THE ANALY SIS OF APPROXIMATE QUICKSELECT AND RELATED
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ABSTRACT. Approximate Quickselect, a simple modification of the watlown
Quickselect algorithm for selection, can be used to effityeind an element with
rankk in a given rangéi..j], out ofn given elements. We study basic cost measures
of Approximate Quickselect by computing exact and asyniptesults for the ex-
pected number of passes, comparisons and data moves dugiggecution of this
algorithm.

The key element appearing in the analysis of Approximatekagiect is a trivari-
ate recurrence that we solve in full generality. The gersshition of the recurrence
proves to be very useful, as it allows us to tackle severatedlproblems, besides the
analysis that originally motivated us.

In particular, we have been able to carry out a precise aisabfsghe expected
number of moves of théth element when selecting thigh smallest element with
standard Quickselect, where we are able to give both exdcsymptotic results.

Moreover, we can apply our general results to obtain exatiagmptotic results
for several parameters in binary search trees, namely thexcéed number of common
ancestors of the nodes with rahindj, the expected size of the subtree rooted at the
least common ancestor of the nodes with rardnd j, and the expected distance
between the nodes of rankandj.

1. INTRODUCTION

Quickselect, also called Hoare’sNb algorithm, is a very flexible and easy to im-
plement recursive algorithm to find the element of given rartk e., thekth smallest
element) in a given data array[1..n] of lengthn. The Quickselect algorithm uses
partitioning of the array into two subarrays around a pivetreent, as in the popular
Quicksort, also by C. A. R. Hoard,[5].
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The behavior of fundamental quantities like the number ghparisons between
data elements and the number of passes (recursive calle afgbrithm) in Quickse-
lect has been extensively studied, see, for instaBcg P, 13] and references therein.
These quantities have also been studied for many variarttedtandard algorithm,
for example, for the median-of-three partitioning scher@le [In the present work
we consider a variant of Quickselect, that we have dubbeddpmate Quickselect,
which receives as input the data array andrege[:..j]. Its goal is to find an element
whose rank falls in the given range. The analysis of Appr@terQuickselect poses
several quite natural questions related to the Quicksalgotithm that do not seem to
have been treated up to now.

Approximate Quickselect (AQS, for short) is useful when we aot necessarily
interested in an exact order statistic, but some orderssitatvithin a rangd;..;j| of
ranks. For example, instead of finding the exact median wéddo@ content with
an element whose rank is, say, betw@et8n and0.52n. This “relaxation” of the
Quickselect algorithm will lead, depending on the rafge], to a reduction of the
number of passes and of the number of comparisons betweeem®e in the array
during the execution, and thus will lead to a faster exeautiime. \We compute the
exact average number of passes and the exact average nurobeparisons between
elements when executing AQS and as a consequence we cargiNes Iquantifying
the average amount of savings compared to standard Quecksdlhe description of
the algorithm and the analysis of the expected behavios @diitdamental performance
characteristics form the core of Sectidn

The analysis of Approximate Quickselect involves the sofubf trivariate recur-
rences which we have been able to solve in full generalitye f@sult (Theoren)
that we obtain in Subsectidh3turns out be very useful in the analysis of other inter-
esting parameters, including the number of moves of a pgati@lement during the
execution of the standard Quickselect algorithm and thed tatmber of moves made
during the execution of Approximate Quickselect. In pat, we give exact results
for the average number of moves of the element with ramiade while selecting the
jth smallest element out of, and also for the average total number of moves dur-
ing the execution of the Approximate Quickselect algoritlwrhen finding an element
with rankk € [i..j] out of n (Section3).

These parameters give a further insight into the functipnaf the Quickselect al-
gorithms and moreover, since moves of elements corresporatinble assignments in
the algorithm, these quantities appear when measuringthlecost of the Quickselect
algorithms.

We also want to mention here two recent related studies, boetdhe number of
moves of particular elements in the Quicksort sorting atgor [16] and the other on
the total number of moves in Quickselect, but for a randorhlysen rank12].

The close connection between Quickselect and random basangh trees surfaces
also in this paper, like in many previous works of the are&,($er instance 15]).
We establish in Sectioa the relation between Approximate Quickselect and several
parameters in random binary search trees that involve twengiodes. We study the
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average number of common ancestors of the nodes with iarkd;, the average size
of the subtree rooted at the least common ancestor of theswaitteranks; and;j, and
the average distance (number of edges) from the node ofiremkhe node of rank
j. Despite these results can be obtained (and have beenattéiy other means, we
show that all of them follow from direct application of Theon2. This is a further
example of the generality and usefulness of this tool, wiggalifies as one of the
important contributions of this paper.

We shall insist here that in this paper we restrict our ansiysthe expected value
of the quantities considered. However, apart from the stifdpe number of moves
of a particular element in Quickselect, where dependertostween the quantities
appearing in the recursive description occur (see Se@jpour analysis could, at
least in principle, be extended to higher moments, mostiwta the second moment
and thus to the variance, although the computational effould be considerable (see,
for instance T]).

We conclude this section with a few remarks concerning rastatused in this paper.
We use Iverson’s bracket notatig@] for a statemen®: [Q] = 1 if @ is true and
[Q] = 0 otherwise P]. The harmonic numbers are always denotedhy:= > 7', %
for a positive integen. Moreover, the random variablg; always denotes the indicator
function of the even#, which gives the valué when £ occurs and gives the value
0 otherwise. Throughout this paper we use for all quantit@saered a calligraphic
letter asP, C, etc. to denote random variables, whereas the corresppoddinary
letters denote their expectations, e.lg.+ E (P).

2. APPROXIMATE QUICKSELECT

2.1. The algorithm. We begin with a description of the standard Quickselect-algo
rithm for selection. The call QCKSELECT(A, j,1,r) will find the (; — { + 1)th
smallest element amongst all elements in the aftdyr|, with1 <[ < 57 <r < n.
After executing this algorithm, it holds thalt{j| stores the element of the desired rank
j — 1+ 1in A[l..r]; in particular, the initial call @ICKSELECT(A, j, 1, n) will bring

the jth smallest element afi[1..n] to A[j]. Moreover, the algorithm rearranges the
contents of the array in such a way that it holds that] < A[j], foralll < m < j,
andA[j] < Alm], forall j <m <.

If » < [, the subarray contains at most one element, and the prollenvially
solved, sinced[l] must contain the sought element. Whea r, we perform a parti-
tioning phase, in which one of the elements in the array isehas givot element.
By comparing this pivot elemeni with all remaining elements in the array and in-
terchanging elements, the pivot element will be broughtda@orrect position in the
array, sayA[k|, such that all elements in the arrayl..k — 1] are smaller than or equal
to pv = A[k] and all elements in the arra¥[k + 1..r| are larger than or equal {o.
The partitioning algorithm is given in full detail in Subsien 3.1, when we analyze
the number of moves carried out by Quickselect and Approtenqauickselect. For
the time being, it is enough to note that the partitioningpathm will make exactly



4 C. MARTINEZ, A. PANHOLZER, AND H. PRODINGER

n — 1 comparisons between the pivot and the remaining elemetits iarray, and that,
for an array that contains a random permutation efements, the two subarrays that
we obtain after partitioning are random permutations too.

After the partitioning phase, three cases can octurif j = k& we know then that
pv = A[k] = Alj]is the(j — I + 1)th smallest element idl[l..r] and the algorithm
terminates,(2) if j < k we know that the required element is contained in the left
subarray and we proceed by searching for (the- [ 4+ 1)th smallest element in the
array A[l..k — 1] with a recursive call of Quickselect, arid) if j > k& we know that
the required element is contained in the right subarray amgpnwceed by searching
for the (; — k)th smallest element in the arradfk + 1..r], again with a recursive call
of Quickselect. The algorithm is detailed as Algorithm

Algorithm 1 The Quickselect algorithm

Require: array Al..r|, integerj withl < j <r
Ensure: Returnsj, A[j] is the(j — [ + 1)th smallest element in the arrayjl..r|

procedure QUICKSELECT(A, 7,1, 1)
if r <lthenreturn [
end if
PARTITION(A, [, 7, k)
>Vm: (I <m< k)= Alm] < Alk],andvm : (k <m <r) = Alk] < A[m]
if j < kthenreturn QUICKSELECT(A, j,[, k — 1)
elseif j > kthen return QUICKSELECT(A, 7,k +1,7)
elsereturn k
end if
end procedure

Two simple modifications of the Quickselect algorithm allas\to solve the problem
of approximate selection. Approximate Quickselect is gitree arrayA, the lower and
upper indiceg andr that delimit the subarray that contains the elements ofeste
and the values and; that specify a range of ranks. The call AQS1, j, [, r) returns
a valuek such that the element at[k] has a rank between— [ + 1 andj — [ + 1
amongst all elements in the arrayjl..r], for1 <1 < i < j < r < n. Acall
to AQS(A4,1,j,1,n) returns a valug: such thatA[k| has a ranki € [i..j] among
the elements iM[1..n]. Like in Quickselect, it also holds that[m] < A[k], for all
I <m < k,andthatd[k] < A[m|, forall k <m <r.

Compared to the standard Quickselect algorithm we needonhake the following
two modifications. First, we stop jf— i > r — [, since the subarray contains elements
whose ranks are betweérandj and any of them will do. The other modification
comes after the partitioning phase, that is, after the ml@mnentpv is brought to its
correct positionA[k] in the array, with all elements in the arrayfl..k — 1] smaller
than or equal tgv = A[k| and all elements in the array[k + 1..r] larger than or
equal topv. We have three caseél) if i < k < j the pivot has a rank in the range
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i — 1+ 1..j — [ + 1] and we can returk and terminate the algorithn®) if j < k& we
know that each element of interest is contained in the ldfamay and we continue
with the selection of an element with a rank betwéerl + 1 andj — [+ 1 in the array
A[l..k — 1] by making a recursive call of Approximate Quickselect4n.x — 1], and
(3) if « > k we know that each element of interest is contained in the sgharray
and we recursively proceed looking for an element with a tzgtkveen — £ andj — k

in the arrayA[k + 1..r]. Animplementation of this algorithm is given as Algoritt#n

Algorithm 2 The Approximate Quickselect algorithm

Require: Array All..r], integers andjwith] <i < j <r
Ensure: Returnsk, withi < k < j, A[k| has rank between— [+ 1andj — [ + 1in
the arrayA[l..r]

procedure AQS(A, 4, j, I, 1)
ifr—1<j—ithenreturn [
end if
PARTITION(A, I, 7, k)
>Vm: (I <m < k)= Alm] < Alk], andvm : (k <m < r) = A[k] < A[m)]
if 7 < kthenreturn AQS(A, 1, 7,0,k —1)
elseif i > kthenreturn AQS(A, 4,7, k+1,7)
elsereturn k
end if
end procedure

2.2. The number of passes. We start our analysis of Approximate Quickselect with
the average behavior of the random variaBlg ; which counts the number of passes,

i. e., (recursive) calls, of the algorithm AQS until an elemeith a rank between
andj is found in an arrayA[1..n]. Here, and for the rest of the paper, we assume that
the array contains a random permutatiomafistinct elements.

Theorem 1. The expected number of pasges, ; = E (P, ;) of the algorithm Ap-
proximate Quickselect until an element with a rank betweand j is found in an
array ofn elements is

Pij=Hj+Hy, i1 —2H; ;4,1 +1, for1<i<j<n

= (logj+log(n—i+1)—2log(j —i+1)+1)- (1+0O(

))-

The asymptotic estimate given holds uniformlyifet : < 7 < n andn — oco. When
1 = j the formula yields the well known average number of pass@siiwkselect (see,
for instance[15]):

Pojj=Hj+H, j1—1, for1<j<n.

logn



6 C. MARTINEZ, A. PANHOLZER, AND H. PRODINGER

In order to show this theorem we start with a recursive dpsion of P, ; ;. Since
we assume that the input is a random permutation ofrsize get that the probability
that the pivot elementv = A[1] is the kth smallest element in the array lign for
all k&, 1 < k < n. After the partitioning phase the left subarrdyl..k — 1] and the
right subarrayA[k + 1..n] contain random permutations of lengths- 1 andn — £,
respectively. Ifi < k£ < j the algorithm terminates and we only have to count the
original call to AQS. Ifk < ¢ we proceed with a recursive call of AQS for the right
subarray and it > j we proceed with a recursive call of AQS for the left subartay.
these latter cases we have to add the number of calls of AQ@roug therein to the
original call.

These considerations immediately lead to the followingppsition.

Proposition 1. The random variablé,, ; ; satisfies the following distributional recur-
rence:

(d) ~ . )
Prii =14+ Ly, <i* Potnithnj—ttn + Lty>5 - Prtp—1.44, forl <i<j<mn,

andP,;; = 0,ifi < 1orj <iorj> n, where the rank{, of the pivot element is

uniformly distributed o1, 2, ...,n} and independent qfP,,; ;),....; and (P; ;)n.i.j»
which are independent copies of each other.

Propositionl immediately leads to the following recurrence for the exagon
P, ; ; of the number of passes:

i—1 n
1 1
Poij=1+—> Popi-kj-rt— Py, fori<i<ji<n, (1
i +n; k,i—k,j k+nk;1 ke—1,i, <i<j<n, (@

andpP,;; =0,ifi<lorj<iorj>n.

It is not difficult to show by induction that the closed fornr {8, ; ; given in Theo-
rem1is indeed the solution of the recurrence above. However, iNg¢ake a detour
in the next subsection, where we will investigate the gdrsataition of trivariate re-
currences whose shape is that D, (out with a generic non-recursive cdst, ;. The
solution of () will be then a by-product of the main result in the next sahise (The-
orem2). For that, we will need only to sé&f, ; ; = 1 and apply the theorem.

The rewards of this general analysis will be manifest soterahrds, when we use
Theoren? to obtain the expected number of comparisons of ApproxirQaiekselect
(Subsectior2.4), later in Sectior8 when we analyze the number of moves of particular
elements made by Quickselect and the total number of moves imaApproximate
Quickselect, and finally, in Sectiochwhen we investigate several parameters of ran-
dom binary search trees.
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2.3. Solving atrivariaterecurrence. We consider the following recurrence for num-
bersX,, ; ;, which appears in our studies of the Quickselect and Appmaie Quicks-
elect algorithms, and later for binary search trees:

i—1

Xn,i,j__ZXn ki—k,j— k+_ZXk 1@]+Tn2j7 for1<z<j<n (2)
k=j+1

Furthermore we defing,,; ; = 0,if ¢« <0orj <iorn < j. Forthe “toll function”
T,.; we also defind},; ; = 0,ifi < 0orj <iorn < j. We remark that?) is a
generalization of the “ordinary Quickselect recurrencélich appears when studying
the moments of the number of comparisons and passes of @leckso select thgth
smallest element in an array of size Indeed, the ordinary Quickselect recurrence is
the special instance o2 wherei = j. The ordinary Quickselect recurrence was first
studied by Knuth §]; an exact solution for arbitrary toll functions has beewegi by
Kuba in [11].

To treat recurrence2 we introduce the following trivariate generating funciso

X(z,up,ug) == E E an”z uluz,

i>1 721 n>j

. n,d,J
T(z,ui,u) == g g ETn”z U U

i>1 j>i n>j

Multiplying (2) by nz""'uiu} and summing up for all values> 1, j > 4, and
n > j leads, after straightforward computations, to the folloguilifferential equation
for the generating functioX (z, u;, us):

9 X (s ) — (

1 U1U2

0z

with initial condition X (0, uy, us) = 0.
The solution of this first order linear differential equatjevhich can be obtained by
standard techniques, is:

1 ? 0
1= £)(1 — wyust (—Tt, , )dt. 3
(1 —Z)(l —ZUﬂLg)A ( )( UUz ) ot ( Uy u2) ( )
The numbersY,, ; ; can then be obtained by extracting coefficients from the-solu
tion (3). By taking into account thaf,,; ; = [2"u{u)]T(z,u1,us) = 0, if i < 0 or
j<iorn < j,wegetthen, foi <i<j<n:

0
) X(z,up,us) + &T(Z’,uh?@),

1—2 1-—zujuy

X<z7ul7u2) -

Xnij = = [2"u} ué]X(z, Uy, us)

/OZ(1 — (1 = uyust) (%T(t,ul, u2)>dt

—z

I
]
Y
x>
MQN
S
=
NS~

- /Oz(l —)(1 — uyust) (%T(t, ul,u2)>dt
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i n—~{
1 ¢ 0
= Z [ (1 = 2) (1 = wyuez) =T (2, uy, us)
parfertl 0z
i n—~{ 1
= T (ka,ifé,jfZ —(k=1)Te1i0j0— (k= )T 1 -0-1-0-1
(=0 k=j—t

+ (k — 2)Tk72,i7671,jfzfl)-

The expression can be simplified easily by straightforwaatipulations, thus

i n—i+~
ka,&ijz - (k - 1>Tk71,£,j7i+£
Xoig =2, D p
(=1 k=j—i+0
(k=D Tre-1j—ive—1 — (k= 2)Thoo-1,j-ite—1
k
i n—i+~
_ ZJF KT j—ive — (K —1)Th—1,0—ite
— k
(=1 k=j—i+l
i—1 n—itl+1
_ Z i+ (k=1)Tx 10jive— (k—=2)Th 205 ive
— k
l=1 k=j—i+l+1
7 n—i+¢
:Z i ETipj—ive — (K — 1)Th—10—i+e
k
(=1 k=j—i+4
i—1 n—i+f
B Z i KTy j—ive — (k= 1)Th_1,0j—ite
l=1 k=j—i+/L k+1
i—1 n—i+f n
_ Z ZJF KTy pj—ive — (b = DT —10j-ite . Z kTyig — (k= D)Th1,
=1 k=j—it+l (k+1) k=j K
Further simplifications yield
i—1 n—it+l i—1 n—i+l—1 -1
KTy j—ive k?Tke + KTy, KT
an' J— ] ? ,J—1 KN )2,
" — k(k+1) -2 Z /7<:+2JFZ Z kE+1
(=1 k=j—i+/L /=1 k= k=j k=j
i—1 n—i+l—1 i1 n—1
21, | —1 Tn 7 7 T
=2 D (k:+k17§’2kf2)+Zn—z+f:2++i+zk T
t=1 k=j—i+l =1 -y

We collect our results in the following theorem.
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Theorem 2. Let the sequence of numbeXs ; ;, for1 <i < j < n, be defined by the
following recurrence:

i—1

Xn,i,j:_ E Xn kyji—k,j— k+ E Xk 1,i,5 +Tn,z,j7
—= k 7+1

withT,,;;, 1 <1 < j < n, an arbitrary sequence, such thflf; ; = 0ifi < 1,7 <
orn < j.
ThenX,, ,; ;, for1l < < j <n, is given by the explicit formula

i—1 n—i+l—1 i—1 n—1

2T 0 j—ite To—itej—ive Th.ij
Xn,ij = T T 2 T
" Z , <k+1)(k+2)+Zn_i+€+1+zk+1+ !

(=1 k=j—i+l =1 k=3

We remark that setting= j above gives an exact solution of the generic Quickselect
recurrence. The solution thus obtained is slightly diffefeom the one given inl[1]
and it is stated in the following corollary.

Corollary 1. Let the sequence of numbeXs, ;, for 1 < j < n, be defined by the
following recurrence:

ZXn k,j— k+_ZXk 1]+Tn]7 (4)

k=j+1

with 7}, ;, 1 < j < n, an arbitrary sequence such tht ; = 0if j < 1orn < j.
ThenX,, ;, for1 < j <mn,is given by the explicit formula

=1 n—j+l—1 j—1 —1

2Ty 0 T jree Tk
— St A — - 4 2 Tn
; ; (k+1) k+2)+;n—j+ﬁ+1+zk+l+ 7

Recurrence k) studied in SubsectioB.2 is the instance of recurrenc@)(for the
particular toll functionZ,;; = 1,1 < ¢ < 7 < n. We can then obtain the exact
solution of (1) applying Theoren2, which gives after easy summations:

i—1 n—i+l—1 9 i—1 1 n—1 1
T S S DR B D N
Z:lk:j7i+é(k+1)<k+2) éln—2+€+1 k:]k-i-l

i—1 n—i+l—1 1 1
- 2(———> H,— H, ;i1 + H, — H; + 1
> 2 2t )t o+ Hy = H
(=1 k=j—i+t
i—1
=32 ! = )+ 28, — H H +1
a j—itl+1 nm—i+l+1 no T

/=1
=H;j+H, i1 —2H; ;41 +1, forl<i<j<n.

This proves Theorerh.
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2.4. Thenumber of comparisons. Nextwe study the average behavior of the random
variableC,, ; ;, with 1 < i < 57 < n, which counts the number of comparisons in the
partitioning phase between elements in the array and tlo¢ @iement, when executing
the algorithm Approximate Quickselect until an elementwatrank betweenand j

is found in the array[1..n).

Theorem 3. The expected number of element compariséns; = E (C,, ;) made
while executing the algorithm Approximate Quickselectl @mt element with a rank
between andj is found in an array of size is:

~ (2n logn+2(j— i+ 1)log(j — i + 1)—2jlog j—2(n — i + 1) log(n— i+ 1)

logn

ton—j+i)- (1+0(22Y)), for1<i<j<n

n
The asymptotic equivalent holds uniformly fox i < j < n andn — oc.

Settingi = j above, we obtain the average number of comparisons to dakegth
smallest element out af[9]:

Crusi = 2((n+ DHy+n+3—(j+2)H; — (n—j +3)Hn,j+1), for1 < j<n.

The proof of this theorem is fully analogous to that of Th@ofein Subsectior?.2
First we obtain a distributional recurrence 19y, ;, which has the same structure as
the one given in Propositioh Here, we only have to take into account that during the
partitioning phase and independent of the actual rank opitha, we perform exactly
n — 1 comparisons between the pivot element and the other elenretiite array.

Proposition 2. The random variablé€,, ; ; satisfies the following distributional recur-
rence:

(d) 5 . .
Cnij=n—14+Ly <i Co—tini-thp.j—tdp, + Ltty>j - Crty—1,5, Fforl <i<j<mn,

andC,;; = 0,if¢ < 1orj < iorj > n, where the rank{, of the pivot element is

uniformly distributed on{1,2, ..., n} and independent diC,.; ;),.i; and (Cp.i ;)n.ij»
which are independent copies of each other.

Proposition2 gives then the following recurrence for the expectatign ; of the
number of comparisons:

i—1 n
1 1 . .
Chij=n—1+ - Z Crkyi—kj—k + - Z Cr-1,i s forit<i<j<mn, (5
k=1 k=j+1
andC,,;; =0,ifi <lorj<iorj>n.
This recurrence is exactly the recurrence studied in Stioge3for the particular
toll function”},;, ; = n—1, for1 <i < 5 < n. Applying Theoren® easily leads then,
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for1 <i < j <mn, to an exact formula fof’, ; ; and proves Theoreidt

i—1 n—i+4—1 i—1 . n—1
2(k—1) n—t+0—1 k—1
CHTIE SR e it B R T AL ) R
éilkzj_i+4(k+1)(k:+2) —n—i+l+1 k:jk+1
i—1 n—i+f—1 4 i—1
B <_k 1% 2) ( E 1)
(=1 k=j—i+l - + =1 n—it+b+
n—1
2
+ (1——>+n—1
_ kE+1
k=j

i—1
= (Z (‘4(Hn—i+é — Hjive) +6(Hpipor1 — Hj—z‘+e+1)>>
(=1
=2n+1)H, +2(j—i+4)H;—i11 —2(j+2)H; —2(n—i+3)H,—in1
+2n—7+1—2.
To obtain the final result we just used the basic summatiandita

> Hy=n(H,-1). (6)
k=1

2.5. Savings and grand averages. Given any measure of performangg ; ; of Ap-
proximate Quickselect when looking for an element whosk falfs in the rangé:.. ],
out of n elements, it is quite obvious that

Xn,i,j S Xn,k,ka

for anyk € [i..j]. In other words, no matter what measure we consider, Apprate
Quickselect will never perform worse than Quickselect wiinensought rank belongs
to the rangé:..j| given as input to Approximate Quickselect. The inequaliig\ge of
course carries over expectations, tigs; ; < X, ., for k € [i..j].

It makes sense then to introduce the difference

AXn,i,d - Xn,i,i - Xn,i—d,i-l—da d<i<mn +1- d, 0 S d S L(’I’L - 1)/2J

which measures the savings of Approximate QuickselectQuérkselect when look-
ing for theith smallest element and Approximate Quickselect is giveange of size
2d + 1 aroundi. As we shall see, in some casés,, ; ; does not depend (or its main
order term does not depend) grso using the “sized of the range to express the sav-
ings yielded by Approximate Quickselect turns out to be avaht choice. Obtaining
both explicit and asymptotic formulaze f&P, ; ; andAC,, ; 4 is straightforward from
the explicit expressions given by Theorethand3, and the well-known asymptotic
expansion of the harmonic numbers

H, =logn+~v+0n"),
with v =~ 0.577215 ... denoting the Euler-Mascheroni constant.
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Another interesting set of quantities that we study in teigi®sn (and on those forth-
coming) are the grand averages. We fix a 8iz¢ 1 for the range given to Approximate
Quickselect and then average over all possipiee., we are interested in the expected
value of X, ;414 Wheni is uniformly distributed ind + 1..n — d]. Such quantities
are often callegyrand average$13, 17]. Thus,

Xra= o Xoicazess  0<d<|(n—1)/2).

d<i<n—d

Notice thatX,, , is the expected value for quickselect with random rank.
As before, we will also be interested in the “grand averagenga”

AYn,cl - Yn,o - Xn,da 0 S d S L(’I’L - 1)/2J

In the case of passes and comparisons, explicit and asyimpkpiressions for the
grand averages and the average savings follow easily freraxplicit formulse avail-
able for these measures of cost.

Corollary 2. LetAP, ;4 = P,;i — Pni—ai+a, thatis, the average number of passes
saved if we use Approximate Quickselect with raigel..i +d] instead of Quickselect
with ranki, ford <i<n+1—-dand0 <d < |(n—1)/2]. Then

AP,iqa=(H;i— Hivq) + (Hpy1-i — Hop1—iva) + 2Hoq41 — 2
~ 2logd+ ©(1).

The asymptotic estimate holds uniformly for@&kndi, whenn — oo.

Corollary 3. Let

— 1
Pn,d - n— 2d Z Pn,i—d,i-i—da 0 S L(TL - 1)/2J7
d<i<n+1-—d

that is, P, 4 is the average number of passes made by Approximate Quickset a
range of siz&d + 1 centered around a rank chosen uniformly at random. Then

_ n+1 2
Pn,d—2m(Hn—H2d+1)—1+n_2d

2log(n/d) + O(1), if 0 <d=o(n),

55 10g(1/26) =1+ O0(1/n), fd=26-n+o(n), with0 <4 < 1/2.

The first asymptotic estimate holds uniformly for&l= o(n), whenn — oco. Fur-
thermore, the grand average of the savingsis(fer d < |(n —1)/2],

A?n,al = Fn,O - Fn,d ~ 2logd + O(l)

Corollary 4. LetAC,, ;4 = Ch.ii — Chi—ai+a, thatis, the average number of element
comparisons that we save if we use Approximate Quickselgctange[i — d..i + d
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instead of Quickselect with rankford <i <n+1—-dand0 <d < |[(n—1)/2].
Then

ACpiqa=8-2(i+2)H;—2(n —i+3)Hpy1-i—2(2d + 4)Hogy1+2(i +d +2)Hy g
+2n—i+3+d)H, 114045+ 2d

4dlog (%) 4+ ©(d), if 0 < d=o(n),
2¢(a,0)n — 8logn +O(1), ifd=0d-n+o(n), withd <o < 1/2,

where
cla,0) =0+ (1—a+d)log(l —a+d)+ (a+d)log(a+9)
—aloga — (1 — a)log(l — a) — 20 log(26).

The first asymptotic estimate holds uniformly fora# o(n) andn — co. The second
asymptotic estimate holds uniformly for= an + o(n) andn — oo.

Corollary 5. Let

— 1
Coa=——57 D, Cuicaiwa,  0=2d<|(n—1)/2],

d<i<n+1—d

that is,C,, 4 is the average number of comparisons made by Approximatek&alect
for a range of siz€d + 1 centered around a rank chosen uniformly at random. Then

= 4(d+2)(n+1) 4(d+2)
C1n,d_3n n— 2d (Hn H2d+1)+5 n— 2d
3n —4(d+2)log (%) + ©(d), if0<d=o(n),

~ (&+£§%Qn+@u% ifd=0-n+o(n),witho < § < 1/2.

The first asymptotic estimate holds uniformly for&l= o(n), whenn — oco. Fur-
thermore, the grand average of the savings is

AC T T 4dlog(n/d) + ©(d), if 0 < d=o(n),
nd = Un0o0=0nd 4612,g7(21§25)n_810gn+®(1)’ if d=6-n+o(n),0<d<1/2.

3. MOVES IN QUICKSELECT AND APPROXIMATE QUICKSELECT

We start with the definition of the quantities in our study adves of elements in
the standard Quickselect and Approximate Quickselectitgos.

The random variableM,, ; ;, with 1 < 4, j < n, counts the number of moves of
the element with rank i. e., assignments appearing in li@dine 13 or 17 where the
right-hand side contains théh element, in the partition proceduref®ITION when
executing the algorithm Quickselect to find an element watikrj in an arrayA[1..n).

The random variabl®, ; ;, with 1 < ¢ < 5 < n, counts the total number of moves,
I. e., assignments appearing in li@eline 13 or 17), of array elements in the partition



14 C. MARTINEZ, A. PANHOLZER, AND H. PRODINGER

procedure RRTITION when executing the algorithm AQS to find the element with
rankk € [i..j] in an arrayA[l..n].

We conclude this introduction by stating the following wieiown randomness
preservation property (see, e.gL0]) of the partition algorithm RRTITION as de-
scribed in Subsectiod.1 (we remark that this property also holds for other commonly
used partition procedures). When starting with a randommpaation of distinct val-
uesa; < a1 < --- < a, as input dataA[l..r] for the partition algorithm RRTI-
TION(A, [, r, k) it holds that after executing this procedure the left suba#d]l..k — 1]
is itself a random permutation @f < a;.; < --- < a,_1, and the right subarray
A[k + 1..r] is itself a random permutation of; < axi2 < -+ < a,.

This randomness preservation property allows a recurgsergtion of the param-
eters studied in this paper and is thus heavily used in thiysisaarried out in what
follows.

3.1. The Partition procedure. There are several standard implementations of the
partitioning phase used in practice for the algorithm Qsd&ct (and, of course, also
for Quicksort). We state in Algorithr@as procedure ARTITION one particular imple-
mentation, which we assume to be used in Quickselect ants alhriants introduced
above. However, we want to point out that other standardemphtations lead for
the quantities studied to the same or only slightly diffénesults. After executing
PARTITION (A, [, 7, k) a pivot elemenpu is brought to its correct positiopw = A[k]

in the array, such that all elements in the arrd¥..k — 1] are smaller than or equal to
pv and all elements in the array{k + 1..r] are larger than or equal jo.

To do this the procedure starts by choosing as pivot elemerite first element
A[l] in the arrayA[l..r], which is stored. Then, by using two pointerandb that are
initialized bya = [ andb = r, the array is scanned in an alternating way from right and
from left, where each element is compared with the pivot eletpv. When scanning
from right we search for the first elemenft], which is smaller than or equal {o;
this element is then stored at positidfuz] and one continues with scanning from left.
When scanning from left we search for the first eleméfa, which is larger than or
equal topu; this element is then stored at positidfb] and one continues with scanning
from right. The scan stops if = b, i. e., if the two pointers. andb meet each other.
Then it remains to store the pivot elementat its correct placel[q| in the array and
return this final location of the pivot element.

3.2. The number of moves of particular elements in Quickselect. We study here
the average behavior of the random variabtg, ; ;, with 1 < 7, j < n, which counts
the number of moves, i. e., assignmedty := a; of the element with rank in the
partition procedure ARTITION when executing the algorithm Quickselect to find the
element with rankj in an array of size:. The following theorem provides an exact
formula for the expectation/,, ; ; := E (M, ; ;).

Theorem 4. The expected number of moves ; ; = E(M,,; ;) of the element with
rank ¢ during the execution the algorithm Quickselect to find theemant with rankj
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Algorithm 3 The RARTITION procedure

Require: Array All..r]

Ensure: Vm : (I < m < k) = Alm] < A[k], andVm : (k. <m < r) = A[k] <
Alm]
1: procedure PARTITION(A, [, r, k)
2: if I > r then return > Nothing will be done
3 end if
4: a:=1b:=r;pv:= Ald
5: whilea < b do
6: while A[b] > pvdob:=b—1 > Scan from right
7 end while
8 Ala) := Ab]
9: a:=a+1
10: if a < bthen
11: while Afa] < pvdoa:=a+1 > Scan from left
12: end while
13: A[b] := Alal
14: b:=b—1
15: end if
16: end while
17:  Ala] :==pv
18: k:=a > Task finished
19: end procedure
in an array of sizen, is
1 1 1 2 1 (-1 (i—1)(i—2)
Mni i — _Hn —-H; _ani - _HF@' P
R e A A R T T |
(i+2)(i—1) (i—1)(i—2) 1 o
— for1 < <
6 6G-1) i+l sredsm
1 1 1 2 (i—l)2 (1—1)(i—2)
Mni i = _Hn H Hn Hi*' -
i = e TG Gl T g i 30 3(n—1)
. i3 A(i—i—1 1 5
I D[ R N G [ e VR S B
6(n—j+1) 6(n —j) 3i 3(i—j+1)
forl <j<i<n,
1 1 1 1 (-1 (G-1DE-2 1
My, ;==Hy,+=H;+=H, ;s +— — —
e A A 3n 3n—1) 3
1 1
— . [i=1]- — - <j< >
+ 133 [7=1] 5 [j=n], forl<j<mnandn>2,
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To show this theorem we start with a recursive descriptioAf; ;, which is ob-
tained by considering a call of Quickselect for an arrgy..n]. We assume now that
the pivot elemenpv = A[1] is thekth smallest element in the array; since our input
data are forming a random permutation of lengtihholds that the probability that the
pivot element has rankis 1/n, for 1 < k < n.

Now we study whether the element with rainwill be moved, i. e., an assignment
A[-] := ... where the right-hand side contains the element with raiskperformed,
during the execution of the partition procedurerPITION. We have to distinguish
three cases(1) if £ = i then the element with rank(in this case this is the pivot
element) will always be moved?) if £ < i the element with rank will be moved
only if it is located in the subarrayi[2..k]; the probability that this happens is thus
k=1, and(3) if k > i the element with rankwill be moved only if it is located in the
subarrayA[k..n|; the probability that this happens is th@ﬁ. After the partitioning
phase the left subarray[1..k — 1] and the right subarray|k + 1..n] are each forming
a random permutation of lengths— 1 andn — k, respectively.

Next we observe that if the pivot element has a rank betweedj, i. e., depending
on the order of the considered elements eitherk < jorj < k < i, the final number
of moves of the element with rankduring the execution of Quickselect is already
reached. This holds since then either the QuickselectittigoterminatesX = 7) or
it continues executing in a subarray that does not contaielgment with rank Only
if k <i<jork < j <iwe proceed with a recursive call of Quickselect for the right
subarray, and it > j > iork > i > j we proceed with a recursive call of Quickselect
for the left subarray. In these latter cases we have to adduher of moves of the
element with rank during the execution of Quickselect occurring therein.

These considerations immediately lead to the followingppsition.

Proposition 3. The random variableM,, ; ; satisfies, fol < i,j < n, the following
distributional recurrence:

(d) —~ . )
Maii = Typci» Mot ithn j—thn + Ytty>5 - Mu—1,ij + Tniu,, for1<i<j<n,

(d) —~ L
Mo = Yupei - Moy icthn j—ttn + Lit>i - Muy—145 + Tniw,, forl<j<i<n,

and M,,;; = 0, if min(¢, j) < 1 or max(i,j) > n. The rankl, of the pivot el-
ement is uniformly distributed ofi, 2, ...,n} and independent ofM,, ; ;),.;; and
(M..i.i)n.i.j» Which are independent copies of each other.

Here the random variabl@, ; . is the indicator function of the event that the element
with rank: is moved during the execution of the partition procedexeTITION for a
randomly chosen permutation of lengttkeading to a pivot element of rarik It holds
then, forl < i,k < n:

£l k <1,
P{Tnix =1} = =5t k> 1,
1, k=1,

andP{7,,x =0} =1—-P{7,:x = 1}.
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We remark here that in the distributional recurrence giveR@positior8 the ran-
dom variablesr,, ; , and M,,_ ;_ ;— (and alsdZ,, ; , andM,,_, ; ;) aredependenas
can be checked easily for concrete examples (e. gn fer3 andi = j = 1). Thus
Proposition3 will only allow to treat the expectation/,, ; ; of the number of moves,
whereas a study of higher moments would require a more refiesctiption otM,, ; ;.

However, Propositior3 immediately leads to a recurrence for the expected value
M, ; ;. Itis here advantageous to distinguish between the dases i = j andi > j.

We start with the case< j, where we obtain, for <i < j7 < n:

n,z,j:_zMn kji—k,j— k+ ZMIC 1Zj+ Z[E n,z,k

k]Jrl
:_ZMH kji—k,j— k+ ZMk 1,i,5
k]Jrl
i—1 n
1 k—1 n—k+1
1 nok)

2n(n — 1) 2n(n — 1) n’

1 i N G M B U [T R VN

To get an exact solution a¥/,, ; ; we can thus apply Theorethfor the particular toll
function
i—1)@E—-2) (n—i)n—1+1) 1

Thi:= — 1 <9 < n.
o 2n(n — 1) * 2n(n — 1) T TErsIEn

We omit here the computations leading to the exact formulelpf ;, 1 <7 < j < n,
given in Theorend, since nothing more is required than basic summation fasnul

For the case = j we obtain, forl < j <n:

Mn,j,j:_zMn k.j—k,j— k+_ZMk 1j7]+ Z[E ,]k

k=j+1

Z—ZMn kj—k,j— k+— Z Mp_1,5;

lc j+1
. { U=DG=2) | (n=—jtl) ﬁ, forn > 2,

2n(n—1) 2n(n—1)
1 forn = 1.

)
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Thus, an exact solution afZ,, ; ; can be obtained by introduciny,, ; := M,, ;; and
applying Corollaryl for the particular toll function

G=DG=2) | (=j)(n—j+1) ,
T .= ]2n(nj1) + 2jn(n f) + =, for1 <j<nandn > 2,
" L, forj =n=1.

After carrying out the computations occurring, which areitted here, we obtain the
exact formula of?/,, ; ;, 1 < j < n, given in Theorend.

Finally we consider the case> j, where we obtain, fot < j < i < n:

nzy__ZMn kyi—k,j— T — ZMk 1@]"— Z[E nzk

k i+1
1 _
= — § Mnfk,ifk,jfk
n

(t—1)@E—-2) (m—di(n—i+1) 1
M1, —.
T Z k=Lig 2n(n — 1) - 2n(n — 1) H
k i+1
When |ntrodUC|ngM;LZ]
1<i<y<n

:= M, ;,; this recurrence can be written as follows, with

1 n
— !
M, ;= E hyi—kj—k T - E My,

k=j+1
U—UU—@ (n—j)n-j+1 1
2n(n — 1) 2n(n — 1) n’

An exact solution of\/), ; ;, 1 < i < j < n, can be obtained by applying Theoré&m

for the particular toll functlon
G-DG-2)  =jhr-j+1) 1 s
" 2n(n — 1) * 2n(n — 1) Jrn B
After back substitution we thus obtain an exact solution®f; ;, with1 < j < i < n,
which is given in Theorem. Again the straightforward computations are omitted.
Last but not least, we can obtain asymptotic equivalents ktite effort.

Corollary 6. The expected number of moves ; ; = E (M,,; ;) of the element with
rank i when executing the algorithm Quickselect to find the elemvéhtrank j in an
array of sizen has the following asymptotic equivalents, which hold:for» oo and
uniformly for the given range afandj:
1 2 1 i? 1
logj+ =1 —i+1)—=log(j —i+1 — = —
2 21 1

taa ) (1H0(). 1<i<is<
6,2 3j logn’)? ~='S7="

1 1
My = (5 logn + =




ANALYSIS OF APPROXIMATE QUICKSELECT 19

1 11 , 2. . P
M,;= (glogn+élogz+610g(n—j+l)—glog(z—j+1)+%—3—n

6(”—j+1)2+3(n—j+1)> (1+O(logn))’ 1 <7< <n,

1 11 ,
My 5= (glognJr 5logj + clog(n —j + 1)) (1+0o(

), 1<j<n.

logn

In particular, we get the following important estimates whe= gn + o(n), 0 <
g <1

Oé2

o? 2a oz+
3 3’

1 1 2 1

M, ~ =1 “log(l—a)— Zlog(B—a) + — 22 2

g 6og5—|—60g( @) 3og(ﬁ a)+662 3ﬁ+2
fori = an+o(n),andd < a < § < 1,

(1-a)? 2(1—-a) 1 a o

- ot

6(1—B)2 3(1—5) 2 3 3

fori = an+o(n),and0 < § < a < 1,

1 1 2

2
M, ~ g(l — k) logn,
forj—i~ Kn",with0) < x < land K # 0,

2
M, ~ 3 logn, forj—i=©O((logn)") for somex > 0.

3.3. The total number of moves in Approximate Quickselect. Now we study the
average behavior of the random variablg, ;, with 1 < i < j < n, which counts the
total number of moves, i. e., assignmedts := « of array elements, in the partition
procedure BRTITION when executing the algorithm AQS to find the element with
rankk € [i..j] in an arrayA[l..n].

Theorem 5. The expected total number of moves ; = E(V,; ;) of array elements
in the partition procedurd>ARTITION when executing the algorith@QS to find the
element with rank € [i..j] in an array A[1..n] filled with a random permutation of
lengthn, for 1 < ¢ < j < n, is given by the following exact formula:

2 1 1 2n
Vn,i,j = g(n —+ 1)Hn — 6(4] + 1)Hj — 6(471 — 49 + 5)Hn7i+1 + ?
.. .. jg oo 1 o
+§(2]—22+1)H]72+1—§+§+§, f0r1§Z<j§n,
2 1, . 1 , 2n
VTLJJ = g(n + l)Hn - 6(47 + I)Hj - 6(4n - 4] + 5)Hn—j+1 + ?
7 1
+§—%[[j:1\/j:n]], forl1 <j <nandn > 2,

V1,1,1 = 1.
Asymptotically, fo = an + o(n) andj — i = én + o(n),
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Vi ~ g(%logé —2(1 - a)log(l — a)
—2(a+0)log(a+6) + 2 — ), 0<d<l—oa.

We derive this theorem from a recursive descriptio,of ;, which is again obtained
by considering a call of AQS for an arrai{1..n]. We assume that the pivot element
pv = A[l] is thekth smallest element in the array; the probability that tlapgens is
1/n,forl <k <n.

Now we want to count the total number of moves, i. e., an ass@mA[.| :=
« (appearing in lined, line 13 or 17), of array elements in the partition procedure
PARTITION. We distinguish between two cases:

(1) if £ = 1 then there is exactly one move during the partitioning phaamely
the assignment of the pivot element in lihé
(2) if £ > 2 then there may occur the following two situations:

e ElementA[k] has a rank in the range.(k — 1) and exactly/ elements
with a rank in the rangé..(k — 1) are located in the subarraifk..n|. It
follows then that exactly — 1 elements with a rank in the range+1)..n
are located in the subarray|2..k — 1]. In this situation we obtain then
that exactly2/, i. e., /¢ (line 8) + ¢/ — 1 (line 13) + 1 (line 17), moves are
carried out during the partitioning phase. By elementamnloimatorial
considerations we get the following probability that thiget occurs:

(n_11)|(];:f) (Z:f)(k—l)!(n—k)IZ%, for1<(¢<Fk—1.
. k—1

e ElementA[k] has a rank in the rangé + 1)..n and exactly’ elements
with a rank in the rangé..(k — 1) are located in the subarrafk + 1..n].
It follows then that exactly elements with a rank in the range + 1)..n
are located in the subarra¥[2..k]. In this situation we obtain then that
exactly2/+1,i.e.,/ (line8) + ¢ (line 13) + 1 (line17), moves are carried
out during the partitioning phase. This gives the followgngbability that
this event occurs:

ﬁ(’;:f) (n;k)(k—l)!(n—k)!:%, forl<e<k-1.

Of course, after the partitioning phase the left subartély.x — 1] and the right
subarrayA[k + 1..n] are each forming a random permutation of lengths 1 and
n — k, respectively. But as can be shown easily (permuting theeatés with a rank in
the rangd..(k—1) and of the elements with a rank in the rarige-1)..n, respectively,
in the input data array leads to easy-describable perroutabtf the elements in the
subarraysA[1..k — 1] and A[k + 1..n] after the partitioning phase) even more is true.
Namely, if we consider only those permutations, such thantimber of moves in the
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procedure BRTITION is exactly/, with an arbitrary/, then it also holds that after the
partitioning phase the left subarrayf1..k — 1| and the right subarrayt[k + 1..n] are
each forming a random permutation of lengths 1 andn — k, respectively.

Thus the number of moves during the partitioning phase ispeddent of the num-
ber of moves, which are made during a recursive call of AQSHerright subarray
Alk + 1..n] (if & < 1) or the left subarrayl[1..k — 1] (if £ > j) and that have to be
added to get the total number of moves. This independengepyoappearing in the
distributional recurrence stated in the following propiosi would allow also to study
higher moments oV, ; ; or could be a starting point for considerations concerneg t
limiting distributional behavior oV, ; ; (see, e.qg.,d, 6] for limiting distribution results
studying the parameter “number of comparisons” in Quicksel

Proposition 4. The random variabl®/, ; ; satisfies, forl <i < j < n, the following
distributional recurrence:

(@)

Vi = Ytp<i* Voot i—thnj—thy + Lttp>5 - Mu—1,ij + Tnu,, forl <i<j <n,

andV,;; = 0,ifi < 1,5 < iorj > n, where the sequence&,),, (7, i)nk

(Vn,ij)n,i; and (ﬂ/lvn,i,j)n,j of random variables are independent. Herg,; and

Mvn,i,j are independent copies of each other, whei@ass uniformly distributed on
{1,2,...,n}. Furthermore7,, ;. is, for1 < k < n, distributed as follows:

P {7;1,1 = 1} =1,

(=) (i)
(o)

G- ()
(o)
Propositiord immediately gives the following recurrence for the expgotal/, ; ;

of the total number of moves:

P{Z.r =20} = fork>2andl1 </ <k -1,

P{ZT,r=20+1} = fork>2andl1 </¢<k-—1.

nz]:_ZVn kji—k,j— k+ ka 1Zj+ Z[E ) fOflSZS]STL,

k 7+1
(7)
andV,;; =0,ifi <1,j<iorj>n.
It holds thatk (7, ;) = 1, whereas fok > 2 we obtain:

LT PO G VRS = > o by Gy 81

m—k+1)2k—-1)—1
n—1

HM

9
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where we used the Chu-Vandermonde identity (see, €]§. Hasy computations give

then
Z + 6’ fOI’ n Z 2,
1, forn =1.
Thus (7) can be written as follows:

nZ_] Zvn k,i—k,j— k:+ ka 1@]+Tn2j7 f0r1<Z<j<n (8)
k]+1

with T1’171 =1 andTn,m = § 6’ for1 <1< ] <n andn > 2.

An exact solution of this recurrence can be obtained by sirmapplying Theoren2,
which shows Theorerg; the straightforward computations are omitted here.

We remark here that setting= j leads to results concerning the total number of
moves in standard Quickselect, e.),,; ; is the random variable that counts the total
number of moves made by Quickselect when selectingtthemallest element out of
n.

As we have done for passes and comparisons, we can compaavihgs of Ap-
proximate Quickselect relative to Quickselect. The follogvcorollaries provide the
exact and asymptotic formulee for the savings and the gragichge.

Corollary 7. Let AV, ;a = Vi.ii — Vai—aiva, that is, the average number of data
moves that we save if we use Approximate Quickselect wiefan d..i + d] instead
of Quickselect with rank ford <i <n+1—dand0 <d < [(n—1)/2]. Then

1, . 1 ,
AVn,i,d = 6(42 + 1)(Hz+d — Hz) + 6(471 — 4Z + 5)(Hn+1+d7i — HnJrl,Z')

2d 5
+ §<Hi+d + Hn+1+d7i + 1-— 2H2d+1) + g[[d > 0]]
sdlog (%) + ©(d), if 0 < d=o(n),
2¢(e, 6)n —8logn + O(1), ifd=0d-n+o(n), with0 <§ < 1/2,

where
cla,0) =0+ (1—a+d)log(l —a+d)+ (a+d)log(a+9)
—aloga — (1 — a)log(l — a) — 20 log(26).

The first asymptotic estimate holds uniformly fora# o(n) andn — co. The second
asymptotic estimate holds uniformly foe= an + o(n) andn — oc.

Observe that for any validlandd, AV, ; 4 ~ %ACn,i,d; actually,V;, ; ; ~ %Cn,i,j +
tPi;+0(1).
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Corollary 8. Let
— 1
Via = Y Vaiaiaen  0<[(n—1)/2],

n—2d .
d<i<n+1-—d

that is, V,, 4 is the average total number of moves made by Approximatek&alect
for a range of siz&d + 1 centered around a rank chosen uniformly at random. Then

_ (4d + 1)(n + 1) 1 4d+1

Va = n — ", — H Lo M ford >
a=n= o 1) + 5 3000 =
_ 1 1
Vnozn—iHnJrz——, forn > 2,

’ 3n 9 18n

Vie=1
Moreover, it holds
= n— U 100 (2) 4 ©(d) if0 < d = o(n),
n,d ™ {(1 I 4510g(26)> n+0(1), fd=0d-n+o(n),with0<s<1/2

3(1—26)

The first asymptotic estimate holds uniformly for &l o(n), whenn — oco. Fur-
thermore, the grand average of the savings is

AT T T Wlog(n/d) + ©(d), if 0 <d=o(n),
md = ¥ w0 n.d %n—%logn+@(l), ifd=d-n+o(n),0<d<1/2.

4. SOME PARAMETERS IN BINARY SEARCH TREES

Binary search trees are binary trees generated by sucelyssigerting elements

into an originally empty tree via a simple recursive aldarit(see for instancelf]).

If elementz has to be inserted into an empty tree one creates a new notimning

x. If elementz has to be inserted into a non-empty tree one has to compaith the
elementt of the root: ifz < &k thenz will be inserted into the left subtree, whereas if
x > k thenz will be inserted into the right subtree.

For the average-case analysis of the quantities consift@rethary search trees we
also always use the “random permutation model”, i. e., warassthat alln! permu-
tations of a sequence of distinct values< a, < --- < a, are chosen with equal
probability as input data to generate a binary search treeef.

We define now the three parameters for random binary seaes we will consider
in this paper.

The random variabled,, ; ;, with 1 < ¢ < j < n, counts the number of common
ancestors (in a rooted treg a nodev is an ancestor of node if v is lying on the
unique path from the root @8 to w) of the nodes with rankand; in a random binary
search tree of size.

The random variabls,, ; ;, with 1 < 7 < j < n, counts the size of the subtree
rooted at the least common ancestor of the nodes withirankl; in a random binary
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FIGURE 1. An example of the parametess, ; ;, S, ; andD,, ; ;.

search tree of size (i. e., the size of the smallest subtree containing the nadiis
rank: andj).

Finally, the random variabl®,, ; ;, with 1 < i < j < n, is thedistance(number of
edges) in the unique path from tfte node to theith node in a random BST of size

An example of a binary search tree together with the quastitbnsidered in this
paper is given as Figurgé. The binary search tree depicted is of sizeand was
generated by inserting the elemefis, 5, 10, 16,8,2,13,12,1,14,6,4,7,9,3, 11],in
that order. The nodess= 8 and; = 12 haveAs5 12 = 3 common ancestors (nodes
15, 5, and10). The size of the subtree rooted at the least common anaefstades
i = 8 andj = 12 (which is nodel0) is Si6512 = 9. The distance between the two
nodes iSD1678712 = 3.

Both A, ; ; andD, ; ; have received attention in the literatufie’] 19, 1]. The cor-
responding results in the following subsections are thigsretive derivations, using
Theorem2, of the formulee that were already known. Other authors hés® ia-
vestigated the number of common ancestors and the distataedn two randomly
chosen nodes in a random binary search tfieg [ The results given here (Subsec-
tion 4.2) about the size of the subtree rooted at the least commoistanad two given
nodes are new, to the best of our knowledge.

4.1. Common ancestors. We consider now the random variablg, ; ;, with 1 < <
j < n, which counts the number of common ancestors of the nodésrank: and j
in a random binary search tree of size

We find that the distribution ofl,, ; ; has been dealt with already in Sectin

Theorem 6. The random variabled,, ; ; and the number of passes made by Approx-
imate QuickselecP, ; ;, which has been defined in Subsectib® are equally dis-
tributed, i. e.,

d
An,i,j (:) 7Dn,i,j~
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Therefore, the expected number of common ancesliors = E (A, ; ;) of the nodes
with rank: andj in a random binary search tree of sizas, for1 < i < j < n, given
by the following exact and asymptotic formula (which umityr holds forl < i <
j <nandn — o0):

Apij=Hj+ Hypjp1—2Hj 41+ 1
= (logn +log(n —i+1)

1
2og(j—i+1)+1)- (1+ o(logn)).

This can be shown easily, where we use a recursive deseriptidl,, ; ;, which is
obtained via the decomposition of a binary search tree efisiz 1 into the root node
and its left and right subtree. Assuming the random pernwtahodel we get that
with probability 1 /n the root node has rank for all 1 < £ < n. In any case the root
node is a common ancestor of the nodes with raakd;. If : < k£ < j then there are
no further common ancestors, since the nodes with tamd; are lying in different
subtrees of the root. Only if < i or k > j the nodes with rankand; are lying in the
same subtree and one has to add the common ancestors cdnitaihe left subtree
(k > j) or the right subtreek( < i), respectively.

We get then the following proposition.

Proposition 5. The random variabled,, ; ; satisfies, fol <i < j <n, the following
distributional recurrence:

(d) ~ . .
Apii =14+ Ly <i - An—tini—thj—t4, + Lty - Aup—1,ij, forl <i<j<mn,

andA,;; = 0,ifi < 1orj < iorj > n, wherel, is uniformly distributed on

{1,2,...,n} and independent atA,, ; ;). and (A, ;). , Which are independent
copies of each other.

Since it follows from the proposition above and Propositldhat.A,, ; ; andP,,; ;
satisfy the same distributional recurrence, the first paifleeorem6 follows. The
remaining part is an immediate consequence of Thedrem

4.2. The size of the subtree rooted at the least common ancestor. Now we study
the random variablé,, ; ;, with 1 < ¢ < 5 < n, which counts the size of the subtree
rooted at the least common ancestor of the nodes withirankl; in a random binary
search tree of size.

We show the following theorem concerning an exact formutate expectation

Sn,i,j =1L (Sn,i,j) .

Theorem 7. The expected siz§,,; = E (S, ;) of the subtree rooted at the least
common ancestor of the nodes with rardnd; in a random binary search tree of size
n, for1 <i < j < n, is given by the following exact and asymptotic formulae ¢tvhi
holds uniformly forl <: < j < nandn — o0):

Sn,i,j = (] — 1+ 1)(HJ + anzqu — 2Hj7i+1 + 1)
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=(j—i+ 1)(logj+log(n—i+ 1)—2log(j—i+ 1) + 1) : (1 +0 (lo;;n))

To show this theorem we start with a recursive descriptio§,of;, which follows
easily from the decomposition of a binary search tree ofsizel into the root node
and its left and right subtree. We only have to take into antthat if the root node
has rankk, with i < j < k, then the least common ancestor of the nodes with fank
andj is the root itself and thus the size of the subtree is thessiakthe whole tree,
whereas ifc < i or k > j the least common ancestor of the nodes with raaikd;j is
contained in the right subtree or the left subtree, respagtiand one has to consider
them. This immediately leads to the following proposition.

Proposition 6. The random variable,, ; ; satisfies, forl <1 < j < n, the following

distributional recurrence:
(d) S . .
Sniii = Ytp<i Sn—thni—thnj—thy + Lttp>5  Stt—1,i5 + 1 Li<u,<j, forl <i<j<mn,

andS,;; = 0,if¢ < 1orj < iorj > n, whereld, is uniformly distributed on

{1,2,...,n} and independent ofS,,; ;).i; and (S, ;)n:,;, Which are independent
copies of each other.

Propositior6 leads then to the following recurrence for the expectafipp;:

i1 n j
1 1 1
Snyij = - E Snkji—kj—k T - E Sk—1,ij +n- - E 1
k=1 k=j+1 ki

i—1 n

1 1

= — Z Sn—ki—kj—k T — Z Sk—1,j+j—1+1, for1 <i<j<n, (9)

n n -
k=1 k=j+1

andS,;; =0,ifi <lorj<iorj>n.

An exact solution of5,, ; ;, 1 <1i < j < n, can be obtained by applying Theorém
for the particular toll functior?;, ; ; = j — i+ 1, for 1 < < j < n. Straightforward
computations lead then to the exact formula given in Theatehihe asymptotic result
for S, ; ; given there follows immediately from Theoreinsince it holds

We want to remark that indeed the connection between thetagpenss,, ; ; andA,, ; ;
could also be shown via combinatorial arguments, but we tiaih here.

4.3. Distance. Finally, we consider the parametBy, ; ;. As in previous subsections,
let us begin with the main result, which gives the expectaddevaf D, ; ;.

Theorem 8. The expected distande,,; ; = E(D,,; ;) from the node with rank to

the node with rankj in a random binary search tree of sizefor1 < i < j < n,

is given by the following exact and asymptotic formula (WHiolds uniformly for
1<i<j<nandn — ):

D, ;=4H; i1 — (H; — H;) — (Hp41—i — Hypp1—j) — 2
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_ (4log(j +1—4) — (logj — log4)

— (log(n +1—1) —log(n+1—j)) —2) : (1 +0 (loén))

To prove the theorem, we will first deduce the distributior@urrence thab,, ; ;
satisfies. If both nodesand lie on the same subtree, the valueTdf; ; is defined
recursively inside that subtree. But when the root is ocadiply thekth element, with
1 < k < j, then the distance is given by the sum of the depthiofa random BST
of sizek — 1 plus the depth of (actually the(j — k)th element) in a random BST of
sizen — k plus 2. Since4,, ; ; is the depth of théth node in a random BST of size
plus 1, we have the next Proposition.

Proposition 7. The random variabl®,, ; ; satisfies, forl <i < 5 <n, the following
distributional recurrence:

(d) ~
Dy = Yu<i * Dnthi—thnj—th + Ltty>5 * Drty—1j

+ Lictg<j - (Aunfl,z',z' + Anfun,jfun,jfun> , for1<i<j<n,

andD,;; = 0,ifi < 1orj < iorj > n, wherel, is uniformly distributed
on{1,2,...,n} and independent dD,,; ;)n.ij» (Dn.ij)nijs (Anijnigs (Anijniis

which are independent of each other. Also,hs andD'’s are identically distributed,
and theA’s and A’s are also identically distributed.

Standard manipulation of the distributional recurrencevabyields the following
recurrence for the expectations, ; ;:

i—1 n J
1 1 1
D, ;= - E Dy ik + - E Dy_1,;+ - E (Ak—1,ii + An—kj—kj—k)
k=1 k=1

k=j+1

i—1 n
1 1
== Duritgit— Y Dirag
- Kyi—k,j k+n . k=1,
k=1 k=j+1
—1+1
il

0 (Hz —+ HnJrl,j -+ 2Hj7i+l — 4) y for 1 S ) S j S n, (11)

andD,,;; =0,ifi <lorj<iorj>n.

The last step is to use Theorehwith the toll function?,,,; ; = (j — ¢ + 1)(H; +
H,+1_;+2H;_ ;11 —4)/nto obtain the closed form fab,, ; ; given in Theoren8. Itis
worth mentioning that this result may be obtained in a morealimanner by noticing
that

(@)

Dn,i,j = P + ij,j + 2 — 27)11,@',]'-
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5. FINAL REMARKS

The results in the paper are witnesses to the power of gamgfanctions as tools
for the solution of many recurrences, in particular, divadel-conquer recurrences
such as those arising in the analysis of Quicksort and Qeieks

The explicit solution of the general trivariate recurrefmeX,, ; ; (Theorem2) has
allowed us to obtain exact formulae for the expected valueewvéml parameters in
random binary search like common ancestors of two givens\alee of the subtree
rooted at the least commom ancestor of two given nodes, alistence between two
given nodes. These quantities had received some attentjoemst literature, and here
our machinery has provided an alternative way to derive tieesponding formulae.
Theorem?2 is also fundamental in the analysis of the number of moveshichva
particular element gets involved during the execution of Quickselect to seteejjth
smallest element out of.

But the main application of Theoreihs the analysis of the basic performance fea-
tures (passes, comparisons, data moves) in Approximatek&rlect, a simple vari-
ation of Quickselect in which we look for an element of rankfor somek falling
in a given rangéi..j]. Approximate Quickselect is of independent interest. Imyna
practical settings an approximation to the title order statistic (equivalent, element
of rank:) can be enough for most purposes, e. g., any element whdskeabetween
n(1/2—¢) andn(1/2+ ¢) might be as useful as the true median of the given array. We
have also provided detailed comparisons between the peafose measures of Ap-
proximate Quickselect and the corresponding performaneasores of Quickselect,
in terms of the sizé of the range given as input to Approximate Quickselect, shgw
that Approximate Quickselect yields substantial savingsr Quickselect. A careful
choice ofd can provide both improved performance and a reasonabl@@pation
to the order statistic of interest, e. g., we can find an elémweose rank is1/2 + /n
and save up t®(,/nlogn) comparisons and data moves, or find an element of rank
an(1 +4), for somes > 0 and save a linear number of comparisons and data moves.

Using other techniques not presented in this paper, we Hagebaen able to ana-
lyze Approximate Multiple Quickselect, the obvious extienof Approximate Quick-
select to the problem of multiple selection. We have preiany results on the average
number of passes and comparisons of Approximate Multipliek3elect, and we are
currently working in the computation of grand averages anthié comparison of Ap-
proximate Multiple Quickselect with Multiple Quickselect
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