > k and m > [, then
series ) ¢, is said to converge to S, in the sense of Pringsheim.
v
It is well-known (see e.g. [H]) that if a sequence {a,, } satisfies (1.5) and

Ak, ky@mn > 0 for any integers ki and ko, then series (1.1)—(1.4) converge

in Pringsheim’s sense except, possibly, on a set of measure zero. We define

by fi(z,y), fo(z,y), f3(z,y) and f4(x,y) the sums of series (1.1)—(1.4),
respectively.
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The aim of the paper is to study the necessary and sufficient conditions
for the functions fi(x,y), fo(z,y), f3(z,y) and fyi(x,y) to belong to the
Lorentz spaces, not symmetric in general, in terms of coefficients {am, }-

This problem has a long history starting from the well-known theorem
by Hardy and Littlewood (see [HL], [Z, V.2, XII, §6]): A necessary and
sufficient condition that the function

flz) ~ Z (an cos nx + by, sin n:z:), an, by |,

n

should belong to LP, 1 < p < oo, is that

Z(aﬁ + 0P )nP~? < oo.

n

This result was generalized by Sagher for the Lorentz spaces (see [S1] and
[S2]): Assume that f(z) is either the Fourier sine or Fourier cosine series
associated with {a,}. If a, |, then for 1 <p < oo and 0 < g < oo,

[f@)zra = [{an} | .a

where L7 and 1P are continuous and discrete Lorentz spaces [BeSh].

For non-weighted multidimensional LP-spaces, where 1 < p < oo, the
Hardy-Littlewood-type result was obtained by Moricz [Mo]. The cases of
different Lebesgue and Lorentz spaces were also investigated in [BoSa], [G],
[Mi], [N], [VD], among others.

In section 2 we present our main results for the spaces AS(w) and AS(w)
in the case of @ € (0,00). First (Theorem 2.1), we find the estimate of
| fill g () from above. Next (Theorems 2.2 and 2.3), we give the necessary
conditions for f; to belong to A§(w), depending on the monotonicity prop-
erties of the weight w. Sections 3 and 4 contain the preliminary results and
proofs, respectively.

Finally, we remark that our results, in particular, provide criteria for
f1, f2, f3 and f4 to belong to classical Lorentz space LP9, 0 < p,q < o0,
and to the Lorentz-Zygmund space LP'9p(L) (here ¢ is a slowly varying
function; see [BeSh],[Mi]).

2. MAIN RESULTS
For convenience purposes we set
/A w)m
Wyp 1= / / w(z,y) dzdy,

7/ (nt1) 7/ (m+1)
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Lojfn=0
where 7 1= ¢ 2 l " " Then our results are read as follows.
n ifn € N.

Theorem 2.1. Let 0 < o < o0, w € W, and let w satisfy the following
condition: for all 01,062 € (0,2m)

51 52 51 62

(2.1) //w(tl,tg) dtl dtg S C//w(tl,tg) dtl dtg,
0 0 51 8

21
2

I\)‘N

where C' is independent of 61, 02. Suppose the sequence {amn} satisfies
condition (1.5) and Ak, k,@mn > 0 for all myn € N and appropriate ki, ko
appearing in (A)-(D).

(A). If kv =2 and ko = 2, then

(2.2)

a

(m+ 1)2awmn (Allamn)a> 5

oo

Il f1(z,9)lag @) < Ch (Z(n +1)%

n=0

M2

0

3
Il

(B). If ky =2 and ko = 1, then
(2.3)

o0

1
Ag(w) S Co (Z(n +1)* Z (m +1)**wpy, (AlOamn)a> ;
n=1 m=0

(C). If k1 =1 and ky = 2, then

1f2(, )]

(2.4)
Hf?)(xa y)HAg‘(w) < C(3 (Z(n + 1)2a Z (m + l)awmn (A01amn)a> ;
n=0 m=1

(D). If k1 =1 and ko = 1, then
(2.5)

[fa(2, 9)llag () < Ca <Z(n+ DY (m+ 1) wi affm> ;

n=1 m=1

where Cy,Cs, C3,Cy are independent of {amn}-

Remark 2.1. For any 71,72 > 0 and for any slowly varying functions
p1(2), 2(y) on (0,00), wlty,ta) = 1" Tp1(1/t1)t3* o1 (1/t2) satisfies
(2.1).
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Theorem 2.2. Let 0 < a < o0, w € W, and let w be nonincreasing
with respect to t1 for almost all to and nonincreasing with respect to to for
almost all t;. Suppose the sequence {amn} satisfies condition (1.5) and
Ak kyOmn > 0 for all m,n € N and appropriate ki, ko appearing in (A)-

(D).

(A). If kv =2 and ko = 2, then

(2.6)

Hfl(xvy)HAg(w) > Cl (Z(n + 1)2(1 Z (m + 1)2awmn (Allamn)a> 3
n=0 m=0

(B). If ky =2 and ko = 1, then

(2.7)

[ f2(z, )| ag () = Ca (Z(n +1)¢ Z (m +1)**wpn (Aloamn)a> ;
n=1 m=0

(C). If k1 =1 and ky = 2, then

(2.8)

15 9)llag ey > Cs (Zm L1203 (m+ 1) (Amamnr‘) ;
n=0 m=1

(D). If k1 =1 and ko = 1, then

(2.9)

[ fa(z, ¥)|lag(w) = Ca <Z(" +1)* ) (m+ 1) winn aﬁm> ;

n=1 m=1

where Cy,Cs, C3,Cy are independent of {amn}-

Theorem 2.3. Let 1 < a < oo, w e W, and let w satisfy the following two
conditions:

(1): for almost all ta € [0, 27| w(t1,t2) is nondecreasing and satisfies
Ay-condition with respect to tq, i.e., w(2ty,ty) < Cw(ty, ta);

(2): for almost all t1 € [0,27], w(t1,t2) is nondecreasing and satisfies
As-condition with respect to ta, i.e., w(ty, 2ty) < Cw(ty, ta).
Suppose the sequence {amn} satisfies condition (1.5) and Ak, kyGmn > 0 for
all myn € N and appropriate ki, ks appearing in (A)-(D).
(A). If k1 = 2 and ko = 2, then inequality (2.6) is satisfied;
(B). If k1 = 2 and ko = 1, then inequality (2.7) is satisfied;
(C). If k1 =1 and ky = 2, then inequality (2.8) is satisfied;
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(D). If k1 =1 and ke = 1, then inequality (2.9) is satisfied;
where Cy,Cs, C3,Cy are independent of {amn}-

Corollary 2.1. Under the conditions of Theorem 2.1 and Theorem 2.2 (or
Theorem 2.3), we have

(210) ||f](xay)‘|/\g(w) = Hf](xvy)”]\g(w)v j = 1727334

We note that, in general, (2.10) does not hold (see [BPS] and [B]). We
also remark that in [BPS, §3] the authors showed that if || - [[sr(,) is a
rearrangement invariant norm (see [BeSh, Ch.2]), then w is a constant and
AP (w) = LP([0,27]?). The following corollary follows from Theorems 2.1-2.3
(see also[VD]).

Corollary 2.2. Let 0 < p < oo. Suppose the sequence {amn} satisfies
condition (1.5) and Ak, ky@mn > 0 for all myn € N and appropriate ki, ko
appearing in (A)-(D).

(A). If k1 =2 and ko = 2, then

If1(z, 9) | Lo (j0,27]2) = (Z(n +1)P2Y (m+ 1) (Anamn)p> ;

(B). If k1 = 2 and ko = 1, then

[ f2(z, 9)l| e ((0,20)2) =<

)
N
8
£
+
—
=
()
(]2
3
+
—_
o
=
[ V]
>
=
S
3
2
~_—
8=

(C). If k1 =1 and ky = 2, then

| f3(2, )l e ((0,27)2)

X
N
Nk
8
+
=
S
S
Nk

B
+

—_
=
>

2

Q

3
N

N———
S

(D). If k1 =1 and ko = 1, then

||f4(x,y)||Lp([0,2ﬂ-]2) = <Z(n + 1)1’_2 Z (m + 1)17_2 afnn) .
n=1 m=1

This result is the two-dimensional version of the classical Hardy-Little-
wood theorem. Note also that if 1 < p < co and k; = ko = 1, then (compare
with [Mo])

o0

1
||fj(l‘7y)||Lp([0#27T]2) = <Z(n + 1)17_2 Z (m + 1)1)—2 afnn) , 3 =1,2,3, 4.

n=1 m=1
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3. LEMMAS
Let
1 1 1 1
By(x) = X B, (x) = 3 +cosz+---+cosnx for n>1;
Br(z) = Z BfY(z) for k=2,3,... and n=0,1,2,...;
m=0
E,ll(x) = sinz+---+sinnz for n=1,2,...;
n
Ei(x) = ZE:;I(x) for k=2,3,... and n=1,2,....
m=1
We consider series
(3'1) Z Z Ak1k2amnka';zl (I)Bﬁz (y)7
n=0m=0
oo oo —k
(3:2) Z Z Aklkza’mnB'r]jzl (x)Bn2 (y);
n=1m=0
o0 o0 7}9
(33) Z Z AkleanBml (-T)Bff (y)v
n=0m=1
(3.4) D> Akiks@mn By (2) B, (y).
n=1m=1

Lemma 3.1. Suppose the sequence {amn} satisfies condition (1.5) and
Ak ko @mn > 0 for integers ki and ko. Then any series (3.1)-(3.4) con-
verges in Pringsheim’s sense except possibly the set of measure zero to
fl(xay)7f2(x7y)af3(may) and f4($ay>7 respectively.

The proof follows easily from the Abel transform (see also [VD]).
Lemma 3.2. ([L]) Let a, > 0,0, >0(n=1,2,...); 1 <p < oo. Then

e} k p [e's) %) p
(4. > ax (Z bm> <P’y a,” (bm > an> ;
k:ol mo:ol ) mo:ol nTnm )
(B). Zak (Z bm> < pP Z a,l,:p (bm Z an> .
k=1 m=k m=1 n=1

Lemma 3.3. ([KPS, Ch. II, §2]) Let f and g be measurable functions on
[0,27]. Then
(f+9) (ti+t) < fr(t)+g" (L),
(fg)"(ti+1t2) < [f*(t1)g"(t2).
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Lemma 3.4. ([KPS, Ch. II, §2]) Let f and g be measurable functions on
[0,27]. Suppose [f(t)] < |g(t)]; then fi(t) < f5(t).

Lemma 3.5. ([BeSh, Ch. 2, §2]) Let f be a measurable function on [0, 27].
Then for all 0 < a < 00

(f @) = (If1")" ().
Lemma 3.6. ([KPS]) Let h(t) be an increasing non-negative function. Then

(f+9) ®Oh@)dt > | Fr@®h@)dt+ [ g*(t)h(t) dt.
] Jromou: ]
Lemma 3.7. ([B]) (A). Suppose |f(x,y)| < lg(z,y)l;
f;g;(tlth) S g;x(tth)z’

then

(B) (f+g);z(81+827t1 +t2) < f;:c(shtl)—'_ggjz(‘s?th)'

Lemma 3.8. ([KPS, Ch. II, §2]) Let f(t) and g(t) be non-negative sum-
mable functions on [0,27] such that

] F(t)ydt < / o(t) dt

Suppose h(t) is nomncreasmg non- negatwe function on (0,27); then

/ FOR(E) dt < / g(O)h(L) dt.

Lemma 3.9. ([B]) Let f*(t1,t2) = f;.(t1,t2), 0 > 0 and let
Af(o) = ,u{(x,y) € x Qg |f(x,y)| > U},
Ape(0) = ,u{(snf) € [0,00) x [0,00) : f*(s,t) > a}.

Then \¢(o) = A« (0).

Lemma 3.10. Let a measurable set E C [0, a] x [0,b], where 0 < a,b < co.
Suppose for some k € (0,1),

wE > kp([0,a] x [0,0]) = kab.
Then

U = {(&t) € [O, %] x {0’ %H

c {(s,t) € [0, 00) % [0, 00) : (XE(x,y))* (s,8) > %} — T

yr
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*

Proof.  From the nonincrease of (XE(a:,y)) (s,t) it is clear that
yx

the boundary of {(s,t) : (XE(x,y)) (s, t) > %} is the nondecreasing
yx

function ¢ = d(s). Let us assume that U C T. Therefore, u(T) < %2t 4
% - k24“b < kab. By Lemma 3.9, we have pFE = pT" and hence pFE < kab

which contradicts our assumption. Thus, U C T, which completes the proof.

4. PROOFS

Proof of Theorem 2.1. By Lemma 3.1, the following identity holds a.e.

F(z,y) = Z Z A1, amn BY (2) B2 (y), where in the case of

n=0m=0
(A):  F(z,y) = filz,y), b =l = 2, Bli(z) = B2(2), B2(y) =
B (y); B B
(B):l F(:L',y) = fQ(Iay)7 ll = 2312 = 17 Birlz(x) = Bfn(fﬂ), B#(y) =
B, (),

and Aglamo = Aloamo = 0, m = O, 1, 2;1' g .

(C): F(x’y) = f3(a:7y)’ h=11=2, Bf,ll(x) = B'rln('r)? B#(y) =
B3 (y),
and A12a0n = Ama()n = 0, n = 0, ]., 2,~ ° "

(D)_: F(xay) = f4(m,y), L =1 =1, B’f’?’ll(x> = B#L(x% B’f’Lz(y) =

B\ (y),
and A118m0 = amo = 0, m = 0,1,2,---, Ayjap, = apn =
0, n=0,1,2

We estimate |F'(z,y)|az(.) from above. Using Lemmas 3.3 and 3.4, we
obtain

IF (2,935 ) =
21 2w

= [ [ ttrsta) (Few [xom @x00m16) + X051 0x0r 2 0)
0 0

*

+ X(Tr,%](I)X(o,w](y)+X(ﬂ,2w]($)X(w,2w](y)} (f1,t2)> dty dio

yT
w/2m/2 o
<cff w<4t1,4t2)([F(x,y)xm,ﬂ](x)x(o,ﬂ(y)] (tl,m) dty dts
0 0 .
< Ch+ DL+ I3+ 1),
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where
7r/2"+3 7'r/27"+3
Z / Z / w(16t;, 16t5)
n=0_ 5n+a M=0p /3mia
gn+l gm+1 . o
[ X Ao B @B )Xo @)X ®)] (te) | dide;
v=0 p=0

7r/2"+3 7r/2m+3

z / Z / w(16ty, 16t5)

71./2n+4 m= 071./2m+4

2m+1 «a

*

Z > Ay, Bl () BE ()X (0,71 () X (0,7 () yr(tlth) dtydty;

v=2n+141u=0

ﬂ_/2n+3 o 7‘_/27n+3

13:§: / > / w(16t,, 16t,)

:Oﬂ./gn+4 m:Oﬂ/2m+4

gn+1 @
*

[Z Z Ahlzauu )BlQ( ) (O,W](x)X(O,W](y) yac(tht?) dtldt2§

v=0 p=2m+141

ﬂ/2n+3 ﬂ_/2m+3

14_2 / Z / w(16ty, 16t5)

n= Oﬂ_/27lJr4 m= Oﬂ_/2er4

(03
oo

Z Z Alllz%ugff (2) B2 ()X (0,7 (€)X (0,1] (y)}ym(tl,b) dtqdts.

y=2n+141 y=2m+141
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First we estimate I;. Since |§L1 ()] < Cy(p + 1)1, | B2 (y)| < Co(v + 1),
where C7,C5 are independent of x,y and u, v, we have

7‘_/2n+3 71,/27n+3

]lgi / i / w(16t1, 16t5) -

”ZOW/2n+4 m:Oﬂ-/zm+4

gn+l gm+1l @

A S Annauu D)= diy .

v=0 p=0

Since All—llgamn > OaAll—llz—lamn > 0 and All lomn = All—llgamn -
A —110ma1ns Ali—110mn = Al —11,—10@mn — Al —11,—1Gmn+1, then

(4.1)
N M

Z Z Alllza’mn(m + 1)l1 (n + 1)12 <

n=0m=0
N M

S CZ Z Allfll2flamn(7n + 1)l171(n + ]_)lz*l’

n=0m=0
where C' = C(l1,l2). Using this estimate, we get

7 /2m s /2

Il S CZ Z / w(16t1, 16t2) dtl dtQ .

”:07,/271+4 m:Oﬂ_/Qer‘l

n m @
. E EAll—l12—102u—1,2'/—12“l12ylz .

v=0 pu=0

Now if @ > 1, we use Lemma 3.2 and if o < 1, we apply Jensen’s inequality.
Then using (2.1), we write

I <
50 ﬂ,/2n+3 0o 7T/27n+3

<cy % fw(thl,16t2)dt1dt2(All,llz,lan,LG,12mll2"l2)

n=07/2n+4 m=0r /gm+4

<CY (n+ 120 3 (m+ 12w, (A —11,—10mn) " =: CB(a, 11, 12).
n=0

m=0

Now we estimate I,. We note that for y € (0,7), |[B2(y) <
Cy~'2(ly = 1,2), where C is independent of n and y. Then by Lemma
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3.4, we have

I, <

ﬂ,/2n+3 Tr/2'm,+3

< Cii / / w(16t1, 16t5)

n=0 m:oﬂ./gn+4 7 /2mta
(07

(t1,t2) |dt1dty

*
yr

00 gm+1

X [ S0 Anauw (ut 1)y X0, () X (0,7 ()
v=2nt141 pu=0

o oo 7T/27L+3 71_/21n+3

cHYN / / w(16t1, 16t5)dty dty -

":@’L:Oﬂ/zn,+4 7 /2mtd

IN

00 gm+1

2nl2 Z Z Allbam/(ﬂJrl)ll

v=2n+141 pu=0
ﬂ,/2n+3 ﬂ/2'77L+3

C Z Z / w(16t1, 16t2)dt1dt2 .

n=0 m:oﬂ-/2n+4 7 /2m+a

IN

gm+1 o

! !
2me E 2MV AL 11,10y om0
n=0

To verify the last inequality, we use Yo Apnau = A1, 90mt1 41
v=2n+141
and (4.1).

Finally, using Lemma 3.2 for a > 1, and Jensen’s inequality for a < 1,
we arrive at Iy < CB(a,l1,12).

In a similar way to the estimates of I; and Iy, one can also obtain the
inequality I3 + Iy < CB(a,l1,12), i.e., I < CB(a,ly,l3). Then this gives us
inequality (2.2) for l; =l = 2, inequality (2.3) for I} = 2,1 = 1, inequality
(2.4) for Iy = 1,13 = 2, and inequality (2.5) for [; =lo = 1. QED

Proof of Theorem 2.2. By Lemma 3.1, the following identities hold a.e.

oo o0

(A). o1(x,y) = filz,y) = Z Z iy, COS T COS MY

n=0m=0

) .2 (m+1)zx sin2 (n—;l)y

= Z i A22bmnsujJl . 22

z
n=0m=0 S5

2y
4 sin 5
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where by, = @mn,

(B).

pa(2,y) = Bz + J;(%ﬂ o))

oo o

Z Z G 2n—1 cOSMz sin(2n — 1)y
1m=0

o

>

n
2 (m+)z

o0

sin 5—— sin” ny
E Alemn -2z p ’
— 4sin” 5 siny

n=1lm

where bm,n = Gm2n—1,

(©).
f3(1‘7y) + f3(7T - 'Ivy)
p3(z,y) = 5
= Z Z A2m—1n Sin(2m — 1)z cos ny
n=0m=1
sin? ma sin? & +21)y
S e
n=0m=1 sin.@ Sln 2

where byn = aom—1 ny
D). pulz,y) = f4(x,y)+f4(7r—x,y)+f42(x,7r—y)+f4(7r_x77r_y)

= Z Z A2m—12n-1sin(2m — 1)xsin(2n — 1)y

n=1m=1

sin? ma sin® ny
= E A 110mn — N 5
sinx siny

n=1m=1

where by = G2m—12n-1-
Thus, we have a.e.

,y) = Z Z A1, BL (2) B2 (1), where

n=0m=0
(A): ¢ = ©1, ll = 27l2 = 27 Efvlm($) = Brzn(x)a Eiz(y) = B%(y)v
(B):  ®=¢o li =21y =1, Bli(x)=B2(x), Bl(y) =51,
and Ag1bpymo = A1gbmo = bmo =0, m=0,1,2,---;
(C):  @=g5 Li=11=2 Bli(x)=252m By =B2(y);

and Ajsbo, = Agibop, = bor, =0, n=0,1,2,---;
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(D): ® =gl =1, =1, Bh(e)=s2me  ph) —
siI}Qny
siny
and A11bm0 = bmo =0, m=0,1,2,---, A11bop, = bop, =0, n=
0,1,2,--- .

Using Lemmas 3.5 and 3.8, we obtain

27 27 2 27

//w(tl,tg)(F;w(thtg))adtl dty > //w )| de dy
00 00
because of
(i) = (o)) (e e
We also note the following:
[ ol 2o ) (1 + o) ]y
00

A\
Q
o\
o
S
—
o | S
oS
SN—
o
kﬁ
—
8
Ned
S~—
=
8
—
‘)—‘
o ~~
~—
~—
oW
~
S
QU
~
[\v}

A
—~
~
—
~
N
~
oumnN
<%
8
—~
o~
—
o~
N
~
N———
=
~
—
QU
~
[\

Using this, let us estimate

=//w 2k,2,€ “P(I,y)‘ dz dy,
0
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0 if &= P11,
where k:= {1 if @ =, (or p4),
‘We have
71'/252+1 7r/251Jrl
I = Z / Z / 2k,‘7 2]6 ’¢ 7y dﬂf dy?
So= O 71'/252 81= 0 7\'/251
0o oo m/2°2 /25141
T Y «
> 0 Y w(ph ) / / @z, y)|" dwdy
s9=051=0 w/2%2 /251
IR e A S
D IDIN LG == L
521081:0
T T
> 0303 w(ger g ) A e
82=j 31=i

where i =j=0for ¢1,i =0, =1for pg,i=1,j =0for pg,andi=j=1
for ¢y.
Using the following estimate (see [VD])

A31 o > 0231(l1a71)+82(12a71) (All—l l2_1b[25171][25271]> s

we have

«
I>CZZ (2k+91 2k+qz)251(lla sa( lzwl)(Alrl1271[7[251_1][2.92_1]) .

S2 jSl 7

Thus, we get fori =35 =0

1

/1 (2, y)llag ) = C (Z (n+1)* Z m+ 1) w, (Allamn)a>
m=0

n=0

In a similar way, one can also obtain inequalities (2.7)—(2.9). QED
Proof of Theorem 2.3. We only consider in detail the case (A).
By Lemma 3.1, one has

=3 Antun B (@)Br(y) =Y Y Auibpa By () Bh (),

n=0m=0 n=0m=0
. k+1

, sin2 %

where by, = A110mn, Bj(z) = -2 2

4 sin 5
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Let « € [gwr, o |, Y € [o57, v ) Imn = [gwrrs o | X [ger, 3w ] » and let

Vinn l‘ y Z Z A11bul/B ) ( )

v=[2"""1] p=[2m~1]

Therefore,

(Iay) Z Z Z len(il?,y)‘l/mn(fcay)-

n=0m=0

Then by Lemmas 3.5, 3.6, 3.7, and Jensen’s inequality, we have

||f1($»y)||ﬁg(w) =

27 27

_ //w(tl,tg)(([fl(x,y)}:):(tl,@))adtldtg

27 27 a
Z C// tl,tQ ( Z len X y)\l’mn([ﬂ y)] ) (t17t2)> dtldtg
n=0m=0
2721
= // t17t2 Z ZXIM z,Y)Wmn (7, Z/)) L)m(tl’tQ)dtl dta
n=0m=0
21 2w 0o oo
> C// w(ty,t2) ([ZZ( In (T,Y) mn(xay)) L)gﬂ(tlatz)dtldtz
n=0m=0
O27r027r 0o oo o
Z C// t17t2 Z Z (|: In l‘ , Y \I’mn(l',y)}yw(thtg)) dtldtg.
00 n=0m=0

We will use the following fact (see [VD]): there exists a set Jyu, C Iy such
that

Jmn:{(zvy) € I : \I/mn(xyy) Z0122(n+m)A11b[2m*1][2”*1}}
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and pu(Jmn) = Cop(lmn), where Cp,Cy do not depend on n,m, {bmn,}
Hence, we have

1f1(@ )R @) =

0o oo 2m2m o
CZ Z//w(tlatQ)<(len(lf,y)22(”+m)A11b[2m1][2"1])y£t17t2))dt1dt2
n=0 m:OO 0
27 2w

= CZ Z //W(tl,tz)<XT(t1,t2)22(n+m)Allb[gm—l][zn—l]) dtl dtz,

n=0m=0 00
where )
T = {(t112) : (X100 @ 0))] (182) > 5 |-
By Lemma 3.10, we write
||f1(907y)||Ag(w) z

027.(2*(7%#1) 027727(m+1)

>C i i (22(7‘""7")A11b[2m—1][2n—1}> : / /w(tl, tg) dt1 dts

n=0m=0 Con2—(n+2) Cyr2—(m+2)

2 022 (22(n+m)A11b[2m-1J[2n—11)a“’(2%7 an)
n=0m=0

= Ci(n 1) i (m + 1) Wyn (Ar1apn)”
n=0 m=0

In a similar way, one can also obtain inequalities (2.7)—(2.9). QED
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