NET SPACES AND BOUNDEDNESS OF INTEGRAL
OPERATORS

ERLAN NURSULTANOV AND SERGEY TIKHONOV

ABSTRACT. In this paper we introduce new functional spaces which
we call the net spaces. Using their properties, the necessary and
sufficient conditions for the integral operators to be of strong or weak-
type are obtained. The estimates of the norm of the convolution
operator in weighted Lebesgue spaces are presented.

1. INTRODUCTION

Let (Q,§, ) be a measurable space, where p is a o-additive measure,
§ is the algebra of the measurable sets with identity Q. The space L, (£, u)
is the collection of all those measurable functions f satisfying

T ( /Q |f(fﬂ)|pdp)p ‘.

The distribution of a measurable function f on €2 is defined by

mio, ) = plo € Q: |f(@)] > o}
Then f*(t) = inf{o : m(o, f) <t} is the decreasing rearrangement of f.
Let 0 <p < ooandO0 < g < oco. The Lorentz space L,q(€2, 1) is defined
[BS, Ch. 4] by those measurable functions f such that

oo 1/q
e, = ([ @rrwrd) <.

when 0 < ¢ < oo, and
1711, =sup £/7F(8) < o0,

when ¢ = co. We also define
*k 1 * *
= [ ro
T Jo
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In this paper we study the weak and strong (p,q)-boundedness of the
integral operator

(L1) Tf(y) = /D K (2, 9)f (2)dv,

in weighted Lebesgue and Lorentz spaces. Here the kernel K(z,y) is a
v ® p-measurable locally integrable function on D x 2.

The boundedness of the Hardy-type transforms, the potential operators,
the Laplace and Fourier transforms, the Riemann-Liouville operators in
the weighted spaces have been extensively studied; and in many cases the
complete answers were presented as criteria in terms of weights (see the
texts [CRS], [KP], [EKM] and the earlier papers [AH], [AS], [BH1], [BH2],
(CF], [Mu]).

In the general case, from the results by Kantorovié-Vulih and Dunford-
Pettis ([DP], [KV], [KA, Ch. 11,81]), it follows that for 1 < p < oo and
1<g< oo

(1.2) 1T\ 2, (D)= Lo () = €58 sup K¢z, (D)
Yy

(1.3) 1Tl Ly (D)= Lo (@) = €58 sup 1K (2, )l Ly
xr

Necessary and sufficient conditions for T' to be bounded from L,(D,v) to
Ly(9, 1) can be obtained using the factorization technique ([Ch], [Ga], [GR],
[H1], [H2], [Ja]). In particular, such results were given for 1 < ¢ < p < o0;
1<p<oo,g=1;and p=o0,1 < g< .

We also recall the results on the boundedness of the convolution-type
operator in the Lorentz spaces (Holder-type inequalities): we refer to O’Neil
[ON], Yap [Ya], and Blozinski [Bl]. In particular, the following Young-O’Neil
inequality is known

(1.4) 1AflL, . .d2) < CIK]lL,,, -Dd) fllL, ., (D),
where 1 < p,q,r < 00, 1—1—%:%—}—1 i—i—i}%,

)t

(15) Af(y) = /D K(z - y)f(z)dz,

and du = dv = dx are the n-dimensional Lebesgue measures. In particular,
we have

(1.6) IAllz, (D,d2)—L,(Q.de) < ClIK||L, . (2-D,dz)-

However, in the case of non-homogeneous measures, operator (1.5) does
not satisfy all requirements from [ON] and needs thorough investigation.
For the power weights the Young-O’Neil inequality was generalized by Ker-
man [Ke].
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By C,C;,c we will denote positive constants that may be different on
different occasions. Also, F' =< G means that F < CG and G < CF.

This paper is organized as follows. In section 2 we define the new function
spaces, which we call the net spaces N, and which are natural generaliza-
tions of the Lorentz spaces. It turns out that they have similar embedding
and interpolation properties as the Lorentz spaces. Particularly, we have

Section 3 consists the general results on the boundedness of operator (1.1).
The necessary and sufficient conditions for (1.1) to be of (p,q) quasi-weak
and (p,q) weak-type are presented. We also give a sufficient condition for
(1.1) to be bounded in the Lorentz spaces. We finish with Sections 4 and 5
which deals with the convolution operator in L, and Lorentz spaces respec-
tively. Two important cases: of regular kernel and regular measures and
investigated. In particular, Theorems 4.1 and 5.1 imply Kerman’s results.

2. THE NET SPACE

First, let (Q,F, 1) be the measurable space and let M* be the collection
of all y-measurable sets of positive measure, i.e.,
M*:={ecF:0<pule) <oo}.

Then we will call the net M a fix subset from M™*.
Let f(x) be a measurable function on €2 such that f(x) is integrable on
any e € M. We define the average function f(t, M) on t € (0,00) as follows

/e f(@)dp

where the supremum is taken over all sets e € M such that u(e) > ¢,

t € (0,00). In the case of sup p(e) = a < co we set f(t, M) =0 for t > a.
eeM
We say that a p-measurable function f(x) belongs to the Net space

Npo(M,p), 0 <p,q < oo, if

I fll v, Aty = (/000 (tl/pf(tM))q it)é < 00

for ¢ < co and

_ - 1
f(t7M) T f(tvaﬂ) = sup m

)

191 —sup
Mo ) LR ule)) P

/ef(:v)du’ < 00

for ¢ = co. Here and subsequently p’ = p/(p — 1).
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Properties.
(1) If My C Mg, then Npq(MQ) — Npq(Ml)-
(2) For 0 < g < ¢1 < oo we have Npg (M, p) — Npg, (M, p).

(3) If the net M is such that sup pe = a < oo, then for 0 < p < p; < 0
ecM
and 0 < ¢, 1 < 0o we have Ny, 4, (M, 1) — Npo(M, ).

(4) The net space N, 4(M, ) is a quasi-normable space as the factor-
space over the kernel {f : [ f(x)dp =0, e € M}. In the case of
q>1, Np (M, p) is a normable space.

Proof. Ttems (1)-(4) follow from the definition of the net space and a similar
argument which we use to prove corresponding properties for the Lorentz
spaces. U

Example. (1) Let us consider two nets: My and M; such that My =
{[a,b] C R :a < b} C My = M*. Then the following inequalities
are true (for the proof see Example 3.1 in the next section):

Crll flI N,y (Mo, dz) < ||f||Lp/q(]R,da:) < Collflin,g vy dey, 1<p<2

where f is the Fourier transform of f. This example shows that
choosing the appropriate nets, one can ”catch” the quantity in which
we are interested. We also note that N, ,(M, p) was introduced in
[Nu] for the case when p is n-dimensional Lebesgue measure.

(2) Let M ={[a,b)) CR:a<b}andlet 1 < p < 00,0 < g < o0.
The function f(z) = (=1)*! ([z] is an integer part of z) belongs to
Ny o(M, 1) but |f| does not belong to Np 4(M, ).

Indeed, if {t} is the fractional part of ¢, i.e., {t} =t — [t], then

_ max({th1-{t}) 1 ;> 1.
t, M) = t A
ft, M) {1, t< 1

Therefore,

1 o) 1/q
||fHNpq(M,M) < (/ t%—ldt+2/ t(é—l)q—1dt) < 0.
0 1

Thus, generally speaking, the net space is not a lattice [BS, p. 6].
(3) Let M = {[a,b] : p(]a,b]) = 1}. Then for any 0 < p, ¢ < oo we have

k+1
Npo(M, ) = ¢ p-measurable f: sup’/ f(x)d,u‘ < o0
k
3
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(4) Let 1 < p < 00,0 <q< o0, M={[0,a] :a>0}, and the function

fa(z) is characteristic function of the set Q = U lak,ar + 1]. If
k=1
ar = (kIn"9k)? | then fo € N, 4ic(M) for any € > 0 but fo &
N, o(M). Therefore, the space N, 4(M, 1) is sensible to regard the
distribution of the oscillation of functions.
(5) Let 1 < p< 00,0<qg<o00,and M = {[ Zzlk,zzgk} :nEN}.
Then the net space Npq(M, i) is isomorphic to the space

a={an};>q: kP su an) —<00,.
{ (ol 3 (7 spleal)

(6) Let 1 < p < 00,0 <q<o00,and M = {[0,n] : n € N}. Then the net
space N, (M, 1) is isomorphic to the space

o =, 1 "1
{a—{an}n_l.z<kl/ sup — ) k<oo}.

k=1 nzk 1
(7) Suppose that 1 < p < oo and 0 < ¢ < oo; then Ny, (M*, u) =
L, ,(Q, ). This follows from the fact that

n

Q;
1

i=

[e'e] 1/‘1
<f (tl/Pf**(t))tht> , 1<p<oo,q<oo;
1fllz, @ = 0
sup t1/7 f**(t), 1<p<oo, g=00
>0

and Lemma 2.1 below. For the case of 0 < p,q < oo, see [EO]. We
also note that Ni(M, ) # L14(D, ) but Nioo(M, ) = L1(D, p).
We will need the following lemma.

Lemma 2.1. Let f be a measurable and integrable on the elements of the
net M*. Then we have

(2.1) FO M) < f7 (1) <4f(/3,M7),  t>0

Proof. Let t € (0,00) and for any e € M* such that p(e) = ¢ and for
a function f we define the following sets wq = {z € e : f(z) > 0} and
wy ={z €e: f(z) <0}. Then

/ F@ldp= [ f@dp— [ fa)u

/w S

)

<2max{

3 f(m)du\} .
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We can assume that
[ f@a| = | [ f@)dn|
w1 w2

We consider two cases: 1). p(wi) = sp(wa); 2). plwi) < $p(ws). In
case 1),

1 t
pen) > splwn) implies (o) > 4 = !
and
o @< 2| [ s@a
pe) Je = ople) [,
2
< du‘ 3 M *
,LL(CUl) wi )
In case 2), we have 2u(wr) < p(ws), ie., p(wz) > 2u( )/3 =2t/3. Then
there exist wi and w3 from M* such that u(w2 w3) =0, wilJw? = ws,

and p(wj) = p(w2)/2 > t/3.
Further, by definition of the set ws, we have

[ r@an] > | [ s - | [ 1@l +| [ s

> 2min (/ /w flz duD :2‘/w;0 f(x)du‘.

Here, wi’ are sets where the infimum is attained.
Let now w = wy Jwy?, then |w| > |e|/3 and

[ @] =|[ e+ / @

[ s@an] = [ @] > 5| [ s

M(Qe) /w ftadn

(i’/f du‘ F(t/3,M7).

Hence,

()]dp <

Collecting this,
1
7 (t) = sup f(@)|du,
0 @)

n(e)=t
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and (2.2), we arrive at the right hand side estimate in (2.1). Let us prove
the left hand side estimate.

M) = sup ——

n(e)>t :u(e)

=

<‘§pu<1> [ 1@

g [ e

- s 15 ( / P (s)ds + / " f*(s)ds>
M?e ([ 5o [[50m)
-2 / FH(s)ds = (1),

The proof is now complete. O

N

//\

Interpolation. We next discuss the interpolation of the net spaces using
the real method of Peetre [BS, Ch. 5]. If Xy and X; are a pair of quasi-
normed spaces which are continuously embedded in a linear Hausdorff space
X, ie., (Xo,X1) is a compatible couple, their K-functional is defined for
any f € Xo+ X1 by

K(f,t) = K(f,t; Xo; X1) == _inf | follxo +t[lf1llx,-
f=fotf1

For each 0 < 6 < 1,0 < ¢ < o0, the space Xy, := (Xo;X1)g,q is the
collection of all functions f € Xy + X3 for which

(23) 11lo.q = ( /0 R ()” ‘ff)

is finite (with the usual adjustment on the right side of (2.3) when ¢ = o).
This is an interpolation space since it follows easily from the definition of
the K-functional that each linear operator which is bounded on Xy and X3
is also bounded on Xj 4.

We are interested in interpolation for a pair of net spaces.

Theorem 2.1. Let 0 < py < p1 < 00, 0 < qo,q1,q9 < o0, and let M be any
net in §. We have

(NPOAO(M’ M)’Npl,th (Mv /"))9,11 - Np,q(Mv M)a
where 0 <0 <1 and 1/p=(1—-0)/po+6/p1.
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Proof. Because of the embedding N, (M, u) < Ny oo (M, 1) it is sufficient
to show

(N;DO,OO(M; /LL)7NP1700(M7H“))07(I - prq(M7u)'
Let f = fo+ f1, where fy € Ny oo(M, ) and f1 € Np, oo(M, p). Clearly

fT(t?M) < f_O(tvM) +f1(taM)

and then denoting v(t) = #7175 we have
1/po F, 1/po F. ot E
sup s /POf(s, M) <sups /P fo(s, M)+ sup sro r1"r1 fi(s, M)
v(t)=s>0 s>0 v(t)>s

< sup s1/70 fo(s, M) + tsup s'/71 fi (s, M).
s>0 s>0

Further, taking the infimum over all fy and f;, such that f = fy + f1, we
get

sup sl/p‘)f(s) S K(t, 5 Npgoos Npyoo)-

v(t)=s>0

Thus for 0 < ¢ < 00

(/0 (t_OK(t7 f))q Cit) ’ = (/0 (t_9 U;EEO 51/100]?(87 M)) Cit) !

= (/0= 1) [ (£ s sl/pof(s,M)>th)q

0 t>5>0 t

q dt

o ﬂJ’,i = %
> (1/p0 - 1/p1)/ (t PO P f(tv M)) 7 = C”f”Npq(M”u)v
0
which finishes the proof. ([

As a consequence we write the following interpolation result.

Corollary 2.1.1. Let 0 < pyp < p1 <00, 0 < g< o0, and 0 <0 < 1.
Let (Xo, X1) be a compatible couple and M be an arbitrary net in §. If a
semiadditive operator T acts as follows:

T: Xo — Npyoo(M, 1) with the norm Dy,
T: X1 — Npjoo(M, 1) with the norm D,

then we also have
T: (X0, X1)oq — Npg(M, 1) with the norm | T|| < eDg~ DY,
where 1/p=(1—0)/po+0/p1.
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3. THE STRONG-TYPE AND WEAK-TYPE BOUNDEDNESS OF INTEGRAL
OPERATORS

Corollary 2.1.1 allows us to obtain the strong-type estimates using weak-
type estimates. Next result gives the criterion for the integral operator to
be a weak-type or quasi-weak type. First, we recall these definitions.

e An operator T is a (p,q) strong-type operator if T': L,(D,v) —

L(I(Qvﬂ)

e An operator T is a (p,q) weak-type operator if T: L,(D,v) —
Lgoo (%, 11).

e Anoperator T is a (p, ¢) quasi-weak-type operator if T': L, (D, v)—

Clearly, if T is a (p, q) strong-type operator, then it is a (p,q) weak-type
operator, and if T is a (p, q) weak-type operator, then it is a (p,q) quasi-
weak-type operator (for 1 < p).

Theorem 3.1. Let 1 < g < oo and let M be any net from §. Suppose that
X(D,v) is a Banach space of measurable functions on D and the integral
operator

(3.1) Tf(y) = /D K () (x)dva

acts from X (D, v) into Nyoo(M, ).
Then the mecessary and sufficient condition for T to be bounded from
X (D,v) into Nyoo(M, 1) is

sup
ecM

W/EK(-,y)duHX* < oo,

where X* is the associate space of X, i.e.,
< oo} .

X*=1<g:|glx-= sup
Ifllx<1

/D g(w) f(x)dv

Moreover,

17| x - N, = sup
eeM

(;W/K(',y)d#

H X+
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Proof. Indeed, by the definition of the spaces Nyoo (M, 1) and X*, we have

//K:cy dydu‘

T[] X — Nyoo (M) = IfSUP<1 T f Nl N oo (M,10)
XXX

= sup sup
Ifllx<teen ( l/q

= sup sup /f(m)é/K(x y)dudy
ceM ||f|x<11/D (e J. 7

|
[ [ v

and the result follows. O

Corollary 3.1.1. Let 1 < p,g < o0, M1 = {e C Q : 0 < ule) < oo},
and My = {w C D : 0 < v(w) < oo}. Then the necessary and sufficient
condition for operator (3.1) to be (p,q) quasi-weak-type operator is

sup K(z,y)dpdr| < co.
e€My, weMs (M( ))l/q l/p //
Moreover, for 0 <r <1 we have
||T||L,,T(D,u)qux(Q,ﬂ) = ||THLP1(D,u)ﬁano(Q u)
=  su K(z,y)dudy|.
cenny, werrs (e >>1/q w’/ / )k

Proof. We use the properties of the net spaces and Theorem 3.1:
1T L, (D)= Lo @) < CIT L, 1 (D)= Looe (210

= ”THLpl (D,v)—Ngoo (Mi,p)

: o
ESEL}\Izl :u’ € 1/q, ’s/e ( y) M Lp’oo
1

= sup ———— y)d ‘

2 ) s P

1 | L

= sup sup K(x,y)dudv|.

e€ My weM> (M( ))1/q l/p

To prove the inverse estimate of || T'||z,, ~r,.., we take the test function

qoo )

><><

1 foll 2, (D) = 1.
This completes the proof. ([

and note that
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Corollary 3.1.2. Let 1 < p< oo, 1 <g< oo, and My ={eCQ:0<
p(e) < oo}. Then the necessary and sufficient condition for the operator T
to be (p,q) weak-type operator is

1

1
(3.2) sup /K x,y du‘ dy) < 00.

c€ M, (u(e))l/q

Proof. Similar to the proof of Corollary 3.1.1, we have

17N 2, (D)= Lyoo ) X NT N2y (D 1) = Ny oo (M1 10)

= sup /f /Kmyd,udv
cent, (p (e [(IC)RC e ‘
= sup

1 o
_ K( )d d
ceMs (u(e))l/q / (.9) ”‘ )’

This completes the proof. O

Remarks. We note that in the case of = R and when y = v are n-
dimensional Lebesgue measures, Corollaries 3.1.1 and 3.1.2 were obtained
in [KN].

We also mention the following result from [CRS, 1.2]. Let L C M(X) be
a regular class, T : L — M(Y) be an order continuous sublinear operator
(see definitions in [CRS]), and 0 < go < 1,0 < pg < oo. Then

a)if go < ¢1 < p1 < 00,

ITx5lL

(3.3) 1Tz = SUp ———
roso e = X B Ly
b)ifgo <p1 <q1 <
1/QO
P1 ITx5llL
(34) ”THLpoqo Lpyqy < ( ) sup a—
P1— qo ||XBHLI,OQ0

By Bukhvalov’s theorem (see [Bu]), the order continuous linear operator is
an integral. Generally speaking, the reverse is not true. So in the case of

q1 = 00, the results of Corollaries 3.1.1 and 3.1.2 supplement with estimates
(1.2) and (3.3)-(3.4).

Corollary 3.1.3. Let 1 < p < ¢ < co. Assume that A C (0,1)? is a con-
vex set which is bounded by a closed polyline DA with vertices ai,as, ..., 0y, .
Let also Ay := A\ {ai,...,a,}. Then the necessary and sufficient condi-
tion for an integral operator T to be bounded from L,(D,v) into Lq(S2, 1)
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1
3.5 sup
B3 ™ s )T @)

//K(w,y)dl/du < 00
for any (%, %) € 0A\{a1,...,an}.

Proof. Note that for any point b of the set Ay we can find points by, b; €
0A N\ {a1,...,an} such that b = (1 — 0)by + 6by for § € (0,1). Then by
Corollaries 3.1.1 and 3.1.2, condition (3.5) implies strong-type boundedness
of the operator A at the point b. The necessity follows from the fact that the
strong-type boundedness implies the weak-type boundedness. The proof is
now complete. ([l

In a similar way one proves the following proposition.

Corollary 3.1.4. Let 1 < p < q < oco. Let A be an open set from (0,1)2.
Then the necessary and sufficient condition for an integral operator T to be
bounded from L,(D,v) to Ly(S, p) for any (%7 %) € Ap is the accuracy of

condition (3.5) for any (%7 %) € A

Now we present a simple proof of the Hausdorff-Young-type inequality
in the Lorentz spaces (see, for example, [SW, Ch. V]).

Example 3.1. Let 1 < p < 2 and 0 < ¢ < oo. Then for the Fourier

transform )
£ — —iyz g
flo) = <= [ s@ye s
we have

(3.6) Cr(, DI H [ 1,y (o) < Hf”Lp/q(R,dx) < Co(p, DI fllL,, (R,de)
where H f(z) is the following Hardy-type operator

|z
Hi(x) = ﬁ / f(t)dt

||
Proof. Let 1 < p < 0o, My = {[a,b] : a < b}, and M1 = {e CR:0 <
m(e) = |e| < oo}, where m is the linear Lebesgue measure. Then

) 1 |sin wx|
//e_zyrdxdylé sup : 1/ ol dx
wJe w€ Mg |w|5|e|5 e ‘(E|

ee My

1
< sup ﬁ/min(|w|,l/|x\)dac
weain ] lef? Je

e€e M

1 1
< sup — [ —dz=p.
ec M, ‘6‘5 e |1‘|F

1
sup 1 1
v ] [e|
e€ My
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Therefore, by Theorem 3.1, this implies for any p € (1, 00)

”f”Np/oo(Mo,dx) < Cp) [Ifllz, (®dz)-
Let 1 < p < oo. The last inequality implies for 1 < py < p < p1 < oo and
Tf = f that,
T: Lpy1(R,dz) — Nproo(M, ) with the norm  C(po),
T: Ly, 1(R,dz) — Npjoo(M, ) with the norm  C(p1).
By Corollary 2.1.1,

[ f v, (Mo,dzy < C: @) (| fl2,q®da)
and hence
£, (Mo,dzy < CP, @) [1fll1,q®d0)

and the left-hand side inequality in (3.6) follows.
To prove the right-hand side inequality, assume that 1 < p < 2 and
s0 2 < p’ < oo. Then, because of the fact that |%.(y)| < |w| and by

Plancherel’s theorem, we get
sup (/ KoK 2dw>
Lp/ we My |w‘

/e‘iyajdx
w
1-2/p’
sup i </ X 2dx>
we My ‘UJ|

Jwl [w]' ™7

1
7

1
sup T
we My |’U)|

RS

N

= Ssup T
we My |w‘5

Hence for any p € (1,2) we write
1Az, . ®oaz) =< L flIN,, vy de) < Iz, R,d)-
Thus
||f||Lp/q(]R,dac) = ||fHNp/q(M1 dr) < C ||f||qu(R dx)-

The proof is now complete. O

Example 3.2. Let 1 <p <2and 0 < g < oco. Then if |f(z)| < C|H f(x)],
then we have

(3.7) Iz, ey =< F1 2 pg (R d2)-

Let 2 < p < 0o and 0 < ¢ < oo. Then if | f(z)| < C|H f(z)], then we also
have (3.7).
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If we assume a stronger condition like monotonicity or quasi-monotonic-
ity? of f(z) and f(—z) (or of f(x) and f(—z)) on R, then (3.7) is true
for p € (1,00). The proof easily follows from the proof in Example 3.1, and
duality arguments (see also Sagher’s papers [Sa] and [BS]).

Now we present the main result in this section which is the sufficient
conditions for an integral operator to be bounded in the Lorentz spaces.

Let now e € My and w € Ms. Define the following function

1 1
- —— //K(w,y)dudﬂ’.
v(w)? ple)a e Jw
Theorem 3.2. Let 1 < r,0,h < oo, and 1/r+1 =1/h+1/0. Let also

My ={ecCcQ:0<ple) <oo}, Mo ={w C D :0 < v(w) <oo}. If there
exists v > 0 such that

o h dt *
(3.8) B = / ( sup F(e, w)) — < o0 if h<oo
0 Nple)/v(w)=t t

and

Fle,w):=Fle,w; K) :=

B= sup  F(e,w) < o0 if h=o0,
e€EM;, weM

then the integral operator

Tf(y) = / K () f()dva

is bounded from Lyg(D,v) into Lg(Q, 1), 1 < p,q < 00, and
(3.9) 1T 20—L, < Clp,q) B.

Moreover, in the case of r = oo and 0 = 1, the condition B < oo is also
necessary.

Proof. We define
O(s,t) ;= sup sup F(e,w).
n(e)=t v(w)=s

e€EM] weMy

First, let us show the accuracy of

1 o0
(3.10) s(u)p ) /Tf(y)dp < Ct_l/q/sl/p_lf*(s)q)(s,t)ds.
n(e)=t
e€ My e 0

LA function f(x) on Ry is quasi-monotone if there exists 7 > 0 such that f(z)/z7 is
monotone decreasing.
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1
sup —

u(e)=t ,U/(e)
ee My

Indeed, using the Hardy inequality ([ fg < [ f*¢*) and the monotonicity
/Tf(y)du‘ N
e uiey= (€))7

of K*, we get
[ 1@ [ K gyauar
b, D e

<t sup L / f( </K du) (s)ds
wier= (u(e))/d

ee M,

<tV sup / (/K )d ) s)ds.
sup, 1/q I wl o (s)

e€ My

Further, by Lemma 2.1, for g(z) = fK(a: y)du we write

g (s) <4 sup ‘/ dl/
v(w)=s/3 I/

we Mo

Then the left hand side of (3.10) is bounded by

ds

e 1 1
12t_1/q/ *(3s) sup su -
0 7 )we)Et vtwree ()T (u(w))

eeM; weMy

/w/eK(x,y)dudV

< 12t*1/q/ sYPTLH(5)D(s, t)ds,
0

and (3.10) follows.
Then, using Lemma 2.1 and (3.10), we have

I1Tflz,. = (/OOO (tl/q(Tf)**(t))rdt/t) 1r

r 1/r
dt

eTf(y)du' -

oo
<C / ti/a sup ——
0 t

u(e)=t (€
e€ My

<C (/OOC (/OOO Sl/Plf*(s)cb(S,t)ds>r ‘f)lﬁ.

Further we use the following representation

ST ()0(s, 1) = (7)) (7 0 (s,1))
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-1
Then by the Holder inequality with exponents h and h' = (% — %) , we

write?

ITfllz,, < (/OOO {(Am(sl/pf*(s))eig)l/e—l/r
(/Ow(sl/pf*(s))eh/rq)h(s l/h i)
it ([ e ®) ™ dt)

Changing the variables s — st”, using the Minkowski inequality and then
changing the variables st” — t again, we get

0o o r/h
1-6/r /D o¥ Oh/r i dt
||Tf||Lq7‘ < O”f”LpG (/0 (/0 [(stV)I f (Stv)} (I)h(st“/’t) . > : )
—o/r 0o ) d h/rd 1/h
<ClflL) </0 (/O [(sﬂ)l/pf*(sﬂ)]ecpf’(st77t)tt> ;)
—o/r ) oo L d h/r d 1/h
=Cllflz,,” ( / ( / [t1/7 ()] @, <t/s)v>f) ) .

O(t, (t/s)7) < sup ®(o,7),

o/TV=s

Noting

we write

1/h
> d
IT Iz, < Cllf s ( / (sup (o, 7)) % )

o/TV7=s S

- J 1/h
S

— Clfln,, / ( s Flew)®) .
0 ule)/vY(w)=s s

If =1 and r = oo, the necessity of condition (3.9) follows from Corollary
3.1.1. The proof is now complete. ([

2In the case of h = 1 or h = oo the proof is similar. We use the usual adjustment of
(J'1919)*/¢ when g = oo
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Remark 3.1. From the proof of Theorem 3.2 one can observe that condition
(3.8) can be changed to the following condition: there exist ¢ > 0 and v > 0
such that

ES
h

h
o dt
B= / sup Fle,w) | — < 0.
0 \ule)/ev(w)=t t

4. CONVOLUTION OPERATOR IN LEBESGUE SPACES

First, we study the (p, ¢)-strong-type convolution operators. We will need
the following lemma.

Lemma 4.1. Let f, g, and K be measurable functions on R™. Then

[ 16 [ st@)te = oy < / T ) / " g 0K (|5 — t])dids,

j‘ls t| K*

where K**(|s —t]) =

|S tl

Proof. We use the Hardy inequality on rearrangements:

\ / g<y><f*K><y>dy]< [ s
:/ ) sup
0 \e| s|

<[ o zrz/ PO
//|K(y—aj)|dydxdtds

<[ o0 [ rem G
//|K(y—x)|dydxdtds.

/ /|K y)|dady < K** (max(s, £)) < K**(|s —t))
WLr 6| Jw|

le|=s

)V f(z)dx

dyds

Then the inequality

finishes the proof of Lemma 4.1. O
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Theorem 4.1. Let o, 3 € [0,1), 1 <p,qg< o0, and 0 < L = 1;/04 1;[3_
Suppose that measures u and v are defined as follows

(W = [
(41) ,LL(e)— e|y|57 ( ) y |l‘|o‘

Then the norm of the convolution operator
“+ o0

Af(y) = K(y —z)f(x)dv

/K dt'cB

where |e| is the linear measure of e. Moreover, if the kernel K(t) is non-
negative, then

satisfies

”A”L (R,v)—Lg(R,p) < ¢ sup

cen |e|F

€

(4.2) ¢sup —r K <AL, ® )Ly ®p0)-
>0 d
Proof. Denote
1-— (=)
Y= i and 6= 1_ ﬁ

By Lemma 4.1,

1 K(z — y)dzd
sup Fle,w) = sup ﬁ// (—)ﬁxy
(e)=8(v(w)) 7t (@) =37t ple) v v(w)r JeJo 121yl
el plol g
ot
n(e)=8(w(@) 7t ple % w)F J|[y|?
lz—y|
/ K*(t)dt | dedy
\x—y| 0

sup I 1
u(e)=6w(w) 7t p(e)d v(w)r

/|€|/|W| drdy
1
o Joo |z —yl'rlxlefyl®

= Bsup — n
a>0 (atm) Y (a(l a)

/at1 ﬁ/ dxdy
1 .
|z =yt~ |zl |y|?

<B
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In the last inequality we have used the fact that

([0, at7]) = §(v([0, a))) " ¢.

Furthermore, we remark that

t 1/q at TP

dxdy
Sup —————
a>0 g 5" o |lz—yltr
1,1
1/ / dzds
ta - .
0 Jo |z —tTAs|fzash
Therefore,

h
> dt
/ sup Fle,w) | —
0 \n(@=b(vw)t t
h %
o f 4o tot d at\
<B / tE/ / ldz S : dt
0 0o Jo |z—tTBs|lmrzash )
h
on([ (5 [ )
|z —ys|t=vz088) vy

and by the Minkowski inequality,

1
1,1 oo =8 h g
a d
gCB// / SRS TCE— ) e
o Jo 0 |z — ys|tmrzsP

Y
([ (6 ) ) 5
o Jo \Jo s ] e x 2o s8

1 1 1 [e%e} % h
=CB (/ zpaldz) (/ s<1’6_1d8> / 1‘1——alfﬁ dﬁ
0 0 0 e

1—z| 7 T¢
=CB

Thus, remark 3.1 implies sufficient part.

Let us prove the estimate of |A]| from below. Suppose now that the
operator A is bounded from L,(R,v) into Ly(R, p), i.e.,

IAll L, ®v)—L,(Ru) = SUP / /K y—2) f(z)|z| |y Pdedy < .

HQHLq,(R w=1
HfHLp(R),,)—

19
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For any d > 0 we define the test functions:

90(¥) = X(—a,a)(W)/IX(-a.all L, ®.p) = = Cyd™ T X[ a,d(y)

and
fo(@) = |2[*X (24,20 () /| |2 X[ ~2d.2a) | L, (& )
2d ~»
= laf*x-2aza(@) { [ (ul*) ol ="y
—2d
= OSdﬁ_”x‘aX[dezd] ().
Therefore,
2d
4l 005000 > Cr iz o [ [ K ey
Now using K > Owegetforanyye[ d,d): [—d,d] C [-2d,2d] + y and

1
Al L, (R,0)—Lg(Rop) 26571,1;&,@/ K(z)dz
d p’ q —d

Taking into account arbitrary choice of d > 0, we get (4.2). The proof is
now complete. (I

Now we introduce the following concept.

Definition. A measurable function f(z) on R is said to be weak monotone
if for any x € R one has

@) < Csup‘/f Jdy|.

d>\w|

Note that if one of nonnegative functions f(z) or f(—=x) is monotone decreas-
ing or, more general, quasi-monotone on R, then f(x) is a weak monotone.
On the other hand, the following functions are not quasi-monotone but weak
monotone:
| sin z| cos T
|zl "l

€ (0,1).

Corollary 4.1.1. Let us assume that all conditions of Theorem 4.1 hold
and K is a nonnegative weak monotone function on R. Then the necessary
and sufficient condition for the convolution operator Af to be bounded from
L,(R,v) into Ly(R, p) is

sup / K(t)dt < 0.
a>0 dr
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Proof. Since K is a weak monotone, we obtain

/K dt‘ ¢ sup 1
ecM* 6?

sup — / sup — / K(s)dsdt
ccM~ |e|7 cd>lt| d
K )d / 1 dt‘
< ¢ sup s sup — _
d>0 d % cem le|7 [Je [t11/T
< ¢ sup pE / K(s
d>0 d+
and the required follows form Theorem 4.1. O

From the proof of Theorem 4.1 one can obtain its analogue for functions
on an interval.

Theorem 4.2. Let o, € [0,1), 1 < p,q < o0, 1—1—% = %—F %, and

0< % = 1;,“ % Let K be a nonnegative weak monotone function
n [—2a,2a). Suppose that the measures u and v are defined as follows
dy dx
ple) = [ 2L, v = [ ST
e lyl? w |zl
and
@ dx
Af(y) = K(x—y)f(x)w.
Then
1 /4
1AL, (—asa,)—Ly(—asal) < sup — [ K(t)dt < oc.
2a2d>0dr J_q

As applications of this result, we obtain the sharp increase rate for the
norm of the Cesaro operator from L, (|x|?) into L,(|z|~?) and a weighted
version of the Nikol’skii inequality for trigonometrical polynomials (see also
[MT]).

Corollary 4.2.1. The Fejér kernel is defined as
n—1 n—1 k
1 1 1sin 2r(2n — 1)z
_ 2 :D - 2 : § : 2mive _
"= K= [y Yp— ’ :

sin® wx

It is well known that

F,(z) >0 and / F,(z)dx = 1.
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The Cesaro sum of 1-periodic function f is written by
1/2
oulf) = [ f@Fufa - y)do
—1/2
and the n-th partial sum of the Fourier series of f is
1/2
Sn(f7 y) = /1/2 f(x)Dn (J,‘ - y)dx

Then for1 <p,q<00,0<B<1,0<y<p—1, we have

14y _1-8
(4.3) sup Han(f)||Lq([—1/2,1/2],|;1;\—5) =nr 9,
Illey=1/2,172],1217)=1
Ly _1-8
(4.4) sup Hsn(f)|\Lq([_1/2,1/2],\x\—ﬂ) <Cn'» ‘.

Iz, (=1/2,1/2],1217)=1

1
1/2 _ q
where || fllz, (=1/2,1/2],)2-8) = (f_{/g | f(@)]?|z] de)

Proof. One can note that

|z
(4.5) < / Bdt, e € (0,1/2].

||
Indeed,
(sin(2n — 1)7x)? . min((2n — 1)2,1/2?)
n(sinmz)2 n
Ife>1/2n-1),

l/w(sm(Qn—l ii 2n—1
x Jo n(sin7t)? an £

k/(2n—1)
/ (sin(2n — 1)mt)* dt
(k—-1)/(2n—1)

< 4min(n, 1/]a]),

¢ 1/1C 2
=— — (sinmy)” dy
33;74/2 k-1
Legt
k2
k=1

o

> cmin(n, 1/x).

R
H\o

fFo<z<1/(2n-1),
1 (% (sin(2n — 1)7t)? n _ min(n,1/z)
/0 {eint2n — 1mi)” mintm 1je).

dt > - 2>
x n(sin t)? 3 3
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Therefore, (4.5) follows. Then Theorem 4.2 implies

1 d
1Al L, (-a.a10)— Lo ((-a,a],0) = SUP T/ K(t)dt < oo.
2a2d>0dr J_4

So, for « = v/(p — 1) we get

sup lon (NI L, (= m), 121~
N1y (= m,m), 17y =1
= sup ||0n(g()\ : |_a)HLq([_W,ﬂ]7|r|fﬁ)
9l L, (im0 =)=
1 d
= sup w/ Fn(t)dt
2a2d>0 ( p’ a —d

Let us now show that

I .
sup  — / F(t)dt < n'/"
2a>d>0 dv J_4

From the proof above we have
1 d
sup 1—/ F,(t)dt >c¢ sup d* Y " min(n,1/d) = cen'/"
2ad>0 AV [ _4 2a>d>1/n
On the other hand,

1 [ 1 /d
sup —— F,t)dt <c¢ sup —— min(n, 1/t)dt.
2a>dp>0 du/r /—d ®) 2a>dp>0 dvr Jo (n. 1/1)

Then we write sup;/,>450 d=Y7dn = nt/" and

sup - / +/ min(n, 1/t)dt
2azas1/n A7\ Jo 1/n

<c sup A7V ent’" sup (nd)"Y7 (14 In(nd)) < en'/".
2a>2d>1/n 2az2d>1/n

Therefore, the following is true: if 1 < p,g < o0, 0 < <1, and 0 < v <
p — 1, then
_l-a_ 1-8 1+~ 1-p

sup ||(7n(f)||Lq([_ﬂ7ﬂ],|x|,3)Xn 3 a4 =n»p Taq
ey (= ] 217y =1
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Let us prove now the estimate for S, (f,x). We consider the following
operator

1/2
1Sl (F,4) = / | J@IDn s

1/2
- [ @
~1/2
It is clear that |[S,(f)llz,—r, < ISn|(f)l|z,—L,- As in the proof of (4.5),
one gets

sin(2n — 1)w(z — y) .

sinm(z — y)

sin(2n — 1)mx

< 2mi 1
T < 2min(n, 1/jal)

and

in(2n — 1)mt
sin(2n — )t dt > cmin(n,1/d).

1 T
sup —
1>2>d T Jo

sin 7t
Hence, Theorem 4.2 implies
sup H'S”Kf)H —m,7),|z|—F
1Nl ey (= ], 127y =1 La(l=mmblel™?)
= sup |||Sn‘(g()| : |_a)HLq([_W,W]7|x\fﬁ)

HgHLP([—Tr,ﬂ'])‘J‘_a):

1 sin(2n — 1)wt
= sup —— . dt
2a2d>0 1~ 7 J-a sin ¢
_l-a_1-p 1ty _1-8
=n »’ a9 =n P a
Thus, (4.3) and (4.4) are verified. O

5. CONVOLUTION OPERATOR IN LORENTZ SPACES

The following theorem provides the sufficient conditions for the convolu-
tion operator to be bounded in a Lorentz space.

Theorem 5.1. Let 1 < p,q < oo and let the measures p and v be on
measurable sets D and Q from R™ respectively. Assume that a function
K(z) definedon D —Q ={z=x—y: x € D,y € Q} satisfies the condition
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that there exists v > 0 such that

1
- - K(x—vy)d <B e €D,
ese%:[)l (u(e))/a'=1/rv' /e (z —y)dpy for a.e. =
: K d <B 0
wseul\l/)lg W " (z —y)dvy| < for a.e. yeQ,

whereMlz{eCQ:O<u(e)<oo} andMgz{wCD:0<1/(w)<oo}.

Then
Af(y) = | K(z —y)f(x)dvy
/

is bounded from Ly p,(D,v) to Lgp, (2, pn) with 1 < hy < ho < 00 and,

moreover,
Al L, 0 (D)= Loy @) < OB,

where C = C(p, q, h1, hs).
Proof. By Theorem 3.2 it is sufficient to prove

o rds\ "
I= / ( sup F(e,w;K)) & < OB,
0 ul §

e)/vY(w)=s
// K(x —y)dvdu

Jo 4+ [0 =17+ 13 and

-

(5.1)

where
1 1
Fle,w; K) =

)

v(w)7? ple)

1= h%—i—l— h% < 1. To prove (5.1), we write I”

estimate each term separately.
r 1/r
1 d
// K(m—y)duduD S)
e w S

! 1
I < (/O ( Sub )=s (€))7 v(w)t/p

n(e) /v (w
1

< esssup sup —————
= ye l/(’UJ)>0 V(u})l/p_’Y/q

1/r

/1( u(e)/\rds)
wy By

0 Mu(e)/vr(wy=s V(W) s

! ds T
<B </ sr/q> = (q/r)l/rB.
0 S

/w K(z — y)dv
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Further,

Sl

oo

1 1 rds
I < / sup - ’//K(xfy)dudu‘ —
2 / </,1,(e)/zﬂ(w):8 (u(e)V/a" v(w)t/r ) s

1
<esssup SUp ————————
2€D p(e)>0 (p(e))H/a =1/

o N
v(w)/P ds
/K(x —y)dp / sup % -
) 1 pnle) /vy (w)=s /,6(6) S
< (! /r)" B.

Thus I < CB, which finishes the proof. O

Now let us investigate the necessary conditions for boundedness of the
convolution operator in Lorentz spaces. Let positive locally integrable func-
tions v(x) and p(z) on R define the following measures

(5.2) u(e)z/u(y)dy and Z/(w):/ v(z)dz.

e w

Let e = [a, b], then we denote by [e]1, [e]2, and [e]3 the following parts of
e: [e]y = [a,a+ 252, [e) = [a+ %5%,b— 25%], and [e]s = [b — 25%,b]. For
the function p(z) > 0 on R we define the net

Mu={[a,b]: @<u(x)<2u(y)7 Vw,yé[a,b]}

Example 5.1. Suppose p(z) = ﬁ, 08 > 0; then

M;L:{[a,b]:O<a<b<2%a<oo}U{[a,b]:—oo<2%b§a<b<0}.

Let |e| be a length of an interval e. Note that for any e € M, and

we -4,

5, 5] one has

(5.3) p(e) < 6p(fel2 +u),
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where [e]s +u = {z +u: z € [¢]2}. Indeed,

1(e) =/eu(y)dy=/[ehu(y)dy+/[eb u(y)dy+/ p(y)dy

le]s

= /{@Hu <u(y— % —u)+ p(y —u) + ply + %' —U)) dy

N

6/ 1(y)dy = 6pu([e]2 + w).

lelzt+u

Theorem 5.2. Let1 < p < g < oo, 1 < hy < hy < o0, and let pu,v be
defined by (5.2). Suppose v and u satisfy for some v >0

([0, Jw[/3]) = ecrv?(w) Vw € My,
(5.4)
v7([0,]el/3]) = caple) Ve € M,

and suppose that the convolution operator

Agly) = / K(y—2)g@)dve,  K(2) >0,
D

is bounded from L, n, (R,v) into Lq p, (R, p); then

1
sup  sup - -
eeM, gy tzt (1([e]2 +y)) /=P

/[ K+ 9z < Al o
ela
1

sup sup
wEMy g gl (v([w]g + z))/P=/a

/[ | K(z)v(x + 2)dz < CHAHLP,}LI(]R’V)éLq,hQ(R,M),
w]a

Conversely, suppose M1 ={e : 0< u(e) <oo} and My={w : 0<v(w)<oo}
and one of the following conditions holds true:

1
sup su : | k( T 2\ds < B
661\14)1 UGE (:u(e + y))l/q —1/vp /e ( )u(y )

or

1
S K —2)dz < B;
58 = ey, Ko =
then the operator A is bounded from L, p, (R,v) into Lg p, (R, u) and

”A”Lp,h1 (R,v)—=Lg hy (R,p) <cB.
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Remark 5.1. The functions pu(y) = %,ﬂ € [0,1) and v(z) = ‘I%,oz €
[0,1) satisfy conditions (5.4) with v = =2.

11—«

Proof of Theorem. 5.2 By Corollary 3.1.1, we have

e

HA”Lph1 (¥)—Lgny (1) =

1 1
S S o Gy KO Oy

Let e € M,,. Applying (5.3-5.4) and noting that for any 0 < z < %e‘ one has
[e]2 C e — x, we write

1A,

phq (V)_’LQ}LQ (H)

c;/p’ ke 1
P T'D /0 V(I)W i K(y — x)u(y)dydx

4 5 1
v(x — K(z)pu(z + z)dzdx
;maEDA e d 5 S D

3
AP
= Z K(2)u(z)dz
2(#@) " Jlels
C;/p'
S— K (2= + o)dz,

4677 (u(lels + )7 "7 Jiela

where = € [0, |e]/3]. Therefore, taking into account arbitrary choice of e €
M,,, we have

||A||L1[,;11 (v)—Lgny (1) >

1
c sup sup — / K(z)u(z + x)dz.
e€eM,, mE[O,‘%l] (N([6]2 + :Z:))q/ o Jwls
Similarly,
ALy, () Lgny (1) =

1
c sup  sup T
weMy yepo, lul) (v(y — [w]2))?

Z/[] K(z)v(y — 2)dz.
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Let us now prove the second part of the theorem. By Theorem 3.2,
1

A v)—s Scsup sup————— [ K(y —z)u(y)dy
AN L, (1) Lany () S e e (y — z)u(y)
1
= csup sup — /K(z)u(z—i—x)dz.
TER weM; (M(e+x))?_w e
1

/w K(2)(y — 2)de.

A . < ¢ sup sup
H HLphl(V) Lany () weMsz yeR (V(y - ’w))

S
QR

The proof is now complete. O
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