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ABSTRACT. We study the Hopf bifurcation of C3 differential systems
in R™ showing that [ limit cycles can bifurcate from one singularity
with eigenvalues #+bi and n — 2 zeros with I € {0,1,...,2"73}. As
far as we know is the first time that it is proved that the number of
limit cycles that can bifurcate in a Hopf bifurcation increases expo-
nentially with the dimension of the space. For proving this result we
use the averaging theory of first order. Additionally in dimension 4
we characterize the shape and the kind of stability of the bifurcated
limit cycles. Moreover we apply our results first to the fourth order
differential equation, and second to a simplified Marchuk model which
describes the immune response.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this work we study the Hopf bifurcation of C? differential systems in
R™ with n > 3 by using the averaging theory of first order. We assume
that these systems have a singularity at the origin, whose linear part has
eigenvalues €a + bi and ecy for k = 3,...,n, where ¢ is a small parameter.
Such systems can be written into the form

i =ear — by + Dy, yReP 2+ A,

i1+ i =2
_ - -
(1) y=br+teay+ > 2bi1minx“y“‘z3g s zkn 4 B,
A e
. k . . - .
Zr=cckz+ D cgl?__iﬂxlly’2z§3...zfl”—i—Ck, k=3,....n
i1t A =2 )

k
where a;,. i, biy.. s cgl‘)“in, a, b and ¢ are real parameters, ab # 0, and

A, B and Cy, are the Lagrange expression of the error function of third order
in the expansion of the functions of the system in Taylor series.
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Our first result is on the number of limit cycles which can bifurcate from
the origin by using the averaging method of first order.

Theorem 1. There exist C® systems (1) for which | € {0,1,...,2"73}
limit cycles bifurcate from the origin at € = 0, i.e. for € sufficiently small
the system has exactly 1 limit cycles in a meighborhood of the origin and
these limit cycles tend to the origin when € \, 0.

Theorem 1 is proved in Section 3. From the proof of Theorem 1 it follows
immediately the next result.

Corollary 2. There exist quadratic polynomial differential systems (1) (i.e.
with A = B = Cy = 0) for which | € {0,1,...,2" 73} limit cycles bifurcate
from the origin at € =0, i.e. for e sufficiently small the system has exactly
I limit cycles in a neighborhood of the origin and these limit cycles tend to
the origin when € \, 0.

The study of the limit cycles and the averaging theory has a long history
(see for instance [2, 6, 8, 13, 14, 15, 16]), but as far as we know our result is
the first one showing that the number of bifurcated limit cycles in a Hopf
bifurcation can grow exponentially with the dimension of the system.

For lower dimensional systems we have more precise results than the
ones stated in Theorem 1. See [4] for a proof of Theorem 1 in dimension
3 restricted to quadratic polynomial differential systems, and for sufficient
conditions for the existence or not of one limit cycle and its kind of stability.
In dimension 4 we write system (1) into the form

P=car—by+ Y.  aymrtylZFul + A,

i+jthH=2 o
y=br+eay+ Y biur'yzPw' + B,
2) . itjtkH=2 o
Z=cecz+ > Cijmx'y? 28w + C,
i+ jhAl=2
w = edw + Z dijkl:ciyjzkwl + D,
it jHhAl=2

where ajri, bijri, Cijri, dijki, @, b, ¢ and d are real parameters, ab # 0,
and A, B, C and D are the Lagrange expression of the error function of
third order in the expansion of the functions of the system in Taylor series.
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Without loss we assume that b > 0. Set

A=KG, — LG,
B =2a(NyFy — 2N3Fy) + CF12G2 + dFy F>Gy,
C = 2@(2@]\73 — dFlGl),
D =2a (M1F12 + 2M2F1F2 + M3F22) + CKFl + dLFQ,
(3) E= —a(2aM2F1 + 20,M3F2 + dL)7
A:dFQGl—QaNQ, F:cF2G2+2aN1, A:A2—8GN3F,
I'= —8@280002N32 + 4acF2N§ — 2acpo11 N3A — 60002(A2 + A)/Q,
P = 2000110F1(2GB + CFQ) - QCBCFlz
—2¢0020C?*FE — 2¢0002(2aB + CF»)?,
U = 4q ((CFQ — 2ac0020)A2 + 2&00011F2AF — 2&60002F22F2) s

where

Fy = a1001 + boro1, F> = aip10 + bo11o,

G1 = co200 + c2000, G2 = doz200 + d2000,
K = dooaoFE — doo11 F1 Fs + dooo2 F
L = coo20FE — coo11 F1 Fa + coo02F3,

M = coo20do011 — coo11doo20, M2 = cooo2doo20 — co020d0002,
M3 = coo11dooo2 — cooo2doo1t,
N1 = doo20G1 — co020G2, Nz = doo11G1 — coo11G2,
N3 = dooo2G1 — €0002G2-

Using these quantities we will be able to control the number of bifurcated
limit cycles in the Hopf bifurcation of system (2) and their kind of stability.
Our basic assumptions are

F}+ F3 #0, G+ G5 #0.

Because if FZ + F = 0 from the proof of our next theorem we can see
that system (2) cannot present a Hopf bifurcation, and if G + G3 = 0 then
system (2) either has no Hopf bifurcation or the averaging theory of first
order that we are using cannot decide if there is a Hopf bifurcation.

Our results on the Hopf bifurcation of system (2) are the following ones.

Theorem 3. For a C3 system (2) with G1 # 0 the following statements
hold.
(a)(a.1) For Fy # 0 and A # 0, if B> — 4AC > 0 and (4AE — DB +
DvB? —4AC)F, > 0 (resp. (A4AE—DB—D+/B? —4AC)F; >
0), system (2) has a limit cycle T'1c (resp. T'ac ) tending to
a singular point as € \, 0. Moreover for suitable choice of
the parameters system (2) can have the two limit cycles Ty,
and Loe. In these last case both limit cycles tend to different
singular points when € \, 0.
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For F1 #0 and A =0, if B#0 and ®G; > 0, system (2) has
a limit cycle T'1. tending to the origin as € \, 0.

For Fy =0, F5 # 0 and Ny # 0, if A > 0 and (T'—(2acoo11 N2+
COOOQA)\/Z)Gl >0 (resp. (F + (2(160011NQ + COOOQA)\/Z)Gl >
0), system (2) has a limit cycle T's. (resp. Tyc) tending to the
origin as € \, 0. Moreover for suitable choice of the parameters
system (2) can have the two limit cycles T's. and Tye. In these
last case both limit cycles tend to different singular points when

e\, 0.

(a.4) For F} =0, F» #0 and N2 =0, if A # 0 and YGy > 0, system

(2) has a limit cycle Ts. tending to the origin as € \, 0.

(b) For e > 0 sufficiently small the limit cycle I'1c, T'ac, Tic, Tse, T
or I'se of statement (a) is given respectively by the graph

(0

)

= ¢\/(4AE - DB + DVB?— 14C) /(F4%) + O(&?),

20) = ¢ (B VB - 4Ac) /(24) + O(£?),

w(&):—a(4aA+F2(B— B2—4AO)/2AF1 ) + O(e2);

r (0

)i

\/(4AE — DB — DVB? —1AC) /(F1 A2) + O(c?),

2(0) —E(B—i—\/B? 4Ac) /(24) + O(c?),
(0):—6(4aA+FQB+\/B2 4AO)/2AF1 +O(e2);

g

r(0) = e\/®/(G1B2F?) 4+ O(£?
2(0) = eC/B + O(?),
w(f) = —¢ (2aB + CF)) /(BF)) 4+ O(?);

€\/(F — (2@60011]\72 + CooogA)\/Z) /(G1F22N22) + 0(62),

= —£2a/Fy + O(e?),
(0) = —¢ (A n VE) /(2NoF) + O(£2);

(F + (2aC0011N2 + COOOQA)\/Z) /(G1F22N22) + 0(62),
—£2a/Fy + O(?),

w(®) = —¢ (A . \/Z) J(2NoF) + O(£2);

or

r(0) = 5\/\11/(G1F2A2) + 0(g?),
2(0) = —2a/F5 + O(£?),
w(f) = —e2af /A + O(e?),
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where 6 € St and the coordinates (r,z,w) and 0 are defined at the

beginning of Section 4.

(c) For the results of this section we need that system (2) be at least C*.

(c.1) For Fy > 0 and A # 0, the limit cycle T'1c (resp. Tac) has
at least one—dimensional stable (resp. unstable) manifold, and
consequently the limit cycle is not a global repeller (resp. attrac-
tor). For Fy < 0 and A # 0 the one—dimensional invariant
manifold of the limit cycle has converse stability than for Fy >
0.

(c.2) For F} > 0, A = 0 and B # 0, the limit cycle T'1. has at
least one—dimensional stable (resp. unstable) manifold provided
that B > 0 (resp. B < 0). For F1 < 0 the one-dimensional
invariant manifold of the limit cycle has a different stability
than for Fy > 0.

(¢.3) For Fy =0, F» > 0 and N3 # 0 the limit cycle T'sc (resp. T'4c)
has at least one—dimensional stable (resp. unstable) manifold.
For Iy =0, F5 < 0 and Ny # 0, the one—dimensional invariant
manifold of the limit cycles has a different stability than for
Fy > 0.

(c4) For Fy =0, Fy # 0, Ny = 0 and A # 0, the limit cycle T's.
has at least one—dimensional stable (resp. unstable) manifold
provided that A > 0 (resp. A <0).

Theorem 3 will be proved in Section 4.

We note that the quantities defined in (3) depend only on the following 18
parameters: a,b,c,d, aio10,a1001,bo110, bo101,C2000, C0200, C00205 00115 C0002;
dgooo,dogoo,doogmdoou,dooog of the 44 parameters of system (2) So the
Hopf bifurcation depends only on these 18 parameters.

We remark that in (a.2) (resp. (a.4)) we assume B # 0 (resp. A # 0).
Otherwise as it follows from the proof of Theorem 3 the averaging theory
of first order cannot decide on the existence or not of Hopf bifurcation.

Other studies on the Hopf bifurcation using the averaging theory in a
different way than ours have been made by Chow and Mallet—Paret [8].
Their results are more general than the present ones, but ours are more
precise and provide also the stability of the bifurcated Hopf limit cycles. A
related generalized Hopf bifurcation can be found in [1].

We now consider some applications of our Theorem 3. The first one is on
the existence of periodic solutions of the fourth order differential equation

d*z Bz &z dx
(4) +pdtg+q+k‘dt+lx—f(

Ty =75 7590 53
dt’ dt?’ dt3

de P’z &Pz
dt4 dt? ’
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where p, q, k, | are real parameters satisfying p = —(2a + ¢ + d)e, ¢ = b* +
(a® 4 2ac + 2ad + cd)e?, k = —e (b*c+ b?d + (a’c+ a*d + 2acd)e?) | | =
cde? (b2 + GQE), and f is a C? function with f and its first order partial
derivatives vanishing at the origin of 4-dimensional space. We have the
following results.

Theorem 4. For 0 < e < 1 system (4) has an isolated periodic solution in
a neighborhood of the trivial solution x = 0 if one of the following conditions
holds

(1) ba #0, cbs + dbs # 0 and
®* = a(by + bs) (cd(cbs + dbs) — 2ab3(c*b1g + cdbg + d*bg)) > 0;
(ii) b4 =0, b3 #0,d # 0 and
U* = a(by + bs) (cd®b3 — 2a(c*b3b1o — cdbsby — d®bg)) > 0,
where the b;’s are defined in Section 5.

In Section 5 we will prove Theorem 4 and we will present a more detailed
statement on the existence and shape of the periodic solution of equation

(4).
The second application is on the simplified system of immune response
without influence of damaged organ and time delay

dX

% =(B-72)X,

— =pY — (2 +mX)Z,
W =cX — ,LL3W

given in [7] by Marchuk.

Theorem 5. There is an open set in the parameter spaces for which system
(5) has at least one limit cycle.

A more detailed statement and a proof of Theorem 5 will be given in
Section 6, where we will present the conditions for the existence and stability
of limit cycles coming from a Hopf bifurcation.

2. FIRST ORDER AVERAGING METHOD FOR PERIODIC ORBITS

The aim of this section is to present the first order averaging method as
it was obtained in [2]. Differentiability of the vector field is not needed. The
specific conditions for the existence of a simple isolated zero of the averaged
function are given in terms of the Brouwer degree. In fact the Brouwer
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degree theory is the key point in the proof of this theorem. We remind here
that continuity of some finite dimensional function is a sufficient condition
for the existence of its Brouwer degree (see [11] for precise definitions).

Theorem 6. We consider the following differential system
(6) i(t) = ef(t,2) + 2R(t,z,),

where f : Rx D — R", R : R x D x (—ey,e¢) — R™ are continuous
functions, T—periodic in the first variable, and D is an open subset of R™.
We define f°: D — R"™ as

T
@ P =7 [ s

and assume that

(i) f and R are locally Lipschitz with respect to x;

(ii) for b € D with fO(b) = 0, there exists a neighborhood V of b such
that f°(z) # 0 for all z € V \ {b} and dp(f°,V,b) # 0, (where
dp(f°,V,b) denotes the Brouwer degree of f° in the neighborhood
V of b).

Then, for |e| > 0 sufficiently small, there exists an isolated T —periodic so-
lution (-, €) of system (6) such that p(b,0) = b.

Here we will need some facts from the proof of Theorem 6. Hypothesis
(i) assures the existence and uniqueness of the solution of each initial value
problem on the interval [0,7]. Hence, for each z € D, it is possible to
denote by x(-, z,&) the solution of (6) with the initial value z(0, z,¢) = 2.
We consider also the function ¢ : D x (—ey,e5) — R™ defined by

T
®) ((z,6) = / [ef(t2(t, 2,€)) + e R(t, a(t, 2,€), €)] dt.
0
From the proof of Theorem 6 we extract the following facts.

Remark 7. Under the assumptions of Theorem 6 for every z € D the
following relation holds

x(T,z,e) —x(0, z,¢) = ((z,¢).
Moreover the function  can be written in the form
((z,2) = ef(2) + O(e?),

where f9 is given by (7) and the symbol O(c?) denotes a bounded function
on every compact subset of D x (—ey,e¢) multiplied by e2. Moreover, for
le] sufficiently small, z = p(0,¢) is an isolated zero of ((-,€).
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Note that from Remark 7 it follows that a zero z of the function ((z,¢)
provides initial conditions for a periodic orbit of the system of period T.
Consequently the zeros of f°(z) when f°(z) is not identically zero also
provides periodic orbits of period T

For a given system there is the possibility that the function ¢ is not
globally differentiable, but the function f° is. In fact, only differentiability
in some neighborhood of a fixed isolated zero of f° could be enough. When
this is the case, one can use the following remark in order to verify the
hypothesis (i7) of Theorem 6.

Remark 8. Let fO: D — R"™ be a C! function, with f°(b) = 0, where D
is an open subset of R™ and b € D. Whenever b is a simple zero of f° (i.e.
the Jacobian of f° at b is not zero), then there exists a neighborhood V of b
such that fO(z) # 0 for all z € V\ {b}. Then dg(f°,V,b) € {—1,1}.

The following theorem is proved in [3], it provides the asymptotic stabil-
ity of the limit cycles obtained by the averaging theory only with the C!
differentiability of f and a Lipschitz assumption on R.

Theorem 9. If the function f of (6) is C' and the function R is Lipschitz
in a neighborhood of the limit cycle (-, €) given in Theorem 6 by the simple
zero b of f9, then for e sufficiently small if all the eigenvalues of the Jacobian
matriz of f° at b have negative (resp. positive) real part, then the limit cycle
(-, €) is asymptotically stable (resp. unstable).

Of course if the function f of (6) is C? and the function R is C' then
we have better information on the kind of stability of the limit cycle (-, )
given in Theorem 6. A proof of this result can be found in [14] or in [5].

Theorem 10. If the function f of (6) is C* and the function R is C' in
a neighborhood of a simple zero b of f°, then for e sufficiently small the
stability or instability of the limit cycle (-,€) given in Theorem 6 is given
by the stability or instability of the singularity b of the averaged system z =
ef%z). In fact the singularity b has the stability behavior of the Poincaré
map associated to the limit cycle p(-, ).

3. PrROOF OF THEOREM 1

Doing the cylindrical change of coordinates

(9) x=rcosh, y=rsinb, z =z, i=3,...,n,
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in the region r > 0 system (1) becomes

7 =ear + S (a4, co80+b;, ;. sinf)x
it Fin=2 ' o 4
(rcos®)(rsind)=2z% ...z + O(3),
-1
(10) 0=- (br + > (by..i,cos0—a; . ;, sinf)x
r fitetin=2 o _
(rcos@) (rsinf)2z ... z» + O(3)),
h=corm+ Y, P (rcos)it(rsin@)=225 ... 25 + O(3),

21..:Tnm

i1+ i, =2

for k =3,...,n, where O(3) = O3(r, 23,...,24).

As usual Z denotes the set of all non-negative integers. Taking agoe,; =
booe;; = 0 where e;; € 2172 has the sum of the entries equal to 2, it is easy to
show that in a suitable small neighborhood of (7, z3,...,2,) = (0,0,...,0)
we have 0 # 0. Then choosing 6 as the new independent variable system
(10) in a neighborhood of (r, z3,...,2,) = (0,0,...,0) becomes
(11)

r(ear+ > (@iq...ipn cOSOHbi; 4, sinO)(r cos 0)1"1 (rsin 9)i2z;3‘..zfl"+0(3)>
dr i1+ Hin=2

o — br+ S (biy...iy, cOSO—aiy . iy, sin9)(rcos€)il(rsine)i22;3...ziﬁ+0(3) ’
i1t Tin=2

| eckzr+ > CE’;)L (r cos )1 (TSiIlQ)i2Z;3...Z:L"+O(3)
dzi _ i14.. . Fin=2 " .
do br+ > (biy...ip cOSO0—aiy .. i, sinB)(rcos 0)*1 (rsin@)i2 zg?’zi," +0(3) ’
i1 tin=2

for k =3,...,n. We note that this system is 27 periodic in the variable 6.

For applying the averaging theory of Section 2 and proving
Theorem 1 we rescale the variables

(12) (1,23, -+, 2n) = (PE, M3, - - -, NnE).
Then system (11) becomes
(13)

dp 9

79 :Ef1(97pa7737"'777n)+6 91(97/)77737-"7777”8)7

% :sfk(07p7n37"-5”")+€2gk(97p7n37"'5nn75)7 ]{3:3,...771,,

where

fi % (ap + > (a4, cos0+b;, ;. sin@)x
i1+ i, =2

(pcos ) (psin )=z . .. zin)

fe=1 (cnk + > cgf)zn (pcosB)™ (psin @)= 22 z}1> .
i1 Fin=2



10 JAUME LLIBRE AND XIANG ZHANG

We note that system (13) has the form of (6) in the averaging theorem

with z = (pa7737"'777n), t = 9? f(97p7n37"'7777l) = (f1<97p77735"'ann)7
f3(0,0,m3, - s0n)s oy fn(0,0,m3,...,nn)) and T = 27. The averaged sys-
tem of (13) is

(14) y=cf), y=(pm3,....0m) €Q,

where ) is a suitable neighborhood of the origin (p, 13, ..., 7,)=(0,0,...,0),
and

@) =W, L. fow),

with
2

1 .
zo(y):? fi(07p7773a"'a77n)d9a Z:1,3,...,’ﬂ.
T Jo

After some calculations we have that

1 n
f{) = Q—bp 2a + Z(aloej + bOlej )nj s
j=3
1 k k k
f]g — % 2Ck77k + (Céoz)n72 —+ 0(82)()7172) p2 +2 Z C(()Olij nM5 1
3<i<j<n
for k = 3,...,n, where e; € Z"~? is the unit vector with the jth entry equal

to 1, and e;; € Z'7~? has the sum of the ith and jth entries equal to 2 and
the other equal to 0.

Now we shall apply Theorem 6 for obtaining limit cycles of system (13).
Note that these limits after the rescaling (12) will become infinitesimal limit
cycles for system (11), which will tend to origin when € \, 0, consequently
they will be bifurcated limit cycles of the Hopf bifurcation of system (11)
at the origin.

Using Theorem 6 for studying the limit cycles of system (13) we only
need to compute the non—degenerate singularities of system (14). Since the
transformation from the cartesian coordinates (7, z3, . . ., z,) to the cylindri-
cal ones (p,n3,...,n,) is not a diffeomorphism at p = 0, we deal with the
zeros having the coordinate p > 0 of the averaged function f°. So we need
to compute the roots of the algebraic equations
(15)

n
2a + Zg(ame]- + bote; )1 =0,
j=
ey + (Cg&)”,z + cé%ﬂﬁ) pPP+2 3 Célé)eiﬂmj =0, k=3,...,n
3<i<j<n
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Since the coeflicients of system (15) are independent and arbitrary. In order
to simplify the notation we write system (15) as

(16) a—l—z ajn; =0, cék)pz—i—cknk—i— Z cgf)nmj =0, k=3,...,n,
J=3 3<i<j<n

k k .
where a;, cé ), ¢, and cl(-j) are arbitrary constants.

Denote by C the set of algebraic systems of form (16). We claim that
there is a system belonging to C which has exactly 2”2 simple roots. The
claim can be verified by the example:

(17) a+asnz =0,
(18) e+ Y. enm; =0,
3<i<j<n
(19) CrMk + Z cgf)mnj =0, k=4,...,n,
3<i<j<k

with all the coefficients non—zero. Equations (19) can be treated as qua-
dratic algebraic equations in 7. Substituting the unique solution 73y of
N3 in (17) into (19) with & = 4, then this last equation has exactly two
different solutions 741 and 749 for 14 choosing conveniently c4. Introducing
the two solutions (730,74:), ¢ = 1,2, into (19) with £ = 5 and choosing
conveniently the values of the coefficients of equation (19) with k£ =5 and
(n3,m4) = (N30, Nai) We get two different solutions 75,1 and 75,2 of 15 for each
1. Moreover playing with the coefficients of the equations, the four solutions
(N30, M4i;Ms45) for 4,5 = 1,2, are distinct. By induction we can prove that
for suitable choice of the coefficients equations (17) and (19) have 23 dif-

ferent roots (ns,...,n,). Since N3 = 730 is fixed, for any given ci? there

exist values of ¢3 and c(()g) such that equation (18) has a positive solution
p for each of the 2"~3 solutions (n3,...,7n,) of (17) and (19). Since the
273 solutions are different, and the number of the solutions of (17)-(19) is
the maximum that the equations can have (by the Bezout Theorem, see for
instance [12]), it follows that every solution is simple, and consequently the
determinant of the Jacobian of the system evaluated at it is not zero. This
proves the claim.

Using the same arguments which allow us to prove the claim, we also can
prove that we can choose the coefficients of the previous system in order
that it has 0,1,...,2" 3 — 1 simple real solutions.

Taking the averaged system (14) with f° having the convenient coeffi-
cients as in (17)-(19), the averaged system (14) has exactly k € {0,1,...,
273} singularities with the components p > 0. Moreover the determinants
of the Jacobian matrix 0 f°/dy at these singularities do not vanish, because
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all the singularities are simple. By Theorem 6 and Section 2 we get that
there are systems of form (1) which have k € {0,1,...,2" 73} limit cycles.
This proves Theorem 1.

4. PROOF OF THEOREM 3

Following the proof of Theorem 1 after the change of variables x = r cos 6,
y =rsinf, z = z and w = w, and the rescaling (r, z, w) = (pe, &g, ne) we
get from (2) that

d
ch = eAi(0,p,&n) +e2B1(0,p, & m ),
d

(20) d% = eAy(0,p,&,m) +>Ba(0,p,&,m ),
d
ch = eA3(0,p,&,m) +eBs(0,p,6,m, ),

where the A;’s can be got from the proof of Theorem 1, we do not present
them here. The averaged system associated to (20) is

(21) g=cf(),  y=(p&m),

where fO(y) = (f0(y), f9(y), f9(y)) with

1
o= %" (2a + (a1010 + bo110)§ + (@001 + bo101)7)
1
g o= % (2¢€ + (o200 + €2000)p° + 2(c0020€? + c011€n + coo02n?))
0 1 2 2 2
f3 = % (2dn + (dozo0 + d2000)p* + 2(doo20&* + doo11£n + dooo2n?)) -

As we have explained in the proof of Theorem 1, we consider the singular-
ities with p > 0 of the averaged system (21). By some tedious calculations
we obtain that for F} # 0 and A # 0 the singularities with p > 0 of (21)
are Sl = (pl,gl,ﬁl) with

F1A2 ) fl = 24 )
daA + Fy(B — VB? — 4AC)
m=- )
2AF,

\/ AAE — DB + DVBZ — 4AC B — VBT =140
p1=
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if B2—4AC > 0 and (4AE—DB—|—D\/ B?Z — 4AC)F1 > 0;0r Sy = (pg,fg,ng)
with

4AF — DB — D/B? —4AC B ++VB?2 - 4AC
P2 = \/ F1A2 P 52 = 24 3
4aA+ F»(B+ vB? —4AC)
B 2AF, ’

2 =

if B2 —4AC > 0 and (4AE — DB — D\/B2 — 4AC)F; > 0.

We treat A, B, C, D, E as polynomials in F; and G; fori = 1,2. Then AE
has the terms with degree 4, but DB and Dv/ B2 — 4AC has the terms with
the lowest degree 5. So by choosing the values of Fy, Fy, G; and G4 suitably
small, i.e. the values of a1001,@1010, bo110, bo101, 0200, C2000, d0200, d2000, and
the convenient choice of the other parameters we can prove that S; and Sy
can appear simultaneously.

From other tedious calculations we get that
(22)

940 ,VBZ—1AC 8 f0 , VB2 —1AC
det | =— =—pl———=—- and det | —=— =ps——a
ay )| 203, ay )|, 203 F,

Hence it follows from the assumptions of statement (a.1) of Theorem 3 and
the previous discussions that S; and S can appear simultaneously and are
different, and that the determinants of the Jacobian matrix of (21) at S
and Sy are both different from zero. By Section 2 we obtain that for e
sufficiently small system (20) has two limit cycles that we denoted by T,
i=1,2,and T';c — S;,i =1,2,as e \, 0. Hence statement (a.1) of Theorem
3 is proved.

If F1 #0, A =0 and B # 0, the averaged system (21) has the unique
singularity

— = (I) C 2@B+CF2
51:(91,517771): G1B2F127E7_ BF1 .

Recall that we haXe assumed Gy # 0. The determinant of the Jacobian
matrix of (21) at S is

(23) det (%J;O)

Therefore using Section 2 it follows statement (a.2) of Theorem 3.

S B
S
3 203y
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If F1 =0, F» # 0 and Ny # 0, the averaged system (21) has the singu-

larities

I — (2@00011N2 + CooogA)\/Z 2¢ A+VA
S3 = (p3,&3,Mm3) =

G, FZN? "R, 2N F, |

if (F — (2&60011NQ + COOOQA)\/Z)Gl > 0; and

Sy = (pa, € ) = F+(2a00011N2+C()002A)\/E _27(1 _M
B G1F3N3 R 2N.F |7

if (T + (2acgo11 N2 + cooogA)\/Z)Gl > 0. The determinants of the Jacobian
matrix of (21) at S3 and Sy are respectively

of° _ o V/AFY of°
(24) det(@y) 53——p3 S E, and det n

Again from Section 2 it follows statement (a.3) of Theorem 3.
If 1 =0, F5 #0, N =0 and A # 0, the averaged system (21) has the
unique singularity

—_ - v 2a  2al
S3 = (p3,€3,73) = (\/ GlFZQA2’Fz’A) .

The determinant of the Jacobian matrix of (21) at S3 is
of° 5 A

25 det | — —

%) ‘ <0y>

3, P3 2b3
After a similar treating as those in the proof of the case Sy and Ss, we can
finished the proof of statement (a.4) and consequently the whole proof of
statement (a).

For proving statement (b) of Theorem 3 we observe that the limit cycles
[;. for i = 1,2 can be written into the form {(r;(6), z;(),w;(0)); 0 € S},
and that the singularities S; and Sy in the coordinates (r, z,w) are respec-
tively

2 VAFS

= Py :
S 203F,

c\/AAE-DB+DVB?~4AC _B-VB?-1AC _E4aA+F2(B—\/BZ—4AC)
F A2 ) 24 ) 2AF, )

and

c 4AE—-DB—-D+/B2—4AC €B+\/B274AC —e 4daA+Fy(B+vVB2—-4AC)
F A2 ’ 2A ’ 2AF, :

Now the proof of statement (b) of Theorem 3 for the limit cycles T';. with
1 = 1,2 follows from Section 2.
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Doing in a similar way as for the limit cycles I';. and I's. we can get
the conclusion for the other limit cycles I'i, I's. and I'y. and I's.. Hence
statement (b) of Theorem 3 is proved.

By Theorem 10 and the determinants (22) (resp. (23),(24) and (25)) of
the Jacobian matrix of (21) at S; and Sy (resp. S3, S3 and Sy, and S3), it
follows easily the proof of statement (c¢) of Theorem 3.

We remark that the characteristic equations of system (21) at S;, i =
1,2, 3,4, are extremely complicated in the expression. So we do not pursue
the further analysis on them for obtaining more information on the dimen-
sions of stable and unstable manifolds of the limit cycles I';., : = 1,2, 3, 4.

5. APPLICATION 1: FOURTH ORDER DIFFERENTIAL EQUATIONS

Now we want to apply our Theorem 3 to study the existence of periodic
solutions of higher order differential equations. We consider the following
fourth order differential equation

d*z Bz A’z dx de d’x d3z
2 At p—— 4 — + hk— = — = ==
(26) dt* +pdt3+th2+kdt+lx f(w’dt’dﬂ’dﬁ)’

where p, ¢, k, | are real parameters, and f is a C® function with the expansion
dz d’z d° 2 d d? d? dz |2
f (2%, 58, 92) = 0% + a0 % + a0 BE + awhE + o5 (%)
dx d*z dz d’x d*z 2 d’z d3x >z 2 O
Tos g gz t g g tas |\ gz ) Toogegm Tawo |l ) + (3)
‘We assume

p=—(2a+c+d, q =%+ (a® + 2ac + 2ad + cd)e?,
k=—e(b?c+b2d+ (a®c+ a®d + 2acd)e?) , | = cde? (b + a’e) .

Set ©1 = x, xo9 = &1, T3 = T3, v4 = T3 and the dot denotes derivative
with respect to the time ¢. Equation (26) can be written as the system
(27)

Ty = T9, Bo = X3, T3 = x4, T4 = —lx1 — k2 —qr3 —prs+ f(21, 22,3, 24).

Taking the change of variables

(28) (xa Y, z, w)T = M(xla T2, T3, 1'4)Ta
with
—acde3 ace? + ade? + cde®  —ag —ce —de 1
M bede? —bce — bde b 0
T | —de(¥? +a2e?) b2+ a?e? + 2ade? —2ae—de 1 |’
—ce(b? + a%e?) b + a?e? + 2ace? —2ae—ce 1



16 JAUME LLIBRE AND XIANG ZHANG

system (27) becomes

T =ceaxr — by + g(x,y, z,w),
y = bx + eay,
Z=¢ecz+g(z,y,z,w),

W =edw + g(z,y, z,w),

(29)

where g(l‘, Y, z, ’LU) = f (M_l(x’ Y, %, w)T) .
Write
g(x,y, z,w) = b122 + baxy + bsxz + byxw + bsy? + bgyz
+bryw + bgz? + bgzw + biow? + O(3).

We note that the coefficients of g are functions depending on the entries
of the matrix M and on the coefficients of f, which we do not give here
explicitly. Now for system (29) the relevant quantities in (3) become

Fi=by, Fy=b3, Gi=Ga=0b+bs, M;=N;=0,i=1,2,3
A=0, B= (Cbi + db3b4)(b1 + b5), C = —2adb4(b1 + b5),
A= dbg(bl + b5), F = Cbg(bl + b5),
® = 4abj (b1 + bs)? (cd(cbs + dbs) — 2ab3(c*bro + cdby + d*bs)) |
U = 4ab3(by + b5)* (cd®bs — 2a(c*b3b1o — cdbsby + d?bs)) .
Since we have A = 0 and No = 0, applying Theorem 3 we get the next
result.
Corollary 11. For 0 < e < 1 the following statements hold

(a) System (26) has an isolated periodic solution in a neighborhood of
the trivial solution x = 0 if one of the following conditions holds:
(i) by # 0, cby + dbs # 0 and

®* = a(by + bs) (cd(cby + dbs) — 2abi(c’big + cdby + d*bg)) > 0;
(ii) by =0, b3 #£0,d # 0 and
" = a(by + bs) (cd®bz — 2a(c*b3big — cdbsby + d*bg)) > 0.
(b) The periodic solution has the asymptotic expression

—2ad 2aby (cby+dbs)(b1+bs)+cb
(cfd)(cb4+db5)?b2+(a7c)252) + ?cfj)(bzi(aid)zssz) 2 + 0(6)7

xTr =

if the condition (i) holds, or
_ —2a n 2ac
~ (e—d)b3(b2 + (a —¢)2e2)  (c—d)d(b? + (a — d)2e?)

if the condition (it) holds.
(¢) The isolated periodic solution is a limit cycle.

+0(e),
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The proof of Corollary 11 follows from Theorem 3 and the change of
coordinates (9) and (28). The following examples show that do there exist
systems of form (26) satisfying the conditions of Corollary 11.

FEzample 1: The system
d*z d3x d*x dx dx d3z
T 5&:@ +(1 +9€2)@ —e(3+ 752)E +2e2(1+e)r = S + gxﬁ,
satisfies condition (i) of Corollary 11 for € sufficiently small. Because by =
—1/(6€) + O(1), cby + dbz = —1/(6¢) + O(¢), and ®* = 45/324 + O(£?). So
it has an isolated periodic solution in a neighborhood of x = 0.
Ezxample 2: The system
4 3 2
C;Tf - 5%4—%—1—253% — (1+e)x

— —.732—|- xdi_QdeJ_F xdgi_i_ (di)Q_ddeJ

B T a2 " Mg dt dt dt2’
satisfies condition (i7) of Corollary 11 for p and e sufficiently small. Because
by =0, b3 = =4+ 0(¢) (or =4+ O(€?) if p = 0), d = 1 and ¥* =
69/(2¢2) + O(1/¢) (or 69/(2¢2) + O(1) if p = 0). So it has an isolated
periodic solution in a neighborhood of z = 0.

6. APPLICATION 2: THE MARCHUK SIMPLIFIED SYSTEM OF IMMUNE
RESPONSE

The system

;‘é = (8 -F)V,
— =aV({t—1)F(t—71)— u.(C —-0C),
(30) a (t—7)F(t —7) = pel )
élt
m
dt
was given in [7] by Marchuk for describing a simplified system of immune
response with no influence of damaged organ, where C' is a constant level
of plasma cells in a healthy organism, and the biological meaning of the
coordinates and coefficients are given in [7, 10]. For practical meaning we
assume that all the coefficients do not vanish. In [7, 9] the authors studied
the stability of the equilibrium states.
We will apply our Theorem 3 to system (30) without the time delay for

studying the existence of the periodic solutions. Thus we consider system
(5). It has two singularities

=pC — (g +mMV)FE,

=oV - Hm/ 112,

_ 3p _ [ 1(Br2=8vp) oBps—dny’uy B p1o(Buz—dvp)
p= (0’5’ #2’0) , Q= (B(ap*mm) > y(ap—nypr) Oy ﬁ#s(ap*nwl)) ’
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The first one has the eigenvalues: —pq, —pug, —p3, 5 — dvp/ua. Theorem
3 cannot be applied to it. We consider the possible appearance of limit
cycles of system (5) in a neighborhood of the singularity @. We denote its
coordinates by (x*,y*, z*, w*).

In order that system (5) at @ has the form (2), we choose the parameters
as

ps = —de,
BB — % — (2aB% + bPc + FPe)e + mofe? — aPes?
e = BB+ p1) ’
B g = o (V23 + Bud + mae + mofe? — a®ce?) p
VB(ce + ) (0% + a?e? + 2ape + 417
) = 1] (bzpl — ﬁp% —mie + m2u152 + a2053)

Sypa (B + p1)

where m1 = (2afu1 + cBu1 —b*c), ma = (a®+2ac), and a, b, c and d are the
coefficients of the linear part of system (2), which can be chosen arbitrarily
but with ab # 0. We remark that the choice of u3 follows from the fact that
—us is an eigenvalue of (). We take the translation of coordinates

rn=X—-z a=Y —y", a3=2-2% z4=W —w",

and an invertible linear change of coordinates (x,y, z,w)? = M(z1, %o, 13,
x4)T, where T denotes the transpose of a matrix. Then system (5) becomes

d

ggtc =ceazr — by + v1G(z,y, z,w),

7y = bx + eay + WQG(%% va)?
(32) i
7 =ccz + ’UgG(SU, Y, z, w)7

w
— =cw+ v4G(x,y, Z,’U)),

dt
where
no= o (P (8 e teslas + )
+(8 — ag)(as + 1) (as(B — =) + Blee + m)))
b= (B Gt ae)?) +ee (B + (8- ae)?)),
v o= (e = B) (B = B +as(as —29)),
T % ((ce = B) (b* — 2aBe + a’e®) — dBuie + B (1 + ce — de)) ,
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and

G =b?cex? + (b* + (a — c)ae?) (a — c)ey® + ce(ce + p1)?2% — (b3 + a?be?
—bc?e3)zy — 2bce(ce + py)wz + (b2 + (a® — ¢?)e?) (ce + p1)yz,

with
N = Bopa (ce + ) (B + )2 (0 + (ag + pn)?) (0% + (a — )%¢?)”.

We remark that the expression of the matrix M = (a;;) is extremely long,
we do not present it here. We got the matrix M with mathematica via the
choices of may = 0, and mao3z = ma33 = my3 = Sy (B + pr)(ce + 1) (V% +
(ae + m)?).

For system (32) all the parameters in (3) different from A, F, A, Fy, G4
and G5 vanish. Moreover we have

P = /\i/l (= (0% + 1) B*B + (b2c(b® — B%) — 2Bu1(ab® + cB)) €
(¢ = 2a*)0° B — p1 (26°¢* + 2¢6% (c + 2a) + P l)) €2
(b*c(a® +£) — ¢B%(2a® — £) — 2aBu, (L — 2¢7)) €°
— (aB(a® = bac® — 2¢%) + 2a*c* ) e* + a’cle®)
ag(ce — B)(b* — Bu1 — 2aBe + a?e?)
Borer (e ) (B2 + (0 — 2e2) (B + o 2(2 + (ae + i )2)’
A = dBGL, A=A2
ace?(ce — B)%(b? — 2aPe + a?e% — Buy)?
PR + (a— PP+ m) (P + (az + i

_|_
_|_

Gy =

\I/Gl = 78(12/\2

where ¢ = a? — 2ac — ¢? and
N = Bop1 (0 + (a — €)*€*)*(B + 11)*(b? + (ae + m1)?).
In short we have the next result.

Corollary 12. For 0 < ¢ < 1 if the parameters of system (5) satisfy
(31), b2 — Buy # 0 and ac < 0, then it has a limit cycle in a vicinity of
the singularity Q. Moreover the limit cycle has three dimensional unstable
(resp. stable) manifolds if ¢ > 0 and d > 0 (resp ¢ < 0 and d < 0), or
two dimensional unstable (resp. stable) and one dimensional stable (resp.
unstable) manifolds if ¢ > 0 and d < 0 (resp. ¢ <0 and d > 0).

Proof. The first statement follows from Theorem 3 and the expressions of
FQ, Gl, A and \I/Gl
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For proving the second statement, we denote the six coefficients of the

polynomial G by ay, ...,as. Then the averaged system (21) becomes
d
d—z = 5P (2a + (v1as + voag)E) ,
(33) € _ 1 (2¢€ + v3(az + a1)p® + 2v3a3€?)
a0 % 3(a2 + a1 30387 )
d 1
aTZ = 35 (2d17 + vg(as + al)p2 + 2v4a3£2) .

It has a unique singularity with p > 0, denoted by S. System (33) at S has
the eigenvalues

\ d A\ Byt E? —AE,E,
1 — b7 23 — 2Ea )
where E, = b%asv; + b2agvy, Ep = —4abasvs + beasv; + beagvy and E, =
4a?asvs — 2acasv, — 2acagvs. Direct calculations show that
—2ac c
FE,E.= ———+———-+4+0(), E,Ep=-——5———-+0(e).
b292u3 (B + pn)? © "7 00238+ )? (©
So the second statement of the corollary follows easily from the eigenvalues
of S via Theorem 10. This proves the corollary. O
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