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ABSTRACT. We prove a formula for the multiplicities of the index of an equi-
variant transversally elliptic operator on a G-manifold. The formula is a sum
of integrals over blowups of the strata of the group action and also involves eta
invariants of associated elliptic operators. Among the applications, we obtain
an index formula for basic Dirac operators on Riemannian foliations, a problem
that was open for many years.
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1. INTRODUCTION

Suppose that a compact Lie group G acts by isometries on a compact, con-
nected Riemannian manifold M, and let E = ET@®E~ be a graded, G-equivariant
Hermitian vector bundle over M. We consider a first order G-equivariant differ-
ential operator D = Dt: T'(M, E") — T'(M, E~) that is transversally elliptic,
and let D~ be the formal adjoint of D*.

The group G acts on I' (M, E*) by (gs) (x) = g - s (g 'x), and the (possibly
infinite-dimensional) subspaces ker (D) and ker (D ™) are G-invariant subspaces.
Let p: G — U (V,) be an irreducible unitary representation of G, and let y, =
tr (p) denote its character. Let I' (M, E*)” be the subspace of sections that is the
direct sum of the irreducible G-representation subspaces of T' (M, E*) that are
unitarily equivalent to the representation p. It can be shown that the extended
operators

D,s: H* (D (M,E")") — H* ' (D (M, E")")
are Fredholm and independent of s, so that each irreducible representation of G

appears with finite multiplicity in ker D* (see Corollary . Let api € Z>q be
the multiplicity of p in ker (D*).
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The study of index theory for such transversally elliptic operators was initiated
by M. Atiyah and I. Singer in the early 1970s (J2]). The virtual representation-
valued index of D is given by

ind“ (D) := Z (at —a,) ],

where [p] denotes the equivalence class of the irreducible representation p. The
index multiplicity is

. _ 1.
ind” (D) :=af —a, = . ind <D|F(M7E+)P_>F(M7E7)p> .
P
In particular, if pg is the trivial representation of GG, then

ind” (D) = ind <D|F(M,E+)GHF(M,E—)G> )

where the superscript GG implies restriction to G-invariant sections.

There is a clear relationship between the index multiplicities and Atiyah’s
equivariant distribution-valued index ind, (D); the multiplicities determine the
distributional index, and vice versa. Let {Xj, ..., X} be an orthonormal basis of
the Lie algebra of G. Let Ly, denote the induced Lie derivative with respect to
X on sections of E, and let C' =} . L%, Lx, be the Casimir operator on sections

of E. The space I' (M, E*)” is a subspace of the \,-eigenspace of C'. The virtual
character ind, (D) is given by (see [2])

ind, (D) = “tr(g|kerD+) —tr (g|kerD*) 7

= ind” (D) x,(g).

Note that the sum above does not in general converge, since ker D" and ker D~
are in general infinite-dimensional, but it does make sense as a distribution on
G. That is, if dg is the normalized, biinvariant Haar measure on G, and if
¢ =04+ cyx, € C*(G), with § orthogonal to the subspace of class functions
on (G, then

ind, (D) (¢) = © G¢(9) indy (D) dg”

=Y i’ (D) [ 6(9) X, (0) dg = 3 i (D)

P p

an expression which converges because ¢, is rapidly decreasing and ind” (D) grows
at most polynomially as p varies over the irreducible representations of G. From
this calculation, we see that the multiplicities determine Atiyah’s distributional
index. Conversely, let a: G — U (V,,) be an irreducible unitary representation.
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Then
ind. (D) (xa) = Y ind” (D) / Xa (9) Xp (9) dg = ind® D,

P
so that in principle complete knowledge of the equivariant distributional index
is equivalent to knowing all of the multiplicities ind” (D). Because the opera-
tor Dlpys g+yo -y 18 Fredholm, all of the indices ind“ (D) , ind, (D), and
ind” (D) depend only on the stable homotopy class of the principal transverse
symbol of D.

Let us now consider the heat kernel expression for the index multiplicities.
The usual McKean-Singer argument shows that, in particular, for every t > 0,
the index ind” (D) may be expressed as the following iterated integral:

ind” (D) = / / str g+ K (¢, 97z, 2) x,(9) dg |dz|
zeM JgeG

(1.1)
= / / (trg- Kt (t,g7'w,z) —tr g- K~ (t,g 'z, 2)) X, (9) dg |dz|
zeM JgeG

where K* (t,-,-) € T' (M x M, E¥ X (E*)") is the kernel for e HPTDFHO-N) o
[ (M, E*), letting |dz| denote the Riemannian density over M.
A priori, the integral above is singular near sets of the form

U rxXx G, CMxGaG,
Gz€[H]

where the isotropy subgroup G, is the subgroup of G that fixes x € M, and [H]
is a conjugacy class of isotropy subgroups.

A large body of work over the last twenty years has yielded theorems that ex-
press indy (D) and [,, (tr g- Kt (t,97 'z, 2) —tr g- K~ (t,g" '@, )) |dz|in terms
of topological and geometric quantities, as in the Atiyah-Segal-Singer index the-
orem for elliptic operators [6] or the Berline-Vergne Theorem for transversally
elliptic operators [10],[I1]. However, until now there has been very little known
about the problem of expressing ind” (D) in terms of topological or geometric
quantities which are determined at the different strata of the G-manifold M.
The special case when all of the isotropy groups are the same dimension was
solved by M. Atiyah in [2], and this result was utilized by T. Kawasaki to prove
the Orbifold Index Theorem (see [33]). Our analysis is new in that the integral
over the group in is performed first, before integration over the manifold,
and thus the invariants in our index theorem are very different from those seen
in other equivariant index formulas. Theorem [9.2] gives a formula for the Fourier
coefficients of the virtual character instead of the value of the character at a
particular g € G.

Our main theorem (Theorem expresses ind” (D) as a sum of integrals over
the different strata of the action of G on M, and it involves the eta invariant
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of associated equivariant elliptic operators on spheres normal to the strata. The
result is

(D)= | ERICNTED WICHE

F (%a;) = 2 dirln sz nbranlk Wwe <_q7 <D5+7b> th <Di+7b> )/G A (7) dz].

beB \Eaj

(The notation will be explained later; the integrands Af (z) and Af, (x) are the
familar Atiyah-Singer integrands corresponding to local heat kernel supertraces
of induced elliptic operators over closed manifolds.) Even in the case when the
operator D is elliptic, this result was not known previously. Further, the formula
above gives a method for computing eta invariants of Dirac-type operators on
quotients of spheres by compact group actions; these have been computed previ-
ously only in some special cases. We emphasize that every part of the formula
is explicitly computable from local information provided by the operator and
manifold. Even the eta invariant of the operator Dfu“b on a sphere is calculated
directly from the principal symbol of the operator D at one point of a singular
stratum. The de Rham operator provides an important example illustrating the
computability of the formula, yielding a new theorem expressing the equivariant
Euler characteristic in terms of ordinary Euler characteristics of the strata of the
group action (Theorem [10.1).

One of the primary motivations for obtaining an explicit formula for ind” (D)
was to use it to produce a basic index theorem for Riemannian foliations, thereby
solving a problem that has been open since the 1980s (it is mentioned, for exam-
ple, in [19]). In fact, the basic index theorem is a consequence of the invariant
index theorem (Theorem, corresponding to the trivial representation py. This
theorem is stated in Section [10.4] We note that a recent paper of Gorokhovsky
and Lott addresses this transverse index question on Riemannian foliations. Us-
ing a different technique, they are able to prove a formula for the basic index of
a basic Dirac operator that is distinct from our formula, in the case where all the
infinitesimal holonomy groups of the foliation are connected tori and if Molino’s
commuting sheaf is abelian and has trivial holonomy (see [23]). Our result re-
quires at most mild topological assumptions on the transverse structure of the
strata of the Riemannian foliation and has a similar form to the formula above
for ind” (D). In particular, the analogue for the Gauss-Bonnet Theorem for Rie-
mannian foliations (Theorem is a corollary and requires no assumptions on
the structure of the Riemannian foliation.

There are several new techniques in this paper that have not been explored pre-
viously. First, the fact that ind” (D) is invariant under G-equivariant homotopies
is used in a very specific way, and we keep track of the effects of these homotopies
so that the formula for the index reflects data coming from the original operator
and manifold. In Section [7] we describe a process of blowing up, cutting, and
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reassembling the G-manifold into what is called the desingularization, which also
involves modifying the operator and vector bundles near the singular strata as
well. The result is a G-manifold that has less intricate structure and for which
the heat kernels are easier to evaluate. The key idea is to relate the local asymp-
totics of the equivariant heat kernel of the original manifold to the desingularized
manifold; at this stage the eta invariant appears through a direct calculation on
the normal bundle to the singular stratum. We note that our desingularization
process and the equivariant index theorem were stated and announced in [42]
and [43]; recently Albin and Melrose have taken it a step further in tracking
the effects of the desingularization on equivariant cohomology and equivariant
K-theory ([I]).

Another new idea in this paper is the decomposition of equivariant vector
bundles over G-manifolds with one orbit type. A crucial step in the proof required
the construction of a subbundle of an equivariant bundle over a G-invariant part
of a stratum that is the minimal G-bundle decomposition that consists of direct
sums of isotypical components of the bundle. We call this decomposition the
fine decomposition and define it in Section A more detailed account of this
method will appear in [25].

There are certain assumptions on the operator D that are required to pro-
duce the formula in the main theorem, mainly that it has product-like structure
near the singular strata after a G-equivariant homotopy. We note that most of
the major examples of transversally elliptic differential operators have the re-
quired properties. In fact, in [39], a large variety of examples of naturally defined
transversal operators similar to Dirac operators are explored and shown under
most conditions to provide all possible index classes of equivariant transversally
elliptic operators. These operators almost always satisfy the required product
condition at the singular strata (see Section . Further, we note that when
the basic index problem for transverse Dirac-type operators on Riemannian fo-
liations is converted to an invariant index problem, the resulting operator on
the G-manifold again satisfies the required assumptions, under mild topological
conditions on the bundle and principal transverse symbol of the operator.

The outline of the paper is as follows. We first review the stratification of
G-manifolds in Section [2| and establish the elementary properties of transversally
elliptic operators in Section [3] In Section [, we discuss equivariant analysis on
manifolds with one orbit type and decompose equivariant bundles over them in
various ways, including the fine decomposition mentioned above. The relevant
properties of the supertrace of the equivariant heat kernel are discussed in Sec-
tion 5] In Section [6.2, we compute the local contribution of the supertrace of
a general constant coefficient equivariant heat operator in the neighborhood
of a singular point of an orthogonal group action on a sphere. It is here that
the equivariant index is related to a boundary value problem, which explains
the presence of eta invariants in the main theorem. In Section (7] we describe
the iterative process of desingularizing the G-manifold near a minimal stratum
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and producing a double of the manifold with one less stratum. We apply the
heat kernel analysis, representation theory, and fine decomposition to produce
a heat kernel splitting formula in Section [8] This process leads to a reduction
theorem for the equivariant heat supertrace (Theorem . The main theorem
follows and is stated in Section[9.2] Several examples are discussed in Section [I0}
these examples show that all of the terms in the formula above are nontrivial.
The basic index theorem for Riemannian foliations is stated and discussed in
Section [10.4

We note that other researchers have investigated transverse index theory of
group actions and foliations in noncommutative geometry and topology; these
papers answer different questions about the analysis and topology of certain
groupoids (see [17]). A survey of index theory, primarily in the noncommuta-
tive geometry setting, can be found in [34].

We thank James Glazebrook, Efton Park and Igor Prokhorenkov for help-
ful discussions. The authors would like to thank variously the Mathematisches
Forschungsinstitut Oberwolfach, the Erwin Schrodinger International Institute
for Mathematical Physics (ESI), Vienna, the Department for Mathematical Sci-
ences (IMF) at Aarhus University, the Centre de Recerca Matematica (CRM),
Barcelona, and the Department of Mathematics at TCU for hospitality and sup-
port during the preparation of this work.

2. STRATIFICATIONS OF (G-MANIFOLDS

In the following, we will describe some standard results from the theory of Lie
group actions (see [13], [31]). Such G-manifolds are stratified spaces, and the
stratification can be described explicitly. In the following discussion, G is a com-
pact Lie group acting on a smooth, connected, closed manifold M. We assume
that the action is effective, meaning that no g € G fixes all of M. (Otherwise, re-
place G with G/ {g € G : g = x for all x € M }.) Choose a Riemannian metric
for which G acts by isometries; average the pullbacks of any fixed Riemannian
metric over the group of diffeomorphisms to obtain such a metric.

Given such an action and x € M, the isotropy or stabilizer subgroup G, < G
is defined to be {g € G : gx = x}. The orbit O, of a point x is defined to be
{gx : g € G}. Since G, = gG,g~*, the conjugacy class of the isotropy subgroup
of a point is fixed along an orbit.

On any such G-manifold, the conjugacy class of the isotropy subgroups along
an orbit is called the orbit type. On any such G-manifold, there are a finite
number of orbit types, and there is a partial order on the set of orbit types. Given
subgroups H and K of G, we say that [H] < [K] if H is conjugate to a subgroup
of K, and we say [H] < [K] if [H] < [K] and [H]| # [K]. We may enumerate the
conjugacy classes of isotropy subgroups as [Go|,...,[G,]| such that [G;] < [G|]
implies that ¢ < j. It is well-known that the union of the principal orbits (those
with type [Go]) form an open dense subset M of the manifold M, and the other
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orbits are called singular. As a consequence, every isotropy subgroup H satisfies
[Go] < [H]. Let M; denote the set of points of M of orbit type [G;] for each j; the
set M; is called the stratum corresponding to [G;]. If [G;] < [Gy], it follows that
the closure of M; contains the closure of Mj. A stratum M; is called a minimal
stratum if there does not exist a stratum M)}, such that [G;] < [G}] (equivalently,
such that M, C M;). It is known that each stratum is a G-invariant submanifold
of M, and in fact a minimal stratum is a closed (but not necessarily connected)
submanifold. Also, for each j, the submanifold Ms; :== |J M, is a closed,
[Gk]=[Gj]
G-invariant submanifold.

Now, given a proper, G-invariant submanifold S of M and ¢ > 0, let T.(S)
denote the union of the images of the exponential map at s for s € S restricted
to the open ball of radius € in the normal bundle at S. It follows that T.(S) is
also G -invariant. If M; is a stratum and ¢ is sufficiently small, then all orbits
in T, (M;) \ M; are of type [G}], where [G)] < [G,]. This implies that if j < &,
M; N M, # @, and M}, C M;, then M; and M intersect at right angles, and
their intersection consists of more singular strata (with isotropy groups containing
conjugates of both Gy, and Gj;).

Fix ¢ > 0. We now decompose M as a disjoint union of sets Mg, ..., M:. If
there is only one isotropy type on M, then r = 0, and we let M§ = X5 = My = M.
Otherwise, for j =r,r —1,...,0, let &; = 27, and let

(2.1) w5 =M\ | Mg
k>j
(2.2) M =T, (M;)\ | Mz,
k>j
Thus,

T. (35) € M;, X5 C M;.
The following facts about this decomposition are contained in [31, pp. 203ff]:

Lemma 2.1. For sufficiently small € > 0, we have, for everyi € {0,...,r}:

(1) M = ]_[]\LE (disjoint union).

i=0

(2) Mg is a union of G-orbits; 35 is a union of G-orbits.

(3) The manifold MF is diffeomorphic to the interior of a compact G -manifold
with corners; the orbit space M7 /G is a smooth manifold that is isometric
to the interior of a triangulable, compact manifold with corners. The same
18 true for each X5.

(4) If [G;] is the isotropy type of an orbit in M;, then j <i and [G;] < [G,].

(5) The distance between the submanifold M; and M for j > i is at least €.
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Remark 2.2. The lemma above remains true if at each stage 7. (M) is replaced
by any sufficiently small open neighborhood of M; that contains T} (M;), that is
a union of G-orbits, and whose closure is a manifold with corners.

Let v be a geodesic orthogonal to M; through w € M;. This situation occurs
exactly when this geodesic is orthogonal both to the fixed point set M of G;
and to the orbit O, of G containing w. For any h € Gj, right multiplication
by h maps geodesics orthogonal to M%i through w to themselves and likewise
maps geodesics orthogonal to O,, through w to themselves. Thus, the group G;
acts orthogonally on the normal space to w € M; by the differential of the left
action. Observe in addition that there are no fixed points for this action; that is,
there is no element of the normal space that is fixed by every h € G;. Since G;
acts without fixed points, the codimension of M; is at least two if G; preserves
orientation.

3. PROPERTIES OF TRANSVERSALLY ELLIPTIC OPERATORS

Let G be a compact Lie group, M be a compact, Riemannian G-manifold, and
E — M a G-equivariant Hermitian vector bundle. For the following construc-
tions, we refer to [14]. The unitary G-representation on L? (M, E) admits an
orthogonal Hilbert sum decomposition with respect to equivalence classes [p] of
irreducible representations p: G — U (V,):

(3.1) L*(M,E)= P L*(M,E),®cV, .
[pleG

The component L? (M, E),, of type [p] is given by
L* (M, E), = Homg (V,, L* (M, E)) = L* (M, E ¢ V;)°

and (3.1)) is determined up to unitary equivalence by the inclusions (evaluation
maps)

(3.2) ip: L*(M,E), ®cV, — L* (M, E).

We define L? (M, E)” C L* (M, E) to be the image i, <L2 (M, E), ®c Vp> and

I'(M,E)Y =T (M,E)NnL*(M,E)".
The orthogonal projections

P,: L*(M,E) — L* (M, E)"
are given by integration over G:
L*(M,E) 2 [* (M, E) @c Ende (V) 2 L* (M, E ®c V;) @c V,

JeS 12 (M, B e V) @cV, 2 L2 (M, B
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Lemma 3.1. Let p be an irreducible unitary representation of a compact Lie
group G on a complex vector space V,. Let x, () = tr p(-) be the character of p,
and let a: G — U (Q) be any other representation on a Hermitian vector space
Q. Let dh denote the volume form induced by the biinvariant, normalized metric
onG. Let P: Q) — @ denote the projection onto the the subspace of ) on which
the restriction of o is of type p. Then the following equation of endomorphisms
of Q holds:
1

e - P
JRACHORE

Proof. If F is a class function on G, then for any element g € G,
a(g)/ F(h)a(h) dh = / F(h)a(g)a(h) dh
G G

= / F(h)a (ghg_l) dh «a(g), and letting h= ghg™?
G

— /GF (g’%g) a (%) dh o (g9) since dh is biinvariant

:/Gp(z)a@) dﬁa(g):/cmma(h) dh o (g),

so [, F (h)a(h) dh commutes with a (g) for all g € H. One can see easily that
this remains true if we restrict the endomorphisms to an irreducible component
Q" of type 3. Schur’s Lemma implies that on this component [, F (k) (h) dh
is a constant multiple of the identity Iz. We evaluate the constant by taking
traces. In particular, on this component,

/X_p(h) a (h) dh:/x_p(h) B (h) dh = clz implies
G G

/X_p(h)Xﬁ(h) dh =c dimV, , so
e

1 ifg=
_ ) dmvy, ! p
c {0 ,,

otherwise . O

Given a group representation 6 : G — U (Vp) and an irreducible representation
p: G — U (V;) of the compact Lie group G, the multiplicity space of p in 0 is

Homg (V,, Vp)
and the multiplicity of p in 6 is
dim Homg (V,, Vp) .

Given a subgroup H of G, and a representation o: H — U (W,), we may form
the homogeneous vector bundle G x g W, — G H. The space

Ind (0) = L2 (G/H,G xz W,)
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of sections is a representation space for G, called the representation of G in-
duced by o, or simply the induced representation. By the Frobenius reciprocity
theorem, Ind is the right adjoint functor to Res, the restriction functor. That is,
given a representation 7: G — U (V}), Vies(r) is the representation space V, with
H-representation Res (1) = 7|5, and the multiplicity space of 7 in Ind (o) satisfies

Homg (V;,Ind (0)) = L* (G /H, (G x g W,) ®c V)°
= HOHlH (VRGS(T)7 WO’)
for every representation o: H — U (W,). This follows from the fact that a

section s of the homogeneous vector bundle G x W, is given by an H-equivariant
function fs: G — W, and f is a G-invariant section if and only if f; is a constant

in WH.

Let D be a G-equivariant, symmetric differential operator of order k& on
['(M, E), which is transversally elliptic with respect to the G-action (see [2]).
This means that the principal symbol oy (D) (§) of D is invertible on all nonzero

§els (M), ={£eT; (M) [£(X)=0
for every X tangent to the orbit at x}.
Then D? is a G-equivariant, symmetric differential operator of order 2k on

[' (M, E), which is transversally strongly elliptic.
The following proposition is contained to some extent in [2] and [14].

Proposition 3.2. Let D be a G-equivariant, symmetric, transversally elliptic
differential operator of order k on T' (M, E) .

(1) The operators
D,=(D®I.)"=D®]I,

I(M,E),

(and their powers) are essentially self-adjoint on L? (M, E) , and generate
the self-adjoint operators Dy =S, .

(2) The operator D (and its powers) is essentially self-adjoint on L* (M, E)
and generates a G-equivariant, self-adjoint operator R. With respect to
the Hilbert sum decomposition , the operator R decomposes as a sum

R = S, @1, .
[leG
(3) Each component S, has discrete spectrum without finite accumulation
points and admits a complete system of smooth eigensections, and we
have

E\(R), = Ex(S,) = Ex(D,).

(4) For each [p] € G, the eigenspaces of S, ® 1, are finite G-modules of the
form
E\ (Sp ® Ip) = E) (Sp) ®c Vp :
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Proof. Dz is completed to a strongly elliptic operator 13,, by adding the k™
power of an appropriate Casimir operator, restricting to Df) on L?(M, E) p =

L? (M E ®c V*) . It follows that Dz is essentially self-adjoint. Furthermore,
<D + [) is an isomorphism from the Sobolev space H* (M, E) to L* (M, E).

To see that the operators D, are essentially self-adjoint and generate the self-
adjoint operators S, on L* (M, E)p, suppose that Du = 4 u, with u nonzero in

the domain Dom (D%). Then we have
(Dys, u) = (s, Dyu) = Fu (s,u)
for all s € I' (M, E) . Therefore,
(D2s,u) = (Dys, Diu) = Fu(Dys,u) = Fu (s, Diu) = — (s, u).
That is,
(5, (Dy+1) w) = (s, (D2 +1)"w) = (D2 + 1) 5,u) =0

a contradiction.
Next, the family {Sp}[p] ca of self-adjoint operators defines a G-equivariant,

self-adjoint operator

on L? (M, E) whose domain is given by

. u, € Dom (S,) ®c I,,
U=y G
] (gl + 1S, @ L) ug|?) < oo

and satisfies P,Dom (R) = Dom (S,) ® I, C Dom (R). Thus

Ru:Z(Sp@)Ip)up, u € Dom (R), u, = P,u.
[e)

For s e I' (M, E), u € Dom (R), we have
(5, Ru) = Z <Pp57 <Sp ® Ip) up>

[p]

= Z o ®1,) Pys,uyp)
[p]

=> (PDs,u,) => (Ds,u,) = (Ds,u),
[p] [p)

and thus Dom (R) C Dom (D*). Since the operators S, = D3* = Dy are the

closures of the components D, of D and S, ® I, = D¥* ® I, = (D, ® 1,)"™", it
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follows that
p*=PD,e1)" =PSs,e1,=R.
[p] (o]

Since R is self-adjoint, it follows that D is essentially self-adjoint with closure
R. O

Corollary 3.3. The operators D, induce operators Ems
D, H* (' (M,E")") — H ' (T (M,E™)")
that are Fredholm and independent of s.

Corollary 3.4. D admits a complete system of smooth eigensections. Since the
spectrum is given by Spec (D) = |, Spec(D,), it need not be discrete, and
the eigenvalues may have infinite multiplicities.

Note that the eigenvalue counting function of D? (of order 2k) satisfies the
asymptotic formula

N(\):=)>_ dimE) (D,)

(3.3) ~ A"k

where m is the dimension of M /G (see [I4], applied to the strongly elliptic
operator D* +C — \,).

4. THE CASE OF ONE ISOTROPY TYPE

In this section we consider the equivariant index problem and representation
theory in the case where the group action has one isotropy type. The interested
reader may consult the paper [25] to obtain more detailed exposition and more
explicit and extensive results on G-bundles over manifolds with one isotropy type.

4.1. Induced bundles over the orbit space. The statements in this subsec-
tion are for the most part known (see, for example, [14]), but we will use them
later in the paper. Let G be a compact Lie group, and let X be a (not necessar-
ily closed) Riemannian G-manifold, and suppose that there is only one isotropy
type. For all 2 € X, let O, denote the orbit Gz. Let X denote the manifold
G\ X, and let 7: X — X denote the projection. The metric g on X induces a
metric § on X defined uniquely by

G (70, maw) = (vl (0,) ™) g (0, 0)
for any x € X and v,w € N, (O,) C T, X. The scale factor is chosen so that
vol X =vol X. Let E be a Hermitian, G-equivariant vector bundle over X, and
let p: G — U (V,) be an irreducible unitary representation. Denote by G, the
isotropy group at z € X. Define the vector spaces &€, (O,) and £ (O,) by

&, (0,) = L*(O,, E),, = Homg (V,, L? (0., E))
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= HOHIG (va, L2 (Ox, G XGI Ex))
>~ Homg, (V,, B.) = (B, ® V),
E7(0s) 1= L* (Or, E) =i, (€, (7 (x)) ®c V).

Note that i, above is not necessarily one to one. Both &,(O,) and £ (O,) are
well-defined vector spaces whose dimensions are constant, and moreover &, (-)
and & (-) form Hermitian vector bundles over X (see [14, Lemma 1.2 ff]). In
fact, the vector spaces E,, defined for each x € X by

E,.=Homg, (V,, E;)

form a G-invariant subbundle E, of Hom (V,, E') over X. The Hermitian structure
on £° is defined uniquely by

(s1, 32>71-(:e) = (s1(2), 52 (2)),
for every x € X. With these choices, we have canonical isomorphisms

I'(X,6) =T (X,E,)=TI'(X,E),, I (X,6") 2T'(X,E)
(41)  L’(X.§)2L*(X,E,)° 2L*(X,E),, I*(X,) 2 L*(X,E).

If E has a grading, there are gradings induced on &, and £” in the obvious way.

4.2. Equivariant operators on G-manifolds with one orbit type. Given
a transversally elliptic, G-equivariant operator D on sections of E over X, the
operator

Dr = D|F(X,E)f’

induces an operator, called D?, on sections of £ over X. Similarly, D induces
an operator D, on sections of &, over X. Furthermore, D? and D, are elliptic
operators. If D is essentially self-adjoint on X, then D” and D, are also essentially
self-adjoint on L2 (7, Ep) and L2 (7, Sp). The supertrace of the equivariant
heat kernel corresponding to D restricted to I' (X, E)” can be identified with the
supertrace of the (ordinary) heat kernel associated to the elliptic operator D? on
I'(X,&) (similarly D, on T (X,£,).)
Thus,

B 1
~ dim V,
= 1nd (DP) 9

ind” (D) ind (D”)

which is the Atiyah-Singer index of the elliptic operator D, on the base manifold
X. This is also a special case of our main theorem (Theorem [9.2)).



THE EQUIVARIANT INDEX 15

4.3. The normalized isotypical decomposition. We retain the notation of
the previous subsections. For further detail regarding topics in this section, we
refer the reader to [25]. Again, we emphasize that X has one isotropy type [H],
so that the orbits form a Riemannian foliation of X. Let N = N (H); note that
N-bundles over the fixed point set X induce G-bundles over X and vice versa.

Let E — X be a given G-equivariant vector bundle over X. For each z €
XH et g, = {[oc: H— U (W,)] irreducible : Homg (W,, E,) # 0} be the set
of equivalence classes of irreducible representations of H present in E,; by rigidity,

Y, is locally constant in z. Let ¥ = |J Xpg,. The isotypical (or primary)
rzeXH
decomposition of the H-module E, is of the form

E,= B EY

[o]€XE,
where

Ell =i, (Homy (W,, E,) @ W,).

Note that the representations EY are not necessarily irreducible. Further, these
subspaces do not necessarily form N-equivariant bundles as x varies over
X" c X. In particular, if the normalizer N is disconnected it may be the case
that an element n € N maps a primary component Eg[ca] to an inequivalent pri-
mary component of E,,, and nxz € X, The representation of H on nEg[f] C E,;
is given by

hv=n (n_lhn) (n_lv) ,he HveFE,
so that the representation on nEg[f] is equivalent to a direct sum of representations
of type [¢F : H — U (W,,)] defined by
(4.2) on (h) =0, (n"'hn) .
For this reason, we will instead use a more coarse decomposition of F,. For each
n € N, we see that B = n~! <E,[{Z,]>, an H-invariant subspace of E, that is
the primary [¢"]-part of the representation of H on E,. The representation of H

on EX is equivalent to the representation of H on nEY ¢ E,.. We say that
the two representations o, and o are normalizer-conjugate. It is often the
case that ¢ is equivalent to o,; as explained in [25], the rigidity of irreducible
representations implies that the set

Ny ={n € N:[o"] =[o]},
is a subgroup of N such that N/N[U] is finite. Let ny,...,ny € N be elements
such that N/j\vf[g} = {nlﬁ[g] Yo ,nkﬁ[a]}. Let

T
B =@E ch,



16 J. BRUNING, F. W. KAMBER, AND K. RICHARDSON

Here, o is the set of equivalence classes of irreducible representations inside the
set {o" :n € N}, so that we see that the set of all (F,)” in E, is in fact indexed
by the finite set of such @. We decompose for each x € X C X,

E, = @ (EI>E'

g

These subspaces (E,)” are in fact invariant under the action of n € N and patch
together to form well-defined N-equivariant subbundles of E|, . Thus, G acts
on these subspaces to produce well-defined subbundles of F over each orbit, and
these subbundles patch together to form well-defined G-subbundles E!, ... E"
over X. In summary, we may decompose the vector bundle E as

(4.3) E=PE,

where each G-bundle E7 is the direct sum of primary components E° corre-
sponding to irreducible representations o of the isotropy subgroup that are all
normalizer-conjugate.  Further, the representations present in E7 are not
normalizer-conjugate to those present in E* for j # k. We call this the normal-
ized isotypical decomposition; see [25] for details. Let N be the connected
component of N relative to H, so that my (N,/H) = N/ N. If we denote by
ZV[U] the subgroup (of finite index) of N fixing [0] € X, so that N C N[U] CN
and E9lis N [r]-equivariant, we may rephrase the preceding construction by say-
ing that the normalized isotypical components are obtained by ‘inducing up’ the
isotypical components El°l from N[g] to N. That is, the normalized isotypical
component over X induced from [o] € X is the set
N xg B

This gives an N-subbundle of E over X* containing E°! that induces the nor-
malized isotypical component over all of X.

4.4. The refined isotypical decomposition. With notation as above, let X
be the fixed point set of H, and for a € m (X*7), let X’ denote the corresponding

connected component of X 7.

Definition 4.1. We denote X, = GXf, and X, is called a component of X
relative to G.

Remark 4.2. The space X, is not necessarily connected, but it is the inverse
image of a connected component of GN\.X = N\ X! under the projection
X — G\ X. Also, note that X, = Xp if there exists n € N such that
nX = X} If X is a closed manifold, then there are a finite number of compo-
nents of X relative to G.
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We now introduce a decomposition of a G-bundle £ — X over a (G-space
with single orbit type [H]| that is a priori finer than the normalized isotypical
decomposition. Let E, be the restriction E|, . As in the previous section, let
]V[U] = {n € N :[0"] is equivalent to [o] }. If the isotypical component EY s
nontrivial, then it is invariant under the subgroup N, ;] € Nj,; that leaves in

addition the connected component X invariant; again, this subgroup has finite
index in N. The isotypical components transform under n € N as

n: B = gl

where . denotes the residue class class of n € N in N/ NO{’M . Then a decom-

position of E is obtained by ‘inducing up’ the isotypical components EY from
Na’[g} to N. That iS,

EL]

a?[o'}

N —_ ~
E =N XNQ,[U]

is a bundle containing E] .- This is an N-bundle over NX7 C X", and
X

@

a similar bundle may be formed over each distinct NX%, with 3 € (X H )
Further, observe that since each bundle EY ) is an N-bundle over NXT it

defines a unique G bundle ESM.

Definition 4.3. The G-bundle EOCZM over the submanifold X, is called a fine
component or the fine component of £ — X associated to (a, [0]).

If G\ X is not connected, one must construct the fine components separately
over each X,. If E has finite rank, then F may be decomposed as a direct sum of
distinct fine components over each X,. In any case, Eiv 0] is a finite direct sum

of isotypical components over each XX

Definition 4.4. The direct sum decomposition of E|y into subbundles E® that
are fine components ESM for some [o], written

Ely = @Eb ,
b

is called the refined isotypical decomposition (or fine decomposition) of
El .

In the case where G\ X is connected, the group m (N, H) acts transitively
on the connected components g (X H ), and thus X, = X. We comment that if
[0, W,] is an irreducible H-representation present in E, with z € X2 then ELU]

is a subspace of a distinct E° for some b. The subspace E? also contains Eg[fn} for
every n such that nX = X
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Remark 4.5. Observe that by construction, for z € X the multiplicity and
dimension of each [o] present in a specific E? is independent of [o]. Thus, EY

and EY have the same multiplicity and dimension if nX* = X2

Remark 4.6. The advantage of this decomposition over the isotypical decom-
position is that each E° is a G-bundle defined over all of X, and the isotypical
decomposition may only be defined over X

This new decomposition is a priori a finer decomposition than the normal
isotypical decomposition into G-subbundles.

Definition 4.7. Now, let E be a G-equivariant vector bundle over X, and let
E’ be a fine component as in Definition corresponding to a specific com-
ponent X, = GXI of X relative to G. Suppose that another G-bundle W
over X, has finite rank and has the property that the equivalence classes of
G,-representations present in Es,y € X, exactly coincide with the equivalence
classes of Gy-representations present in Wy, and that W has a single component
in the fine decomposition. Then we say that W is adapted to E°.

Lemma 4.8. In the definition above, if another G-bundle W over X, has fi-
nite rank and has the property that the equivalence classes of G,-representations
present in Eg,y € X, exactly coincide with the equivalence classes of
Gy -representations present in W, then it follows that W has a single compo-
nent in the fine decomposition and hence is adapted to E°. Thus, the last phrase
in the corresponding sentence in the above definition is superfluous.

Proof. Suppose that we choose an equivalence class [o] of H-representations
present in W,, x € XX Let [0'] be any other equivalence class; then, by hypoth-
esis, there exists n € N such that nX = X and [0/] = [0"]. Then, observe
that nW. = W2 = Wl with the last equality coming from the rigidity of
irreducible H-representations. Thus, W is contained in a single fine component,
and so it must have a single component in the fine decomposition. O

4.5. Canonical isotropy G-bundles. In what follows, we show that there are
naturally defined finite-dimensional vector bundles that are adapted to any fine
components. Once and for all, we enumerate the irreducible representations
{ [pj, ij} }j:1 , of G. Let [0, W] be any irreducible H-representation. Let G'x
W, be the corfésponding homogeneous vector bundle over the homogeneous space
G H. Then the L?-sections of this vector bundle decompose into irreducible G-
representations. In particular, let [ij V},jo] be the equivalence class of irreducible
representations that is present in L? (G,/H,G x g W,) and that has the lowest
index jp. Then Frobenius reciprocity implies

0 # Homg (V,, , L*(G/H,G x5 W,)) = Homy (VRGS(%), Wg> ,
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so that the restriction of p;, to H contains the H-representation [¢]. Now, for a
component X2 of X with X, = GX its component in X relative to G, the
trivial bundle

Xoa XV,

is a G-bundle (with diagonal action) that contains a nontrivial fine component
W, o) containing X x (ijo)[g].

Definition 4.9. We call W, ;) — X, the canonical isotropy G-bundle as-

sociated to (a,[o]) € m (XT) x H. Observe that Wa, o] depends only on the
enumeration of irreducible representations of GG, the irreducible H-representation
[0] and the component X. We also denote the following positive integers asso-
ciated to Wy, [¢):

® My ) =dim Hompy (Wg, Wav[a]@) =dim Homy (WU, ijo) (the associated
multiplicity), independent of the choice of [0, W,] present in W 54 ,
z € X (see Remark [4.5)).

e dy ;) = dim W, (the associated representation dimension), indepen-
dent of the choice of [0, W,| present in Wy ), , z € X[

rank(Way[a] )

Ma, o] da, (o]

alent representations present in Wy jg)» , © € X, a

® Ny o] = (the inequivalence number), the number of inequiv-

Remark 4.10. Observe that W, o) = Wy o1 if [0'] = [0"] for some n € N such
that nX? = X1

The lemma below follows immediately from Lemma [4.8]

Lemma 4.11. Given any G-bundle E — X and any fine component E® of E
over some X, = GX! there exists a canonical isotropy G-bundle Wa, 0] adapted
to B — X,.

4.6. Decomposing sections in tensor products of equivariant bundles.
We now consider a method of decomposing sections of a tensor product of equi-
variant bundles. Suppose that E; — X is a (possibly infinite-dimensional)

G-equivariant vector bundle over a manifold with one orbit type [H]. Let X, =
GXI' C X, andlet E x, := Ei|y = @ E} be the fine decomposition (Definition
b

. Let Wb = Wa o] — Xo be the canonical isotropy G-bundle adapted to E?,

as in Definition and Lemma . Every [o] € H that is present in W? has
associated multiplicity m, , which is independent of z € X Let W} = @ W},

J
be the isotypical decomposition, so that each j refers to a distinct irreducible
H-representation type [0y, ;], each with dimension my,-d,, where d,, is the dimension
of that irreducible representation. Let Fy — X be another G-equivariant vector
bundle over X. Restricted to a single orbit O, = Gz in X,, let Ey o, = E2|OI.
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Then Frobenius reciprocity implies

Homg (Vp, r (Oa:a Eiom ® Eloz)) ® @ Homp (Wﬁw’ ij,x)
J

=~ Hompy (VReS(p), Efx ® sz) & EB Hompy (Wb Wabx)

]7I’

J

o @ Hompg (VRGS([,), Hompg (I/ijx, Efx) ® T/ijgg ® EQ@) )

J

Since Hompy (V[/be, E{’x) is a trivial H-space,

Homg (Vm r (Oma Eiom ® EZ(%)) ® @ Homp (Wyb,w’ ij,m)

J

= @ Hompy (Wﬁx, ng) ® Hompg (VRes(p)a M/gb,;c ® EQJC) :
J

Then
F (Oara Eij,om ® EZaOa:)p ® @ HOInH (Wﬁﬂ” Wﬂb’r)
J

W)

J,x?

=~ Homg (V,,T (Ou, BV o, ® Br0,)) ® V, ® @) Homy (W}

J

=~ (P Homy (W}, E},) @ Homy (Vies(p), W}, ® Eay) @V,
J

~ P Homy (W), E},) @T <OI, W E2>p :
J

where W;’ — (O, is the bundle G x HWJl»fr C Wt 0. with the identification x = eH.
Observe that the isomorphism above is an isomorphism of G-modules, where G
acts trivially on Hompg (Wﬁx, W]bx) and on Homp (Wﬁx, Ei’x) Let L: By — FEj4
be a G-equivariant bundle map, and let B: I' (X, Ey) — I'(X, E;) be a G-
equivariant operator. Let L?: E? — E? be the restriction. We note that L® acts

on B} =@ Homy (W}, B} ,)@W?!, by L' *®1, where L' »: Homp (W}, EV ) —

]’I’ J7x7

J
Hompg (W}’,x, Ei’x) acts by post-composing with L.
The following Lemma is a consequence of the derivation above and the slice

theorem.

Lemma 4.12. Let T. — O, be a tubular neighborhood of O, C X such that
T. = G xyD,, where x € D. C X is a ball transverse to O,. Then the operator
L® B®1 corresponds to L' *® (1 ® B)” through the isomorphism

[ (T By @ B)" @ @ Homy (W], W], )
J
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~ b b b r
@HomH (Wi, Bl ) T (T W e 1)

with the isomorphzsm given by evaluation. If @ denotes the graded tensor product,
then

~ @HomH <ij\Ds B, )8 (T W e By

I (1., BB E,)" @HomH (w2, wil,,

In the above, Wb = EB Wb 15 the 1sotypical decomposition.

5. PROPERTIES OF THE EQUIVARIANT HEAT KERNEL AND EQUIVARIANT
INDEX

5.1. The equivariant heat kernel and index. We now review some properties
of the equivariant index and equivariant heat kernel that are known to experts in
the field but are not written in the literature in the form and generality required
in this paper (see [2], [14], [15], [9]). With notation as in the introduction, let
E = Et @ E~ be a graded, G-equivariant vector bundle over M. We consider
a first order G-equivariant differential operator D*: I'(M,ET) — T'(M,E™)
which is transversally elliptic, and let D~ be the formal adjoint of D*. The
restriction D** = Di|r( M.E) behaves in a similar way to an elliptic operator.
Let C: I'(M,FE) — I'(M, E) be the Casimir operator described in the intro-
duction, and let A, be the eigenvalue of C' associated to the representation type
[p]. The following argument can be seen in some form in [2]. Given a section
a €' (M,ET)’, we have
D Dta = (D*DJr +C — )\p) o
Then DDt + C — A, is self-adjoint and elliptic and has finite dimensional
eigenspaces consisting of smooth sections. Thus, the eigenspaces of D™DV re-
stricted to T (M, E™)” are finite dimensional and consist of smooth sections, and
the index ind” (D) is well-defined. Further, the [p]-part Kl of the heat kernel of
e P P" is the same as the [p]-part of the heat kernel K (¢, -, -) of (D7 DHHO=N,)
Let
p1 < P2 <

be the eigenvalues of D~ D" + C' — ), repeated according to multiplicities, which
correspond to the L? orthonormal set of eigensections {ay,as,...}. We may
choose that basis so that each a; belongs to a specific irreducible representation

space of G. The kernel K+ of e_t<D_D++C_’\”> satisfies

K (t,z,y) Ze Proy, (z) @ (g (y))" € Hom (Ef, EF) .
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Observe that for all g € G,
g-K* (t,g_lx, a:) = Z e g oy (g_lx) ® (ay, ()"

_Ze tﬁkzn ) (Pyou) (2) @ (ag ()",

where the interior sum is over all equlvalence classes of irreducible unitary rep-
resentations 7 of G, and P, is the projection onto the [n]-component. By the
way we have chosen the basis {ay,aq, ...}, each P,y is either oy or 0, so in
fact (Pyar) () @ (ag (2))" = (Pyau) (2) @ (Pyay (2))". Next, let p be a particular
irreducible representation, and let y, be its character. By Lemma [3.1] if dg is
the biinvariant, normalized Haar volume form,

1
P d PP,
/g eGn(g) WXp (9) dg = TV,

aln

/GM/GG“ ) (Pyo) (2) @ (o (2))") X, (9) dg |da]
/eM /egtr ) (B ak)( ) ® (Pnak (x))*) m dg |dx|

. 1y
= rttn | o) @ o)) lde = iy,

where €] is 1 if oy, is a section of type n and 0 otherwise, and where d,, = 1 if
is equivalent to p and is zero otherwise. Using this information, we have that

_ 1
tr(g- K" (t,g 'z, 2)) x,(g) dg |dz| = — e~ Preh
fo [t G0 na) 5 v, 2
1 s
— [p]
dimV, Ze '
kol

where kP! are the specific positive integers corresponding to eigensections oy, of
type [p]. In summary,

—tDT D~ — —tBy1p)
(7 ) = 2
:dimVp/ / tr(g-K* (t,g7'z,2)) x,(9) dg |dz|.
zeM J geG

klp]
Similar arguments apply to the operator DTD~. The usual McKean-Singer
argument implies that the supertrace of the heat kernel K corresponding to

D = < DO+ %_ ) restricted to T' (M, ET & E~)” is the same as the index
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ind” (D). By the argument above,
(5.1) ind” (D) = / / str g+ K (t, 97"z, 2) x,(9) dg |dz|,
xeM JgeG

where K is the heat kernel of e “(2*+¢=*)  Since the heat kernel K changes
smoothly with respect to G-equivariant deformations of the metric and of the
operator D and the right hand side is an integer, we see that ind” (D) is stable
under such homotopies of the operator D through G-equivariant transversally
elliptic operators. This implies that the indices ind“ (D) and ind, (D) mentioned
in the introduction depend only on the G-equivariant homotopy class of the prin-
cipal transverse symbol of DT. (We knew this already because of the Fredholm
properties discussed in Section )

Note also that e~H(P*+C=*) differs from e~*(P*+C) by a factor of e !, so we
also have that

ind” (D) = lim/ / str g- K° (t,97'w,2) x,(9) dg |dz| ,
zeM JgeG

t—0

where K° is the heat kernel of e t(P*+C).

5.2. The asymptotic expansion of the supertrace of the equivariant heat
kernel. We now use Lemma 0 decompose M = |J._, M¢ into a disjoint union
of pieces so that the integral (5.1) can be simplified. Also, observe that the kernel
K and the metric on M are smooth functions of the operator DT and the metric
on M. As we have mentioned, the index ind” (D) is invariant under smooth,
G-equivariant perturbations of D and the metric. In particular, on each M for
i > 0 (ie not including My, the union of the principal orbits), in normal directions
to the singular stratum M;, we may flatten the metric, trivialize the bundles E*,
and make the operator D have constant coefficients with respect to the trivialized
normal coordinates. Hence,

ind” (D) = Z/ / str (g K (¢, g7 w,w)) x,(9) dg |dw]
T Jwems Jgea
(5.2)
=Y [ s (g ) () ) dy [dz L,
i (x,22)EME J geG

where we choose coordinates w = (z, z,) for the point expi (2,), where z € M;,
2y € B., = Bai. (N, (M;)), and exps is the normal exponential map. In the
expression above, |dz,| is the Euclidean density on N, (M;), and |dz|; is the
Riemannian density on M;. We note that the outer integral is not a true product
integral if M; is not the lowest stratum, because for the most part x € X; and
2y € Be, = Bai. (N, (35)), but to include all of Mg, some z € M; \ X5 and z,
away from the zero section may be needed; metrically, this is the integral over
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a cylinder of small radius whose ends are concave spherical (of larger radius)
instead of flat. Recall that K (t,¢7' (z,2,), (x, z,)) is a map from E, . ) = E,
to ngl(x’zz) = nglm.

One important idea is that the asymptotics of K (¢, g~ w, w) as t — 0 are com-
pletely determined by the operator’s local expression along the minimal geodesic
connecting ¢~ tw and w, if g7 'w and w are sufficiently close together. If the dis-
tance between ¢~!'w and w is bounded away from zero, there is a constant ¢ > 0
such that K (t,g7'w,w) = O (e7*/') as t — 0. For these reasons, it is clear that
the asymptotics of the supertrace ind” (D) are locally determined over spaces of
orbits in M, meaning that the contribution to the index is a sum of t%-asymptotics
of integrals of [, [, str (g K (t,g7'w, w)) X, (g9) dg |dw| over a finite collection
of saturated sets U C M that are unions of orbits that intersect a neighborhood
of a point of M. In particular, the index ind” (D) is the sum of the t° asymptotics
of the integrals over M¢. However, the integral of the ¢° asymptotic coefficient of
Jostr(g- K (t, g7 w, w)) x, (9) dg over all of M is not the index, and the integral
of the t° asymptotic coefficient of [} str (g- K (t,g 'w,w)) dvoly over all of G
is not the index. Thus, the integrals over M and G may not be separated when
computing the local index contributions. In particular, the singular strata may
not be ignored.

5.3. Heat kernel equivariance property. With notation as in the previous

—t(D=Dt+C-1,)

sections, the kernel KT of e satisfies

K* (t,2,y) = Zet%‘ @ (ax (y))" € Hom (B, Ef)

with {a; € T'(EY)} is an L2—0rthogonal basis of eigensections of A = D™Dt +
C — )\, corresponding to eigenvalues [3; > 0 (counted with multiplicity).

If g- denotes the action of g € G on sections of E, note that (g-u)(z) =

g-u (g 'z). The G-equivariance implies

9-(Aq;) = (A(g-5)),
or
Bilg-a;) =A(g- o),
so that {g - «;} is another L?-orthonormal basis of eigensections, and

Kt (tay)=> g a(gz)@[g-ax(g7'y)]
= Zeft,@kg -y, (g—lx) ® [ak (gfly)}* og !
(5.3) =g-K"(t,g'z,97'y)og™" € Hom(E,, E,).

Note that Hom (£, F) is a G-bundle, and it carries the left G-action defined on
L, € Hom (E,, E,) = E, ® EX by

geL,=g-L,og " € Hom (Ey, E,.),

gxs
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or
ge(vw')=(g-v)® (w*og’l-).
With this action,
ge (K+ (t,g_lzn,g_lz)) = K" (t,z,2).

Note g - K* (t,g 'z,z) € Hom(E,, E,). Observe that if we let L,, = ¢ -
K* (t,g 'z, z) € Hom (E,, E,), then

geLyy1.=g (9-K*(t,g" (¢ '), g 'x)) og!
— g/ .q- g/—lKJr (t’g/g—l (g/—lx) ’g/g/—lw) Ogl o g/—l
by , or
g/ ° Lg,g’*lz = (g/gg,_l) KT <t, (g/gg/_l)_l J],ZE) = Lg/gg/q,x .

This implies that

KT (t,z,2)’ = dim V"/Gg KT (t,g_lx,x) X, (9) dg

= dim V”/ (g’gg’*l) KT <t, (g’gg'il)_l 55717) Xp (9) dg,
G

by changing variables from ¢ to ¢'gg’~! for some fixed ¢ € G. By the formula
above, we obtain

K (t,z,z)’ = (dimV?) g - / g- K" (t,g7" (¢ '), 9 "2) x,(9) dgog ™"
=g K" (t, g’lz’, g'z) og
Equivalently, as sections of Hom (E, E), for all g € G,
K* (t,gz,g2) =ge K' (t,z,2)" =g- K" (t,z,2)" o g .
Furthermore, since the calculations above certainly apply to K,
trK™ (L, gz, g2)° = tr K* (¢, 2, 7)”,
(5.4) strK (t, gz, gr)’ = strK (t,x,x)".
Thus, these traces descend to functions on the orbit space. In order to evaluate

the integral of K= (t,z,z)” over a neighborhood of a singular stratum ¥, it is
sufficient to evaluate it over the normal bundle to X restricted to local sections
of ¥ — G\ 2.

Note that the calculations above may be applied to nonelliptic kernels. In
particular, we may let D be a fiberwise equivariant elliptic operator; then the
calculations above apply to it.
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6. THE EQUIVARIANT INDEX OF AN OPERATOR ON A SPHERE

The purpose of this section is to do an explicit calculation of local heat trace
asymptotics of a very specific type of operator; this analysis will apply to a much
more general situation later in the paper. We will relate the local equivariant
supertrace of a heat operator on Euclidean space to that of the natural pullback
of the operator to the radial blowup of the origin. In what follows, we will make
very explicit choices in order to do the calculation, but the final result will be
independent of those choices.

6.1. Polar coordinate form of constant coefficient operator on R*. In this
section, we consider the following situation. Let Q) : C*° (]Rk , (Cd) — O (Rk, (Cd)
be an elliptic, first order, constant coefficient differential operator, where k£ > 2.
Let

k
Ql = Z A]aj7
j=1
where by assumption A; € GL (d,C), and for any c=(cy,. .., cx) €ERF, det (3 ¢;A;)
= 0 implies ¢ = 0. Note that
k
Qi =-) A0,
j=1

We form the symmetric operator @ : C* (R*, C? @ C?) — C> (R*,C? & C?)
k
_( 0 @) _ 0 —A7\ 5
Q_<Q1 0)_-21(’41 0" )%
=
We write @ in polar coordinates (r,d) € (0,00) x S*¥1 with x = r =
r(61,...,0k), as in Section
1
Q1=27" (& + ;QH) , so that
0- 0 (ar + %QSJr)* 7+
S\ Z7 (0, + 1) 0 '

The purpose of this section is to prove the formula

/ aﬁ _ / a/«ﬁ N —n (QSJrﬁ) +h (QSJMB)
- (0) B.(03DS¥) 2 7

where o = strKg (t, , x)ﬁ is the supertrace of the equivariant heat kernel of Q?
restricted to sections of type § (3 being an irreducible representation of a group
that commutes with @), and where B; (0) is the ball of radius € around the origin
of R*, and where & and B. (0%DS k) correspond to the same neighborhood after
a radial blowup of the origin confined to a smaller ball.
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In what follows, we will require another result. Assume Z = —Z* and
Q% = Q% on the sphere, so that Q°Z + ZQ° = (k—1)Z. (We note that
the second assumption is satisfied automatically; see Section ) Suppose that
q is a smooth, positive, real-valued function on a subinterval I of (0,00), and let

@: Cc> ([ X Sk’l,Cd) — O (I X Skil,(Cd) be defined by

~ 1

Q:Z(ar+—QS>.

q(r)

Let

ds? = [g (r)]* d6? + dr?
be the metric on I x S¥~!, where ¢ is a smooth positive function. The formal
adjoint of 0, with respect to this metric is then

. -)g W
0; = -0, - =00
so that
- E-Dg(r) 1 6\ ..
@ _< o g(r) Q(T)Q >Z
(k—1)¢'(r) 1 ¢ k-1
‘Z(‘“ ORI q<r>>
- Th-Dg() k-1
(6:1) =Q+ [ PICITE } z

6.2. An induced operator on a sphere. We now consider a new operator
induced from the operator in Section as a symmetric operator on C? @ C
valued functions on S* C R**!: in particular, the metric and operator will be
chosen to agree exactly with the original operator near the south pole. Suppose
that H < O (k) acts on R*™! in the first k& coordinates and isometrically on the
fibers C?and commutes with @ defined in (11.2). Thus H represents on each
copy of C¢ as a unitary representation. Further, every element of H commutes
with Z and with @)°. Using these operators, we will define a new operator on a
rank 2d bundle E = Et @ E~ over S¥ € R¥*! to obtain an H-equivariant elliptic
operator on I' (S*, ET @ E~) . In spherical coordinates (¢,0) € [0,7] x S*7!,
with ¢ corresponding to the (spherical) distance from the south pole zj,; = —1,

the operator we consider is defined on the lower hemisphere S¥* to be
0 (a¢ n ﬁ@“) 7~
Q= 7+ (3 i LQSJr) 0
¢ 19

mapping C'* (Sk’s,(Cd b Cd) to itself, where f(¢) is a function that is smooth
and positive on (0,7) and such that f(¢) = ¢ for ¢ near zero and f(¢) = 1

near ¢ = 7, so that the operator exactly agrees with the Euclidean operator @



28 J. BRUNING, F. W. KAMBER, AND K. RICHARDSON

near the south pole and is a cylindrical operator near the equator. We choose the
manifold metric ds? = [g (gb)]Q dH? + d¢? near the south pole and equator to agree
with the standard Euclidean metric and cylindrical metric, so that g (¢) = ¢ for

¢ near zero and g (¢) = 1 for ¢ near 7. By Equation (6.1)),

L s *__ _(kf—l)gl(d)) 1 S
(a¢+f<¢>Q+)‘ %5 T F@Y

Again, we must choose the bundle metric so that Z is a unitary transformation,
so in fact ZT and Z~ = (Z1)" are unitary as maps from C¢ to itself. We now
use the approach used in the index theory for manifolds with boundary to double
the operator (see, for example, [12]). On the upper hemisphere, we use the same
coordinates as on the reflection in the lower hemisphere so that the orientation
is reversed, and we identify the opposite parts of the bundle C? @ C? via the
map Z over the cylinder. The operator () has the same description in the upper
hemisphere as in the lower hemisphere. That is, let (65, ¢5) be the coordinates in
the lower hemisphere, and let (6, ¢,) be coordinates in the upper hemisphere.
Near the equator, the transition function is

071295’ ¢n:7r_¢s~

The bundles C? @ C? over the upper and lower hemispheres are identified as fol-
lows. A section (L4 (05, ¢s), L (0, ¢s)) in the lower hemisphere is identified with
the section (Uy (0,,, ¢n) , U— (0, ¢r)) in the upper hemisphere near the equator if

Zt(0,) " L_ (6, ¢,) = Uy (6, — ¢,) and
zZ" (95)71 L+ (037 ¢s) =U_ (937’” - ¢s) , Or

O Z+ (08)71 L+ (657¢S) _ U+ (08,71'— gbs)
7~ (95)71 0 L_ (957 ¢s) N U_ (93, ™= ¢S) )
The bundle E* is defined to be C¢@® {0} over the lower hemisphere and {0} & C4
(with identifications as above), and the bundle E~ is defined similarly. The

operator () can be extended to be well-defined on entire sphere, as follows. Define
it as before on the two hemispheres, and so that near the equator

(i )= (s leosy TN (D)

(@ g TN ()

To check compatibility, we see that

(2@ 0 T 7 (Tl

(o caleam PN (SO A (6
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— ( (_aﬁbs + QS+) L+ (937 ¢s) )
Z (=0p, + Q%) (Z4) " L (65 05) )

We continue to simplify to obtain

( 7+ (ad)nOJr QS+) (_a% +0QS+) i ) ( gf Egzzzg >

(A0 ) (e T ) (00

Thus, the newly defined elliptic differential operator ¢ on I" (S FET® E*) is
well-defined. This operator is self adjoint, and remains H-equivariant by con-
struction. In fact @) has trivial kernel and thus zero index, and all possible
equivariant indices are likewise zero. Note that the bundle F is no longer trivial.

6.3. Local contribution of the heat supertrace near the south pole.

6.3.1. Local elements of the kernel. We now wish to compute the local supertrace
of the equivariant heat kernel associated to (), in particular the part near the
south pole. Let 5 : H — GL (Vj3) denote an irreducible representation of H. We

know that the supertrace of e1Q” restricted to sections of type [ is the index of
Q° = Q|F(Sk E+®E*)B’ which is zero; however, the local supertrace need not be

trivial. Let u € T’ (Sk, E*)B. Since H commutes with Q°, I’ (Sk, E*)ﬂ is a direct
sum of eigenspaces of Q°. Near the south pole we write

u (957 ¢s) = Zu/\ (qu) f)\ (95) s

where Q% fx = Q%" fx = Afa.
If u € I'e (Sk, E*)’g is a local smooth solution to the equation Q”u = 0 near
the south pole, then

8¢5U)\ + %UA = 0,
or
ux (¢s) = exg
for some ¢, € C. Note that for k > 2, A < g — 1 if and only if ¢;* f (0,) provides
an element of the Sobolev space H! that locally solves the differential equation
(for k = 2, the condition is A < 0). Because ker( is (globally) trivial, it is not

possible to continue this solution to a global H' solution of Qu = 0 on the whole
sphere.

On the other hand, if v € '}, (Sk, E‘)ﬁ is a local smooth solution to Q”u = 0,
then

Qv = <(9¢S + %QS+)* Z"w
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— (—8¢S — k:¢—8 L + iQSJ“) Z v

=7 (a¢s + iQS) v=0

so that w = Z7v € T, (Sk, E+)B satisfies

(0.1 Lgw)uns

Gs bs
We write

w (0, 65) = _wy () fr (0s)
A
where as before Q°f\ = Q°* f\ = \fx.
Then Q° (Z_)f1 w = 0 near the south pole implies
E—1-—\
8¢swA + (b—w,\ = 0,

or

wy, (¢s) — €A¢§k+1+A

for some e, € C. Observe that for k> 2, A> £ if and only if ¢;*1+* (Z7) 7" £, ()
provides an element of H' that locally solves Qu = 0 (the condition is A > 1 for
k = 2). Because ker() is (globally) trivial, it is not possible to continue this
solution (or a constant solution) to a global H' solution of Q(Z~) 'w = 0 on
the whole sphere.

We remark further that if k& > 2, the sections of £ that satisfy Q°u = 0 on
the sphere minus a small neighborhood of the south pole that do extend to the
north pole are exactly those of the form ,_ x cx@: fx (65) near the south pole

(for k£ = 2 the sum is over all A > 1). If k& > 2, the sections of E~ that satisfy
QP%u = 0 on the sphere minus a small neighborhood of the south pole that do
extend to the north pole are exactly those of the form Y, _x_, ex¢;* fx (65) near

the south pole (for k£ = 2 the sum is over all A < 0).

6.3.2. A related boundary value problem. In this section, we will replace the index
problem for Q° on the sphere with a related Atiyah-Patodi-Singer boundary
problem, and we will explicitly determine the difference between these indices
in terms of local heat kernel supertraces. Choose € > 0 such that f(y) = y on
the 5e-ball centered at the south pole. Consider all the data similar as before,
but we modify the operator near the south pole xx,; = —1. We replace ¢
by r(¢s) = exp (C’6 + fo ¢ ﬁdy) for small ¢4, where 1: R — R is a smooth
function such that 1 (y) = y in a neighborhood of y = 3¢ and ¢ (y) = € for y < ¢,

and where C. is a constant chosen so that C. + foga @dy = log (3¢). Suppose
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that u (¢s,0) = Z)\<§—10)\¢5_)\f/\ 0,) € T (Sk,EJF)B is a local H! solution to
Q%u = 0 near the south pole. Then

(6, 0) = u(r(es),0) = Y cxr ™ fr(0)

A<k 1
3 e ) Ao
= exexp [ —A (Cg + —dy)) fr(0
e o v
2
are local solutions to the equation
~ 1
Qa=z+(as+ Q5+)ﬂ:0.
00

(In the above sums, for k = 2 the condition A < £ — 1 is replaced by A < 0.) For
¢s < €, the equation reads

1 -
(a¢a + _QS+) u = Oa
€
and for ¢4 > 3¢, the equation reads

1

8@ + QSJr) u = 0.
< (o)

Note that u is H-equivariant, because the transformation above affects the ¢,

variable alone. Further, observe that the map v — wu is continuous with respect

to the O norm and is injective, and the H' condition on u translates to the

boundary condition (¢s = 0)

Pzg—l (77|a) =0
(or P (]y) = 0if k= 2),

where Pzg_l is the spectral projection onto the span of the eigenspaces of (QSJ“)B

corresponding to eigenvalues at least %— 1. Note that no such @ may be continued
to a global element of the kernel of the modified Q?, by the reasoning used in the
previous section. Thus the boundary value problem for u with spectral boundary
condition as above yields no kernel, as does the original problem for ” on the
sphere.

Next, we modify the metric in a very specific way. We will choose the metric
so that

(6.2) ds® = [§ (¢,)]° d6* + dg?,

where §(¢s) = ¢s in a neighborhood of ¢; = 3¢ (so that it agrees with the
Euclidean metric), and such that §(¢s) is constant if ¢, < e (the cylindrical
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metric). Then, ifv € T’ (Sk, E‘)ﬂ is a local solution to the equation (QB)* v =0,
then w = (Z~) ™" v satisfies

w (¢57 0) =w (’I" (¢s) ) 9) = Z C)\T_Af)\ (9)

A>E
s 1
- )"k N2 —d )) 0
S (o) exp(( [ o)) 60

are local solutions to the equation

_ . (k_1)§,<¢s) 1 S o=
( O = 506y T u(en? +) 0

(In the sums above, if £ = 2 then the condition A > g is replaced by A > 1.) For
¢s < €, the equation reads

1 -
(_8455 + _QS+) w =0,
€
and for ¢ > 3¢, the equation reads

(k-1Dg'(¢s) 1 s)~
—0p, — ~ + Tlw=0.
(o0 - 5505+
This time @ satisfies the boundary condition (¢, = 0)
ng (Ma) =0
(or Py (w]y) =01if k=2),

where ng is the spectral projection onto the span of the eigenspaces of (QS+)ﬁ

corresponding to eigenvalues at most g Note that no such w may be continued
to a global element of the kernel of the modified Q°, by the reasoning used in the
previous section. Thus the index problem for the original Q° (for u and w) is
the same as the boundary value “index problem” for w and w described as above.

Observe that the operator and metric now fit the conditions of the Atiyah-
Patodi-Singer theorem ([4]) for manifolds with boundary, but the boundary con-
ditions are not the same. More precisely, the related situation is that of the equi-
variant version of the Atiyah-Patodi-Singer for elliptic operators in [I8, Theorem
1.2]. The equivariant theorem actually gives a formula for the character ind, (Q),
which by ellipticity is a smooth function on H. We are interested in ind® (Q),
which is easily computable from ind, (Q) by determining the (-component of
the character. All of the parts of the equivariant index formula (the integral
of the heat supertrace, the eta invariant, and the dimension of the kernel) are
smooth functions on H and can be computed similarly. The resulting equivariant
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eta invariant of any H-equivariant operator L is defined to be

(6.3) n (Lﬁ) = Z sign ()\ﬁ) ‘)\,Brs ,

)\57&0 s=0

where §: H — U (Vj) is an irreducible representation and where the sum is over
all nonzero eigenvalues (including multiplicities) of L restricted to the space of
sections of type 3. (Recall that the eigenvalues grow as in Formula (3.3)).)

The Atiyah-Patodi-Singer boundary conditions on the punctured sphere would
be

onﬂ:(); P<0@IO.

If these conditions are used instead of the conditions induced from the closed
manifold problem, note that again no such u could be continued to the north
pole, because this would require that A < 0 and A > g (or A > 1 for k = 2)
simultaneously. However, the possibility exists that some choices of w could
be continued to sections of ker Q%= over the north pole, requiring only that
0< A< % —1 (or 0 < XA <0 for £ =2). By Proposition , the only part of
the spectrum of Q°F in this range is the zero eigenvalue, and thus the equivariant
Atiyah-Patodi-Singer index of the modified Q7 is

(6.4) — h(Q°7) := —dimker @°"’ = —dim C*’ = — dim E™*.
By the equivariant version of the Atiyah-Patodi-Singer Theorem, we have that
- 1
_h (QS+,ﬁ) _ / af _ = (n (QS+,5) +h (QS+,B)>
1pgk 2
2
g ~ ~5 1 S 5
= [ Ee @ @) £ h (@) o
Sk—Bc(SP) B.(03DS*)

0= / &ﬁ +/ aﬁ + 1 (_?7 (QS+,6) +h (QS%ﬁ)) 7
Sk B.(SP) B. (91 DS¥) 2

where &” is the the supertrace of the heat kernel of Q° over the double DS*
of S* (blown up at the south pole), where %DS’“ means the half of the double,
where B. (SP) means an e-neighborhood of the south pole, and where 7 (QSJ“B)
is the eta invariant of Q%+7. The set B, (Q%DS’“) means the e-collar around the
boundary 01 DS*, so that 3DS* = (S* — B, (SP)) U B. (01DS*). Thus, if o4
denotes the local heat supertrace of the operator on the sphere,

O:ind(Qﬁ) :/ o/g

Sk

= / ozg—l— / ag
Sk—B.(SP) B:(SP)
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— ~B8 ~0 l i S+.8 h S+.3
/SkBE(SP) “ /Bs(aéDSk) o+ 9 ( n (Q ) + (Q )) .

If o denotes the Euclidean heat supertrace corresponding to the original operator

QP on RF,
/ ag = / a’+0 (e_c/t) , and
Sk—B.(SP) Sk_B.(SP)

/ ozﬁ:/ o/;—l—(’)(e_c/t),
B.(0) B.(SP)

for some ¢ > 0, since the local data is the same. Then
- 1
©5) [ at= [ @ (-n(@) +h (@) +O ().
Be(0) B-(04DS*) 2

the contribution of the equivariant heat supertrace of the constant coefficient
operator Q? in an e-ball around the origin of R*. As explained in Remark ,
n (QS+’5) and h (QSJ”B) are invariant under stable H-equivariant homotopies
of the original operator (). We note that the formula above is scale invariant
and independent of all the various choices we made through the calculation. It
expresses the index contribution of the Euclidean neighborhood in terms of the
index contribution from the same neighborhood of the blown-up operator, where
a small ball around the center of the Euclidean neighborhood is replaced by
a collar. Because of the homotopy and scale invariance, this formula remains
valid if the operator is blown up in any way so that it is constant on the small
collared neighborhood and so that the spherical part Q°**# comes from the polar
coordinate expression. Similarly, the metric may be chosen in any way as long as
it is cylindrical on the collar.

6.4. The case k = 1. We repeat the analysis for the case £k = 1. We consider a
operator () : C'*™ (]R, Clo (Cd) — O™ (R, Cl'q Cd) of the form

Q = Ad,
_( 0 @
@ 0
(0 —=A7 5. — A0, ifz>0
A4 O T —A0, ifx <O,
where by assumption A; € GL (d,C) and r = |z|. Suppose that H acts nontriv-
ially on R by multiplication by +1, that H acts unitarily on each copy of C%,
and that @ is H-equivariant. Let Hy be the (normal) subgroup of H that fixes

R; then Hy contains the identity component of H, and H /Hy = Zs. Let v € H
be chosen so that vH, generates H ~Hy. Then we have that

hA = Ah for all h € Hy, and
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A = —Ay,
or if we write
() ()
we have
h. = Ah A7
(6.6) = — Ay AT

Further, if i\ € iR\ {0} is an eigenvalue of A corresponding to eigenspace
ma={ (3 )4 ()= ()
v_ v v

—1
V- = TAl’U_H

() (1) en)

By , if Wf ) 18 the subspace of F;y N C¥ = E_;, N C%" consisting of the
vectors of H-representation type [3, V3], then

then

and

B . —1 B~ 8
WZ = AW =Wy
is the subspace _of E\NC¥ = E_;,,NC? consisting of vectors of H-representation

type 3, where 3 is the “conjugate” of 3, defined up to equivalence as
B(h) = 3(h) for all h € Hy, and

B(y)=-8()-

Observe that W7 . is the [ part of the \? eigenspace of A%A; consisting of

+[Al
vectors of type (3, and w? A is the 3 part of the A\? eigenspace of A; A} consisting
of vectors of type 3. Let wa : C¥E — Wf,lx\l denote the orthogonal projections.

We now calculate the local contribution f;:_a o of the equivariant heat su-
pertrace corresponding to

—AA, 0
2 __ 1441 2
@ = ( 0 —AA )ax.

6 _ 6 _ &
Q°Py = — NP, = NPy 05

We have that
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Since the fundamental solution of 2 —\2-2 on R is \/\IF exp (—(z—y)” / (4X\%)),
if K (t,x,y) is the kernel of the operator e Q" on R, for 0 < § < ¢, we have

: a” = tr h- KT t,x,x)—trh- K~ (t,z,2)) xs(h) dh
dim Vﬁ r=—6 z=—6 JheHo ( ( ) ( )) ﬂ( )

+/ (tr yh- K* (6,7 '@, x) —tr vh- K~ (t,7 'z, 2)) xg(h) dh dz
heHy

:/hem%: |A|%§R(tr (- PLyy) —tr (- PL1y)) xg(h) dh

0 2
3 1 — [2]
+/ / g P tr {vh- > P
=—3 JheHo |57 |A| VAt ( 4Nt ) Z +IAl

IALT

—tr [yh- D> P | | xs(R) dh da.
AL

Next, since [~ IAI\/E exp( D )dx =,

1 d
Tt /x:ﬂﬂ—Zwm [ G oepr) — () a0

[ALT

S350 [ (o (ke PL) — (ke PT)) T d O ()

heH
|A‘ €Ho

By (3.1] - we conclude that the contribution of the equivariant heat supertrace on
(—e,e) C R is, for any § such that 0 < § < ¢,

/f e / SENTT %<d1m (€))7 ~ dim (C*) ) +0 (7).

In order to make our formulas consistent throughout the paper, we define for the
(equivariant) zero operator 0 : C4t — C?-

(6.7) h (07) := dim ((Cd+) 7 (0°) := dim (Cd+>ﬁ
so that

: 1 —c/t
(6.8) / o /—5,4\[—5,5} o+ 5 (1(07) = (0%) + O ().

7. DESINGULARIZING ALONG A SINGULAR STRATUM

7.1. Topological Desingularization. Assume that G is a compact Lie group
that acts on a Riemannian manifold M by isometries. We will construct a new
G-manifold N that has a single stratum (of type [Gy]) and that is a branched cover
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of M, branched over the singular strata. A distinguished fundamental domain of
My in N is called the desingularization of M and is denoted M. We also refer to
[1] for their recent related explanation of this desingularization (which they call
resolution).

A sequence of modifications is used to construct N and M C N. Let M; be a
minimal stratum. Let 7, (M) denote a tubular neighborhood of radius € around
M, with € chosen sufficiently small so that all orbits in T, (M) \ M; are of type
|Gk], where [Gy] < [G;]. Let

N = (M \ T. (M;)) Usr. s,y (M \ T (M;))

be the manifold constructed by gluing two copies of (M \ T (1;)) smoothly along
the boundary (see Section [7.3|for the codimension one case). Since the T (1) is
saturated (a union of G-orbits), the G-action lifts to N'. Note that the strata of
the G-action on N' correspond to strata in M \ T. (M;). If M, N (M \ 1. (M;))
is nontrivial, then the stratum corresponding to isotropy type [G}] on N! is

Ny = (M (M T2 (M;))) Ungunoreagyy) (Mi 0 (M T: (M) .

Thus, N' is a G-manifold with one fewer stratum than M, and M \ M; is dif-

feomorphic to one copy of (M \ T: (M,)), denoted M" in N'. In fact, N!is a
branched double cover of M, branched over M;. If N* has one orbit type, then

we set N = N! and M = M'. If N! has more than one orbit type, we repeat
the process with the G-manifold N! to produce a new G-manifold N2 with two
fewer orbit types than M and that is a 4-fold branched cover of M. Again, M 2 is
a fundamental domain of M'\ {a minimal stratum}, which is a fundamental do-
main of M with two strata removed. We continue until N = N” is a G-manifold
with all orbits of type [Gy] and is a 2"-fold branched cover of M, branched over

M\ My. We set M = M", which is a fundamental domain of My in N.

Further, one may independently desingularize M ;, since this submanifold is
itself a closed G-manifold. If M>; has more than one connected component, we
may desingularize all components simultaneously. The isotropy type of all points

of M>; is [G;], and M>,;,/G is a smooth (open) manifold.

7.2. Modification of the metric and differential operator. We now more
precisely describe the desingularization. If M is equipped with a G-equivariant,
transversally elliptic differential operator on sections of an equivariant vector
bundle over M, then this data may be pulled back to the desingularization M.
Given the bundle and operator over N7, simply form the invertible double of the
operator on N7*1 which is the double of the manifold with boundary N7\ T, (X),
where ¥ is a minimal stratum on N/.

Specifically, we modify the metric equivariantly so that there exists ¢ > 0
such that the tubular neighborhood B,.Y of ¥ in N/ is isometric to a ball of
radius 2¢ in the normal bundle NX. In polar coordinates, this metric is ds? =
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dr? + do? + r?d6?, with r € (0,2¢), do? is the metric on X, and df? is the metric
on S (N,X), the unit sphere in N,¥; note that df? is isometric to the Euclidean
metric on the unit sphere. We simply choose the horizontal metric on By .3 to be
the pullback of the metric on the base Y, the fiber metric to be Euclidean, and
we require that horizontal and vertical vectors be orthogonal. We do not assume
that the horizontal distribution is integrable.

Next, we replace 2 with f (r) = [§ (r)]” in the expression for the metric, where
g is defined as in , so that the metric is cylindrical for small 7.

In our description of the modification of the differential operator, we will need
the notation for the (external) product of differential operators. Suppose that
F — X 5 Bis a fiber bundle that is locally a metric product. Given an oper-
ator Ay ,: T'(7 ' (z), E1) = T' (7' (), F1) that is locally given as a differential
operator Ay: I' (F, Ey) — I' (F, Fy) and Ay : I'(B, Ey) — I' (B, F») on Hermitian
bundles, we define the product

Al,l‘ * AQZ r (X, (El X EQ) D (F1 X FQ)) — T (X, (Fl X EQ) D (El X FQ))
as the unique linear operator that satisfies locally

[ AR1 -1 A4;
Alﬂf*’42_<1&A2 AjR1 >

E, X Fy
X F,

, where uy; € T'(F, Ey), uy € I'(B, Ey), vy € I'(F, F),

on sections of

U1 X U9
U1 X (%)
vy € I' (B, E3). This coincides with the product in various versions of K-theory
(see, for example, [2], [36, pp. 384ff]), which is used to define the Thom Isomor-
phism in vector bundles.

Let D= D": T (N7, Et) — T'(N7, E7) be the given first order, transversally
elliptic, G-equivariant differential operator. Let ¥ be a minimal stratum of N7.
Here we assume that > has codimension at least two. We modify the metrics and
bundles equivariantly so that there exists € > 0 such that the tubular neighbor-
hood B. (¥) of ¥ in M is isometric to a ball of radius € in the normal bundle N,
and so that the G-equivariant bundle E over B. (X) is a pullback of the bundle
Ely — X. We assume that near 3, after a G-equivariant homotopy D can be
written on B. (X) locally as the product

of the form

(7.1) D" = (Dy* Ds)*,

where Dy is a transversally elliptic, G-equivariant, first order operator on the
stratum >, and Dy is a G-equivariant, first order operator on B (X) that is
elliptic on the fibers. If r is the distance from X, we write Dy in polar coordinates
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as
1
Dy=2 (vg{ + —DS)
T

where Z = —io (Dy)(9,) is a local bundle isomorphism and the map D? is a
purely first order operator that differentiates in the unit normal bundle directions
tangent to S, X.

We modify the operator Dy on each Euclidean fiber of NX l; Y exactly as
in Section 2} the result is a G-manifold M J with boundary OM7, a G-vector
bundle EJ and the induced operator DJ all of which locally agree Wlth the orig-
inal counterparts outside B. (X). We may double M along the boundary M

and reverse the chirality of £/ as described in Section [6.2| for the case of a hemi-
sphere and in general in [I12, Ch. 9]. Doubling produces a closed G-manifold N7,
a G-vector bundle £7, and a first-order transversally elliptic differential operator
D7, This process may be iterated until all orbits of the resulting G-manifold are
principal. The case where some strata have codimension 1 is addressed in the
following section.

7.3. Codimension one case. We now give the definitions of the previous section
for the case when there is a minimal stratum ¥ of codimension 1. Only the
changes to the argument are noted. This means that the isotropy subgroup H
corresponding to Y contains a principal isotropy subgroup of index two. If r is
the distance from X, then Dy has the form

1
Dy=12 (vg + ;DS) =7V}

where Z = —io (Dy) (9,) is a local bundle isomorphism and the map D* = 0.
In this case, there is no reason to modify the metric inside B, (¥). The “desin-

gularization” of M along ¥ is the manifold with boundary M=M \Bs (£) for
some 0 < § < ¢; the singular stratum is replaced by the boundary OM = Ss (X),
which is a two-fold cover of ¥ and whose normal bundle is necessarily oriented
(via 0,). The double M’ is identical to the double of M along its boundary, and
as in the previous section M’ contains one less stratum.

7.4. Discussion of operator product assumption. We now explain specific
situations that guarantee that, after a G-equivariant homotopy, D™ may be writ-
ten locally as a product of operators as in ([7.1)) over the tubular neighborhhood
B. () over a singular stratum Y. This demonstrates that this assumption is
not overly restrictive. In [39], a large variety of examples of naturally defined
transversal operators similar to Dirac operators are explored and shown under
suitable conditions to provide all possible index classes of equivariant transver-
sally elliptic operators. The principal symbols of these operators always have
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the form described below, and they almost always satisfy one of the spin® con-
ditions. We also emphasize that one might think that this assumption places
conditions on the curvature of the normal bundle N3; however, this is not the
case for the following reason. The condition is on the G-homotopy class of the
principal transverse symbol of D. The curvature of the bundle only effects the
zeroth order part of the symbol. For example, if Y — X is any fiber bundle over
a spin® manifold X with fiber F', then a Dirac-type operator D on Y has the form
D = 0x * Dp + Z, where Dp is a family of fiberwise Dirac-type operators, Ox is
the spin® Dirac operator on X, and Z is a bundle endomorphism.

First, we show that if D' is G-homotopic to a transversal Dirac operator at
points of 3, and if either ¥ is spin® or its normal bundle N¥ — ¥ is (fiberwise)
spin®, then it has the desired form. Moreover, we also remark that certain op-
erators, like those resembling transversal de Rham operators, always satisfy this
splitting condition with no assumptions on .

Let NF be normal bundle of the foliation F by G-orbits in ¥, and let NX be
the normal bundle of ¥ in M. Suppose that (after a G-homotopy) the principal
transverse symbol of DT (evaluated at { € N} F @ N:X) at points € ¥ takes
the form of a constant multiple of Clifford multiplication. That is, we assume
there is an action ¢ of C1(NF @ NX) on E and a Clifford connection V on F
such that the local expression for D is given by the composition

T'(E)ST(E®T*M)2ST (E® (N*F @ N*Y)) ST (E® (NF & NX)) ST (E).

The principal transverse symbol o (D) at &, € TX is

q

o (DJr) (&) = ZZC(£m> ES - B,

j=1

Suppose NX is spin‘; then there exists a vector bundle S = ST ® S~ — X
that is an irreducible representation of Cl (N3) over each point of ¥, and we let
f?E = End(Cl(NE) (E) and have

E~ SRE”
as a graded tensor product, such that the action of CI(NF @ NY) =
Cl(NY)®CI(NF) (as a graded tensor product) on E* decomposes as

(55 e )- (280~ (528

(see [7], [36]). If we let the operator &V denote the spin® transversal Dirac operator
on sections of 7S — N3, and let Dy, be the transversal Dirac operator defined
by the action of Cl1 (NF) on E*, then we have

D* = (9V * Dy)"

up to zero™ order terms (coming from curvature of the fiber).
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The same argument works if instead we have that the bundle NF — ¥ is spin®
in addition to the assumption that D restricts to a transversal Dirac operator on
the stratum X. In this case there exists a spin® Dirac operator 0 on sections of
a complex spinor bundle over ¥ is transversally elliptic to the orbit foliation F,
and we have a formula of the form

D* = (Dy#8%)"

again up to zeroth order terms.

Even if N¥ — ¥ and NF — X are not spin®, many other first order operators
have splittings as in Equation (|7.1)). For example, if D7 is a transversal de Rham
operator from even to odd forms, then D™ is the product of de Rham operators
in the N and NF directions.

8. HEAT KERNEL SPLITTING FORMULA

8.1. Tensor Products of Representations. If H is a compact Lie group and
V =V;®V, is a tensor product of H-modules, and if { [Jj, Waj] D> 0} are the
irreducible unitary representations of H, counted only up to equivalence, then we
define the integers v/, (Clebsch-Gordan coefficients) as

721) = multiplicity of ¢; in 0, ® 0y
= rank Hompg (ng, Wy, ® ng) ,

and
O'a & Wab @ fyab o

Quite often these integers are 1 or 0 (see [38], [35]). For example, if oy denotes
the trivial representation, then

o |1 ifo,=0;
Jab =\ 0 otherwise.

It is important to realize that for fixed j, as above there may be an infinite number
of 7, that are nonzero. On the other hand, if two of the numbers a, b, j are fixed,
then only a finite number of the fygb are nonzero as the third index varies over all
possibilities.

8.2. Decomposition near an orbit. With notation as before, let > be a min-
imal stratum of the G-action on the vector bundle £ — M, corresponding to an
isotropy type [H]. We modify the metrics and bundles equivariantly so that there
exists € > 0 such that the tubular neighborhood B, of ¥ in M is isometric to a
ball of radius ¢ in the normal bundle N¥ (endowed with the natural product-like
metric), and so that the G-equivariant bundle E over B.Y is a pullback of the
bundle El|y, — 3.
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Choose ¥, = GXH C ¥ to be a component of ¥ relative to G (Definition 4.1]).
Note that ¥ is partitioned into a finite number of such components, which is the
number of components of G\ 2. We assume that

Ely, = Ex®Es,

the graded tensor product of two G-vector bundles over ¥, as in Section [, We
extend B.Y to a sphere bundle S¥ —— ¥ by modifying the metric near the
boundary and doubling. We wish to compute the local supertrace of a heat oper-
ator corresponding to a G-equivariant, transversally elliptic operator, restricted
to sections of type p, on SE|EQ. Let O, be an orbit in ¥, C 3, with z € ¥ and
let Sp, — O,, respectively Bo, — O,, be the restriction of the Euclidean sphere
bundle S¥ —— ¥ | respectively B.X. — ¥. By the constructions in Section |7} the
group action, tensor product structure, and the equivariant operator naturally
extend from B.Y to S¥, and the local supertraces of the heat operators on B.X
and S agree in a neighborhood of ¥, up to O (e‘c/t) for some ¢ > 0. The space
of sections I' ( Sp,, E) satisfies

r (5(9,, E’Oz) =T (Oxa FN@?EE}OI) )
r (Sz|za ) E|za) =T (EomFN@EZ) ,

where Fy — X is the infinite dimensional equivariant vector bundle whose fiber
is
Fy.=T (SEZ, EN’SEZ) , 2 € Xy

Observe that Fiy 4, and Ey, 4, are Gg,-modules, where Gy, = gG.g ' = H. If F¥,
is a fine component of Fy associated to (a, [o]) as in Definition let

o W° =1, s be the canonical isotropy G-bundle adapted to s (Definition
, Lemma {4.8)),
e my; be the associated multiplicity of each irreducible isotropy representa-
tion present in W?,
e d, be the associated representation dimension of each irreducible isotropy
representation present in W (and thus F%), and
e n; be the inequivalence number, the number of inequivalent irreducible
representation types present in W (and thus FY%).
e Note rank (Wb) = mypdpnyp.
We remark that at this time there are an infinite number of such components
F%. but soon we will restrict to a finite number.
With notation as above, let [p, V,] be an irreducible unitary G-representation.
We will restrict a transversally elliptic, G-equivariant differential operator to the
space I' (Z, FN®Eg)p of sections of type p. By Frobenius reciprocity,

Homg (V,, T (O, Fn®Es)) = Homp (Vres(n), (FN®EY).)
(8.1) >~ P Homy (Vies(p), (FNOEY),) -
b
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If {o,} is the finite set of H-representation types present in Fy , and {o;} is the
finite set of H-representation types present in Vgeg(,), then by the remarks in the
previous subsection, the Clebsch-Gordan coefficients 77, are nonzero only for a
finite number of irreducible representation types [o,]. Therefore, only a finite
number of b satisfy

Hompy (Vies(p), (FN®Es)_) # 0.
Moreover, if we consider all such b over every z € 3, C X, only a finite number

of b would yield a nonzero Hompy (VRes(p), (F}{,@)Eg)x) Let B be this finite set
of indices, and thus we have

I (Lo, Fn®Es)" = DT (Sa, FR®Es)".
beB
In the equation above, we may of course replace the smooth sections with the L?
sections.

Let K (t,vyz,v2)", y € SX, denote the heat kernel of a G-equivariant transver-
sally elliptic first-order symmetric operator D*D of the form D = Dy % Dy on
I' (Sa, Fy®Es) ; we further restrict this kernel to I' (Bo,, E)* or I' (Se,, E)”. We
assume that Dy is a family of first order elliptic operators on fibers Fly ., and we
also assume Dy is G-equivariant, with corresponding local equivariant fiberwise
heat kernel K. We likewise assume that Dy is a first order transversally elliptic
operator on sections of Fy, over X with equivariant heat kernel K.

Consider a small e-tubular neighborhood T, C ¥, C ¥, T. 2 G xg D, around
a fixed orbit O, in ¥, where x € D, C ¥ is a ball transverse to O,. The space
of sections L2 (TE, F}{,@Eg)p decomposes using Lemma m as

L* (1., FL&Ex)" EBHomH (W”\D W

¢ )

np
= P ttomy (W, . i, ) BL (1, W @ By )

=1

(8.2)
np
~ ~ p
= P Homy (W}, . Ws, ) @ Homp (Ws, , Fh|, ) 8L (T, W) @ Ey)
j=1

with the isomorphism given by evaluation, and then D ® 1 acts by 1 ® Dy®
(1® Dx)”. Here, corresponding to the normalizer-conjugate representations
[aj, Wg.} is the isotypical decomposition Wb’ D= @ Wl? of the canonical isotropy
G-bundle W, which we may define over the small transversal neighborhood DE,
and Wb — T. is the bundle GXHWb — GxgD. = T.. Note that Wb|T Ppw

j
and the multiplicity of the irreducible H-representation actually present in each
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Wﬁp is my, with p € X7 N T.. Each bundle Hompy <Wb w?
is trivial.

Given an operator P, let F; (P) = exp (—tP*P) denote the associated heat
operator (defined through context). We wish to calculate the local supertrace of

E; (D) = exp (—~tD*D) on L* (1, F}{,@Eg) which is the same as —— times the
b
local supertrace of £, (D) ® 1 =E; (D ® 1) on

According to the operator product assumptlon and decomposition (8.2), we then
have the pointwise supertrace formula

, mbnb Ztr (199) LStr <Et (Db’])>mstr (Et (1b’j ® Dg)p)y,

T c Deay € [( 7p)] S T€7

since supertraces are multiplicative on graded tensor products and where 177 is the
identity bundle map on Hompy (I/ij‘ D ,WUJ.) — D, and 1% is the identity bun-

‘D, >%(Cm§><D8

I (10, F4@ Ex)” @HomH (W, Wl

str (Et (D)™ on T€>

dle map on W;’ — T.. Here D?\}j means the restriction of Dy to Hompg (WUJ. ,F ]l(,),
and so the supertrace str (Et (D?\}j»x is the same as éstr (E; (D}T\;))x, where
DY is the restriction of Dy to

Fiy =T (5%, Enlgy,)” 2 € D-.
Then

np
str (B, (D) on T.) = LS st (B, (D)), str (B (19 @ Ds)")

y o MpNpQyp =
z € De,y € [(z,p)] € T
By 1} and , the integral of the pointwise supertrace str (Et (D}T\f))p(zp, 2p)

over a small normal ball z, € BY containing p in 5,3 is the same as

/ str (Et (D?\fj»p (2p, 2p) ~ / __str (Et (D;‘\;)) (2p, 2p)
2p€BN 2p€BN P

+5 (Cn(DSH9) 4 (D209

y )

with the tilde corresponding to the equivariant desingularization of the origin as
in Section

We now discuss a general situation. Let u be an eigenvector of a G-equivariant
fiberwise operator L on a fiber E, of an equivariant bundle over a G-manifold
X with single orbit type G /H. Assume that + € X and n € N (H). Then



THE EQUIVARIANT INDEX 45

nu is an eigensection of L over E,, with the same eigenvalue. Moreover, if u is
an element of an H-irreducible subspace of type o, then nu is an element of an
irreducible subspace of type ¢™. This implies that the Schwarz kernel K of L
at x is mapped to the kernel K, of L at nx by conjugation by n, and thus the
kernel K7 , restricted to sections of type o at x is conjugate to the kernel Kg"m
at nx (see also equations , ) Moreover, the kernels K, K¢, K¢" vary
smoothly as a function of z € X%, and in fact any fiberwise spectral invariant of
L must vary continuously with z € X,

Next, consider the special case where L: I'(X, F) — ['(X, FE) has integer
elgenvalues (as in the case of the operators DT — see Corollary m 11.12[ and Re-
mark [11.13 m Then the eigenvalues of L, L°, and L°" must be locally constant
on X, This implies that if n € N (H) maps a connected component X1 ¢ X
to itself, then all spectral invariants of L7 and L°" are identical and constant,
when restricted to X7, Now, let U be an open subset of X7, and let E be a
fine component of E. If [o],[0'] € H are different representation types present
in a specific E° p» then a consequence of the argument above is that all spectral

invariants of L7|;, and L"’|U are identical and constant.
As a result, in the displayed formula above, - ( (DS+ b’]) +h (DSJr bﬂ)) is

independent of j and is a constant on each connected component ¥ of ¥ (and

thus on ¥, = GX C ¥). In particular,
1 , , 1
5 (_77 (DS+,b,J> +h (DS+,b,])) _ 2_nb (_77 (DS+,b) +h (DS+,b)) :

where DT? refers to the restriction of D% to the sections in the fine component
F%. We now integrate over p € T. to get

/BN(T ) str <Et (D)b’p> (2p, 2p)

= Z/ /zpeB str Et ))p (2p; 2p) str (Et (1b’j ® Dz)p) (p,p)

mbnbdb

~Y

> / 5 / e (B (DR)) () sir (B (1% @ Ds)') (p.1)

mbnbdb =
mbnbdb 2_711; _77 DS+ b) +h DS+ ' Zstr " Dz)p) (p,p)
A\ b,
= /BW) str (Et (D) ’ ) (Zp7zp>
1
* menZd, (=1 (D*H) + 1 (D)) / str (B, (1" ® Dx)") (p,p) ,
b €

where 1° ® Dy is the differential operator on W° ® Ex, over the G-manifold 3.
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Thus, in calculating the small ¢ asymptotics of [ B.(U) strK (t, 2, 2,)" =
[ str (E; (D)) (2p, 2p) with E; (D)” = exp (—tD*D)", it suffices to calculate the
right hand side of the formula above over the region B. and sum over fine com-
ponents b € B, using the heat kernel coming from the blown up manifold. Thus,
by integrating over any open saturated subset U of ¥, C ¥, we conclude that as
t— 0,

/ strK (t, zp, 2,)" ~ /N str (, 2p, 2)”
E(U) E(U)
1
B9+ Y g (o (05 e h (05) [ sekbnp
b

peU

with strK? (¢,p,p)’ = str (Et (1b ® Dg)p) (p,p) is the local heat supertrace cor-
responding to the operator 1° ® Dy, on I’ (U, Wb ® Eg)p.

9. THE EQUIVARIANT INDEX THEOREM

9.1. Reduction formula for the heat supertrace. As before, let £ be a
graded Hermitian vector bundle over a closed Riemannian manifold M, such
that a compact Lie group G acts on (M, E) by isometries. Let D = D*:
I'(M,E*) — I'(M,E~) be a first order, transversally elliptic, G-equivariant
differential operator. Let X be a minimal stratum of the G-manifold M. We
modify the metrics and bundles equivariantly so that there exists € > 0 such that
the tubular neighborhood B.Y of ¥ in M is isometric to a ball of radius ¢ in
the normal bundle N3, and so that the G-equivariant bundle E over B. (X) is a
pullback of the bundle E|y, — X. We assume that Dt can be written on each
saturated open set U contained in B. (X) as the product

DT = (Dy * Dx)*,

where Dy is a transversally elliptic, G-equivariant, first order operator on the
stratum X, and Dy is a G-equivariant, family of elliptic first order operators
on the fibers of B.(X). In fact, we only require that D7 is of this form after
an equivariant homotopy. Further, we may assume that Dy is a first order
operator with coefficients frozen at ¥ so its restriction to a normal exponential
neighborhood B.Y,, x € X, is a constant coefficient operator. If r is the distance
from X, we can write Dy in polar coordinates as

1
Dy =17 (Vg + —DS)
oo
where Z = —io (Dy) (,) is a local bundle isomorphism and the map D? is a
purely first order operator that differentiates in the unit normal bundle directions
tangent to S, 2. Note that we allow this to make sense if > has codimension one
by setting D° = 0 and 9, to be the inward-pointing vector.
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Let p: G — U (V,) be an irreducible representation. Let U be a saturated (ie
G-invariant) open subset of M such that G\U is connected. From Equation
(5.2)), we wish to compute the quantity

Iy - / / str (K (¢, (2, 22) (2, 22))°) |dz] |da],
zexnU Jz,€B.(X) ,NU

where we choose coordinates w = (z, z,) for the point exp; (z,), where z € X,
2, € B. = B. (N, (%) ,0), and exp; is the normal exponential map. In the expres-

sion above, |dz;| is the Euclidean density on N, (X), and |dz| is the Riemannian

density on . Recall that K (¢, (z, z,) , (¢, 2z,))” is a map from E(Res( )) = pres)

to itself.

First, observe that the small ¢ asymptotics of this integral over B, (¥)NU may
be computed using a heat kernel for another differential on a neighborhood of
a different manifold, as long as all the local data (differential operator, vector
bundles, metrics) are the same. In particular we may use the manifold S as in
the previous section. Using Equation (8.3)),

L ~ /  str (f{ (t, 7, W) |d|
B-(S)nU

1 1
D s (D) k(D5 ) [ str (KE ) ],

beB zeXNU

—~—

where ~ means equal up to O (tk) for large k, where B. (X)NU is the funda-
mental domain in the desingularization of B. (£)NU and where K is the suitably
modified heat kernel. We note that the equation above remains true if is of
codimension 1, because in this case D" = 0%, and we use the definitions

Let M be the equivariant desingularization of M along ¥, and let £+ be the
equivariant bundles over M induced from E* with transversally elliptic opera-
tors D* (see Section Let K j[( , ,-) denote the equivariant heat kernels
corresponding to the extensions of D¥D*+(C — Ag to the double of M restricted

to sections of type [ (with reversed orientations of the induced bundles E* in
the usual way). Then the heat kernel supertrace formula becomes

/er str (K (t,,2)") |dz| ~ /,7 str (K (1.7.7)") |7

1 1
4+ = E = (=p (DY) £ h (DS /
2 beB nbrank Wb ( /]7 ( ) ( )) G\(UQE)

str (K_g (t, 7, f)p> 7| .
The heat kernel K_g is that corresponding to the operator (1 ® Dy)” induced by
the operator 1® Dy, on I’ (E, Wb ® Eg) on the quotient G\ (U N X) as described
in Section E.11
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We assemble the results above into the following theorem.

Theorem 9.1 (Reduction Formula for the Equivariant Supertrace). Let E be a
graded Hermaitian vector bundle over a closed Riemannian manifold M, such that
a compact Lie group G acts on (M, E) by isometries. Let % denote a minimal
stratum. Let DT : T (M,E*) — T (M, E™) be a first order, transversally elliptic,
G-equivariant differential operator. We modify the metrics and bundles equivari-
antly so that there exists € > 0 such that the tubular neighborhood B.X of Y in
M s isometric to a ball of radius € in the normal bundle N, and so that the
G-equivariant bundle E over B (X) is a pullback of the bundle E|y, — ¥X. We
assume that near X2, D is G-homotopic to the product

DT = (Dy x Dy)",
where Dy, is a global transversally elliptic, G-equivariant, first order operator on
the stratum X, and Dy is a G-equivariant, first order operator on B.Y that is

elliptic and has constant coefficients on the fibers. If r is the distance from %, we
write Dy in polar coordinates as

1
Dy=2 (Vgr + ;DS)

where Z is a local bundle isomorphism and the map D is a purely first order op-
erator that differentiates in the unit normal bundle directions tangent to S,>.. Let
U be a saturated (ie G-invariant) open subset of M such that GN\U is connected.
Then ast — 0,

1 1
i E = (—p(D°TP +h DSTb /
2 — nyrank W ( n ( ) ( )) G\ (UNS)

str (K_g (t, 7, f)p> |dz|, .
Here, the superscript W® — ¥, is a canonical isotropy G-bundle over the com-
ponent ¥, relative to G that contains U, K% refers to the equivariant heat kernel
corresponding to a twist of Dy by W° — %,. Since K% is an equivariant heat
kernel on the component ¥, it induces a heat kernel K% = (Kg)p on the quotient

G\ X.. Also, (Z 18 the equivariant desingularization of U along the stratum 33,
and the kernel K s the corresponding heat kernel of the double.

We refer the reader to Definitions .1 and [£.9, Note that only a finite number

(b € B) of W? result in heat kernels K? (¢,7,7)" that are not identically zero, by
the discussion following (8.1)).

9.2. The main theorem. To evaluate ind” (D) as in Equation (5.2), we apply
Theorem repeatedly, starting with a minimal stratum and then applying to
each double of the equivariant desingularization. After all the strata are blown
up and doubled, all of the resulting manifolds have a single stratum, and we may
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apply the results of Section 4.1l We obtain the following result. In what follows,
if U denotes an open subset of a stratum of the action of G on M, U’ denotes the
equivariant desingularization of U, and U denotes the fundamental domain of U

inside U’ as in Section [/} We also refer the reader to Definitions [4.1] and [4.9]

Theorem 9.2 (Equivariant Index Theorem). Let My be the principal stratum
of the action of a compact Lie group G on the closed Riemannian M, and let
Yays- -+ s2a, denote all the components of all singular strata relative to G. Let
E — M be a Hermitian vector bundle on which G acts by isometries. Let
D:T(M,E*) —= T (M,E") be a first order, transversally elliptic, G-equivariant
differential operator. We assume that near each X%,, D is G-homotopic to the
product Dy x D%, where Dy is a G-equivariant, first order differential operator
on B.Y that is elliptic and has constant coefficients on the fibers and D% is a
global transversally elliptic, G-equivariant, first order operator on the ¥,. In
polar coordinates

1
Dy = Z; (vgﬁ + ;Df) ,

where 1 is the distance from ¥, where Z; is a local bundle isometry (dependent

on the spherical parameter), the map D}q is a family of purely first order operators
that differentiates in directions tangent to the unit normal bundle of ¥;. Then
the equivariant index ind” (D) satisfies

(D)= [ A ]+ 305 (5)
0 j=1

1 1 __
B (%)= 2dim V, ; nyrank V0 <_77 <D ; +’b> h <Df +7b> >/G\EN Ao (o) ldel.

where

(1) A§ (x) is the Atiyah-Singer integrand ([3]), the local supertrace of the ordi-
nary heat kernel associated to the elliptic operator induced from D’ (blown-
up and doubled from D) on the quotient M|,/ G, where the bundle E is
replaced by the bundle £, (see Section .

(2) Similarly, AZ p is the local supertrace of the ordinary heat kernel associated
to the elliptic operator induced from (1 ® D) (blown-up and doubled
from 1@ D% | the twist of D® by the canonical isotropy bundle W° — Y,
) on the quotient E’aj/G, where the bundle is replaced by the space of
sections of type p over each orbit.

(3) n (DJSJ“b) is the eta invariant of the operator D]SJr induced on any unit

normal sphere S,%.,, restricted to sections of isotropy representation

types in W2, defined in and in for the codimension one case

S+.b b .o
when DjJr = 0;r . This is constant on Y.
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(4) h (DfJ“b) 1s the dimension of the kernel of DfJ“b, restricted to sections

of isotropy representation types in Wé’, again constant on on X, .
(5) ny is the number of different inequivalent G, -representation types present
in each W2, & € ¥, .

Remark 9.3. Note that only a finite number (b € B) of W result in integrands
A;”b (z) that are not identically zero, by the discussion following (8.1)).

Remark 9.4. If the stratum X, is a single orbit, then we have in the Theorem
above that

1 1 S+.,b S+.b —
; —n | D; ’) h(D, ’>) AP d
2d1mVpb€ZBnbrank Wb< 77( J + J G\Za, b (z) |dz|

_ 1 ng . S+,0 S+,0
= 2wy, 2 dm () TP FREPT),

where the restriction of p to H is Res ([p, V,]) = @ nZ [0, W,].

Remark 9.5. Note that the quantities n (D}ng’b and h DfJ“b are invariant

under equivariant stable homotopies of the operator D, as explained in Remark

IL13l

Theorem 9.6 (Invariant Index Theorem). With notation as in the last theorem,
if po is the trivial representation, then

ind”® (D):/G AP (2) |fd\5;| +Zﬂ(20¢j) ’

Mo

3(5) =53 s (0 (B5) + (05) [ i) fal

beB \\Eocj

where b € B only if W corresponds to irreducible isotropy representations whose
duals are present in E%7, the bundle on which D, acts.

Proof. If [0, W,],[r,W,] € H, we have (W, ® W,)"” = 0 unless 7 ~ ¢*, and in
this case (W, ® W,)" =~ C. O

10. EXAMPLES AND APPLICATIONS

10.1. Equivariant indices of elliptic operators. Clearly, Theorem and
Theorem apply when the G-equivariant differential operator D: I' (M, E*T) —
[' (M, E7) is elliptic. In this case, the kernel and cokernel are finite-dimensional
representations of G, and thus we have the fact that the Atiyah-Singer index
satisfies

ind (D) = ) _ind” (D) dim (V)

(o]



THE EQUIVARIANT INDEX 51

and the equivariant indices satisfy

ind” (D) = > ind” (D) [g] € R(G)
(o]

ind, (D) =Y " ind” (D) x, (g) .
[p]

with all sums, integers, and functions above being finite. Even in this elliptic
case, the result of the main theorem was not known previously.

For example, suppose that D is a general Dirac operator over sections of a
Clifford bundle E that is equivariant with respect to the action of a Lie group G
of isometries of M. If we apply Theorem to this operator, all of the operators
in the theorem are in fact Dirac operators. That is, the operators Dy and Dy are
Dirac operators formed by restricting Clifford multiplication and the connections
to the normal and tangent bundles of the stratum ¥;. The spherical operators
D?" are also Dirac operators induced on the unit normal bundles of the ;.
Further, in calculating the Atiyah-Singer integrands on the quotients, note that
the operators on the orbit spaces are Dirac operators twisted by a bundle.

10.2. The de Rham operator. It is well known that if M is a Riemannian
manifold and f: M — M is an isometry that is homotopic to the identity, then
the Euler characteristic of M is the sum of the Euler characteristics of the fixed
point sets of f. We generalize this result as follows. We consider the de Rham
operator
d 4 d*l ()even (M) N Qodd (M)

on a G-manifold, and the invariant index of this operator is the equivariant Euler
characteristic x“ (M), the Euler characteristic of the elliptic complex consisting
of invariant forms. If GG is connected and the Euler characteristic is expressed in
terms of its p-components, only the invariant part x“ (M) = x* (M) appears.
This is a consequence of the homotopy invariance of de Rham cohomology. Thus
X% (M) = x (M) for connected Lie groups G. In general the Euler characteristic
is a sum of components

V(M) =¥ (),
(o]

where x” (M) is the alternating sum of the dimensions of the [p]-parts of the co-
homology groups (or spaces of harmonic forms). Since the connected component
Gy of the identity in G acts trivially on the harmonic forms, the only nontrivial
components x” (M) correspond to representations induced from unitary repre-
sentations of the finite group G_/Gy.

In any case, at each stratum %, of codimension at least two in a G-manifold,
we may write the de Rham operator (up to lower order perturbations) as

d—l-d*:DN*DE,
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where Dy and Dy are both de Rham operators on the respective spaces of forms.
Further, the spherical operator D® is simply

DS = —c(8,)(d+d*)®, ¢(8,) = dr A —dr_

where (d + d*)s is a vector-valued de Rham operator on the sphere. We will need
to compute the kernel of this operator, which is related to the harmonic forms on
the sphere; it is spanned by {1, dr,w, dr A w}, where w is the sphere volume form.
The eigenforms of this operator are integers, and if o+ dr A 3 is an eigenform of
D? corresponding to eigenvalue A, then

Aa+drAB)=—c(8,) (d+d)° (a+drAp)
= —dr AMd+d)° a— (d+d")° 3,
so that
(d+d)°a=—-\3;(d+d")° = —)a, or
(d+d)° (a£8) =FA(a£p).
Also
D% (a—dr AB) = —c(8,) (d+d*)° (a —dr AB)
=XrAf—Aa=—-\(a—drAp), and
DS (B+drAna)=2XNB+drNa).

Thus the spectra of both DS and (d+ d*)° are symmetric. Let [G;] be the
isotropy type corresponding to the stratum 3, . If we restrict to forms of G-
representation type o, the forms «, would necessarily be of that type, but the
symmetry of the spectra would remain. Thus for the de Rham operator,

n (Ds—i-,a) =0

at each stratum. The dimension h (DS“’) of the kernel is not always the same;
the + component of the forms contains at most the span of {1,w} if the codimen-
sion of the stratum is odd and at most the span of {1, dr A w} if the codimension
is even. Observe that 1, w, and dr A w are invariant under every orientation-
preserving isometry, but w and dr A w change sign under orientation reversing
isometries. Thus, the only representations of G; that appear are the induced
one-dimensional representations of G; on the transverse volume form to X, . If
some elements of G; reverse orientation of the normal bundle, then let ¢, denote
the relevant one-dimensional representation of G; as +1. Then

2 if 0 =1 and G preserves orientation

if 0 =1 and G does not preserve orientation
if 0 = &g, and G; does not preserve orientation
otherwise.

(10.1) h(DyH) =

O = =
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The orientation line bundle Ly, — ¥; of the normal bundle to ¥; is a pointwise
representation space for the representation {g;, and it is the canonical isotropy
G-bundle W corresponding to (aj, [fgj} ) We may also take it to be a represen-
tation bundle for the trivial G-representation 1 (although the trivial line bundle
is the canonical one). The main theorem takes the form

) y 1 —
ind” (d+d*) = v /G\MVAS($> |du] +§ :5(2%) ’
P 0 J

3(50) = g, = (1 (2] w0 (0) [ 45 (et)

J

~ dimV, ;/G\i;; AL (x, Ly,) |dx].

In this case it is useful to rewrite fG\iv AP (x,Ly,) |/d\x/| as [o— KV (z,Ly;) |/d\x/|
aj : aj

before taking it to the quotient. We see that K f (x, ENJ.) is the Gauss-Bonnet

integrand on the desingularized stratum ¥, restricted to Ly, -twisted forms of
type [p]. The result is the relative Euler characteristic

/N K7 (1', ﬁNj) |/d;7/| = x (E_a], lower strata, LNj) ,

Zaj

Here, the relative Euler characteristic is defined for X a closed subset of a manifold
YVoas x (Y, X,V) = x (Y, V) — x (X,V), which is also the alternating sum of the
dimensions of the relative de Rham cohomology groups with coefficients in a
complex vector bundle V — Y. The superscript p denotes the restriction to
the subgroups of these cohomology groups of G-representation type [p]. Note
that if Y is a G,/Gj-bundle, x (Y, V)" is the alternating sum of the dimensions
of subspaces of harmonic forms with coefficients in the G-bundle ¥V — Y with
representation type [p]. Further, since ¥,; is a fiber bundle over G\ X, with
fiber G-diffeomorphic to G /G, we have

/N K? (z,Ly;,) |fd\a,j| =x"(G/Gj,Ly,) x (G\Za,, G\lower strata) ,

Sa;

by the formula for the Euler characteristic on fiber bundles. A similar formula
holds for the principal stratum, with no orientation bundle. Putting these facts

together with Theorem (9.2 and ind” (d 4 d*) = = 7 X’ (M), we have the follow-

ing result.

Theorem 10.1. Let M be a compact G-manifold, with G a compact Lie group
and principal isotropy subgroup Hy,.. Let My denote the principal stratum, and
let ¥, ,. .., 2, denote all the components of all singular strata relative to G. We
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use the notations for x? (Y, X) and x* (Y) as in the discussion above. Then
X’ (M) =x"(G/Hpy) x (GN\M, G\ singular strata)
+ Z X’ (G’/Gj ,ENj) X (G\E_aj, G\ lower Stmta) ,
J

where Ly, is the orientation line bundle of normal bundle of the stratum compo-
nent X, .
J

Example 10.2. Let M = S™ let G = O (n) acting on latitude spheres (principal
orbits, diffeomorphic to S®1'). Then there are two strata, with the singular
strata being the two poles (each with Euler characteristic 1). Without using the
theorem, since the only harmonic forms are the constants and multiples of the
volume form, we expect that

X(S)‘{l ifp=po=1,

where ¢ is the induced one dimensional representation of O (n) on the volume
forms. We have that

n—1 . _
X (G/ Hy) = X" (S"7) = { 5_1) i 2 _ f)o 1

and
X (GNM, G\singular strata) = x ([-1,1],{—1,1})
S

At each pole, the isotropy subgroup is the full O (n), which may reverse the
orientation of the normal space. Then

1 ifp=p=1
p . — P _ ,
X (G/Gj’ﬁNj) =X"(pt) = { 0 otherwise.
Also, for each pole ¥, ,
X (G\E_aj, G\ Jlower strata) =x(pt) = 1.

By Theorem we have

w ()" ifp=¢
Xp(S)‘{ —1  ifp=py =1

0 ifp=¢
+{2-1 if p= pg

_ =D ifp=¢
1 1fp:p07

which agrees with the predicted result.
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Example 10.3. If instead the group Z, acts on S™ by the antipodal map, note

that
1—1=0 if p=pgand n is odd
7 (S7) = 1 if p = py and n is even
1 if p = ¢ and and n is even
0 otherwise

since the antipodal map is orientation preserving in odd dimensions and orien-
tation reversing in even dimensions. On the other hand, by Theorem [10.1] since
there are no singular strata, we have

X’ (S") = X’ (G Hp) x (GNM, G\singular strata)
-x (RP™) if p = pg or £ and n is odd
-x (RP™) if p=pg or £ and n is even
-x (RP™) otherwise

if p=py or € and n is odd

if p = py or € and n is even
0 otherwise,

—_o O

which agrees with the direct computation.
Example 10.4. Consider the action of Z, on the torus T? = R? /72, where the
action is generated by a § rotation. Explicitly, k& € Z4 acts on ( % ) by

Y2
()5 0) ()

Endow 7?2 with the standard flat metric. The harmonic forms have basis
{1,dy1,dys, dyr A dys}. Let p; be the irreducible character defined by k € Z, —
e’*37/2 Then the de Rham operator (d + d*)” on Z,-invariant forms has kernel
{co+crdyr Ndys : co, c1 €C}. One also sees that ker (d + d*)”* =span {idy; + dy»},
ker (d + d*)” = {0}, and ker (d 4+ d*)”® =span {—idy; + dy}. Then

X7 (T%) =2,x" (T?) = x” (T?) = —1,x* (T*) = 0.
This illustrates the point that it is not possible to use the Atiyah-Singer integrand
on the quotient of the principal stratum to compute even the invariant index

alone. Indeed, the Atiyah-Singer integrand would be a constant times the Gauss
curvature, which is identically zero. In these cases, the three singular points

1
a; = ( 8 ) Qg = ( (1) ) ,a3 = ( 7 ) certainly contribute to the index. The
2

2
quotient T2 /Z, is an orbifold homeomorphic to a sphere.

We now compute the Euler characteristics y? (72) using Theorem [10.1} First,
G,/ H,: = G is four points on which G acts transitively, and thus x” (G /Hp,) = 1
for each possible choice of p. We have x (Zs\T?, {3 points}) = x (52, {3 points})
= —1. Each of the singular points ay, as, asz is one of the strata components 3,
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and thus y (G\E_aj, G\ lower Strata) = 1 in each of these cases. We have the
isotropy subgroup at a; is

. . Z4 lf]:]_OI'S
GJ'_G“J'_{ZQ if j =2

so that

1 ifj=1or3andp=py
X”(G/Gj,EN].):Xp(G/Gj): 1 ifj=2and p=pgor p,
0 otherwise.

Then Theorem [10.1]| implies

3 it p=po
X (M)=1-(-1)+4¢ 1 ifp=p
0 if p=psorp;s

2 itp=po
=< 0 if p=po
—1 if p=p; or p3,

which agrees with the previous direct calculation.

10.3. Transverse Signature Operator. In this section we give an example of a
transverse signature operator that arises from an S* action on a 5-manifold. This
is essentially a modification of an example from [2, pp. 84ff], and it illustrates
the fact that the eta invariant term does not always vanish. Let Z* be a closed,
oriented, 4-dimensional Riemannian manifold on which Z, (p prime > 2) acts
by isometries with isolated fixed points x;, i = 1,...,N. Let M = S! Xz, Z4,
where Z, acts on S’ by rotation by multiples of 27”. Then S! acts on M, and
SINM = Z,\Z*. Observe that this group action can be viewed as a Riemannian
foliation by circles.

Next, let DT denote the signature operator d + d* from self-dual to anti-self-
dual forms on Z*; this induces a transversally elliptic operator (also denoted by
D). Then the S'-invariant index of D" satisfies

ind” (D) = Sign (S"™\M) = Sign (Z,\Z") .

By the Invariant Index Theorem (Theorem [9.6)), Remark and the fact that
the Atiyah-Singer integrand is the Hirzebruch L-polynomial spy,

1
(D) =3 | o

N
1 S+,p S+,p
33 (o) (05)).
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where each Df+’p % is two copies of the boundary signature operator
B = (—1)" (xd — dx)
on 2l-forms (I = 0, 1) on the lens space S? /Z,. We have h (Df+’p0> =2h(B) =2

(corresponding to constants), and in [5] the eta invariant is explicitly calculated

to be 1
P kmm kn;m
DSJr,po) =9 B = —— cot ( J )COt < J ) )

where the action of the generator ¢ of Z, on S is

Qmj‘/ri 2nj7ri
C'(ZluzQ): e P Z1,e P 29 )

with (m;,p) = (n;,p) = 1. Thus,

. 1 1 1 N bl k‘ijF knﬂr
(10.2) Sign (S"\M) = - it , Z cot cot + N

, 1 1 1ol 2 km;m knjm
Sign (S"™\M) =3 Z\Z4p1+52200t P cot o)

which demonstrates that

illustrating the difference in total curvature between the desingularization M and
the original M.

10.4. Basic index theorem for Riemannian foliations. The content of this
section will be proved, generalized, and expanded in detail in [I6]. Let M be an
n-dimensional, closed, connected manifold, and let F be a codimension ¢ foliation
on M. Let ) denote the quotient bundle TM /TJF over M. Such a foliation
is called a Riemannian foliation if it is endowed with a metric on @ (called the
transverse metric) that is holonomy-invariant; that is, the Lie derivative of that
transverse metric with respect to every leafwise tangent vector is zero. The metric
on () can always be extended to a Riemannian metric on M; the extended metric
restricted to the normal bundle NF = (T'F )l agrees with the transverse metric
via the isomorphism @) = NJF. We refer the reader to [37], [40], and [44] for
introdu/cfions to the geometric and analytic properties of Riemannian foliations.

Let M be the transverse orthonormal frame bundle of (M, F), and let p be
the natural projection p : M — M. :F\he Bott connection is a natural conn/egtion
on @ that induces a connection on M (see [37, pp. 80ff] ). The manifold M is a
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principal O(g)-bundle over M. Given & € ]\/4\ let g denote the well-defined right
action of g€ G=0(q ) applied to . Associated to F is the lifted foliation F on

M:; the distribution T'F is the horizontal lift of TF. By the results of Molino (see
[37, pp. 105-108, pp. 147ff] ), the lifted foliation is transversally parallelizable
(meaning that there exists a global basis of the normal bundle consisting of

vector fields whose flows preserve F ), and the closures of the leaves are fibers of
a fiber bundle 7@ : M — W. The manifold W is smooth and is called the basic

manifold. Let F denote the foliation of M by leaf closures of /f, which is shown
by Molino to be a fiber bundle. The leaf closure space of (M, F) is denoted

W=M/F=W,/G
p'E &
\ o
< (ﬁﬁ) W
1P o |
E - (MF) = W.

SO (q)

Endow (M F ) Wlth the transverse metric g% @ g9, where ¢ is the pullback
of metric on @, and ¢°9 is the standard, normahzed, bnnvarlant metric on the
fibers. We require that vertical vectors are orthogonal to horizontal vectors. This

transverse metric gives each of (]\/4\ ,F) and (]/\4\ , F) the structure of a Riemannian

foliation. The transverse metric on (]\/4\ , F ) induces a well-defined Riemannian
metric on W. The action of G = O(q) on M induces an isometric action on W.

For each leaf closure L € F and 7 € Z, the restricted map p: L > Tisa
principal bundle with fiber isomorphic to a subgroup Hz C O(q), which is the
isotropy subgroup at the point 7(z) € € W. The conjugacy class of this group
is an invariant of the leaf closure L, and the strata of the group action on W
correspond to the strata of the leaf Closures of (M, F).

A basic form over a foliation is a global differential form that is locally the
pullback of a form on the leaf space; more precisely, a € Q* (M) is basic if for
any vector tangent to the foliation, the interior product with both o and da is
zero. A basic vector field is a vector field V' whose flow preserves the foliation. In
a Riemannian foliation, near any point it is possible to choose a local orthonormal
frame of () represented by basic vector fields.

A vector bundle £ — (M, F) that is foliated may be endowed with a basic
connection V¥ (one for which the associated curvature forms are basic — see
[26]). An example of such a bundle is the normal bundle ). Given such a
foliated bundle, a section s € I' (E) is called a basic section if for every X € T'F,
VEs = 0. Let T, (E) denote the space of basic sections of E. Note that the basic
sections of () correspond to basic normal vector fields.
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An example of another foliated bundle over a component of a stratum M
is the bundle defined as follows. Let E — M be any foliated vector bundle.
Let ¥, = @ (p~' (M;)) be the corresponding stratum on the basic manifold W,
and let W™ — X, be a canonical isotropy bundle (Definition . Consider the
bundle T*W7™®@p*E — p~! (M,), which is foliated and basic for the lifted foliation
restricted to p~' (M;). This defines a new foliated bundle E™ — M; by letting
ET be the space of O (q)-invariant sections of T*W7™ @ p*E restricted to p~! ().
We call this bundle the W™-twist of £ — M;.

Suppose that F is a foliated Cl(Q) module with basic C1(Q) connection V¥
over a Riemannian foliation (M, F). Then it can be shown that Clifford multi-
plication by basic vector fields preserves I', (E), and we have the operator

Df Ty (ET) =Ty (E")
defined for any local orthonormal frame {ey,...,e,} for @ by

q
Df = Zc(ej) ij

j=1 Iy (E)

Then DF can be shown to be well-defined and is called the basic Dirac operator
corresponding to the foliated Cl (@) module E (see [22]). We note that this op-
erator is not symmetric unless a zero'™ order term involving the mean curvature
is added; see [27], [29], [30], [22], [39], [24], [16] for more information regarding
essential self-adjointness of the modified operator and its spectrum. In the formu-
las below, any lower order terms that preserve the basic sections may be added
without changing the index.

Definition 10.5. The analytic basic index of DF is
ind, (DI;E) = dim ker D¥ — dim ker (Df)* .

As we will show in [16], these dimensions are finite, and it is possible to identify
ind, (Df ) with the invariant index of a first order, O( )- equivariant differential

operator D over a vector bundle over the basic manifold . By applying the
invariant index theorem (Theorem , we obtain the following formula for the
index. In what follows, if U denotes an open subset of a stratum of (M,F),
U’ denotes the desingularization of U very similar to that in Section I and U
denotes the fundamental domain of U inside U’.

Theorem 10.6 (Basic Index Theorem for Riemannian foliations, in [16]). Let M,
be the principal stratum of the Riemannian foliation (M, F), and let My, ..., M,
denote all the components of all singular strata, corresponding to O (q)-isotropy
types [G4], ... ,[Gr] on the basic manifold. With notation as in the discussion
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above, we have

ind, (DF) = /ﬁ Aoy (x) [da| + > B(M;)
0 j=1

JSF

508) =53 i (1 (277) £ (0577)) /ﬁ./f A (@) ol

where the sum is over all components of singular strata and over all canonical
isotropy bundles W7, only a finite number of which yield nonzero A7,, and where

(1) Aoy (x) is the Atiyah-Singer integrand, the local supertrace of the ordinary
heat kernel associated to the elliptic operator induced from DE (a desingu-

larization of D¥) on the quotient M,/ F, where the bundle E is replaced
by the space of basic sections of over each leaf closure;

(2) n (DJSJ“b) and h <Df+’b) are defined in a similar way as in Theorem

using a decomposition DF = Dy x Dy, at each singular stratum;
(3) A%, () is the local supertrace of the ordinary heat kernel associated to

the elliptic operator induced from (1 ® DMj), (blown-up and doubled from
1 ® Dy, the twist of Dy, by the canonical isotropy bundle W7 ) on the

quotient Mj/.T-", where the bundle is replaced by the space of basic sections
over each leaf closure; and

(4) n, is the number of different inequivalent G-representation types present
in a typical fiber of WT.

An example of this result is the generalization of the Gauss-Bonnet Theorem
to the basic Euler characteristic. The basic forms Q (M, F) are preserved by
the exterior derivative, and the resulting cohomology is called basic cohomology
H* (M, F). 1t is known that the basic cohomology groups are finite-dimensional
in the Riemannian foliation case. See [20], [30], [28], [29], [21] for facts about
basic cohomology and Riemannian foliations. The basic Euler characteristic is
defined to be

X(M,F)y=> " (-1) dim H’ (M, F).

We have two independent proofs of the following Basic Gauss-Bonnet Theorem;
one proof uses the result in []], and the other proof is a direct consequence of the
basic index theorem stated above (proved in [10]).

In the theorem that follows, we express the basic Euler characteristic in terms
of the ordinary Euler characteristic, which in turn can be expressed in terms of
an integral of curvature. We extend the Euler characteristic notation x (V') for Y’
any open (noncompact without boundary) or closed (compact without boundary)
manifold to mean
vy X (Y) if Y is closed
x(Y) = X (1-point compactification of Y) —1 if Y is open.
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Also, if £ is a foliated line bundle over a Riemannian foliation (X, F), we define
the basic Euler characteristic x (X, F, L) as before, using the basic cohomology
groups with coefficients in the line bundle L.

Theorem 10.7 (Basic Gauss-Bonnet Theorem, announced in [41], proved in
[16]). Let (M,F) be a Riemannian foliation. Let My,..., M, be the strata of the
Riemannian foliation (M, F), and let Oy, 7 denote the orientation line bundle

of the normal bundle to F in M. Let L; denote a representative leaf closure in
M;. With notation as above, the basic Euler characteristic satisfies

X(va) :ZX(Mj/?)X<Lj7‘7-—7OM]~/f>'

Remark 10.8. In [23] Corollary 1], they show that in special cases the only term
that appears is one corresponding to a most singular stratum.

10.5. The orbifold index theorem. A smooth orbifold or V-manifold is locally
diffeomorphic to the orbit space of discrete group action on a Euclidean ball.
Globally, such a space may always be rendered as the orbit space of a O (n)
action on a smooth manifold, such that all of the isotropy groups are finite and
the principal isotropy groups are trivial. The orbifold index theorem was proved
in [32], [33]; but we may now use Theorem [9.6|to express the index of an orbifold
elliptic operator in a slightly different way, because the orbifold index corresponds
to the invariant index of the induced transversally elliptic operator lifted to the
O (n) action. The integrals over the quotients are integrals over the orbifold
strata. According to Theorem [9.6] the index of an orbifold elliptic operator
D:T(M,E") — T (M,E") over a Riemannian orbifold M is

ind(D): ]‘A/[/Ao(f) |/CZTT/’ +Zﬁ(2j) )

B(%)) = %Z m <—77 (Df+’b) +h (D}q+’b>) /EN A () |dz|
beB j

where M is the principal stratum of the orbifold (manifold points) after equivari-
antly desingularizing along all singular strata and taking the quotient, and each
>’; is the orbit space of the fundamental domain of a component of the singular
stratum X; of the orbifold after desingularizing ¥; along all singular strata prop-
erly contained in the closure of 3;. Also, Ay (z) is the Atiyah-Singer integrand for
the operator D, and A;, (x) is the corresponding Atiyah-Singer integrand on the
stratum X;, where the restricted operator is modified by twisting by the canon-
ical isotropy bundle W? of the isotropy subgroup of O (n). The operators DIt
on the sphere fibers are defined as in the rest of the paper and in Theorem 9.6
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On the other hand, the orbifold index theorem in [33] states that

ind (D) = / o (2) |dz]
+Z / ) |dz|,

where A (x) is the Atiyah-Singer integrand for the operator D, and A; (x) is the
corresponding Atiyah-Singer integrand on the set M;. The set M; is a connected
component of the blown-up singular set ¥ M of the orbifold: if a neighborhood
of z is isometric to U, /G, with G, < O (n) being the isotropy,

XM = {(z, (hy)) : x € M, (h,) is a nontrivial conjugacy class in G, } .

The centralizer Zg, (h) of h € G, is not effective on U,; the order of the trivially
acting subgroup of Zg, (h) the integer m g (n,). This integer is constant on the
connected components M; of ¥ M, so that one may write m; = my,(1,)) for any
(x,(hg)) € M;. Clearly, the Kawasaki result is a different formula than that
resulting from our theorem, mainly because in our case the singular strata are
blown up. We note that in [32], a very similar formula to above is provided
for the orbifold signature theorem.

11. APPENDIX: GENERALIZED SPHERICAL HARMONICS

Collected here are the necessary facts concerning eigenvalues of spherical op-
erators arising from writing constant coefficient, first order differential operators
in polar coordinates.

11.1. Polar coordinate form of constant coefficient operator on R*. We
consider the following situation. Let @Q;: C*° (Rk Cd) — (O (Rk,Cd) be an
elliptic, first order, constant coefficient differential operator on R¥ with & > 2.

Let
k
Ql = Z Ajaja
j=1

where by assumption 4; € GL (d,C), and for any c=(cy,. .., ;) ERF, det (3" ¢; 4;)
= 0 implies ¢ = 0. Note that

k
==Y A0
j=1

We form the symmetric operator Q): C* (Rk, C?'o® Cd) — C*® (Rk, Cl'o (Cd)

-(5.9)-5(3 )

Jj=1
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We write @Q in polar coordinates (r,6) € (0,00) x S*¥1 with # = r =
r(61,...,0;), as

1
Q1 =2" (& + ;QSJr) . so that

B 0 (ar + %QS%—)* Z-i—*
Q_<Z+ (0, + 1Q°T) 0
=Z(ar+1QS),
T
where
Zt e ZHA
and
k . k
Q(re)—TZ( ") Ajaj_zxjaj
j=1 J=1
b 10 i 10
_ + _
_r;(z) A<98+ ae) ; (ea+ ae)
IPIRLA oo
= ( (;M)a +(Z%) ;AJ% ro, ]Z%Q

k
_ _1 9
(11.1) Qi = (27) Z Jag Zﬂae ZAja_@'

Note that a%j and Q°% may be regarded as an operator on the sphere, and the
matrix Z is independent of the radial parameter r. Thus the adjoint of Z is also
independent of r. Since Q" does not differentiate in the r direction, the formal
adjoint of Q%% restricted to the sphere is the same as the formal adjoint of Q° as
an operator on R”, restricted to functions that are locally constant in the radial
directions. Note that the formula above implies that if u is a constant vector in
C?, then Q°"u = 0. Because the formal adjoint of 9, is —0, — % on R¥ and by
the properties indicated above, we have

1 ’ k—1
(ar + —QS+) AN (—ar -+ Q"o 1) Zt
T r T

=zt (@ + k-1 ; L (Z+*)*1 QT (Z) o %) .
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Thus, we have that
(0 Z s [ Q% 0
Z(Z+ 0)7@(0 QS_ )
1

77 =77 Q= (k=) -r(27) Q7 (Z7) o

with

Note that by the choice of polar coordinates, Q°~ is an operator on the sphere
and does not differentiate in the radial direction, so that

Q% (r(z)) = [(k; —D)I-r(27) Q% (Z27)0 H (r(z)7) o
rQ5 (Z27)  =r(k-1)(27)

Multiplying on the left by 1Z~ and solving for Q°*, we obtain

-1

—r (Z‘)f1 Q.

QS =(k-1)I-2Q% (Z7)", or
Q" =(k-1I-(27)" Q" (2).
In summary, our operator @) : C* (Rk, Clo Cd) — ' (]Rk, Clo Cd) satisfies

(11.2)

ICHAE)

A

0
( Q(? (k—1)1- <Z+2>‘1 Q5 (Z+) )>
( (k—1)1- (Z;)‘l Q5 (Z7) Qg_ )) |
and

(11.3) Q™ =(k—-1)I1-2Q%27".

In the case of a Dirac type operator, Q° restricts to a Dirac-type operator on the
sphere that does not inherit the grading.
Note also that

k k
(114) Z(+r,9) = ; .TjAj, and Z(+r,9 = IjAj .
j=1 j=1

P
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If we assume that Z* is an isometry, then

k

-1 1 .

(11.5) (Z(tﬁ)) ==Y a4
j=1

Then
k
erf@) =T

7j=1

k k k
(Z5) 7 450, =) ;0= mAT A0 =) a0,
=1 =1

J,l=1

so that Q% fixes the vector space of polynomials in 2 that are homogeneous of
degree m, for m > 0. A similar fact is true for (QS+)*. In the following section,
it will be shown that in fact (QSJFYk = Q% on appropriate subspaces of sections.
For future reference, note that Q°* is a continuous function of the matrices A;.

11.2. Eigenvalues of Q°*. Let
A=QiQ1 =) —A;A;00

_ (_ar B k—1 n % (QS+)*) (Z+)* 7+ (aT + %QS—&-) . and

r

A= (—ar LI (QS+)*) (ar + %Q“)

r r

if we let ZT be an isometry. Let

B (l‘) = Z —ZEZ'.Z‘]‘A:AJ‘,

which is, up to a sign, the principal symbol of A. Let P,, denote the vector space
of polynomials in x that are homogeneous of degree m with coefficients that are
d-dimensional complex vectors. We define the following Hermitian inner product
(-, -)on Py. Given any P,Q € P,,, we write

P(z) = Z Pz Q(z) = Z Qax”

where o = (aq, ..., ) is a multiindex and 2% = 2252 ... z2*. We define
) s Lk 1 42 k

(P,Q)=> alP*-Q~,
where a! = a4!...ax!. Observe that
(P,Q) =P (9)-Q(x),

where P (8) means 3 P*d,, and where P (9) - Q (z) means 3 alP* - Q%0,".
Observe that ( -, - ) is a positive definite Hermitian inner product on P,,.

Proposition 11.1. For m > 2, the linear map A : P, — P2 is onto. Also,
letting

H,, =ker ANP,, =ker Q1 N P,,,
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the space Py, is the orthogonal direct sum
lm/2] '
P = P (B ()" Huns.

=0
Proof. Observe that for every Q € P,,_o and every P € P,,,
(QAP) =Q(9)-B(9) P (x)
= ) alQq - (—AfA;P3)0, (0:0;2”)

a,B,i,j

=) ol (~ATAQ.) - Poa (9;0:2)

o,B,i,5
= (BQ)(0) - P(z) = (BQ, P).

If @ € P,,_2 is orthogonal to A (P,,), then the computation above implies that
every P € P, is orthogonal to BQ € P,,, so BQ = 0 and thus @ = 0. (Here we
use the fact that @1 and thus A is elliptic.) Thus A : P,,, — P,,_o is onto. Also,
AP = 0ifand only if (BQ, P) = 0 for every Q € Py,_2, 80 Pyy = Hpn®B () Pry—a.
The result follows. O

Corollary 11.2. Let d,, denote the dimension of P,,, which is d ( m +77]f; -1 ) :
The dimension h,, of the space H,, is

™) d ifm=0,1.

(0 QN (0 &
Q_(Ql 01>_]Zl(141 0 )aj

@=(o @mawr )

A=(27)"QuQiz".

Next, let

as above, so that

with

Writing @ in polar form
1
Q:Z<a7’+_@5)v
r

note that a polynomial p,, of degree m is in the kernel H,, = ker A implies

( 0.1yl (QS*)*> (ar - 1@“) pm =0, or
r T T
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E—2 1 x 1
(—L + - (@) ) (@ + —QS+) Pm = 0, so that
r r roor
(11.6) (= (m+k—2)+ Q")) (m+ Q") pn =0.
Since the vector space H,, of polynomials that are homogeneous of degree m in

ker A is finite-dimensional and is fixed by Q°* and (QS+)*, the following linear
algebra fact is relevant (thanks to George Gilbert and Igor Prokhorenkov):

Lemma 11.3. Suppose that L is an r X r complex matriz that satisfies
(L—al)(L*—0I)=0,
where L* is the adjoint (which is the conjugate transpose), a,b € R, and I is the

wdentity matriz. Then L is Hermitian, and each eigenvalue is a or b.

Proof. If a = b, then L = al, since if M is an r X r matrix with M M* = 0, then
M = 0. If a # b, then by taking adjoints we also have that (L — bl) (L* —al) = 0.
Subtracting the two equations, we obtain

(a—b)L+(b—a)L" =0,
so that L = L* and is thus Hermitian, and since its minimal polynomial is a
factor of (x — a) (z — b), the result follows. O

Proposition 11.4. For any m € Zsq the restriction H>, of Hy, = P Nker A to
the unit sphere S*=1 C R¥ is the L?-orthogonal direct sum of the eigenspaces of
Q°T corresponding to eigenvalues —m and m + k — 2.

Proof. Lemma [11.3[ and Formula [11.6] 0
Observe that dy = dim Py = dimHg = hg = d, and d; = dimP; = dimH; =

h, = dk. Letting Ey denote the eigenspace of Q°F corresponding to eigenvalue
A, by formula (11.1]) we have
d = dim EO + dim Ek_g Z d + dim Ek_Q, SO
dim Ey = d; dim Ej_o = 0.
Note that we dg have similar facts for ker &, because also maps P,, to P,,_s.
If p,, € P, Nker A, we have
k—1

Ap,, = (& + 1@“) (—& — i1 (QS+)*) P
T T r
_ (m —1 N 1Q5+) (_Lk_l n % (QS-',-)*) o =0,

r r r
which implies
(m—1+Q%) (—(m+k—1)+ (@) ) pn =0.
Then, Lemma [11.3] implies the following.
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Proposition 11.5. For any m € Zs( the restriction ﬁ;’i of P N ker A to the
unit sphere S*=1 C R¥ is the L*-orthogonal direct sum of the eigenspaces of Q5T
corresponding to eigenvalues —m + 1 and m + k — 1.

Proposition 11.6. Let P° denote the restriction of P,, to the unit sphere
Sk=L ¢ RE, and let HS be defined similarly. Let E denote the eigenspace of
Q5" corresponding to eigenvalue \. Then

P = Mo+ Moo+ -+ Hy o y2)
=E n+ -+ E+Er1+ -+ Engro.

That is, P2 has a basis consisting of elements of ker A, restricted to S¥~1. Sim-
ilarly, letting HS, denote the restriction of P, Nker A to S*~1 we have that

—_~ e/~

=bE 1+t Byt Err+ o+ B
In particular, we have that for all m > 0,
dimFE_,, =dimFE,, ;1.

Proof. Clearly H3,_,; C PS5 for 0 < j < [m/2], since 2| Hyn—aj C P Also,
the subspaces an,an,Q, . ’an—QLm /2| Are linearly independent. Otherwise, a
nontrivial polynomial in ker A would be identically zero on S*~!. By Proposi-
tion [11.4] we could write this vector-valued polynomial as a sum of eigenvectors
of Q% and thus each eigenvector would have to be zero. Since eigenvalues of Q°
corresponding to distinct m € Zx( are distinct, each such eigenvector is written
as a vector of polynomials of pure degree that is identically zero on the sphere.
Because any such polynomial is the zero polynomial, this implies that there is
no nontrivial polynomial in ker A that is identically zero. Further, By counting
dimensions, the result follows. The second part of the corollary is proved in a
similar way. O

The denseness of polynomials in L2 (Sk_l) and the formulas above imply the
following result.

Proposition 11.7. The spectrum of Q%% is discrete, and there is a basis of
L? (Skil,(Cd) consisting of eigenvectors of Q3t. The set of eigenvalues of Q5+
is a subset of Q@ = {...,—5,—4,-3,-2,—1,0,k — 1,k,...}. Let u; denote the
multiplicity of the eigenvalue j € (). Then the nonnegative integers ji; satisfy the
equations

po=d , p_j+ pg—2+j =h; , and

J

g =ik = (=1 hy = dj — dj

m=0
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' -2
:d<‘7+§ )fm’alljzo.

Remark 11.8. Observe that this gives a universal formula for the eigenvalues of
any such @ that depends only on the rank d and the dimension k.

11.3. The equivariant case. Suppose that we have the setup as in Section [11.1
and , but that in addition we are given a subgroup H of O (k) that acts on
R* in the obvious way and also acts unitarily on each summand of C? @ C¢, such
that the operator Q1 (and thus @)) commutes with the H-action. Then, given an
irreducible representation o : H — GL (V'), we consider the restriction of each
of the operators in the sections above to the space of vector-valued functions of
type a. Then the following generalizations of Propositions [11.4] [11.5] [11.6] and
M7 are immediate.

Let the superscript o denote the restriction to the space of vector-valued func-
tions of type a.

Let d2, denote the dimension of (P,,)" = P%. As before, the dimension AS, of
the space H2 = P, N (ker A)® is then
ho :{ dp, —dy, 5 ifm =2

m g, itm=1,2.

Proposition 11.9. For any m € Zs the restriction H>* of H% = P,,N(ker A)”
to the unit sphere S¥=1 C R¥ is the L?-orthogonal direct sum of the eigenspaces
of Q5T corresponding to eigenvalues —m and m + k — 2.

- ~\ &
Proposition 11.10. For any m € Zx, the restriction Hoy® of P N (ker A) to

the unit sphere S¥=' C R* is the L*-orthogonal direct sum of the eigenspaces of
Q5T corresponding to eigenvalues —m + 1 and m + k — 1.

Proposition 11.11. Let P5% denote the restriction of PE to the unit sphere
Skt C R, and let H® be defined similarly. Let EY denote the eigenspace of
Q5T corresponding to eigenvalue \. Then
P = Ho + Hp o+ 4+ H
=FE 4+ B+ B+ B
That is, P> has a basis consisting of elements of (ker A)*, restricted to S*1.

Similarly, letting Hoi® denote the restriction of P N (ker 3) to S*=1, we have
that

P e )

:E3m+1+"'+E3+El?fl+”'+Efn+kfl'
In particular, we have that for all m > 0,

dim E®,, = dim E%,,
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Proposition 11.12. The spectrum of Q% is discrete, and there is a basis
of L* (S*=1,C")" consisting of eigenvectors of Q5. The set of eigenvalues of
Q% is a subset of @ = {...,—5,—4,-3,-2,—-1,0,k — 1,k,...}. Let p§ denote
the (possibly zero) multiplicity of the eigenvalue j € Q. Then the nonnegative
integers 3 satisfy the equations

and

py = dimCH |y = b

J
PG = Wy = Z (=1)""" R = dY = dS_y for all j > 0.

m=0

Remark 11.13. Observe that this gives a universal formula for the eigenvalues
of any such Q°"* that depends only on the irreducible representation o and the
actions of H on R* and on C¢. Furthermore, since Q™ varies continuously with
the entries of the matrices A;, we note that any continuous function of the set of
eigenvalues (such as the eta invariant or the dimension of an eigenspace) remains
constant as the matrices A; vary continuously (and equivariantly). Furthermore,
any spectral function of the form
> rW,

Ao (QS5+:@)

such as the trace of the heat kernel or the zeta or eta functions, is invariant under
equivariant stable homotopies of the original operator Q).
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