SINGULAR INTEGRALS ON AHLFORS-DAVID REGULAR
SUBSETS OF THE HEISENBERG GROUP

VASILIS CHOUSIONIS AND PERTTI MATTILA

ABSTRACT. We investigate certain singular integral operators with Riesz-type
kernels on s-dimensional Ahlfors-David regular subsets of Heisenberg groups.
We show that L2-boundedness, and even a little less, implies that s must be
an integer and the set can be approximated at some arbitrary small scales by
homogeneous subgroups. It follows that the operators cannot be bounded on
many self similar fractal subsets of Heisenberg groups.

1. INTRODUCTION

In this paper we study certain singular integral operators on lower dimensional,
in terms of Hausdorff dimension, subsets of the Heisenberg group H". We shall
first review analogous results which are known to be true in R™. We shall study
Ahlfors-David regular and somewhat more general sets and measures:

Definition 1.1. A Borel measure ;1 on a metric space X is Ahlfors-David regular,
or AD-regular, if for some positive numbers s and C,

r*/C < p(B(z,r)) < Crf for all z € sptu,0 < r < diam(spt p),
where spt u stands for the support of .
In R™ the most well known relevant singular integral operators for such s-

dimensional AD-regular measures are those defined by the vector-valued Riesz
kernel |z|~*~'z, x € R™. The basic question is the validity of the L?-boundedness:

r—y
(1.1) ‘// ————g(y)dpy
X\Bar) T — Y|

for all g € L?(x) and all 7 > 0.

Vihtild showed in [V] that if this L?-boundedness holds for some non-trivial
s-dimensional AD-regular measure in R”, then s must be an integer. Moreover,
it was shown in [MPa] and [M3] that in this case u can be approximated almost
everywhere at some arbitrarily small scales by Hausdorff s-dimensional measures
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on s-planes. In our main theorem, Theorem 3.1, we prove natural analogues of
these results in H".

It is an open question in R", and will remain as such also in H", whether
above ‘some arbitrarily small scales’ could be replaced by ’‘all sufficiently small
scales’. This would mean that p would be a rectifiable measure. Even more could
be expected: for AD-regular sets in R™ the L2-boundedness could be equivalent
to the uniform rectifiability in the sense of David and Semmes, the converse is
known to hold, see [DS]. This equivalence is valid for 1-dimensional AD-regular
sets in R™ by [MMV], for further related results, see for example [Pa].

In the last section of the paper we discuss some self-similar sets to which our
results apply. First we modify ideas of Strichartz from [St] to construct standard
Cantor sets on which the Riesz transforms cannot be L?-bounded. These are
kind of analogues of the Garnett-Ivanov Cantor sets (see [T]) which many authors
have used as examples to study and illustrate Cauchy and Riesz transforms and
analytic and harmonic capacities. In fact, we shall prove the non-boundedness of
our Riesz transforms on more general self-similar sets.

2. NOTATION AND SETTING

For an introduction to Heisenberg groups, see for example [CDPT] or [BLU].
Below we state the basic facts needed in this paper.

The Heisenberg group H", identified with R?"*!, is a non-abelian group where
the group operation is given by,

p-q=(p1+a, .. ,P2m+ Gon P21 + Gon1 + AP, q)),
where .
Ap,q) = =2 Z(piqi+n = Pi+ndi)-
i=1
We will also denote points p € H" by p = (¢, pant1),p’ € R*",po,1 € R. For
any ¢ € H" and r > 0, let 7, : H" — H" be the left translation
7(p) =q-p,

and define the dilation 9, : H* — H" by

57’(1)) = (Tpla « ooy P2, T2p2n+1)-

These dilations are group homomorphisms.
A natural metric d on H" is defined by

d(p,q) = p~" -4l
where
4 2 1
1Pl = (I(p1, - - -, P2a) lRen + Ponga)*-
The metric is left invariant, that is d(q - p1,¢q - p2) = d(p1,p2), and the dilations

satisfy d(6,(p1), 0-(p2)) = rd(p1,p2). The closed and open balls with respect to d
will be denoted by B(p,r) and U(p,r). Moreover, we use the notation B(r) and
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U(r) when the centre p is the origin 0, which is the neutral element of the group.
The Euclidean metric on H™ will be denoted by dg.

A subgroup G of H" is called homogeneous if it is closed and invariant under
the dilations; 6,(G) = G for all r > 0. Every homogeneous subgroup G is a linear
subspace of R?"*1. We call G a d-subgroup if its linear dimension dim G is d.

We denote

T={peH":p=0}and H={peH": py,11 =0}
Then T is a homogeneous subgroup but H is not a subgroup. We shall often
identify H with R?".
If V' is a d-subgroup of H", define the cone X(p,V,d) for p € H" and ¢ € (0,1)
as

(2.1) X(p,V,8) :={qe " : dist(p~" - ¢, V) < §d(q,p)}.

It follows that X (p,V,d) =p- X(0,V,9).

We shall denote by G(m, k) the Grassmannian of k-dimensional subspaces of
R™ and G(m) = UpL,G(m,k). Then G(m) is a compact metric space, for
example with the metric p, p(V, W) = ||Py — Pw||, where Py is the orthogonal
projection onto V and || - || is the operator norm.

Definition 2.1. For L € G(2n), denote
Vi={peH":pel}=LxT.
Every such V, is a homogeneous subgroup and it will be called vertical.
Definition 2.2. For d € [1,2n] let
Vo=A{VL:LeG?2n,d—1)}.

Each vertical subgroup in V), is a d-subgroup with metric (Hausdorff) dimension
d + 1. Moreover, let

trVy={a-Vp:acH" L € G2n,d—1)}.

The homogeneous subgroups of H" which are not vertical are called horizon-
tal. They are linear subpaces of H, that is, they belong to G(2n). A subspace
L € G(2n) is a (homogeneous) subgroup if and only if A(p,q) =0 for all p,q € L.

Definition 2.3. For d € [0, 2n] let
Wy ={G C H" : G is a horizontal subgroup of H" such that G € G(2n,d)},

and
trWy={a-G:aecH" Ge Wy}

We denote by Gr(n,m) the set of homogeneous subgroups of H" of Haus-
dorff dimension m. It is a closed subset of G(2n + 1). The Haar measures of
V € Gr(n,m) are the positive constant multiples of H™ |V, the restriction of the
m-dimensional Hausdorff measure H™ to V. We denote the set of all such Haar
measures by H(n,m).
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Lemma 2.4. Let L € G(2n) such that L is not a subgroup of H". Then there
exists p € L such that every sequence (r;) of positive numbers tending to 0 has a
subsequence (r;;) such that for some vertical subgroup M with dim M = dim L,

51/% (p~'L) — M as j — oc.

Proof. Since L is not a subgroup there exist p,q € L such that p~'q ¢ L. That
p,q € L,p'q ¢ L means that A(p,q) # 0. Let p; = p +1r2q € L. Then

Ou/r(p™" - i) = (rid, —A(p,q)) — (0,—A(p,q)) € T\ {0}.
We can take a subseqence (r;;) of (r;) such that the linear subspaces 4, /ri, (p~'L)
converge to some linear subspace M of R?*"*!. Then T C M C V; and dim M =
dim by, (p~'L) = dim L for all j. O
Definition 2.5. The s-Riesz kernels in H"”, s € (0,2n + 2), are defined as

Rs(p) = (Rs,l(p>7 te 7Rs,2n+1(p)>

where »
Rs,i(p) = HM\—Z‘“ for ¢ = 1,...,2n

and »
2n—+1
Rgoni1(p) = W

Notice that these kernels are antisymmetric,

Ry(p™") = (Rs(p)) ™",
and s-homogeneous,

Ry(6:(p)) = 0 1 (Rs(p))-

Definition 2.6. For a Radon measure g in H", define the truncated s-Riesz
transforms for f € L'(u) by

RS ) = (RN W)™

where

RN (D) = / Resp™ - ) f(@)dua.

H™\B(p.e)
The maximal s-Riesz transform is given by
* % 2n+1
Ri(N)p) = (Re:(NP),,
where
Rei(f)p) = sup RS(f)p)] fori=1,....2n+1.
e>

The maximal operator R is said to be bounded in L?(u) if the coordinate max-
imal operators R} ; are bounded in L*(u) for alli =1,...,2n + 1.
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Remark 2.7. As an application of the T1 theorem in spaces of homogeneous type,
see [DH], it follows that if m € NN [1,2n + 2| the maximal m-Riesz transforms
R, are bounded in L%(p) for all u € H(n,m).

Let 1 be a Radon measure in H". The image fyxp under a map f : H* — H"
is the measure on H" defined by

fan(A) =p(f'(A)) for all A C H"
For a € H" and r > 0, T;,, : H" — H" is defined for all p € H" by

Ta,'r(p) = 51/1"(a_1 : p)

Definition 2.8. Let p be a Radon measure on H". We say that v is a tangent
measure of p at a € H" if v is a Radon measure on H" with v(H") > 0 and there
are positive numbers ¢; and r;, 2 = 1,2, ..., such that r;, — 0 and

¢i 1y it — v weakly as ¢ — 00.
We denote by Tan(u, a) the set of all tangent measures of u at a.

The numbers ¢; are normalization constants which are needed to keep v non-
trivial and locally finite. Often one can use ¢; = u(B(a,r;))~". The following
lemma follows as in Remark 14.4 in [M2].

Lemma 2.9. Let u be a Radon measure on H" and s > 0 such that for p a.e.
p e H",

r—0 r r—0 T

Then for p a.e. a € H" for every v € Tan(u,a),0 € sptv, and every sequence
(1) of positive numbers tending to 0 has a subsequence (ry,) such that for some
positive number c,

v =c lim r,;sTa,,«k.ﬁ,u.

1—00 o

Definition 2.10. Let p be a Radon measure on H". We say that v is an iterated
tangent measure of p at a € H" if there are Radon measures vy, . . ., v, and points
pi €spty;,e=1,...,m — 1, such that v = v, and

v € Tan(p,a),vs € Tan(vy,p1), ..., Vm € Tan(vy 1, Pm_1)-
We denote by itTan(u, a) the set of all iterated tangent measures of p at a.

Lemma 2.11. Let p be a Radon measure on H" and m a positive integer such
that for p a.e. p € H”,

(B(p,r))

B
(2.3) 0 < lim intf H 1(B(p,r))

< limsup ——— < o0.
rm r—0 rm

If for p a.e. a € H" itTan(u, a) N H(n,m) # 0, then for p a.e. a € H" Tan(u, a) N
H(n,m) # 0.
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Proof. For k =1,2..., let Aj be the set of all @ € H" such that (2.3) holds and
for every V € Gr(n,m) and every r,0 < r < 1/k, either

(2.4) u(Ba,kr)\ X(a,V,1/k)) = k™' u(B(a, 7))

or
there are p,q €a -V N B(a, kr) and p € [r/k, kr], such that

w(B(p, p)) < (1 —=1/k)u(B(q,p))

Then Ay is a Borel set. Let A = |~ Ay.
Suppose a € H"\ A. Then for every k = 1,2, ..., there are V}, € Gr(n, m) and
Tk, 0 < rp < 1/k, such that

(2.6) w(B(a, kry) \ X (a, Vi, 1/k)) < k™ u(B(a, ;)

and

(2.5)

for all p,q €a - Vi N B(a, kry) and p € [ry/k, kry),

w(B(p,p)) > (1 —1/k)u(B(g,p))-

Let v € Tan(u,a). By Lemma 2.9 and the compactness of Gr(n,m) there
are V € Gr(n,m), a positive number ¢ and a subsequence (ry,) of (rg) such
that V' = lim; o V4, and v = clim;_ r,;_mkaiﬂu. Then (2.6) implies that
sptv C V and (2.7) implies that v(B(p,r)) = v(B(q,r)) forallp,qg € V and r > 0
(cf. the argument below). Such a uniformly distributed measure must be a con-
stant multiple of H™|V, see [M2], Theorem 3.4, so Tan(u,a) N H(n,m) # 0.
Hence in order to complete the proof of the lemma it is sufficient to show that
for every k and for p a.e. a € Ay, itTan(p, a) N H(n,m) = 0.

Let a € Ay be a density point of Ayg;

o p(Blar)\ A
r—0 rm

It follows from (2.3) that (2.8) holds for p a.e. a € Ay, see [F], 2.10.19.

Let v € Tan(p, a) and V' € Gr(n,m). Then by Lemma 2.9 there are a sequence
(r;) of positive numbers and a positive number ¢ such that r; — 0 and v =
lim; o0 cr; ™1y r4pt. We show that for all = € sptv and r > 0,

(2.9) v(B(x, kr)\ X (x,V,1/k)) > k" 'v(U(z,7))

(2.7)

(2.8) = 0.

or
there are p,q €x -V N B(x, kr) and p € [r/k, kr] such that

v(U(p,p)) < (1 =1/k)v(B(g; p))-
We first check that there exists a sequence (a;) € Ay such that

(2.10)

T = 5%(a_1 a;) — .
3



SINGULAR INTEGRALS ON AD-REGULAR SUBSETS OF H" 7

In order to see this let R > 0. Then
0<c'v(U(x,R)) <liminfr;™T,,.su(U(z, R))

= liminfr, ™ u(U(a - 0,,(x), Rr;))

<liminfr; " uw(U(a - o,,(x), Rr;) N A)

1—00

+ liminfr; " u(U(a - 6,,(x), Rr;) \ Ax)

1—00

= liminfr;™u(U(a - 6,,(x), Rr;) N Ayg).

The last equality follows by (2.8).
This implies that for all R > 0 and 7 large enough

Ula-6,,(x), Rr;) N Ay # 0.
Hence there exists a sequence (a;) € Ay such that d(a;,a - d,,(z)) < r;R. Then
d(61(a ' a;),z) =71 d(a;,a-6,,(7)) <R,

and we deduce that 5%(a*1 “a;) — .

Let 7 > 0. There are subsequences (a;; ) of (a;) and (r;,) of (r;) such that with a
replaced by a;; and r replaced by rr;; (2.4) holds for all j or (2.5) holds for all j. To
simplify notation we assume that (a;,) = (a;) and (r;;) = (r;). Suppose first that
(2.4) holds for all j. Let K be a compact set containing B(z, kr) \ X (x,V,1/k)
in its interior. Then for sufficiently large i,

Tor,(B(ag, krry) \ X(a;, V,1/k)) = B(z, kr) \ X(z;,V,1/k) C K,

S0
v(K) > climinfr, ™7, ,.sp(K)

1—00

> climinfr; ™ u(B(a;, krr;) \ X(a;, V,1/k))

1—00

> ck~Mliminf ;" u(U(az, r73))

1— 00

= ck™ " liminf ;"™ T,, sp(U (24, 7))

>k w(U(x,r)).

Since this holds for all such sets K, (2.9) follows.

Suppose then that (2.5) holds for all j. Let p;,q¢; € a; -V N B(ay, krr;)
and p; € [rri/k, krr;], be such that w(U(pi,pi)) < (1 — 1/k)u(B(gi, p:i)). Since
Tori (i) Tar,(¢;) € B(x,2kr) for sufficiently large 7, we may assume by compact-
ness that T,,,(p;) — p and T,,,(¢;) — q. Also r/k < p;/r; < kr, and we may
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assume that p;/r; — p,r/k < p <kr. Let 0 < p; < p < pa. Then
v(U(p: pr)) < climinfry™ Ty u(U(p; p1))

< climinfr; T .sp(U(Ty v, (pi), pi]73))

7—00

= climinf r; ™ uw(U(p;, pi))

1— 00

< o1 — 1/k) i inf r; " (B, py))

= c(1 = 1/k) iminf ;" T 5t (B(Ta i (4i), pi/ 7))

11—

< (1 —=1/k)liminf r; ™ T, .401(B(q, p2))

< (L=1/k)v(B(g, p2)).
Letting p; — p and ps — p and observing that p,q € x -V N B(x, kr) we get
(2.10).

The conditions (2.9) and (2.10) imply that v & H(n,m). If p € sptv and
o € Tan(v,p), the same proof as above shows that (2.9) and (2.10) hold for o at

every x € spto and so o € H(n,m). Continuing this we see that itTan(u,a) N
H(n,m) = 0. O

A

Remark 2.12. Tt could be that for p a.e. a € H" all iterated tangent measures
at a are tangent measures of p at a. This is true for the ‘second order’ tangent
measures (m = 2 in Definition 2.10) by the result Preiss in R™ (see [P] or [M2])
generalized to metric groups in [M4]. However, since we only need the weaker
version given in Lemma 2.11, we haven’t pursued this point further.

3. TANGENT MEASURES AND s-RIESZ TRANSFORMS

Theorem 3.1. Let s € (0,2n+2) and let u be a Radon measure in H" satisfying
for p a.e. p € H",

B B
r=0 e r—0 TS
and
2n+1
32 e (/ Rei(p™" - q)duq) < 0.
0<e<1 B(p,l)\B(p,E) i
Then

(i) s is an integer in [1,2n + 1],
(ii) for p-a.e. a € H", the set of tangent measures of u at a, Tan(u,a),
contains measures in H(n, s).

Note that (3.2) is satisfied if R is bounded in L?(u).
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Proof. The assumption (3.2) is equivalent with,

') _
(3.3) sup T e dma| <ocofori=1,....2n
0<e<1 |J B(p,1)\B(p,c) [P
and
-1
(3.4) sup / %duq’ < 00.
0<e<1 |/ B(p,1)\B(p,e) lp~* - qll®

Lemma 3.2. Under the assumptions of Theorem 3.1, for p a.e. a € H" every
v € Tan(p, a) is an s-AD regular measure and there is M < oo such that,

2n+1
(/ Rs,i(:c’1 ~q)dyq>
B(z,R)\B(z,r) i=1

Proof. One can prove that when (3.1) is satisfied p for a.e p € H", then for p
a.e. a € H" every v € Tan(u, a) is s-AD regular in an analogous way as in [M2],
p- 190. Furthermore the proof of this statement has very similar reasoning with
the proof of (3.5).

To prove (3.5), let € > 0 and set

(3.5) sup

0<r<R<oo

< M for all x € sptv.

2n+1

< / Ryi(p~"- q)duq)
B(p,1)\B(p,9) i=1

where M is a positive constant that can be chosen such that u(H" \ B) < e.
Furthermore it is enough to consider the density points of B, i.e. the points
a € B such that

B={pesptu: sup < M}

0<i<1

- (Bla.r)\ B)

r—0 s

=0.

For such a point a € B let v € Tan(u,a). Then, by Lemma 2.9, there exist a
positive number ¢ and a sequence of positive reals (r;) such that r; — 0 and

— T -5
v = lim cr; T, ,, 4/t.

1—00

Let « € sptv. As in the proof of Lemma 2.10 there exists a sequence (a;) € B
such that

(3.6) ri=01(a"a;) — x.
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Now let 0 < r < R < oo be such that v(0B(z,r)) = v(0B(z, R)) = 0, which
is true for all but countably many 0 <r < R < oo. For j =1,...,2n,

/ ("I’Iil ' y)] dl/y
Ble.R\B(a) 771y

= lim / T Ea—r—
i~ ) Bay R0\ B 127 yl5H

.E / (@t 8y )y
= l1m |— : luy
B ||s+l

=00\ 17 J B(ab, (2:),Rri)\B(a-6y, (x:),r7:) |(z;t - 5%(a—1 )

(a; " - y)

ja; " ylle

= lim / ilduy‘SQM,
t—0o0 B(a;,Rri)\B(a;,rr;)

where we used that z; - 61 (e y) =61 (a; " y), a; = a-6,,(z;) and a; € B. In

the second equality we have actually a double limit, but it is easily checked that
it can be expressed as a single limit.
In a similar manner,

7 y)an
/ ( —1 y)zsi; dl/y'
B(z,R)\B(z,r) [

1
/ —(azﬁl y)QnLl duy‘ < 2M?,
B(as,Rr;)\B(a,rri) Haz y”s

By approximation, these estimates for j =1,...,2n + 1 hold for all 0 < r <
R < . ]

= lim

1—00

Proposition 3.3. Let L € G(2n,d) and let v be an s-AD-regular measure in H"
such that (3.5) holds.

(i) Ifsptv C Vi, and sptv # Vi,
then there exist b € spt v and o € Tan(v, b) such that either spt o C V), for some
M € G(2n,d — 1) with M C L or spto C L.

(ii) If sptv C L and sptv # L,
then there exist b € sptr and o € Tan(v,b) such that spto C Vj; for some
M e G(2n,d — 1) with M C L.
Proof. Given b € sptv and 7 € Tan(v, b), consider the following two statements:

(iii) For some M € G(2n,d — 1) and every ¢ € (0,1) there exists € > 0 such
that sptw N B(e) N{p € H" : dg(p’, M) > §|p||} = 0,
(iv) For every § € (0,1) there exists € > 0 such that spt7N B(e)N{p € H":

VIp2nsa| > Slpll} = 0.
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We shall verify that in order to prove the proposition, it is enough to prove that
there exist b € sptv and 7 € Tan(v, b) such that (iii) or (iv) holds in the case (i)
and (iii) holds in the case (ii). In order to see that this, suppose that b € sptv
and m € Tan(v,b). Then, recalling Lemma 2.9, 0 € sptw. Let ¢ € Tan(r,0)
be such that ¢ = lim;_, %STOJ“MM- for some sequence of positive reals (r;) such

that 7, — 0. Consider first the case (i) and suppose that (iii) holds. Then for all
R>0,0€(0,1)and Grs ={p € U(R) : dg(p’, M) > 4||p||},

1
0(GRrs) < liminf —SW(TO;}Z_(GR’(;))

i—oo T

] : r;
1—00 ’[“Z i i

1 /
< liminf —7({p € H" : 01 (p) € B(R) and dg <§,M) > 0|01 (p)l})

1
= liminf —7(B(r;R) N {p € H" : dg(p’, M) > d|p||})

1—00 Ti
= O,

where the last equality follows by (iii). Since o(Gprs) =0 for all R > 0 and ¢ €
(0,1) we deduce that spto C V). In the same way (iv) implies that spto C H.
Clearly spto C Vp,, and so spto C H N L.

As o is a tangent measure of m € Tan(v,b) at 0, it is easy to check that
o € Tan(v,b), whence we have verified in the case (i) the sufficiency of the
conditions (iii) and (iv). In the same way (iii) suffices in the case (ii).

Suppose that sptv C V, and sptv # V;,, and by way of contradiction assume
that for all b € sptv, all # € Tan(v,b) and every M € G(2n,d — 1) there exist
Or.1s Ony € (0,1) such that for all e > 0

(3.7) B(e)nsptrN{p € H" : dp(p', M) > 6. umlIp||} # 0
and
(3.8) B(e) NsptmN{p € H" : \/|p2n+1| > drnyllpll} # 0.

We proceed with a geometric lemma, but first we introduce some notation. We
denote by (-, -) the usual inner product in R?*". For ¢ € H", define

aj(c) = |C/|2Cj + CongiCnyy for j=1,...,n,
(c) = |Cl|2Cj — Copt1Cj—p for j=mn+1,...,2n,

a(c) = (ai(c), - - ., azn(c)),
L(c) = {y € R™ : (a(c),y) = 0},

(c) ={y e H" : (a(c),y) = 0},
Vi (e) ={y € H": (a(c),y) < 0},
c) ={y € H" : yant1c2n11 = 0},
c) ={y € H" : yant1c2011 < 0}.
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Lemma 3.4. Let L € G(2n,d) and ¢ € V;, \ T. Then dim L N L(c) < d.

Proof. From the definition of a(c) we see that (a(c),¢’) = |¢'|* > 0. Hence
¢ € L\ L(c), which implies the lemma. O

Lemma 3.5. Let L € G(2n,d),b,c € Vi,r > 0 and let the sequences (p;) €
Vi, (r;) € RT be such that
be dB(c,r),
d(pi,c) > r for alli € N,
lim;_ bi = ba
lim; ., 7r; =0,
lim; . 0 L (b pz) = Px-

k3

i)
i)
iii)
iv)
)
Ifb='-c¢Tthen p, € VN Vi1 1 b=l.ceT,thenp, € H (b7'-c).

Proof. Replacing ¢ by b=! - ¢ and p; by b~! - p;, we may assume that b = 0. First
assume that ¢ ¢ T. Then as d(p;,c) > r and d(0,c) = r

(3.9) |p; - C’|4 + [Pign+1 — con1 — A(pi, C)|2 >t
and
(3.10) |I* + Jeann [P =t

Here (3.9) can be written as,
pil* 1+ 20pi P[] = 4}, )il — 4pf, I + 4(p;, )
+ |pi,2n+1|2 + |Czn+1|2 - 2pi,2n+102n+1 - 2pi,2n+1A(pi; C)
+ 200011 A(pi; ©) + Alpi, ) > .
After using (3.10), dividing by 7; and letting i — oo we obtain,
(3.11) —2(a(e),p") = =2/ (Pl &) + o AL, ¢) = 0.
Therefore p, € VL’(C). So the lemma is proven in the case ¢ ¢ T.

Now let ¢ € T. As in the previous case, combining that ¢ = 0, d(p;,c) > r and
d(0,c) =r, we get

pi|* + p§,2n+1 — 2Pi2nt1Cont1 2> 0.

After dividing by r? and letting i — oo we conclude that
Cont+1Px2n+1 < 0.

As copy1 # 0, pe € H(0). O

As sptv C Vi and sptv # V, there exist b, ¢ € H" and r > 0 such that
b€ B(e,r)Nsptr,

Ule,r) Nsptrv = 0.
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If we have (ii) of Proposition 3.3, that is, sptv C L and sptv # L, we can take
ce€L,andsob™t-c¢T.

We first consider the case when b~1-c ¢ T. We shall prove that if A\ € Tan(v, ),
then

(3.12) SPtA C Vi1 NV and dim L(b™" )N L < d.

As X\ € Tan(v,b), by Lemma 2.9, there exist positive numbers C' and r;,r; — 0,
such that A = lim;_, o C’%Tbmiﬁy. Then for all R > 0,6 € (0,1) and

Grs=UR)\ V1 N{p € H" 1 dp(p/,L(07" - ¢)) > d|pll},

we get

1
C7'AN(Grys) < liminf —u(T, (Grys))

i—oo T

1
=liminf —v(U(b,r;R)N{peH": b -p¢ Vip-te)

17— 00 r;

dp((b™" - p)', L(b™" - ¢)) > dd(b,p)}).

Therefore, in order to prove the inclusion in (3.12), it is enough to show that
there exists some € > 0 such that,

sptvNB(b,e)N{p e H" : b~ 'p € VLJE,,A,C),CZE((b_l -p), L(b™"-¢)) > dd(b,p)} = 0.

By way of contradiction suppose that there exists a sequence (p;) € H", p; — b,
satisfying for all 7 € N,
(i) p; € sptv C H*\ U(e, 1),
(i) b1 -p; € VL+(,),1.C),
(iii) de((b=' - p;), L(b~1 - ¢)) > dd(b, p;).
The new sequence 1 (b™' - p;) € B(1) has a converging subsequence and for

d(b,p;)
simplifying notation we write,

5 1 (b7 i) — s

d(b,p;)

Notice that by (ii) and (iii) p. € V-1, But by Lemma 3.5, p, € V1
and we have reached a contradiction. Recalling Lemma 3.4, (3.12) follows.

Combining (3.7) and (3.12) we obtain that there exists § = 0y p-1.¢) € (0,1)
such that for all r > 0

spt AN B(r) NV, N p € H" 2 dp(p/, L™ - ) > d|p[[} # 0.

Without loss of generality we can assume that VL_(b,l‘c) ={p € H" : py, > 0}.
Hence there exists a sequence (z;),z; — 0, such that for all i € N,

z; € spt AN {p € H" : pa, > J|p| }-
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Furthermore this sequence can be chosen to satisty,
lz1|| > ||za] > ...

and the balls B; = B(x;, w) can be assumed to be disjoint and contained in
B(0,1). Then for all k£ € N, by the AD-regularity of A,

y2n / y2n
/B(o D\B(0, 12£lly ||?JHS+1 Z ’stH

5||xz||

> Z 3s+1Hx ||s+1 z)
29+1

> CZ IEEZ

[Ji][*
= Ck,
where C' is independent of k. Hence
lim Y2n d\y = o0

k=00 Jpo.\Bo, 1zl [[y[|*+!

This is a contradiction by Lemma 3.2 as 0 € spt \.
We are now left to consider the case when b~! - ¢ € T. In an identical way as
in the proof of (3.12) we can show that if A € Tan(v, b),

(3.13) sptAC H (b7!-¢).

Combining (3.8) and (3.13) we deduce that there exists some § = J, such that
for all r > 0,

(314) spt A N B(T’) N {p e H" : Pont1 > 0,/ Pona1 > (5”}7”} # 0.

assuming that H= (b~ -¢) = {p € H" : py,41 > 0}. Finally in order to complete
the estimates, which are otherwise identical with the ones in the case where
b=1.c ¢ T, we need the following simple lemma.

Lemma 3.6. Let x € H" and ¢ € (0,1) such that xg,11 > 0 and |/Ta,11 > 0||z].

82 |||
Then for all y € B(x, ﬁ)v

s el
2n+1 —Z 9 .

Proof. As,

n

Z(yixi-l—n - yz‘+n$z’)| )

=1

Yoni1 — Tonst]| < ly -2 > +2
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for y € B(x, wHOn”) we get,

n

Yoni1 — Tonst] <y - 27>+ 2 Z(yﬂ?wrn — TiTign + Tiitn — YitnTi)|
i—1

n
<ly-=7* + QZ Vi = @il |Titn| + |Titn — Yirnl|2i]
i=1

0% |||

< s - =112

<ly-z|l T00n
o |

= (100n)2 T 25
0%||z|”

< —.

=10

Therefore,
0*||x|® _ o*[x?
10 2

By (3.14), there exists some sequence (x;),x; € spt A such that \/ZT;2,11 >
||x;|| for all i € N and z; — 0. As before we can assume that

O

Yont1 = Topt1 —

||5E1|| > ||ZE2|| > ...

and the balls B; = B(x;, 61(!0’”) are disjoint and contained in B(0,1). Then for
all k e N,

3/2n+1 / 3/2n+1
/(0 D\B(O, ‘Zk“ Hst+2 - Z S+2

0%
A B;
—;2 252 ||| 5+2 (B)

[0 | |04 |°
>C
Z ||I ||5+2
= Ck,

where we used Lemma 3.6 in the third inequality and C' > 0 is independent of k.
As in the previous case we have reached a contradiction by (3.2). The proof of
Proposition 3.3 is now complete. L

We now continue with the proof of Theorem 3.1. We first apply for u a.e.
a € H" Lemma 3.2 to get an s-AD-regular v € Tan(u,a) with the property
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(3.5). Then we apply to v, to its tangent measures, and so on, Proposition 3.3
sufficiently many times to find for p a.e. @ € H" an integer d € [1,2n|,L €
G(2n,d) and 7 € itTan(u,a) such that denoting V = sptm, V =V, or V = L.
If V=L and L is not a subgroup, we take a tangent measure p € Tan(m,p)
at a point p € L as in Lemma 2.4. Then by Lemma 2.4 its support is V}, for
some M € G(2n,d —1). Thus in any case we find for p a.e. @ € H" an integer
d € [1,2n],L € G(2n,d) and p € itTan(u,a) such that denoting V' = sptp,
V =V, or V =L and L is a homogeneous subgroup. As p is AD-regular,
s must be the Hausdorff dimension of V| that is, s = d or s = d + 1 and so
s is an integer. Furthermore, by the AD-regularity, p is absolutely continuous
with respect to H*|V with bounded density h. Taking a tangent measure at
a point of approximate continuity of A we obtain o € Tan(p,b) C itTan(u,a)
such that o = H*|V € H(n,s). Applying still Lemma 2.11 we find that p has
almost everywhere tangent measures in H(n,s). This completes the proof of
Theorem 3.1. 0

4. RIESZ TRANSFORMS AND SELF-SIMILAR SETS IN H"

In this section we consider certain families of self-similar sets in H” and we
discuss their relations with the Riesz transforms that we introduced earlier.
Definition 4.1. Let @ = [0,1]*" C R* and r € (0,3). Let z; € R,
j=1,...,2?" be distinct points such that z;; € {0,1 —r} for all j =1,...,2*"
and i = 1,...,2n. We consider the following 22"*? similitudes depending on the
parameter 7,

Sj = T(z;0)0, for j=1,. ., 2%

Sj = UETT. 1)0,, for j = 22” 11,...,2.9%

S5 = Ty, O for j=2-27 41,827,
Sj = (zm322n74)5r, for j=3.2"4+1,... 222

where [j],, :==j mod m.

Theorem 4.2. Let r € (0,3) and S, = {Si,...,Sy2n+2} where the S}s are the

12
similitudes of Definition 4.1. Let K, be the self-similar set defined by,

22n+2

= | si(k

Then the the sets S;(K,) are disjoint for j = 1,..., 222,

0o 22n+2

K= U SuE)o-o08,(K)

k=1j1,....jk=1
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and
(2n + 2) log(2)
log(7)
Proof. 1t is enough to find some set R D K such that for all j = 1,...,2%"2
(i) Sj(R) C R and
(ii) the sets S;(R) are disjoint,
see [S] and [BR]. Using an idea of Strichartz from [St] we show that there exists
a continuous function ¢ : () — R such that the set
R={qeH": ¢ € Qand o(¢) < qans1 < 9(¢) +1}
satisfies (i) and (ii).
This will follow immediately if we find some continuous ¢: Q — R which
satisfies for all j = 1,...,2%",

(41)  Tee0(R)={¢eH": ¢ € Q; and 9(¢) < gons1 < (q) + 17},
where Q; = 7(.,,0)(6,(Q)). Since
(5,00 (R) = {p e H" : p € Q; and

0 < H*(K,) < oo with a =

P =z .
TQSO(TJ) —2 Z(Zj,z‘pzurn — ZjitnPi) < Panti
=1
P =z -
< rg( . 7)) =2 Z(Zj,ipz‘m — Zjinpi) + 17}
=1

proving (4.1) amounts to showing that

n
w— z; ,
1) -2 E (2j,iWitn — Zji4nw;) for w € Qj, 5 =1,...,2°".
=1

(4.2) o(w) = r’p(

r

As usual for any metric space X, let
C(X)=A{f: X — R and f is continuous}.
Let B = U7",Q; and L: C(B) — C(Q) be a linear extension operator such that
L(f)(z) = f(z) forx € B

and
IL(loo = [If]loo-
Since the @);’s are disjoint the operator L can be defined simply by taking ¢ > 0
small enough and letting

f(z) when x € B,
L(f)(z) = Mf(i) when 0 < dist(z, B) < ¢,

£
0 when dist(z, B) > ¢,
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where Z € B and dist(x, B) = d(x, T).
Furthermore define the functions h: B — R, f: B — R,

h(w) = =2 Z(Zj,iwi+n - Zj,i+nwz‘) for w € Q;,

i=1

Fla) =24
and the operator T: C'(B) — C(Q

’lU—Zj

) for f e C(Q),w e Q,

~—
o
\.UJ

Then

U}—Zj

T(f)(w) =r*f(

and for f,g € C(B)
ITf = Tglloe = IL( = Dlloe = I1f = dlloc <721 = glloo-

Hence T is a contraction and it has a unique fixed point ¢ which satisfies (4.2). O

n
. )—2 Z(zjiwim — 2j.inw;) for w e Q;,
i=1

Let § = {S1,..., Sy} be an iterated function system (IFS) of similitudes of
the form

(43) Sl = Ty 9] (Sri

forg; e H", i=1,...,Nand 0 <r; <--- <ry < 1. The IFS § is said to satisfy
the open set condition if there exists a bounded non-empty open set O C H"
such that UY,S;(O) € O and S;(O) N S;(0) = 0 for i # j. It follows by [BR]
that if K C H" is the invariant set with respect to S, and § satisfies the open
set condition then,

0 <HYK) <

where a is given by
N

er: 1.

i=1
Recalling Definitions 2.2 and 2.3 our next result reads as follows.

Theorem 4.3. Let S be an IFS of contractive similarities as in (4.3) that satisfies
the open set condition, and

0 < H™(K) < oo where m € NN [1,2n + 1].

If K is not contained in any F' € trV,,_; U trW,, then for all k € K, every
v € Tan(H™| K, k) and every G € V,,_1 UW,, satisfy

sptv\ G # 0.
Therefore Tan(H™ | K, k) N H(n,m) = (.
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Proof. The proof follows the reasoning developed in [M1], where a rigidity result
for Euclidean self-similar sets is proven. Assume without loss of generality that
diam(K) =1, let k € K and G € V,,_1 UW,,. As K is not contained in any
FetrV,UtrW,, there exist £ C K,

E={ay, ..., ams2},

and 0 < p < 1 such that for all F' € trV,,_; U trW,, there exist a; = a;(F),
1=1,...,m+ 2, such that,

(4.4) dist(a;, F') > p.
Furthermore there exist 0 < ro < £ and 7 > 0, such that
(4.5) HYK N B(ag,mo)) >nfori=1,....,m+2.

Recall that the contraction ratios satisfy,
O<r <---<ry<l

and let 0 < r < 7. For any word a = (ay,...,ay), a; € {1,...,N}, m € N,
denote ro, =1, ...7,, and A, = S,(A) for any set A C H". Let a be a minimal
word such that

ke K, c B(k, g).

Then it follows that

r T
TO&S_ST_Q'
1

Notice also that for any map of the form,
S =r1,00, forqe H",r >0,
S(F),S™HF) etrV, if F €trV,,,m¢c [1,2n]
and
S(F),S™HF) € tt W,, if F € tt W,,,m € [0, 2n).

Therefore S;'(k - G) € trV,_1 U trW,, and by (4.4) there exist a; € E,
1=1,...,m+ 2, such that

dist(a;, S (k- G)) > p.
Therefore,
(4.6) B(Saai,mar0) C B(k,r) \ {x € H" : dist(z, k- G) < %} :
This follows because for © € B(S,a;,raT0),
d(z, k) < d(z, Sqa;) + d(Saai, k) < rorg+ 14 <71,

and
dist(z, k - G) > dist(Spa;, k - G) — d(x, S,a;)

= rpdist(a;, ST (k - G)) — d(, Saa;) > ’)22.



20 VASILIS CHOUSIONIS AND PERTTI MATTILA

Hence for § = %, by (4.6) and (4.5),
H™(KNBk,r)\ X(k,G,0))>H"(KNB(k,r)\ {x € H" : dist(z, k- G) < ér})
> H™(Ky N B(Saai, 470))
=r"H™(K N B(a;,re)) > nra’
S
Therefore there exist C' > 0 and § € (0, 1) such that if 0 < r <

H™K N B(k,r)\ X(k,G,9)) -

Tm

Finally let v € Tan(H™| K, k) and recalling Lemma 2.9,

(4.7) C.

1
=clim —T}, yH"| K
v Cllg.lo ,I,,%fn kv"'uﬂH L )

for some positive numbers ¢, (r;) with ; — 0. Then

V(B(0,1)\ X(0,V,8)) > climsup —H" (K N T (B(0,1) \ X(0, )

i—oo T

_ climsup —H™(K N Bk, )\ X (k, G, 5)))

1—00 sz
> cC.
Therefore spt v ¢ G and the proof is complete. O

As an immediate corollary of Theorems 3.1 and 4.3 we obtain.

Corollary 4.4. Let S be an IFS of contractive similarities as in (4.3) that satisfies
the open set condition, and

0 < H™(K) < oo where m € NN [1,2n + 1].

If K is not contained in any translated (m — 1)-vertical or m-horizontal group,
ie. K ¢ G forall G € trV,,_1 Utr W,,, then the m-Riesz transforms R, are not
bounded in L*(H™|K).

In particular if p is the natural measure on the m-dimensional Cantor-like sets
of Theorem 4.2, then the m-Riesz transforms R, are not bounded in L?(j).
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