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ABSTRACT. We consider the problem of approximation of matrix
functions of class LP on the unit circle by matrix functions ana-
lytic in the unit disk in the norm of LP, 2 < p < oco. For an
m X n matrix function ® in LP, we consider the Hankel operator
Hg: HI(C") — H2(C™), 1/p +1/q = 1/2. Tt turns out that the
space of m X m matrix functions in LP splits into two subclasses: the
set of respectable matrix functions and the set of weird matrix func-
tions. If ® is respectable, then its distance to the set of analytic matrix
functions is equal to the norm of Hg. For weird matrix functions, to
obtain the distance formula, we consider Hankel operators defined
on spaces of matrix functions. We also describe the set of p-badly
approximable matrix functions in terms of special factorizations and
give a parametrization formula for all best analytic approximants in
the norm of LP. Finally, we introduce the notion of p-superoptimal
approximation and prove the uniqueness of a p-superoptimal approx-
imant for rational matrix functions.

1. Introduction

The classical problem of analytic approximation of functions on the unit
circle T is for a given function ¢ € L™, to find a best H*® approximant to
p, i.e., to find a bounded analytic function ¢ in the unit disk D such that

llo = ¥l Loe(ry = distpe (o, H*).

A standard compactness argument shows that such a best approximant
always exists, though it is not necessarily unique in general. However, under
certain mild assumptions the best approximation is indeed unique. For
example, this happens if ¢ is continuous which was proved for the first time
in [Kha]. We refer the reader to [Pel] for a comprehensive study of the
problem of best uniform approximation by analytic functions.

The second author is partially supported by NSF grant DMS 0501067, the third author
is partially supported by NSF grant DMS 0700995.
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It turns out that this approximation problem is closely related to Hankel
operators on the Hardy class H2. For a function ¢ € L> the Hankel operator

H,: H> - H2 ¥ 12 o H?
is defined by
Hyof =P_¢f, feH?

where P_ is the orthogonal projection from L? onto H2. It was proved by
Nehari (see [Pel], Ch. 1, §1) that

[Hy || = distre< (¢, H>).

Moreover, it turns out that the Hankel operators provide a powerful tool to
constructively study the problem of best uniform analytic approximation,
see Chapters 1, 5, and 7 of [Pel]. The problem of uniform approximation by
analytic functions is also called the Nehari problem.

The Nehari problem is very important in applications in control theory
(see [F] and [Pel]) and is also a useful tool in identification, see [Pa] and
[BLPT]. Moreover, for the needs of control theory it is important to consider
not only the scalar case, but also the case of matrix-valued functions.

Let ® be a bounded function with values in the space M, , of m x n
matrices (notationally, ® € L*°(M,,,)). The problem of best analytic
approximation is to find a bounded analytic matrix function ) of size m xn
such that

||(I) - QHL‘”(Mmm,) = diStL“’ ((I)7 Hoo(Mm,n)>7

where H* (M, ,,) is the space of bounded analytic m x n matrix functions
and for a matrix function ¥ € L*>(M,, ,,) we use the notation

def
1]l = esssup [[€(C)]|w, ..
z€T

where for a matrix A in M,, , we denote by ||A||m,, , the operator norm of
A as an operator from C™ to C™.
As in the scalar case, the following distance formula holds:

dist o (®, H(M,,)) = |Holl, @ € L®(My,),

where the Hankel operator He: H2(C") — H2(C™) ¥ £2(C™) & H2(C™)
is defined by
H@f:P*(I)f7 fEHQ((Cn)a
and P_ is the orthogonal projection onto H? (C™) (see, e.g., [Pel], Ch. 2).
However, unlike the scalar case, even if ® is a polynomial matrix function,
generically ® has infinitely many best approximants. To choose among all
best approximants the “very best approximant”, it is natural to consider
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the notion of superoptimal approximation. We refer the reader to § 2 of this
paper for the definition of superoptimal approximation.

In this paper we are going to consider the problem of analytic approxi-
mation in the LP norm, 2 < p < 0.

Let ¢ be a scalar function in LP. The problem of best analytic approxi-
mation is to find a function ¢ in the Hardy class H? such that

llo — ||Lr = distpe (@, HP).

If 1 < p < oo, then the space LP is uniformly convex which implies that
every function ¢ € LP has a unique best analytic approximant ¢ in the LP.
The function v is said to be the p-best analytic approzimant to .

In [BS] Hankel operators have been used to study the problem of best
analytic and meromorphic approximation in LP for 2 < p < oo (see also [Pr]
for a dual approach). For ¢ € LP the Hankel operator

H,: H" — H?
is defined by
Hyf =P_of, feHY,
where the exponent ¢ satisfies the equality
1 1 1
1.1 4=,
(1.1) PRI
Throughout this paper we always assume that 2 < p < oo and q satisfies
(1.1). In the proofs of the results we assume that 2 < p < oo, it is an
elementary exercise to adjust the proofs for p = 2.

As in the case of uniform analytic approximation, the following formula

holds

[ Hopllgra— gz = distrr (@, H?)
In §2 of this paper we discuss in more detail the problem of best analytic
approximation by scalar analytic functions in LP.

In this paper we deal with the problem of approximation in LP by analytic
matrix functions: given a function ® in LP(M,, ) (ie., all entries of ®
belong to L?), we search for a best analytic approximant Q € H?(M,, ),
ie.,

| — Q|| = distre ((I), HI’(I\\/JI,,W))7

where for a matrix function ¥ € LP(M,, ),

1/p
def
19l 9 oy = ( [1¥O,., dm<<>) .

If we consider the Hankel operator
Hy: HY(C") — H(C™)
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defined by

H@f:]P)—(I)fa fEHq(Cn)v
it is easy to verify that

|Ho|| < distrr (®, H? (M)

(see Lemma 4.3). It will be shown in §4 that if ® has a p-best analytic
approximant ¢ such that for ¢ in a subset of T of positive measure, the
space of maximizing vectors of (® — Q)(¢) is one-dimensional, then

(1.2) |Hg|| = distr» (@,H’”(Mmyn)).

Clearly, generically for an m x n matrix A, the maximizing vectors of A
span a one-dimensional subspace.

This makes it plausible that for a dense subset of matrix functions ® in
LP(M,,, ) the distance formula (1.2) holds which would imply that (1.2)
holds for all matrix functions ® in LP(M,, . ).

Surprisingly, this is false!

In § 3 of this paper we obtain certain factorization theorems for analytic
matrix functions that will be used to study Hankel operators. The main
tool used in § 3 is Sarason’s factorization theorem [Sal.

In § 4 we study the class of matrix functions ® € L*°(M,, ), for which the
distance formula (1.2) holds. Such matrix functions are called respectable.
We obtain several characterizations of the class of respectable matrix func-
tions.

The main result of §5 is a construction of a 2 X 2 matrix function ®, for
which (1.2) is false. Such matrix functions are called weird.

Thus the space LP(M,, ) splits in two subsets: the set of respectable
matrix functions and the set of weird matrix functions. To compute the
distance from a respectable matrix function ® to the set of analytic ma-
trix functions, we can use the distance formula (1.2). However, to compute
distz» ((I>, HP (an)) for weird matrix functions ®, we have to search for
another formula. Note that in a sense both the set of respectable ma-
trix functions and the set of weird matrix functions are massive subsets of
LP(M,, ,,); see the discussion at the end of §5.

It turns out, however, that the distance disty» (<I>, H ”(Mmm)) from @ to
the set of analytic matrix functions can be obtained for all matrix functions
in LP as the norm of a Hankel operator if we consider Hankel operators
acting on spaces of matrix functions rather than vector functions. Indeed,
If we consider the Hankel operator H ¢ defined on the space H1(S%) of nxn
matrix functions with the norm

Py = ([ 17

1/4q
by dm(@))
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Then the norm of the Hankel operator
Hg: HY(S%) — H2(S%)

is equal to disty» (@,Hp(Mm)n)). Here for an n X k matrix A the norm

14| gy is the Hilbert-Schmidt norm of A and [|Alls; = [ Al|gy». This

will be proved in §6. We also consider in §6 Hankel operators acting on
spaces of n x k matrix functions and we introduce in §6 the class of n x n
matrix functions in LP of order k£, 1 < k < n.

In §7 we obtain a description of the set of p-badly approximable matrix
functions. A matrix function ® € LP(M,, ,) is called p-badly approzimable if

@] e = distre (®, H?(M,,.,,)).-

To obtain such a description, we use special factorizations that involve bal-
anced matrix functions (see [Pel], Ch. 14, §1).

We also obtain in §7 a parametrization formula for all p-best approxi-
mants.

In the last section we define the notion of p-superoptimal approximation
and prove for rational matrix functions the uniqueness of a p-superoptimal
approximant.

In §2 we collect necessary information. In §2.1 we present results on
analytic approximation in LP of scalar functions. In § 2.2 we define the no-
tion of superoptimal approximation and state some uniqueness results and
properties of superoptimal approximants. Finally, in §2.3 we define the no-
tion of balanced matrix functions and state factorization formulas for badly
approximable matrix function.

Note that it suffices to study the problem of analytic approximation only
for square matrix functions. Indeed, if a matrix function ® is not square,
we can add to ® zero columns or zero rows to make it square. For the sake
of simplicity, beginning §6, we state all the results only for square matriz
functions.

Notation and terminology. Throughout the paper we are going to use
the following notation and terminology:

if X and Y are normed spaces and T: X — Y is a bounded linear
operator, a vector z € X is called a mazimizing vector of T if

r#0 and ||Tzly =T -|z|x;

if both X and Y are Hilbert spaces and T is a bounded linear operator
from X to Y, then, by definition, the space of mazimizing vectors of T is

{reX: |Tz|y =|T| - ||z x}
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(it is well known that the space of maximizing vectors is a closed subspace
of X that consists of the maximizing vectors and the zero vector);
M,  is the space of m x n matrices;

def
Mn = Mn,n;

if X is a normed space of functions on T, then X (M,,, ,,) means the space
of m X m matrix functions whose entries belong to X. If this does not
lead to a confusion, we say that ® € X for an m X n matrix function & if
O e X(Myy,n);

if X =L°1<s<o0,and ® € X(M,, ), then

def def def
12llx = [®lx0a,..) = lollx,  where p(¢) = @)y, ¢ €T

for 1 < p < oo, the space HP(M,, ) is the subspace of LP(M,, ,) that
consists of matrix functions with entries in H?. By definition,

HY(M,,.,) ={F € L*(M,;, ,) : F(0) =0};

for an operator A on Hilbert space (or for a matrix A), the singular values
5j(A) are defined by

5;(A) =inf{||A — K|| : rank K < j};
the Schatten—von Neumann class S,, 1 < r < oo, consists of operators
A on Hilbert space with finite norm
1/r

(1.3) 1Als, = { DA ]

Jj=0

for r € [1,00), we denote by S7" the space of m x n matrices A equipped
with the Schatten—von Neumann norm (1.3);

Sy = s

if X = L% 1< s < oo, then X(S;"") is the space of m x n matrix
functions with entries in X equipped with the norm

def

= 2l

def
1@l x(spm) = llpllx,  where  p(C) spn, GET.
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2. Preliminaries

2.1. Analytic approximation by scalar functions in L?P, 2 < p < oo.
The problem of analytic approximation in LP was studied by many math-
ematicians, see, e.g., [Sh] and [Ka]. As we have already mentioned in the
introduction, in [BS] to study the problem of best analytic approximation
in LP, Hankel operators from HY to H2 were used, where the exponent
q satisfies (1.1) (see also [Pr] in which a similar approach is used). The
approach of [BS] and [Pr] is based on the analog of Nehari’s theorem:

(21) ”HAP”H‘?HHE = diStLp(¢>Hp)a pe LP.

Moreover, it can be shown that if ¢ € L?, then the Hankel operator H,
defined on the set of analytic polynomials by the formula

Hyf =P_¢f
extends to a bounded operator from HY to H? if and only if P_¢ € LP.
This can be proved in exactly the same way as in the case of classical Hankel
operators from H? to H2 (see, e.g., [Pel], Ch. 1, §1). In particular, this
implies that all bounded Hankel operators from HY to H? are compact,
since the trigonometric polynomials are dense in L” and H,, has finite rank
if  is a trigonometric polynomial.
A scalar function ¢ € LP is called p-badly approzimable if

e =l = llll e
for any ¢ € HP.

The following result describes the class of all p-badly approximable func-
tions.

Theorem 2.1. Let ¢ be a nonzero function in LP. Then ¢ is p-badly
approximable if and only if there exists an inner function ¥ and an outer
function h in H? such that

h - h
=Z0——>.

h2/4 hL

P

(2.2) 0 =z0

Proof. Suppose that ¢ is p-badly approximable. Let f € H? be a
maximizing vector of H,. Such a vector exists, since H, is compact. We
have

[Hof L2 = [IP-ofllL2 < llofllz

<lellzellfllze = [[Holl - [ fllze = [1Ho fll 22,

since f is a maximizing vector. Thus all inequalities in the above chain
are equalities. The fact that the first inequality turns into equality means
that of € H2. The second inequality turns into equality if and only if
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lp|P = ¢|f|? for some ¢ > 0. We can multiply f by a constant after which ¢

becomes equal to 1. Let h be an outer function in H? such that |h| = | f]9/2.

Then f admits a factorization f = ¥1h%/9, where 9, is an inner function.
Put g = zH,f € H?. We have |g]* = |¢f|? = |h|?. Let g = U2h, where

Y5 is an inner function. Then

It remains to put ¢ = ¥19,.
Suppose now that ¢ is of the form (2.2). Put f = h?/9. We have

[Holl - [ fllze = [[Ho fllz = hllze = llelle [ fllze = [[Holl - [ fllLe-
Thus ||¢||rr = ||Hy|, and so ¢ is p-badly approximable. Hl

Remark. Note that in the case p = oo the situation is slightly different.
A bounded Hankel operators from H? to H2 is not necessarily compact
and does not necessarily have a maximizing vector. A badly approximable
function ¢ has the form

~h

p =czv W

where ¢ € C, ¥ is an inner function, and h is an outer function in H?, if

and only if the Hankel operator H,: H 2 — H? has a maximizing vector,
see [Pel], Ch. 1, §1.

In the case p = 2, Theorem 2.1 means that the 2-badly approximable
functions are precisely the functions in H2 and a function f € H* is a
maximizing vector of the Hankel operator H,: H>* — H? with a 2-badly
approximable symbol ¢ if and only if f = ¢, where ¢ is a nonzero complex
number and ¢ is an inner divisor of Zg.

Corollary 2.2. Let w be a monnegative function in LP. The following
are equivalent:

(i) there exists a p-badly approzimable function p € LP such that |p| = w;

(i) logw € L',

Proof. The implication (i)=-(ii) is an immediate consequence of Theo-
rem 2.1 and the fact that the logarithm of the modulus of any outer function
is in L.

Conversely, suppose that logw € L. Let h be an outer function such that
|| = wP/2. Clearly, h € H?. Let ¢ = Ehz—h/q. By Theorem 2.1, ¢ is badly
approximable. We have

ol = ]2/ = |h27 = .
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Corollary 2.3. Let w be a nonnegative function in LP such that
logw € L' and let h be an outer function such that |h| = wP/2. Then
the set of p-badly approxzimable functions with modulus w coincides with

5 h o .
{zﬁhg/q : ¥ is an inner functwn} .

Proof. The result follows immediately from Theorem 2.1. B

2.2. Superoptimal approximation. As we have already mentioned in the
introduction, even for polynomial matrix functions ¢ there can be many best

analytic approximants in the L* norm. For instance, if & = <(Z) 8) and

F = (g 2), where f is a scalar function in the unit ball of H*°, then F

is a best approximant to ®.

To introduce the notion of superoptimal approximation, recall the notion
of singular values of matrices. For a matrix A the jth singular value of A
is defined by

s;(A) < inf{||A — K| : rankK < j}, j > 0.

Clearly, so(A4) = ||4].

Definition. Given a matrix function ® € L*°(M,, ,,) we define induc-
tively the sets Q;, 0 < j < min{m,n} — 1, by

Qo = {Q € H®(M,,,) : Q minimizes t; < esssup |®(¢) — Q(C)II} ;
CeT

Q= {Q € Q;_1: @ minimizes t; def s sup s; (@(() — Q(g))} , 7>0.

CET
Functions in (] 2% = Quin{m,n}—1 are called superoptimal approzimants
E>0

to ® by bounded analytic matrix functions. The numbers t; = t;(®) are
called the superoptimal singular values of . Note that the matrix functions
in 2y are just the best approximants by analytic matrix functions.

In other words, a superoptimal approximant minimizes the essential
suprema of the singular values of (® — @Q)(() lexicographically.

It was proved in [PY] that if ® € (H* 4+ C)(M,,,,,) (i-e., each entry of
® is a sum of a a continuous function and an H* function), then ® has a
unique superoptimal approximant. Moreover, if @) is the unique superopti-
mal approximant to ®, then

si((@—Q)(¢) =t;, CeT.
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Later in [PT1] the same results were obtained under a less restrictive as-
sumption on ®. We refer the reader to [Pel], Ch. 14 for a detailed presen-
tation of the theory of superoptimal approximation.

2.3. Balanced matrix functions and factorizations of badly approx-
imable matrix functions. A matrix function ® in L*>°(M,, ) is called
badly approzimable if

[@[lLe < [|®— QL
for any @ € H>®(M,, ).

A matrix function ® is called very badly approximable if the zero matrix
function is a superoptimal approximant to ®.

In [PY] and [AP] the set of badly approximable matrix functions of class
(H*™ + C)(M,,,,,) was described in terms of certain special factorizations
(see also [PT2] in which a geometric description of very badly approximable
matrix functions was obtained). Such factorizations involve certain spe-
cial unitary-valued matrix functions (balanced matrix functions), see [Pel],
Ch. 14, §1. To define balanced matrix functions, we have to introduce
several notions.

A matrix function ® € H®(M,, ;) is called inner if on the unit circle
©*0 = I}, where I} is the matrix function identically equal to the identity
matrix Ij.

A matrix function F € H?(M,, ,,) is called outer if the set

{Ff: fisa polynomial in H*(C")}

is dense in H?(C™).

Finally, a matrix function F' € H?(M,,, ,,) is called co-outer if the trans-
posed function F* is outer.

It is well known (see, e.g., [N] or [SF]) that if ¥ is a matrix function of
class H?, then ® admits an inner-outer factorization

$ = OF,

where O is an inner matrix function and F is an outer matrix function.

Let £ < n and let T be an n x k inner and co-outer matrix function. It is
well known (see [Pel], Ch. 14, §1 and [H], Ch. 9) that there exists an inner
and co-outer matrix function © of size n x (n — k) such that the matrix
function

(2.3) V=(Y ©)

takes unitary values or, in other words, is unitary-valued. Matrix functions
of the form (2.3) are called balanced matriz functions. If we want to specify
that the analytic part of V has k columns, we say that V is a k-balanced
matriz function. In the case k = 1, k-balanced matrix functions are also
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called thematic matrixz functions. If k = n by a k-balanced matrix function,
we mean a matrix function of the form 71,,, where 7 is a complex number
of modulus 1.

Balanced matrix functions have many interesting properties, see [Pel],
Ch. 14, § 1. They have been used to obtain a description of badly approx-
imable matrix functions, to parametrize the set of best analytic approxi-
mants, to characterize very badly approximable matrix functions, to prove
the uniqueness of superoptimal approximants, and to construct the super-
optimal approximant (see [PY], [PT1], [AP], and [Pel], Ch. 14).

In particular, it was shown in [PY] (see also [Pel], Ch. 14, §2) that if ®
is a matrix function in L*°(M,,,) such that the Hankel operator
Hg: H*(C") — H?(C™) has a maximizing vector, then ® is badly ap-
proximable if and only if & admits a factorization

z0h/h 0
® = [|Hol[W™ Ve,
0 Dy

where V and W' are thematic matrix functions, 9 is a scalar inner function,
h is a scalar outer function in H?, and ®4 is a matrix function of size
(m —1) x (n—1) such that ||®4(¢)|lm,,_,,._, <1 almost everywhere on T.

Another characterization of badly approximable functions was obtained
in [AP] (see also [Pel], Ch. 14, §15). Let ® € (H*+C)(M,,_,,) and let k be
the number of superoptimal singular values ¢;(®) equal to to(®) (in other
words, k is the multiplicity of the superoptimal singular value to(®)). Then
® is badly approximable if and only if

U o
® = ||Hg||W* v,
0 by

where U is a k x k very badly approximable unitary-valued function of class
H>4-C,V and W are k-balanced matrix functions, and ® is a matrix func-
tion in (H> +C)(M,—g,n—#) such that [|®4(¢)|m,,_,.._, < 1 almost every-
where on T and ||Hg,, || < 1. Actually, the condition ® € (H*> + C)(M,, )
can be relaxed (see [AP] and [Pel], Ch. 14, §15).

3. Factorization of analytic matrix functions

In this section we obtain several factorization theorems for analytic ma-
trix functions that will be used to study Hankel operators.

We are going to use the following result by D. Sarason that is an analog
of Riesz factorization:

Sarason’s Theorem [Sa]. Let H be a separable Hilbert space and let
U be an analytic integrable B(H)-valued function on T. Then there exist
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analytic square integrable functions Q and R such that

31) ¥=0R, RR=(v0)"? ad QQ=RR* ae onT.

The following theorem can be deduced easily from Sarason’s theorem.
Recall that 2 < p < oo and ¢ satisfies (1.1); as usual, p’ is the dual exponent:

/p+1/p =1

Theorem 3.1. Let U € H? (M,). Then there exist matriz functions
F € HYM,,) and G € H*(M,,) such that

UV=FG and [V s, = IFllLes)Gllrzcsy)-
Proof of Theorem 3.1. Clearly, we may assume that ¥ is a nonzero

function. Suppose that Q and R satisfy the requirements of Sarason’s the-
orem. Let h be a scalar outer function such that

(3.2) W) = [Tl CeT.
Put 1
F=hQ and G= ER

By Sarason’s Theorem,

1Flaispy = [ MO

qsg dm(()

= [IRQOILH 20 dmi
- [
T

G172 s) :Alh(C)I*QIIR(C)H%g dm(()

- [ 1wl

= [ 1)1, dm(c).
T

g”f dm(Q).

Similarly,

& Tham(Q)

It follows that

/ + / 2
IF sy 1G] zacsy) = 121050 = 1l (s @

We need a version of Theorem 3.1 in the case ¥(() has rank & for ¢ € T.
The following result can be deduced from Sarason’s theorem.
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Theorem 3.2. Let 1 < k < n and let ¥ be a function in H*(M,,) such
that

(3.3) rank W(¢) =k on a subset of T of positive measure

Then there exist matriz functions F € H*(M, ) and G € H*(My.,) such
that

B4)  ¥=7FG and [¥()]s; = F(Olgr+[IG()lgtn, ¢€T.

Proof. Clearly, each minor of ¥ belongs to the Hardy class H*® for
some s > 0. It follows now from the uniqueness theorem for Hardy classes
that condition (3.3) is equivalent to the fact that rank ¥(¢) = k almost
everywhere on T.

Let Q@ and R be n x n matrix functions satisfying the requirements of
Sarason’s theorem. Then

(3.5) I Ollsy = 12D s [[R(O]|s5-

We need the following elementary lemma whose proof is given here for
completeness.

Lemma 3.3. If A and B are operators on Hilbert space, rank AB = k,
and ||AB||s, = ||Alls,||Blls,, then rank A = rank B = k.

Let us first complete the proof of Theorem 3.2.
By Lemma 3.3, (3.5) implies that

(3.6) rank Q(¢) =k and rankR({) =k for almost all ¢ € T.
Consider the inner-outer factorization of R:
R =174,

where T is an inner matrix function and G is an outer matrix function. It
follows from (3.6) that Y has size n X k and G has size k x n. We can define
now the function F by F = QY. Since T takes isometric values almost
everywhere on T, it follows that

[F(Ollspr =1Ly and [G( gk = [R5z,
and so (3.4) holds. W

Proof of Lemma 3.3. Clearly, if rank A < k or rank B < k, then
rank AB < k. Suppose now that the conclusion of the lemma is false.
Without loss of generality we may assume that rank A > k. Let P be
the orthogonal projection onto Range AB. Then AB = PAB. Clearly,
|Allg, = |PA|%, + [[(I — P)A||g,. Since rank P = k and rank A > k, it
follows that ||[PA|s, < ||A|ls,. Thus
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IAB|ls, = [PAB|s, < |[PAls,|Bls, <[l Alls.lBlls, = [|ABlls,

and we get a contradiction.
We need the following consequence of Theorem 3.2.

Theorem 3.4. Let ¥ € H? (M,,) such that
rank¥({) =k, (€T

Then there exist matriz functions F € HY(M,, ) and G € H*(My,,,) such
that
¥=FG and H‘I’HLP/(S?) = ”FHLq(s;”f)HG”Lz(s’;fﬂy

Proof. As in the proof of Theorem 3.1, we put
1
Egv
where F and G are matrix functions satisfying the requirements of Theo-
rem 3.2 and h is a scalar outer function satisfying (3.2). The fact that F
and G satisfy the conclusions of the theorem is exactly the same as in the
proof of Theorem 3.2. W

The case of matrix functions of rank 1 is of special interest. We treat
this case separately, without using Sarason’s theorem.

Lemma 3.5. Let ¥ € H'(M,,,,) such that

F=hF, G=

(3.7) rank W (¢) =1 on a subset of T of positive measure

Then there exist vector functions u € H?(C™), and v € H*(C"), such that
(3.8) T(¢) = u(C)v'(¢), (€T

and

(3.9) [u(Q)llem = (O ller = [T

Proof. Condition (3.7) means that each 2 x 2 minor of ¥ vanishes on
a set of positive measure. Since ¥ € H'(M,, ), it follows that all 2 x 2
minors of ¥ are identically equal to zero. Thus condition (3.7) implies that
rank ¥(¢) = 1 almost everywhere on T.

Let h be an outer function such that

RO = 12O Lr ), CET,

and let G = h='W. Clearly, G € H?(M,,,). Consider the columns of G.
Let £ be the invariant subspace of multiplication by z on H?(C™) spanned
by the columns of G. By the Beurling-Lax theorem (see [N]), there ex-
ists an inner function Y of size m x k such that £ = TH?(CF). Since
rank G({) = 1 almost everywhere, it follows that & = 1. Then there exist
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functions vy, ve, - - - , v, such that the columns of the matrix function G are
v1 L, 0, v, Y. Let

U1

V2

Un

Clearly, v € H?(C") and G = Yv'. It remains to put u = hY and observe
that u € H%(C™) and both (3.8) and (3.9) hold. B

Theorem 3.6. Let U be a rank one matriz function in H?' (M, ). Then
there exist column functions f € H1(C™) and g € H*(C") such that

(3.10) U =fg" and 19l e,y = fllaemyllgll2eny.-

Proof. Let u and v be the column functions satisfying (3.8) and (3.9).
Let h be a scalar outer function satisfying (3.2). Put

1
f=hu and 9=

It is easy to verify that f € HI(C™), g € H?(C"), and the equalities in
(3.10) hold. M

4. Respectable matrix functions

The main result of this section is Theorem 4.4, which gives us sev-
eral characterizations of the set of matrix functions ® € LP(M,, ), for
which distyz» (@,Hp(Mm,n)) is equal to the norm of the Hankel operator
Hg: HY(C™) — H?(C™). The description of this class of matrix functions
(such matrix functions will be called respectable) makes it very natural to
hope that all matrix functions in L?(M,, ,,) are respectable. However, it
will be shown in §5 that this is not true.

Definition. A matrix function ® € LP(M,,,) \ H?(M,,,) is called
regularly approzimable if there exists a best approximant Q € HP(M,, ,)
such that the space of maximizing vectors of (® — Q)(({) is one-dimensional
on a subset of T of positive measure.

It follows from the Hahn-Banach theorem that for ® € LP(M,, ,,),

distr»e (@,Hp(Mmm)) = sup

/Ttrace (‘D(C)‘P(C)) dm(()

where the supremum is taken over all ¥ € Hé’/ (M) (ie., U € H? (M, ,,)
and ¥(0) = 0) such that ||‘Il||Lp/(Svf,m) <1.
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Since the space LP(M,,, ,,) is reflexive, it follows that for a matrix function

® € LP(M,y, ) \ H?(M,,, ) there exists a matrix function ¥ e Hg/ (Myy,m)
such that
(4.1)

190 sy = 1 and /T trace ($(Q)U(C)) dm(¢) = distrr (®, HP (Myn)-

Such a function ¥ is called a dual extremal function of ®.

Recall that for a matrix function ® € LP(M,, ,,), we consider the Hankel

operator Hey: H?(C") — H?(C™) defined by
H‘Pf:]P—(I)f7 fqu(Cn)7
where 1/p+1/q¢ =1/2.

As we have mentioned in §2, for Hankel operators with scalar symbols,
formula (2.1) holds. Thus it is easy to see that the norm of the Hankel
operator Hg: H1(C") — H2(C™) is equivalent to the distance in L from
® to HP(M,, ). Since in the case of scalar symbols all bounded Hankel
operators from HY to H2 are compact, we can obtain the following result.

Lemma 4.1. For an arbitrary matriz function ® in LP(M,, ), the Han-
kel operator Hg: H1(C") — H2(C™) is compact.

Corollary 4.2. Let ® € LP(M,,,,). Then Hg has a mazimizing vector
in H1(C™).
The following lemma gives us an upper estimate for the norm of Hg.
Lemma 4.3. Let ® € LP(M,, ). Then
|Ho| < distre (®, HP (Mp,n)).

Proof. Since Hy_g = Hg for an arbitrary @ in HP(M,, ,), it suffices
to prove the inequality

[Holl < 1®llLr@,)> P € L (Mo ).
Suppose that f € H1(C") and g € H2(C™). We have by Holder’s inequal-
ity,

(Ho f,9)| = |(©f,9)] < /T B " | dm

< ([, am0)"([1rne. )" ([ 1oz )

fllzaemllgllizzcny. W

The following theorem gives us several characterizations of the class of
matrix functions @, for which ||Hg| = distz» (<I>, Hp(Mm’n)).

= ||¢’||LP(M,,,L,”)
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Theorem 4.4. Let ® € LP(M,, )\ H? (M, ). The following are equiv-
alent:

(i) |Ho| = distrs (@, H? (My,0));

(ii) @ belongs to the closure of the set of reqularly approximable functions
in LP;

(iii) @ has a dual extremal function U such that rank U({) = 1 on a set
of positive measure;

(iv) @ has a dual extremal function ¥ such that rank U(¢) =1, ¢ € T;

(v) if Q is a best approzimant to ®, then ® — Q admits a factorization

z0h/h*¥/1 0

(4.2) O-Q=WwW~ v,
0 Dy

where V and W' are thematic matriz functions, ¥ is a scalar inner function,
h is a scalar outer function in H?, and ®y4 is an (m — 1) x (n — 1) matriz
function such that | @4 (O, ., < [H(QI*?, ¢ €T

Note that in (4.2) the outer function h must satisfy the equality
ROP? = (@ - (O, CET.

Remark. Since the set of matrices, for which the space of maximiz-
ing vectors is one-dimensional is dense in the space of matrices, this sug-
gests a hope that the set of regularly approximable m X n matrix func-
tions is dense in LP(M,, ). If this were true, then the distance formula
|Ho| = distzr (®, H?(My,,,)) would hold for an arbitrary matrix func-
tions in LP(M,, ). Surprisingly, we will show in §5 that this is not the
case.

Definition. Matrix functions ® € L?(M,, ,,) \ H?(M,,, ;) satisfying one
of the conditions (i)—(v) in the statement of Theorem 4.4 are called re-
spectable matriz functions. If a matrix function ® € LP(M,,, ,,) \ H? (M, »,)
is not respectable, it is called a weird function.

It follows immediately from Theorem 4.4 that the set of respectable func-
tions is closed in LP, while the set of weird functions is open.

Proof of Theorem 4.4. We start with the proof of the implication
(iv)=(i). Let ¥ be a dual extremal function such that rank ¥(¢) = 1,
¢ € T. Then ¥ satisfies (4.1).

Since ||Ho || is always less than or equal to distz» (®, HP (M), we have
to show that

|Hal| > dist (P, H? (M, ).
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By Theorem 3.6, there exist functions f € H?(C") and g € HZ(C™) such
that

U=fg" and 1=|¥)p0a, )= Iflzeemllgllczcn)-

Without loss of generality we may assume that || f|| a(cny = ||g]
We have

L2((C1n) == 1

VHall > [(Haf,g%)] = \ [ mace ((ta)6) dm\

/trace(@fgt)dm’ = /traee (@) dm
T T

= distzr (B, H”(Myn,1))-

Next, let us show that (i)=(v). Let f € H?(C") be a maximizing vector
of Hp and let Q € H?(M,, ) be a best approximant to ®. We have

|Ha fll2cm) = [Ha—q fllL2@cm) = IP—(® — Q) fllL2cm)
< (@ = Q) fllz2@emy < (@ — e, I | zacmy

= [[Ha|l - [Iflzrecm) = [Ha fll2(cm)-

Hence, both inequalities are equalities. The fact that the first inequality
turns into equality means that (& — Q)f € H?(C™). The fact that the
second inequality turns into equality means that f({) is a maximizing vector
of (& —Q)(¢) for almost all ¢ € T and

L (1@ =@l 1Ol ) dm(c) =

( /TF (@ — Q)(Olﬁ/ﬁ,mdmx))wp ( /jr |f<<)||?cndm(g>)2/q,

i.e., the corresponding Holder inequality turns into equality, which implies
that [[(® — Q)(¢)m,..,. = cllf(C) %{Lp for some constant c. Since

[(Ha f)(Ollem = (2 = Q)(O)lna,. [1 ()l
it follows that ||(Ha f)()|lcm = ¢l|f(C) ?C{?. Multiplying the maximizing
vector f by a suitable constant, one can always make the constant ¢ equal
to 1, and so we may assume that

1(Ha £)(Ollem = [IFONE.

Let h be a scalar outer function such that

(O = (Ha /)(Ollcms  C€T,
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and so

1@ = Q). = RO, CET.
Put g = ZHg f € H?>(C™). Then

lg(Ollem = 1r(Q)] and [ F(Oller = RO, ¢ €T

The vector function f admits a factorization f = 91 h2/ 9v, where ¥ is a
scalar inner function and v is an n x 1 inner and co-outer function, while
the vector function g admits a factorization g = Jshw, where 95 is a scalar
inner function and w is an m x 1 inner and co-outer function.

Let now

(4.3) V=(v ©) and W'=(w

(1]

be thematic matrix functions (see §2.3).
Consider the matrix function W(® — Q)V. Its upper left entry is equal
to

E=w'(® - Q)v="1:h""g"(® — Q)I1h Y 1f = 910,017 g He f

=z

= z9h~ Y1 gtg = Z9h Y p)? = wh?/q =2

where 9 = 917,.

We have [£(()] = [|(® — Q)(¢)l|m,,.,.- Since both V' and W are unitary-
valued, it is easy to see that ® — @ has the form (4.2).

To prove the implication (v)=-(ii), we need the following lemma.

Lemma 4.5. Suppose that ® is a matriz function that admits a factor-
1zation

zoh/h?/1 0
(4.4) o v,
0 i

where ¥, h, @4, V, and W are as in the statement of Theorem 4.4. Then
P is p-badly approximable.

Proof. As we have already observed, for an arbitrary matrix function ®
in LP(M,y, ) the following inequalities hold:

[Holl < distzr (2, H?(Mm,n)) < 1@ 50 a,,0)-

It suffices to prove that if ® is as in (4.4), then |[Hg| > |[|®||grm
Consider the matrix functions V and W:

V:('U @) and Wt:('w E)

m,n)'
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Let f = h?/9v. It is easy to verify that
Hof =®f =zhtw and |Hof|r2cm) = 191 Lo M, o) 1 f I 2o )
which implies that |[Hs|| > [|®| zru,, ,.)- B

(v)=>(ii). Let R = ® — Q. For € > 0 we consider the function R, defined

by
(1+¢)z0h/h?/1 0
R.=W* 748
0 Dy

By Lemma 4.5, R and R. are p-badly approximable matrix functions. We
define the function ®. by ®. = R. + Q.

Since Q € HP?(M,y ) and R, is p-badly approximable, it follows that )
is a p-best approximant to ®.. Clearly, for ¢ € T, the space of maximizing
vectors of R.(() is one-dimensional, and so ®. is a regularly approximable
matrix function. The result follows from the obvious fact that

|®c — ®|lzr — 0 as & — oo.

To show that (iii)=(iv), we observe that (iii) implies that each 2 x 2 minor
of ¥ vanishes on a set of positive measure. By the uniqueness theorem for
the Hardy classes, it follows that all 2 x 2 minors of U are zero almost
everywhere on T which proves (iv).

Let us prove now that (ii)=-(i). Clearly, it suffices to show that if ® is
regularly approximable, then ||Hg| = distz» (®, H?(My,,n)). Let Q be a
matrix function in H?(M,, ,,) such that the space of maximizing vectors of
(® — Q)(¢) is one-dimensional on a subset of T of positive measure. Let ¥
be a dual extremal function of ®. It follows easily from (4.1) that

(4.8ace (2 — Q)(Q)¥(Q) = (2 = Q) lwm, . [¥(Ollsym, ¢€T.

We need the following elementary lemma.
Lemma 4.6. Let A € M, ,, and B € M,, ,,, be matrices satisfying

| traco(AB)| = || Alla,...|| Bl sy

m,n|

Assume that the space of mazximizing vectors A is one-dimensional. Then B
has rank 1.

Proof. Without loss of generality we may assume that m = n. By
considering the polar decomposition of B, we may assume that B is positive,
i.e., (Bzx,z) > 0 for every vector z. Let e,--- ,e, be an orthonormal basis
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of eigenvectors of B and let Be; = Aje;. We have

| trace(AB)| = |trace(BA)] Z BAej, e;) Z Ae;, Be;)

= Do Nilejep)| < DNl Ael < ALY A
j=1

j=1 j=1
On the other hand,

n

1AL - 1Bllsy = Al Y (Bej e5) = [AIIY A
j=1

j=1
It follows that if ||Ae;|| < ||A]|, then A; = 0. By the hypotheses there can
be only one j, for which ||Ae;|| = ||A||, which proves the result. B

It follows from (4.5) and from Lemma 4.6 that ® satisfies (iii). Since we
have already proved that (iii)=(iv) and (iv)=-(i), it follows that ® satis-
fies (i).

The fact that (iv)=-(iii) is obvious. It remains to prove that (v)=-(iv).
Suppose that & — @ is factorized as in (4.2). Without loss of generality we
may assume that ||® — Q| L» = 1 Define the matrix function ¥ by

t
U = z9h't2/a (U 0) (116 ) ,

where v and w are as in (4.3).
Clearly, rank U(¢) = 1, ¢ € T. We have

91 sy = B2/ dim = 1 =1

and

w?
/trace (®—-Q)¥) dm:/ 29h' 2/ trace (( ) (®-Q) (v 0)) dm
T T 0
:/trace L dm=|hl2:=|® - Qlr»= 1.
T 0 o g

This completes the proof. B

Remark. Note that in the case of analytic matrix approximation in
the L°° norm it is not true that for an arbitrary matrix function ® €
L% (M, ) there exists a dual extremal function in H}(S7™). Moreover,
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it was shown in [Pe2] that a dual extremal function exists if and only if the
Hankel operator Hg: H?(C") — H?(C™) has a maximizing vector.

However, in the case p = oo, if a dual extremal function exists, then
there exists a dual extremal function ¥ such that rank U(¢) = 1 almost
everywhere on T, see [Pe2].

5. Weird matrix functions

The main result of this section is a construction of a weird matrix function
of size 2 x 2.

Lemma 5.1. There exists a bounded 2 x 2 matriz function B such that
B* = B, trace B({) = 1, ¢ € T, the eigenvalues of B((), ¢ € T, are positive
and separated away from zero and there is no constant self-adjoint matriz
C such that

rankC =1 and traceB(()C =1, (eT.

Proof. Let a be a real bounded scalar functions, 3 a complex scalar
bounded function such that the functions «, 3, 8, and 1 are linearly inde-
pendent, and the function a(1 — «) — |3|? is positive and separated away

from zero. Put
a
B= _ .
61—«

Clearly, B* = B, the eigenvalues of B((), ¢ € T, are positive and separated
away from zero, and trace B(¢) = 1, ¢ € T. Suppose that C' is a self-adjoint
constant matrix such that rank C = 1, and trace B(¢)C =1, ¢ € T. Then

C has the form
a b
C=| _ ,
b a b

where a is a nonzero real number and b is a complex number. We have
trace B(¢)C = aa(C) +b3(Q) +b6(¢) +a ' (1 —a(¢)) =1, (eT.
Thus
(a—a™ Bl*)a(C) +bB(¢) +b8(C) +a~b]* — 1 =0.
Since the functions «, 3, (3, and 1 are linearly independent, this equality is

impossible. W
Consider the Wiener—-Masani factorization of B (see [WM)):

(5.1) B=U"Y,
where W is an invertible bounded analytic function in D. Put
A=00"
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and consider the Wiener—Masani factorization of A2:

A? = QQ*.
Let U be the matrix function defined by
(5.2) U=zQ 'A.

Then U is a unitary-valued function on T:
U'U=AQ)'Q'A=1.
Clearly,
AU = 2Q € H§® (Ma ).
Let us show that U is p-badly approximable.
Lemma 5.2. Let A be a self-adjoint 2 X 2 matriz function such that
trace A(() =1, (€T,

and the eigenvalues of A(C) are positive and separated away from zero. Sup-
pose that U is a unitary-valued matriz function on T such that AU™! €
HG(Ma2). Then U is a p-badly approzimable matriz function.

Proof. Let F' € H?(My3). For ¢ € T, we have
[trace (U — F)AU™)(Q))| < (U = F)AU*)(Olls, < (U = F)(O) I
Thus by Holder’s inequality,

1/p
10 = Fllioa, ) — ( JALS F||Pdm)

> (/T |trace (U — F)AU*)|" dm) 1/p

Z/T‘trace (U - F)AU*)| dm

> /Ttrace (U - F)AU*) dm’

= /trace(UAU*)dm—/trace(FAU*)dm’
T T

/traceAdm' =1.
T

= /trace(UAU*)dm' =
T
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Note that
/trace (FAU™)dm =0,
T

since FAU* € HY (Ms2). Thus U is p-badly approximable. B
To prove that the matrix function U defined by (5.2) is weird, we need
the following lemma.

Lemma 5.3. Let A be a bounded positive definite matriz function on T
whose inverse is also bounded and let A = VU™, where ¥ is an invertible
matriz function in H>. A matriz function F in H> satisfies the equation

(5.3) AF*=FA
if and only if
(5.4) F=vCu
where C' is a constant self-adjoint matrix.
Proof. Put
C=V"'FV.

Then C' is an H* matrix function and (5.4) holds. By (5.3), we have
AF* = A(T*)71C*0* = FA = UCU ' A
Since A = UU* we obtain
VO (U)LC* U = wOU L owt
which implies C' = C*. Since C is an H* matrix function, it must be
constant.

Clearly, if C' is a constant self-adjoint matrix and F' is defined by (5.4),
then F' satisfies equation (5.3). W

Theorem 5.4. The matriz function U defined by (5.2) is a weird p-badly
approzimable function.

Proof. Assume that U is respectable. By Lemma 5.2, U is p-badly
approximable. Then ||Hy|| = ||U||zr(,.,) = 1-
Let f € HI(C?) be a maximizing vector of Hy; of norm 1. We have

L= [Hu fll2(c2) = IP-UfllL2(c2)

<NUflzzc2) = 1flz2c2) < 1fllpaee) = 1.
Thus all inequalities in this chain of inequalities are equalities. The equality
| fllz2c2y = || fl|La(cy means that || f(¢)|lc2 = 1, ¢ € T, while the equality
IP_UfllL2(c2) = |Uf|lr2(c2y means that Uf € H2(C?), and so Uff* €
H> (M3 ) or, in other words, frUu—1te H§°(Ms2). Put

F=ffAl
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Then F satisfies (5.3). Hence, by Lemma 5.3, F' has the form F' = WC¥~1,
where C' is a constant self-adjoint matrix. Since F' has rank one on T, it
follows that rank C' = 1. Clearly,

fff=FA=3CU 00" = UCT*,

Let B = ¥*¥ be the matrix function obtained in Lemma 5.1. By (5.1), we
have

trace BC' = trace V*W(C = trace WCU™* = trace ff* = 1.

This contradicts Lemma 5.1. W

Remark. The results of Sections 4 and 5 show that the class LP(M,,, )
splits into two subsets. The first subset consists of respectable matrix
functions and for respectable matrix functions @ the distance
distzr (®, H?(My,,n)) can be computed by formula (1.2). The second sub-
set consists of weird matrix functions and for weird matrix functions ¢ we
have to find another formula to compute the distance distz» (<I>, HP (an))
Such a formula will be obtained in the next section.

Let us explain that in a sense both the set of respectable matrix functions
and the set of weird matrix functions are massive subsets of LP(M,, ,,). First
of all, the set of weird matrix functions is open and nonempty, as we have
just seen.

Secondly, if ® € LP(M,, ,,) and @ is an arbitrary function in H>(M,, ),
then @ is respectable if and only if ® — @ is. Thus to characterize the
set of respectable matrix functions, we can restrict ourselves to the case of
p-badly approximable respectable matrix functions. It is easy to see that
the set of respectable badly approximable matrix functions has nonempty
interior in the set of p-badly approximable matrix functions. Indeed, it is
easy to verify that the p badly approximable matrix function

(5.5) o= <§ 8)

belongs to the interior of the set of respectable p-badly approximable func-
tions.

However, we do not know whether the set of respectable matrix functions
has nonempty interior in the space LP(M,, ). In particular, we do not
know whether the matrix function ® defined in (5.5) belongs to the interior
of the set of respectable matrix functions has nonempty interior in the space
LP (M, n)-
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6. Hankel operators on spaces of matrix-valued functions

We have already mentioned in the introduction that the problem of ana-
lytic approximation of matrix functions can be reduced to the case of square
matrix functions and beginning this section we assume that ® € L?(M,,).

For ® € LP(M,,), we consider the Hankel operator Hg defined on the
space H9(S%) to the space H2(S%) defined by

HyF =P_&F,

where P_ is an orthogonal projection from the space L?(S%) onto the sub-

space H2 (S7) % 12(87) & H2(SD).

Theorem 6.1. Let & € LP(M,,). Then
[ Ha |l 1a(sp)—n2 (sp) = distre (D, H? (M,,)).
Proof. Suppose that ® € LP(M,). Then for F € HY(S3) and Q €
HP(M,,), we have
| HoFllL2(sg) = [IP- (2 — Q)F)||z2sy) < (@ — @) F ll2(sy)

<||® = QllLr ) |1 Fll o (sy)

by Hélder’s inequality. Thus ||Hel|| < distr» (®, HP(M,,)).

To prove the opposite inequality, we are going to use Theorem 3.1 that has
been deduced from Sarason’s theorem. Let ¥ be a dual extremal function
of @, i.e., ¥ belongs to HY (M,,) and satisfies (4.1). By Theorem 3.1, there
exist matrix functions F € H4(M,,) and G € HZ(M,,) such that

U=FG and |F|pasylGllrzsy) =1

Without loss of generality we may assume that [F|esp;) = 1 and
||GHL2(S;’) = 1. We have

[Hall > [(HaF,G*)12(s7)| = ’/traee (HoF)G) dm
T

/trace(beG) dm’ = /trace (@) dm
T T

= distrr (D, H?(My,,n))
by (4.1). &
It follows immediately from Theorem 6.1 that
| Ho || rra(cry—r2 ) < 1Hallgo(sy)—n2 (sp)-

Note that this inequality can also be obtained easily from the definitions of
H@ and Hq>.
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Theorem 6.2. Let ® € LP(M,,) and let Q be a best approximant to
in HP(M,,). Then the following assertions hold:

(i) of F € HI(M,) is a mazimizing vector of Hg, then (P — Q)F €
H2(S%);

(ii) the function

(6.1) ¢ (@ = @),

does not depend on the choice of a best approximant Q;

(i) if Heo has a maximizing vector F such that rank F({) = n on a
subset of T of positive measure, then ® has a unique best approximant in
HP (M) ;

(iv) if F1 and Fy are maximizing vectors of Hg, then

1EL(Ollsy = el F2(€))llsy

for some positive constant c;
(v) if Q is a best approzimant to ® in HP(M,,) and F is a maximizing
vector of Hg, then the matriz

1
(@ = Q)(C)llm,

is isometric on the range of F(().

(@-Q)(), (€T,

Proof. Let us fix a maximizing vector I’ of Hy. We have by Holder’s
inequality,

(6.2)  [[HoF|r2sp) = [P-((® = Q)F)|l2(sp) < (@ — Q)F|l2(sy)
<@ = Qllzrvt,) | Fl zra(s2)

= |Hollga(sp)—nu2 (sl Fllmasy)-

Since |Ho F||L2(s3) = [Hal - [[Fllze(sy), it follows that both inequalities
in (6.2) are equalities.

The fact that the first inequality in (6.2) turns into equality means that
(@ —Q)F € H%(SY), i.e.,
(6.3) (® — Q)F = HoF
which proves (i).

To prove (iii), we observe that since F € H?(SY), it follows that if

rank F'(() = n on a set of positive measure, then rank F({) = n, ¢ € T,
almost everywhere on T. Hence,

®-Q=(HsF)F,
and so @ is uniquely determined by .
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The fact that the second inequality in (6.2) turns into equality means
that there exists ¢ > 0 such that

(6.4) (@ = Q)OItx, = clF(Olsy, C€T,
and

(6.5) [[(@ = Q)(OF(Q)llsy = (2 = Q)(C)llm,

Clearly, (iv) follows immediately from (6.4).
If we normalize the maximizing vector F' by the condition

F(Qllsy, ¢€T.

(6.6) IF I (s, = I Hall,
then integrating (6.4), we obtain

HH‘PHP = H‘I) - Q||§p(Mn) = C”F”%q(sQ)-
Hence, under condition (6.6),

(6.7) (@ = @)Dz, = IF(Ollsy, ¢,

and so the function (6.1) is uniquely determined by ®. This proves (ii).
It remains to observe that (v) follows from (6.5) and from the fact that
for n x n matrices A and B the equality

[AB|lsy = Al - [ Bllsz

holds if and only if the restriction of A to the range of B is a multiple of an
isometry. W

Definition. For a function ® € L?(M,,), the function (6.1) is called the
distance function of ®. We denote the distance function of ® by dg:

(6.8) do(Q) = [(® = Q)(Ollm,, C€T,
where @) is an arbitrary best approximant to ®.

The following result describes the set of all nonzero distance functions of
matrix functions in LP(M,,).

Theorem 6.3. Let d > 0 be a nonzero function in LP. Then d is the
distance function of a matriz function ® € LP(M,,) if and only iflogd € L*.

Proof. If ® € LP(M,,) \ H?(M,,) and @ is a p-best approximant to &
and d(¢) = [[(® — Q)(¢)]lm,,, the fact that logd € L' follows immediately
from (6.4).
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The converse follows from Corollary 2.2 by considering matrix functions
of the form

]

Theorem 6.4. & € LP(M,,)\ H?(M,,). Then ® is respectable if and only
if there exists a maximizing vector F of Hg such that

(6.9) rank FI({) =1, (eT.
Proof. Suppose that ® is respectable. Consider the Hankel operator
Hg: HY(C™) — H2(C"™).

Let f € H?(C™) be a maximizing vector of Hg. Define the matrix function

F e H1(M,,) by
= ( f 0 -~ 0 )
It is obvious that rank F'(¢) = 1 for ¢ € T. Clearly,
IE(Olls, = 1£(Ollcr  and  [[(HeF)(C)llsy = [[(Ha f)(C)]

and so F' is a maximizing vector of H .

To prove the converse, we may assume that ||Hg|| = 1. Suppose that F
is a maximizing vector of Hg of norm 1 that satisfies (6.9). Let @ be a
best approximant to ® in H?(M,,). By Theorem 6.2, we have (& — Q)F €
HZ2(M,,). Put

Cn,y

IIHéH((@ Q)) and U =FG e HY (M,).

Clearly,
rank¥(¢()=1, (€T, and ||\I/||Lp/(5?,) <1

Let us show that ¥ is a dual extremal function of ®. Assuming that (6.6)
holds, we have by (6.7),

/Ttrace(fb\ll) dm = /Ttrace (® - QFG) dm
= /trace (P_ (¢ - Q)F)G) dm
T
= /Ttrace (HeF)G)dm = (HeF,G")2(sp)

||H [ HH‘PFHL’Z(sn [Ho| =1.
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Thus ¥ is a dual extremal function of rank 1, and so by Theorem 4.4, ® is
respectable. H
Note that the computation, in fact, shows that ||\Il||Lp/(S?) =1

Corollary 6.5. Let ® be a weird function in LP(My) \ HP(My). Then
® has a unique best approzimant in HP (My).

Proof. By Theorem 6.2, if ® has more than one best approximant, then
each maximizing vector F' of H4 has rank 1 almost everywhere on T. By
Theorem 6.4, the function @ is respectable. B

We consider now for a function ® € L?(M,,), the family of Hankel oper-

ators HI . H9(85%) — H2 (S5%), 1 < k <n, defined by
HMF=P_oF, Fec HY(SP").
Clearly, H{" = Hy and HY™ = Ho.

Theorem 6.6. Let & € LP(M,) \ H’(M,,) and let 1 < k < n. The
following are equivalent:
(i) there exists a mazimizing vector F of Hg such that

(6.10) rank F'(¢) <k, (e€T;

(ii) the following distance formula holds:
|18 || = distus (@, H7(01)).

Note that a standard argument with analyticity properties of minors
shows that rank F'(¢) is constant for almost all ¢ in T.

Proof of Theorem 6.6. Suppose that (i) holds. Let G € H?(S}")

be a maximizing vector of Hék) (observe that H®*) is compact). Consider
the matrix function F' € HY(S75) obtained from G by adding n — k zero
columns. Clearly.

|HoFllasy) = |[HEV G| — dist s (@, H?(M,.)) | F pagsy)-

L2(s3h)

Thus F' is a maximizing vector of H¢ that satisfies (6.10).
Suppose now that F' is a maximizing vector of Hg4 such that

rank F({) =k, (eT.

Without loss of generality we may assume that ||F||zqa(sp) = 1. As in the
proof of Theorem 6.4, consider a best approximant @ to ® in H?(M,,) and
define the matrix functions G and ¥ as in that proof. Then

rank @(¢) =k, (€T, and [y, =1
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The fact that ¥ is a dual extremal function of ® can be verified as in the
proof of Theorem 6.4.

By Theorem 3.4, ¥ admits a factorization ¥ = F,G,, where F, €
HI(M, 1), Gy € HE(Mix ) and [ 9] sy = B3l sy Gl s

We claim that |Hgl|| = HH;I{,k}H and F}, is a maximizing vector of H},k}.

This can be proved in the same way as in the proof of Theorem 6.1. In-
deed, without loss of generality we may assume that ||Fb||Lq(Sn,k) =1 and

2
HGb”L2(S’;’") = 1. Then

I8l > 7| > |18 5. 5)

{k}
Lagss) /Ttrace ((HCI> Fb)Gb) dm‘

/Ttrace (P_(®F,),Gy) dm’ =

/trace(@Fbi) dm‘
T

= /trace (®V) dm = dist» (@, H?(M,,)) = |Ho||
T

by (4.1) and Theorem 6.1. B

Definition. A matrix function ® € LP(M,,) is said to have order k if k
is the smallest number such that

distr» (@, HP(M,,)) = HH},’“}H

Clearly, a matrix function @ is respectable if and only if it has order 1.
The reasoning given in the proof of Theorem 6.6 allows us to obtain the
following formulae for the order of a matrix function in LP.

Theorem 6.7. Let ® be a matriz function in LP(M,,). Then the follow-
ing assertion hold:

(i) the order of ® is the minimal number k, for which there exists a
mazximizing vector F' of H g that satisfies (6.10).

(ii) the order of ® is the minimal number k such that ® has a dual
extremal function VU satisfying

rankU(¢) <k, (eT.

Proof. It is easy to see that the proof of Theorem 6.7 is contained in
the proof of Theorem 6.6. W

In §7 we obtain one more formula for the order of ®, see Theorem 7.2.

We can obtain now an analog of Theorem 6.2 for the Hankel opera-
tors H[I{,k}.



32 L. BARATCHART, F.L. NAZAROV, AND V.V. PELLER

Theorem 6.8. Let @ be a matrix function in LP(M,,) such that
distry (@, H(M,,)) = |||
Then the following assertions hold:
(i) if F € HI(M,, ) is a mazimizing vector of H;‘,k}, then (& — Q)F €
H2(S5");
(ii) of F1 and F» are mazimizing vectors of Hgg), then

1E1(O) sy = cllF2(0))llsg
for some positive constant c;
(iii) of @ is a best approzimant to © in HP(M,,) and F is a maximizing
vector of Hék}, then the matriz
1
(@ = Q)OI

is isometric on the range of F(().

(@ -Q)(), (€T,

Theorem 6.8 can be proved in the same way as Theorem 6.2.

Remark. Note that in the case p = co and k = 1, (ii) is very far from
being true. Indeed, we can take two different scalar outer functions h; and
he in H? and consider the matrix function ® defined by

0

she
Zp2

d = iz
0

It is easy to see that ® is badly approximable, || Ha || g2(c2)— g2 (c2) = 1, and

- (5) (0

are maximizing vectors of Hg, though the functions

¢ 1A Dle2 = [m(O] and - ¢ [[f2(Ollc2 = [h2(C)]

do not have to be proportional.

the vector functions

7. p-badly approximable functions

In this section we characterize the set of all badly approximable functions
in terms of certain special factorizations. Such factorizations allow us in this
section to obtain a parametrization of all p-best approximants to a given
matrix function in LP(M,,) in the case when such a best approximant is not
unique.
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To describe the set of p-badly approximable matrix functions, we prove
the following result that can be considered as an analog of the corresponding
result for analytic approximation in the L° norm, see [Pel], Ch. 14, §15.

Theorem 7.1. Let ® € LP(M,,) and let Q be a best approximant to
in HP(M,,). Then ® — Q admits the following factorization

(7.1) O-Q=W <O @#)V,

where V and W* are k-balanced matriz functions for some k < n, A is a
k x k p-badly approximable matriz function such that the matrix function
d;lA is unitary-valued, and P4 is a matriz function such that

[L(9] | S VAX(9] | "APRRR QIENI¥

Proof. Clearly, without loss of generality we may assume that Q = 0,
i.e., ® is a p-badly approximable matrix function.
Suppose that Hg has a maximizing vector of rank k. In the proof of

’Hé,k}H = distz» (®, H?(M,,)) and there

exists a maximizing vector F' € H4(M,, ;) of H},k} such that rank F'({) = k,
¢ € T. Consider the inner-outer factorization of F'*:

F* = OLFt,

Theorem 6.6 we have shown that

Then

F= Fcool
It is easy to see that O; is an inner matrix function of size k x k and F¢, is a
co-outer matrix function of size n x k. It follows easily from (i) of Theorem

6.8 that Fi, is a maximizing vector of Hg}. Without loss of generality we
may thus assume that F' is co-outer.
Let G be the function in H*(M,, ;) defined by

G(O) =C(HMF)(©).

By (i) and (iii) of Theorem 6.8, we know that G = z®F has rank k on T.
Similarly, we can consider the inner-outer factorization of G and obtain
a factorization

G= GCOOZ,

where Oy is an inner matrix function of size k x k and G, is a co-outer
matrix function.
Consider now the inner-outer factorization of F'

F=1YF,.
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Since rank F'(¢) = k almost everywhere on T, it is easy to see that T has
size n x k. Similarly, we can consider the inner-outer factorization of Geg:

Geo = QG,
and () has size n x k.
We can consider now balanced completions ¥V and W of T and €:
(7.2) V=(T ©) and W'=(Q E),
where © and Z are inner and co-outer matrix functions such that the matrix
functions V and W defined by (7.2) are unitary-valued (see §2).
Let
A=WoV.
By Theorem 6.8, H:I{,k}F =®F, and so

(I)F:W*AV*F:W*A( g)t )TFO :W*A( FOO > :ZGZZGCOOQ'

. P
A( Fo ) —W(I)F—Z( & )QGOOQ— ( 7Go0n )
0 = 0
Clearly, | A(O)|lm, = 12()|lm,, ¢ € T, and by Theorem 6.2 (see (6.5)),

Fo(Q)
0

Thus

is a maximizing vector of A(() for almost all ¢ € T. Let

Ay A
A= ,
( Agr Ag
where A;; has size k x k.

By Theorem 6.8, the matrices || A(¢)|| 71411 (¢) take unitary values almost
everywhere on T. It is easy to verify (see e.g., [Pel], Lemma 15.5 of Ch. 14)
that A2 =0, A2 =0, and [[A22(Q)[| < [[A1 (O], ¢ € T.

Clearly, ||A(¢)|| = da(¢). Put A = A;;. Then (dg) 'A is a unitary-
valued matrix function and

* A 0 *
b= ( 0 Py )V ’
where O def Agz. Obviously, [|[®4(¢)| < de((), ¢ €T.

It is easy to see that HAF, = 2G,O2, and so |[Ha|| = ||Hg||, which
implies that A is a p-badly approximable matrix function. H

Remark 1. Note that the matrix function A is determined by the choice
of a maximizing vector and it does not depend on the choice of a p-best
approximant Q. It is also clear that the k-balanced matrix functions V and
W do not depend on the choice of @ either.
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Remark 2. Clearly, we can always take k to be the order of ®. However,
the choice of k is not always unique. For example, if ¢ € LP is a scalar p-
badly approximable function and f € H? is a maximizing vector of H, then

¥

it is easy to see that & = ( 0

g ) is a respectable p-badly approximable

f
0

vector of He = H, ;I{)Q}. Thus the matrix function ® admits factorizations of
the form 7.1 with k =1 and k& = 2.

Definition. We say that a matrix function ® € LP(M,,) has gender k if
k is the maximal number such that H g has a maximizing vector of rank k.
Clearly, in Theorem 7.1 we can take k to be the gender of ®.

matrix function and the matrix function F' = ( ? ) is a maximizing

Factorizations of the form (7.1) allow us to obtain one more formula for
the order of matrix functions in LP.

Theorem 7.2. Let ® be a matriz function in LP(M,) and let Q is a
p-best approximant to ®. Then the order of ® is the minimal number k
such that ® — Q admits a factorization as in (7.1) with k-balanced matriz
functions V and W°.

Proof. The proof of Theorem 7.1 shows that if k is the order of &,
then ® — @ admits a factorization of the form (7.1) with k-balanced matrix
functions V and W".

Suppose now that (7.1) holds with k-balanced matrix functions V and
Wt Suppose that ¥V and W are given by (7.2).

Let G € H?(S%) be a maximizing vector of Ha. Consider the matrix
function F € H9(S5"*) defined by

F=7"G.
We have

oarow (3 )5

(A 0 G\ _ &5 = (AG
(o a)(6)-0 =2(F)
Since G is a maximizing vector of Ha and A is a p-badly approximable
matrix function, it follows from Theorem 6.2 that AG = HAG, and so
(® - Q)F = QHAG.

It is easy to see that F' is a maximizng vector of ch} and |Hgl|| = HH})’C} H
This proves the result. B
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Remark. If ® — @ admits a factorization as in (7.1) with k-balanced V
and W, where k is the order of ®, and A is a dual extremal function of A,
then a dual extremal function ¥ of ® satisfying the condition

rankU(¢) =k, (€T,
can be obtained by the following explicit formula:
U = TAQ".
Indeed, we may assume without loss of generality that @ is p-badly ap-
proximable and Q = 0. We have
19020 sy = 1Al sty = L.
Clearly,

trace (®(¢)¥(¢))) = trace (2°()@(¢)T(C)A(C))
NG I
= trace ((Ik 0) ( (() ) q’#(()) (g) A(())

= trace (A(C)A(g)).
Thus

[ trace@(Qw(©)) dm(c) = [ wace (AQOA) dm(c)

T
= |Allze ) = 1@l e,y W

Let us now describe all p-badly approximable matrix functions. Note
that similar results hold in the case p = oo under certain restrictions on the
function, see [Pel], Ch. 14, §15.

Theorem 7.3. Let ® be matrix function in LP(M,,). Then ® is p-badly
approzimable if and only if there exists k < n such that ® admits a factor-
1zation

(7.3) <I>:W(O @#)V,

where V and W* are k-balanced matriz functions, A is a k x k p-badly
approximable matrixz function such that the matriz function d;lA is unitary-
valued, and ®y is a matriz function such that || P4 ()|, ., < AWM,
for almost all ¢ € T.

Proof. The fact that p-badly approximable matrix functions ® admit
factorizations of the form (7.3) follows immediately from Theorem 7.1.
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Suppose now that ® is given by (7.3). Consider the Hankel operator
Ha: HY(SY) — H2(S%). Let F € H1(S%) be a maximizing vector of H A.
Since A is p badly approximable, it follows from Theorems 6.1 and 6.2 that

HAF =AF and HHAfHLZ(s’;) = ||‘I>||LP(M")

Fllzass)-
Consider the matrix function F' = YF, where T is as in (7.2). We have

(A O T
or=w (g g ) (& )07

(o )(0)

(0 =) ( e ) — QAF € H2(SI).
Thus
{k} _ _
[ gy = 18P saqspy = IHaF sy

= 100 1F 22ty = 19l ua) 1F o s .

It follows that HH},k} H = [|®|r(m,,), and so @ is p-badly approximable. B

The next result allows us to parametrize all best approximants in the case
when there are more than one best approximant. A similar result also holds
in the case of approximation in the norm of L°° under certain restrictions
on ¥, see [Pel], Ch. 14, §15.

Theorem 7.4. Let ® and Q be as in Theorem 7.1 and let ® — Q be fac-
torizred as in (7.1). A matriz function R € HP(M,,) is a p-best approzimant
to @ if and only if there exists a matriz function Ry € HP(M,,_x) such that

(7.4) @R—W(O <I>#—R#>V’
and
(7.5) [(@x — Ry ) (Ol < NAQO e, CET.

We need the following lemma.

Lemma 7.5. Let V and W" be k-balanced matriz functions of size n X n.

Then
WHP(M"WH( 0 LP(N?M > B ( 0 H”m{/)ﬂn*” )
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For p = oo this is Theorem 1.8 of Ch. 14 of [Pel]. The proof given in
[Pel] also works in our case.

Proof of Theorem 7.4. Suppose that R is a best approximant to ®.
Then by Theorem 7.1, ® — R admits a factorization

d-—R=W (0 B, )v,

where A, V, and W are as in (7.1) and ®, is a matrix function such that
15 (Ol < JA(C) |y, ¢ € T. Then

«( 0 0 *
R-Q=W (O b, a, )v.

By Lemma 7.5, Ry & @, — &, € HP(M,_y).

Conversely, suppose that Ry is a matrix function in H?(M,,_j) such that
(7.5) holds. Then by Lemma 7.5, there exists R € H?(M,,) such that

«(0 0 x
R-Q=W <0 R#>V'

Then (7.4) holds. It follows easily from Theorem 7.3 that R is a p-best
analytic approximant to ®. B

Theorem 7.4 says that to describe all p best approximants, we should de-
scribe all functions Ry € HP(M,,_j) such that (7.5) holds. By Theorem 6.3
there exists a scalar outer function » in H? such that |5(¢)| = |A({)|lm, =
de(¢), ¢ € T. Clearly, a matrix function Ry in HP(M,,_y) satisfies (7.5) if
and only if the matrix function s~ 'Ry satisfies the inequality

‘|%71(I)# — %71R#||Loo <1.

In other words, this reduces the problem of the description of all p-best ap-
proximants to the problem of describing all matrix functions Q in
H (M,,_g.n—t) such that

(7.6) |7 Py — Q= < 1.

Note that the problem to describe all H* matrix function Q satisfying
(7.6) is the classical Nehari problem and in the case of nonuniqueness there is
formula parametrizing all solutions. It was obtained by Adamyan, Arov, and
Krein in [AAKI1] and [AAK2] under certain assumptions and by Kheifets
[Khe] in the most general case; see also Ch. 5 of [Pel].
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8. p-superoptimal approximation

In this section we introduce the notion of p-superoptimal approximation
and prove that if ® is a rational matrix function then ® has a unique p-
superoptimal approximant.

Definition. Let ® € L?(M,,) \ H?(M,,). For a function Q € HP(M,,),
we define the numbers 7,(®,Q), 0 < j <n —1, by
5; (2 - Q)(Q))
7i(®, Q) = esssup 22200
! CeT de (¢)
A function Q € HP(M,) is called a p-superoptimal approzimant to ® if it
minimizes lexicographically the sequence 7;(®,Q), 0 < j < n—1.
If @ is a p-superoptimal approximant to ®, we put

7 (®) = 7(®,Q), 0<j<n-—1

Clearly, if @ is a best analytic approximant to ® in LP(M,, ,), then
70(®,Q) = 1. It is also clear that if F' is a p-superoptimal approximant,
then F is a best analytic approximant in LP(M,, ).

It is easy to see that if ® has gender k, then

7;(®)=1 for j=0,---,k—1.

In this section we are going to work with rational matrix functions. When
we say that a matrix function defined on the unit circle T is rational, we
mean that it is a restriction of a rational matrix function to the unit circle.
It is easy to see that if A is a rational matrix function, then its adjoint A*
is also a rational matrix function.

Suppose now that ® is a rational matrix function of size n x n with no
poles in T and k is the gender of ®. As in the proof of Theorem 7.1, we
consider a co-outer maximizing vector F' of the Hankel operator Hék}, the

matrix function G defined by G = EHgC}F , the factorizations
G=G,0, F=7TF, and G =2G,,

where O is an inner matrix function of size k x k, T and Q are inner and
co-outer matrix functions of size n X k, G, is a co-outer matrix functions
of size n X k, and F, and G, are outer matrix functions of size k x k. We
also assume that the k-balanced matrix functions V and W' are given by
(7.2), Q is a p-best approximant to ® and ® — Q is factorized as in (7.3).
Finally, we assume that F' is normalized so that (6.7) holds.

Lemma 8.1. Let ® be a rational matriz function in LP(M,,). Then the
matriz functions O, F, G, V, and W are also rational.
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Proof. If ® is rational, it is easy to see that Hy}A is rational for an
arbitrary function A € H q(S;L’k). In particular, this is true for the function

Hék}F, and so G is rational.
Let us show that O is rational. It is well known (see e.g., [Pel], Ch. 2,
§5) that a square inner function ¢/ is rational if and only if the subspace

Ky & H*(C*) o uH*(C*) = uH? (C*) (| H(C")

is finite-dimensional. Since G is rational, the Hankel operator
Hg: H*(CF) — H?(CF)
has finite rank (see e.g., [Pel], Ch. 2, §,5). It is easy to see that for f € Ko,
Hzf =GYf.
Since rank G({) = k almost everywhere on T, it follows that multiplication
by G has trivial kernel. Thus K« is finite-dimensional, and so O is rational.
Thus O is rational, and so G, = GO™* is also rational.
To prove that the matrix function G, is rational, we observe that
G: Geo = GG,

and so G}G, is a rational matrix function. The rationality of G, follows
now from the following well-known fact (see [Y]): if Q be a matrix outer
function of class H?(My), then Q is rational if and only if Q*Q is rational.
We have Q = G.,G;!, and so Q is rational. By Lemma 12.1 of Ch. 14
of [Pel], the matrix function E is rational, and so W is rational.
Let us show that V is a rational matrix function. Since ® is rational, it
follows that

P &=—P_(&—Q)=P W (ﬁ q)o#) V'

is a rational matrix function. Thus

t * A 0 * t * A 0 *
P_Q'W (0 oy V=P_QP_W 0 dy, 1%

is rational. We have

« (A0, A 0, «
QW (0 (I)#>V:(Ik 0)(0 q)#)v SYN

and so P_ATY* is a rational matrix function.
Let h be a scalar outer function such that

ROl =1G(Ollggr, ¢€T.
Then h € H2. Tt follows from (6.5) and (6.7) that
81) A = AP and  [|F(Qllgnr = A7,
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Since G is rational, the function |h|? is rational. It follows from the result
from [Y] quoted above that the function & is also rational.

Let us show that F, is a maximizing vector of H A and Hék}F = QAF,.

Since F = TF, is a maximizing vector of H[I{,k}, we have by Theorem 6.8,

A 0

HPF = (@ - Q) F =wr (0 o,

Jvrn

[1]

- @ =) (ﬁ (I)O#> @t) YF, = QAF, € H2(S}").

Since the matrix function 2 is co-outer, it follows from Lemma 1.4 of Ch. 14
of [Pel] that AF, € H?(S%). Tt is easy to see from (8.1) that F, is a
maximizing vector of Ha and H g}F = QAF,. Thus
AF, = 2G,0.
Consider now the inner-outer factorization of the matrix function G,O:
Go0 = 9G,.

Clearly, both O and G, are rational matrix functions. Then AF, = z9OG,,
and so

A =z2OGF; !
Put

U =zh 2/PO'A = Go(h*/PF,) 7 .
It is easy to see that U is unitary-valued. Put
Q=h¥PE, and Qu =G

Since U is unitary-valued, it is easy to verify that

Q"0 = 040}
Clearly, Q is outer. Since Q4 Q;; is rational, it follows from the result of

[Y] quoted above that Q = h?/PF, is rational and U is rational.
We have A = zh?/POU, and so

P_AY* = P_zh?/POUY* = P_zh*/PD Q5 Q' T*

=P_n*?(P_z0Q5 Q7' 1)
is a rational matrix function. Put
REP 0050717
Let us show that R is rational. We have
P_hR = P_h?/9p%/PR = P_h%/9P_h%/PSR,
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and since P_h%/PR is rational and h?/9 € H*® it follows that P_hR is ra-
tional. Since h is rational and R = IP_fR, it is easy to see that fR is rational.
Finally, since the matrix functions 25@;; O~1 and P,EﬁQ; O~17* are
rational, it is easy to verify that Y* is rational. Again, it follows from
Lemma 12.1 of Ch. 14 of [Pel] that V is rational. B
To prove the next theorem, we introduce the notation A,, 0 < a < 1, for

the class of Holder functions of order a: a function ¢ on T is said to belong
to the Holder class A, if

sup 1209 — tpif)l < oo,
Iz
In the following theorem we keep all the notation as above.

Theorem 8.2. If ¢ is a rational matriz function, then A € Ay, (M)
and h=2/P®y € (H™ 4 C)(M,,_4).

Proof. We have
A = zh*PDU,
where OU is a rational function. If k has no zeros on T, then A is infinitely
differentiable. If h has zeros on T, then, obviously, h?/? € A3/, which
implies that A € Ay, (My).
Next, since

we-ow =5 4).

it follows that ®4 is a sum of a rational matrix function and an H? matrix
function. Thus there exists a finite Blaschke product B such that ®4 =
B®o, where o € HP(M,,_1). We also know that ||®c ()|, _, < |h(C)|?/P.
Since h is outer, it follows that h=2/P®¢ € H>(M,,_j). Thus

h=2P®, = Bh~Pdo € (H* + C)(M,,_1). W

Theorem 8.3. Let ® be an n X n rational matriz function. Then ® has
a unique p-superoptimal approximant Q. Moreover,

55 ((® —Q)(C))
ds(¢)

almost everywhere on T.

(8.2) — (@), 0<j<n—1

Proof. Let R be a best analytic approximant to ® in LP(M,,). By
Theorem 7.1, ® — R admits a factorization of the form

®-R=W (0 o, )V,
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where V and W* are k-balanced matrix function, k is the gender of ®, A is a
p-badly approximable k x k matrix function function such that the matrix
function dj'A is unitary-valued, and ®4 is a matrix function such that

@5 (Ot < NAQ bz, ¢ €T

It follows from Theorem 7.4 that a matrix function Q € H?(M,,) is a

p-superoptimal approximant to ® if and only if
d-Q=W < 0 Du—Qyu )V,

where Q4 € HP(M,,_;) is a matrix function such that h=2/?Qy is a su-
peroptimal approximant of h~2/ P&, in L*. Here h the scalar outer func-
tion as in the proof of Lemma 8.1, i.e., |h*/?| = dg. By Theorem 8.2,
h_2/p¢># € H* + C, and by Theorem 3.3 of Chapter 14 of [Pel], h_2/”CI>#
has a unique superoptimal approximant in the L°° norm.

Formula (8.2) is an immediate consequence of Theorem 3.4 of Chapter
14 of [Pel]. H

The following example shows that there are matrix functions in LP, for
which there are different p-superoptimal approximants.

Example. Let ¢ be a scalar L*° function such that
[@lloe = distroe (0, H) = 1,

and such that there is a nonzero best approximant f € H* in the norm of
L*°. Tt is well known that such functions ¢ exist (see, e.g., [Pel], Ch. 1,
§1). Consider the matrix function ® € L*>° (M) defined by

(6 2)

It is easy to see that both the zero function and the function <8 ?) are

p-superoptimal approximants for any p € (2, 00).
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