THE SIMULTANEOUS CONJUGACY PROBLEM
IN GROUPS OF PIECEWISE LINEAR FUNCTIONS

MARTIN KASSABOV AND FRANCESCO MATUCCI

ABSTRACT. Guba and Sapir asked, in their joint paper [8], if the simultaneous
conjugacy problem was solvable in Diagram Groups or, at least, for Thomp-
son’s group F. We give an elementary proof for the solution of the latter
question. This relies purely on the description of F' as the group of piecewise
linear orientation-preserving homeomorphisms of the unit. The techniques we
develop allow us also to solve the ordinary conjugacy problem as well, and
we can compute roots and centralizers. Moreover, these techniques can be
generalized to solve the same questions in larger groups of piecewise-linear
homeomorphisms.

1. INTRODUCTION
Richard Thompson’s group F' can be defined by the following presentation:
F = (xo,21,%9,... | TpTp = TpTps1, VE < n).

This group was introduced and studied by Thompson in the 1960s. The standard
introduction to F'is [5]. The group F can be regarded as a subgroup of the group
of piecewise linear self-homeomorphisms of the unit interval and this is the point
of view that we will adopt throughout the paper, and that we will introduce in
detail in Section 2.

We say that a group G has solvable ordinary conjugacy problem if there is
an algorithm such that, given any two elements y,z € G, we can determine
whether there is, or not, a ¢ € G such that ¢ 'yg = z. Similarly, for a fixed
k € N, we say that the group G has solvable k-simultaneous conjugacy problem
if there is an algorithm such that, given any two k-tuples of elements in G,
(Y1, -5 Yk), (21, ..., 2k), can determine whether there is, or not, a ¢ € G such
that g ly;g = 2 for all i = 1,..., k. For both these problems, we say that there
is an effective solution if the algorithm produces such an element g, in addition
to proving its existence.

This problem was studied before for various classes of groups. The k-simul-
taneous conjugacy problem has been proved to be solvable for the matrix groups
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GL,(Z) and SL,,(Z) by Sarkisyan in 1979 in [12] and independently by Grunewald
and Segal in 1980 in [7]. In 1984 Scott constructed examples of finitely presented
infinite simple groups that have an unsolvable conjugacy problem in [13]. In
their 2005 paper [3] Bridson and Howie constructed examples of finitely presented
groups where the ordinary conjugacy problem is solvable, but the k-simultaneous
conjugacy problem is unsolvable for every k > 2.

Theorem A. Thompson’s group F' has a solvable k-simultaneous conjugacy prob-
lem, for every k € N. There is an algorithm which produces an effective solution.

As an application of the proof of Theorem we have the following corollaries,
((1) and (2) appear in [9] by different techniques):

Theorem B. (1) Cp(z) = F™ X Z", for some numbers 0 < m < n+ 1.

(2) x € F has a finite number of roots, which can be effectively computed.

(3) The centralizer of any finitely generated subgroup A C F' decomposes as athe
direct product of the groups C;, where each C; is either trivial, infinite cyclic or
1somorphic to F.

The ordinary conjugacy problem for F' was addressed by Guba and Sapir [9],
who solved it for general diagram groups in 1997, observing that F' itself is a
diagram group. Their solution, for general diagram groups, amounted to an
algorithm which had the same complexity as the isomorphism problem of planar
graphs. This last problem was solved in linear time in 1974 by Hopcroft and
Wong [10], thus proving the Guba and Sapir solution of the conjugacy problem
for diagram groups optimal. We mention here relevant related work: in 2001 Brin
and Squier in [4] produced a criterion for describing conjugacy classes in PL (1),
the group of all piecewise-linear orientation preserving self-homeomorphisms of
the unit interval with only finitely many breakpoints, that contains F' as a proper
subgroup. In 2007 Gill and Short [6] extended this criterion to work in F', thus
finding another way to characterize conjugacy classes from a piecewise linear point
of view. Using a different approach close to Guba and Sapir’s original solution, in
2007 Belk and Matucci [2] produced a unified solution of the conjugacy problem
for all Thompson’s groups F,T and V.

In 1999, Guba and Sapir [8] posed the question of whether or not the simulta-
neous conjugacy problem was solvable for diagram groups. Even though some of
the results of the present paper are already known, we include our proof of them
to show how everything can be deduced by our tools. In addition to that, with
similar techniques we can prove that the same result holds for larger groups of
piecewise linear homeomorphisms.

The paper is organized as follows. In Section 2 we will define the groups
PLg () that generalize Thompson’s group F' and give an outline of the solu-
tion of simultaneous conjugacy problem. In Section 3 we show how to build an
approximate conjugator which makes the fixed point set of y and z coincide.
In Section 4 we introduce the main algorithm to create candidate conjugators.
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In Section 5 we compute centralizers and roots and obtain the solution of the or-
dinary conjugacy problem as a corollary. In Section 6 we describe how to reduce
the simultaneous conjugacy problem to a special instance of the ordinary one,
thus solving it for Thompson’s group F'. In Section 7, we generalize the previous
machinery to the groups PLgq(/). In Section 8 we show interesting examples
where the simultaneous conjugacy problem can be solved.

2. THE IDEA OF THE ARGUMENT

In this section we describe the groups that we will study and outline the steps
of our proof. This section is intended to give a quick overview of the results that
we will prove in the later sections.

2.1. Notations. We introduce here the notation that will be used across the
paper. Let I = [0,1] be the unit interval. We define PL, (1) to be the group
of piecewise linear orientation-preserving homeomorphisms of unit interval into
itself, with finitely many breakpoints such that slopes are positive real numbers.
The product of two elements is given by the composition of functions.

We can impose additional the requirements on the breakpoints and the slopes to
define subgroups of PL (I). Let S be a subring of R, let U(.S) denote the group of
invertible elements of S and let G be a subgroup of U(S)NR,. We define PLg (1)
to be the group of piecewise linear orientation-preserving homeomorphisms from
the unit interval into itself, with only a finite number of breakpoints and such
that

e all breakpoints are in the subring .S,
e all slopes are in the subgroup G,

the product of two elements is given by the composition of functions. If G =
U(S) N Ry we write PLg(I), instead of PLgg(l). If S = R, then PLg(I) =
PL, (I). For the special case S = Z [1], we denote the group PLZ[%] (I) by PLo(1).
The group PLy(7) is also known as Thompson’s group F' and it is isomorphic to
the group F' defined in the introduction (see [5] for a proof). We observe that in
order to make some calculations possible inside the ring S and its quotients, we
need to ask for some requirements to be satisfied by S from the computability
standpoint. These will be clearly stated in Remark 7.4 and will be assumed
throughout this paper.

To attack the ordinary and the simultaneous conjugacy problems, we will split
the study into that of some families of functions inside PL, (7). The reduction
to these subfamilies will come from the study of the fixed point subset of the
interval I for a function f.

Remark 2.1. We would like to define the group PLg ¢ (.J), where J is any interval
contained in I. There are two natural ways to define it:



4 MARTIN KASSABOV AND FRANCESCO MATUCCI

(1) The group of restrictions of functions in PLg () fixing the endpoints
of J:

PLES(J) i= {1, | f € PLsa(1), £(n) = 0, £(C) = C}

It is not clear that PL% (J) can be regarded as a subgroup of PLg ().
(2) The group of functions of PLg (1) which fix the endpoints of J and are
the identity on I \ J:

PLYY "V (J) = {f € PLsa(I) | f(t) =t,Vt € I\ J}.

We observe that PLgfé:I\J(J ) is clearly a subgroup of PLg (7).

In the case where the endpoints of J are contained in .9, it is easy to check that
the two definitions coincide (i.e. PLgfé:I\J(J ) = PL??G“(J )) and thus the group
PL?%(J ) can be regarded as a subgroup of PLg (). However, if one of the two
endpoints is not in S, the group Pngé:I\J(J ) is not finitely generated: if J = [n, (]
and ¢ ¢ S then, given any finite set of functions fi, ..., fi, there exists an interval
(i, €], for some n < p < ¢, where they all coincide with the identity map; this
happens because ( is not a breakpoint for any of them and so (fi,..., fr) <
PL?Z:I\J(J ). Since in this paper we will always assume both endpoints to be in
S, this difference will not matter and any of the two descriptions can be adopted
to define PLg (/).

We state the following interesting question:

Question 2.2. Let S be a finitely generated subring of R and GG be a be finitely
generated subgroup of U(S). Let J be an interval contained in [0, 1], with no as-
sumption about the endpoints of J. Is the group PLI;?(J ) defined in Remark 2.1
finitely generated?

Remark 2.3. Throughout the paper we will always assume the interval J to
have endpoints in S. For the special case S = Z[%], it is straightforward to
verify that PLy(J) = PLy(/), though we will not use this fact. We observe that
the analogue fact may not be true for the groups PLg (1) (see Remark 7.5).

For a function f € PLg(.J) we define the fixed point set on the interval J as

Fix;(f) :={t e J| f(t) =},

to simplify the notation will often drop the subscript J. The motivation for
introducing this subset is easily explained — if y,2z € PL,(J) are conjugate
through ¢ € PL, () and t € (n,() is such that y(t) = t then z(¢g7'(t)) =
(g7 yg) (g7 (t)) = g~ 1(t), that is, if y has a fixed point then z must have a fixed
point.

Definition 2.4. We define PL5 (J) (and respectively. PLg,(J)) to be the set
of all functions in PLg(J) with graph below the diagonal (respectively, above
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the diagonal). A function is # € PLgg(J) is called one-bump function if either
x € PLg4(J) or x € PLG4(J).

Given a function f € PLgg(1) and a number 0 < ¢ty < 1 fixed by f, it is not
always true that £y € S. The example in figure 1 shows a function in PLy(7) with
a non-dyadic rational fixed point. In order to avoid working in intervals J where
the endpoints may not be in S, we introduce a new definition of boundary which
deals with this situation: for a subset X C [0, 1], we define

85X = 8XﬂS

where 0X denotes the usual topological boundary of X inside R. With this
definition, the set 90X \ dsX becomes the set of isolated points of X that are not
in S. For the special case S = Z [%] we write 0p X .

Definition 2.5. We define PLY(J) € PLgg(J), the set of functions f €
PLs(J) such that the set Fix(f) does not contain elements of S other than
the endpoints of J, i.e., Fix(f) is discrete and dsFix(f) = 0gJ.

Y3}
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FIGURE 1. A function in PLy(I) with a non-dyadic fixed point.

2.2. Outline of the strategy. We will begin our investigation with the special
case of Thompson’s group PLy(I) (in Sections 3 through 6. Most of the techniques
that we develop for this case will extend to the general case of the groups PLg (1)
as it will be shown in Section 7. For this reason, we will now give the general
outline our strategy in PLg ¢ (1).

Step 1. Find a g € PLgg(I) such that Fix(y) = g(Fix(z)). The set Fix(z)
consists of a disjoint union of a finite number of closed intervals and isolated
points, because every z € PLgq(/) has only finitely many breakpoints. As
mentioned before, if g7'yg = 2, then Fix(y) = g¢(Fix(z)). Thus, as a first
step we need to know if, given y and z, there exists a ¢ € PLg (/) such that
Fix(¢7'yg) = ¢(Fix(y)) = Fix(z). In Section 3 we show whether or not there
exists an approximate conjugator g, such that Fix(g;'yg.) = Fix(z). We then
study the conjugacy problem problem for g lyg, and 2.
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Step 2. If Fix(y) = Fix(z), then 0sFix(y) = 0sFix(y) = {a1,...,a,} and we
look for conjugators in PLg g ([a;, cit1]) of the restrictions of y and z to [, caiiya].
We reduce to study the problem on smaller intervals. If y = 2z = id on the interval
[aj, a1 1] there is nothing to prove, otherwise y and z are one-bump functions.
This case will be dealt with through a procedure called the “stair algorithm” that
we provide in Subsection 4.2.

Step 3. Compute the intersection of centralizers of elements and derive a solution
to the conjugacy problem. Finding centralizers g of an element y is equivalent to
find all elements g such that ¢g~'yg = y. Using similar techniques we can also
classify the structure of intersection of centralizers, which will be useful for the
last step. Since the set of all conjugators for y and z is given by a particular
conjugator times an element in the centralizer of y, Step 2 and Step 3 give us a
solution to the conjugacy problem.

Step 4. Reduce the simultaneous conjugacy problem to a “restricted” conjugacy
problem. It can be seen that the simulatenous conjugacy problem is equivalent
to solving the conjugacy problem for two elements y and z with the restriction
that the conjugator g must lie in the intersection of centralizers of some elements
x1,...,T. In Section 6 we will show how to build such a conjugator, if it exists
follwing steps 1 and 2.

3. MOVING FIXED POINTS
In this Section we carry out the first step of the outline described in Section 2.

Theorem 3.1. Given y,z € PLy(I), we can determine if there is (or not) a
g € PLy(I) such that g(Fix(y)) = Fix(¢g~'yg) = Fix(z). If such an element
exists, it can be constructed.

To start off, we need a tool to decide if this can be proved for the boundaries
of the fixed point sets. In other words, we need to decide if it is possible to make
OFix(y) coincide with OFix(z) (see figure 2). The first step is to see how, given
two rational numbers o and 3, we can find a g € PLy(I) with g(a) = 8. The
next two results are well known:

The following Lemma 3.2 is well known and a proof it can be found in [5].

Lemma 3.2. If 0=y <z <3< ...<zxp=1land0=yo <y <yp < ... <
yn = 1 are two partitions of [0, 1] consisting of dyadic rational numbers, then we
can build an f € F, such that f(z;) = ;.

Lemma 3.3 (Extension of Partial Maps). Suppose Iy, ..., I C [0,1] is a family
of disjoint compact intervals I; = [a;,b;], with b; < a;41 for all i = 1,... )k
and a;, b; € Z[%] Let Jy,...,Ji, C[0,1], with J; = [¢;,d;], be another family of
intervals with the same property. Suppose that g; : I; — J; is a piecewise-linear
function with a finite number of breakpoints, occurring at dyadic rational points,
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14 e )
g Fix(y)={oy,0,a3}

—g 7 Fix(2)={0,,020s}

— Y

0" g @B, ap1
FIGURE 2. An example with OFix(y) # 0Fix(z).

and such that all slopes are integral powers of 2. Then there exists an g € PLa(I)
such that g|;, = g;.

Proof. By our hypotheses we have that 0 < a7 < b; < ... < ap < by < 1 and
0<c <dy <...<c¢p<d <1 aretwo partitions of [0, 1] with the same number
of points. By the previous Lemma, there exists an h € PLy(I) with h(a;) = ¢
and h(b;) = d;. Define

~ h(t) t&€;U...U]
g(t) == G) t€h ’
This function satisfies the extension condition. OJ

We observe that this proof is constructive and produces easily an element of F
seen as a piecewise-linear function.

Proposition 3.4. Let o, € QN (0,1). Then there is a g € PLy(I) such that
g(a) = B if and only if

2t 2k
o = _m7 ﬁ = _u7
n n
with t,k € Z, m,n,u odd integers, (m,n) = (u,n) =1, and the following holds
(1) u=2%n (mod n)

for some R € Z. Moreover, if such element g exists, it can be constructed.

Proof. Suppose that there is g € PLy(/) such that g(a) = . If a is a dyadic
rational then 3 is also a dyadic rational and the conclusion of the lemma holds.
Otherwise g(t) = 2"t + 2°w inside a small open neighborhood of «, for some
r,s,w € Z. Let a = ?Tm,ﬁ = QkT“, for some t,k € Z, (m,n) = (u,n) = 1,
m,n,u,v odd. Then

2k 22'm 2" tm + 25wn

=pF=gla)=2"— 42w =
v n n
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T+t s . . .
Now the numerator of % and n may not be coprime any more, in which

case we may cancel the common part and get a new odd part n” of the denominator
of the right hand side. Moreover we have v|n. Applying the same argument for
g~ we have that n|v, i.e., v = n. Thus, if there is a g carrying a to 3, then

w=2"""%m 4 25 Fun.
Now we can rename R :=1r +t — k so that the equation becomes

u=2%m (mod n).

14 1 b 1
’/

8,

B —> / —>

By e

0 a, a2=1 0

FIGURE 3. How to build a g € PLy(1), with g(a) = S.

Conversely, suppose u satisfies (1). Then we can find r, s, w such that, by going
backwards in the “only if” argument, there is a small open interval (v, 0) C [0, 1]
containing o and a function g(t) = 2"t + 2°w, with g(a) = # and we can choose
7,0 so that they are dyadic rationals and ¢(v), g(d) € I. Now we just apply the
extension Lemma 3.3 and extend g to the whole interval [0, 1] (see figure 3). O

Example 3.5. Let a = %7’ 8= }—3 and v = % It is easy to see that we can find
a g € PLy(I) with g(a) = 3, but there is no h € PLy(I) with h(a) = 7.

Corollary 3.6. Given a, 3 € QN(0, 1) there is an algorithm to determine whether
or not there is a g € PLo(I) such that g(o) = 3. Moreover, if such an element g
exists, it can be constructed.

We now state the same results for a finite number of points. Its proof uses the
extension Lemma 3.3 on a number of disjoint intervals, one around each point.

Corollary 3.7. Let 0 < oy < ... < a, <1l and 0 < B; < ... < (B, <1 be two
rational partitions of [0,1]. There exists a g € PLo(I) with g(ou) = B; if and
only if there are g1, ..., g, € PLo(I) such that g;(cy;) = 3;. Moreover, if such an
element g exists, it can be constructed.

Proof of Theorem 3.1. Using the previous Lemma we can determine whether
or not we can make OFix(y) and OFix(z) coincide. First we have to check if
#0Fix(y) = #0Fix(z). Then we use the previous Corollary to find a g € PLy(1),
with g(OFix(y)) = OFix(z), if it exists. Let y := g 'yg. Now we just have to
check if the sets where the graphs of the two functions 7 and z intersect the
diagonal are the same. In fact, we know that the boundary points of these sets
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are the same, so it is enough to check whether Fix(y) contains the same intervals
as Fix(z). O

4. THE STAIR ALGORITHM

In this Section we carry out the second step of the strategy described in Sec-
tion 2 by restricting our study to a square where the given functions have “no
relevant” intersection with the diagonal, and showing how to build possible can-
didates for conjugator

4.1. The Linearity Boxes. The very first thing to check, if ¥ and z are to be
conjugate through a g € PLy(J), is whether they can be made to coincide in
neighborhoods of the endpoints of J = [n,(]. This subsection and the following
one will deal with functions in PLy(J): we will reuse them in the discussion on
PLs¢(I). We start by making the following observation: the map PL,(J) — R
which sends a function f to f’(n™) is a group homomorphism.

Lemma 4.1. Given three functions y,z,g9 € PLy(J) such that g~'yg = z, there
exist a, B € (1, C) such that y(t) = z(t), for allt € [n, a|U[B, ] (refer to figure 4).

CA Y=z

U o B ¢

FIGURE 4. y and z coincide around the endpoints.

Proof. We prove the Lemma for the first interval. Let ¢ > 0 be a number small
enough that

g(t) —n=a(t—n), for t € [n,n+¢],
y(t) —n = bt —n), for t € [n,g(n +¢)],
g t)—n=a"t(t —n), for t € [n,yg(n+ )]

for some a,b > 0. Let o« = min{n +¢,g(n +¢€),yg(n + €)}. Then, for t € [n, a],
we have

2(t) = g7 yg(t) —n = a""ba(t —n) = bt —n) = y(t).
The second interval is found in the same way, after recentering the axis at the
point (¢, ¢). 0
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If two functions coincide at the beginning and at the end, then a candidate
conjugator g will have to be linear in certain particular “boxes”, which depend
only on y and z.

Lemma 4.2 (Initial Box). Suppose y,z,9 € PL,(J) and g~'yg = 2. Let a > 0
and y'(nT) = 2'(nt) = ¢ > 1 satisfy

y(t) —n==z@t)—n=c(t—mn) fort € n,n+al.
Then the graph of g is linear inside the square [n,n + a| X [n,n + «, i.e., the

graph of g is linear in some neighborhood of the point (n,n) in J x J depending
only on y and z (see figure 5).

Proof. We can rewrite the conclusion of this lemma, by saying that, if we define
e = sup{r | g is linear on [n,n + r|},

then n +¢ > min{g~'(n + a),n + a}. Assume the contrary, let ¢ < a and
n+e < g in+a)and write g(t) —n = v(t —n) for t € [n,n + €], for some
constant 7 > 0. Let 0 < ¢ < 1 be any number. Since ¢ < 1 and € < «a, we have
N+ o0e < n+ «a and so y is linear around n + oe:

9(y(n + o¢)) = g(n + coe).
On the other hand, since n+¢ < g~'(n+a), it follows that g(n+oe) < g(n+e) <
n+ « and so z is linear around the point g(n + oe) = n + yoe:
2(g(n+ 0¢)) = z(n + yoe) = n + cyoe.

Since gy = zg, we can equate the previous two equations and write g(n + coe) =
n + vycoe, for any number 0 < o < 1. If we choose 1/¢ < o < 1, we see that g
must be linear on the interval [0, coe], where coe > €. This is a contradiction to
the definition of ¢. U

FIGURE 5. Initial linearity box.

Notice that the square neighborhood depends only on y and z. We observe
that the Lemma also holds when z'(n*) = ¢/(n") = ¢ < 1 and the proof is given
by applying the previous proof to the homeomorphisms y !, z=*. Thus we can
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remove any requirement on the initial slopes of y and z. Note that the Initial
Box Lemma has an analogue for the points close to (:

Remark 4.3 (Final Box). Let y, 2,9 € PL,(J). Suppose (¢ 'yg)(t) = y(t), for
all t € J. If there exist 3, c € (0,1) such that y(t) = z(t) = ¢- (t — )+ on |3, (],
then the graph of g is linear inside the square [3, (] x [3, (].

4.2. The Stair Algorithm for PL$(J). This subsection will deal with the main
construction of this paper. We show how, under certain hypotheses, if there is a
conjugator, then it is unique. On the other hand, we give a construction of such
a conjugator, if it exists. Given two elements y, z the set of their conjugators is
a coset of the centralizer of one of them, thus it makes sense to start by deriving
properties of centralizers.

Lemma 4.4. Let z € PL,(J). Suppose there exist n < A < p < ( such that
z(t) < A\, for every t € [n, u]. Suppose further that g € PL(I) is such that

(i) g(t) =t, for allt € [n,\] and
(ii) g7'2g(t) = 2(t), for all t € [n, u].
Then g(t) =t, for allt € [n, pl.

Proof. Suppose, by contradiction, that there exist points A < #; < 6y < p such
that g(t) = ¢, for all t € [n,0,] and g(t) # t and ¢ is linear, for t € (61, 6,].
Recenter the axes in the point (6y,6;) through T =t — 6, and Z = z — 6;. Then
g(t) = at, for t € 0,0y — 6], for some positive a # 1 and z(t) = St — =, for
t € [0,¢], for 8,7 € R,e > 0 suitable numbers. Observe that now —6; < z(t) <
2(05 — 01) < XA —0; <0 and that due to the recentering g(t) =t on [—6y,0]. For
any 0 < t < min{f, — 0y,¢,e/a} the following equalities hold:

Bt —v = 2(t) = g2(t) = 29(t) = z(at) = afft — 7,

and so this implies ft = aft, hence a = 1. Contradiction. O
Corollary 4.5. Let z € PL3(J) and g € PL(J) be such that

(i) ") =1,

(ii) g tzg(t) = 2(t), for allt € J.
Then g(t) =t, for allt € J.
Proof. Since ¢'(n™) = 1, we have g(t) = ¢ in an open neighborhood of 1. Suppose,
to set a contradiction, that g(tg) # to, for some ¢ty € (n,(). Let A be the first
point after which g(¢) # t. It is obvious that n < A < ¢. Thus z(\) < A and
we let = 27'(\) > A. So we have that z(t) < X\ on [0, ], g(t) =t on [n, )]
and g7'zg = z on I. By the previous Lemma, g(t) = ¢ on [n, u], with u > .
Contradiction. d
Lemma 4.6. Let z € PL3(J). Let Cpr, (s)(2) be the centralizer of z in PL,(J).
Define the map

(V2P CPL+(J)(Z) — R+
g +— g

Then @, is an injective group homomorphism.
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Proof. Let y € PL3(J) and suppose that there exists two elements gi,go €
Cpr, () (y) such that ¢,(g1) = ¢,(g2), then g; 'go has a slope 1 near n and by
the previous Lemma is equal to the identity. Therefore g; = g2, which proves the
injectivity. Clearly this is a group homomorphism. 0

This Lemma implies the following:

Lemma 4.7. Let y,z € PL3(J), let Cpr, ) (y,2) = {g € PLL(J) | y? = 2} be
the set of all conjugators and let A be in the interior of J. We define the following
two maps

Pyet Crin(y,2) — Ry

Then

(1) @y. is an injective map.
(ii) There is a map py : J — Ry such that the following diagram commutes:

CPL+(J) (3/7 Z) 2 Ry
P
J

(iii) vy .\ s injective.

Proof. (i) is an immediate corollary of Lemma 4.6. (ii) Without loss of generality
we can assume that the initial slopes of y,z are the same (otherwise the set
Cpr, ()(y, 2) is obviously empty and any map will do). We define the map pj :
J— R, as

oy =
pa(p) = T}ljglom

The above limit exists, because the sequence stabilizes under these assumptions.
To prove that the diagram commutes we define 1 = g(A) and observe that

y" (1) — nand z"(A) — 7. By hypothesis y(u) = g(2())) so that g(2"()\)) =
y"(u), for every n € Z. Since g fixes n we have
g(t) =g (n")(t —n) +n on a small interval [n,n + €],

where ¢ depends on g. Let N = N(g) € N be large enough, so that the numbers
yV (), zN(N) € (9,7 + ). This implies that, for any n > N

y'(u) = g(z"(N) = g'(n")(Z"(N) —n) +n
and so then

ousl9) = 9 () = S = Pa(tea(9))
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(ili) Since @y, = pathy a1 injective by part (i), then ¢, . ) is also injective. [

Our strategy will be to construct a “section” of the map ¢, ., if it exists. Then
as a consequence we will build a “section” of the map 1, . » too. The main tool
of this subsection is the Stair Algorithm. This procedure builds a conjugator
(if it exists) with a given fixed initial slope. The idea of the algorithm is the
following. In order for y and z to be conjugate, they must have the same initial
slope; by the initial linearity box Lemma this determines uniquely the first piece
of a possible conjugator. Then we “walk up the first step of the stair”, with the
Identification Trick, that is basically identifying y and z inside a rectangle next to
the linearity box, by taking a suitable product of y and z as a conjugator. Then
we repeat and walk up more rectangles; until we “reach the door” (represented
by the final linearity box) and this happens when a rectangle that we are building
crosses the final linearity box.

Lemma 4.8 (Identification Trick). Let y,z € PL3(J) and let a € (n,{) be
such that y(t) = z(t) for t € [n,al. Then there exists a g € PL(I) such that
2(t) = yi(t) fort € [n,z" )] and g(t) =t in [n,a]. The element g is uniquely
defined up to the point z=(«). If y,z € PL5(J) then g can be chosen in PLy(J)
(see figure 6).

14 14
rf— ! I
—> Yr
_y ‘‘‘‘‘‘ £
1/ z Z
0 «a " 0 a 7 (a) "1

FIGURE 6. The identification trick

Proof. If such g exists then we have that, for ¢ € [, 27! ()]

y(g(t)) = g(=(1)) = 2(t)

since z(t) < a in [n,z7'(a)]. Thus, for t € [a, 27 (a)], we have that g(t) =
y~'2(t). Now, that we have derived this necessary condition, we are ready to
prove that such a g exists. Now define

o(t) = {t_l t € n,al

y1z2(t) te€ o, 27 (a)]
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and extend it to J as a line from the point (z7(a),y ! (a)) to (¢,¢). Ify,2z €
PLy(J) then we extend g to J, through the extension Lemma. A direct compu-
tation verifies that y9(t) = z(¢) for t € 27 (a). O

Proposition 4.9 (Stair Algorithm for PL$(J)). Let y,z € PL3(J) and let q be
a fized positive real number. We can decide whether or not there is a g € PLy(I)
with initial slope ¢'(n*) = q such that y9 = z. If g exists, it is unique and can be
constructed.

Proof. Assume y # z and, up to taking inverses, suppose 0 < ¢'(n7) = ¢ < 1.
Let [n,a]? the initial linearity box and [3,(]? the final one. Then, for y and z
to be conjugate we must have that ¢ has is linear in [, a]* and in [3, (]%. Since
g < 1 we must have g linear on the interval [, a] and so we define:

go(t) :==qlt—n)+n te€na

and extend it to the whole J. Now take the function y; = g, 'ygo, which is still
below the diagonal. Our goal now is to see if y; and z are conjugate. What is
different now is that the new conjugator we will try to build is the identity on
[n, ], where we already know that the functions y; and z coincide. We use the
Identification Trick under the diagonal and build

() = {t t€n,al

yia(t)  te a2 o)

then extending it to J. Again, we want to see we can find a conjugator of y, and
z such that it is the identity on [n, 27! («)]. Thus if we iterate this process and
we build a sequence ¢2,93,93 - .., Yr, gr, - . .. By construction, we always have that
g is the identity on [n, 27" («)] and that y,.(t) = z(¢t) for all t € [n.z7"(a)]. We
apply Lemma 4.11 and choose the smallest integer r so that

min{z""(a),y™"(n + qla —n))} > B

and notice that this » depends only on y, 2z and ¢q. Observe now that the Iden-
tification Trick tells us that, if the function g of the statement exists, it must
coincide with the function h(t) := go ... g.(t), for t € [, 27" («)]. If we prove that
the part of the graph of h on the interval [27"(«a), 1] is inside the final box, then
we can build g by extending it linearly up to the point ({, (). Recall that, by con-
struction g;_1y; ' = ¥, gi1 and gi(z7(a)) = y; H(z7F (), for all i = 1,..., 7.
Then

h(ziT(O‘)) =4go--- 9r72y;11gr,1(z’”1 (Oé)) =
=G0.. .Gy (27 (a) = ... =

=y "go(a) =y "(n+qla—mn)) > B.
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Since z7"(a) > 3 by our choice of 7 then (27" (), h(27"(x))) € [3,¢]* and there-
fore we can define g by extending it linearly in the last segment, i.e. joining
(z7" (), h(z7"())) with (1,1).

If the function h is not linear on [, 27" ()], then there is no conjugator for
y and z. Otherwise, we have to check whether ¢='yg = 2 and we are done. To
prove the uniqueness of g, we just apply Lemma 4.7. 0

Lemma 4.10. Let y,z € PL(J), g € PLy(J) and n € N. Then g 'yg = z if
and only if g~ly"g = 2"

Proof. The “only if” part is obvious. The “if” part follows from the injectivity of
¢, of Lemma 4.6 since ¢~ 'yg and z both centralize the element ¢g~!y"g = z". O

Lemma 4.11. Let J = [,(] be a compact interval, let y,z € PL3(J) and g €
PL.(J) be such that g~ 'yg = z. Suppose moreover that [n, ] X [n, o] is the initial
linearity box and [, (] x [, (] is the final one fory and z. For every positive real
number q there is a k € N such that y*(3) < n+q(a—n), 28(8) < a. Moreover y*
and 2* are still conjugate through g, so g must still be linear in the same linearity
bozes of y and z.

Proof. Since y(f) < 3 and y € PL3(J) then y"(8) — 7. Similarly this is true

for {z"(8)} and so we can pick any number r € N big enough to satisfy the
statement. Moreover, we have g~ 'y*g = (g7 'yg)* = 2*. Finally we observe that
the linearity box of y” and 2" is smaller than that of y and z, but that we already
know that ¢ has to be linear on [n, o] and on [, (]. O

The stair algorithm can also be proved in a slightly different way. We can apply
Lemma 4.11 at the beginning and work with 3" and z" instead of y and z. This
gives a proof which concludes in two steps, although it yields the same complexity
for a machine which has to compute immediately the powers 3" and 2".

“Short” Proof of Proposition 4.9. Assume the same setting of the Proposition 4.9.
We choose r to be the smallest number satisfying Lemma 4.11, so that

min{z~"(a),y"(n + q(a — 7))} > 5.

We now find a conjugator between y” and z". We notice that the linearity boxes
of y" and 2" are again given by [n, a]? and [3,¢]*>. With our assumption on r, the
algorithm will need only two steps to end. Define gy as before and then define
Y1 =0o 19g0. We then define an approximate conjugator g, for yi and 2" as in the
previous proof. Now we observe that the map gog; is a conjugator for y” and 2"
up to the point z7"(«) and that it enters the final linearity box, as in the previous
proof. Now we extend it by linearity and we check whether this is a conjugator
for y" and 2". If it is, it is the unique one. Finally, Lemma 4.10 tells us that g is
a conjugator for y” and 2" if and only if is is for y and 2z and so we are done. [J
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Remark 4.12. By the uniqueness of the conjugator (Lemma 4.7) we remark
that both the proofs of the stair algorithm do not depend on the choice of gg.
The only requirements on gy are that it must be linear in the initial box and
90(n") =q.

Corollary 4.13 (Explicit Conjugator). Let y, z € PL3(J), let [, a] be the initial
linearity box and let q be a positive real number. There is an r € N such that the
unique candidate conjugator with initial slope q < 1 is given by

g(t) =y "go2"(t) Vi€ [n 2z (a)]
and linear otherwise, where go is any map in PL,(J) which is linear in the initial
box and such that gy(n™) = q.

Proof. We run the short stair algorithm and let g = gog; be defined as above.
By the short proof of the stair algorithm and the previous Remark, we have
g = 9091 =¥ ‘gog1z on [,z "(c)] for some r. Therefore

g(t) =y "gogr1z7"(t) =y "goz"(t) YVt e [n (o)
and it is linear on [z7"(«), (]. O

Corollary 4.14. Let y,z € PLS(J), and let X be in the interior of J. The map

¢y,z,A: CPL+(J)(y, Z) — J
g — g\)
admits a section, i.e. if ¥, \(g9) = pu € J , then g is unique and can be con-
structed.

Remark 4.15. Suppose y, z € PL3(J) UPLZ(J), then in order to be conjugate,
they will have to be both in PL$(J) or both in PL7(.J), because by Lemma 4.1
they will have to coincide in a small interval [n, a]. Moreover, g~ 'yg = z if and
only if g~ 'y~'g = 27!, and so, up to working with y~!, 27!, we may reduce to
studying the case where they are both in PL$(.J).

Remark 4.16 (Backwards Stair Algorithm). The stair algorithm for the group
PL3(J) can be reversed. This is to say that, given ¢ a positive real number, we
can determine whether or not there is a conjugator g with final slope ¢'(¢7) = q.
The proof is the same: we simply start building ¢ from the final box.

Remark 4.17. All the results of subsections 4.1 and 4.2 can be stated and
proved by subsituting PLy(J) and PL5 (J) for every appearance of PL,(J) and
PL3(J). Only a few more remarks must be made in order to prove it. In the
Identification Trick we need to observe that o and z7!(«) are dyadic and to take
all the extensions in PLy(J) through the extension Lemma.

The stair algorithm gives a practical way to find conjugators if they exist and
we have chosen a possible initial slope. By modifying the algorithm we can see
that, if two elements are in PL5 (J) and they are conjugate through an element
with initial slope a power of 2 then the conjugator is an element of PLqy (/).
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Corollary 4.18. Let y,z € PLy(J), g € PL,(J) such that y* = z and ¢'(n™) is
a power of 2. Then g € PLy(J).

4.3. The Stair Algorithm for PL)(.J). Section 3 proves that we can reduce
our study to y and z such that Fix(y) = Fix(z). It is now important to recall that
an intersection point « of the graph of z with the diagonal may not be a dyadic
rational (see again figure 1). If this is the case then a cannot be a breakpoint
for y,z,g. This means that, for these a’s, we have that y'(a), z’(a) and ¢'(«)
are defined, i.e., the left and right derivatives coincide. Recall that a function z
belongs to the set PLy(.J) if its graph does not have dyadic intersection points
with the diagonal.

Proposition 4.19 (Stair Algorithm for PL3(J)). Let y, z € PLY(.J) and suppose
that Fix(y) = Fix(z). Let q be a fized power of 2. We can decide whether or not
there is a g € Plo(J) with initial slope ¢'(n*) = q such that y is conjugate to z
through g. If g exists it is unique.

Proof. This proof will be essentially the same as the previous stair algorithm with

a few more remarks. We assume therefore that such a conjugator exists and build
it. Let Fix(y) = Fix(z) = {n = ap < a1 < ... < a5 < as1 = (}. We restrict

our attention to PLy([a, ai11]) (as defined in Remark 2.1), for each i = 0,...,s.
If y and z are conjugate on [y, ;. 1] then we can speak of linearity boxes: let
I := [y, vi] X [ay,7;] be the initial linearity box and A; 1= [0;, ay1] X [0i, @iy

the final one for PLy([ay, 41]). Now what is left to do is to repeat the procedure
of the stair algorithm for elements in PL5 (U), for some interval U. We build a
conjugator g on [ayg, o] by means of the stair algorithm. We observe that o is
not a breakpoint, hence ¢'(a)") = ¢’(a; ). Thus we are given an initial slope for g
in [aq, as], then we can repeat the same procedure and repeat the stair algorithm
on [ay, as]. We keep repeating the same procedure until we reach ag,; = (. Then
we check whether the g we have found conjugates y to z. Finally, we observe that
in each square [, ;11| X [ay, a41] the determined function is unique, since we
can apply Lemma 4.7 on it. O

An immediate consequence of the previous result is the following Lemma:
Lemma 4.20. Suppose z € PLy(J) and g € PLy(J) are such that
(i) g'(n") =1,
(i) (g7'29)(t) = 2(t), for allt € J.
Then g(t) =t, for allt € J.

Remark 4.21 (Backwards and Midpoint Stair Algorithm). It is possible to run
a backwards version of the stair algorithm also for PL)(.J). Moreover, in this case
it also possible to run a midpoint version of it: if we are given a point A in the
interior of J fixed by y and z and ¢ a fixed power of 2, then, by running the stair
algorithm at the left and the right of A we determine whether there is or not a
conjugator g such that ¢’(\) = gq.
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From the previous Lemma and Remark it is immediate to derive:

Corollary 4.22. Let y,z € PLY(J) such that Fix(y) = Fix(z) and let
Coro(y(y,2) = {g € PLa(J)|y? = 2} be the set of all conjugators. For any
7 € Fix(y) define the map
Py.z,7 - CPLQ(I) (ya Z) — Ry
g — g(7),

where if T 1s an endpoint of J we take only a one-sided derivative. Then

(i) @y, is an injective map.

(ii) If @y, .,r admits a section, i.e. if there is a map Ry — Cpr, ) (y,2), 1t — gy

such that @, . +(g,) = p then g, is unique and can be constructed.

Proposition 4.23. Let y, z € PL(J) such that Fix(y) = Fix(z) and let X be in
the interior of J such that y(\) # \. Define
Py CPL+(J)<y72) — J
g — g().
Suppose y"(A\) — 7. Then

n—oo

(i) There is a map py : J — Ry such that the following diagram commutes:

Crr, ()Y, 2) 2T LR,

PA

J

(ii) vy ..x is injective.
(iii) If y,.n admits a section, i.e. if there is a map J — Cpry) (Y, 2), 1t — Gu
such that 1, . \(g9,) = p then g, is unique and can be canstructed.

Proof. Let Fix(y) = Fix(2) = {n = po < 1 < ... < g < px+1 = ¢} and suppose
i < A < p;4q for some i. We define the partlal map py :J — R, as
lim,, o —yz(“)_T SRV
oal) = =y € b pe
1 otherwise
Since Fix(y) = Fix(z), ”()\) — 7 and 7 is fixed by g. Thus if g = g()), then
Yy () = g(z"(\) — 7. With this definition, the proof follows closely that of

n—oo

Lemma 4.7(ii), Proposition 4.14 and by applying Corollary 4.22 and the previous
Remark. 0

We conclude this subsection with a technical lemma which we will need later on:

Lemma 4.24. Let 7, € J, h € PL(J). Then:
(i) The limit o+ = lim h*"(7) exists and h(p+) = o+,
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(ii) We can determine whether there is or not an n € Z, such that h™(7) = p.

Proof. If h(7) = 7 then it is clear. Otherwise, without loss of generality, we can
assume h(7) > 7. The two sequences {h*"(7)}nen are strictly monotone, and
they have a limit lim A*"(7) = ¢4 € [0,1]. Thus, by continuity of A

n—oo

pr = lim h"*Y(7) = lim A(h" (7)) = h(ps).
Thus we have that {h"(7)}nez € (¢—,p+) and we have that ¢, is the closest
intersection of h with the diagonal on the right of 7 (similarly for ¢_), so we can
compute ., ¢_ directly, without using the limit. As a first check, we must see
if 1 € (¢_,¢4). Then since the two sequences {h*"(7)},en are monotone, then
after a finite number of steps we find ny,ny € Z such that h="' (1) < pu < h™(7)
and so this means that either there is an integer —n; < n < ny with A"(7) = p
or not, but this is a finite check. O

Remark 4.25. We observe that the results of this Subsection do not depend upon
dyadic rationals and can be easily generalized by replacing every occurrence of
PLy(I) with PLg (). We will briefly restate them in Section 7.

5. CENTRALIZERS AND CONJUGACY IN PLy(])

In this Section we show how the techniques developed so far allow us to ob-
tain compute centralizers, roots and solve the conjugacy problem in Thompson’s
group F. Most of the results of this section were first proved by Guba and Sapir
in [9] in 1997 using different methods.

5.1. Centralizers and Roots in PLy(7).

~Y

Proposition 5.1 (Centralizers). Suppose x € F, then its centralizer is Cp(x) =
Fmx 7", for some positive integers m,n such that 0 < m < n+1 (see figure 7).

F-part

Z-part

FIGURE 7. The structure of centralizers in F
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Proof. Consider the conjugacy problem with y = z = z and let 0yFix(z) =
{n=ay < a1 <...<as<as =} Since all the points of yFix(x) are fixed
by x then g € Cpr,1)(z) must fix the set d,Fix(x) and thus each of the ;’s. This
implies that we can restrict to solve the conjugacy problem in each of the sub-
groups PLy([ay, aiy1]) = PLY (v, aiy1]) and so we can assume that o € PLI(I).
If x = id, then it is immediate Cpy,)(x) = PLy(I). Suppose x # id on [0, 1],
then the map ¢, , of Corollary 4.22 is a non-trivial injective group homomor-
phism. Thus Cpr, ) (x) = logy(Im ¢, ,) < Z, and so Cpr, () is isomorphic to a
subgroup of Z. Therefore Cpr, ) (z) = Z. Let (o, 04, 11], ..., [0, , i, 11] be the
family of intervals such that x|[ai7_7ai7_ 1] # id, then the number of intervals where
there restriction of z is trivial cannot be more than n 4 1: x can be trivial only
on the intervals [n, a;, |, [ 11, @i, - - -y [, 141, 4], [, 41, C- O

This result can be generalized to the groups PLg (1) but it is more difficult
since the initial slopes are not necessarily powers of 2 and so we need a different
argument to show that the images of the maps ¢, , are discrete subgroups.

Proposition 5.2 (Computing Roots). Let id # x € PLy(I), then the function x
has only a finite number of roots and every root is constructible, i.e., there is an
algorithm to compute it.

Proof. We suppose that Fix(z) = {0 =ap < a1 < ... < a, < a,41 = 1} and
we restrict to an interval [oy, ;1] (we can repeat the argument for each . We
may then assume O,Fix(z) = {0,1}. Let m = 2/(0") and let n € N such that
{/m is still an integral power of 2 (otherwise it does not make sense to look for
a n-th root). We want to determine whether there is, or not, a g € PLy(I) such
that ¢g~'zg = z and such that ¢/(07) = /m. Suppose that there is such a g,
then g*zg* = x and (¢*)'(07) = m. Then, by the uniqueness of the solution
of the conjugacy problem with initial slope m (Corollary 4.22), we have that
g" = z. Conversely, if we have h such that h" = z, then A'(07) = {/m. But
h=txh = h™'h"h = h™ = x. Thus an element h is a n-th root of z if and only if
it is the solution the “differential type” equation with a given initial condition

h=tzh =z

R'(07) = /m.
So we can decide whether or not there is a n-th root, by solving the equivalent
conjugacy problem with a given initial slope. Moreover, if the n-th root of g exists,
it is computable by Proposition 4.19 and unique by Corollary 4.22. Moreover,

only finitely many roots are possible because the initial slope of the root divides
that of x. 0J

Corollary 5.3. Suppose x € PLy(I) is such that Cpr,pn(x) = Z, then
Crr, ) (z) = (), for some k € Z.
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Proof. Let ¢, be as in Corollary 4.22, then log,(Im ¢, ,) = MZ, for some M € Z.
Let 2" = @, o(z) and let T = ¢} (2"). Thus thereis a k € Z with 2" = @, ,(z) =
©022(T%) = 2"M_ This implies that k = n/M and that T = /x, since @, is
injective. Thus Cpr,n(x) = (V). O

Proposition 5.4 (Intersection of Centralizers). Let x1,...,x, € PLy(I) and
define C' 1= Cpryny(21) N ... N Cpryny(xk). If the interval I is divided by the
points in the union 0Fix(x1) U -+ U L Fix(xy) into the intervals J; then

C=0Cy-Ch-...-Cy,

where Cy, = {f € C| f(t) = t,Vt € J;} = C NPLy(J;). Moreover, each C}, is
isomorphic to either Z, or PLy(J;) or the trivial group.

Proof. The set 0;Fix(x;) is fixed by all elements in Cpr,)(z;), therefore all el-
ements in C' fix the end points of the intervals J;. The decomposition of C' as
Cy, -...-Cy, follows from the observation:

Claim: Let J and J’ be intervals such that J" C J. Then for any x € PLy(J),
such that 0,Fix(z) does not contain any points in the interior of J’ we have the
restriction of

Crryy(x) N{g € PLy(J) | g(J) = J'}

to the interval J' is either trivial in the case that x does not preserves the interval
J" or Cpr,yn(x) otherwise.

Proof of the Claim. Let g € Cpr,)(z)N{g € PLa(J) | g(J') = J'}. lfa(J') = J
then it is immediate that g|; € Cpr,er)(2). Suppose now that x(J’) # J' and
gly # id and say that J' = [y1,72]. Thus x(y1) # 71 or x(y2) # 2. Without
loss of generality we can assume that z(v;) # 71. Let [¢, d] be the largest interval
containing v; such that z(¢) # t for any t € Z[1/2] N (¢,d). The proof of the
previous Proposition implies that g coincides with ( 4/z)* for some root of z and
some integer k on the interval [c,d]. Since ¥/x(7y1) # v, k must be 0 and so g
is the identity map on [c¢,d]. The restrictions on J’ and J imply that J' C [e, d],
which completes the proof. O

By the previous claim we see that, for each t = 1,...,7 and j =1,...,k, the
restriction of the subgroup Cpr, 1) (z;) N{g € PLa(1) | g(J;) = J;} is either trivial
or equal to Cpr,(s,)(2;). Thus Cj, = id or Cj, = Cpry(s,)(x) for some x € PLy(J)
which, by the previous Proposition, is isomorphic with Z or PLy(J;). O

Corollary 5.5. The intersection of any number k > 2 centralizers of elements
of F' 1is equal to the intersection of 2 centralizers.

Proof. Let C = Cpr,y(z1) N ... N Cpryny (k) be the intersection of & > 2 cen-
tralizers of elements of F. By the previous Proposition we have [ = J;U... U J,
and C = Cy, -...-C;. We want to define wy,ws € PLy(I) such that C' =
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CPLQ(I) (wl) N CPLQ(I) (U)Q) We define them on each interval Jz = [OZZ'7 ai+1]7 de-
pending on C,. Case 1: If C;, = id, then we define w;,ws as any two elements
in PL5 (J;) such that are not one a power of another. Case 2: If C;, = (z) for
some id # x € PLy(J;), then we define wy = wy = x. Case 3: If C;, = PLy(J;),
then we define w; = wy = id. O

Question 5.6. Corollary 5.5 determines that any intersection of more than one
centralizer of elements in F' can be expressed as the intersection Cr(w;) NCr(ws)
for two suitable elements wq,wy € F. Is it possible to build the two elements
wy,wy inside the subgroup (xi,...,xx)? The current proof does not give an
answer to this question.

5.2. The conjugacy problem for PL,(I). We are now ready to give an alter-
native proof of the solvability of the ordinary conjugacy problem for Thompson’s
group F'.

Lemma 5.7. For any y,z € PLY(I) we can decide whether there is (or not) a
g € PLy(I) with y9 = z.

Proof. Let y,z € Ply(I), y # 2. We use Theorem 3.1 to make Fix(y) =
Fix(z), if possible. In order to be conjugate, we must have y'(07) = 2/(0") and
y'(17) = 2/(17). Up to taking inverses of y and z, we can assume that 2" =
y'(07) = 2/(0%7) < 1. Now observe that g~'yg = z is satisfied if and only if
(y°9)'y(y'g) = z is satisfied for every v € Z. If 2?9 is the initial slope of g,
then 2v**P(9) ig the initial slope of y’g. Thus, up to taking powers of y, we can
assume that the initial slope of ¢ is between 2* and 27!. Now we choose all
q € U :={2%2vt .. 271} as possible initial slopes for g, therefore we apply
the stair algorithm for PLI(I) for all the elements of U and check if we find a
solution or not. There is only a finite number of “possible” initial slopes, so the
algorithm will terminate. Moreover, by Lemma 2.22 we can derive the uniqueness
of each solution, for a given initial slope. O

The previous Lemma provides a way to find all possible conjugators, however
it is not an efficient way to do it because we are taking all possible slopes into
consideration.

Theorem 5.8. The group PLy(I) has solvable conjugacy problem.

Proof. We use Theorem 3.1 again and suppose that 0xFix(y) = 0»Fix(z) =
{0 = <y < ... < a < as; = 1}. Now we restrict to an interval
[, ;1] and consider y,z € PLS([ay, 2iy1]). If Fix(y) contains the a subin-
terval of [, a;11], then we must have y = z = id on the whole interval [, @;11]
and so any function g € PLa([av;, ai11]) will be a conjugator. Otherwise, Fix(y)
does not contain any subinterval of [a;, a;41] and so we can apply the previous
Lemma on it. If we find a solution on each such interval, then the conjugacy
problem is solvable. Otherwise, it is not. ([l
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Remark 5.9. The idea of the solution of the conjugacy problem extends to the
groups PLg (1), provided that we have an analogue of Theorem 3.1 to make
OFix(y) = OFix(z). Then will prove that the set X of possible initial slopes for g
is at most countable and that the intersection X N [y'(0), 1] is contained in some
finite set. By the proof of Lemma 5.7, to solve the conjugacy problem it is enough
to test all the candidate conjugators with initial slopes in X N [y/(0), 1].

The argument given to solve the conjugacy problem in F' also works, in much
the same way, to solve the power conjugacy problem. We say that a group G has
solvable power conjugacy problem if there is an algorithm such that, given any
two elements y, z € GG, we can determine whether there is, or not, a ¢ € GG and
two non-zero integers m, n such that g~'y™g = 2", that is, there are some powers
of y and z that are conjugate.

Theorem 5.10. The group PLy(I) has solvable power conjugacy problem.

Proof. Again, we can use Theorem 3.1, suppose that 0y,Fix(y) = 0oFix(z) and
restrict to a smaller interval J = [n,(] with dyadic endpoints and such that
y,z € PLY(J). If g € PLy(J) and m, n exist then we must have that the initial
slope of y™ and z" must coincide. A simple argument on the exponent of these
slopes, implies that this can happen if and only if y™ and 2™ are both powers of a
common minimal power (y*)'(n) = (27)'(n). Hence the problem can be reduced to
finding whether there is a g € PLy(.J) and an integer k such that g~ lykvg = 2%,
By Lemma 4.10 (that can be naturally generalized to PL3(.J)), we have that this
is equivalent to finding a g € PLy(.J) such that g~'y®g = z°. Hence solving the
power conjugacy problem is equivalent to solving the conjugacy problem for y“
and z°. U

6. THE k-SIMULTANEOUS CONJUGACY PROBLEM IN PLy(])

We will make a sequence of reductions to solve a particular case. These reduc-
tions will use the fact that we are able to solve the ordinary conjugacy problem.
First we notice that, since we know how to solve the ordinary conjugacy problem,
then solving the (k + 1)-simultaneous conjugacy problem is equivalent to find a
positive answer to the following problem:

Problem 6.1. Is there an algorithm such that given (zq,...,z,y) and
(w1,..., 2k, 2) it can decide whether there is a function g € Cpr,py(21) N ... N
Cpry(r) (k) such that g~ tyg = 27

Since we understand the structure of the intersection of centralizers, we are
going to work on solving this last question. Our strategy now is to reduce the
problem to the ordinary conjugacy problem and to isolate a very special case
that must be dealt with. Along the way, we discuss what requirements we must
assume to generalize the proof to the groups PLg (7).
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6.1. General case: any k£ and any centralizer. This subsection deals with
the general case. We will first extend Theorem 3.1 and then we will use our
description for the intersection of many centralizers to solve the general problem.
The argument of Proposition 6.3 will show us that we can build possible conju-
gators by using the stair algorithm and then check if they are in an intersection
of centralizers. This will be verifiable, since we have given a description of such
intersection in Proposition 5.4.

Lemma 6.2. Let xy,...,25,y,2 € PLy(J). We can determine whether there is,
or not, a g € C = Cpr,y(21) N... N Cpryyy(xx) such that g(Fix(y)) = Fix(z).

Proof. The proof is essentially the same as that of Corollary 3.7 on each of the
intervals between two dyadic fixed points of y and z. The only new tool required
is Lemma 4.24 on the intervals where C' is isomorphic to Z. We omit the details
of this proof. [l

Proposition 6.3. Let xq,...,x,y, 2 € Plo(J). We can determine whether there
is, or not, a g € C' = Cprypy(x1) N ... N Cpry)(zr) with g7 yg = =.

Proof. Apply Lemma 6.2 to make Fix(y) = Fix(z), if possible. Recall that a can-
didate conjugator must centralize x1,...,x; too, so it has to fix Ule 0o Fix(z;)
and OFix(y) = &Fix(z). Let U, &Fix(z;) = {An}m and &Fix(y) =
{m < ... < p} and let J; denote the interval [u;, piq], for ¢ = 1,... k — 1.
We build g on each interval J;, depending on how y is defined on J;. We have
the following three cases:

Case 1: y is the identity on J;. In this case we define g to be the identity on J;.

Case 2: y is not the identity on J; and there is a point \; € Ule 0o Fix(z;)
which is in the interior of J;. Since p; < A;j < piy1 and A; is dyadic, then
A\; & 0-Fix(y) and in particular \; is not fixed by y and z. Since g(\;) = A;,
the proof of Lemma 4.7(ii) implies that ¢'(u;) = lim, .o %, hence the
slope of g on the right of u; is uniquely determined. Therefore we can apply
Proposition 4.23(iii) to build the unique candidate conjugator g.

Case 3: y is not the identity on J; and Ule OyFix(z;) does not contain any
point of the interior of J;. More precisely, each x, does not fix any point in J;
and so, by the Claim contained in the proof of Proposition 5.4 we have that the
restriction group

Crryy(xr) N{g € PLa(J) | g(Ji) = Ji}

is the trivial group or PLy(J;) or isomorphic to a copy of Z. Since C}, is the
intersection of all the restriction groups for » = 1,...,k, then Cj, will also be
trivial or PLy(.J;) or infinite cyclic. If C}, is trivial, we choose g to be trivial on J;.
If Cj, = PLy(J;) then the construction reduces to solving the ordinary conjugacy
problem in PLy(J;). The case C, = 7Z will be covered in Subsection 6.2.
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Finally we have to verify that the element g constructed by the above procedure
conjugates y to z and commutes with x. 0

The restatement of the k-simultaneous conjugacy problem given in Problem 6.1
and the previous Proposition imply the result of Theorem A in the introduction.

6.2. A special case: k =1 and Cpy, (s)(x) = Z. This subsection is technical
and it deals with a variant of the ordinary conjugacy problem. We want to see
if we can solve it when we have a restriction on the possible conjugators. Thus,
given z,y, z we want to see if g-'yg = z for a g € Cpr,(y)(x) = Z. In particular,
if A/z is the “smallest possible” root (in the sense of the proof of centralizers
in PLy(J)), then we need to find if there is a power of A/x which conjugates
y to z. Since Cpr,(z) = Cpr,( ¥z) = (/x) then we can substitute z

with T := A/z. For simplicity, we assume still call Z with z. The plan for this
subsection will be to reduce to solving an equation of the type
fk — whk

where f,h,w are given, w'(n*t) = 1 and we need to find if there is any k € Z
satisfying the previous equation. The second step will be to prove that there is
only a finite number of £’s to that may solve the equation and so we try all of
them.

We need first to run the usual conjugacy problem on [n, (] between y and z
to see if they are conjugate. If they are, we continue. Otherwise we stop. Let
Crry) (Y, 2) = {g € PLa(J) | g7yg(t) = 2(t), for all t € J} = go - Cpry(r)(y), for
some gy € PLy(J). Now Cpr,(y) = Z° x PLy(J)". Notice that s = ¢ = 0 is
impossible.

If s+t > 2, then there must be some 7 € (n,¢) N Z[3] fixed point for every
element in Cpr,)(y). So if y and z are conjugate through a power of x then
there is a k such that z*(7) = go(7). Notice x(7) # 7, so we apply Lemma 4.24
with g := go(7) and find, if possible a unique integer k& such that z*(7) = . Now
we take g := 2¥ and we check if it is a conjugator or not.

If s = 0,t = 1, then this would mean that Cpr,s(y) = PLy(J) and so that
y = id on [n,(] and so do not need to check the powers of x, but simply if the
function z = id on [n, (].

If s =1,t =0, then Cpr,s(y) = (y) = Z, for y a generator. Thus, y and z are
conjugate through an element of Cpr, (s (), if and only if there exist k,m € Z
such that 2 = goy" in [n, (].

Lemma 6.4. Let x,y, z € PLy(J) be such that Cpr,py(x) = (x) and Cpr,(y) =
(y). Then there ezists X,Y,Gy € PLa(J) such that Gy(n*) = 1 and following
two problems are equivalent:

(i) Find powers k,m € Z such that ™ = goy"
(ii) Find a power k € Z such that X* = GoY'*.
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Proof. Tt is clear that (ii) is a special case of (i), thus it is enough to reduce (i) to
(ii). Suppose we have 2/(n) = 2%, 7 (n*) = 2°, g4 (n*) = 27 for some a, 3,y € Z
and that (m,n) satisfy ™ = goy™. Then comparing the slopes at T, we obtain
20m — (™) (n*) = (gog™)'(n™) = 20" and so am = v + Bn. Thus, if we have
a solution we must have that ged(«, 3) divides 7. That is, v = amg — Ong, for
some myg, ng € Z, which can be computed and thus a(m —mg) = 5(n — ng). We
can change variables and call m = m — mgy and n = n — ng. So we have to find
m,n such that am = fn and so that

o - 1] -
— M= —".
ged(a, B) ged(ay, )
Thus there must exist a k € Z such that
_ I5) ~ o
m=————k and n= ———%k.
ged(a, B) ged(a, B)
Going backwards, we write
15} o
P — dn=——Fk )
o) M e T

By substituting these two values in the equation 2™ = gyy"™ we get
(gj gcd(ﬁa,ﬂ) )k = g;fmogogno (@\gcd(aaﬂ) )k

5
We rename X = xed@d | Gy =z~ ™0 goy"

find a k € 7Z, if it exists, such that
(2) XF=GoY*.

° and Y = yed@d and so we are left to

Thus (i) reduces to solving (ii) for X, Y and G, constructed above. Notice that
after this reduction Go(n™) =2° = 1. O

In the last case we are examining, both x and y cannot have fixed dyadic points,
since their centralizers are cyclic groups. Thus Fix(x) N (n, ) and Fix(y) N (n, ()
must be empty or finite. The same is also true for the new functions X and Y, i.e.
Fix(X)N(n, ) and Fix(Y)N(n, ) must be empty or finite. For sake of simplicity,
we will still call X, Y, Gy with lowercase letters. We will make distinction in the
following cases, by checking what are Fix(x) N (n,¢) and Fix(y) N (n, ) and see
if they coincide or not.

Fix(z) N (n,{) # Fix(y) N (n,(). There exists a 7 € (n,() with y(7) = 7 #
x(7). Thus, by applying Lemma 4.24, we can determine if there is a k such that
28(1) = go(7). We act similarly if there is a 7 € (n,¢) with (1) = 7 # y(7).

Fix(x) N (n,¢)=Fix(y) N (n,¢) # 0. Suppose Fix(x)=Fix(y)={r1 < ... <71y}
Observe that if the equation has a solution then go(r;) = r; for all r;. If these
conditions are satisfied, then we can build all the solutions by solving the equation
in each interval [r;, 7;41]. This reduces the problem to the next case.
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Fix(z) N (n,¢) = Fix(y) N (n,¢) = 0, that is we have that z,y € PL5(J) U
PL; (J). We can now assume that both z,y € PL5(J). Define

K :={k € Z such that 2%(t) = go(y*(t)) for all t € J}.

Our goal is to find whether or not K # (). The first step will be to prove that the
set K is finite, by computing directly its upper and lower bounds. Therefore, we
will have that K C Z N [ly, ko|, for some integers [y, ko, and so we can check all
these integers and see if any satisfies 2% (t) = go(y*(¢)).

Lemma 6.5. Let x,y € PLy(J), go € PLa(J) such that gy(n*) = 1 and let K
be the set defined above. Then K is bounded and there is an algorithm which
computes the bounds.

Proof. Assume K # (), then we must have 2/(n*) = y/(n*). The first step is to
prove that there exists a ky € Z, upper bound for K. Suppose that K has no
upper bound. Let # < ¢ be a point such that go(t) =t and x(t) = y(¢) on [n, d].
Let 1» > 6 a number such that x(¢) < y(¢) and x(t) < y(t) for t < 1. Since
y € PL3(J) then klim y*(¢)) = n, and so we can choose a kg € K be a large

enough number such that y*o (1)) < . Suppose k > ko, by definition of # and
ko € K we have

2" (W) = go(y* () = ¥* ().
Now recall that z(v) < y(¢) < 8 + € and so, since x < y on [, ]

2* () = 2Nz () < 2"y (W)
= P a(y() < PO+ ) < < 2P W) < 9 ).

By comparing the last two expressions, we get z%(1)) < y*(¢)) = 2%(z)). Contra-
diction. Therefore ky is an upper bound for K.
We now want to bound the K from below, and so we use a similar technique.
If k € K is negative, then we consider the equation
v =290 = go(g v 90) = 90(go "g0) " = goT "
where we have set T := gy 'xgo. Since Fix(z) = (), then Fix(Z) = ) and 7 €
PL3(I). So we have reduced to the situation of the previous claim (with Z and y
switched in their role) and we obtain that the set of possible (—k)’s is bounded
above, so that k is bounded below. [l

Since K is finite the k’s to be checked are finite and we can find its bound in
finite time. Now we can check all possible the elements of K and we are done
with this case.

In order to generalize this argument to the groups PLg () introduced in
Section 2 we need to make further assumptions on the ring S and the group G.
We will specify all the requirements in Remark 7.4, but we discuss here the one
needed to generalize the argument of this subsection:
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e We assume that there is an algorithm such that, given a,b,c € G, it is
able to determine whether or not there exist x, z € Z such that a* = b¥c?.

Remark 6.6. By taking logarithms in base b, we can rewrite all of the terms
of the requirement above, so that it becomes equivalent to the following: given
any «, 3,7 € R, determine whether or not they are linearly dependent over QQ
and, if they are, we can find q1, ¢ € Q such that v = gy + ¢ 3. This rewriting
transforms the equation a” = bc? into a Q-linearity dependence relation, hence if
there is a solution, it is unique.

The requirement on .S and G is sufficient to extend the special case of this sub-
setion to the groups PLg (1): it allows us to generalize the proof of Lemma 6.4,
since we cannot take logarithms in base 2 anymore. Moreover, it is straightfor-
ward to verify that the rest of this Subsection does not rely on dyadic rationals
and hence that it generalizes to any ring S and subgroup G.

7. GENERALIZING TO THE GROUPS PLg (/)

We now move on to prove the solvability of the simultaneous conjugacy prob-
lem of the subgroups of PLg (/) of PL, (/) introduced in Section 2 and whose
structure generalizes that of Thompson’s group F. We remark that Brin and
Squier [4] give a criterion for conjugacy in PL, (/). We need to introduce some
notation for the groups PLg ¢ (1).

Definition 7.1. We define an ideal in S given by Zge = ((¢ — 1) | g € G). We
denote with 7g¢ : S — S/Z the natural quotient map. Unless otherwise stated,
we will drop the subscript and write Z and 7 instead of Zg ¢ and mg .

The following two results are used to detect when two points of S are in the
same PLg g-orbit.

Lemma 7.2. Let J C [0,1] be a closed interval with at least one of the endpoints
n in S and let g € PLgg(J). Then, for everyt € J NS, we have w(g(t)) = ().

Proof. We can assume that the 7 is the left one and we apply induction on the
number of breakpoints before ¢. In case the endpoint in S is the right one, we
apply induction on the breakpoints after ¢. Let {ni,...,n.} be the set of all
breakpoints of g on the interval [n,t). Then g(t) = ¢,.(t — n,) + g(n,) for some
suitable ¢; € G. By induction on r we have that 7(g(n,)) = 7(n,) and thus

W(g(t)) = W(cr(t - 777“) + 9(%«)) =
ﬂ-(cr - 1)W(t - 777") + W(l)ﬂ-(t - 777“) + W(Q(Ur)) =
m(t —n.) +m(n,) = w(t). [

This result gives us a necessary condition on how homeomorphisms can be built.
We want to know what orbits of elements are under the action of PLg(.J).
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losed interval with both endpoints in S

Proposition 7.3. Let J C [0,1] be a ¢
= 7(v) if and only if there is a g € PLgg(J)

and let u,v € JNS. Then 7(u)
such that g(u) = v.

The proof of this proposition can be found in the Appendix (see Proposi-
tion A.1).

Remark 7.4 (Computational requirements). We need to add a few requirements
to the ring S in order to make a machine able to work with the algorithm. It is
reasonable to make the following assumptions to work in the ring S:

e There is solution to the membership problem in S (i.e. an algorithm to
determine whether an element s € R lies in S or not).

e There is a solution to the membership problem in Z.

e There is an algorithm that, for every ¢ € S, is able to determine whether
two elements in the quotient ring S/¢Z are equal or not.

e There is an algorithm such that, given a, b, c € G, it is able to determine
whether or not there exist x, z € Z such that a* = bc?.

All these requirements are reasonable to assume in order to make computations
inside S and will be checkable in the special cases that we take as examples in
Section 8.

Remark 7.5. In general, given two intervals J;, Jo with endpoints in S, the
groups PLg (/1) and PLg ¢(J2) may not be isomorphic. Proposition 7.3 tells us
that two elements in S are in the same PLg g-orbit if their image under the map
7 is the same. For example in the cases S = R,G =R, and § = Q,G = Q*
and S = Z[1],G = (2), it is not difficult to see that every two points in S
have the same image under 7 and that any two groups PLg(J;) and PLg(J2)
are thus isomorphic, for any two intervals Ji, J, with endpoints in S. On the
other hand, if we consider generalized Thompson’s groups (see Section 8), it
can be shown that the number of orbits is finite but more than one, so that
are only finitely many isomorphism classes for the groups PLgq(J), for S =
Z[nll, c nik} and G = (nq,...,ng) for ny,...,ny € Z. We observe that the
generalized Thompson’s groups which are most often studied are those where we
assume that GCD(ny; — 1,...,n; — 1) = 1, which implies that S/Z is trivial. In
general, it seems likely that if two elements o, 3 € S have different image under
7 then the groups PLg ([0, a]) and PLg ([0, 5]) are not isomorphic, but it is not
easy to prove it.

7.1. Making Fix(y) and Fix(z) coincide. We start by generalizing Proposi-
tion 7.3 to a finite number of points.

Lemma 7.6. Let J = [n,(] C [0,1] be a closed interval with endpoints in S and
suppose we have uy, vy, ..., U, v € J NS such that uy < ... < ug, v1 < ... <V
and m(u;) = w(v;) for alli = 1,...,k. Then there exists a g € PLgg(J) such
that g(u;) = v; for alli=1,... k.
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Proof. We can assume that J = [, ] and that the u;’s are ordered in an increasing

sequence u; < ... < uy and therefore v; < ... < wv,. By Proposition 7.3,
there is an ¢g; € PLgq(J) such that ¢i(u;) = v;. Now we notice that v; =
g1(u1) < gi(ug) < ... < g1(ug) and so we restrict to the interval [vq,(] and,

since m(g1(uz)) = m(uy) = m(ve) we can use again Proposition 7.3 to find an
hy € PLg ¢ ([v1,(]) such that hy(gi(us)) = va. Define

)t t € [n,vi]
() = {w) te o]

so that gag1(u1) = v1,9291(u2) = vy and g2 € PLg(J). By iterating this pro-
cedure, we build functions g; € PLg(J) such that g;g;—1...¢1(u;) = v; for all
j=1,...,iand i =1,..., k. Thus we define g := gxgx—1...91 € PLgg(J) and
we get a function such that g(u;) = v;. O

The previous Lemma yields the following natural generalization of the Exten-
sion Lemma 3.3 which we state without proof.

Lemma 7.7 (Extension of Partial Maps). Let J C [0,1] be a closed interval with
endpoints in S and suppose I, ..., Iy C J is a finite family of disjoint closed
intervals in increasing order and of the form I; = |a;, b, for alli =1,... k and
a;,b; € S. Let Jy,...,Jry C J, with J; = [c;,d;], be another family of intervals
with the same property and such that w(a;) = 7(c;) and w(b;) = w(d;). Suppose
that g; : I, — J; is a piecewise-linear function with a finite number of breakpoints,
occurring at points in S and with slopes in G. Then there exists a g € PLga(J)
such that g, = g;.

Let g € PLgg(J) be equal to g(t) = at + b around a point ¢ € R fixed by
f, for some a € G,b € S, then ¢ = b/(1 — a) and so the intersection points of
f with the diagonal lie in (g, the field of fractions of S. Now that we have a
way to recognize whether we can make two elements of S coincide through an
element of PLg(J), we need to see if it is possible to do the same for the field
of fractions ()s.

Proposition 7.8. Let J = [n,(] C [0,1] be a closed interval with endpoints in S
and let a, 5 € JNQg. There is a g € PLgg(J) with g(a) = G if and only if we
can find p,q,r € S such that « = p/q, =1r/q and

pG =rG (mod ¢Z)
where q¢Z denotes the product of the ideal generated by q and T.

Proof. Suppose there is a map g € PLg¢(J) with g(a) = § and let g(t) = ¢t +d
in a small neighborhood J, of a. We can choose representatives p, q,r € S such
that o = p/q, 0 = r/q and then, since g € PLg(J), we use Lemma 7.2 to get

7(t) =m(g(t)) = n(c—1)m(t) + n(t) + 7(d)
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for all t € J,N.S and therefore w(d) = 0, which implies d € Z. Conversely, suppose
that we can write & = p/q,3 = r/q, for some p,q,r € S and that pG = rG
(mod ¢Z). The second condition implies that there exist ¢;,co € G,dy € Z such
that
cir = cop + qdy

and so if we set ¢ = co/c; and d = dy/cy, we get 7 = cp+ qd. Let f(t) =ct +d
be a line through the point (a, 3) and let [y, 6] C J be a small interval such that
7,6 € S. Finding the interval [, d] can be accomplished this way: we can assume
G # 1 and pick any 1 # ¢ € G such that 0 < ¢ < 1. Then we choose m,n € N
such that n + ¢™ < a < n+nc™ < ¢ and we set v :=n+ ™, := n+ nc™.
Since 7(d) = 0 we have that 7(f(vy)) = 7(y) and 7(f(4)) = 7(J) and so, by the
Extension Lemma 7.7 there is an g € PLg¢(J) with g|j, 5 = f. By construction
g(a) = [ as required. O

In a similar fashion, we can get the same result for a finite number of points.
This amounts to finding small segments passing through the rational pairs (o, 3;)
and then applying the Extension Lemma to obtain a homeomorphism of the whole
interval J. We thus state without proof the following Lemma.

Lemma 7.9. Let J = [n,(] C[0,1] be a closed interval with endpoints in S and
let i, i € JN Qg fori=1,... k. There is a g € PLgg(J) with g(a;) = 0; if
and only if there exist g1, ...,gx € PLga(J) such that g;(c;) = b;.

By the assumptions made in Remark 7.4, we can detect whether or not two
elements in Qg are equal, thus we obtain the following generalizations of Corol-
lary 3.7 and Lemma 3.1:

Corollary 7.10. Let J = [n,¢] € [0,1] be a closed interval with endpoints in S
and let o;, 6; € JN Qg fori=1,.... k. We can determine whether there is or
not an f € PLgg(J) such that g(cy) = f; for everyi=1,... k.

Proposition 7.11. Given y,z € PLgg(I), we can determine whether there is

or not a g € PLgg(I) such that g(Fix(y)) = Fix(¢g~'yg) = Fix(z). If such a g
exists, we can construct it.

7.2. Linearity Boxes and Stair Algorithm . In this Subsection we briefly
generalize the results of Subsections 4.1, 4.2 and 4.3.

Lemma 7.12 (Linearity Boxes). Suppose y, 2,9 € PLgg(J) and g 'yg = z.
(i) If there exist two numbers a > 0 and ¢ > 1 such that y(t) = z(t) =
c(t —mn) +n fort € [n,n+ «a], then the graph of g is linear inside the
square [1,1+ o] X [n,1 + o]
(ii) If there exist 3,c € (0,1) such that y(t) = z(t) = c- (t — ) + ¢ on [5,(],
then the graph of g is linear inside the square |3, (] X [3,(].

Proof. These results follow from the proofs of Lemma 4.2 and Remark 4.3. [



32 MARTIN KASSABOV AND FRANCESCO MATUCCI

We recall that PLY 4(.J) denotes the set of functions f € PLgq(J) such that
the set Fix(f) does not contain elements of S other than the endpoints of J.

Proposition 7.13 (Stair Algorithm for PLY ;(J)). Let J € [0,1] be a closed
interval with endpoints in S, let y,z € PL%7G(J) such that Fix(y) = Fix(z) and
define CpLg (1) (y,2) = {9 € PLsa(J)|y? = 2} the set of all conjugators. For
any T € Fix(y) we define the map

Py,z,r CPL_QQ(J) (Z/; Z) - R+
g — g'(7),
where if T is an endpoint of J we take only a one-sided derivative. Then

(1) @y.r is an injective map. In particular, if we define v, == ¢, ., then
©.r 15 a group homomorphism.

(ii) If ¢ € G is a fized number we can decide whether or not there is a g €
PLg ¢ (J) with initial slope ¢'(nT) = q such that y? = z. If g exists, it is
unique. In other words, if there is a g such that ¢, . (g) = p € G then g
18 unique and can be constructed.

Proof. Immediate generalization of Corollary 4.22. U

Corollary 7.14. Let y,z € PL5,(J) and g € PLy(J) such that y? = 2z and
g'(n) € G. Then g € PLg(J).

7.3. Centralizers and Roots in PLg(J) . This section proves a generaliza-
tion of Proposition 5.1. The centralizers Cprg ;( 7)(2) of elements will be direct
products of copies of Z’s and of PLg¢(U)’s, for some suitable intervals U. In
order to prove this, we will use the Stair Algorithm to build a “section” of
the map ¢,. As in the proof of Proposition 5.1, we will reduce the study to
functions in PL%,G(J ). Consider the conjugacy problem with y = z and let
OsFix(z) = {0 = ap < a1 < ... < as < azr1 = 1}. Since all the points of
OsFix(z) are fixed by z, then g € Cprg,(1)(2) must fix the set dsFix(z) and
thus each of the «;’s. This implies that we can restrict to solving the conju-
gacy problem in each of the subgroups PLg (o, air1]) = PLY ¢([ov, aisa]). If
z = 1, it is immediate that Cprg (7)) = PLsg(J), so now we can focus on
1#z¢€ PL%}G(J ). Consider R, to be the multiplicative group of positive real
numbers. Let A C R, be the set of all possible initial slopes of functions g such
that g~'zg = z. The set A is not empty, since (z) C Cpr,(s)(2). For a given
closed interval J with endpoints in S we define a map

Vi A— CPLS,G(J)<Z)

C]{l—)ga

which sends an initial slope « to its associated conjugating function g,. By the
uniqueness of a conjugator with a given initial slope, we notice immediately that
9o © 93 = go.p and so A is a subgroup of R, and ¢ is a homomorphism of groups.
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Moreover, the uniqueness of the conjugator implies also that v is an isomorphism.
The main result of this section is the following:

Theorem 7.15. Let J C [0,1] be a closed interval with endpoints in S and let
id# z € PL%?G(J). Then Cprg (5 (2) is isomorphic with 7Z.

We remark that Theorem 7.15 has also been proved by Brin and Squier
(Theorem 5.5 in [4]) for the case of PL (). Altinel and Muranov have also
proved it independently (Lemma 4.2 in [1]) using different methods for a family
of subgroups of PL, (I) which is analogous to the subgroups PLg (/). We men-
tion that the second author of the current paper also has an alternative version
of this proof using a conjugacy invariant equivalent to that of Brin and Squier
(see Theorem 5.1 in [11]). The tools that we will use in the version of the proof
that we are about to give are relevant for Lemma 7.19.

Proof of Theorem 7.15. By the discussion above we have that the group A =
{g'(n") | 9 € CpLg s(s)(2)} is isomorphic with Cprg () (2). We start by assuming
that z € PL54(J) and we want to prove that A is discrete. We assume, by
contradiction that A is not discrete.

Step 1: If A is not discrete, then A is dense in R,.

Proof. This is a standard well known fact. 0

Step 2: Let [n,a]® be the first initial linearity box and [3,7]? be the first final
linearity box, for some 7 < ( fixed point for z. Without loss of generality, we can
assume that the restriction z|;, ;7 € PL([n,7]). Let r be a positive integer big
enough so that z7"(«) > . Then 2" is linear on [, 27" («)], say with slope b.

Proof. Since A is dense in R, we can pick a ¢ € Cprg ,(s)(2) such that ¢'(n™) < 1
is arbitrarily close to 1. Now, observe that ¢ € PL3([n, 7]) and look at the two
hand sides of cz" = z"¢, by restricting this equality to the interval [3, 27" («)].
Suppose {p1 < ... < p} are the breakpoints of z” on [, 27" («)], hence they are
also the breakpoints of cz” on [, 27" («)], since ¢ is linear on [, a]. On the interval
[3,7] we can write ¢71(¢t) = A(t — 1) + 1, where A = ¢/(77): if we have chosen
d(n™) # 1 to be close enough to 1, then A < 1 is also arbitrarily close to 1. Since
¢! is linear on [3, 7] then, if we choose A close enough to 1, the set of breakpoints
of 2"con [B, 27" (a)] will be ¢ ({ ey, ..oy o)) = A — 1)+ 1, .., AN — 1)+ 1}
As cz" = 2"c on [3,27"(a)] we must have that {p1,...,puxt = ¢ {p1, - pr})
and so A = 1, which is a contradiction. [l

dt

Step 3: Define a = <27 (t) L < 1 to be the initial slope of z”. For every positive

integer i, the map 2" is linear on [z77(f3), z~(+V ()] with slope a.

Proof. We assume by induction that the result is true for any integer less than 1.
Consider now the map z(*Y" and apply the chain rule on two intervals, recalling
that £27(t) = a on the intervals [z=9"(3), 2~ UtV ()] for any j < i
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4207 (1) = a'h te s,z (a)]

%Z(Hl)r(t) — aiilb%ZT(t) te [Z—z'r(ﬁ% Z*(i‘i’l)T(a)]‘

We apply Step 2 using the positive integer (i + 1)r, hence we have that L)
must be linear on [3, 2~(+Y7(a)] and we can equate the two derivatives computed
above to get a’b = a’~'b<L2"(t) on the interval [z~ (), 2D (a)]. We simplify
both sides and get the thesis of the Claim. U

By sending ¢ — oo in Claim 2 we see that the slope of 2" around 7~ must be equal
to a < 1. However, since the restriction 2|y, ; € PL3([n, 7]), we must have that

%zr(t) ~ > 1, which is a contradiction. Therefore A is a discrete subgroup of

R, and so it is isomorphic with Z. O
Theorem 7.16. Let J = [n,¢] C [0,1] be a closed interval with endpoints in S
and z € PLga(J), then:
(i) CpLgen)(2) is isomorphic with a direct product of copies of Z’s and
PLy(J;)’s for some suitable intervals J; C 1.
(i1) For every positive integer n we can decide whether or not /z exists.

Proof. The proofs of (1) and (2) follow from the proofs of Propositions 5.2 and 5.1
by replacing every occurrence of 0, with dg and by applying the previous corollary
to get the centralizers of elements in PLY ;(.J). Moreover, to prove (2) we need
to observe that, in order to start the procedure, we need to verify whether or not

/2 (nt) e s. O
The following is an immediate generalization of Proposition 5.4:
Proposition 7.17 (Intersection of Centralizers). Let J = [n,¢] C [0,1] be a
closed interval with endpoints in S, let z1,...,zx € PLgg(J) and define the
subgroup C := Cprg ;1)(21) N ... N Cprg c(r)(2r). If the interval J is divided by
the points in the union OsFix(z1) U --- U 0sFix(zx) into the intervals J; then
C=0Cy-Cyy-...-Cy,

where Cy, :={f € C | f(t) =t,Vt & J;} = C NPLga(J;). Moreover, each Cj, is
isomorphic to either Z, or PLg¢(J;) or the trivial group.

Corollary 7.18. Let J = [n,(] C [0,1] be a closed interval with endpoints in S
and vy, z € PLO&G(J). Then Cprg ,(5)(y, 2) is either empty or countable.

Proof. Suppose that the set Cprg (1) (¥, 2) is not empty, then we have that

CPLS,G(J) (y, Z) = 9o CPL&G(J)(?J)

for a suitable go € PLg(J). Thus #CpLg (1) (¥, 2) = #C0pLg (1) () = No which
is countable by Theorem 7.15. O
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In order to solve the conjugacy problem in PLg (/), we need to check whether
or not there are candidate conjugators in a given interval of initial slopes.

Lemma 7.19. Let J = [n,(] be a closed interval with endpoints in S and let
W = [w,1]NG for some number w € R. If y, z € PLg ;(J), then the set

(") 19 € Cprsguu(y, 2)} NW

1s contained in a finite set V' that can be constructed directly.

Proof. We will use the notation of Theorem 7.15. Since the argument of this proof
will be based on the Stair Algorithm, which works in PL_ (.J), we can restrict our
attention on the interval between 7 and the first fixed point of z. Hence, we can
assume y, z € PL3(J) without loss of generality. We choose a positive integer r
following the proof of Proposition 4.9: that is, we choose the smallest integer r
such that
min{z"" (), y™" (n +w(er—n))} >

using the lowest possible initial number w. Using the explicit conjugator formula
for an initial slope ¢ € W (see Corollary 4.13), we know that the candidate
conjugator has the shape g, 1=y "go 2" on the interval [n, 27" («)] for a suitable

map ¢o, that has initial slope ¢ € W. Our choice of r guarantees that, for any
q € W, the map g, lies inside the final linearity box at the point 27" («).

Claim: Choose an integer ¢ such that 27 (8) > 27"(«). Then 2" must have a
breakpoint p € [z77(5), 2~V (a)].

Proof of the Claim. Let a = £2"(t) L <L If 2" were linear on the interval
t=n

[277(8), 2~V ()] then, by Step 3 of Theorem 7.16, we would have that 2"
is linear on every interval [z7*7 (), z7*(*+D7 ()] with slope a for every positive
integer k > 2. Arguing as in the conclusion of Theorem 7.16, this would imply

that %zr(t)‘ = a < 1 which is a contradiction. O

By construction, the map gy, can be built to be linear on the interval
[n, 2=+ (a)]. We observe that 2" has a breakpoint at p, hence goz" must have
a breakpoint at p. Now, for the map y~"go,2" to be a candidate conjugator, it
must be linear around the point p, thus the breakpoints of gy ,2z" on the interval
(27" (B), 2~V (a)] must be canceled by the set {ci,...,c,} of all the break-
points of y~" on [n, ], thus the image of p under gy ,2" must go to a breakpoint of
y~". Since go 42" (p) = q(2"(p) —n) +n € {c1,...,¢,}, then there are only finitely
many choices for ¢ € W. 0

Remark 7.20. Since the finite set V' of Lemma 7.19 can be computed directly,
we can run the stair algorithm on all elements of V' as possible initial slopes and
thus find all possible conjugators with slopes in [w, 1] N G.
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7.4. The Conjugacy Problem for PLg ().
Theorem 7.21. The conjugacy problem in PLg (1) is solvable.

Proof. The proof follows that of Lemma 5.7 and Theorem 5.8 and we reduce to
solve a finite number of conjugacy problems, where we can assume ¥y, z € PL%G(I )
and initial slopes for candidate conjugators contained in the interval [y'(0), 1]. By
Lemma 7.19, the set of possible initial slopes inside [¢/(0), 1] NG is finite and can
be directly constructed, so we are done as in the proof of Lemma 5.7. 0]

The algorithm used to solve the k-simultaneous problem in the case of the
group F' can be extended in full generality to the groups PLg (1), except for
one of its steps which must be dealt with using the last of the requirements of
Remark 7.4.

Theorem 7.22. The k-simultaneous conjugacy problem in PLg (1) is solvable.

Proof. To prove the solvability of the k-simultaneous conjugacy problem we can
mimic completely the proof used for Thompson’s group F. We need to replace
every occurrence of dy with ds and speak of elements of S instead of dyadic
rational numbers. The only part in which we need refine the argument is in the
case of Subsection 6.2 in which we reduce to solve the equation

(3) ™ = goy"

where z,y,90 € PLsa([n,(]) are given and we are looking for m,n € Z satis-
fying the previous equation. We define ¢ = gj(n*) € Ry and so 2'(n™) = ¢,
v (nt) = % gy(nT) = q for some a, 3 € R. Notice that in Subsection 6.2 we
have «, 3, € Z, while here not all of them are integers. We must then have

(4) ¢ =2'(n")" = (9g") (n") = ¢+
and therefore we need to solve the equation
(5) am =1+ fn

for some m,n € Z. We observe that if equation (5) is solvable, then « is rational
if and only if 8 is rational. Thus, if either a or § is a rational number it is
immediate to check whether there is a solution to (5). If « and [ are both
irrational, then equation (5) becomes a Q-linearity dependence relation and, if it
is solvable, then the dimension of the vector space generated by «, 3 and 1 over
Q is exactly 2. By Remark 6.6 and the last of the requirements in Remark 7.4
we are able to detect if this last statement is true or not. In case it is true, then
there is a unique solution to (5) and it is given by the coordinates of 1 in the
basis a and [, thus it is now trivial to check if there is a integer solution or not.
In case there is a solution to equation (5), we do not need to find a bound for
m,n € 7Z as for the case of Thompson’s group F', because there is at most one
solution. The remaining part of the algorithm follows as before. 0
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8. INTERESTING EXAMPLES

Now that we have developed the general theory, we are going to see a few
interesting examples where the simultaneous conjugacy problem is solvable. We
will not dwell too much on the details here, sketching only why it is possible to
verify the requirements.

Example 8.1. S=Qand G=Q*=QnN (0,0).

Since Q is a field, S/Z = {0} so all the requirements of Remark 7.4 are satisfied.
To solve the simultaneous conjugacy problem, we need to solve equation (4),
which becomes

al*  cay

b dby
where we can assume that all numerators are coprime with the denominators. By
equating prime factors in the equation to be solved, we get a system of equations
of the type aym = v; + Bin, for ay, B;,v; € Z. All of them can be solved in the
same fashion as in Lemma 6.4 and we can reduce equation (3) to the equation
X*k = GoY* and solve it as in Subsection 6.2.

Example 8.2. S:Z[ni,...,é} and G = (nq,...,ng) for ny, ... ,ng € Z.

We observe that S = Z[ k] and it can be shown that, if r := n;...ny,
then S/ = Z/rZ as rings and therefore the requirements of Remark 7.4 are also
satisfied. Equation (4) can be treated as in the previous example. For k = 1, we
recall that the groups PLg (1) are known as generalized Thompson’s groups.

Example 8.3. S = Z[nil,...,%,...} with G = ({n;}ien) for a sequence
{nitien C Z.

This example is easily reducible to the previous one, since if we are given a
finite set £ of elements in PLg (1) we can consider the set {n;", ..., q“’} of

21 ) ’L-U

all slopes of elements of E. Then E C PLg () with ring S" :=Z [, ..., -]

717,1 ’ My,

and group G’ := (n;,,...,n;,).
Example 8.4. S finite algebraic extension over Q and G = S* := 5N (0,00).

As with the first example, since S is a finite algebraic extension it is not difficult
to verify that all the requirements of Remark 7.4 are satisfied.

Example 8.5. S=Rand G =R,.

In order to verify the requirements for this case, we need to discuss exactly
what we mean by real number and how we implement it in a machine. In most
cases, we work with numbers which are expressed as roots of polynomials in some
subfields of R and we are able to give a complete answer and the same is true for
all the requirements of Remark 7.4.
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APPENDIX A. TRANSITIVITY IN PLg (/)
This appendix contains the proof of Proposition 7.3:
Proposition A.1. Let J C [0,1] be a closed interval with endpoints in S and let
u,v € JNS. Then m(u) = 7(v) if and only if there is a g € PLga(J) such that
g(u) =v.
Proof. The sufficient condition is implied by Lemma 7.2. Suppose now that
J = [n,(] and let L = ¢ —n. We recenter the axis at (n,7), so that interval
J is now [0, L]. For a € G, 3 € JN S such that aff < L — 3 define (see figure 8)
at t€0,0]
gap(t) = qt—=(1—-a)s te[B,L—af
Lt—L)+L te[L—apb Ll

L
L
[0}
L - ﬁ g(n,d)
1
aﬁ ............................... /
a
0 B3 L-af L

FI1GURE 8. The basic function to get transitivity.

Using the maps g, or g(_alﬁ) we can send any number § < t < L — aff to

t—(1—a)f and any number of <t < L— [ to t+ (1 —a)F. We define a relation
on J NS by saying that t; ~ to, if either t, = g(a,5)(t1) for some o € G,3 € JNS
such that 8 <t < L —af or ty = g(_al,,@‘)(tl) for some aw € G, 3 € J NS such that
af <t < L — 3. Then we take the transitive closure of this relation, to get an
equivalence relation. Now, since 7(u) = 7(v) then we have that v —u € Z and so

v—u=(1—a)f+...+ 1 —o)b

for some a; € G, 3; € JNS. We want to rewrite v — u as a sum of terms with [3;’s
small enough so that we can use the defined equivalence relation. We will define
a suitable sequence of numbers m; and 3; ; with 1 < j <m;, foreachi=1,... k.
Take 8, and choose a number 3;; € JN.S small enough such that g, g ,) can be
defined. Then choose inductively a number 3; ; € J NS small enough such that
it satisfies all the following three properties

® J(a;,5:,) can be defined

e the number 30, | := ; — B;1 — ... — fi; > 0 is strictly positive
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e the number

1—041 Zﬁls . 1_0‘@ Zﬁzs

lies in the interval [3; ;, L — o;03; ;].

We stop when we find an index m; such that the number ﬁgmi has the property
that g, 0 ) can be defined and

m;—1
1—0(1 Zﬁls . 1_017, Zﬁzs
lies in the interval 3, , L — aiﬁgmi] and so we define §;,, := 3},,,. We iterate
this argument for cach i = 1,...,k and thus we can rewrite

v—u=(1-a) Zﬁlj + (1 — ay) Zﬁkj

and so
ur~u+ (1—o)fig~u+ (1 —ay)(Big+ Pra) ~ ...~
my
+(1—061>Zﬁ17j+f\# L.
j:l
1_041 Zﬁl] 1_ak Zﬁk‘,j:
implying that there exists an element g € PLg(J) such that g(u) = v. O
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