HSU-ROBBINS AND SPITZER’S THEOREMS FOR THE
VARIATIONS OF FRACTIONAL BROWNIAN MOTION

CIPRIAN A. TUDOR

ABSTRACT. Using recent results on the behavior of multiple Wiener-1t6 inte-
grals based on Stein’s method, we prove Hsu-Robbins and Spitzer’s theorems
for sequences of correlated random variables related to the increments of the
fractional Brownian motion.

1. INTRODUCTION

A famous result by Hsu and Robbins [6] says that if X;, Xs,... is a se-
quence of independent identically distributed random variables with zero mean
and finite variance and S,, := X7 + ...+ X,,, then

> P(|Su| > en) <

n>1

for every ¢ > 0. Later, Erdos ([3], [4]) showed that the converse implication
also holds, namely if the above series is finite for every € > 0 and X, Xs,... are
independent and identically distributed, then EX; = 0 and EX? < co. Since
then, many authors extends this result in several directions.

Later, Spitzer’s showed in [12] that

1
Z EP(]STJ > en) < 00

n>1

for every e > 0 if and only if EX; = 0 and E| X | < co. Also, Spitzer’s theorem has
been the object of various generalizations and variants. One of problems related
to the Hsu-Robbins” and Spitzer’s theorems is to find the precise asymptotics as
e — 0 of the quantities Y- o, P (|S,| > en) and > -, P (|S,| > en). Heyde [5]
showed that - -

: 2 _ 2
(1) g%eE:PQ&J>aU—EX1

n>1
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2 CIPRIAN A. TUDOR

whenever EX; = 0 and EX? < co. In the case when X is attracted to a stable
distribution of exponent o > 1, Spataru proved that

1 1 o
2 li —P(|S,] > = —.
2) eli%—logsnz;;n (15n] > &n) a—1

The purpose of this paper is to prove Hsu-Robbins and Spitzer’s theorems for se-
quences of correlated random variables, related to the increments of fractional
Brownian motion. Recall that the fractional Brownian motion (Bf);>o is a
centered Gaussian process with covariance function R (t,s) = E(BEBY) =
(4?1 — |t — s|*M). Tt can be also defined as the unique self-similar Gaussian
process with stationary increments. Concretely, in this paper we will studies the
behavior of the tail probabilities of the sequence

(3) V=Y Hy(Bui - By

where B is a fractional Brownian motion with Hurst parameter H € (0,1) (in the
sequel we will omit the superscript H for B) and H, is the Hermite polynomial

of degree ¢ > 1 given by H,(z) = (—1)%7 L (e~ 7). The sequence V,, behaves

dxd
as follows (see [8]):

Theorem 1. Let ¢ > 2 an integer and let (By)i>o a fractional Brownian motion
with Hurst parameter H € (0,1). Then, with some explicit positive constants
Clq.H,C2,q.0 depending only on q and H we have

;. [fO<H<1—ithen

Vn aw
(4) "~ % N(0,1)
Cl,q,H n n—oo

. [f1—2—1q<H<1then

Vn Law
(5) C27q’Hn17q(17H) r;)o 4

where Z is a Hermite random variable. See Section 2 for the definition.

In the case H =1 — 2—1(1 the limit is still Gaussian but the normalization
is different. However we will not treat this case in the present work. We will
explain later (in Remark 3) why.

We note that the techniques generally used in the literature to prove the
Hsu-Robbins and Spitzer’s results are strongly related to the independence of the

random variables X, X5, .... In our case the variables are correlated. Indeed, for

any k,l > 1 we have E (H,(By+1 — Br)Hy(Biy1 — By)) = ﬁpH(k — 1) where the

correlation function is py(k) = 1 ((k+1)* + (k — 1)*" — 2k*) which is not
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equal to zero unless H = % (which is the case of the standard Brownian mo-
tion). We use new techniques based on the estimates for the multiple Wiener-I1to
integrals obtained in [2], [9] via Stein’s method and Malliavin calculus.

The paper is organized as follows. Section 2 contains some preliminaries
on calculus on Wiener chaos. In Section 3 we prove the Spitzer’s theorem for
variations of the fractional Brownian motion while Section 4 is devoted to the
the Hsu-Robbins theorem for this sequence.

Throughout the paper we will denote by ¢ a generic strictly positive con-
stant which may vary from line to line (and even on the same line).

2. PRELIMINARIES

Let (W;)icpo) be a classical Wiener process on a standard Wiener space
(Q,F,P). If f € L*]0,1]") with n > 1 integer, we introduce the multiple
Wiener-Ito integral of f with respect to W. The basic reference is [10]. We will
work with processes indexed by the time interval [0, 1] because by the scaling
property of the fractional Brownian motion we can write the sequence V,, in
terms of the increments of the fractional Brownian motion between points of the
interval [0, 1].

Let f € S,, be an elementary functions with m variables that can be

written as
f = E Cil,...imlAl'lX‘..XAim

i15eesbm
where the coefficients satisty ¢;, ;,, = 0 if two indices 7 and ¢; are equal and the
sets A; € B([0,1]) are disjoints. For a such step function f we define

In(f) = Z Cityim W (Ai) - W(A;,)

where we put W([a,b]) = W, — W,. It can be seen that the application I,
constructed above from S, to L*(Q) is an isometry on S,, , i.e.

(6) E [I.(f)In(g)] = n!{f, 9>L2([0,1]n) ifm=n
and
E [L,(f)In(g9)] = 0 if m # n.

Since the set S, is dense in L*([0,1]") for every n > 1 the mapping
I, can be extended to an isometry from L?([0,1]") to L*(€2) and the above prop-
erties hold true for this extension.

We will need the following bound for the tail probabilities of multiple
Wiener-Ito integrals (see [7], Theorem 4.1)

) PRI > 0) < cexp ((‘7“))

forall u >0, n > 1, with ¢ = ||fHL2([0,1]2)-
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The Hermite random variable of order ¢ that appears as limit in Theo-
rem 1, point ii. is defined as (see [8])

(8) Z =d(q,H)I,(L)

where the kernel L € L*([0,1]?) is given by
1

L(yh Ce 7yn) = 1[071]q / alKH(u, 3/1) Ce 81KH(U, yq)du
Yy

1V...Vyq

The constant d(q, H) is a positive normalizing constant that guarantees that
EZ? = 1 and K" is the standard kernel of the fractional Brownian motion
(see [10], Section 5). We will not need the explicit expression of this kernel. Note
that the case ¢ = 1 corresponds to the fractional Brownian motion and the case
q = 2 corresponds to the Rosenblatt process.

3. SPITZER’S THEOREM

In order to transfer the problem on the unit interval, we note that the
scaling property of the fractional Brownian motion implies that the sequence (3)
has the same distribution as

©) Vo= 3oy (0 (Brp - By )

where B is a fractional Brownian motion with time interval [0, 1]. We set
crgmyn’ " Caqpn!~40=H)

with the constants ¢ g m,c2¢n from Theorem 1. We note that in this case it

(10) ASIE

follows from [8] that the sequence z converges in L? to the Hermite random
variable introduced in Section 2.
Let us denote, for every € > 0,

1 1
(11) fe) =) ~P(Vy>en) = 3 P (20 > el eV
nz n>1
and
1 1
12) )= 3 1P (Ve et 0°0) = 37 0P (209 > eyl yen'=4-1).
n2 n>1

Remark 1. It is natural to consider the tail probability of order n?>=2a0—H)
1—q(1-H)

(12) because the L* norm of the sequence V,, is in this case of order n .

m

We are interested to study the behavior of f;(¢) (i = 1,2) as ¢ — 0. For
a given random variable X, we set ®x(2) =1— P(X < z) + P(X < —x).

The first lemma gives the asymptotics of the functions f;(e) as ¢ — 0 when
7\ are replaced by their limits.
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Lemma 1. Consider ¢ > 0.

i. Let ZW be a standard normal random variable given by (8). Then as

1 1
Z —(I)Z(1)(C€\/ﬁ) — 2.
n>1 n =0

—logce

. Let Z@ be a Hermite random variable or order q. Then, for any integer
q=>1

1 1 1
1o lq-H)y _, Y
—log ce Z n z(cen ) e—0 1 —¢q(1—H)
n>1

Proof: The case when ZW) follows the standard normal law is hidden in [11].
We will give the ideas of the proof. We can write, for any m (see [11])

=1 ™1 1
Z ~®,0)(cev/n) = / —® 0 (ce/r)dr + —® ,)(cen/m)
—n . T 2m

_ %(I)Z(l)(cg) — /Im Py(x)d E‘%(l)(CE\/E)]

with P (z) = [z] —  + 1. Letting m — oo
1 1 1
Z E¢Z(l>(05\/ﬁ) = / Eq)z<1>(05\/5)059’j - §¢z(1>(05)
n>1 1

— /100 Pi(z)d E%m(%ﬁ)} :

Clearly as ¢ — 0, @@Z(l)(cs) — 0 because ¢, is a bounded function and
concerning the last term it is also trivial to observe that

1 oe 1
F d —(I) 1
—log ce /1 I(I) [m 2 )(Cg\/;)]
J— 1 2
10gC€ ! 1\T 5 Z()CE xr)ax C€2£E (1>€ T T P

since ®,1) and (I),Zu) are bounded. Therefore the asymptotics of the function
fi(e) as e — 0 will be given by [ 2®,4)(ce\/x)dz. By making the change of
variables ce /T = y, we get

1 >~ 1
lim / ~® 40 (cev/r)dx
. T

e—0 — log ce

. 1 ~1 :
= ll_r)% “Tog 052/(;5 ;@Z(l)(y)dy = ll_r)% 20 ,0)(ce) = 2.
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Let us consider now the case of the Hermite random variable. We will
have as above

lim
e—0 — log ce

Z (I)Z(z) cent q(l—H))

1 1
= lim (/ —® o) (cext 1)) dy
e—0 —logece \J; =z

_ /1 Pi(2)d B@Zm(cmlqﬂfD)D |

By making the change of variables cex'~91=H) = ¢ we will obtain

1 <1
lim / —® 00 (cex! 71 4y
e—0 —logce J; =

1 1 1
. logcsl—q(l—H)/c Y 2 (y)dy

1 1
im0 B
- 7 = T

where we used the fact that @, (y) <y ?E|Z®? and so lim logy® ;e (y) =0.
y—o0

It remains to show that ——— f1 Pi(x)d [%(IDZ@) (cexlfq(lfH))} converges
to zero as ¢ tends to 0 (note that actually it follows from a result by [1] that a

Hermite random variable has a density, but we don’t need it explicitly, we only
use the fact that @, is differentiable almost everywhere). This is equal to

1 o
hgn—log = {—/1 dzPy(2)x72® 4o (cex! 710 H))

+/ drPy(z)cs(1 — q(1 — H))a 1019, (cea!~20-))
1

1 o0
= lim log ce / Pl(:L‘)C€(1 - Q(l - H))I a(1-H)- (I)Z<2 (C&Tl_q(l_H))d:E
& = 1

a-m) [ eyl B
— et TR (L)) @ty

)

1 [ 1\
<o [ Al(= B ()

which clearly goes to zero since P; is bounded and fooo Do (y)dy = 1.

Remark 2. Lemma 1 is valid for any H € (0,1) and for any random variable
ZW | 7 with finite variance.
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The next result estimates the limit of the difference between the functions
fi(e) given by (11), (12) and the sequence in Lemma 1.

Proposition 1. Let ¢ > 2 and ¢ > 0.

. If H<1— 5, let zZt be given by (10) and let ZY) be standard normal
random vamable Then it holds

1 [Z%P(|Zg)|>ce\/ﬁ)—zn (1z¢ |>ca\/_)]

—loge
gce n>1

ii. Let Z® be a Hermite random variable of order ¢ > 2 and H > 1 — %.
Then

! [Z " (|Z | > cen'” Q(I_H))
n>1

—logce

e—0

—Z \Z(Q)\ > cen' (1H))] — 0.

n>1

Proof We can consider separately the two cases when H is lesser or bigger than
1—— CaseH<1—— We can write

Zn (128 ]>c<€\/_) Z%P(|Z(l)|>ce\/ﬁ)

n>1 n>1
=[P (2 > cevn) — P (21 > cevn)]
1
- 1 ~ _ _ 1~ _
+Z[HP(ZH < —cev/n) — P (2W < —cey/n)
<2) —sup|P(zZ) > P(zW .
Z S|P (21 > ) = P (2% > a)

It follows from [9], Theorem 4.1 that

7 He(0,3]
(13) sup|P (2 > a) = P (20 > a)| <cq ' H e[ 5
gl
paH et HE[Q(] 2,1—%)
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and this implies that
(14)
Sor ke He (03]

leupMD( g >x) P(Z(i)>x)|§0 Zn>1”H727 HGB’;Z g)

n>1 N zer
Snsr 0 H € J55 1 5)).
and the last sums are finite (for the last one we use H < 1 — z_q) The conclusion
follows.
Case H > 1 — o~ . In this case, by a result in Proposition 3.1 of [2]

(15)  sup |P( @ > z) — P (Z(i) > ;p)‘ <c <E }Z,(f) B Z(z)‘Z)Tq < ental

z€R
and as a consequence

1 1 1
- (2) 1=q(1-H)) _ il ) 1—q(1—H) ——H
E nP(\Zn\>cen ) E P(|1Z®| > cen )gcg n 2

n>1 n>1 n>1

3

and the above series is convergent because H > 1 — 2q [ |

We state now the Spitzer’s theorem for the variations of the fractional
Brownian motion.

Theorem 2. Let f1, fo be given by (11), (12) and the constants ¢4 m, 241 be
those from Theorem 1.

i. ]fO<H<1—ﬁ then
1
lim —————fi(e) = 2.
e—0log(c; Hqs)

. [f1>H>1—ith6n

1 1
lim ———fo(e) = ———.
e—0 log(ci}{vqs) f2(e) 1—¢q(l—H)
Proof: Tt is a consequence of Lemma 1 and Proposition 1. [ |
Remark 3. Concerning the case H =1 — 2%1, note that the correct normalization

of Vi, (9) is \/Lﬁ In this case result for the behavior of 3 -, P |Va| > ey/lognn)
can be obtained by following the above proof. To be coherent, the natural version of
the Spitzer’s theorem would be to normalize the quantity . -, P|V,| > enlogn)
and this demands a new proof. To keep our approach unitary, we decide to avoid
this case.
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4. HSu-ROBBINS THEOREM FOR THE VARIATIONS OF FRACTIONAL
BROWNIAN MOTION

In this section we prove a version of the Hsu-Robbins theorem for the
variations of the fractional Brownian motion. Concretely, we denote here by, for
every € > 0

(16) g(e) =Y P(Val > en)
n>1
ifH<1—2—1qandby
(17) g2(e) = Y P (|Vy] > en?7200=1)
n>1
if H > 1—5-. and we estimate the behavior of the functions g;(¢) as ¢ — 0. Note

2¢
that we can write

0(e) =Y P(1Z0] > cik yevin) . gle) = Y P (122] > ¢} yent~10-1)

n>1 n>1

with Z", Z\? given by (10).
We decompose it as: for H < 1 — 2iq

g1(e) =>_ P (12M] > ¢} yev/n)

n>1
+Y [P (120 > erphyevn) = P (1Z20] > ci) yevn)] -
n>1
and for H > 1 — %

g2(e) = Z P (|Z(2)| > 502_7;7Hn1_q(1_H))

n>1

# [P (221> hent ™) = P (122 > eyl en0)].

n>1

We start again by consider the situation when 28 are replaced by their limits.

Lemma 2. i. Let ZW be a standard normal random variable. Then
; 2 (1) _
lim(ce) > P(|Z29] > csv/n) = 1.
n>1
ii. Let Z@ be a Hermite random variable with H > 1 — 2—1q. Then

1 1
; T—q(1—H) (2) 1—q(1-H)\ _ )| 1=qo=m
ll_I)I(l)(CS) E P(|1Z®] > cen ) =E|Z?) :

n>1



10 CIPRIAN A. TUDOR

Proof: The part i. is a consequence of the result of Heyde [5]. Indeed take
X; ~ N(0,1) in (1). Concerning part ii. we can write

hm(cg)ﬁ Z(I)Z(z) (cent~91-H))

e—0
n>1

= lim(cg)m [/ B o) (cex' 1)) d
1

e—0

— /100 Pi(z)d [(I)Z(z)(cexl_q(l_m)]
= lim(A(e) + B(e))

e—0
with Pi(z) = [z] — = + 1. Moreover

1

Ale) = (cg)l—q(l—m/ D ) (cex' 1) dy
1

1 o0 1y
——/ Dy (y)y=a=D " dy.

1- q<1 - H) e
Since @, (y) < y~2 we have <I>Z(2>(y)y1*‘I<11*H) —y—oo 0 and therefore

o0

1 1
A(E) = ~ @) =) — [ @

ce

1
where the first terms goes to zero and the second to E ‘Z(z)| 1=a=H) The proof

that the term B(e) converges to zero is similar to the proof of Lemma 2, point ii. B

Remark 4. Lemma 2 also holds for any random variables that has a moments

of order —A——. The Hermite random variable has moments of all orders since
1—-q(1-H)

it 1s the value at time 1 of a selfsimilar process with stationary increments.

Proposition 2. . Let H <1~ i and let Z" be given by (10). Let also
ZW be a standard normal random variable. Then

(05)22 [P 1z > cev/n) — P 12V > cev/n)] — 0.

n>1

. Let H > 1 — 2—1q and let Z? be given by (10). Let Z® be a Hermite
random variable. Then

(ce)ﬁ Z [P (|ZT(L2)| > cen! M) — p (\Z(Q)\ > cenlfq(l’H))] — 0.

e—0
n>1

Remark 5. Note that the bounds (13), (15) does not help here because the series
that appear after their use are not convergent.
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Proof: [Proof of Proposition 2] Case H < 1 — 5-. We have, for some 3 > 0 to
be chosen later,

e2> [P (1Z2] > cey/n) — P (12| > cev/n)]

n>1
7]

=&Y [P (12| > cev/n) — P (12| > cev/n)]
+ €2 Z [P (|Z7(ll)| > cey/n) — P (|Z(1)| > ce\/ﬁ)]

n>[e—A]

= I,(e) + Ji(e).

Consider first the situation when H € (0, 3]. Let us choose a real number
(3 such that 2 < # < 4. By using (13),

[e7]
1
) < ce? n2<c — 0
PLEE pur

w\u

since < 4. Next, by using the bound for the tail probabilities of multiple

2
. . 1
integrals and since E | Z, ) converges to 1 as n — oo

Ji(e) = Y P(ZY > cey/n)

n>[e—h]

Y ep | VI

%\ (e
<et 3 e ((-otvi))

n>[e=A]

and since converges to zero for f > 2. The same argument shows that
23 popes P (Z1) > cey/n) converges to zero.

The case when H € (3, %) can be obtained by taking 2 < 8 < % (it
is possible since H < 1) while in the case H € (2q 2 1— —q) we have to choose

2< <

7 + 5 (which is possible because H < 1 — 2q .
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Case H > 1 — 2%1. We have, with some suitable 3 > 0

e=0=1 Y [P (1Z2] > cen'™10-D) — P (12®)] > cenlma1-D)]

n>1

[e=°]
] Z [P (|1Z2] > cen'™10=H)) — P (| 2P| > cen!90 )]
n=1

+ eTam Y [P(1ZP] > cen'107) — P (|2P)] > cen' 10~

n>[e—F]

= I(e) + Ja(e).

Choose m < B < (1—q(1—H)1)(2—H—i) (again, this is always possible when
H>1- %z!)' Then

L(e) < cema=mACH=35) —0
E—

and by (7)

QN

—cenl—e(1=H)
Jo(e) <c Z exp «n

1
n>[e—H] (E Z,sz) 2> 2
) 2
<c Z exp (cn_ﬁnl_q(l_H)> ! " 0. [ ]
n>[e A :

We state the main result of this section which is a consequence of Lemma 2
and Proposition 2.

Theorem 3. Let ¢ > 2 and let ¢y 4 u, 24,1 be the constants from Theorem 1. Let
ZW be a standard normal random variable, Z® a Hermite random variable of
order ¢ > 2 and let g1, g2 be given by (16) and (17). Then

. If0< H <1— 45, we have (ci, y£)*1(€) — 1= EZW,
s} £—
1 1
i If 1 — Qiq < H <1 we have (cg’;’He)l—q(l—m ga2(€) — E|Z®)| =,
Remark 6. In the case H = § we retrieve the result (1) of [5]. The case q = 1

is trivial, because in this case, since V,, = B, and EV? = n* we obtain the
following (by applying Lemma 1 and 2 with ¢ = 1)

1
log e

Z %P (|Val > en*”) — 1

e—0 H
n>1



and

[1]

2]

[9]
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23" P (Vi) > en?) — E|Z0|7

e—0
n>1
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