GEHRING-HAYMAN THEOREM FOR CONFORMAL
DEFORMATIONS

PEKKA KOSKELA AND PAIVI LAMMI

ABSTRACT. We study conformal deformations of a uniform space that satisfies
the Ahlfors Q—regularity condition on balls of Whitney type. We verify the
Gehring-Hayman Theorem by using a Whitney Covering of the space.

1. INTRODUCTION

Given z,y € B?(0,1), the hyperbolic geodesic [x,y] is essentially the shortest
curve joining x to y in B?(0,1). More precisely

Ule,y)) < 5E0)

whenever v is a path that joins z to y in B%(0,1). This simple fact is an instance
of a theorem of Gehring and Hayman in [GH|: If f: B*0,1) — Q C C is a
conformal mapping and ~ is a path joining points x and y, then

(L1) []uwwuscfuwwm

where C' > 1 is an absolute constant. The density p(z) = |f’(z)| satisfies a

Harnack inequality
p(z
25 < ) < 492
whenever z € B?(0,1) and w € B(z, (1 —|z])/2). It also satisfies the area growth

estimate
[ peaasm
Bp(w,r)

where B,(w,r) refers to the ball with centre w and radius r in the path metric

dy(z,y) = inf/pds,

.
where the infimum is taken over all curves v joining points = and y.

In [BKR] the Gehring-Hayman inequality (1.1) was extended to B™(0,1), n>2,
for conformal deformations of the Euclidean metric. By a conformal deformation
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(a conformal density) p we mean a continuous function p: B"(0,1) — (0, c0) that
satisfies a Harnack inequality with a constant A > 1,
p(@)

1 < p(w) < Ap(x) for all w € B(z, (1 — |z|)/2) and all z € B"(0, 1),

and a volume growth condition with a constant B > 0,
/ p"(z)dm,, < Br" for all w € B"(0,1) and all r > 0,
By (w,r)

with respect to n—dimensional Lebesque measure m,,.

Subsequently, Herron showed in [H1| that B™(0,1) can be replaced by any
uniform space (€2, d) of bounded geometry. In this setting conformal densities are
defined by conditions analogous to those given above — see Section 2 for details.
Here uniformity is a substitute for the “roundness” of B™(0,1). The assumption
of bounded geometry includes two conditions. First, it requires that ) carries
a Borel regular measure p that satisfies the (Ahlfors) Q—regularity condition on
balls of Whitney type for some ) > 1. That is, there is a constant C; > 1 such
that if r < d(z,082)/2, then

C74r@ < u(B(x,r)) < O,

Secondly, it requires that balls B(z, d(z,092)/2) allow for nice lower bounds for
the @Q—modulus (see e.g. [HK], [BHK]). In fact, the QQ—regularity condition on
balls of Whitney type is not explicitely stated in [H1| but it follows from the
other assumptions. The precise definition of a uniform space is given in Section 2
below. This concept, introduced in [BHK], generalizes the notion of a uniform
domain introduced by Jones [Jo| and Martio and Sarvas [MS], see also [GO|.
The volume growth condition for p then refers to integrals of p¥ with respect
to the measure p. For predecessors of the results in [H1|, see [HN|, [HR]. For
connections to Gromov hyperbolicity, see |Gr|, [BHK] and [BB].

In this paper we show that, suprisingly, lower bounds on the ()—modulus are
not needed for the Gehring-Hayman inequality.

Theorem 1.1 (Gehring—Hayman Theorem). Let Q > 1 and let (Q,d,u) be a
uniform space equipped with a measure that is Q—regular on balls of Whitney
type. If p: Q — (0,00) is a conformal density on 2, then

Co([z,y]) < CL,(7)

whenever [x,y] is a quasihyperbolic geodesic and 7 is a curve joining x to y in €,
where C' > 1.

The definition of a quasihyperbolic geodesic is given in Section 2. The Gehring—
Hayman theorem was a central tool in [BHR|, [BKR|,[H1] and [H2]. We expect
that Theorem 1.1 will allow one to remove the use of modulus bounds in [BHR],
[BKR],[H1] and |[H2] and thus extend large parts of those papers to a much more
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general setting. A very simple example of a space that satifies the assumptions
of Theorem 1.1 but does not support lower bounds for the ()—modulus is

Q={(z,y) eR*: Jy| < [a], -1 <z <1}

equipped with the path metric and Lebesgue measure.

2. PRELIMINARIES

Let (€2,d) be a metric space. A curve means a continuous map 7: [a,b] — Q
from an interval [a,b] C R to ©. We also denote the image set y([a, b]) of v by ~.
The length £4(7y) of ~ with respect to the metric d is defined as

m—1
la(y) = sup > d(y(t:), Y(ti1)),
i=0
where the supremum is taken over all partitions a =ty < t; < --- < t,, = b of

the interval [a, b]. If £4(y) < oo, then 7 is said to be a rectifiable curve. When the
parameter interval is open or half-open, we set

gd(ﬁ)/) = sup gd(ﬁ)/’[cv d])>

where supremum is taken over all compact subintervals [c,d]|. For a rectifiable
curve v we define the arc length s: [a,b] — [0, 00) along v by

s(t) = La(v][a, 1]).

Next, let p: 2 — [0,00] be a Borel function. For each rectifiable curve
v: [a, b] — Q we define the p—length £,() of v by

9= fru= [

If Q is rectifiably connected — that is every pair of points in €2 can be joined by
a rectifiable curve — then p determines a distance function

dy(x,y) = inf£,(7),

where the infimum is taken over all rectifiable curves 7 joining x, y € 2. In general,
the distance function d, need not be a metric. However, it is a metric — called
a p—metric — if p is positive and continuous. If p = 1, then £,(y) = {q(7) is the
length of the curve v with respect to the metric d. Furthermore if d(x,y) = £4(7)
for some curve 7 joining points x,y € €2, then ~ is said to be a geodesic arc or
just a geodesic. If every pair of points in 2 can be joined by a geodesic arc, then
Q) is called a geodesic space.

Let (€2, d) be a locally compact, rectifiably connected and noncomplete metric
space and denote by € its metric completion. Then the boundary 9 = Q\ Q is
nonempty. We denote

d(z) = disty(z,02) = inf{d(z,2) : © € 0Q}
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for z € Q. If we choose .

we obtain the quasthyperbolic metric k in €. In this special case we denote the
metric d, by k and the quasihyperbolic length of the curve v by ¢;(v). That
Ce(y) = £,(y) is shown in [BHK, Appendix|. Moreover, [z,y| refers to a quasi-
hyperbolic geodesic joining points x and y in 2.

Given a real number D > 1, a curve v: [a,b] — (€, d) is called a D—uniform
curve if it is quasiconvex:

(2.1) La(y) < Dd(v(a), (b)),
and
(2.2) min{lq(7y|[a, t]), La(7[[t,b])} < Dd(v(1))

for every t € [a,b]. A metric space (€2, d) is called a D—uniform space if every pair
of points in it can be joined by a D—uniform curve. If (£, d) is a uniform space,
then by [BHK, Proposition 2.8 and Theorem 2.10] the quasihyperbolic space
(Q, k) is complete, proper (closed balls are compact), and geodesic. Futhermore,
each quasihyperbolic geodesic [z,y] is a D’'—uniform curve for every z,y €
where D' = D'(D) > 1. Quasihyperbolic geodesics are also locally D'—uniform
curves — that is, every subcurve [u,v] C [z, y] is a D’—uniform curve — because
[u, v] is a quasihyperbolic geodesic as well. We also have an estimate for a quasi-
hyperbolic distance of every pair of points x and y in the D—uniform space (£, d)
(see |[BHK, Lemma 2.13]):

2 d(l’, y) >
(2.3) k(z,y) <4D log(l + min{d(z), A}/

Let us consider a continuous function p: 2 — (0,00), called a density. The
metric d, is then well-defined. We use the subscript p for metric notations which
refer to d,,, and similarly for £ and d. For example, B,(a,r), Bi(a,r) and By(a,r)
are open balls with centre a and radius r in metrics d,, k and d. Furthermore we
abbreviate the “Whitney ball” By(z, 5 d(2)) to B..

Let p be a Borel regular measure on (€2, d) with dense support. We call p a
conformal density provided it satisfies both a Harnack type inequality HI(A) for
some constant A > 1:

1
HI(A) — < @ <A for all x,y € B, and all z € Q,
AT ply)
and a volume growth condition VG(B) for some constant B > 0:
VG(B) p,(B,(z,7)) < Br¢ for all z € Q and r > 0.

Here 1, is the Borel measure on 2 defined by

po(E) = / o9 du for a Borel set £ C 2,
E
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and (@ is a positive real number. Generally ) will be the Hausdorff dimension of
our space (£2,d).

We defined in the introduction the concept of ()—reqularity on balls of Whitney
type. The immediate consequence is that the measure y is also doubling on balls
of Whitney type: there exists a constant Cy > 1 such that

(2.4) p(Ba(z,2r)) < Cop(Ba(z,7))
for every z € Q and every 0 < r < 1d(z).

3. WHITNEY COVERING

In this section we assume that (,d, u) is a locally compact, rectifiably con-
nected, and non-complete metric measure space such that the measure p is
doubling on balls of Whitney type. Let r(z) = d(z)/50. From the family of balls
{Ba(z,7(2)) }.eq we select a maximal (countable) subfamily {Bqa(z;,7(2:)/5)}ier
of pairwise disjoint balls. We denote B = {B;}ics, where B; = By(z;,7;) and
r; = r(z;). We call the family B the Whitney covering of €. Let us list a few
facts concerning the Whitney covering. The last property is a consequence of the
doubling on balls of Whitney type property of the measure u. For more properties
of the Whitney covering, see e.g. [HKT, Lemma 7|.

Lemma 3.1. There is N € N such that
(i) the balls B(z;,1;/5) are pairwise disjoint,

(ZZ) Q= Uie[ B('zia Ti)a
(111) B(z;,5r;) C €,

(1) > XB(zsr) (@) < N for all z € Q.

The family B has same kind of properties as the usual Whitney decomposition
W of a domain 2 C R" and next we prove a couple of them. In addition to the
assumptions above, we assume that for each pair of points in B € B for every
B € B can be joined by a D—uniform curve in ).

Lemma 3.2. Let x,y € (,d,u) and d(z,y) > d(z)/2. There is a constant
C = C(Cy, D) > 0 such that
C™'N(z,y) < k(z,y) < CN(z,y),

where N(x,y) is the number of balls B € B intersecting the quasihyperbolic geo-
desic |z, y].
Proof. Let x,y € € be points such that d(x,y) > d(x)/2. Because 24 diam,(B) <
d(z) for every B € B and every z € B, then the basic estimate (2.3) implies
di B 2

1amd( ))) — 4D210g_5

diamy(B) < 4D?1 (1 _diammdly) .
tamy(B) < 4D log\ 1+ 50 7 24
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Thus
k(z,y)
N(z,y) > Drlog B

Lemma 3.1 (iv) says that there are only N balls B € B that contain z. Fix
one of them and denote it B;. A neighbour of the ball B; is a ball B € B which
intersects the ball 5B; = By(z1,5r1) = Bg(z1,d(z1)/10). Because the measure
is doubling in every ball B,(z,r) with radius 0 < r < d(z)/4, the ball B; has a
uniformly bounded number of neighbours. Let this number be N’ € N and let
y1 € [z, y] be the first point such that y; does not belong to any neighbour of B;.
This choice is possible because d(z,y) > d(z)/2. The geodesic [z, 1] intersects
at most N/ balls B € B and

1 10
k(:ﬁ,y):/ —dsz/ ds
1 [mzyl] d(z) 5Blﬂ[z’y1] 11 d(21>

> e (10 w0) =5

(3.1)

10 20

Let B, € B be a ball such that y; € By, and By N B # () for some neighbour
B € B of B;. Again there are only N’ balls B € B which are neighbours of Bs.
Let yo € [z, y] be the first point so that y, does not belong to any neighbour of Bs.
Then the geodesic [y1, y2| intersects at most N’ balls B € B and k(yy, y2) > %, by
the same way than in (3.1). We continue this process until we end up with a ball
B,, whose neighbours contain [y,,_1,y]. This process really ends and m < oo,
because [x,y] is compact. We may start doing this process from every ball B
that contains x. Thus we obtain the upper bound to the number of balls that

intersects the quasihyperbolic geodesic [z, y]:
5%} ,

Fix a ball By from the Whitney covering B and let z, be its centre point.
For each B; € B we fix a geodesic [z, z;]. Furthermore, for each B; € B we set
P(B;) ={B € B: BNz, z] # 0} and define the shadow S(B) of a ball B € B
by

sB)= |J B
B;eB
BeP(B;)

For n € N we set
B,={B; € B:n<k(z,z)<n+1}.

The next two lemmas are metric space analogues of [KL, Lemma 2.1 and
Lemma 2.2|.
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Lemma 3.3. Let v be a quasihyperbolic geodesic in ) starting at the point z.
Then there is a constant C' = C(Cy, D) > 0 such that, for each n € N,

#{BeB,: BNny#£0} <C.
Proof. Denote

an = #{B € B,: BNy #0} < .

Let By,...,B,, € B, be the balls intersecting v, ordered so that if £ < [, then
there exists x;, € BNy such that for every z € B;N~y, we have k(zg, zx) < k(z0, 2).
We may assume that d(z1,x,,) > d(z1)/2, otherwise z,, € B,, and we get the
result by doubling on balls of Whitney type. Thus by Lemma 3.2, k(z1, 74,) > %
Since k(z;, z;) < ﬁ <lforalli=1,..., a,, we calculate
a_g S k<x17 xan) = k('anxan) - k(Z(),l'l,)

< k(20 2a,,) + k(Za,, Ta, ) — (k(20,21) — k(21,21))
<(n+1)+1—-n+1=3.
Hence a,, < 3C. U
Lemma 3.4. There is a constant C = C(Cy, D) > 0 such that, for each n € N,
> xsw@) <C

BEB,
whenever x € Q.
Proof. Let x € ). The number of balls B € B containing x is bounded, so we
may assume that there is a unique ball, denote it By, in B such that z € B;. Let
[20, 21] be the fixed geodesic joining zy to z;. Then x € S(B) for B € B, if and
only if [z, z1] N B # 0. By Lemma 3.3, the number of balls B € B,, is bounded
by a constant that is independent of n. 0

4. GEHRING-HAYMAN THEOREM

We begin with Frostman’s Lemma. First we recall the definitions of the Haus-
dorff measure and the weighted Hausdorff measure. Let (X,d) be a compact
metric space. Let 0 < s < oo and 0 < § < oco. We set

A(X) = inf{z c;diamgy(E;)® - xx < ZCiXEi, ¢; > 0, diamgy(E;) < (5}.
i=1 i
The weighted Hausdorff s—measure of X is
N(X) = (lsir% A5 (X).

In the special case, where ¢; = 1 for every i = 1,2, ..., we denote FH5(X) = Aj(X)
and we obtain the Hausdorff s—measure

3 (X) = lim 3(X).
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The Hausdorff s—content of X is
1 (X) = inf{z diamg(E;)* : X | J E}
i=1 i=1

By [Ma, Lemma 8.16] we know that H*(X) < 30°A*(X), but in fact from the
proof of that lemma one obtains that

a05(X) < 30°A5(X) for every 0 < § < oo.
In particular
FHE(X) < 30°A5(X).

The following formulation of Frostman’s Lemma (cf. [Ma, Theorem 8.17.]) is
suitable for our purposes.

Theorem 4.1 (Frostman’s Lemma). For any s > 0 there is a Radon measure w
on X such that

w(X) = AL (X)
and
w(F) < diamy(E)® forall E C X.

In particular, when s =1 and X is connected, we obtain

LX) 2 90 (x) > D),
30 60

For the rest of the paper we assume that (€2, d, 1) is a locally compact, non—
complete and D—uniform metric measure space such that the measure p is
(Q—regular on balls of Whitney type for some () > 1. Let p be a conformal den-
sity such that the number @ in the definition VG(B) coincides with the previous
Q> 1.

Proof of Theorem 1.1. Let z and y be points in Q and let [z, 3] be a quasihy-
perbolic geodesic in €2 joining points x and y. Because quasihyperbolic geodesics
are D'—uniform curves, [z,y| is rectifiable in the metric d. Let v be another
rectifiable curve in 2 joining points x and y. Let a € [z,y] be the point such
that ¢4([x, a]) = €4([a,y]) and write p = d(x,a). Moreover, for each j € N write
A;j = (Bg(x,279p)\ Ba(x, 2777 1p))NQ. Let [z,41,2;] C [z, y] be a subcurve, where
xj41 is the last point of [z,y] in B(z,2777!p) and z; is the last point of [z, y] in
B(z,277p), and set v; = yN A;. We may clearly assume that v; is connected. By
summing and symmetry it suffies to prove that

(4.1) Colljan, m5]) < Clo(;)

for every j € N.
Let j € N. From the definition of the curve ; it follows that

(4.2) la(v;) =277 "p.
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From the definition of the quasihyperbolic geodesic [z;41, z;] and from the local
D’—uniformity of the curve [z, y|, we have that

(4.3) Cal[j41,25]) < D'd(wj10,25) < D277 p,
(4.4) 2797y < ly([w, 2]) < D'd(2) for every z € [z41, ;]
and
1
(xj+17 :Uj) k-([x]+1, :L'j]) /[xj+1’xj] —d(z) S

(4.5)
D/ +1 12
< —27y([mj40, 25]) < AD".

p

We first prove that inequality (4.1) holds when the curves [z;41, z;] and ; are
“close” to each other in the quasihyperbolic metric. Let

2 2/6\@Q
OE(D) || BB+ A0 r)y
log 2 log 2

M > max{4D2

where the constant ¢; > 0 is a sufficiently small constant depending on A, Cy, D
and @, and let us assume that dist([z;+1,;],7;) < M. Let y; € [z;41,z;] and
y; € 7; be points such that k(y;,9;) < M. Let us show that we may estimate
the p—length of the quasihyperbolic geodesic [z;11,z;] from above by 2 7pp(y;)
in the following way

(4.6) Co([2j41,25]) < AD'p(y;)277Hp,

where b = 4¢;D"”? and ¢; = ¢;(C}) > 0 is the constant from Lemma 3.2.
If there exists z € [z;41,2;] such that [z;41,2;] C B, = Bqy(z,d(2)/2), we
obtain from HI(A) and (4.3)

Col[zj,250) < Aplyp)lallzjn, 7)) < AD'ply;)277 .

Otherwise we may assume that d(x;1,2;) > d(z;41)/2. From Lemma 3.2 and
inequality (4.5), it follows that

N([xj-i-lvxj]) < 4CID/2 =,

where the constant ¢; = ¢;(Cy) > 0 is the constant from Lemma 3.2. Then by
HI(A) every z € [z;41, z;] satisfies

p(z) < Ap(y;).
This with (4.3) gives us inequality (4.6)
Co[zi1, 75]) < Ap(y;)la([2j11, 25])

< A°D'p(y;)27 ' p.
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Next we estimate the p—length of the curve 7; from below by 277pp(y;). If
[2j41,2;] N By, # (), we easily get from HI(A) an estimate for £,(v;) :

1
(4.7) Co(13) 2 P (y3)ta(n; N Byy)-
Furthermore, for every z € [x;,1,2;] N By,, using inequalities (4.2) and (4.4) it
holds that
2_j_1p; if i Bflj

(4.8) ed(%mng)z{ ) ,
14(5) 2 §(2d(2) = 55279, iy ¢ By,

In this case, combining (4.6), (4.7) and (4.8) we obtain the desired result (4.1)
Co[je1,25]) < 124%71D20,(v;).

Therefore we may assume that [z, 2;]N By, = 0. This implies that d(y;, ;) >
d(g;)/2. By Lemma 3.2 there are at most h := Mc¢; balls from the Whitney
covering B that intersect [y;,7;] and hence, by HI(A),

(4.9) p(y;) < A'p(7;).

On the other hand by HI(A) and (4.2)

%p(5;)27 7 p, if ~; C By,
s20(7;) d(g;), ifv; & By,

If 7; C By,, again we obtain the desired inequality (4.1) by combining inequalities
(4.6), (4.9) and (4.10). If 7; ¢ By,, then (4.10) with (4.9) gives

(4.10) Co(s) = jlp(yj)fd(%ﬂB ) > {

(4.11) p(y;) < A" —=10,(v;).

2
d(y])

By elementary inequalities in |[GP, Lemma 2.1] and [BHK, Inequality (2.4)] we
obtain

d(y;, Uj) ~
g (14 ). dGy) < B ) <

and further

1 eM —1
d(@;) ~ dly;. ;)
Moreover, the assumption d(y;,9;) > d(y;)/2 gives us

d(y;) < d(yy, ;) + d(F;) < 3d(y;, Jj)-

(4.12)
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This, along with inequalities (4.11), (4.12) and (4.4), yields an estimate for the
p—length of v; :
1

1 € — 1 Y
ply;) < 24" ———=L,(7;) < A" ———

d(y;, Y;) d(y;) b0

(4.13) .
<6AI(EM — 1) 2 (),

Now combining (4.6) and (4.13) we obtain
Cp([wj41,7]) < 24(e™ = 1)AHID2E, ().

Thus (4.1) is proven when the curves [z;41, z;] and ; are “close” to each other in
the quasihyperbolic metric. Therefore we may assume that disty([z;41, 2], v;) >
M. Let w; € [xj41, ;] satisfy d(x,w;) = 3-2777?p. Denote ,(v;) = r and let
w € ;. Let us consider the p—ball B,(w,2r). If dist,(w;, B,(w,2r)) < M, there
exists u € B,(w, 2r) such that k(w;,u) < M and hence p(w;) < A"p(u). We may
assume that v; N 3B, = 0. Otherwise disty([z;41,7;],7;) < M + 1 and replacing
M with M + 1 we obtain the result by the previous case. As we have assumed
Vi N %Bu = @a

HI(A) 1
20p(vy) = 2r > disty(u,7;) = rp(u)d(u)

(4.9) 1 (*) 1
> Wﬂ(wj>d<u> > Wﬂ(wj)d(wj)

(4.4) ijflp
= g pen ()

(4.6) 1
= 16 Ab+h+1 Dr2eM gp([xjH? x]])

The inequality (*) above follows from the elementary estimate (|GP, Lemma 2.1],
[BHK, Inequality (2.3)])

d(w;)
d(u

log ——=
‘ & d(u)
Again we find a constant C' > 1 such that (,([xj41,2;]) < Cl,(v;). So (4.1) is
satisfied.

Hence we may assume that the p—ball B,(w,2r) is “far away” from the
quasihyperbolic geodesic [z;4+1,%;]. More precisely, we may assume that
disty,(w;, B,(w, 2r)) > M. Our plan is to prove that the volume growth condition
VG(B) does not hold for such a p—ball.

Let for every z € 7;, [z,w;] be a quasihyperbolic geodesic which joins z and
wj. Cover [z,w;] with balls {B;,..., By} C B ordered so that if m < n, then
there exists z, € B, N [z,w;] such that for every Z € B, N [z,w,]|, we have

< k(wj,u) < M.
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k(z,zm) < k(z,2). Recall that n(z) < oo. Denote [z,w,] C [z, w;], where w,
is the first point which does not belong to B,(w,2r). Thus ¢,([z,w;]) > r. Let
{B1,...,By,»)} C{Bi,..., By} be those balls which cover [z, w.]. So by HI(A)
and by the local D'—uniformity (quasiconvexity) of quasihyperbolic geodesics we
obtain

nr(z)

r< L[z w.]) <> Ap(zi)la([z, w:] N By)

(4.14) =

ny(z)
< AD' " p(z) diamy(B)).
i=1
We next provide a tool that will be used to estimate the p,—measure of
the p—ball B,(w,2r). We claim that if B € B intersects B,(w,2r), then B C

B,(w, (2—1—%2)7“). To show this, it suffies to prove that if B € B intersects B,(w, 2r)
then

A2
(4.15) diam,(B) < -

Consider such a ball B € B. It follows from HI(A) that

diam,(B) < Ap(zp) diamy(B) = %p(zB) d(zp)

for each B € B, where zp is the centre of B. Hence it actually suffices to prove
that
(4.16) p(zp)d(zp) < 4Ar.
Let y € BN B,(w,2r). If w ¢ B,,, then there exists a curve ~, which joins points
w and y and
1

2r> [ p(e)ds = plen)taly 0 Buy)

v

> (5= 2 ) gom) () > oorplzm) d(ap)

and the inequality (4.16) is proven. Let us assume that w € B,,. The elementary
estimate (2.3) implies

d(w;,

w)
min{d(w;), d(w )})

M < k(wj,w) < 4D? log(l
Along with the assumption that M > 4D?*<8==") bg( ) + 1, we also see that

(4.17) min{d(w,), d(w)} < m—w—)1 < gorn-Gion D
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The assumption M > 4D2% + 1 and (4.4) give us

M-1)/4D?
d(w;) > P 9-i—1 _ 9-j+1-(M-1)/4D? u
(4.18) D 22D
_ _ _ 2
> 9 itl-(M-1)/4D?

Thus it follows from inequality (4.17) that
d(w) < 2—j+1—(M—1)/4D2p < 2—j—1p‘

Hence, from the definition of the curve v; and inequality (4.2) we know that ~;
is can not be a subset of B,,. Then by HI(A)

r= / p(z)ds > iP(ZB)d(w) > iﬂ(zB)d(ZB)’

and (4.16) is proven.

Now we know that if B € B intersects B,(w,2r), then B C B,(w, (2 + %2)7").
Then by HI(A), Lemma 3.1 (iv) and Q—regularity on balls of Whitney type, we
have

(4.19)
(B2 ) = | Cp> Y e p(en)%u(B)
11,(By(w, (2 + ==)r)) = AT ——p(2p)%u
6 Bow,(3+42)r) pen NAG
BNB,(w,2r)#0
diam, (B)\ @
= Z Czﬂ@Bﬂ(%) ;
BeB
BNB,(w,2r)#0
. 1
wihnere ¢co = ——————.
27 NC,AQ

Let us choose the basepoint z; to be w;. According to Frostman’s Lemma
(Theorem 4.1) there is a Radon measure w supported on +; such that w(y;) >

diané—‘é(”) and w(F) < diamy(E) for every E C Q. Then with (4.14) we obtain (a
version of Fubini’s theorem)

w(y)r < AD' Z z;) diamy(B;) dw(2)

=1
4.20
(4.20) < AD' Z Z p(zp) diamy(B)w(S(B)).
n=M-1 BeB,
BN[z,w;]#0

ZEY;
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By Hoélder inequality this is less or equal to

1 0 Q-1
< Z Z p(zp leamd(B)Q>Q< Z w(S(B))%) v
n=M-1 BeB, n=M-1 BeB,
BN[z,w;]#0 BN[z,w;]#0
2€7; ZE€Y;

Using (4.19) and the assumption dist(w;, B,(w, 2r)) > M we obtain the estimate

20 i <
ot £ A (B 0+ D) (Y Y wsmyen)
n=M-—1 BeB,
BN[z,w;]#0
ZE€7;

where c3 = 2AD'c, © = 2(NC’1)5A2D’.

In order to estimate the measure of the shadow of the ball B € B,,, let us make
a couple of preliminary estimates. For every v € B N [z, w;], where B € B and
z € 7, we have by uniformity (quasiconvexity) and inequality (4.3) that

d(w;,v) < Ly([w;j,v]) < la([w;, 2]) < D'd(w;, z) <277 pD).

In the same way as in inequalities (4.17) and (4. 18) we obtain from inequality
(4.4) and the assumption n > M —1 > 4D21°g(4D that for every v € BN [z, w;],
where B € B,, and z € v;, it holds that

(4.22) d(v) < 2771=7/4D .

Furthermore, for every centre point zg € B € B, such that BN [z, w;] # 0 for
some z € 7;, it holds that

50 , 2 50D/
4.2 <= < QTIHlmn/ADT, T
(4.23) A(zm) < % d0) o
Also from the uniformity of the space (€2, d) and inequality (4.23) it follows that
there exist a constant ¢y = ¢4(C1, D) > 1 such that for every B € B,,, so that
BN [z,w;] # 0 for some z € 7;, holds

50D’

(4.24) diamg(S(B)) < ¢4 diamg(B) < 277127/4P% ¢, o
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Now we can calculate by Lemma 3.4, Frostman’s Lemma and inequality (4.24)
that

= Q. = 1
S OY wSE)F < Y mac w(SB)TT Y w(S(B)
n=M-1 BeB, n:M—le[Zw,’]‘#@ BEB,
BN[z,w;]#0 zé'yJ' BN[z,w;]#0
zZ€E€v; ! 2€75
> 1
Seswl(y) Y, max w(S(B)eT
n=M-1 BN[z,w;]#0
ZE7;
200D cy\ o1 = 1
Sos( =) wly) Y @A)
n=M-1
200D'cs\ ot L, owlan
SNCLLA LR
49 9ip%@-1) — 1

where ¢; = ¢5(C1) is from Lemma 3.4. Thus with (4.21) we have

2

()99 < (e3) By, (2 + )

—M+2

200D"cy\ o=t —i 240%@Q-D Q-1
(es( T ) w2 )
24D2(Q-1) — ]

A? i Mo2
= Cohtp(Bp(w, (2 + F)T))W(%)Q 127 s p,
where cg = %04]\701(QAQ)QD'QH(C5)Q_1(24D2(1Q*1> —1)'79. Furthermore w(vy;) >

di , L
%W and this gives us

A 1 29+ 557
Ho(Bo(w, (24 5)r)) 2 wlvg) - S
2-i-1p 1 2t
= — r
60 ¢ p
= 2%077@,

_9 1 Q-1
49 2@‘1(24D2<Q—n - 1)
12000¢, N C, (242)Q D/Q+1c271
M is sufficiently big, the volume growth condition VG(B) will not hold. Con-
sequently, if k([z;41,%;],7;) > M then our p—ball is in the quasihyperbolic
metric k so big that disty(w;, B,(w,2r)) < M. Thus the conclusion is that
Ep([xj—l—lwrj]) < Cgp(’yj) for some C' = O(A, B,Cl, D,Q) 0

This is a contradiction because when

where ¢; =
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There is nothing special about the constant % in condition HI(A) and the con-
stants % and 5 in Whitney covering. The only restriction in the Whitney cover-
ing is that if )\1Bd(21, d(zl)/)\g) N Ale(Zg, d(ZQ)//\Q) 7é @, then )\le(2’17 d(Zl)//\Q)
must be included in some ball By(z9,d(22)/A3) on which the measure p is dou-
bling. Otherwise one can choose the constants as desired.
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