LOWER BOUNDS FOR KERNELIZATIONS
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ABSTRACT. We first present a method to rule out the existence of strohg p
nomial kernelizations of parameterized problems undehypothesis B£ NP.
For example, this method is applicable to the problexm Sarameterized by the
number of variables of the input formula. Then we obtainHerimprovements
of corresponding results in [5, 7] by refining the central teanof their proof
method, a lemma due to Fortnow and Santhanam. In parti@dagming that
the polynomial hierarchy does not collapse to its third lewe show that every
parameterized problem with a “linear OR” and with NP-hardlenying clas-
sical problem does not have polynomial reductions to itelf assign to every
instancer with parametetk an instancey with |y| = k€ . ||~ (herec is
any given real number greater than zero).

1. Introduction

Often, if a computationally hard problem must be solved iacfice, one tries,
in a preprocessing step, to reduce the size of the input dadta approach has
been widely studied and applied in parameterized compglaxit it is known as
kernelizationthere. We recall the basic concepts.

Parameterized complexity is a refinement of classical ceriiyl theory, in
which one measures the complexity of an algorithm not onlieims of the to-
tal input lengthn, but also takes into account other aspects of the input eadifi
as the parametdr. Central to parameterized complexity theory is the notibn o
fixed-parameter tractability. It relaxes the classicalomof tractability by allow-
ing algorithms whose running time can be exponential buy amterms of the
parameter. This is based on the idea to choose the paramsigeh a way that it
can be assumed to be small for the instances one is inteliestdd be precise,

a problem is said to bBxed-parameter tractablé it can be decided by afpt-
algorithm, that is, an algorithm whose running timefigk) - p(n), wheref is an
arbitrary computable function anda polynomial.

A kernelizationK of a parameterized problem is a polynomial time algorithm
that computes for every instangeof the problem an equivalent instan&éz) of
a size bounded in terms &f (the parameter of the instaneg. This suggests a
method for designing fpt-algorithms: To decide a givenansex, we compute
the kernel K(x) and then decide iK(z) is a yes-instance by brute-force. The
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converse holds, too: Every fixed-parameter tractable proltlas a kernelization.
The proof of this fact is easy; however it gives only a “triVigernel with no
algorithmic impact.

Besides efficient computability, an important quality of@od kernelization is
small kernel sizeThe notion ofpolynomial kernelizatiois an abstract model for
small kernel size. A kernelizatidK is polynomial if there is a polynomial such
that for all instances (with parametek), the size ofK(z) is bounded by (k).

Polynomial kernelizations are known for many parameterjz@blems (com-
pare the survey [15]). However, till recently, besidesfiaitil problems, only few
natural problems were known to hawe polynomial kernelizations (one being
the model-checking for monadic second-order logic on tpaeameterized by the
length of the second-order formula). This has changedesingeneral method
to exclude polynomial kernelizations has been developed5c7]). It is based
on a lemma due to Fortnow and Santhanam [7]: Recall that and®R €lassi-
cal problem@ is a polynomially time computable function that assignswers
finitely many instancesy,...,z; of @ an instancey such that{ € @ if and
only if z; € @ for somei € {1,...,t}). In[7]itis shown that no NP-complete
problem can have an OR with the additional property that émgth|y| of y is
polynomially bounded in max;<|z;| unless the polynomial hierarchy collapses
to its third level.

However there are natural parameterized problé@s:) with NP-complete
problem(@ having an OR such that tigarameterof y is polynomially bounded
in max <;<¢|z;|. If such a problem would have a polynomial kernelizatiorrth
composing it with such an OR would yield an OR with the addigbproperty
excluded by the lemma of Forthow and Santhanam. Variouscapioins of this
result were given in [5, 7], in particular, in [7] it was showrat the problem Sr
parameterized by the number of propositional variableB®friput formula has no
polynomial kernelizations (unless the polynomial hiergrcollapses to its third
level).

As already mentioned, concrete kernelizations yield atlgans for solving pa-
rameterized problems efficiently for small parameter val@onceptually similar
arecompressioralgorithms, even though the intention is slightly diffetefihere
the question is whether one can efficiently compress evenglinstancer of a
problem@ with “a short witness” to a shorter equivalent instant¢ef a problem
@’ (here equivalent means thate Q if and only if 2’ € Q’). “Such compression
enables to succinctly store instances until a future ggttiifi allow solving them,
either via a technological or algorithmic breakthroughionsy until enough time
has elapsed” (see [12]). Using this terminology Harnik arabiN12] addressed
guestions similar to that of the existence of an OR with thditaahal property
mentioned above. By suitably generalizing the notion of mé&kzation of a pa-
rameterized problem to the notion of a kernelization frormegoarameterized



problem to another one, Fortnow and Santhanam [7] introddEmework which
allows to deal with kernelizations and compressions at #meestime (in [7] a
different terminology is used). Nevertheless we stick ® tifaditional notion of
kernelization as we mainly address problems of parameidamplexity.

We explain the contents of our paper. To the best of our kngdeall rea-
sonable kernelizatiori§ for concrete parameterized proble(dy ) arestrongin
the sense that the parameter of the kernel of an instaeéess than or equal to
the parameter of, that is,x(K(z)) < x(z). Moreover it is known that every pa-
rameterized problem that has a kernelization already htxsragskernelization. In
Section 4 we present a result (Theorem 4.2) with a quite @mmiof showing that
every parameterized problems with “parameter decreasilffreductions has no
strongpolynomialkernelizations. This result only requires thaZANP (instead of
the assumption that the polynomial hierarchy does not psddo its third level).
As an application we get that the problemtShas no strong polynomial kernel-
ization if P # NP and no strong subexponential kernelization if the exptiale
time hypothesis (ETH) holds.

However, polynomial kernelizations, which are not stroagg not only inter-
esting from a theoretical point of view but also for practiparposes: such a
polynomial kernelization for 8r would be sufficient for some significant applica-
tion in cryptography [12]. It is perfectly conceivable tlzgparameterized problem
has a useful preprocessing procedure that decreaseséhsf e input consider-
ably at the cost of a slight increase of the (small) param8&igch a slight increase
may even be necessary: In Section 3.1 we prove that theremadameterized
problems that have polynomial kernelizations but all ofnth'slightly’ increase
the parameter.

In Section 5 we recall the results of Bodlaender et al. [5] ahBortnow and
Santhanam [7] relevant in our context. Then we refine therakl@mma due
to Fortnow and Santhanam to obtain better lower bounds. iégpb the 3T
problem we show in Section 6:

If the polynomial hierarchy does not collapse to its thirdele
then for everye > 0 there is no polynomial time algorithm that
for every instancex of SAT with k variables computes an equiv-
alent instance’’ with

(1) /| < KO o' 7e

This result is a particular instance of a general theoremytieéds lower bounds
of the type in (1) for every parameterized problem “havintnadr OR” (compare
Theorem 6.5 for the precise statement). Note that nothisgitsabout the num-
ber of variables of the formula’. Thus, even though (in the main text) we state
our results for parameterized problems, it addressegamnpjproblems, where the
inputs have a natural (not necessarily small) parameté4] the method of proof
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underlying the general theorem of this section is refinedrifepto excludean-
domizeck self-reductions wittone-sided errar In particular, this result rules out
the existence of certain PCPs of1Sas asked for in [12].

In Section 7 for problems satisfying an apparently weakedd@n, namely
only “having an OR for instances with constant parameterstileget quite good
lower bounds; in case ofaS it would be:

) o] < KOD) - oo,

In the last section we compare the different notions of ORsitered in this
paper and we also compare the notions of polynomial ketai#izs and those of
polynomial reductions leading to the lower bounds in (1) é)d

Finally we should mention that after recalling some defimii and fixing our
notation in Section 2, we consider and analyze some baswtique concerning
kernelizations in Section 3. In particular, we shall seé theost” parameterized
problems (more precisely, all problems in EXPT) have potyiad kernelizations
if and only if they are self-compressible.

2. Preliminaries

The set of natural numbers (that is, nonnegative integemd¢noted byN. For a
natural numben let [n] := {1,...,n}. By log n we mean[log n| if an integer

is expected. For = 0 the term logn is undefined. We trust the reader's common
sense to interpret such terms reasonably.

We identify problems (or languages) with subs@tsf {0, 1}*. Clearly, as done
mostly, we present concrete problems in a verbal, hencedififeh form or as a
set of strings over an arbitrary finite alphabet. We use bahdPTIME to denote
the class of problem@ such that: € @ is solvable in polynomial time.

A reduction from a problend) to a problem@’ is a mappingrR : {0,1}* —
{0,1}* such that for al: € {0,1}* we have(z € Q@ <= R(z) € Q). We
write R : Q <P Q' if R is a reduction from to ' computable in polynomial
time, and@ <P ' if there is a polynomial time reduction frof to Q.

2.1. Parameterized Complexity. A parameterized problens a pair(Q, x) con-
sisting of a classical proble C {0,1}* and aparameterization: : {0,1}* —
N, which is required to be polynomial time computable evernd tesult is en-
coded in unary.

We introduce some parameterized problems, which will bel leser, thereby
exemplifying our way to represent parameterized probléVesdenote by-SAT
the parameterized problem



p-SAT
Instance: A propositional formulax in conjunctive
normal form.
Parameter: Number of variables of..
Question: Is « satisfiable?

By p-PATH andp-CLIQUE we denote the problems:

p-PATH
Instance: A graphG andk € N.
Parameter: k.
Question: DoesG have a path of length?

p-CLIQUE
Instance: A graphG andk € N.
Parameter: k.
Question: DoesG have a clique of cardinality?

Similarly we defineo-DOMINATING -SET. If Cis a class of graphs, therPATH(C)
denotes the problem

p-PATH(C)
Instance: A graphG in C andk € N.
Parameter: k.
Question: DoesG have a path of length?

We use similar notations for other problems.

We recall the definitions of the classes FPT, EXPT, EPT andERIB A pa-
rameterized problertQ, ) is fixed-parameter tractabléor, in FPT) ifz € Q is
solvable in timef(x(z)) - |#|°") for some computabl¢ : N — N. If f can

be chosen such that(k) = 2k then(Q, k) is in EXPT. If f can be cho-
sen such thaf (k) = 29(%), then(Q, x) is in EPT. If f can be chosen such that
f(k) = 20" then(Q, k) is in SUBEPT.

Here o®" denotes the effective version of little oh: For computahiections
f,g9 : N — N we say thatf is effectively little oh ofy and write f = 0°(g) if
there is a&omputablenondecreasing and unbounded functiolN — N such that
for sufficiently largek € N

fiy < 28
u(k)

As usual we often writef (k) = 0° (g(k)) instead off = 0°(g).

At some places in this paper, it will be convenient to conspteparameterized
problems these are pair&?, «), where agairf) is a classical problem andis a
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preparametrizationthat is, an arbitrary function frorfi0, 1}* to the sefR, of
nonnegative real numbers.

3. Some basic questions concerning kernelizations

In this section we start by recalling the notion of kerndiima and by introduc-
ing some refinements. Then we compare the different notibkermelizations
(in Subsection 3.1), study the complexity of problems witicls kernelizations
(in Subsection 3.2) and finally, we analyze the relation&t@fween polynomial
kernelizations and compressions (in Subsection 3.3).

Definition 3.1. Let (Q, ) be a parameterized problem afid: N — N be a
function. An f-kernelizationfor (Q, ) is a polynomial time algorithni that on
inputx € {0, 1}* outputsK(z) € {0, 1}* such that

(x €Q = K(x) € Q) and |[K(z)| < f(k(z)).
In particular,K is a polynomial time reduction fror to itself. If in addition for
allz € {0,1}*
K(K(2)) < k(x),
thenK is astrong f-kernelization. A §trong kernelizatioris a (strong)f-kerneli-
zation for some computable functign N — N.

We say tha{ @, x) has alinear, polynomial subexponentiakimply exponen-
tial, andexponential kernelizatioif there is anf-kernelization for(Q, ) with

F(k) = O(k), f(k) = kOO, f(k) = 2B, f(k) = 200, and f (k) = 2577,
respectively.
The following result is well-known:

Proposition 3.2. Let (Q, x) be a parameterized problem with decidalj)e The
following statements are equivalent.

(1) (@, k) is fixed-parameter tractable.
(2) (@, k) has a kernelization.
(3) (Q, k) has a strong kernelization.

Furthermore, iff is computable and € Q is solvable in timef (x(z)) - |2|°™),
then(Q, k) has a strongf-kernelization.

3.1. Comparing the different notions of kernelizations. We are mainly inter-
ested in polynomial kernelizations. First we show that theéams of polynomial
kernelization and of strong polynomial kernelization aistidct:

Proposition 3.3. There is a parameterized problef®, ) that has a polynomial
kernelization but no strong polynomial kernelization.
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Proof: Let Q be a classical problem that is not solvable in ti24%!*)) . We define
a parameterized problef®, ) with P C {0, 1}* x {1}* and withx((x, 1¥)) = k.
By 1* we denote the string consistingeimany 1s. For each € N we define the
k-projectionP[k] := {z | (x,1*) € P} of P by:

— Ifk=2¢+1,then

Pkl := Q= (:={xeQ||z| =1}).

Hence, all elements iR[k] have lengtht.
— If kK = 2¢, then

Plk] := {xlﬂ ‘ T € ng},

wherez12" is the concatenation af with the strinngl. Hence, all ele-
ments inP[k] have lengthf + 2°.

Intuitively, an element in th@/-projection is an element in tH@¢ + 1)-projection
padded with2® many 1s. It is not hard to see thRthas a linear kernelization
(which “on the even projections” increases the parameter).

We claim thatP has no strong polynomial kernelization. Assulfés such a
kernelization and, d € N such that

[K((z,1™))| <d-m°.
We useK to solver € Q intime2°(=D: Letx be an instance af and let/ := |z|.
We may assume that

d-(20)° < 2*

(note that there are only finitely mamnot satisfying this inequality). We compute
(in time 20(9)

(u, k) := K((212",20)).
We know thatk < 2¢ and|u| < d - (2¢)¢ < 2% If u does not have the length
of the strings inP[k], then(u, k) ¢ P and therefore: ¢ Q. In particular, this is
the case it = 2¢ (as|u| < 2%). If u has the length of the strings iR[k] and

hencek < 2¢, then it is easy to read off from an instance with |y| < |z| and
(y € Q@ < =z € Q). We then apply the same procedurgito O

The recent survey [11] contains examples of natural probMhose currently
best known kernelizations are polynomial, simply expoia@nd exponential.
We show that all these different degrees of kernelizakéliyindeed different:

Proposition 3.4. The classes of parameterized problems with a linear, a malyn
mial, a subexponential, a simply exponential, and an exptalkernelization are
pairwise different.

The claim immediately follows from the following lemma.
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Lemma 3.5. Letg : N — N be nondecreasing and unbounded andflefN — N
be such thatf (k) < g(k — 1) for all sufficiently largek. Then there is & C
{0,1}* and a preparameterization such thatQ, <) has ag-kernelization but no
f-kernelization.

If in addition g is increasing and time-constructible, then we can choose
be a parameterization.

Proof: Letg andf be as in the statement. We choégesuch thatf (k) < g(k—1)
forall k > ko. We consider the “inverse functiom; of g given by

tg(m) :=min{s € N | g(s) > m}.
Then for alln € N
3 n < g(tg(n)) and iftg(n) > 1,then g(iy(n) — 1) < n.

Let@ be a problem notin PTIME and define the preparameterizatiyn(z) :=
tg(|z]). By the firstinequality in (3) the identity is@kernelization of @, ), even
a strong one.

Assume that there is aftkernelizationK of (Q), ). As, is unbounded, we
have.,(|z|) > ko for sufficiently longz € {0,1}*. Then

[K(z)] < f(r(2)) = feg(|2])) < g(eq(|z]) = 1) < ]

Thus applyingK at most|z| times we get an equivalent instance of length at most
maXy<i<k, f(¢). Thereforel) € PTIME, a contradiction.

If ¢ is increasing and time-constructible, thgns polynomial time computable
and hence is a parameterization. |

3.2. Complexity of problems with kernelizations. We know that a parameter-
ized problem is fixed-parameter tractable if and only if i§ lsekernelization (see
Proposition 3.2). The next result shows that a parametépreblem(Q, ) in
FPT\ EXPT with @ € NP cannot have polynomial kernelizations. We show a lit-
tle bit more. Recall that EXP is the class of classical pnoigl€ such thatr € Q

is solvable in deterministic tima/=!”*".

Proposition 3.6. Assume that the proble(d), «) has a polynomial kernelization
and thatQ € EXP. Then(Q, k) € EXPT.

Proof: Let K be a polynomial kernelization df), ). As Q € EXP there is an
algorithmA solvingz € Q in time 21*/°'”. The algorithm that on: € {0, 1}*
first computesk(z) and then applied to K(z) solvesz € Q in time |z|?() +
Q)| = g(@)O) |0 .

The model-checking of monadic second-order logic on thesctd trees is in
EXP. By a result of [9] the corresponding parameterized jgrolwith the length
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of the formula as parameter is in FRTEXPT unless P= NP. Hence, by the
preceding propaosition, it has no polynomial kernelizatjonless P= NP).

In later sections, under some complexity-theoretic assiomg we will present
various examples of natural problems that are in EPT and haveolynomial
kernelizations. Here we give a simple, artificial exampks ik provably without
polynomial kernelizations. Bodlaender et al. [5] claim théstence of a problem
in EPT without subexponential kernelizations.

Example 3.7. Let ) be a classical problem not in PTIME but solvable in time
O(|z|'°9 1), Letx be the parameterization mappintp (log |z|)?. Then(Q, k) €
EPT, becausg®(®) = |¢|'°9 I=I,

For the sake of contradiction assume tf@f <) has a polynomial kernelization
K. Then to decide ifc € Q it suffices to decide iK(z) € Q. Since|K(x)| =
(log |z)°™) this can be done in time

o1

K (z)|'°9 K@) < (log |z|)©0gl0gl2) < 9(log log |z]) ) < |x|°W,

Thus@ € PTIME, a contradiction.

However, if we would allow kernelizations to have slightlypgrpolynomial
running time, thereveryEPT problem would have subexponential kernelizations:

Proposition 3.8. Let(Q, k) € EPTand. : N — N be a nondecreasing unbounded
and computable functiohThen there is an algorithrK that for every instance
of @ outputs an instancK(z) in time

| O
such that
(r€Q < K()€Q) and K ()| = 200D,

To obtain this proposition we just refine the “standard” grmiche implication
(1) = (2) of Proposition 3.2 and show that every problem in EPT hagrarily
small exponential kernelizations, that is, for evergg R with ¢ > 0 there is a
polynomial kernelization with kernels of size O(1) + (1 + £)*(*), even more:

Lemma 3.9. Let(Q, k) be a parameterized problemiEPT. There is an algorithm
I that takes as inputs an instangef @) and/ € N and outputs an instandéz, ¢)
of Q in time |z|°®) such that

(z€Q < I(z,0) € Q) and |I(x, €)| = 20=@)/¢,

170 get a “slightly superpolynomial running time” we choosa an “extremely slowly” growing
function.



Proof: We choose € N and an algorithm solvingz € Q in time2¢#(*).|z|0(),
Furthermore we fixc;, € Q andz_ ¢ Q. (If Q is trivial, that is,Q = 0 or

Q = {0,1}*, we letl(z, ¢) always be the empty string.)Then the following is the
desired algorithm.

I(z,¢) [/l z aninstance of) and? € N.
1. if |z < 2%(=)/¢ then outputa.
2. elsesimulateA onx

/[ the running time is bounded by
2c~l~c(z) . |I|O(1) < |x|c~2+0(1).

3. if A acceptse then outputz elseoutputax_.

O

Proof of Proposition 3.8 We choose a polynomial time computable N —
N with v < ¢ and setK(z) := I(x,v(k(x))), wherel is the algorithm of the
preceding lemma. |

3.3. Polynomial Kernelization and Compression.Most natural problemg €
NP have acanonicalrepresentation of the form

(4) re@ <= thereisye {0,119 such tha(z,y) € Qo

for some polynomial time computable functign {0,1}* — N and som&), €
PTIME. In [3] the problem(Q, g) has been called theanonical parameterization
of @ (more precisely, one should speak of the canonical paraizatien induced
by the representation (4) @§). Clearly (Q, g) is fixed-parameter tractable, it is
even in EPT. If(Q,x) was a parameterized problem, th@p, g) is called the
canonical reparameterizatioof (Q, ).

The canonical reparameterizatiomefSAT is p-SAT itself; the canonical repa-
rameterizations of the problemsPATH, p-CLIQUE andp-DOMINATING-SET are
the problemsauni-PATH, uni-CLIQUE and uni-DOMINATING -SET, respectively,
where for all three cases, we hay€G, k)) = k - log |V|; hence in particular,

uni-PATH
Instance: A graphG = (V, E) andk € N.
Parameter: k& -log|V]|.
Question: DoesG have a path of length?

Many fixed-parameter tractable problems, namely all in EXéRd@ hence, in par-
ticular,p-PATH, have polynomial kernelizations if and only if their cancadirepa-
rameterizations have. This is shown by the following prafms.

Proposition 3.10. Let (Q, k) € EXPTand let(Q, g) be the canonical reparame-
terization of(Q, k). Assume thag has the form

g(x) = k(z) - log h(z) with h(z) = |z|°W

10



andh(z) > 2 for sufficiently larger. Then

(Q, k) has a polynomialkernelization if and only if
(Q, g) has a polynomial kernelization.

Proof: Clearly, every polynomial kernelization dfY, ) is a polynomial ker-
nelization of(Q, g). Conversely, leiK be a polynomial kernelization di®, g).
Choose:, ¢ € N and an algorithm solvingz € Q in time 27(*)° ||, We define
a polynomial kernelizatiof’ for (Q, ).

Fixzy € Qandr_ ¢ Q. Letz € {0,1}*. If x(x) < (log |z|)'/¢, the
algorithm A on inputz needs at mostz| ! steps. In this case we I&'(x)
bez, or z_ according to the answer df. Otherwisex(x)¢ > log |z|. Then
IK(z)| = (k(x) - log h(z))°M) = (k(z) - log |z])°M) = k(z)°1), so we can set
K'(z) := K(x). 0O

The reader familiar with [12] will realize that this resuli@vs that any pa-
rameterized probler(@, ) in EXPT with a canonical reparameterization of the
specified form has a polynomial kernelization if and onlyhié foroblent) is self-
compressible.

4. Excluding strong kernelizations

In this section we exemplify how self-reducibility can beedgo rule outstrong
polynomial kernelizations. This method is very simple aratkg under the as-
sumption that P£ NP. We use it to give three natural examples of problems that
do not have strong polynomial kernelizations, the first t@mlg in EPT.

We will revisit these examples in Section 5. There we will g these prob-
lems do not even have polynomial kernelizations using thenger assumption
that the polynomial hierarchy does not collapse to its thevel.

Lemma4.1. Let(Q, x) be a parameterized problem and assume that the Oth slice
Q(0) := {z € Q | k(x) = 0} is in PTIME. If there is a polynomial (subexponen-
tial) kernelizationK such that for allz ¢ Q(0)

(5) r(K(z)) < K(z),
thenQ € PTIME ((Q, ) € SUBEPT).

Proof: Let K be a kernelization satisfying (5). The following algoritiadecides
@ (using a polynomial time decision proced@édor (0)). Given an instance
z of @, the algorithmA computesK(z), K(K(z)), ...; by (5) after at mosk(x)
steps we obtain an instangewith x(y) = 0; hence(z € Q <= y € Q(0));
now A simulatesB ony.
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If K was a polynomial kernelization, sd(z)| < «(z)¢, then, again by (5),
all of |[K(K(z))|, [K(K(K(x)))], . . . are bounded by (z)°. Recall that parameter-
izations are computable in polynomial time even if the resubncoded in unary.
Hencex(z) = |=|°M). It follows thatA runs in polynomial time.

If K was a subexponential kernelization, s@§(z)| < 2%(*)/4(%(=)) with com-
putable, nondecreasing and unboundaadK (z) is computable in timéz|?, then
to compute the equivalent instang¢he algorithmA needs at most

[ 2R () (2)) | i (s(@) 1) /u(@) 1) 4 9 () =2) /1(s(@)=2) | {9 1/u1),

many steps. As we can assume that the funcfier j/.(j) is increasing, this
number of steps is bounded by|? + (z) - 24%(*)/(~(=) which shows that
(Q, k) € SUBEPT. O

Theorem 4.2. Let (Q, k) be a parameterized problem with(0) € PTIME. As-
sume that there is a polynomial reductiéhfrom @ to itself which isparameter
decreasingthat is, for allz ¢ Q(0),

k(R(x)) < k(x).

— If (Q, k) has a strong polynomial kernelization, th@nc PTIME.
— If (@, k) has a strong subexponential kernelization, th@nx) € SUBEPT

Proof: Let R be as in the statement and I€tbe a strong polynomial (subexpo-
nential) kernelization of@, ). Then the compositioK o R, that is, the mapping
x — K(R(x)), is a polynomial (subexponential) kernelization(df, ) satisfy-
ing (5); hence, by the previous lemma, we getc PTIME (Q € SUBEPT).
O

Examples 4.3.The classical problems underlying
p-SAT, p-POINTED-PATH, and p-BIPARTITE-CLIQUE

have parameter-decreasing polynomial reductions to telwes where

p-POINTED-PATH
Instance: A graphG = (V,E), a vertexv € V, and
keN.
Parameter: k.
Question: DoesG have a path of length starting at?
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p-BIPARTITE-CLIQUE
Instance: A graphG = (V, E) andk € N.
Parameter: k.
Question: Does G have a subgraph isomorphic to the
Ky, 1? Or equivalently, do there exist, B C
V such that|A] = |B| = k and for every
u € A,v € Bwe have{u,v} € E?

Proof: p-SAT: We define a parameter-decreasing polynomial redudidnom
p-SAT to itself as follows: Letx be a CNF formula. Ity has no variables, we set
R(a) := a. Otherwise letX be the first variable inv. We let R(«) be a formula

in CNF equivalent to
( TRUE\/ FALSE)
“x Yx
where, for exampley 5:E is the formula obtained from by replacingX by TRUE

everywhere. Clearly?(«) can be computed from in polynomial time.

p-POINTED-PATH: The following is a parameter-decreasing polynomial setf-
ction R for p-POINTED-PATH: Let (G, v, k) be an instance qgf-POINTED-PATH
and assumé > 3. For any pathP : v, v, (P), v2(P) of length2 starting fromv
let Gp be the graph obtained frod by deleting the two vertices v, (P) (and all
the edges incident with one of these vertices). Hebbe the graph obtained from
the disjoint union of all the grapisp (whereP ranges over all paths of length 2
starting inv) by adding a new vertew and all edgegw, v»(P)}. ThenH has a
path of length(k — 1) starting atw if and only if G has a path of length starting
atv. Hence we can s&((G, v, k)) := (H,w,k — 1).

p-BIPARTITE-CLIQUE: Let (G, k) be an instance gf-BIPARTITE-CLIQUE with
G = (V, E) andk > 1. For every edge = {u,v} € E, we construct a new graph
Ge = (Vea Ee) by

V, = {(a,l) | {a,v} € E} U {(b, 2) | {b,u} € E},
E. = {{(a,1),(b,2)} | (a,1),(b,2) € V. and{a,b} € E}.
Obviously
G has a subgrapH isomorphic toK, , containing the edge
<= (. contains a subgraph isomorphicAg, 1 ;1.
It follows that

(G, k) — (U Ge,k—1>

ecl
is a parameter-decreasing reduction, whéye, G. is the disjoint union of aliz...
O
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Corollary 4.4. (1) If P # NP, thenp-SAT, p-POINTED-PATH, andp-BIPAR-
TITE-CLIQUE have no strong polynomial kernelizations.
(2) If ETH holds, thenp-SAT andp-POINTED-PATH have no strong subex-
ponential kernelizations.

Proof: Part (1) is immediate by Theorem 4.2, as all three underlgiogplems are
NP-hard. Moreover, we know by this corollary that if one of the threeldems
has a strong subexponential kernelization, then it is in EPB. However then
ETH would fail in the case op-SAT by [13], in the case op-POINTED-PATH
by [2]. O

5. Excluding polynomial kernelizations

As mentioned in the introduction and Section 3.1, there atgnomial kerneliza-

tions which are not strong. We cannot apply the techniquéefarevious sec-
tion to rule out such kernelizations. Furthermore, manypeaterized problems
apparently do not have parameter-decreasing polynomifaleshictions, so that
again we cannot apply the main result of the previous sectimuse the method
of [5, 7] to deal with these situations. To begin with, thddaling type of reduc-

tions that preserve polynomial kernels was introduced Jrn(lfased on a notion
of [12]) under the namel¥ -reductions.”

Definition 5.1. Let (Q, k) and(Q’, ") be parameterized problems.pdlynomial
reductionfrom (Q, ) to (Q’, k') is a polynomial reductiot® from @ to @)’ such
that

&' (R(x)) = r(z)°W).
We thenwriteR : (Q, k) <? (@', x'). Furthermoré@, ) <P (Q’, x’) means that
there is a polynomial reduction frofd, ) to (Q’, x').

Example 5.2. uni-PATH <P p-SAT.

Proof: Let (G, k) with G = (V, E) be an instance afni-PATH. We may assume
thatV = {0,1...,n — 1} and (by adding isolated points if necessary) thas

a power of 2. We will assign t0G, k) a formulaa in CNF containing variables
X,,; with s € [log n] andi € [k] with the intended meaning “theth bit of theith
vertex of a path of lengthk is 1.” Fori,j € [k], i« # j, one has to express by a
clause that the selected verticegthasandjth point of the path are distinct and for

i € [k — 1] that theith and the(i + 1)th selected vertices are related by an edge.
For example the second one may be expressed by letting,doye¥ [k — 1] and
everyu,v € V with {u,v} ¢ E,

- bit(s,u) - bit(s,v)
\/ X v/ X

8,8 s,i+1
s€[log n] s€[log n]

2In the case 0p-BIPARTITE-CLIQUE, see [14].
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be a clause ofi, where bifs, «) denotes thath bit in the binary representation of
u of length logn and whereX! := X andX? := —X for every variableX.

ThenG has a path of length if and only if « is satisfiable. Agx hask - log |V|
variables, the mappin@~, k) — « is a polynomial reduction.

Example 5.3([12]). p-SAT <P uni-DOMINATING-SET.
Polynomial reductions preserve polynomial kernelizagimrthe following sense:

Lemma5.4. Let(Q, ) and(Q’, ') be parameterized problems with

Q%) <P (Qr) and Q' <P Q.
If (@', ') has a polynomial kernelization, the€r), «) has a polynomial kernel-
ization.

Note thatQ’ <? ( is always satisfied for NP-complete proble@snd(Q’.

Proof of Lemma 54Let R : (Q,x) <P (Q',«') andS : Q' <P Q. Assume
thatK is a polynomial kernelization faiQ’, x’). ThenS o K o R is a polynomial
kernelization for(@, ), as for allz € {0,1}*

= S(K(R(@)))| = [K(R())|7") = & (R()°") = r(2)°").

In order to exclude polynomial kernelizations using thevjmes lemma one
needs a primal problem without a polynomial kernelizatiéncentral ingredient
needed to obtain such problems was provided by Fortnow anth&asam [7]. It
is contained in Theorem 5.6.

Definition 5.5 ([5]). Let @,Q" C {0,1}* be classical problems. Aistillation
from @ in Q' is a polynomial time algorithn that receives as inputs finite se-

quencest = (z1,...,2;) with z; € {0,1}* for ¢ € [¢t] and outputs a string
D(z) € {0,1}* such that
O(1
(1) ID(@)| = (maxeqzil)*;

(2) D(z) € Q' ifand only if for somei € [t] : z; € Q.
If Q" = Q we speak of self-distillation We say that) has a distillationif there
is a distillation fromQ in Q' for someQ’.

“Self-distillations” without property (1) has been calleR, functions in [1].
Theirimportance for classical complexity has been stuitiedrious papers (see [1]
and its references). Every NP-complete probl@rhas an OR function: Take a
polynomial time reduction of the problem

{(#1,...,2) | t € Nandz; € Q for somei € [t]}
to Q. However:

Theorem 5.6([7]). If PH # ¥F (thatis, if the polynomial hierarchi?H does not
collapse to its third level), then ngP-hard problem has distillations.

15



To see how this result (and the polynomial reductions) candes to exclude
polynomial kernelizations we include applications frorhdad [7].

Corollary 5.7 ([5]). If PH# XF, thenp-PaTH has no polynomial kernelizations.

Proof: We assume thai-PATH has a polynomial kernelizatidl and show that
then the (classical) problemnPH has a self-distillation. In fact, &G, k1), . . .,
(G, kt) be instances of & H. Letk := 1+ 2 - maxck;. Leti € [t]. By adding
to G; a path of lengthk — k; — 1 with one endpoint connected to all vertices of
G; we obtain a grapld?; such that the instandg;, k) of PATH is equivalent to
(G;, k;). Let G be the disjoint union of all the grapltg;. Clearly,G has a path
of lengthk if and only if there exists an € [¢] such that7; has a path of length
k and hence, if and only if there exists ag [t] such that5; has a path of length
ki. As |K((G, k))| is polynomially bounded ir and hence in max [|(Gi, ki) |,
the mapping(G1, k1), ..., (G, ki) — K((G,k)) is a self-distillation of RTH.
Here, by||(G, k)| we denote the size 7, k), that is the length of a (reasonable)
encoding of the instandgz, k). O

Corollary 5.8 ([7]). If PH# XF, then
p-SAT and uniDOMINATING -SET
have no polynomial kernelizations.

Proof: Assume PH# X, By the previous corollary we know thatPATH has no
polynomial kernelization. Hence, asPATH € EPT, its canonical reparametriza-
tion uni-PATH has no polynomial kernelization by Proposition 3.10. Tremb
follow from Examples 5.2 and 5.3 by Lemma 5.4. |

The proof of Corollary 5.7 consists of two parts. I(ét,, k1), ..., (G, k) and
(G, k) be as there. Inthe first part we show tlawith O((G1, k1), . . ., (G, kt)) ==
(G, k) is an OR forp-PATH in the sense of the following definition.

Definition 5.9. Let (@, k) be a parameterized problem. AR for (Q, k) is a
polynomial time algorithmO that for every finite tuplec = (z1,..., ;) of in-
stances of) outputs an instand®(z) of @ such that

(1) w(O(2)) = (Maxepy|z:[)°M);

(2) O(z) € Q ifand only if for somei € [t]: z; € Q.

The second part of the proof of Corollary 5.7 shows the foltmiemma (there
the argument is presented @, ) := p-PATH).

Lemma 5.10. Assume that@, ) has anOR O and a polynomial kernelization
K. ThenD with

D(x1,...,2ze) := K(O(z,...,2¢))
is a self-distillation of@).
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Hence by Theorem 5.6:

Corollary 5.11. Assume that@, ) has anOR O and that@ is NP-hard. If
PH +# ¥F, then(Q, ) has no polynomial kernelizations.

Perhaps the reader might object that the proof of Corollaryi$algorithmi-
cally not convincing, as the OR function used in the first gadentially yields
the disjoint union of given graphs, while probably any rewsae algorithm for
determining whether a graph has a path of a given length wéll iompute its
connected components and then check these componentsfoa uath. Hence
the question arises whether the path problem for the classrofectedyraphs has
polynomial kernelizations. Assuming PA ¥, we deny this, we even show that
the path problem for the class PLAN-CONN pianar connected graphs has no
polynomial kernelizations:

Proposition 5.12. If PH # X, thenp-PAaTH(PLAN-CONN) has no polynomial
kernelizations.

To show this claim we show in a first step:

Lemma 5.13.If PH # XF, thenp-POINTED-PATH(PLAN-CONN) has no poly-
nomial kernelizations.

Proof: We showp-PoINTED-PATH(PLAN-CONN) has an OR (then our claim
follows from Corollary 5.11). LetG.,v1, k1) - .., (Gy, v4, ki) be instances of the
problem. First let us assume that for evérg [t], we take a drawing of7; such
thatv; lies on the boundary of its outer fatd.et k := maxcp, k;. By adding to
everyG; a path of lengttt — k; starting inv; and ending in a vertex, we obtain an
equivalent instancg7;, v, k). Let G be the planar and connected graph obtained
from the disjoint union of th&’s by adding a new vertexand edges fron to

all v;. Itis easy to verify that

G has a path of length + 1 starting ab <~—
there exists an € [t] such that7; has a path of length starting at;.
Hence we can sé((G1,v1, k1) ..., (Ge,ve, k) := (G, v,k + 1). O

Remark 5.14. For the NP-complete problem+POINTED-PATH introduced in
Section 4, obviously we have

p-POINTED-PATH(PLAN-CONN) <? p-POINTED-PATH.
Therefore, by Lemma 5.13 and Lemma 5.4, if BHYF, thenp-POINTED-PATH
has no polynomial kernelizations.

SNote that we actually do not need to compute the drawing'of It is only needed to show that
the graphGG we construct is planar.
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Proof of Proposition 5.12:We show that there is a polynomial reduction from
p-POINTED-PATH(PLAN-CONN) to p-PATH(PLAN-CONN). Then our claim
follows from the previous lemma by Lemma 5.4.

Let (G, v, k) be an instance gf-POINTED-PATH(PLAN-CONN). Using the
connectedness @f one easily verifies:

(B)G has a path of lengtbk — 1, thenG has a path of length starting at.

We add toG in v a pathP of lengthk — 1 of new vertices, thereby obtaining the
planar and connected grapf. We show that
(G,v,k) € p-POINTED-PATH(PLAN-CONN)
<= (G',2k — 1) € p-PATH(PLAN-CONN).

Then(G, v, k) — (G',2k — 1) is the desired reduction.

Assume first thatz has a path of length starting atv. Clearly, thenG’ has a
path of lengtt2k — 1. Conversely, let”’ be a path of lengtRk — 1in G’. If v
is a vertex ofP’, then the vertices o’ contained inGG constitute a path off of

length at leask starting aw. If v is not a vertex of?’, thenP”’ is a path inG and
by (6) the graplz contains a path of length starting atv. |

We have already seenin Corollary 4.4 thaBIPARTITE-CLIQUE has no strong
polynomial kernelizations assuming NPP. We show thap-BIPARTITE-CLIQUE
has an OR; thus, by its NP-hardness [14], it is unlikely thdtas polynomial
kernelizations.

Proposition 5.15. If PH # X, thenp-BIPARTITE-CLIQUE has no polynomial
kernelizations.

As a technical tool, we first show that there is “parameterdasing” self-
reduction forp-BIPARTITE-CLIQUE.

Lemma 5.16. There is an algorithn such that for every graptd andk < k’ €
N, the algorithmA computes in time polynomial ifG|| + " a graphG’ such that

G has a subgraph isomorphic #;, , <=
G’ has a subgraph isomorphic . s .

Proof: Let G, k, andk’ be as stated above. First we construct a bipartite graph
Gy = (Vi, Ep) with

Vy =V x {0,1},
Ey = {{(v,0), (v,1)} | {u,v} € E}.
Itis easy to verify that
(G, k) € p-BIPARTITE-CLIQUE <= (Gp, k) € p-BIPARTITE-CLIQUE.
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Now the desired grapi’ = (V', E’) is defined by
V' =V, U{(p,i) | k <p <k andi € {0,1}},
O E:=EU{{(ui),p,1-9)}|ueV,ic{0,1},andk <p < k'}.

Proof of Proposition 5.15We show thaip-BIPARTITE-CLIQUE has an OR. Let
(Gh,k1), ..., (G, k) be instances of-BIPARTITE-CLIQUE. By Lemma 5.16,
we can assume that = --- = k;, =: k. Moreover, letG be the disjoint union of
all G;. Clearly

G has a subgraph isomorphicig, , <=
there exists am € [¢] such thaiG; has a subgraph isomorphic i, , .
O

We know that no NP-hard problem has self-distillations ¢gslPH=YF).
Clearly each problem in PTIME has a self-distillation. He'® as a final result of
this section, we prove that NP-problems with a self-ditin are not necessarily
in PTIME (under some plausible complexity assumption).

Proposition 5.17. If NE # E, then there is a problem iNP \ P that has a self-
distillation.

By E and NE we denote the class of probleghsuch that: € @ is solvable by

a deterministic algorithm and a nondeterministic alganitiespectively, in time
90(|=]).

Proof of Proposition 5.17Let @y C {0, 1}* be a language in NEE. We assume
that each yes instance @f, starts with a 1, and can thus be viewed as a natural
number in binary. Fon € N let bin(n) denote its binary representation. We set

Q :={1" | bin(n) € Qo}.
Itis easy to see th& < NP\ P. Now letQ’ be the “OR-closure” oy, that is
Q' = {(z1,...,2m) | m > 1andz; € Q for somei € [m]}.

Again it is easy to see th&)’ € NP\ P. We claim that)’ has a self-distillation.

Let (11, Timy)s- -+, (X215 - - -, Tem, ) DE @ SEQUENce of instanceL Pt We
can assume that all;; are sequences of 1s (otherwise we simply ignore those
which are not). Let be the maximal length of the;;. Then

{xlla---ax]mm---axt]a---axtmg}:{yla---ayq}

for someg < n. Thus(yi, ..., y,) has lengttO(n?). Clearly(yi,...,y,) isinQ’
if and only if (z;1, ..., zim,;) € Q' for somei € [¢]. O
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6. Strong lower bounds

In this section and the next one, by a careful analysis of thefmf Theorem 5.6,
we obtain improvements, which yield better lower boundskiemelizations. In
particular for the path problem we will show:

Theorem 6.1. Lete > 0. If PH # ¥F, then there is10 polynomial reduction from
PaTH to itself computing for each instandé&, k) of PATH an instance(G’, k)
with

16" = kO |G| e

We define:

Definition 6.2. Lete > 0. A parameterized problefd), x) has are self-reduction
if there is a polynomial reduction froif to itself that assigns to every instance
of @ an instancey with

lyl = w(@)O) - fz)' 7.

Note that it is not required that the parameteryois bounded in terms of the
parameter of:.

Clearly, if (Q, k) has a polynomial kernelization, th€f), ) has ans self-
reduction for every > 0. Now we can rephrase Theorem 6.1 by saying that, if
PH # XF, then for everye > 0 the problemp-PATH has noe self-reductions.
This result will be a special instance of a more general tasating similar lower
bounds for problems with a linear OR.

Definition 6.3. Let (@, <) be a parameterized problem. likear OR for(Q, k)
is a polynomial time algorithn® that for every finite tuplec = (x1,..., ;) of
instances of) outputs an instanc®(z) of @ such that

_ o1
(1) [0()] =t (maxeyl:)) *;
_ o1
(2) 5(0(z)) = (maxeyylil) ";
(3) O(z) € Q ifand only if for somei € [t]: z; € Q.
Hence a linear OR is an OR with the additional property (1).
Examples 6.4.(a) The parameterized problemdATH andp-POINTED-PATH(PLAN-CONN)
have a linear OR. In fact, the ORs defined in the proofs of Campb.7 and of
Lemma 5.13 are linear ones.
(b) The parameterized probleppSAT has a linear OR.
Proof: We define a linear ORD. Let ay,...,a; be CNF formulas, sayy; a
formula withn; variables. We set
n = MaXeyn; and m:= maxep|a;|.
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We may assume that all; have variables i X;,..., X,,} and that log¢ is a
natural number (it is not a power of two we duplicate one of the formulas for an
appropriate number of times).

If t > 2™, the algorithmO proves whether one of the s is satisfiable (by sys-

tematically checking all assignments) and outputs a CNR@teO(ay, . . ., ay)
satisfying condition (3) of the preceding definition.
Assumet < 2", We introduce log new variabled’, . .., Yjog:. Fori € [t] we
set
Bi = /\ }/Sbit(s.,i)
s€llog t]

(recall that bis, ¢) denotes theth bit in the binary representation ofand that
X! = X andX? = X for every variableX).

We bring eaclis; — «;) into conjunctive normal form: Assumg = A, \/, Ao
with literals Ay, then(; — «;) is equivalent to

g 1= /\( \/ yLbits:d) \//\u/)-
£ s€llog t] 2
We lety be the CNF formula := /\ie[t] ~vi. We setO(au, ..., qq) := 7.

ClearlyO is computable in polynomial time. Furthermore, by condiaucthe
formulaO(ay, . . ., o) is equivalent tq’\ie[t] (6; — «;). Because any assignment
toYi,..., Yy satisfies exactly one of thgs, the formulaD(ay, . .., o) is sat-
isfiable if and only if there is an € [¢] such thaty; is satisfiable; hence condition
(3) of Definition 6.3 is satisfied. Furthermo®,also satisfies the conditions (1)
and (2). For (2) note that hasn + log ¢ variables. By our assumption anwe
haven+logt < 2n < 2m. For (1) note that each has lengtfO(m - (m+log t))
and henceQ(ay, . .., o) has lengthO(m?). O

(c) The parameterized problem

p-CYCLE
Instance: A graphG andk € N.
Parameter: k.
Question: DoesG have a cycle of length?

has a linear weak OR. This example is due to Martin Grohe [10].

If (G1,k1),...,(Gy, k) are instances gp-CyCLE with the same parameter,
k1 = ... = k; =: k, then for the disjoint unioi? of the G;s we have(G, k) €
p-CycLE if and only if (G;, k;) € p-CycCLE for somei € [t]. With the following
observations we will reduce the general case to the casstafices with the same
parameter.

Solet(Gy, k1), ..., (G, ki) be instances gf-CYCLE. We sep := maxc(,|Vil,
whereV; is the vertex set ofs;, andk := maxc, k;. Fori € [t] andv € V; we let
G;(v) be the graph obtained frof; by replacing the vertex by a pathP;(v) of
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lengthp + &k — k; of new vertices and by replacing edgeghfof the form{v, w}
by two edges, namely by edges incident withand one of the endpoints of the
pathP;(v). Clearly,

G;(v) hasacycle oflength+ k¥ <= @G, has a cycle through of lengthk;.
Hence, we can sé((G1,k1),...,(Gt, k) := (G,p + k), whereG denotes

the disjoint union of the graphs; (v) for all i € [t] andv € V;. O
(d) The parameterized problami-CLIQUE has a linear OR.
Proof: Let (G4, k1), ..., (G, k) be instances aini-CLIQUE. Of course, we can

assume that; < |V;|, whereV; is the set of vertices ofr;. Letk := maxcyk;.
By adding a clique ok — k; new vertices td@~; and connecting all new vertices to
all old vertices inV; we can pass to an instan@@;, k) equivalentto/G,, k;). Let
m = maXep |V/] (< 2- maxep| Vi)

If t > 2™, by exhaustive search the algoritiBnchecks whether one of the
G!s has a clique of sizk; if this is the cas&) outputs(G;, ;) for such aG, and
otherwise it outputs, say(z;, k1 ).

Assume that < 2™. We setO((G1,k1),..., (G, k) = (G, k), whereG
denotes the disjoint union of the grapi$. Clearly, O is computable in poly-
nomial time and condition (3) is satisfied. For condition (ibte that we have
for the setV of vertices of G the inequality|V| < ¢ - m. The parameter of
O((Gr, k1), .., (G, k) isk-log |[V| < k-log (t-m) < k-(m+logm) =
O(m?). O

(e) The parameterized problami-DOMINATING -SET has a linear OR.

Proof: Let (G1,k1),...,(G¢, k) be instances ofini-DOMINATING-SET. Let

k = maxck;. By addingk — k; isolated vertices, we can pass to equivalent
instanceq G’ , k), ..., (G}, k). LetG, = (V/,El). We may assume that> k
and that the vertex setd’ are pairwise disjoint.

If t > 2™, wherem := maxc,|V;|, the algorithmO checks by exhaustive
search whether one of th&]s has a dominating set of siZe if so O outputs
(G;, k;) for such aG’;, and otherwise it output§=1, k1 ).

Assume that < 2™. Fori € [t] andj € [0,k] := {0,1,...,k} letV/(j) be a
copy of V/, say,

Vi) ={,j) |veV}
LetG = (V, E) be the graph with vertex set
Vi= |J {s(0)s0),s(0r v VG
s€[log t] i€[t],j€[0,k]
The edge sek contains

— edges that makgs(—), s(0), s(1)} a clique fors € [log ¢];
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— fors € [log ¢] andi € [¢] edges froms(1) to all vertices inV/(0) if
bit(s,7) = 0 and edges froma(0) to all vertices inV/(0) if bit (s, ) = 1;

— fori,i’ € [t],v e V/, w eV}, andj, j’ € [0, k] the edg€{(v, j), (w, ')}
if

—i#idandj =4 >0 or
—i=1¢and{v,w} € E; or
—i=1, 7 # 7 andv = w.
We claim that
(7)
(G,k+logt) € uni-DOMINATING-SET <= thereis an € [t]: (G}, k) € uni-DOMINATING-SET.
For the backward direction assume faf [¢] that{vy, ..., v} is a dominating set
in Gj. Then

{(v1,1),..., (vg, k)} U {s(bit(s,7)) | s € [log t]}

is a dominating set ofs.

For the forward direction leX be a dominating set af of sizek + log ¢. For
s € [log t] in order to dominate the poirt—) we see that at least one point of the
clique{s(—), s(0), s(1)} has to be contained iX .

Clearly, ask < t, there is aniy € [t] such that

xn Y vie =0
JE0,K]

For j € [K] (in particularj # 0), in order to dominate the elements gf (j),
the setX must contain an element of the forfn;, j) with v; € V; for some
i; # ig. Moreover, asX only containsk + log t elements, the vertex; (and
hencei;) are uniquely determined by. Then it is not hard to see that the set
{vj | j € [k] andi; = i;} is a dominating set iii; . This finishes the proof of
the equivalence (7).

We setO((Gh, k1), ..., (Ge, k) := (G, k). ThatQO also satisfies condition (2)
of a linear OR is shown as in the caseunii-CLIQUE. O

(f) The problemalphaLCS has a linear OR. HemphaLCS denotes the canon-
ical parameterization of the longest common subsequermddgm:

alphalLCS
Instance: An alphabet, stringsX;, ..., X, € ¥*, andm € N.
Parameter: m -log |X|.
Question: Is there a common subsequenceXaf, . . ., X, of lengthm?

Proof: Let (X1, X11,..., X146, 1) ... (24, X1, ..., Xpe,, mi) be instances of
alphaLCS. We can assume that = --- = ¢, = ¢ (by repeating a sequence if
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necessary) and that; = - -- = m; = m (by addinge;"~ ™ to eachX;; for some
new letterc;). Moreover we can assume that the alphabgtare disjoint. Now
we consider thé strings over; U...U Y,

X]]XQ]...Xt], X]QXQQ...XtQ, _X]éXQ[...Xt[

and the stringXy; X(¢—11 - .- Xi1.

One easily verifies that thegé + 1) strings have a common subsequence of
length m if and only if for somei € [¢] the stringsXi,..., X, have one
(for the forward direction note that a common subsequenc&,0fXs; ... Xy
and X1 X ;1)1 ... X11 is a sequence ovex; for somei € [t]). Now, if t >
maxe(|X;|™ we determine the value @ by exhaustive search and otherwise,
we use the set of strings just constructed. |

Even though we could add further examples of parameterirgulgms with a
linear OR, there are also many problems where we do not knathehthey have
a linear OR. We just mention one example, the probleMARED/BLUE-NON-
BLOCKER, the canonical reparametrization of the problgrRED/BLUE-NON-
BLOCKER.

As we have seen thatPATH has a linear OR, Theorem 6.1 follows from:

Theorem 6.5. Lete > 0. Let(Q, k) be a parameterized problem with a linear
OR and withNP-hard Q. If PH # XF, then the probleni@Q, ) has noe self-
reductions.

In particular, if PH# Y, then all the problems mentioned in Examples 6.4 do
not haves self-reductions.

In [4] the method of proof we are going to use to show Theorédristurther
refined to excludeandomized self-reductions witlone-sided errorin particular,
for SAT this result rules out the existence of certain PCPs aif &8s asked for
in [12]. The reader is referred to [4] for further details.

6.1. Proof of Theorem 6.5. It will be convenient to reformulate Theorem 6.5.
For this purpose we need some further notions.

Definition 6.6. A function f : N — Rx( is pseudo-lineaif there is some: € N
and some < R with £ > 0 such that for alt €¢ N

ft) <c-t'e.

The property that we need of pseudo-linear functions isainad in the fol-
lowing lemma. It is easy to prove.

Lemma 6.7. Lete > 0 and f : N — R>( be a pseudo-linear function. Then for
everyc € N there exists @ € N such that for sufficiently large we have

f(n?)-nf+1<nd
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Remark 6.8. It is worthwhile to note that a weak converse of the previemsrha
holds: Letf satisfy the conclusion of Lemma 6.7. Then there is serme( such
that f(t) < t'~¢ for infinitely manyzt.

To see this writef (1) = t9(*) for someg. Then forc = 1 there arel, ny € N
suchthatd (") < nd=1foralln > ny. Thusg(t) < 1—1/d,i.e. f(t) < t'~'/4,
fort = nd, (ng + 1)4, (ng +2)4. . .. o

For a parameterized problef®, «), a constant € N, and a functiory : N —
R>( consider the preparameterized problem

(@, %% f)
Instance: z € {0,1}"%.
Parameter: k(x)°- f(|z]).
Question: z € Q?

Theorem 6.5 follows from:

Lemma 6.9. Letc € Nandf : N — R>q be pseudo-linear. Let@, ) be a
parameterized problem with a line®@R and withNP-hard Q. If PH # ¥, then
(Q, k¢ x f) has no linear kernelizations.

We prove this lemma by generalizing Theorem 5.6.

Definition 6.10. Let @, Q" C {0, 1}* be classical problems and It N — R
be a function. Anf-distillation from Q in @’ is a polynomial time algorithni
that receives as inputs finite sequenges (z1,...,x;) with z; € {0,1}* for
i € [t] and outputs a strin(z) € {0, 1}* such that

(1) [D(@)| = f(t) - (maxepy |z:)°W;

(2) D(z) € Q' ifand only if for somei € [t] : z; € Q.
We say that) has anf-distillation if there is anf-distillation fromQ in Q' for
some problend)’.

Lemma 6.11. Let f : N — R, be pseudo-linear. IPH # S, then noNP-hard
problem hasf-distillations.

Proof: Let f : N — R>( be pseudo-linear an@ C {0,1}* be NP-hard. Assume
thatD is anf-distillation from(@ in some problend)’. We choose a constant N
such that

®) @) < £(t) - (maxegled )

forall ¢t € N and all sequencesof t instances of).
Let@ := {0,1}*\ Q be the complement @) and similarlyQ’ the complement
of Q'. ClearlyQ is coNP-hard. We show th& € NP/poly and hence, coNE
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NP/pon. This yields our claim, as then PH X% by a result of Yap [16, Theorem
2]. Note that for allt = (x4, ..., z:) we have

9) D(z) € Q' <= forallie[t]: z; € Q.

To proveQ <€ NP/pon it suffices to show that for sufficiently largee N there
is at = n°(") and a sets of strings with||S|| := >, .5 |2| = n") such that for
allz € {0,1}"

rEQ =
Jzq,...,x € {0,117 (Ie{xl,...,xt} andD(z1, ..., x¢) GS).

In other words,S can be viewed as a polynomial size advice string for instance
of lengthn. As we will see, the elements &f are strings inQ’, more precisely,
we will chooseD-values “with many preimages.”

For everym € N, we have/{0,1}=™| < 2*!, in particular,
(10) [{0, l}gf(m)'"c| < of(m)m+1

As f is pseudo-linear, by Lemma 6.7 there is a constast N such that for all
sufficiently largen € N

Jnt) e 1

(11) | <1.
n
Forn > 1 we set
t:=nd.
Then (10) and (11) imply fo¥ := Q" N {0,1}=F()"" that
(12) Y|/t <2.

Recall thaty)_,, := QN {0,1}". By (8) we can define a function: (Q_,,)! — Y
by
9(z) == D(2).

We construct the advice string inductively. First we letX, := Q_,,. Choose
yo € Y such that

97 (yo) = {7 € X5 | 9(7) = wo}
contains at leastX,|?/|Y’| many tuples. Lestring(g~'(yo)) be the set compo-
nents of tuples ig~! (), that is, the set

{x € X, | there exists somery,...,z;) € g~ ' (yo) such thate € {a1,..., 2z} }.
It follows thatg " (yo) C (string(g~" (yo)))t and hence

1/t
|Xo|t> " [Xol

|string(g™" (%)) > |9~ (o)|"/* > ( Y| 2

2 )
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the last inequality holding by (12). K, # string(¢g~" (o)), then letX; :=
Xo \ string(g~" (yo)). Now, we viewg as a function ofX; to Y and, by the same
argument as above, we choasec Y such thaistring(g~"(v1))| > |X1|/2. We
iterate this process until we reach the fitst N with X, = string(¢ ! (y,)). We
let

S :={yo,.--,ye}
ThenS C Y C Q' and|S| = ¢ < log | X,| < n and thug|S|| < n- f(t) - n° <
n?*1 (by (11)). Hencd|S|| is polynomially bounded im.
We show the equivalence

T €Q <=
Fzy, ...,z € {0,1}": (:ve{xh...,xt} andD(x1, ..., ) ES).

Letx € {0,1}". If x € Q, by our construction of, there is a tuple containing
x as a component such thatz) = D(z) € S.

Conversely, assume¢ Q. Then foreveryt := (z1,...,z¢) withzy, ...,z
{0,1}" andx € {z1,...,z;}, we have, by (9), thab(z) ¢ Q' and hencé(z
ScCqQ.

Proof of Lemma 6.91et ¢ € N and f be pseudo-linear, saf(t) = O(t'7¢).
Assume that(, ) is a parameterized problem with a linear @Rand NP-hard
Q. AssumeXl # PH. For the sake of contradiction assume f@tx° x f)
has a linear kernelizatioK. By Lemma 6.11 it suffices to show th@ has an
f-distillationD.

We defineD on finite sequences = (x4, ..., z:) by

D(z) := K(O(7)).

)

O m

Itis clear that
D(z) € Q <= forsomei € [t] : z; € Q.
Write n := maxcp,|x;|. Then, becausk is a linear kernelization fof@, ¢ x f),

ID(@)] = O(x(0@))° - F(0(@)])) = - [O(@)]",

where the second equality follows from Definition 6.3 (2) Wby Definition 6.3
(1) we know|O(z)| = t - n°"). HenceD(z)| = t'~ - n°() and therefor® is
a f-distillation fromQ in itself. |

7. Lower bounds for problems with an OR for instances with corstant

parameter

Recall that eholein a graph is an induced cycle of length at least 4 (see [2]). We
consider the parameterized problem
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p-ODD-HOLE<
Instance: A graphG andk € N.
Parameter: k.
Question: DoesG have a hole obdd length at most
k?

Let(G1,k1),..., (G, ki) be instances gi-ODD-HOLE<. If ky = ... =k =: k,
then for the disjoint unioii7 of the G;s we havg G, k) € p-ObbD-HOLE< if and
only if (G;, k;) € p-ODD-HOLE< for somei € [t]. However, it is not clear how
to define such an instan¢é&', k) if &y, ..., k; are distinct, more precisely, we do
not know whethep-ObbD-HOLE< has an OR. The following concept is tailored
for such situations.

Definition 7.1. Let (Q, k) be a parameterized problem and ebe a further pa-
rameterization. ArOR for A\-constant instances dfy, ) is a polynomial time
algorithmQ that for every finite tuplec = (z1,...,z:) of instances of) with
Ax1) = ... = A(z¢) outputs an instand®(z) of @ such that

(1) #(0(x)) = (Maxepy |zi])°W;

(2) O(z) € Q ifand only if for somei € [t]: z; € Q.

Examples 7.2. The instances of the following problems are pdits k), where
G is a graph andc € N. We let \ always be the function with\(G, k) :=

k. In all examples we get the claimed OR farconstant instances by setting
O((Gh,k),..., (G, k) :== (G, k), where the graplt is the disjoint union of the
G;s. In all cases we do not know whether the corresponding enoblas an OR.

(a) The problemp-HOLE< has an OR fon-constant instances.

(b) The problemaini-CHORDLESSPATH anduni-CHORDLESSCYCLE have an
OR for A\-constant instances. Here, for example,

uni-CHORDLESSCYCLE
Instance: A graphG = (V, E) andk € N.
Parameter: k& -log|V]|.
Question: DoesG have a chordless cycle of lengtR

Note that in the last exampM G, k) = k is not the parameter @&, k) as instance
of uni-CHORDLESS CYCLE.

For problems with an OR for constant instances we get a sliglgaker result
than that in Theorem 6.5 for problems with a linear OR. Toestlaé result we first
define:

Definition 7.3. Let (@, k) be a parameterized problem. shbexponential self-
reduction of(Q, k) is a polynomial reduction fror to itself that assigns to every
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instancer of () an instancey with
lyl = r(a)?0 el

Clearly if (Q, ) has a subexponential self-reduction, then it has aself-
reduction for every > 0.

Theorem 7.4. Let (Q, ) be a parameterized problem witP-hard Q. Further-
more assume thdty, ) has anOR for A-constant instances, whekeis a further
parameterization. IfPH # X, then(Q, ) hasno subexponential self-reductions.

This improves the corresponding result of [5] in the follagirespects:

— itassumes) to be only NP-hard instead of NP-complete;

— itassumes a weaker notion of OR (the OR used in [5] is ours fork);

— it excludes subexponential self-reductions instead tfrfonial kernel-
izations.

In particular, we can apply Theorem 7.4 to the problems inniplas 7.2 (b).
It is not known whethep-HOLE< is in FPT. If not, then it would not have poly-
nomial kernelizations. At the moment we cannot apply Theoved to rule out
polynomial kernelizations, as to the best of knowledgeritasknown whether the
underlying problem is NP-hard. To get a further applicatidrihe theorem we
need the following lemma whose proof is simple and simildh&d of Lemma 5.4.

Lemma 7.5. Let(Q, ) and(Q’, x') be parameterized problems.with
(@, k) <P (@) and Q' <7 Q.

If (Q', ') has a subexponential self-reduction, th&h ) has a subexponential
self-reduction.

Example 7.6. If PH # XF, thenp-PATH(PLAN-CONN) has no subexponential
self-reductions.

Proof: We know that the problem-PoINTED-PATH(PLAN-CONN) has an OR

and hence no subexponential self-reduction. In the pro#froposition 5.12 we
showed that there is a polynomial reduction from the problefoINTED-PATH(PLAN-CONN)
to p-PATH(PLAN-CONN). Hence, the claim follows from the previous lemma.

7.1. Proof of Theorem 7.4. Recall the reparameterizatid@, ¢ x f) of (Q, k)
forc e Nandf : N — R>q. Clearly(Q, x° x f) has a polynomial kernelization
if and only if (Q, k x f), the problem for = 1, has one.

For the purposes of the proof of Theorem 7.4 we call a funcfiolN — Rx
goodif f(t) = t°() forall t € N (that is, if we can writef (t) = ¢'/*®*) for some
functionh : N — R>q with lim;_, o h(t) = 00).

The statement of this theorem can be equivalently formdlase
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Lemma 7.7. Let (Q, k) be a parameterized problem witiP-hard Q. Further-
more assume thdty, ) has anOR for A-constant instances, whekeis a further
parameterization. IPH # XF, then, for every good : N — R, the problem
(Q, k x f) has no polynomial kernelizations.

Proof: Assume PH# YF. Furthermore, we choose 6, <) an ORQ for \-
constant instances.

Let f : N — R, be good. One easily sees that there is a good increasing
function f’ : N — R>( of the form

(13) f/(t) _ 2Iog t/u(log t)

with a nondecreasing and unbounded functiotN — R>q such thatf (t) < f'(¢)
for all (sufficiently large).

For the sake of contradiction assume also ffiat< x f) has a polynomial
kernelization. Of course, thel@®, « x f’) has a polynomial kernelizatidd. Now
let Q' be the “OR-closure” of), that is

Q" = {(x1,...,2m) | m > 1andz; € Q for somei € [m]}.
Letzy,. ..,z beinstances af). We letn := maxcp|z;| andl := maxci A(w;).
Thent = n°M), Forj < ¢ let
y; = K(O(z;)),
wherez; stands for the subsequencewf . . ., z, consisting of the instances with
A-valuej.
We show that for some good functigh and allj < ¢
(14) ly = fr(8) - nO0).
In fact, asK is a polynomial kernelization df@, « x f), we know

1l = [K(O()| = (x(0G) - £(0)))

where the last equality holds by Definition 7.1 (1). We shoettfi(|O(z)|) =
f'(t)4 - n? for somed € N. Then we get (14) foff; (t) := f/(t)%. As f’ is good,
SO iSfi.

As O is polynomial time computable, we knof@(z;)| < t° - n® for some
constant: € N. Sincef’ is increasing, it is enough to show

71 n) < (7(8) )

=n®W - (0() ),

By (13)
c-logt+c-logn

f/(tc -TLC) — 2L(C' |Ogt+C' |Ogn) .

We distinguish two cases.

30



- If t > n, then, as is nondecreasing, we get
2¢-logt
feene) <2 40088 = e

- If t < n, then

fl(tc . nc) < 220»|Ogn — TLQC.
This finishes the proof of (14).
Now we claim that
D(xy,...,2) == (yl, . ,yg)

defines anf; -distillation from @ to @’ (cf. Definition 6.10). Asf; is good and
hence, pseudo-linear, this contradicts Lemma 6.11. Oblydhe condition (2) in
Definition 6.10 is satisfied. To see (1), we observe that

|(y1,---me)| <€ fa(t) - OO (by (14)),
= fi(t) - nOW (by £ = n®W).
AltogetherD is an f; -distillation from@ and@’. |

8. Concluding remarks

8.1. Comparing the different notions of OR. From Theorem 5.6, Corollary 5.11,
and Theorem 6.5 we know:

Proposition 8.1. Assume thaPH # %F. Then:

(1) No NP-complete problem has a self-distillation.

(2) No parameterized problefd), ) with polynomial kernelization and with
NP-completel) has anOR.

(3) No parameterized problefd, <) with polynomial kernelization and with
NP-completel) has a linearOR.

We do not know whether one of the three conclusions holdsrundaker as-
sumptions, say, under £ NP. In this context it might be interesting to be aware
of:

Proposition 8.2. The conclusions (1), (2), and (3) of Proposition 8.1 are ralijyu
equivalent.

Proof: The implication (2)= (3) is trivial. For (3)= (1) assume, by contradiction,
that @ is NP-complete and has a self-distillatin Definex(z) := |z|. Then
x — z is a polynomial kernelization df@, ) andD is a linear OR of @, ), the
desired contradiction to (3).
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For the implication (1)= (2) assume that@, ) with NP-complete) has a
polynomial kernelizatiofk and an ORD. ThenK o O is a self-distillation, as

o K(0(2)) = #(0(2))°") = (max|z;[) 7).

The next result shows in particular that every parametérpgeblem(Q), x)
with polynomial kernelization and NP-complefg already has no OR if it has
no linear OR. For example, the parameterized vertex cowd@mp-VC has no
linear OR if and only if it has no OR.

Proposition 8.3. Assume thatQ, x) and (Q’, x’) are parameterized problems
with NP-complete) and @’ and that(Q’, ') has a polynomial kernelization. If
(Q, k) has no linear OR, thef’, ') has noOR.

Proof: Let R : Q <P Q" andS : Q' <P @ be polynomial reductions anl a
polynomial kernelization ofQ’, ') and assume th&? is an OR ofQ’, then

21, 2 — S(K(O(R(x1), - .., R(x¢))))
is alinear OR of @, ). O

8.2. Comparing the different notions of self-reduction. Clearly, every pa-
rameterized problem with a polynomial kernelization hasibegponential self-
reduction, and every parameterized problem with a subexptai self-reduction
has are self-reduction for every > 0. Proposition 8.5 and Proposition 8.4 show
that the reverse of the first implication and of the secondigapion fail, respec-
tively.

Proposition 8.4. Let Q C N be a classical problem such that everye Q@ is a
power of 2 with an odd exponent and is written in unary. We ddfie parameter-
ized problermp-Q by

p-Q

log m
log log m *

Instance: m, k € Nin unary with logk >
Parameter: k.
Question: Is(logm) - (log k) € Q?

Then:

(1) If Q is decidable, thep-Q is fixed-parameter tractable.
(2) For everyez > 0 the problenp-Q has ane self-reduction.
(3) If Q ¢ E, thenp-Q has no subexponential reductions.

Proof: (1) As foryes-instancgsn, k) of p-Q, we have log:c > log m/log log m,
the problemp-@Q has a kernelization and hence is fixed-parameter tractable b
Proposition 3.2.

(2) Lett € N. We show that there is atyd self-reduction op-Q for d := 2.
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Let (mm, k) be an instance gi-Q. We can assume thai = 2°" andk = 2%
(otherwise(m, k) is a no-instance gf-Q).

We set

m' =22 (= (224 and K =22 (= (22)9).
Clearly,(m, k) € p-Q ifand only if (m’, k') € p-Q. Moreover|m/| = |m/|'/¢ and
|k’| = |k|* and hencel(m’, k)| = O(k% - m'/?). Altogether,(m, k) — (m’, k')
is anl/d self-reduction op-Q.
(3) We assume thatQ has a subexponential self-reductign, k) — (m’, k’).
Then
(m', K)| = k- (m+ k)°) = ke meot)

for somec € N. We can assume thais a power of 2. We show th&} € E.

Let x be an instance af with x > d > 24C2, whered € N will be fixed later.
We assume that is an odd power of 2 (otherwise,¢ Q). We set

u:=vV2?-x and V= 212
C
Then,u andv are powers of 2 (note that= /x/2¢?) andu - v = . Moreover,
v > wu/log u by our assumption: > 24”, Hence,(2%,2") € p-Q if and only
if z € Q. We apply the subexponential self-reduction(®¥,2") obtaining an
equivalent instancén’, k') of p-Q with
m/7 k' < gue. (2u)0(]) — 2v-c+u-o(])'

If d has been chosen big enough, we have
2’ := (logm’)-(log k') < (v-¢)®4+v-u-o(1)+u®0(1) < (u/2¢)?+u*-0(1) < u?/2¢* = uv = x.

Thus,z’ < z. If ¥ < m//log m’/, then(m’, k') ¢ p-Q and henceg ¢ Q.
Otherwise, {' € Q@ <= z € Q). We continue this way and obtain equivalent
instances”, ', ... of Q till we get an instance< d, which is decided directly.
Altogether, we have a single exponential decision procethn(). |

Proposition 8.5. Let @ C N be a classical problem such that everye Q is
represented in unary and has the form

(15) z =22

for somet € N. We define the parameterized probler XP(Q) by

p-EXP(Q)
Instance: m, k € Nin unary withk > log log m.

Parameter: k.
Question: Ism* € Q?

Then:
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(1) If Q is decidable, thep-EXP(Q) is fixed-parameter tractable.
(2) The problemp-EXP(Q) has a subexponential self-reduction.
(3) If @ ¢ PTIME, thenp-EXP(Q) has no polynomial kernelizations.

Proof: (1) As for yes-instancegn, k) of p-EXP(Q), we havek > log log m,
the problemp-EXP(Q) has a kernelization and hence is fixed-parameter tractable
by Proposition 3.2.

(2) Let(m, k) be aninstance gf-EXP(Q). By (15), we can assume that= 22"
for somet € N (otherwise(m, k) is a no-instance gf-EXP(Q)). Then

(m, k) € p-ExP(Q) = 2"¥ €Q <« (2,k-2') € p-ExP(Q).
Therefore the mappin@n, k) — (2, k - log m) is the desired reduction.

(3) We assume thd is a polynomial kernelization gf-ExpP(Q) and show that
Q € PTIME.

Letz = 22 be an instance af). We lett’ be the minimum power of 2 with
t' > t. Thus,2t > t' > t. Clearly

reQ <« (22" ) e p-Exr(Q).
Furthermore we sétn, k) := K(22'/¢ ). We know that
|(m, k)| = o) _ 400)
and thatr € Q ifand only if m* € Q. As

o) o@1)
mk — tO(t ) — 2t

we see that this is strictly smaller tharf z is sufficiently large. O

8.3. Comparing ¢ self-reductions and kernelizations. We showed (Theo-
rem 6.5) that a refinement of the method used in [5, 7] to excipalynomial
kernelizations, actually works to excludeself-reductions. Although this gives
some interest to the concepto$elf-reduction, the question remains how natural
this concept is. In this last section we want to present testdrifying how close
the concepts of polynomial kernelization ancecfelf-reductions are.

Note thats self-reductions are allowed to increase the parametdrariby. By
a straightforward argument we shall see in Proposition 326 & parameterized
problem has agn self-reduction which does not increase the parameter iauhd
if it has a strong polynomial kernelization. We then look whappens if we allow
some ‘moderate’ increase in the parameter. Different néengg of what ‘moder-
ate’ means, allow to iterateself-reductions to yield polynomial or subexponential
kernelizations.
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Proposition 8.6. Let0 < ¢ < 1 and let(Q, ) be a parameterized problem. Then
(Q, k) has a strong polynomial kernelization if it has aself-reductionR which
does not increase the paramete.,x o R(x) < x(x) for every instance.

Sketch of proofLet R be are self-reduction of @, x) such thako R < k. Choose
¢ € N such that|R(z)| < x(z)¢ - |z|'=%) for all z € ©*. A straightforward
induction shows
(16) R (@)] < w(a)e Fos 179 (179,
forall ¢ > 1 andx € ¥*. Furthermore, a simple computation shows that for
m := (log log|z|)/e we get
(17) |z|1=9)" < 2.
Usingd_ =, (1 — ¢)* = 1/e, the inequalities (16) and (17) imply
|R™ ()| < w(2)*/® -2 < w(a)O).

By (16) we get|R'(z)| < w(z)/* - |z| < |=|M) for all £ > 1 (recallx(z) <
|2|©()), and hencé?™ can be computed in polynomial time. ThRg' is a strong
polynomial kernelization ofQ, ). |

Given a functionf : N — N and/ € N by f* we denote the functiofi‘(a) :=
fofo-of(a).
—_—
£ times
Definition 8.7. A functionf : N — N is moderatestrongly moderateif and
only if it is nondecreasing angl’ (k) < k9 (respectivelyf’(k) < k°() for all
k, ¢ € N with k/¢ sufficiently large.

E.g. linear functions are moderate. On the other hand, ghti polynomial”
functionk — |k!'*<| for a constant > 0 is not moderate. Clearly, the identity
is strongly moderate, but — [k - (1 + ¢)] fore > 0 is not. We give further
examples.

Examples 8.8.(a) The function given by (k) := |k - log k| is moderate.

Proof: It is enough to show*(k) < k- (log k)* for all k,¢ € N with k/¢ > 2.
Inductively

fi(k) - log f*(k)

k‘(log k)" - log (k‘(log k)*)

(18) k*(log k)¢ - (flog k + flog log k)

Now, log k + log log k£ < 2log k, sok/2 - (log k + log log k) < klog k. But if

k/t>2,ie.l <k/2, we get(/log k + (log log k) < klog k. Hence by (18) we
get f“1(k) < k“*'(log k)“*! as we want. 0

FR)

<
<
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(b) The function given byf (k) := |k - V& is strongly moderate.

Proof: An easy induction showg (k) < k(+1/0)" for all ¢,k € N. If k/¢ > 1,
i.e.k > ¢, this is at most(1+1/" < ke, O

Proposition 8.9. Let0 < ¢ < 1 and let(Q, x) be a parameterized problem in
EXPT with ane self-reductionk. Then

(1) if koR < fox for some strongly modera then(Q, ) has a polynomial
kernelization;

(2) if ko R < f ok for some moderatg, then(Q, «) has a subexponential
kernelization; more specifically, it hask&’(1°9 ¥) -kernelization.

We omit the proof as it consists mainly in tedious computetialong the line
of argument for Proposition 8.6.
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