INTERPOLATION METHODS FOR STOCHASTIC PROCESSES
SPACES

ERLAN NURSULTANOV* AND TOIBEK AUBAKIROV

ABSTRACT. In this paper the scales of classes of stochastic processes are intro-
duced. New interpolation theorems and boundedness of some transforms of sto-
chastic processes are proved. Interpolation method for generously-monotonous
processes is entered. Conditions and statements of interpolation theorems con-
cern the fixed stochastic process, which differs from the classical results.

1. Introduction

Interpolation methods of functional spaces are one of the basic tools to get
inequalities in parametrical spaces. These methods are widely applied in the
theory of stochastic processes (see [6] - [5] and other).

In this paper classes of stochastic processes are considered, which, in some
sense, are analogues of the Net spaces which were investigated in [14], [13]. These
classes are defined by a functional which depends on parametres connected with
such important notions as the theory of random processes, the convergence of
process, the law of great numbers, the martingale properties of process.

Assume that (€, &, P) is a complete probability space. A family G = {&,,},>1
of o - algebras &,, such that &; C ... C &, C ... C & is called a filtration.

Let G be a filtration, a sequence {X,},>1 of random variables X,, be such
that for any n > 1 X, is a measurable function with respect to the o-algebra &,,.
Then we say that the set X = (X,,, 8,),>1 is a stochastic process.

Let F = {§.}n>1 be a system of sets satisfying the condition §; C ... C §, C
... € &. We say that a stochastic process X = (X,,, &,,),>1 is defined on a system
F={F.}n>1 if §, C 8, n € N. For a stochastic process X, which is defined on
a system F = {F,}n>1, we define the sequence of numbers X (F) = {X,,(F)},,

Xu(F) = Sup

where
il
— X P(dw
Acg,P(a)y>0 P(A) | )4 ePldw)

We call this sequence a majorant of a process X on a system of sets F'.

Let us give some examples of a choice of a system of sets F' = {§,, }n>1: §n = Q,
in this case the sequence X (F) = {X,,(F)}, is a sequence of averages of a process
X = {X,}; for §, = &,,_; it is a majorant of sequence of conditional averages
M(X,|Gpn-1); and for §, = &, it is a majorant of a process X = {X,,}. The
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following cases are interesting: 1) §, = B,,,, where 7 = 7(w) is the fixed
stopping time, &,,, = {A € & : AN{r =n} € &,}; 2) §, = G,n.,, Where
Tn = Tn(w),n € N is the sequence of the stopping times.

We consider the classes of stochastic processes defined on F', which characterize

the speed of convergence of sequence {X”TEF)} to zero.

By Ny (F), 0 < p <oo, 0<gqg< o0 we denote the set of all stochastic
processes X, defined on F' for which

(1) 1 XN, (F) (Z i ) < 00
if 0 < ¢ < oo and

p
(2) 1 XN, o (p) = sgpk » X} < 00

if g =00
Let us denote

NEUF) = X = (X, Fo)st - (Z 2&’%)@) <0
k=0

for 0 < g < 00, and

NE®(F) = {X = (X, Fy)ps1 - s%p 2 AX) < oo},

for ¢ = oo, where

1
AXp= sup —
Aeg,P(A)>0 (P(A)) 7

/(XQk —X2k71)P(dw) .
A

We consider that X (w) =0.

The N;’Q(F ) spaces are spaces of converging stochastic processes, where
parametres «, ¢ and p characterize the speed and the metrics, in which a given
process converges.

In this paper we prove a Marcinkiewicz-type interpolation theorem for the
introduced space. An interpolation method, essentially related to the properties
of the Markov stopping times, is introduced. In the last paragraph the given
interpolation method is applied to Besov type space with variable approximation
properties.

We write A < B (or A 2 B) if A< ¢B (or cA > B) for some positive constant
¢ independent of appropriate quantities involved in the expressions A and B.
Notation A =< B means that A < B and A 2 B.
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2. Properties of the spaces N, ,(F).

We say ([15]) that stochastic process (X,,®,),>1, is a martingale if for ev-
ery n € N the following conditions hold: 1) F|X,| < oo; 2) E(X,11|®,) =
X, (a.p.). If instead of property 2) it is assumed that E(X,.|®,) > X,
(E(Xn41]®,) < X)), then we say that a process X = (X,,®,), is a sub-
martingale (supermartingale).

Definition 1. Let F' = {§,)}. be a fized system of sets, X = (X,,®,), be a
stochastic process defined on F. We say that a process X belongs to the class
W (F) if there exists a constant ¢ such that for every k < m and for every A € Fy

<C

/A X P(dw)

/A X, P(dw)

This inequality implies that X, (F) < c¢X,,(F) for every k < m. The class
W (F') contains martingales, nonnegative submartingales, and non-positive su-
permartingales. The property of a process which is determined by its belonging
to the class W (F') we call the generalized monotonicity.

Lemma 1. Let X € W(F). Then

1)f07’0<ngl§OO,

||AX||NM1 (F) < Cpga ||X||Np,q(F)’

2) for0<p1 <p<oo,0<q,q < oo,

||X||Np1,q1 (F) S CP#LPhCIl ||X||Np,q(F)
where ¢pg.q415 Cpgpr.qn > 0 depend only on the indicated parameters.

Remark. Here and in the sequel constants ¢, ¢; etc. may be different in different
formulas.

Proof. Let € > 0. By Minkowski’s inequality and by the generalized monotonicity
of a process X = (X,,®,)n>1 we get

1
o

a1
||X||Np,q1(F) e (Z kaql—lk,qu?YZl) 5

k=1
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N o
q
< Z k,qu 1 (Z qu €+ 1_(1) <
q 1
9] ) r a \ ¢
S/ Z T—q(E-FE)—ng <Z k5q11> 5
r=1 k=1

1
0 q
S (Zr‘5‘1X3) = [1X |, o)

r=1
To prove the second statement it is enough to show that | X|n, , () <
| X ||n, . (r) and apply the first statement. Since p; < p, we have

1

a1
||X||Np1,q1<F)—< T XZ1> <
k=1
1

ar
< Sllpk' pXk <Z ki_il_ ) = CHXHN;D,OO(F)

k=1
Lemma 2. Let 0 < p < oo, a>1. If X € W(F), then for 0 < ¢ < oo

1
o0 ke q q
(3) Xy, ) = (Z (a X) ) ,
k=0
and for ¢ = oo

||XHNp,oo( ASllpCL ank
keN

Here by X, we mean Y[Gk], where [a*] is the integer part of the number aF.
Moreover, expressions X¢ and Zf:a b, will be understood as X', ,[f:][a] by,
respectively.

Proof. Using the generalized monotonicity of a process X, we have

1

oo aktl_1 q
HX”Npq(F (Zk_q—l ) Z Z l_i_ qu z

k=0 [|=qdF

i 1

00 . ak+1711 q 00 i q q
Q—q _k—
2 7] 3 (Z( X )) -

k=0

Y
Q\
5

One can prove the reverse estimate in a similar way.
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Lemma 3. (Ho6lder inequality). Let 0 < p1,pa,q < 00,0 < t, 51,52 < 00 and
é =L+ L 1= i + é If stochastic processes X = (X, ®,) € N,, s (F) and
Y =(Y,,8,) € Ny, ,(G), then XY = (X,,Y,,,8,,) € Ny(F) and

XY nom) < N XNy, o ) 1Y N, 0 @),

Eoof. ﬁnee Y,, is measurable with respect to an algebra &,,, we have XYy (F) <
Xi(F) Yi(G) and hence

) L 1 T
_ - = t
| XY ||n, () = (E (K77 X3.Yy) E) <

k=1

o=

N Bl

[e.e] i o 1 s1 o0 i . 1 ED)

< (;(lﬁ n Xy (F)) E) (Z(k’ 2 Y (@) E) =
= ||X||Np1,sl(F)HYHNPQ,SQ(G)'

The lemma is proved.

We will need the following Hardy-type inequalities.

Lemma 4. Let s > 1, v >0, a >0, 3 >0, v > 0, then for a nonnegative
sequence a = {ay}y the following inequalities hold:

- (k) s\ 1/s - 1/s
St () ) s (Speea)
k=1 1=1 k=1
- - s\ 1/s - 1/s
Z k_as—l Z l'B_l(ll S ,y—a o Bsr (Z k(3+3)8—1az> :
k=1 I=(vk)” k=1
0o vk s\ 1/s . 1/s
(Z <2ak Z Qﬁmam> < Copisy (Z (2(53)kak)s> |
k=0 m=0 k=1
00 00 s\ 1/s 00 1/s
(Z <2ak Z Qﬁmam> < Ca,ﬁ,s,'y (Z (2(ﬂ+%)kak) 5) .
k=0 m=~k k=1
3. Interpolation theorem.
Let T = {T,}22, be a transform that transforms a stochastic process X,

which is defined on the system F' = {F}>°,, to the stochastic process T(X) =
{T.(X), ®,}5°,, which is defined on the system R = {R}32,. We say that the
transform 7' is quasilinear if there exists a constant C' > 0 such that for any
n € N the following inequality holds almost surely

(4) T(X) = Tu(Y)] < CITL(X =Y.
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A random variable 7, which takes values in the set (1,2...,00), is called the
Markov time of the filtration G = {&,},>1, if {w : 7(w) = n} € &, for any
n € N. The Markov time 7, for which 7(w) < oo (a.p.) [15], is called the stopping
time.

Let X = (X, ®,,)n>1 be a stochastic process, 7 be the Markov time. By X7 we

denote the stopped process X™ = (X,ar, 8,), where Xpnr = > XouXrem(w) +
=1

Xy Xr>n(w) and ya(w) is the characteristic function of the set A.

It is known ([15]) that if a process X = (X,,, &,),>1 is a martingale (submartin-
gale), then the process X7 = (X,ar, &,),>1 18 also a martingale (submartingale).
Denote X (w) = Inax | Xk (w)| and X* = (X, 8,,)n>1.

The transforms X7 and X* of the stochastic process X are examples of quasi-
linear transforms.
Theorem 1. Let 0 < py < p1 <00, 0 < qo<q1 <o0,0<0<1,1<s <00,
l:19+—EzlpeJr—XEVV(F)analT—{T} be a quasilinear
transform. If for any k € N the following conditions hold

(5) IT(X*) |5, o) < Ml XF] v, )

(6) IT(X = X" Ny o (r) < Moll X — X¥|[ 5,009
then

(7) 1T (X )| nyo(r) < CMy ™" MY || X ||y, (),

where C' > 0 depends only on po, p1,qo, q1, 0.

Proof. Let v > 0, v > 0. Using quasilinearity of the transform 7" and Minkowski’s
inequality, we have

1
1T (X)) nye(r) = (Z klZTk(X)S> N

k=1

0 =

8) = (f: klZTk(XW“”)S)S + (f: TIET(X — X(vk)“f)

k=1 k=1

Denote A\, = (vk)¥ for any k € N. Using the definition of functional (2), condi-
tions (5) and (6), we have

(9)
_ 1 —_———— 1
Tp (X)) < M1||XA’“||NPI’1(F), Te(X — X)) < kwo My|| X — XA"‘||NPO’1(F)
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7
By definitions of processes X* and X — X*, and taking into account the gen-

eralized monotonicity of the sequences {X}} and {(Xoo — Xi

— Xy}, we have
Ap—1 . L o) -
XM vy aim = DT X+ X, Y 0 S

=1 =Xk

Ak 11
|
=1 1=\,
(10) 1X = X npu ) = 50 (X — Xy < Yo IrTeX,

=\,

I=Xg

Substituting estimates (9) and (10) in the first summand of the right-hand side
of (8) and using Minkowski’s inequality we have

(Z kl?TAXWS) <

k=1

< M, (i AT (Zzlmx Vo Z I poxl) ) <
k=1

1=\
(11)

1

3 0o 0o S %
(B e o))
k=1 k=1

1=\
Let us estimate the first summand in the right-hand side of (11)

1 L Ok N\ - k)" 1 1 /X "\ *
<§ :E (k‘q+q1§ :rl‘le) ) § jk: o e ( ’) .
k=1 =1

=1
By applying Lemma 4 and using equalities

1 1-6 ¢ 1

1-60 0

g @ @ @ p

Do b1
and

( 1 1 ) ( 1 1 )
y = /(=

qo q1 Po DM
we obtain

00 A
(12) (Z - (k:‘i*qﬂ i T X,
k=1

=1

—_

@ =

1_ 1
Syt || X .-

N———
N—
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By using Lemma 4 we estimate the second summand of the right-hand side of

(11).
!
=1 [E S S S R IR °
(i (i “Xl) ) -
k=1 =X

. oo L1 ) 1 X
SR DI D SRE S o I I
l=(vk)¥
(13) S X |y -
Substituting estimates (12) and (13) in (11), we get
1
o NN 11
(14) (Z’f 1 qu(XA’“)> S Myys o || X, )
k=1

Applying the second estimates of (9) and (10) to the second summand of the
right-hand side of (8), we have

1
(Z kW) <

k=1

L_1)s- -1X : 1.1
(15) (Zk< ’ 1(Zl —)) < Moyi ™ |X |,

1=,
9091 q091
Choosing v = My* * M{°~" and substituting (14) and (15) in (8), we obtain (7).
The theorem is proved.
The classical interpolation Marcinkievicz - Calderon theorem follows from this
Theorem. Let f be a measurable function on (€2, 1) and

m(o, f) = plz: |f(2)] > o}

its distribution function. The function

f5(t) =inf{o : m(o, f) < t}

is called the nonincreasing rearrangement of the function f.

Let 0 < p < ooand0 < ¢ < oo. The Lorentz space L,,(€2, i) is defined as the
set of all measurable functions f such that

o = ([0 or®) " <o
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for 0 < ¢ < oo and
1112, = sup £177f7(t) < o0

for ¢ = oo.

Corollary 1 (Marcinkievicz-Calderon theorem). Let 0 < py < p; < 00,0 < qp <

qg<q <00, 0€(0,1),1/p=(1-0)/po+0/p1, 1/qg=(1-0)/qo+0/q. If T is
a quasilinear map and

T: Ly 1(D,v) = Ly oo(2, ) with the norm M;, i =0,1,

then
T: Ly (D,v) — Ly (Q,u) and ||T| < M;=?M}.

Proof. Let f > 0, f € L,,(Q,p) and f*(¢) be the nonincreasing rearrange-
ment of f. Let us define sets Q, = {we Q: f(w) < f*(1/n)}, n € N. The
sequence X = (X, §,) is a stochastic process from class W (F'), where X,,(w) =
min {f(w), f*(1/n)}, F, is the minimal o— algebra containing set 2 and system
of all measurable subsets €2,,. By the property of monotonicity of f* we have

I 1/q 00 1/q
||f||Lp,qm,mx(Z(k%f*u/k)) %) =(Z (k%) %) =X 5

k=1

Let X™, X — X" be the stopping time and, respectively, the starting time of the
process X corresponding to the time n. Then we also have

(16) | Xl o = 1 X" Ny 0 (2)

(17) 1 = Xallya@m = NX = X[, 400

For a quasilinear operator 1" we will define a transform T which transforms a
sequence X = {X;};2, to the sequence TX = {TX;},”, . Define the system
of sets @ = { Py}, Py = {Qm}Ly Then for the stopped sequence X" =
(Xmin(km), Fk)kZI’ we have

1 1
TXTL = su ]{j% sup ——<
|| HNqo@O(F) kp Aegk P(‘A)

1 1
< sup supkw sup ——
k<r<n keN P(A)Z% P(A)

/ Txr<y>dP<y>] <

5 1217,}2 HTXTHquqoo S 121’;"1271 MO H)(r”Lil’Oﬁ1 5 MO HXn”Lpo’l '

According to (16) we have
ITX .y S Moll Xl i
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and

1 1
T(X — X" sk sup
17 Ny oo = sUP KD SUp 575

/p(A) T (X = Xn) (y)dp(y)‘ <

a 1
<supsupkda sup —-—
r>n keN P(A)>+ (A)

/ T(X, —Xn)dP’ <
P(A)
S Sl>1p |T(X, — Xn)Hqum < M, Sl>1p 1 X — XnHLM =

= M| f = Xall,,, -
Thus, taking into account (17), we get

17X = X)ny @) S MilIX = Xally, 4oy s

then, by the Theorem 1, we have
ITX |l n, 0y S Mo ™" M7 | Xl y, () »
which is equivalent to
ITfllz,, S My~ MY flly,, -

In the case when f changes sign, we consider the representation f = f, — f_,
where f, = max(f(x),0) > 0,f_ = f, — f > 0. Using the quasilinearity of the
operator 1" we obtain the statement of the corollary 1.

Corollary 2. Let T = {T,}°, be a quasilinear transform such that for any
p € (a,b) and for any X € N, 1(F)NW(F) the following weak inequality holds
IO N, ey < Co 1 X, 1) -
Then
17X, . m) < Cos 1K Iy, oy s X € Nps (F) N W(E)

for any p and s such that p € (a,b), 1 < s < 0.

4. Boundedness of some operators in class N, ,(F).

Let Y = (Y, an)nzo be a stochastic sequence and V = (V,,,8,_1) be a pre-
dicted sequence (&_; = &). A stochastic sequence V- Y = ((V -Y),,®,,) such
that

(V-Y), =WYoo+ > ViAY;,
i=1
where AY; =Y; — Y,_1, is called the transform of Y with respect to V. If Y is a
martingale then we say that V - Y is the martingale transform.
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Theorem 2. Let0<g<p<oo,1<7<ocandl/r=1/q—1/p. Let V -Y be
a martingale transform of a martingale Y by predicted sequence V.= (V,, Fn_1).

If
IVllx, oy + 1AV Ly, ) < B

then
IV Yy, i < eBIYly, -

where a constant ¢ depends only on parametres p,q, T.
Proof. Let V - Y be a martingale transform of a martingale Y by predicted
sequence V = (V,,,§n_1), i.e.
n
(V-Y), =) VilYs,
k=1

where Yy =0, AY}), =Y, —Y,_1. By Abel’s transform (V- Y), = Z;i AVLY +
V.Y, we get

neN

HVJwNM®:$mnﬁ@ﬁY%§$mnﬁ(2}M@@+%n>.
B neN el

Taking into account that AVj, Y are measurable functions with respect to the
algebra &, we have AV,Y, < AV, Yi, V.Y, < V.Y, and
1

supn 4 (V . Y)n < sup z”: (kiékAVk) (lf%*l?k) + n_%v,ﬂf%?n <

neN neN 1

I pu—
< sup AV 1Y e+ Vel 1Y Ty, o) <

<SBIWYlly, @) -

Hence the weak inequality is proved:
IV Yy, o) < BlIYlly, .
for 1 <qg<p<oo.
Let()<q<p<oo,%:%—%,0<q0<q<q1<ooand0<p0<p<p1<oo.
Let a pair of numbers (pg, p1) and (qo, ¢1) satisfy the following condition
1 1 1 1 1 1

(18) - ==
qo Do q1 D1 q P

Then from the proved above it follows that
IV -Yling i) S BWln,, o0 IV -Ying, o) < BIY Iy, 1@

for 0 <p<q<oo.
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Taking into account that for any stopping time k € N processes Y* and Y —Y*
are martingales, it is possible to apply Theorem 1. Then

IV-Yly,, <cBIV]y,,.

4% @’ps po 1’
Note that there exists 6 € (0,1) such that - = +. Then it follows from (18)
that qie = %. The theorem is proved.
Theorem 3. Let 0 < p < 00,I1< ¢ < 00, X = (X, 8,)n>1 € W(G) and 7(w) be
the Markov time, X7 = (Xynr, &p)n>1 be a stopped process. Then

1K 15,000 = €l Xm0
Proof. Denote
W,={w:t(w)=r}ed, r=1n-1 W,={w:7(w)>n}e€B,.

Let us show that ||XT||NP,OO(G) < c||X||Np’1(G)
If 25 <n < 2°* then
/ X7 P(dw)

1

n e sup =
Ae®,,P(A)>
o ! i / X, P(dw)| <
=n » sup r W)l >
A€®,,,P(A)>0 P(A) 1 J AW,
<27v  sup Pldw)| <
A€B, 11, ( P Z:t AmW,«
<27r  sup —— P(ANW,)X,
A€®25+1 1 P( ) t=0 TZ
1 s 2011
<27 sup ——— Xot+1_1 P(ANW,) =
A€®23+1,1 P(A) t=0 T.ZQt
2t+1_1

275 sup ZX2t+1 LY P(W,|A) <

A€Gys+1 4 1y p=2t

s
41—

S
t— 1
<Y 2 Xy <20 20 Xpen =
t=0 t=0

s+1
;Z k=
— 219 2 PX2k S C||X||Np,1(G)
k=0
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Now, using the Corollary 1 we get the statement of the Theorem 3.

Corollary 3. Let 0 < p < 00, 1 < ¢ < o0 and a process X = (Xpn, &p)n>1
be a nonnegative submartingale. Then the process X* = (X, &,)n>1 15 also
submartingale and

||X*||Np,q(G) ~ ||X||Np,q(G)'
Proof. It follows from the Theorem 3 that

XNy 00 < el X I, q(6)-

The reverse inequality is trivial.

5. Interpolation method for stochastic processes.

The interpolation Theorem 1 slightly differs from the classical Marcinkiewicz
and Riesz-Thorin type theorems. Therefore for the construction of the interpola-
tion theory of stochastic processes besides the real interpolation method we need
some modification of it.

Let A = (Ao(F),A1(F)) be a pair of quasinormed own subspaces of linear
Hausdorff stochastic processes spaces JU(F'), which is defined on a probability
space (§2,§, P)) with a filtration F' = {§,, }n>1. Obviously, this pair is compatible
pair and, hence the scale of interpolation spaces is defined with respect to the
real method ([1]).

Moreover, let for 0 <0 <1, 0< g < o0

i _ dt
(A = X € NUE < IX 4, = [ K0 005 < o0
0

and for ¢ = oo
(Ao, A1) .00 = {X € N(F) : [|X||(40,41)9 .. = 0Sup tUK(t, X) < oo},
<t<oo

where

K(t, X5 Ao, A1) = inf ([ Xollag + 21X ]la)

is the Peetre functional.

Let R = {7:(w)}%2, be a sequence of stopping times with respect to a filtration
F, A(F) = (Ao(F), A1(F)) be a pair of quasinormed own subspaces M(F'). Let
us define for X € M(F) and t € (0, 00) the following functional

Ka(t, X) = K(t, X; Ao, Ay, R) = inf (|X = X7Lay + 11X L4,)
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Here the infimum is taken over all stopping times from R. Moreover for 0 < ¢ <
00

o0

_ dt
(Ao, A1)y = 4 X € NF): Xy, = [ Kt 005 < o0t

0
and for ¢ = oo

(oA = { X € UF) : Xt = sup +Kn(t.X) < o0}

0<t<oo

Theorem 4. Let (Ao(F), A1(F)), (Bo(®), B1(P)) be two compatible pairs of sto-
chastic processes and R = {r(w)} be some fized family of Markov times with
respect to a filtration F. If T is a quasilinear map for stochastic processes X =

(Xnygn)nzl CL’fld
IT(X = X7)|lB, < Mo|| X = X7|[ag, [IT(X7)||B, < Mi[[X7|4,,
for all stopping times T € R, then
IT(X) 3,0 < CM M X]|ag

where the constant C' is from the definition of quasilinearity of the operator T.
Proof.

00 ; q dt 1/q

Ol = ([ (7 int | (Wil + il ) )

X)=Yo+Y1

IN

< ([ (v mireo - 700 s, + 17X ) %)/ <

IN

9] th 1/(1
c( / (t* inf<||T<X—XT>HBO+t||T<XTHBl>) —) <
0 ’TGR t
00 ]\41 th 1/q
< —0 - . T -l T bt —
<ot ([T (07 X = Xl + 511X 1)) )
= CMf}*erHXHqu(Fy
The theorem is proved.

Lemma 5. Let a > 1 and R = {k}ren be stopping times. Then for 0 < g < oo

[e.9]

1/q
X1 0,200, ~ (Z(aQ"KR(a“,X))q>

n=0

and

XN (40,417 ~ sup a""Kg(a", X).
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The proof is similar to the proof of the Lemma 3.

Theorem 5. Let1<p0<p1<oo,1§q0,q1,q§oo,0<9<1,%zi}—ﬁ%—i

and R = {k}ren be the stopping times. Then for any stochastic process X =
(Xn78:n)n217

1 Xy (7) < el X (N0 (F)Npy oy (F))o

where the constant ¢ depends only on parametres p;,q;,0, i = 0, 1.

If X = (Xn,gn)n21 € W(F), then

XN (Naga (F)o Ny B, < N X, o,

where the constant ¢ also depends only on parametres p;,q;,0, 1 =0, 1.

Proof. Let X = Y + Z be any representation of a process X, where Y €
Npoao(F), Z € Ny, o (F). To prove the first statement of the theorem, we use the

following inequality: X, <Y, 4+ Z,,.
For any a > 1 we have

_n— E"%JL _n — __lL4_JL _n —
a ?rXpm<a ? ro(a rYum+a ro riag P1hgm)| <

n — n n n —

n, n _n + _n
<a » "o <supa Y +a Pl PLSUpa plZan) =

PoP1

By putting a = 27170, we get a » X, < 2" K (2", X). Therefore, using (3) and
Lemma 6, we have

Q=

o] o q
||X||Np,q(F) ~ <Z (a pXTL) ) S
n=1

1
oo q
< <Z (@”GK(G”’X))q> ~ X (Mg 00 (), Npy o0 (F))og -

n=1

Let us prove the second statement of the theorem. Let X = (X,,, §n)n>1 € W(F).
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By using Lemma 6 and Lemma 2 we have

o 1/q
on n _
XN (Vg g () Ny g (EYEE, ™ (Z(Q K(2 7X))q> =

n=0

s 1/q
= <Z(29” nf([| X = X/ x4 +2_”||Xk|!zvp1,q1))q> <

n=0

SC<
n

Let kK = 2™, then
(19)

o 1/q
X g0 (0 0, S € (Z(an = X% |l + 27X uNm,l))q) |

[M]#

Il
=)

1/q
(2" f (X — X"y, , + 2"|!X’“!\Nm,1>>"> -

n=0

Further, we have

HX o X2nﬁy||Np071 — Z k; (X XQWY 22 P0 X XQ""/) —
k=1

(20) — i 275 (X — X27),. < (1+C) i 277 X g,

k=n~y k=n~y

and

ony - 1L <ony - — k<o
X2 g = YK HXTT 2R <
k=1 k=0

(21)
il _k—= — > _k i _k—= ny(L—L) > _k—=
SZQ P1X2k+X2mZZ rn < c ZQ 71 Xop + 2" 0021 22 ro Xok | .
k=0 k=n~ k=0 k=n~y

By using Lemma 4 for % = pio - p%’ (20), and (21), we have

0 1/q 1/q
<Z(29n”X B XQMHNpO,l)q) (Z 20n Z 27 po ng ) <

n=0 k=n-~y

0o 1a
_k—
(22) <a (2(2 pXQk)q> ~ HXHNPJI(F)
k=0
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and

s 1/q
(Z 2_(1—9)nq||X2n'Y||§1Vp171) S
n=0

o] ny 00 q\ 1/q
<o Sarmn (o i 2 d Y AT ) s
n=0 k=0 k=n~y

00 1/q
(23) < <2(2272k)q> ~ HXHNM(F).

k=0

By applying Minkowski’s inequality to (19) and using estimates (22) and (23),
we obtain

“XH(Npo,qo:Nm,ql)(};q S CHX”Np,q(F)'
The theorem is proved.

6. The space N;*/(F'), the embedding theorems.

Let us remind the definition of N*(F) space. Let 1 < p < 00,0 < ¢ < oo,
a>0andp = 1%' The stochastic process X = (X, §n)n>1 belongs to space
NSU(F), if X = (Xp, Sn)n>1 is a martingale and for 0 < ¢ < oo

o

1/q
| X | nea ) = (Z(ZakAXk)q> < 00,

k=0

and for ¢ = oo

N2 (F) ={X = (X0, 8n)n>1 : SllinQkAXk < o0},

where

_ 1
AXp= sup ——
A€, P(A)>0 (P(A))»

/A (Xor — Xpe1) P(dw)] .

We also set that X (w) = 0.

Lemma 6. Let « >0, 0 < ¢ < 00, 1 < p < o0. If X = (X,,,8n)n>1 €
NH(F) NW(F), then there exists a random variable X« such that X,, — X

(a.p.). o
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Proof. Let L,.(92) be the Marcinkiewicz—Lorentz space and 2*~! < n < 2.
Using the equivalent norm of L, ,(€2) spaces (see [14]) and measurability of func-
tion X,, with respect to o - algebra §,,, we get

Xl oy~ S0P / X, P(dw)| =
A€EF,P(A)
= sup /X P(dw)
AEF,P(4)>0 (
<C sup _ /Xgu (dw)
AESQV P( 7’
vr—1 1
<c wip / (Xyeor — X ) P(dw)] <
0 A€T,%, P(A)>0 (P(A))» /A

<C HX”NS’I(F)

Taking into account that Ny-9(F) — NP''(F), for a>0, we have [| Xoll, 1y <
¢ HXTL“N;,""I(F) .

But, M [X,| < c||Xally, 0.1+ therefore by the Doob theorem ([8]), the process
X, converges almost surely.

Lemma 7. Let a > 0,0 < g <00, 1 <p<ooand X = (X, 8n)n>1 € W(F).

Then
oo 1/q
Xl (z 24X, ) |
k=0
where
—~ 1
Xy= sup ———~ /(XOO - X2k—1)P(d(.U)' .
A€, P(A)>0 (P(A))7» [/A

Proof. An existence of X, follows from Lemma 6. Further, we have
— 1 b
Xp= sup —— / D (Ko — Xymar ) P(dw)| <
(A)7" |45

A€ET ok (P A

1 < ___

<Y sup —— / (Xam = Xonor)Pldw)| = > AX,,.
’ A m=k

;. AETam (P(A))p
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Therefore, using Lemma 4, we obtain

00 1/q 0o fo%) 1/q
(z@mq) - (z@akzmv) .

k=0 k=0 m=k

0 l/q
< (Z 2manng> ~ I X N gy
m=0

The reverse inequality follows from the expression:

AXy = sup ;1 /(ng — Xor-1)P(dw)| <
P(A)>0 (P(A))? |/a
1
< sup —— /(XQk — Xoo)P(dw)| +
P(A)>0 (P(A))7 1/A

1
+ sup —_—
A€F, K, P(A)>0 (P(A)) P

/A (X — Xyt ) P(du)

The lemma is proved.

Theorem 6. Let 1 < p,q,q0,q1 < 00, ap < a1, 0 <0 <1, a=(1—60)ag+ 0oy,
R ={r}en. Then

(NG (F), Ny (F))f, = Ny (F).
Proof. Using Lemma 5 and Lemma 7 we have

o0

1/q
1 g g, ~ (Z(z""m",x»q) -

n=0

00 l/q
= (Z(29n mf(HX — XZTHNgo% + QnHXQTHNI?Lu))q) <

n=0

o 1/q
<c (Z(W inf (X — X7 | yo0n + 2-"||X2T||N;1,1>>q> .

n=0
Putting r = ny, v = a3 — ag we get

(24)
00 1/‘1
HXH(NSMO’N;LM)&Q S C <Z(29n(”X o X2WYHN5071 + 2n“X2m|’N;171>>Q> .
n=0

It follows from the definition that (AX?"), = AX; for k = 0,1,...,r — 1;

(AX?), =0fork>r, A(X - X?"), =0for k=0,1,...,r—1; A(X - X?), =
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AX,, for k > r, therefore,

r—1
X% (| ya ey = D 2" AKX,
k=0

1X = X | yor () = D 2°¥AX.
k=r
Substituting these equalities in (24) and applying Lemma 4, we get

[e’¢) 0o ny—1 q\ 1/q
1X | vgomo ygrmyz < (Z 20na (Z 2°FAX, + > 2“1’“AXk> ) <

n=0 k=n-~y k=0

o 1/q 0 1/q
<c (Z (2(a0+97)nmk)q> + (Z (2(a1+(1—9)v)nmk)Q> ZQC”XHN;AI.

n=0 n=0

For the proof of reverse estimate we use the fact that for any » and k the following
equality holds

AX, = A(X — X7, + (AX?),.

Then we have

0o 1/q
1X e = (Z(W‘“Hm) <

k=0
1/q

0o q
< (Z (Qak—ozok(sup 2aokA(X — Xgr)k + gaok—aik sup 2a1k(AX2r)k>> ) _
k=0 K g

o 1/q
, , q
= (Z (27501 — X7 o + 20 X7y ) ) .

k=0
Substituting 2**1~*° = @ and using Lemma 3, we have

o0

1/q
HXHNSA < (Z(Cﬂk . K(ak,X, N;o,oo7N;17OO>)Q> ~ HXH(NSO’OO,N;l"’o)gqv
k=0

i a0,q ai,q )R ap,00 NJa1,00\R i
since (Npyode, Nyd)gh — (Ngo:oe, N )t the proof is complete.

Theorem 7. Let 1 < r < p < 00,I< q < 00, @ = %—% and the filtration
F = {§.}n>1 be such that for every k = 1,2... and for all A € §y the following

condition holds

(25) P(A) =

> Q

Y
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where the constant C' > 0 does not depend on k. Then
NPU(F) — Npg(F).
Proof. Let us show that
(26) NPHEF) = Nyoo(F).

||X||Np,oo(F) ~ Slip 27%721@ = sup 275 sup

1
—_— Xoe P(dw)| ~
k Aeg,, P(A) /A 2 Pld)

_k 1
~sup2 ? sup —-—
k AET kK P(A)

k—1
> /A (Xom — Xom—1)P(dw)| <

/ (Xom — Xom—1)P(dw)
A

< sup Z 27 sup L L

Tk AT acwe (P(A) (P(A)
According to the condition (25), for A € Fom we have that P(A) > = . Therefore
fora:%—éweget

k—1 1

| XN, oy < Csup 27T sup ———
R D PR T

[ Gt = Pt ~

~ [ X o
Thus, (26) is proved.
Now, let ap < a3, 1< py < p; <ocand @ € (0,1) such that
1 1 1 1 1—46 0
—+tap=—+a;=—, a=(1-0oy+0,, -= + —.
Po b1 r p Po b1
Then using interpolation Theorems 6 and 5 we obtain

(NZOH(F), NP F) o = NP(F),

(Npo,o0 (F7), Npy oo (F'))o.g = Npg(F)-
It follows from (29) that (N2o'(F), N (F))ay — (Npgoo(F)s Npiool(F))ag-
Hence, N®4(F) < N, ,(F), where a = 1 — %. The proof is complete.

T

7. Spaces with variable approximation properties by Haar system.

In this paragraph we consider some applications of the introduced interpolation
method to Besov type spaces with variable approximation properties.

Let Q = [0,1], § be a o— algebra of Borel subsets of set Q, P be a linear
Lebesgue measure on §, F = {§,},>1 be the Haar filtration, R = {7,}7°, be a
sequence of stopping times such that for any k£ > 0 the following conditions hold:
Tk < Ty1 (a.p.) and

lim 7 (w) =00  (a.p.) (30)

k—o0
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For a function f(z) € L[0,1] we denote by {ck(f)}r>1 the Fourier coefficients by
Haar functions system {Hg(x)}r>1 ([9]). For the given stopping time 7 (w) we

denote
Tk (w)

S(fm)(w) = em(f) Hum(w),
m=1
which we call the Fourier-Haar partial sum of a function f, corresponding to the
Markov time 7.
Let 1 <p<o0,0<q<o0,acR By B[R] we denote the set of functions
f € L[0,1], for which

|vmﬂm:<zyMWf—aﬂmmJ < o0

k=0
for 0 < ¢ < o0,

I/ llsgisg = S92 1 = S(F. 7)1, < 00,

for ¢ = oc.

Conceptually, the introduced spaces are close to spaces with variable smooth-
ness. Here we mention works of H.-G.Leopold ([10]), F.Cobos, D.L.Fernandez
([7]) and O.V.Besov ([2]-[5]).

Lemma 8. Let 1 < p < oo, f € L,[0,1], S(f,7) be the Fourier - Haar partial
sum with respect to the Markov time 7. Then

IS, < cllfll,-

Proof. Denote
§.-={A€F: An{r=n}eF, forevery n>1}.

Let L, [0, 1] be the Marcinkiewicz-Lorentz space. Using the equivalent norm
of L, [0, 1] spaces (see [14]) and martingale properties of Fourier - Haar partial
sums we get

1

S(f.r ~  Sup
1S )“Lp,oo[o,ll A€EF,P(A)>0 (P(A))ﬁ

| sttnpia)

1
= sup T

AEF,,P(A)>0 (P(A)) v

/ S(f, )P (dw)
A

= sup <

1
€5, P(A)>0 (P(A))7

Aﬂwﬂw>

1
< sup —
AeF,P(A)>0 (P(A))F

/ﬂmmmﬁzmmﬁm-
A
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Now, applying the interpolation theorem (see [1]), we obtain the statement of the
lemma.

Lemma 9. Let 1 <p<o00,0<q<o00, a€R and

Tk+1—1

A(f, ) = Z e (f)Hp(w).

=T

Then

o 1/q
1Nl ooy ~ (Z 2| A(S, Tk)ll?:p) :
k=0

Proof. Proof is similar to the proof of Lemma 7.

Theorem 8. Let1 < qp,q1,¢ < 00,0 < ag<a,0<0<1, a=(1-0)ay+0a;.
Then

(By (), B (R, = By[R],

p

Proof. By using Lemma 9 we have

Y

11l oo myg, < €l fll sgot i sgrt s,

- ~ 1 a\ /4
~ (Z 2°" inf (Z R A(f, ), +27 D 2K A(S, Tk)||Lp)> ) <
n=1 k=r

k=0

- - ny—1 a\ /4
< (Z 2% (Z 2R A7), + 27 30 2 A, mlle) ) <

k=n-y k=0

o) 00 a\ 1/q
< ( (29” > 2R A, Tk)HLp>> +

k=n~y
o0 ny—1 a\ 1/a
+ (Z (2—(1—9)n Z gaik ||A(f, Tk)HLp) )
n=1

k=0
By applying Lemma 4 we get
11l pooto gy, pora R)E S € 1 Wl 5oary -

Let us prove the reverse embedding. Let f € (By>%[R], Byt [R])(];jq, f=rfo+hfi
be an arbitrary representation of a function, fy € Byo®[R] and f; € By [R].
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Then
25 IACf 7o), < 2 (Ao, )l + AL T)e,) <
< 2(“’%)’“(8161113] 2°F | A(fo, i) |, + 20007 Sup 2 ACf, T e,) =

= 2(OC_O“))]C(||fo||15z,5,“<)"’<>[1:i',} + 2(Om_oq)k||f1||B;*1’°°[1~z])-
Since the representation f = fy + f; is arbitrary, we have
2| A(f, )|, < 207 O Kg(f, 20007k Bro<[R], By [R)).
Hence, putting a = 2%~ we get

o) 1/q

||f||BZ“q[R] < Z (2(a0_a1)9kKR(f, Q(ao—oa)k))q _

k=0

o) 1/q

= Z (aekKR(fa ak))q ~

k=0
~ HfH(B,‘:O*M[R],BSI’W[R])QQ < | fll(ggoswo gy, parn [RDE,-

The theorem is proved.
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