PARALLEL SPINORS ON PSEUDO-RIEMANNIAN SPIN¢
MANIFOLDS
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ABSTRACT. We study simply-connected irreducible non-locally symmetric
pseudo-Riemannian Spin? manifolds admitting parallel quaternionic spinors.

1. INTRODUCTION

In [8], Wang classified the irreducible simply-connected Riemannian Spin man-
ifolds admitting parallel spinors. In particular, such manifolds must be Ricci-flat
with holonomy SU(m), Sp(m), Go or Spin(7). In [6], Moronoianu classified the
simply-connected Riemannian Spin® manifolds admitting parallel spinors showing
that such manifolds must be the product of a Ricci-flat Spin manifold and non-
Ricci-flat Kéhler manifold endowed with its canonical (or anticanonical) Spin®
structure. In [3], we generalized these results by showing that a Riemannian
Spin? manifold admitting a parallel spinor must be the product of a Ricci-flat
Spin manifold and a non-Ricci-flat Kahler manifold endowed with its canonical
Spin? structure.

In [1], Baum and Kath characterized all the simply-connected irreducible
non-locally symmetric pseudo-Riemannian Spin manifolds admitting parallel
spinors. More precisely, they showed that the holonomy group must be one of the
following: SU(r,s), Sp(r,s), Ga, G’Q(Q), GS, Spin(7), Spin(4,3), Spin(7,C). In
[4], Tkemakhen generalized this result to simply connected irreducible non-locally
symmetric pseudo-Riemannian Spin® manifolds admitting parallel spinors, show-
ing that the holonomy group must be one in the list of Baum and Kath, or U(r, s).
In this note, we study the pseudo-Riemannian Spin? case.

Theorem 1. Let M be a connected, simply-connected, non-locally symmetric,
irreducible pseudo-Riemannian Spin? manifold of dimension r + s and index r.
Then M admits a parallel spinor if and only if it is either a Spin manifold ad-
mitting a parallel spinor or a Kahler non-Ricci-flat manifold.
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In Section 2 we give some preliminaries on the group Spini(r,s) and Spin?-
structures on pseudo-Riemannian manifolds. In Section 3 we prove the main
Theorem.
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2. PRELIMINARIES ON SPINY STRUCTURES

2.1. The group Spini(r,s). Let < , >M denote the usual scalar product of signa-
ture (r,s) on R™**. Let Cl, s denote the Clifford algebra of R™* := (R"** < , >rs)

and Cl, ; its complexification. Let the dot “” denote Clifford multiplication of
Cl, s. The Clifford algebra Cl, s contains the group

Spin(r, 8) = {X1 e ng, <Xi’Xi>rs = :l:l, k > O}

Let Sp(1) denote the group of unit quaternions, which is isomorphic to SU(2).
Let us define the group

Spin?(r,s) = Spin(r,s) xz, Sp(1).
The following sequences are exact (see [7]):
1 — Zy — Spin(r,s) — SO(r,s) — 1,
1 — Zoy — Spini(r,s) — SO(r,s) x SO(3) — 1.
2.2. Spin? structures.

Definition 1. Let M be an oriented pseudo-Riemannian manifold with a fixed
metric and let Psoe.s) (M) denote its (positively oriented) SO(r, s)-frame bundle.

M is called Spin? if it admits a Spin? structure consisting of a SO(3)-principal
bundle Psoy(M), a principal Spini(r, s) bundle Psyinaqr,s (M) and a Spin? equi-
variant projection

Pspine(r,s) (M) — Psors)(M) X Pso) (M)

Remark 1. M carries a Spin?-structure if and only if the second Stiefel-Whitney
class of M, wy(M), equals the second Stiefel-Whitney class of Psoes)(M)

wa (M) = wa(Psoey(M)).

Recall that on a Spin® manifold, the auxiliary U(1)-bundle of a Spin® structure
has an associated complex line bundle L. Let A, ;(M) denote the locally defined
spinor bundle of M. The Spin® structure has an associated globally defined vector
bundle A¢, = A, (M) ® L2, whose sections are also called spinors. Similarly,
a Spin? structure has a an associated globally defined quaternionic spinor bundle
Al = A (M) ® A(E) where A(E) denotes the locally defined spinor bundle
of the rank 3 oriented Riemannian vector bundle E associated to the auxiliary
bundle Pso3) of the Spin? structure.
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Remark 2. In general, we have the following situation.

(1) A Spin manifold admits trivial Spin® and Spin? structures

(2) A Spin® manifold canonically admits a Spin? structure. If M is not spin,
the Spin® bundle is A%, = A, (M) ® L'?. Therefore, the direct sum
bundle (A, ® LY?) @ (A, ® L7Y/?) defines a Spin? structure whose
SO(3) bundle is the underlying real vector bundle of S?(LY/? @ L=1/2) =
L+ C+ L~t. We shall call this structure the canonical Spin? structure of
a Spin® manifold.

(3) A Spin® manifold is not necessarily Spin.

(4) A Spin? manifold may be neither Spin nor Spin®.

Example. Any irreducible pseudo-Riemannian Kéahler manifold is canonically
a Spin® manifold. The holonomy group H of (M,g) is U(r',s"), where (r,s) =
(2r',25") is the signature of (M, g). The canonical (resp. anti-canonical) complex
line bundle provides the complex line bundle needed to define a Spin® structure
on M, and therefore a canonical Spin? structure on M.

2.3. Connections on pseudo-Riemannian Spin? manifolds. Let M be a
connected oriented pseudo-Riemannian manifold admitting a Spin? structure
Pspina(r,s)(M). The Levi-Civita connection w on M together with a chosen fixed
connection 6 on Pgo3) define a connection on nginq(r7s)(M ). The Levi-Civita
connection induces the covariant derivative

V:D(TM) — T(T*M ® TM),

where
sz- = Zwﬁ & Uj,
j=1
{v1,...,v,} denotes a local orthonormal frame of T'M, and the collection of
1-forms wj;; = <ij,vi>. The covariant derivative V is compatible with the

pseudo-Riemannian metric, and if R = V oV, for X|Y € TM, Rxyv, =
Z;Zl 0;825;(X,Y), where Qj; = dwj; + Y 1 Wik Awgi. Similarly, let {ey, e2, e3} be
a local orthonormal frame for the rank 3 oriented Riemannian auxiliary vector
bundle E associated to Psos)(M), so that the covariant derivative induced by
the connection 0 is VF: I'(E) — T(T*M ® E), VFe; = 2?21 0;; ® ej, for a
collection of 1-forms ;. V¥ is also compatible with the corresponding metric.
Let R” = VP o VP XY € TM, so that RY ye; = Y0 1 €;0;(X,Y), where
@ji = deﬂ + 22:1 ij N 0]%

Let A, (M) and A(E) denote the locally defined spinor bundles. The quater-
nionic spinor bundle A? (M) = A, (M) ® A(FE) is globally defined and inherits
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the following covariant derivative. Let ¢ € I'(A# (M)) and V? defined by

1 1
(1) Vq@/):d¢+§;%‘ivz"?}j'¢+§;91k6r6k'¢,

which is compatible with the induced metric. Since A(E,) = H

1 1, .
Vi = dyp + §ijiui.vj.w+ 5 (1025 + s + Kthz) - ¢

i<j
and
1 1, :
(2) VI(ViyY) = B Z Qijvi-vj -+ 5(1923 +JO31 + kO12) - .
i<j

Now, if {¢'} is a frame dual to {v;}, we can rewrite (2) as

1 1. .
Vi(Vi)) = 1 Z (Z Rijkl(Pk A 90l> v; v )+ 5(2923 + 7031 + kO1s) - 1.

i<j \ k,l

Remark. A Spin? structure on a simply-connected manifold M whose Pso(s)
bundle is trivial with a flat connection is canonically identified with a Spin struc-
ture and the covariant derivative V9 is the same as V on spinor bundles.

Remark. Since A(E,) can be identified with the quaternions, we also have
multiplication by the quaternions on the right which commutes with V4.
3. PARALLEL SPINORS

Let M be a simply-connected pseudo-Riemannian Spin? manifold. A quater-
nionic spinor ¢ € I'(A?) is parallel if

Vi =0
for every vector field X.
Lemma 3.1. Let X be a vector field and v a parallel spinor. Then
(3) Ric(X) - ¢ = (X10) - ¢,

where Ric denotes the Ricci tensor as a type (1,1) tensor, and © = i1Oq3+ jO3; +
k@12-

The proof is analogous to that in [2, pages 64-65]. a

Proof of Theorem 1. Consider the sub-bundle V' of T'M whose fiber at a point
xr e M is

Ve, ={X eT,M|X -y =0}
First notice that V' is parallel since

0= V(X )= V.X -9+ X - Vih = V..X - ).
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Secondly, X - = 0 implies
X -X-Yp=—|X]*y=0.

This means that |X| = 0 in an open dense subset of M since v is non-trivial.
Therefore, |X| = 0 over all of M. Thus the bundle V' is isotropic. By the
holonomy principle V' = 0.

Step 1. Define the distribution D C T'M with fiber

D, = {X € LM|3Y.,Ys,Ys € LM, X -9 =iV -4+ jYs -+ kYy - ).
The distribution D is parallel. First notice
1 1
V(i) = idy + i > wjivi v+ 5 (if23 + 01 + Kbr)iy

i<j
= idy + z% ;wﬁui SUREURS zé(z‘ezg — 031 — kb12)
= iV + (kb3 + j012)¢
= (—kb31 + jb12)7,
and similarly
Vq(ﬁp) - (k923 - wu)%
V() = (=3 + ib31)1.
Let X € I'(D) and Z be a vector field. Thus
VzX p=VzX -+ X -Viy
V(X - y)
=Vy(Yi i+ Yo jib+ Y5 k)
= (iVzY1- ¥+ Y1 - V(i) + (1VzY2 - ¢ + Y2 - VR (j1))
+ (BV2Ys - ¥ + Y3 - V3 (k)
= ((VzY1 = 012(2)Ya + 031(Z)Y3) -
+ 3 (VzYa + 012(2) Y1 — 023(2)Y3) - o
+k(VzYs — 031(2) Y1 + 023(2) Ya) - 9,

so VzX € I'(D). Since M is irreducible, either D = TM or D =0. If D =0, by
Lemma 3.1,
span{Ric(X)|X vector field} C D = {0},
so that © vanishes identically, the connection of Pso(s) (M) is flat and M is Spin
as in [1].
If D =TM, we proceed as follows.
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Step 2. Let us assume there exists a quaternion qq = ai + bj + ck with a® +
b’ + ¢ =1, ¢3¢ = —1, such that the distribution £ with fiber at x € M

E={XeT,M|3Y €T,M, X ) =Y -1 q},

is non-trivial. The bundle £ is parallel. Namely, let X € T'(£) and Z be a vector
field

(VzX) = (VzX) ¢+ X - (Vyh) = V(X - ¥)
=ViY ¢ q)
=((V2Y) v +Y - (VZ¥)) - g
= (VzY)- Y- qo,

so that Vy X € I'(€). Since M is irreducible, either £ = TM or £ = 0.
If £ =TM, we can define a parallel complex structure on M as follows. For
any vector field X, define the almost complex structure Jy by the equation

(4) X = Jo(X) - qo,

since by this definition, Jo(Jo(X)) = —X. To see that it is orthogonal, multiply
(4) by X on the left

XX ¢=X-Jo(X)- ¢ q,

(5) — Xy =X Jo(X) -9 qo.
Multiply (4) by Jo(X) on the left

Jo(X) - X - = Jo(X) - Jo(X) - ¥ - qo,

Jo(X) - X -9 = _’JO(X)FIP " qo-
Multiply the last equation by —¢gy on the right
(6) —|Jo(X)Ptp=—Jo(X) X -0-qo= (X Jo(X)+2(X, Jo(X))) - ¢ qo.
Subtract (6) from (5) to get

(=X + [H(X)?) + 2(X, Jo(X))g ') = 0,
which is essentially multiplication by a complex number. Since v in non-trivial
(=X + [Jo(X)F) + 2(X, Jo(X))gy ' =0

and

| X| = |Jo(X)| and (X, Jo(X))=0.



PARALLEL SPINORS ON PSEUDO-RIEMANNIAN SPINY MANIFOLDS 7

Now, taking the covariant derivative of (4) with respect to a vector field Z
VX 0) = (VzX) -+ X - (V) = (VyX) -4
= VZ(Jo(X) - ¥ qo)
= (Vz(Jo(X)) - ¥ + Jo(X) - (VZ¥)) - a0
=Vz(J(X)) ¥ q
gives
(VzX) ¢ = Vz(h(X)) ¢ g0
Substitute X with Vz(X) in (4)
(VzX) ¥ = Jo(VzX) -9 qo.
Subtracting the last two equations gives
(Vz(Jo(X)) = Jo(VzX)) -t qo = 0.
As before, this says that (Vz(Jo(X)) — Jo(VzX)) € I'(V) = 0, thus
(Vo)(X, Z) = Vz(Jo(X)) = Jo(VzX) = 0.
Since X and Z are arbitrary, V.Jy = 0, which means M is Kéhler.

If £ =0, we proceed as follows.

Step 3. By Step 2, the following intersections are trivial
TM-yyOTM-tp-i=TM-yNTM-tp-j=TM-pNTM -9 -k ={0},
which imply
TM - iNTM -tp-j=TM --jONTM-p-k=TM--iNTM -1k =1{0}.

Thus, the bundle TM - - i & TM -1 -5 B TM -1 -k is a direct sum. Consider
the distribution F C TM with fiber at x € M

Fo={XeT,M|IN,Yo, V€ LM, X - =Y ¢ i+ Yo - -j+Y5-¢ -k},
i.e. for any vector field X € I'(F), X -1 can be uniquely written as
X p=Yi-g itV j+ Yotk
The distribution F is parallel. Let X € I'(F) and Z be a vector field then
VzX - p=VzX -+ X -V =VLX-v)
= (VoY ¢+ Y1 Vo) i+ (VoY -+ Ye - Vg -
+(VzYs -+ Y- Vo) - k
= (VzY1-9) i+ (VzYa ) - j+ (VY5 - ¢) - k,

so VzX € T'(F). Since M is irreducible, either F = T'M or F = 0. If the former,
set [(X)=Yy, J(X)=Y,s K(X)=Ys, sothat

(7) Xp=I1X) i+ J(X)-4-j+ KX)- ¢k,
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which multiplied by i, j and k gives the following equations
I(X) Y =(=X) ¢ i+ (-K(X))-¢-j+J(X) ¥k,
JX) = K(X) - ¢-it (=X) -4+ (=1(X)) -k,
KX)o =(=J(X))-op-i+1(X) ¥ j+ (=X) -k
Therefore I, J, K are three almost complex structures satisfying the quaternionic
relations
P=rP=K=-1, I[J=-JI=K,....

In order to show they are orthogonal almost complex structures, multiply (7) by
X on the left

(8) —|XPy=X -I(X) ¢-i+ X -JX)-¢-j+X -KX) -k
Now multiply (7) on the left by 7(X) and on the right by —:
(9) —HX)=-1(X) - X ¢ i+ 1(X) K(X) ¢ j—I1(X) J(X) ¥k
Subtract (9) from (8)

(=
(10) = (X-J(X) = I(X) - K(X))-¢-j+ (X K(X)+ 1(X) - J(X)) - F;
substitute X with I(X) in (10)

((=[1(X)
(11) = (X J(X) = I(X) - K(X)) - j+ (X - K(X) + 1(X) - J(X)) - ¥ - k.
Finally subtract (11) from (10) to get

(=X + 1)) + 4(X, I(X))i) = 0,

X+ [I(X)]) + 2(X, [(X))i) =

2+ X)) —2(1(X), X )i) =

which implies

| X[? = [1(X)P?
(X, 1(X)) = 0.
Similarly for all the other orthongonality relations between X, I(X), J(X) and

K%l){ing the covariant derivative of (7) with respect to a vector field Z yields
(12) VzX 0 =Vz(I(X)) Y- i+Vz(J(X)) ¥ -j+Vz(KX)) ¢k,
where Z is a vector field. Now substituting X with VX in (7)
(13) VX p=1(VzX) ¢Y-i+J(VzX) ¢ -j+K(VzX) 9 k.
By subtracting (13) from (12) we get
0=(Vz(I(X))—=I(VzX)) i
+(V2(J(X)) = J(VzX)) -4 j+ (V2(K(X)) = K(VzX)) - - k.
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Given that such a linear combination is unique

(Vz(I(X)) = 1(VzX))- ¢ =0
(Vz(J(X)) = J(VzX)) -4 =0,
(Vz(K(X)) = K(VzX))- ¢ =0

so that the vectors fields Vz([(X)) — I(VzX), Vz(J(X))— J(VzX) and
Vz(K(X)) — K(VzX) belong to I'(V) = 0. Thus

Vz(I(X)) = 1(VzX) =0,
V2(J(X)) = J(VzX) =0,
V4(K(X)) - K(VzX) =0,

and, therefore, the three almost complex structures are parallel VI = VJ =
VK = 0. Hence, the manifold M is hyperkahler and Ricy; = 0, which means
the connection of the Spin? structure is flat, the Spin? structure is trivial and [1]
applies.

If F- =TM, then at each x € M
(T M - ) N (T, M-y i T, M -5 BT, M--k)=1{0}.
Thus
TM-YvyeT, M --i®T,M-p-50T, M-k
is a direct sum in A%(M) with quaternions multiplying on the right, which implies
that
T.M-p+iT, M-+ 3T, M-+ ET,M-9Y
must also de a direct sum and
(TM ) "NGETM - ®jTM - ®kTM -) = {0},

which contradicts our working assumption that D =T M. O
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