MODIFIED DIFFERENTIALS AND BASIC COHOMOLOGY
FOR RIEMANNIAN FOLIATIONS

GEORGES HABIB AND KEN RICHARDSON

ABSTRACT. We define a new version of the exterior derivative on the basic
forms of a Riemannian foliation to obtain a new form of basic cohomology
that satisfies Poincaré duality in the transversally orientable case. We use this
twisted basic cohomology to show relationships between curvature, tautness,
and vanishing of the basic Euler characteristic and basic signature.

1. INTRODUCTION

1.1. Smooth foliations and basic forms. Let (M,F) be a smooth, closed
manifold of dimension n endowed with a foliation F given by an integrable sub-
bundle L C TM of rank p, with n = p + ¢. The set F is a partition of M into
immersed submanifolds (leaves) such that the transition functions for the local
product neighborhoods (foliation charts) are smooth. The subbundle L = TF
is the tangent bundle to the foliation; at each p € M, T,F = L, is the tangent
space to the leaf through p.

Basic forms are differential forms on M that locally depend only on the trans-
verse variables in the foliation charts — that is, forms « satisfying X_a =
Xado = 0 for all X € I'(L); the symbol “J” stands for interior product. Let
Q(M,F) C Q(M) denote the space of basic forms. These differential forms
are preserved by the exterior derivative and are used to define basic cohomology
groups H} (M,F) given by
ker dk

k
Ha (M, F) = image dj,_1
with
dy =d: Q" (M, F) — Q" (M, F).

The basic cohomology can be infinite-dimensional, and it can be relatively trivial.
We may also define basic cohomology with values in a foliated vector bundle; by
doing this we gain more topological information about the leaf space.

Basic cohomology does not necessarily satisfy Poincaré duality, even if the folia-
tion is transversally oriented (see [22], [41]). We emphasize that basic cohomology
is a smooth foliation invariant and does not depend on the choice of metric or
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any transverse or leafwise geometric structure. In [I2] the authors showed the
topological invariance of basic cohomology.

1.2. Riemannian foliations and bundle-like metrics. We assume through-
out the paper that the foliation is Riemannian; this means that there is a metric
on the local space of leaves — a holonomy-invariant transverse metric gg on the
normal bundle ) = T'M /L. The phrase holonomy-invariant means the trans-
verse Lie derivative Lxgq is zero for all leafwise vector fields X € I'(L). This
condition is characterized by the existence of a unique metric and torsion-free
connection V on @ [30], [35], [41].

We often assume that the manifold is endowed with the additional structure of
a bundle-like metric [35], i.e. the metric g on M induces the metric on Q ~ L*.
Every Riemannian foliation admits bundle-like metrics that are compatible with
a given (M, F, gg) structure. There are many choices, since one may freely choose
the metric along the leaves and also the transverse subbundle (). We note that a
bundle-like metric on a smooth foliation is exactly a metric on the manifold such
that the leaves of the foliation are locally equidistant. There are topological re-
strictions to the existence of bundle-like metrics (and thus Riemannian foliations).
Important examples of requirements for the existence of a Riemannian foliations
may be found in [23], [20], [30], [41], [42], [40]. Omne geometric requirement is
that, for any metric on the manifold, the orthogonal projection

P:L*(Q(M)) — L*(Q (M, F))

must map the subspace of smooth forms onto the subspace of smooth basic forms
(133]).-

1.3. The basic Laplacian. Many researchers have studied basic forms and the
basic Laplacian on Riemannian foliations with bundle-like metrics (see [1], [23],
[41]). The basic Laplacian A, for a given bundle-like metric is a version of the
Laplace operator that preserves the basic forms and that is essentially self-adjoint
on the L?-closure of the space of basic forms. The basic Laplacian A is defined
to be

Ab=d5b+5bdQ(M,f) —>Q(M,.7"),

where 6y is the L?-adjoint of the restriction of d to basic forms: &, = P¢ is the
ordinary adjoint of d followed by the orthogonal projection onto the space of basic
forms.

The operator A, and its spectrum depend on the choice of the bundle-like
metric and provide invariants of that metric. See [19], [25], [26], [33], [36], [37]
for results. One may think of this operator as the Laplacian on the space of
leaves. This operator is the appropriate one for physical intuition. For example,
the Laplacian is used in the heat equation, which determines the evolution of the
temperature distribution over a manifold as a function of time. If we assume that
the leaves of the foliation are perfect conductors of heat, then the basic Laplacian
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is the appropriate operator that allows one to solve the heat distribution problem
in this situation.

It turns out that the basic Laplacian is the restriction to basic forms of a second
order elliptic operator on all forms, and this operator is not necessarily symmetric
([33]). Only in special cases is this operator the same as the ordinary Laplacian.
The basic Laplacian A, is also not the same as the formal Laplacian defined on
the local quotient manifolds of the foliation charts (or on a transversal). This
transversal Laplacian is in general not symmetric on the space of basic forms, but
it does preserve Q (M, F). The basic heat flow asymptotics are more complicated
than that of the standard heat kernel, but there is a fair amount known (see [33],
361, [37]).

1.4. The basic adjoint of the exterior derivative and mean curvature.
We assume (M, F, gy) is a Riemannian foliation of dimension p and codimen-
sion ¢, with bundle-like metric gjp; compatible with the Riemannian structure
(M, F,gq) . Let

H=3 7 (Vif),

where 7 : T'"M — (@ is the bundle projection and (fi)1<i<p is a local orthonormal
frame of T'F. This is the mean curvature vector field, and its dual one-form is kK =
H°. Let k, = Pk be the (smooth) basic projection of this mean curvature one-
form. It turns out that x is a closed form whose cohomology class in Hj (M, F)
is independent of the choice of bundle-like metric (see [1]). Let ;1 denote the
(pointwise) adjoint of the operator kyA. Clearly, k,1 depends on the choice of
bundle-like metric gy, not simply on the transverse metric gq.
Recall the following expression for ¢, (see [41], [1], [33]):

dp = Po
= +*xd* + Ko
= 5T + Rpd,
where
e i is the formal adjoint (with respect to gg) of the exterior derivative on
the transverse local quotients.
e the pointwise transversal Hodge star operator * is defined on all k-forms
v by -
#y = (="« (v Axz),
with y# being the leafwise volume form, the characteristic form of the
foliation, and * being the ordinary Hodge star operator. Note that %> =
(—1)k(q7k) on k-forms. All that is required for the formula above to be
well-defined is that the Riemannian foliation is transversally oriented. The

formula above is independent of the choice of orientation of the manifold
(equivalently, of the leafwise tangent bundle T'F).



4 G. HABIB AND K. RICHARDSON

e The sign + above only depends on dimensions and the degree of the basic
form.

1.5. Twisted duality for basic cohomology. Even for transversally oriented
Riemannian foliations, Poincaré duality does not necessarily hold for basic coho-
mology.

However, note that d — kA is also a differential which defines a cohomology
of basic forms. That is, since d (k) = 0, it follows from the Leibniz rule that
(d — kyA\)* = 0 as an operator on forms, and it maps basic forms to basic forms.
On transversally oriented foliations, this differential also has the property that

SpFo = (=)' % (d — kN @

on every basic k-form « (see [33]). As a result of this equation and the basic
cohomology version of the Hodge theorem ([23], [33]), the transversal Hodge star
operator implements an isomorphism between different kinds of basic cohomology
groups (see [22], [41]):

Hi (M, F) = H™* (M, F).

d—rKp A

This is called twisted Poincaré duality.

1.6. The basic Dirac operator and spectral rigidity. We now discuss the
construction of the basic Dirac operator (see [10], [15], [34], [6]), a construction
which requires a choice of bundle-like metric. Let (M, F) be a Riemannian man-
ifold endowed with a Riemannian foliation. Let £ — M be a foliated vector

bundle (see [20]) that is a bundle of Cl(Q) Clifford modules with compatible
connection V¥. The transversal Dirac operator Dy, is the composition of the

maps

(vE)" . ~ Cliff
'E) — I'Q*"®@E) —T(Q®E) —T(F),
where the last map stands for Clifford multiplication, denoted by “.”, and the
operator (VE )tr is the projection of V. The transversal Dirac operator fixes
the basic sections I'y(E) C T'(E) (ie. Ty(E) = {s € T'(E) : V&s = 0 for all
X € T'(L)}) but is not symmetric on this subspace. By modifying D, by a
bundle map, we obtain a symmetric and essentially self-adjoint operator D, on
I'y(E). We now define

q
E
D, s = E ei-Vegs,
i=1

1 . d 1
Dys = §(Dtr—|—Dtr)s = ;ei-VeEis— 5%2-8 :

where {e;};—1.. 4 is a local orthonormal frame of (). A direct computation shows
that Dy preserves the basic sections, is transversally elliptic, and thus has discrete
spectrum ([I5], [10], [I1]).
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An example of the basic Dirac operator is as follows. Using the bundle A*() as
the Clifford bundle with Clifford action e- = e* A —e* in analogy to the ordinary
de Rham operator, we have

Dy =d+6p =d+ 6 — kya : Q¥ (M, F) — QY (M, F)

1 1 1
D, = §(Dtr + D;‘r)s =d— 5’% A +0p — 51{1,4.

One might have incorrectly guessed that d + 9, is the basic de Rham operator in
analogy to the ordinary de Rham operator, for this operator is essentially self-
adjoint, and the associated basic Laplacian yields basic Hodge theory that can
be used to compute the basic cohomology. The square D} of this operator and
the basic Laplacian A, do have the same principal symbol. In [16], we showed
the invariance of the spectrum of D, with respect to a change of metric on M
in any way that leaves the transverse metric on the normal bundle intact (this
includes modifying the subbundle ) C T'M, as one must do in order to make the
mean curvature basic, for example). That is,

Theorem 1.1. (In [16]) Let (M, F) be a compact Riemannian manifold endowed
with a Riemannian foliation and basic Clifford bundle E — M. The spectrum
of the basic Dirac operator is the same for every possible choice of bundle-like
metric that is associated to the transverse metric on the quotient bundle Q).

We emphasize that the basic Dirac operator D, depends on the choice of
bundle-like metric, not merely on the Clifford structure and Riemannian foliation
structure, since both projections T*M — Q* and P as well as k1 depend on the
leafwise metric. It is well-known that the eigenvalues of the basic Laplacian A,
(closely related to D?) depend on the choice of bundle-like metric; for example,
in [37, Corollary 3.8], it is shown that the spectrum of the basic Laplacian on
functions determines the L?-norm of the mean curvature on a transversally ori-
ented foliation of codimension one. This is one reason why the invariance of the
spectrum of the basic Dirac operator is a surprise.

Corollary 1.2. Let (M,F) be a compact Riemannian manifold endowed with
a Riemannian foliation and basic Clifford bundle E — M. In calculating the
spectrum of the basic Dirac operator, one may assume the bundle-like metric is
chosen so that the mean curvature form is basic-harmonic.

Proof. By Theorem we may choose the bundle-like metric in any way that
restricts to the given metric on Q. In [9] and [27, 29], the researchers showed that
there exists such a metric such that the mean curvature is basic-harmonic. [

1.7. Known tautness results. A Riemannian foliation (M, F) is called mini-
malizable or geometrically taut if there exists a Riemannian metric on M for
which all leaves are minimal submanifolds. We will use the word taut for this
property. In [14], E. Ghys proved that every Riemannian foliation on a simply
connected manifold is taut. X. Masa showed in [28] that a transversally oriented
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Riemannian foliation of codimension ¢ is taut if and only if Hj (M,F) # {0}
(see also [21], [22]). Moreover, J. Alvarez-Lopez [1] characterized the tautness by
the fact that the cohomology class of the basic mean curvature form vanishes in
H} (M, F) C H' (M); therefore, every Riemannian foliation on a manifold with
vanishing first Betti number is taut. In [22], the results of the F. W. Kamber
and Ph. Tondeur suffice to prove that a foliation is taut if and only if the basic
cohomology groups satisfy Poincaré duality. In [31] and [32], H. Nozawa showed
that the Alvarez class [ky] € H' (M) is stable with respect to continuous per-
turbations of Riemannian foliations, and he also showed that the line integral of
Ky over a closed curve is always an algebraic integer if the fundamental group of
M is polycyclic or has polynomial growth. Under such conditions, a family of
Riemannian foliations consists entirely of taut foliations or of nontaut foliations.
As a consequence, he proved that if (M,F) is a codimension two Riemannian
foliation with 71 (M) of polynomial growth, then the foliation is taut.

Certain geometric conditions are also known to force the tautness condition.
For example, J. Hebda showed in [I7] that if the transversal Ricci curvature
satisfies Ric (X, X) > a (g — 1) |X|* for some a > 0 and all vectors X € I'(Q),
then the foliation is taut. In a result by S. D. Jung that was later extended by
the authors (see [18] and [16]), if the first eigenvalue A\ of the basic spin Dirac
operator satisfies equality in the general eigenvalue bound

)\2 Z 4(%_1) l]f\l} (SC&IM — Scalf + |AQ|2 + |T]:|2) s
then F is taut and there exists a transversal Killing spinor. Here, Agp and T'r
denote the O'Neill tensors of the foliation; see [16] for details.

1.8. Main results and outline. In this paper we introduce the new cohomology
H*(M,F) (called the twisted basic cohomology) of basic forms that uses
d = d-— %/{b/\ as a differential. Recall that the basic de Rham operator is
Dy = d+ 6, where § := &, — 3rp0. We show in Section [2[ that the corresponding
Betti numbers and eigenvalues of the twisted basic Laplacian A = dé + 0d are
independent of the choice of a bundle-like metric. In Theorem we show that
the twisted basic Laplacian commutes with the transversal Hodge star operator
and thus the twisted basic cohomology satisfies Poincaré duality. As a corollary,
we deduce that an odd codimension transversally oriented Riemannian foliation
has zero basic Euler characteristic (Corollary . In Section , we prove that
taut foliations give an isomorphism between the new cohomology group and the
basic one. This lets us say that the tautness property is characterized by the fact
that the top-dimensional twisted basic cohomology group is non-zero. In Section
[}, we define the basic signature operator of a Riemannian foliation.

Using some computations with the Lie derivative, we establish in Section [0]
a Weitzenbock-Bochner formula for the twisted basic Laplacian (see Proposi-
tion [6.7)), which is more simple that the corresponding formula for the ordinary



MODIFIED DIFFERENTIALS ON FOLIATIONS 7

basic Laplacian. With the help of this formula, we deduce various corollaries re-
lating transversal Ricci and sectional curvature to tautness and basic cohomology.
In particular, we deduce direct proofs of known results of Hebda (see Theorem
and of El Kacimi and others (see Theorem [6.18)).

We also study the case of codimension two Riemannian foliations. We prove in
Proposition that for nontaut foliations, the ordinary basic cohomology sat-
isfies HY (M, F) = Hj (M, F) 2R, H (M, F) = {0}. Immediate consequences
include for nontaut foliations:

e The twisted basic cohomology groups are all trivial.

e The basic Euler characteristic and basic signature are zero (Corollary
520,

o If m (M) is polycyclic or has polynomial growth, then the basic Euler
characteristic and basic signature are stable with respect to deformations
of (M,F) through continuous families of Riemannian foliations, and the
dimensions of all basic cohomology groups are also stable. See Corol-

lary [6.23]

To illustrate our results, we treat examples in Section [7]

The second author would like to thank the Mathematisches Forschungsinstitut
Oberwolfach and the Centre de Recerca Matematica (CRM), Barcelona, and
the Department of Mathematics at TCU for hospitality and support during the
preparation of this work.

2. MODIFIED DIFFERENTIALS, LAPLACIANS, AND BASIC COHOMOLOGY

Unlike the ordinary and well-studied basic Laplacian, the eigenvalues of A=
D} are invariants of the Riemannian foliation structure alone and independent

of the choice of compatible bundle-like metric. The operators d and & have the
following interesting properties.

Lemma 2.1. § is the formal adjoint ofcz

Proof. We see
* 1 * 1 ~
(J) = (d — 551,/\) = 51) — 5 (Kij> = 5,

where the raised * denotes formal L?-adjoint on the space of basic forms (not the
same as the adjoint on the space of all forms). O

Lemma 2.2. The maps d and & are differentials; that is, 42 = 0, 2=0. As a
result, d and & commute with A = D%, and ker (glv+ g) = ker <£>
Proof. This follows from the fact that x; is a closed one-form [I]. O

Let Q% (M, F) denote the space of basic k-forms (either set of smooth forms or

L?-completion thereof), let d* and (’Ska be the restrictions of d and 8, to k-forms,

and let A* denote the restriction of Dg to basic k-forms.
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Proposition 2.3. (Hodge decomposition) We have QF (M, F) = image (Jk_1> D
image (gz,k+1> @ ker (£k> . an L?-orthogonal direct sum. Also, ker <£k> 18 finite-
dimensional and consists of smooth forms.

Proof. The proof is very similar to the proof in [33] for the corresponding fact for
the basic Laplacian and in [41], [23] for the basic mean curvature case. For that
reason, we do not include it here. 0

We call ker (ﬁ) the space of A-harmonic forms. In the remainder of this sec-

tion, we assume that the foliation is transversally oriented so that the transversal
Hodge * operator is well-defined.

Lemma 2.4. (clear) The operator ¥ = (—1)*™® on k-forms, and the adjoint
¥ e (—1)Fa—F) &
of % is (—1) X,

Lemma 2.5. (in [33]) The basic projection P commutes with .

Lemma 2.6. (in [33]) Given any o € (NF)*, as = (=1)™™ ™% (aA)F as an
operator on basic k-forms.

Lemma 2.7. (in [33]) If 8 is a basic k-form, 6,8 = (—=1)" ™5 (d — kyn) %8.

Proposition 2.8. We have the following identities for operators acting on

QF (M, F):
(1) (ko) ¥ = (=1)" % (1)
(2) % (kp) = (=) (mp) %
(3) 6% = (—1)"" % (d — Ky
(4) %6 = (=1)* (d — myA) ¥
(5) 6% = (—1)"*'%d
(6) %0 = (—=1)" d¥
(7) ®d = (=1)"*' 6%
(8) d% = (—1)"%5

Proof. Acting on basic k-forms, we calculate each of the left sides of the identities
above using the lemmas above:

(kpo) % = (= 1) D 5 (g,0) %2
(_1)q(q—k+1)+k(q—k) * (F&b/\)

= (—1)* % (kyA) .

F (kp0) = (=) 22 (g, A) F

_ (_l)q(k+l)+(Q*k‘+1)(k’fl) (/ib/\)

= (=) (k) 7.

*
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( 1)61(4 k+1)+ (d /‘{'b/\)

( 1)q(q k+1)+1+k(q— k) (d o K,b/\)

(=D (d = mA).

70y = (—1) IR (4 — g A) F
(_1)q(k+1)+1+(q—k+1)(k—1) (d _ /ib/\) ¥

= (=1)" (d — Kp/\) 7.

Putting the results above together, we have

g; = (55 - %lib_l) *

= (=)' F(d — kA) — = (=1)" F (kA

= (—1)"'% (d — %m/\)

= (-5

and

Switching sides of the equations in and @, we obtain

*d = (—1)"" %

d = (—=1)"%5. 0
Definition 2.9. We define the basic d-cohomology H* (M, F) by
ker d¥

image dF-1

The following proposition follows from standard arguments and the Hodge
theorem (Theorem [2.3)).

Proposition 2.10. The finite-dimensional vector spaces HF* (M, F) and ker Ak =
ok
ker (d + 5) are naturally isomorphic.
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We observe that for every choice of bundle-like metric, the differential d
changes, and thus the cohomology groups change. However, note that k; is the
only part that changes; for any two bundle-like metrics gas, gy, and associated
Kp, K, compatible with (M, F, gg), we have x; = k; + dh for some basic function
h (see [1]). In the proof of the main theorem in [I6], we essentially showed that
the the basic de Rham operator Dj, is then transformed by D} = e"/2Dye="/2.
Applying this to our situation, we see that the (ker Dj) = e/ ker D, and thus
the cohomology groups are the same dimensions, independent of choices. To see
this in our specific situation, note that if a € Q¥ (M, F) satisfies da = 0, then

<c?)/ (eh/2a) = <d — %F&b A\ —%dh/\) (eh/Za)

1 h/2 h/2
= "?da + §eh/2dh/\a — %kab Ao — %dh/\a

eh/? 1 ~
= "?da — T/ﬂ:b Aa=e? (d — 5/%/\) a = e"?da = 0.
~\ / ~
Similarly, as in [I6] one may show ker (5) = e"?ker (5), through a slightly
more difficult computation. Thus, we have

Theorem 2.11. (Conformal invariance of cohomology groups) Given a Riemann-
tan foliation (M F.g9q) and any two bundle-like metrics gy and gy, compatible
with gg, the d- cohomology groups H* (M, F) are isomorphic, and that isomor-
phism is implemented by multiplication by a positive basic function. Further, the
eigenvalues of the corresponding basic de Rham operators Dy, and Dj are identi-
cal, and the eigenspaces are isomorphic via multiplication by that same positive
function.

Corollary 2.12. The dimensions of H* (M, F) and the eigenvalues of Dy (and

thus of A = D?) are invariants of the Riemannian foliation structure (M, F, gq),
independent of choice of compatible bundle-like metric gy;.

Corollary 2.13. The dimensions of H* (M, F) are independent of the choice of
the bundle-like metric and independent of the transverse Riemannian foliation
structure.

Proof. By [1], the basic components of the mean curvature forms for two different
bundle-like metrics differ by an exact basic one-form s} = &, + dh. Since

(&)I _ h/2J,h/2

by the computation above, the twisted basic cohomology groups corresponding
to the different metrics are conjugate. 0
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3. POINCARE DUALITY AND CONSEQUENCES

Theorem 3.1. (Poincaré duality for glv-cohomology) Suppose that the Riemannian
foliation (M, F,gq) is transversally oriented and is endowed with a bundle-like
metric. For each k such that 0 < k < q and any compatible choice of bundle-like
metric, the map ¥ : QF (M, F) — Q=% (M, F) induces an isomorphism on the
J—cohomology. Moreover, * maps the ker A¥ isomorphically onto ker ﬁq*k, and it
maps the A-eigenspace of A¥ isomorphically onto the \-eigenspace of ﬁq_k, for
all A > 0.

Proof. Acting on basic forms of degree k, we use
FA = Fdd +%0d
= (=) 0% + (=) dxd
= (=)o (=1)FdF + (=) d (=) 6%
= <EEZ'+&E§>;: A%

Since * commutes with E, it maps eigenspaces of A to themselves. By the Hodge
theorem, the result follows. O

This resolves the problem of the failure of Poincaré duality to hold for standard
basic cohomology (see [22], [41]).

Corollary 3.2. Let (M,F) be a smooth transversally oriented foliation of odd
codimension that admits a transverse Riemannian structure. Then the Euler
characteristic associated to the H* (M, F) vanishes.

Corollary 3.3. Let (M,F) be a smooth transversally oriented foliation of odd
codimension that admits a transverse Riemannian structure. Then the FEuler
characteristic associated to the ordinary basic cohomology H (M, F) vanishes.

Proof. The basic Euler characteristic is the basic index of the operator D, =
d+dp : QU (M, F) — Qo (M, F). See [6], [10], [4], [L1] for information on
the basic index and basic Euler characteristic. The crucial property for us is that
the basic index of Dg is a Fredholm index and is invariant under perturbations
of the operator through transversally elliptic operators that map the basic forms
to themselves. In particular, the family of operators D; = d + , — %K}b_l — %mb/\
for 0 <t < 1 meets that criteria, and D; = D, is the basic de Rham operator
Dy : Qv (M, F) — Q04 (M, F). Thus, the basic Euler characteristic of the
basic cohomology complex is the same as the basic Euler characteristic of the

cﬁlv-cohomology complex. The result follows from the previous corollary. 0
Using this result, we give another proof for the well-known theorem [39]:

Theorem 3.4. Let F be a transversally Riemannian oriented foliation of codi-
mension 1 on a closed manifold M. Then F is taut.
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Proof. Since the codimension is odd, the basic Euler characteristic is zero. Thus,
we get that dim H5(M, F) = 1 and the foliation is taut by the result of Masa. [

4. TAUTNESS THEOREM

As we mentionned in the introduction, the author showed in [I] that the co-
homology class [ky] € H} (M,F) is an invariant of the Riemannian foliation
structure and independent of the choice of bundle-like metric, and the foliation
is taut if and only if [ky] = 0. If in addition the foliation is transversally ori-
ented, this condition is equivalent to Hj (M, F) # 0, which is true if and only if
H} (M, F) satisfies Poincaré duality. We now prove the analogous result for our
modified basic cohomology H* (M, F).

First, we observe that the basic projection £, of the mean curvature one form
is always d-exact, because

~ 1
d(—2> = (d — §/ﬁ?b/\> (-2) = Kp.
Also, we have the following:

Lemma 4.1. A Riemannian foliation (M,F, gg) of codimension q is taut, then

H; (M, F) = H* (M, F). The converse is true if the foliation is assumed to be
transversally oriented.

Proof. 1f the foliation is taut, by [I] s, = df for some basic function f. Then
d=d—idfA = e% odoe %. Thus [a] — [exp (—g) a] yields an isomorphism
from H* (M,F) to H}; (M,F). Conversely, if H; (M,F) = H*(M,F), then
Poincaré duality is satisfied for the ordinary basic cohomology (from the fact
that it is satisfied for our twisted cohomology), which means Hj (M,F) # 0.
This is equivalent to the tautness of the foliation if the foliation is assumed to be

transversally oriented. 0

Theorem 4.2. A transversally oriented Riemannian foliation (M, F, gq) of codi-

[

mension ¢ with bundle-like metric gy; is taut if and only if HO (M, F) =
HY(M,F)#0.

Proof. If (M,F,gq) is taut, by the above Lemma we conclude that
H° (M, F)= H (M, F) = H! (M, F) #0.

For the converse, we first assume that our metric is chosen so that the mean
curvature is basic-harmonic, meaning that x = k; and

Opti = (—Fd% + k) k = —=dwr + |k|* = 0.

As we said before, it is always possible to choose the bundle-like metric this way
and our twisted basic cohomology groups are not affected. If H° (M, F) # 0, there
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exists a nontrivial basic function h such that dh = 0. Hence dh = %h/{b = %h/ﬂ.
Then
1 1
Abh = 5bdh = 55(, (hl{) = 5 (—¥d§ + I{J) (hli)
1
=5 (=% (dhA) Fr — hxd%k + b |K]%)
1 1. _ _ 2 2
=3 (—§h* (kA (3%k)) — h|K|” + b K] )
Lo
=—-h
i
The integral over M on both sides yields |x| = 0. Thus, (M, F) is taut. O

5. THE BASIC SIGNATURE OPERATOR

With notation as in Section , suppose that (M, F,gg) is a transversally ori-
ented Riemannian foliation of even codimension ¢, and let g,; be a specific com-
patible bundle-like metric. Let

* = ik(kfl)Jr%;
as an operator on basic k-forms, analogous to the involution used to identify

self-dual and anti-self-dual forms on a manifold. Note that this endomorphism is
symmetric, and

*° =1
Proposition 5.1. We have % (J—l— 5) =— (J—l— 5) *. In fact, *d = —d% and
*0 = —dk.
Proof. By Proposition [2.8] we have that, as an operator on basic k-forms,
* (d+3) = *d + %3

i(k+1)(k)+g;g+ jk=D(E=2)+8 5
— D (k) +4 (_1)k+1 5% & (= D=2+4 (_1)k: I
_ Rk 2R S R 8k 242k e
=1
= — <5+ cf) PE-D+ig = (J+ 5) *.

From the computation, we see that *d = —0% and %0 = —d%. 0

Let QF (M, F) denote the +1 eigenspace of % in Q* (M, F), and let Q™ (M, F)
denote the —1 eigenspace of % in Q* (M, F). By the proposition above, Dy, = d+§

h(k—1)+4k+2+2 + jh=1)+2+4 =
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maps QF (M, F) to QF (M, F). Therefore, we may define the basic signature
operator as follows.

Definition 5.2. On a transversally oriented Riemannian foliation of even codi-
mension, let the basic signature operator be the operator Dy: QT (M, F) —
Q- (M,F). We define the basic signature o (M,F) of the foliation to be
the index

o (M,F) = dimker (3 ) — dim ker (Z‘ )
Q+(M,F) Q= (M,F)

We note that such a definition is not possible for the operator d + ¢, because
the relationship in the proposition above does not hold for d + 9.

6. THE TWISTED BASIC LAPLACIAN, CURVATURE, AND TAUTNESS

First, let x# denote the characteristic form of any oriented foliation F on a
Riemannian manifold; this is the leafwise volume form of the foliation, locally
given by

XF=¢€eN...Ney,
where (eq, ..., €p, €pt1, ..., €,) is a local orthonormal frame of the M such that

(€1,...,ep) is a local orthonormal frame of TF. Then Rummler’s formula (see
[38]) gives

(6.1) dxrF = =K AXF + o,

where ¢ is a (p + 1)-form on M with the property that vy ve---Jv,000 = 0 if
v; € T,F, 1 < j <p, are leafwise vectors.

We now determine relationships between the eigenvalues of the twisted basic
Laplacian A and curvature. First we do a few computations that will be useful
later.

Lemma 6.1. We have the following facts about the Lie derivative. If o is any
form, V., W are vector fields, then
) Ly =do (Vi)+ (Vi)od

Ly = (V’A)od+d0(V'A)

Proof. The first two facts follow from the Cartan formulas. The formulas after
that are standard (up to taking adjoints) and can be found in [24]. O

Lemma 6.2. The operator (Ly + L3,) is zeroth order and thus commutes with
multiplication by a function.
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Proof. One may easily compute the commutator [(Ly + L},) , my], where m de-
notes multiplication by a function f, and the result is zero. O

Lemma 6.3. If « is a one-form, (3 is any form, and V is a vector field, then
(Ly + L) (aNB)=aN(Ly + L) B+ A B, where

=Ly (@) = (Lv (o®))

= (Lvyg) (04#7 °)

= VoV +a(V.V),
where Ly g is the Lie derivative of the metric tensor.
Proof. By Lemma part , we have

Ly(anp)=Ly(a)ANB+aNLy([).
Now using the part of the same lemma,
Ly (@nB) =anLy(8) - (Lv (a*)) A,

The result with the first expression for v follows from adding the two equations.
Also, for any vector field Z,

1(2) = Ly (0)(2) - (Lv (). 2)
=V (a#,Z) — (a#,ﬁvZ) — (EV (a#) ,Z)
= (Lvg) (a#, Z) )
and also from the second line above we have
v (Z) = (Vva#,Z) + (a#,VVZ) — (a#,EVZ) — (EV (a#) ,Z)
= (Vs V,2) + (a*,VzV) . O
Corollary 6.4. If « is a one-form and V is a vector field, then (Ly + L},) a =

(6V") ey, with ~y given in the previous Lemma, and we also have ((Lyv+L}) o, cv)
= (6V") (a, @) + 2 (Vo V, o).

Proof. Tt follows from (Ly + L&) (1) = oV, O

Corollary 6.5. Let o = > €™ be any form, with T = (71, ..., 7)) a multi-index
and e = €™ N ... Ne™. Then for any vector field V,
k
(Ly + L) (@) = (V') a+ > are™ A AY AL AET,

j=1

with v = (Lvg) (e, ®) replacing the ™.

Lemma 6.6. If V is any vector field such that dV’ = 0, then
=Ly —2Vy — (6V)

as operators on forms.
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Proof. Choose a local orthonormal frame (e;) of TM, and let (e/) be the dual
coframe. We assume that the frame is chosen so that at the point in question, all
Ve, er, vanish. From Lemma parts and , we have, using the Einstein
summation convention,

Ly —Ly=e AV, (V2)+ (Ve AV, + €0V, (VPA) + (V'A) €1V,

= AN (Ve,V)a+e ANV, + (Vi)el AV,
+e;0(Ve, V) Atejs (VIA) Ve, + (VPA) €0V,

Writing V' = Vier, we get

Ly — Ly =re; (Vi) (e/A) (exs) + Vi (¢/A) (exa) Ve, + Vi (ex2) (€M) Ve,

+e; (Vi) (ej0) (€"A) + Vi (e;2) (€°N) Ve, + Vi (€°A) (e50) Ve,

Since dV° = 0, therefore e; (Vi) = e;(V;). Also we have that (e/A) (epa) +
(exa) (e?A) = &1, Thus, we find

Ly = Ly = ¢; (Vj) +2V;V,,
=0V’ +2Vy . O

Now we will use the above computations to establish the Weitzenbock-Bochner
formula:

Proposition 6.7. (Weitzenbick-Bochner formula for the twisted basic
Laplacian) Let the bundle-like metric of a Riemannian foliation (M,F) be cho-
sen so that the mean curvature form k is basic-harmonic. Then for any basic

form o€ Q (M, F),
~ 1
Aa =V*'Va+p(a)+ Z|/@|2a,

where p(a) =37, . ¢/ AeiaR (e, e5) a, with R the transversal Riemann curvature
operator, and the sum is over a local orthonormal frame {e;};=1.. 4 of Q. In a
particular case where o s a one form,

~ 1
<Aa, a> = (V*Va,a) + Ric (a*,a¥) + Z\/@F!OAQ,
where Ric is the transversal Ricci curvature.

Proof. Since k is basic-harmonic, from [33, Proposition 2.4], we get

0= = Pok
=0k + (Pk — K) 1k — poa (XF A\ K)
= 0K,

with ¢ and yr from Rummler’s Formula (6.1]). Next, we write §, = dr + k1 =
—ejaVe,; + ko, where we use the Einstein summation convention. We have

Ay = (dor + opd) + L.
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Let (e/) be the dual coframe corresponding to (e;). Suppose that we have chosen
the frame so that V.e; = 0 at the point in question. For any basic form «a,

(dor + 6rd) a = =€’ AV, (€;0V,a) — €;V, (¢! A Ve,a)

= —el A €iaVe; Ve, + el A €iaVe Ve,a — Ve Ve a
=¢e ANejaR (e;,e) o+ V*Va— Vga
=p(o) + V'Va - Vya.

Here we have used the fact that for the adapted frame,

VIV =V, V = (—Vej + (H,e;)) Ve, ==V, Ve, +Vy .

Then

Apa = p(a) + V'Va+ Lya — Vya,

and

~ 1 1
Ao = Aba — § (ﬁH +‘C*H) o+ Z‘KJ‘QQ

= V'Vat p(a) + 5 (Li — Lip) o+ 1A%~ Vya.
With the help of Lemma [6.6] we have
%(cH—c*H)—szan:o.
The result follows. U

Corollary 6.8. Suppose that (M,F) is a Riemannian foliation on a connected
manifold M. Suppose that the bundle-like metric is chosen so that k is basic-
harmonic. If the operator p—+%|k[* on r-forms is strictly positive, then the twisted

basic cohomology group H' (M, F) is trivial.

Since the basic Euler characteristic and basic signature may be computed using
the dimensions of ker A, we have the following result.

Corollary 6.9. Under the same hypothesis as in Corollary[6.8 for all v such that
0 <r < gq, the basic Fuler characteristic and basic signature are zero. Thus the
foliation is nontaut.

Remark 6.10. This fact for the basic Euler characteristic could be deduced from
the Hopf index theorem for Riemannian foliations ([4]), but only in the case
where the basic mean curvature never vanishes. In that case, the dual vector field
1s a basic normal vector field to the foliation that never vanishes and thus yields

X (M, F)=0.

Corollary 6.11. Suppose that the transversal Ricci curvature satisfies
Ric(X,X) > 0 for all vectors X € T'(Q). If M is nontaut, then H* (M, F) = {0}.
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Corollary 6.12. Suppose that the transversal Ricci curvature satisfies
Ric (X, X) > 0 for all vectors X orthogonal to the Riemannian foliation (M, F)

and Ric (e, ) > 0 for at least one point of M. Then H' (M, F) = {0}.

Corollary 6.13. Suppose that the transversal sectional curvatures of (M, F) are
nonnegative. If the foliation is nontaut, then the twisted basic cohomology is
tdentically zero, and thus the basic Euler characteristic and signature are zero.

Corollary 6.14. Suppose that the transversal sectional curvatures are nonnega-
tive and are all positive for at least one point of M. If the foliation is nontaut,

then H™ (M, F) = {0} for 1 <r < q.

Remark 6.15. Note that the curvature bounds above are weaker than those re-
quired by previous results in [17], [18], etc.

Using the Weitzenbock-Bochner formula, we can give a direct proof of Hebda’s
result [17].

Theorem 6.16. Let M be a compact Riemannian manifold endowed with a
Riemannian foliation.  If the transversal Ricci curvature is positive, then

HL(M,F) = 0.

Proof. Since the basic cohomology groups are independent of the choice of the
bundle-like metric, we may assume that the mean curvature x is basic-harmonic.
Let a be a basic one-form closed and coclosed, i.e. da = 0 and da = 0. Then we
find do = —1k A o and 0y(or) = —3kaa. Thus |dof® + |6 (o) = 1|x[*|al?. With
the use of the Weitzenbock formula, we have

/ (Aa, @) / GRS / Vol + /Rlca a / |k |?]al?.

Under the curvature assumption, we deduce that o = 0. O

Corollary 6.17. Let (M, F) be a Riemannian foliation of a compact manifold
and suppose that the transversal Ricci curvature satisfies Ric(X, X) > 0 for all
X € I'Q and Ric(X,, X,) > 0 for all nonzero X, € I',Q) at one point p € M.
Then H5(M,F) = 0.

Proof. With the weaker hypothesis, Ric(X, X) > 0 for all unit normal vectors X
to the foliation on a neighborhood of p. If « is a closed and coclosed basic one-
form, by the previous proof « is zero on that neighborhood. Since (d + ;) a = 0,
by [33, Proposition 2.4] we have

(d+Po)a=(d+ 8§ —pouxsN)a=(d+d§)a=0,

where P : L*(Q(M)) — L*(Q(M,F)) is the orthogonal projection, 4 is the
ordinary L? adjoint of d on all forms, and ¢y, x# are from Rummler’s formula
. The operator d 4+ ¢ is a linear, first order elliptic operator that satisfies the
weak unique continuation property (see [5], [3], [2], [8]). This means that since «
is zero on an open set, it is identically zero on all of M. 0
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We also find a direct proof for the following theorem established in [I3] (see
also [21], [22]).

Theorem 6.18. Let M be a compact, connected manifold endowed with a Rie-
mannian foliation F. The top-dimensional basic cohomology is either isomorphic

to 0 or R.

Proof. Let a be a basic g-form closed and coclosed. Since v = fr where v is the
transverse volume form of the foliation and f a basic real-valued function on M,
the term (p(a), @) = f2(p(v),v) is equal to zero by the fact that v is parallel and
f is a function. Now applying the Weitzenbock-Bochner formula to a gives that
« is parallel, which means that f is constant. If f is always equal to zero, the
basic cohomology is zero; otherwise it is isomorphic to R. 0

In the following, we prove that the spectrum of the basic Laplacian is the same
as the twisted one under a curvature assumption.

Proposition 6.19. Let M be a compact manifold endowed with a Riemannian

foliation F with strictly positive transversal curvature. Then spec(A) = spec(Ay).

Proof. By the Mason result [29], any bundle-like metric can be dilated to another
one g with basic-harmonic mean curvature & and with the same basic Laplacian.
Since the transversal curvature is positive, the first cohomology group is zero
and hence & = 0. In this case, the operator AY = A9. Using the fact that the

spectrum of A7 remains the same for any possible change of the bundle-like, we
deduce the proof of the proposition. 0

Proposition 6.20. Let (M, F) be a Riemannian foliation of codimension 2 on
a connected manifold. If the foliation is nontaut, the basic cohomology groups
satisfy HY (M, F) = H}(M,F) =R, H2(M,F) = {0}. In all other cases, the
foliation is taut. Also, the twisted basic cohomology H* (M, F) is identically zero
if and only if the foliation is nontaut.

Proof. Suppose that the foliation is nontaut, so that HY (M, F) 2 R, H3 (M, F)=
{0}. Let x be chosen to be basic harmonic as in Corollary [1.2] Since (d + ) k =
0, by the same argument as in Corollary [6.17] the weak unique continuation
property implies that if k were zero on an open set, it would be identically zero
on M. Since [k] € Hj (M, F) is nontrivial, the set on which & is nonzero is open
and dense. Furthermore, by [3] we know that the zero set of k is codimension
two or more. By Rummler’s Theorem ([38]), not all leaves are closed. Since
M is connected, the principal stratum of the foliation must be saturated by
noncompact leaves. In the case where there are no compact leaves, the zero set
of k is one or less, so that x would have to be nonzero. Then, by the basic Hopf
index theorem [4], the basic Euler characteristic would have to be zero, so that
H)} (M, F)~R.

The only remaining case is where « is zero at a finite number of isolated closed
leaves. If we use H = k* as the basic normal vector field in the basic Hopf index



20 G. HABIB AND K. RICHARDSON

theorem [4], it remains to calculate the sign of the determinant of the matrix
(a;;) = (V. H,ej), i.e. the type of singularity of H at each singular point. Since
the leaf closures near k = 0 are codimension one, the space of leaf closures looks
locally like concentric circles around the origin in R%. Because « is basic, it must
be either a source or a sink, which in both cases implies the index of H at the
singular leaf is 1. Since no orientation issues occur, we see that the basic Euler
characteristic is the number of singular leaves, a positive number. On the other
hand,

x (M, F) = dim H) (M, F) — dim H} (M, F) + dim H3 (M, F)
=1—dimH} (M, F) <0.

We conclude that this last case cannot occur, and the basic Euler characteristic
of the foliation must be zero. The result follows. O

Corollary 6.21. The basic Euler characteristic and basic signature of a nontaut
Riemannian foliation of codimension two are zero.

Remark 6.22. In Section[], we show that it is possible to construct nontaut Rie-
mannian foliations of higher codimension with nonzero twisted basic cohomology
and nonzero twisted basic Euler characteristics.

Recall that a group G is polycyclic if there exists a finite sequence of nested
subgroups 1 <t Gy < ... < Gy = G such that all factor groups are cyclic.

Corollary 6.23. Suppose that (M, F) is a nontaut Riemannian foliation of codi-
mension two, and w1 (M) is polycyclic or has polynomial growth. Then the basic
Euler characteristic and basic signature are stable with respect to deformations
of (M, F) through continuous families of Riemannian foliations, and in fact the
dimensions of all basic cohomology groups are also stable.

Proof. In [31], Nozawa showed that nontautness is preserved in families of Rie-
mannian foliations on such manifolds. The two previous corollaries imply the
result. O

Remark 6.24. Note that in general the dimensions of basic cohomology groups
are not stable under such deformations; see [32, Example 7.0.4] for a simple
example. However, dim H (M, F) and dim Hi (M, F) are stable with respect to
deformations if m (M) is polycyclic or has polynomial growth, as implied by the
discussion above.

Remark 6.25. Because the twisted basic cohomology and ordinary basic coho-
mology groups are independent of the choices of bundle-like metric and transverse
Riemannian structure (see Corollary , we note that the vanishing theorems
in this section may be restated in terms of the existence of bundle-like metrics
with the required properties.
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7. EXAMPLES

7.1. The Carriere example. We will compute the cohomology groups of the
Carriére example from [7] in the 3-dimensional case. Let A be a matrix in SLy(Z)
of trace strictly greater than 2. We denote respectively by V; and V5 the eigen-
vectors associated with the eigenvalues A and % of A with A > 1 irrational.
Let the hyperbolic torus T% be the quotient of T? x R by the equivalence rela-
tion which identifies (m,t) to (A(m),t + 1). The flow generated by the vector
field V4 is a transversally Lie foliation of the affine group. We denote by K the
holonomy subgroup. The affine group is the Lie group R? with multiplication
(t,8).(t',8") = (t+t',\'s’ + s), and the subgroup K is

K ={(n,s),n € Z,s € R}.

We choose the bundle-like metric (letting (x, s, t) denote the local coordinates in
the V5 direction, V; direction, and R direction, respectively) as

g = \"2da? + Nds® + dt*.

We will show that the twisted cohomology groups all vanish. First, we notice
that the mean curvature of the flow is Kk = k;, = log () dt, since xr = A 7'dx is
the characteristic form and dyr = —log (A\) A"'dt Adx = —k A x . Since the flow
is nontaut, we have H° (M, F) = H2 (M, F) = 0 by Theorem [4.2. We now show
directly that H' (M,F) = 0 (allthough this is guaranted by Proposition .
The 1-forms o = dt and 3 = \'ds are left invariant. Every K-invariant 1-form w
can be written as w = f(t)a + g(t)3, where f and g are periodic functions. For

any d-closed basic 1-form w, we have
dw = (g'(t) + glog (A)) a A B

1 1
= églog()\)a/\ﬁ: §/<b/\w.

We then deduce that ¢’ = —% lgg (A) g, or g = cA~2 for some ¢ € R. Since g is
periodic, it is zero. If w is also d-coclosed,

dpw = Gp(fa) = —a(f) + fop(a)
= 1)+ Flog(\) = £ Flog (\) = 3mealfa).

The solution is again reduced to zero for periodic functions f. Thus, the first
twisted cohomology group is zero. O

7.2. Nontautness and nontrivial twisted cohomology. In this example, the
Riemannian foliation is nontaut, and the twisted basic cohomology and basic
Euler characteristic are nontrivial.

First, let S' =R /Z, and let T? = R? /Z2, with flat metrics to be chosen later.
Consider the manifold X = R x, T2, a suspension of 7% and a T bundle over
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S1, constructed using the identification:

¥ (Ega (CL, b)) = (EE + 17 (_a7 _b))

for all 7 € R, (a,b) € T? = R? /Z?. We now exhibit a Riemannian foliation
of X, constructed as follows. First, observe that ¢ is an orientation-preserving
isometry of T2, for any given flat metric. Observe that the lines in 72 with slope

345
2

isometries. For by € R “Z, the sets of the form

3+v5
9

(parallel to one eigenvector of the matrix ( } ; ) ) are preserved by these

El;):{(f,(a,b)):fER,aER/Z,b: a+bo}C)N(:RXT2

form a Riemannian foliation j-:;( Then the sets
Ly = Ly, / ~
(5’ (a7 b)) ~ Y (57 (CL, b))

form a Riemannian foliation Fy of the quotient X = R x,T* that is not transver-
sally oriented, again for any flat metrics. Note that L,, = L; for any b in the

orbit of by via the action generated by b +— %5 + b, b — —b. Note that this
Riemannian foliation Fx is dense in X, and that it admits no basic vector fields
or basic one-forms. _

Next, let Y be a surface of genus 2 with universal cover Y = H. Then 7 (V) is
a group with presentation (A, B,C, D : ABCDA™'B-'C~'D~! = 1). We define
the homomorphism

Jim (V) = Diff (X, Fx)
from m (V) to the group of foliated diffeomorphisms of (5( , j—"}) defined by
),
1

U (A) (T, (a,b)) = (T, (a + b, a + 2b)
Y(B)=v(C)=v (D)=

Since [/JI; consists of lines parallel to one eigenvector of ( 1 ; ), 1 (A) maps

leaves of ]?X to themselves and commutes with the action ¢, and thus it descends
to a homomorphism

v:m (Y)— Dif f(X, Fx),
¥ (@[ (@0)] = 4 (9) @ (@.b)] , g em (V).
Now we form the suspension

M=Y x4, X
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= {[(37733') (7, 2') = (g7, ¥ () ) for some g € 11 (V)] : (7,2) €Y x X} ,

which is naturally endowed with the foliation Fj; whose leaves are equivalence
classes [(7, Lx)] € Y Xy Fx with Ly € Fx (not unique in Lx). This foliation
will be a Riemannian foliation if we pull back any metric on Y via Y Xy X =Y
and choose a metric on each fiber (= X) that is flat. Note that we will need
to modify the fiberwise metric as a function of y € Y so that v (g) acts by

transverse isometries on the fibers. Specifically, let A = % be one eigenvalue

T
corresponding to the eigenvector V; = (1, 1+2‘/5> of ( 1 ; ), and let V5 denote

the other eigenvector corresponding to eigenvalue A=*. Choose a specific smooth
closed curve u — 74 (u) € Y corresponding to A € my (Y), with v4 (0) = 4 (1).
Letting ¢, and ¢, denote the (lifted) coordinates of T? corresponding to directions
V, and Vj respectively, x the coordinate on S!, choose

ds? = du® + dz? + \2dt2 + \"2ud3

to be the metric on the submanifold 77! (v4), where 7 : M =Y x, X — Y is
the projection. Similarly choose metrics along paths vg, 7o, vp, but this time
guaranteeing that the torus metrics on (¢,t2) agree after traversing the circle
(as well as on intersections coming from the other curves). Then we extend the
metric to a metric on M in any way so that it is fiberwise flat and that the metrics
on the horizontal submanifolds (Y parameter slices) are pullbacks of metrics on
Y. The resulting metric will be a bundle-like metric for (M, Fy). The metric
along the leaves may then be modified so that the mean curvature form « is basic-
harmonic and is thus a harmonic one-form, and it is the pullback of a one-form
on Y. By doing a line integral along v4 we see that x determines a nontrivial
class in H' (M), in fact in H' (Y). Thus (M, F) is nontaut.

By construction there are no basic forms except constants on X, and thus every
basic form on the codimension three foliation (M, F)s) is an element of Q* (V).
Thus, the ordinary basic cohomology groups are

dim H) (M, Fy) = 1, dim Hj (M, Fyy) = 4
dim H7 (M, Fy) = 1, dim H3 (M, Fyr) = 0.

Then the basic Euler characteristic satisfies x (M, Far) = —2, so that the twisted
basic cohomology groups are

dim F (M, Fyy) = 0, dim H (M, Fpy) = h*
dim H? (M, Furr) :E2, dim H3 (M, Fun) =0,

where h? —h! = —2. Note that Poincaré duality is not satisfied, because (M, Fy;)
is not transversally oriented. We have h? > 0, h! > 2.
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7.3. A transversally oriented example. We now modify the previous example
to produce a transversally oriented Riemannian foliation that is nontaut and has
nontrivial twisted basic cohomology.

First, let N be the connected sum of two copies of S' x S?, which has the
property that 7 (V) = Z * Z, the free group on two generators a; and as. Let

N be the universal cover of N, on which 7 (N) acts by deck transformations.
Let T3 = R3 /Z3, with a flat metric to be specified later. Choose n € R\ Q .
Consider the manifold

X=Nx,T?=NxT%/~
("f’ (CL?b’C)) ~ (5%790(5) (CL?b’C))’ g em (N)a

a suspension of 7% and a T® bundle over N, constructed using the homomorphism
@ :m (N) —Isom(T?) generated by

¢ (aq) (a,b,¢) = (—a,—b,—c)
¢ (a2) (a,b,¢) = (a,b,c+n)

for all (a,b,c) € T?® = R3,/Z?. We now exhibit a Riemannian foliation of X,
constructed as follows. First, observe that each ¢ (3) is an isometry of T3, for

T
any given flat metric. Observe that the lines in 7° parallel to (1, 1+\/5, O) , one

2
1 10

eigenvector of the matrix B= | 1 2 0 |, are preserved by these isometries.
001

For (by, co) € R? /Z?, the sets of the form

—— B - 3 5 -
Liyco = {(x,(a,bo,co)):IEN,&GR/Z,Z): +2\/_a—|—bg} CX' =NxT?

form a Riemannian foliation .7?;( Then the sets
Lbo,co = Lbo,co/ ~

form a Riemannian foliation Fx of the quotient X = N X ,T" that is transversally
oriented, again for any flat metrics. (We see that ¢ (a1), although orientation-
reversing as a map from T° to itself, is transversally orientation preserving.) Note
that Ly, ., = L. for any (b,c) in the orbit of (b, o) via the action generated
by b — %g + b, (b,c) — (=b,—c), ¢ — ¢+ n. Note that this codimension
two Riemannian foliation Fx is dense in X, and that it admits no basic vector
fields or basic one-forms. The only basic forms for this foliation are the constant
functions and constant multiples of the transverse volume form.

Next, let Y be a surface of genus 2 with universal cover Y = H. Then m; (Y) is
a group with presentation (A, B,C,D : ABCDA™'B~'C~'D~! =1). We define
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the homomorphism
bim (V) - Diff (X', Fx)
from 7 (V) to the group of foliated diffeomorphisms of (X ! ]f-:;(> defined by

¥ (A) (7, (a,b,¢)) = (F, (a+b,a+2b,c)),
Y(B)=¢(C)=v (D) =1

Since Ly, ., consists of lines parallel to one eigenvector of the matrix B, zZ (A)
maps leaves of Fx to themselves and commutes with the action ¢, and thus it
descends to a homomorphism

v:m (Y)— Dif f (X, Fx),
¥ (9) @ (a,b,0))] = | (9) @ (a,b,))| . g €m (V).
Now we form the suspension
M=Y x, X
={(@.2) 5 @) = (47,0 (9) ) for some g € m (V)] : (7.2) €V x X},

which is naturally endowed with the foliation Fj; whose leaves are equivalence
classes [(y, Lx)] € Y x4 Fx with Lx € Fx (not unique in Ly). This foliation will
be a Riemannian foliation if we pull back any metric on Y via Y x;, X — Y and

choose a metric on each fiber (=2 X)) that is transversally flat. Note that we will
need to modify the fiberwise metric as a function of y € Y so that v (g) acts by

transverse isometries on the fibers. Specifically, let A = %5 be one eigenvalue

T
corresponding to the eigenvector V; = (1, 1+2\/5, 0) of B, let V; denote the other

eigenvector corresponding to eigenvalue A1, and let e3 = (0,0, 1)T. Choose a
specific smooth closed curve u — 74 (u) € Y corresponding to A € m (Y),
with 74 (0) = v4(1). Letting ¢, t5, t3 denote the (lifted) coordinates of 7%
corresponding to directions Vi, V5, e3 respectively, x the coordinate on N, choose

ds® = du® + da® + N*dt? + \"2dts + dit3

to be the metric on the submanifold 77! (y4), where 7 : M =Y x, X — Y is
the projection. Similarly choose metrics along paths vg, 7o, vp, but this time
guaranteeing that the torus metrics on (t1, ta,t3) agree after traversing the circle
(as well as on intersections coming from the other curves. Then we extend the
metric to a metric on M in any way so that it is fiberwise flat and that the metrics
on the horizontal submanifolds (Y parameter slices) are pullbacks of metrics on
Y. The resulting metric will be a bundle-like metric for (M, Fy;). The metric
along the leaves may then be modified so that the mean curvature form & is basic-
harmonic and is thus a harmonic one-form, and it is the pullback of a one-form



26 G. HABIB AND K. RICHARDSON

on Y. By doing a line integral along v4 we see that x determines a nontrivial
class in H' (M), in fact in H' (Y). Thus (M, F) is nontaut.

By construction there are no basic forms except constants and constant multi-
ples of the transverse volume form vx on X, and thus every basic form on the codi-
mension four foliation (M, Fyy) is of the form w; + wy A vy with wy,wy € Q* (V).
Thus, the ordinary basic cohomology groups are

dim H) (M, Fyy) =1, dim H} (M, Fyr) = 4
dim H3 (M, Fyy) = 2, dim H3 (M, Fy) = 4, dim Hj (M, Fyy) = 1.

Then the basic Euler characteristic satisfies x (M, Fyr) = —4, so that the twisted
basic cohomology groups are

dim H® (M, Fay) =0, dim H' (M, Fpy) = b
dim H? (M, Fy) = h2, dim H* (M, Fyy) = h* = b, dim H* (M, Fyy) = 0,

where h2 — 2h! = —4. Since the mean curvature form as a form on Y agrees
with the mean curvature form in the previous example and because the basic
one-forms are the same, we must have h® = ht > 2, h2 >0 .
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