HIGHER ARITHMETIC CHOW GROUPS

J. I. BURGOS GIL AND E. FELIU

ABSTRACT. We give a new construction of higher arithmetic Chow groups for
quasi-projective arithmetic varieties over a field. Our definition agrees with the
higher arithmetic Chow groups defined by Goncharov for projective arithmetic
varieties over a field. These groups are the analogue, in the Arakelov context,
of the higher algebraic Chow groups defined by Bloch. The degree zero group
agrees with the arithmetic Chow groups of Burgos. Our new construction is
shown to be a contravariant functor and is endowed with a product structure,
which is commutative and associative.

INTRODUCTION

Let X be an arithmetic variety, i.e. a regular scheme which is flat and quasi-
projective over an arithmetic ring. In [14], Gillet and Soulé defined the arith-
metic Chow groups of X, denoted as @p(X ), whose elements are classes of
pairs (Z, gz), with Z a codimension p subvariety of X and gz a Green current for
Z. Later, in [5], the first author gave an alternative definition for the arithmetic
Chow groups, involving the Deligne complex of differential forms with logarith-
mic singularities along infinity, Dl*og(X ,p), that computes real Deligne-Beilinson
cohomology, H(X,R(p)). When X is proper, the two definitions are related by
a natural isomorphism that takes into account the different normalization of both
definitions. In this paper, we follow the latter definition.

It is shown in [5] that the following properties are satisfied by CH p(X )
e The groups @p(X ) fit into an exact sequence:

(1)  CH"'(X) L D2 NX,p)/imdp & CH'(X) S CH?(X) — 0,

where CHP~1P(X) is the term B2~ 7?(X) of the Quillen spectral sequence
(see [23], §7) and p is the Beilinson regulator.
e There is a pairing
CH'(X)o CH'(X) = CH ™ (X)g
turning €P,- CH p(X )o into a commutative graded unitary Q-algebra.
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o If f: X — Y is a morphism, there exists a pull-back morphism
fCH(Y) = CH (X).

Assume that X is proper and defined over an arithmetic field. Then the arith-
metic Chow groups have been extended to higher degrees by Goncharov, in [16].
These groups are denoted by CH p(X ,n) and are constructed in order to extend
the exact sequence (1) to a long exact sequence of the form

- CH'(X,n) S CHY (X, n) & HZ (X, R(p)) & CH (X,n—1) — -
.= CHP(X,1) & D¥7Y(X,p)/imdp % CH (X) < CHP(X) — 0.

log

Explicitly, Goncharov defined a regulator morphism
Z"(X,%) = Dy~ (X.p),

where

e ZP(X,x) is the chain complex given by Bloch in [3], whose homology
groups are, by definition, C H? (X x).
e Dj,(X,*) is the Deligne complex of currents.

Then the higher arithmetic Chow groups of a regular complex variety X are

defined as C/'EP(X, n) := H,(s(P’)), the homology groups of the simple of the
induced morphism

P ZP(X, %) D DPTHX, p)/D¥(X,p).

For n = 0, these groups agree with the ones given by Gillet and Soulé. However,
this construction leaves the following questions open:

(1) Does the composition of the isomorphism K, (X)q = @,-, CH?(X, n)g with
the morphism induced by P agree with the Beilinson regulator?

(2) Can one define a product structure on P, ,, CHp(X, n)?

(3) Are there well-defined pull-back morphisms?

The use of the complex of currents in the definition of P is the main obstacle
encountered when trying to answer these questions, since this complex does not
behave well under pull-back or products. Moreover, the usual techniques for
the comparison of regulators apply to morphisms defined for the class of quasi-
projective varieties, which is not the case of P.

In this paper we develop a higher arithmetic intersection theory by giving a
new definition of the higher arithmetic Chow groups, based on a representative
of the Beilinson regulator at the chain complex level. Our strategy has been to
use the Deligne complex of differential forms instead of the Deligne complex of
currents in the construction of the representative of the Beilinson regulator. The
obtained regulator turns out to be a minor modification of the regulator described
by Bloch in [4].
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The present definition of higher arithmetic Chow groups is valid for quasi-
projective arithmetic varieties over a field, pull-back morphisms are well-defined
and can be given a commutative and associative product structure. Therefore,
this construction overcomes the open questions left by Goncharov’s construction.

The authors, jointly with Takeda, prove in [6] that this definition agrees with
Goncharov’s definition when the arithmetic variety is projective. Moreover, by
a direct comparison of our regulator with P, it is also proved that the regulator
defined by Goncharov induces the Beilinson regulator. In this way, the open ques-
tions (1)-(3) are answered positively. Moreover, the question of the covariance of
the higher arithmetic Chow groups with respect to proper morphisms will also
be treated elsewhere.

Note that since the theory of higher algebraic Chow groups given by Bloch,
CHP(X,n), is only fully established for schemes over a field, we have to restrict
ourselves to arithmetic varieties over a field. Therefore, the following question
remains open:

(1) Can we extend the definition to arithmetic varieties over an arithmetic
ring?

Let us now briefly describe the constructions presented in this paper. First,
for the construction of the higher Chow groups, instead of using the simplicial
complex defined by Bloch in [3], we use its cubical analog, defined by Levine
in [19], due to its suitability for describing the product structure on CH*(X, ).
Thus Z?(X,n)o will denote the normalized chain complex associated to a cubi-
cal abelian group. Let X be a complex algebraic manifold. For every p > 0,
we define two cochain complexes, D} ,(X,p)o and Dy (X, p)o, constructed out
of differential forms on X x [0" with logarithmic singularities along infinity
(O =P\ {1}). For every p > 0, the following isomorphisms are satisfied:

H*P7(Dj z0(X,p)o) = CHP(X,n)g, n >0,
HT(DK()QP)O) = H{)(XJR(])))? T§2p,

where the first isomorphism is obtained by a explicit quasi-isomorphism
Dz (X,p)o — Z°(X, x)o @ R

(see §2.4 and §2.5).
We show that there is a natural chain morphism (see §3.1)

D2 (X, p)o & DI (X, p)o
which induces, after composition with the isomorphism

K. (X)q = @ CH(X,n)q

p=>0
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described by Bloch in [3], the Beilinson regulator (Theorem 3.5):
KX)o = @ CH(X,n)o & @ HE ™" (X, R(p))

p=>0 p>0
In the second part of this paper we use the morphism p to define the higher

arithmetic Chow group C’Hp(X ,n), for any arithmetic variety X over a field.
The formalism underlying our definition is the theory of diagrams of complexes
and their associated simple complexes, developed by Beilinson in [1]. Let Xy
denote the complex manifold associated with X and let ¢ be the involution that
acts as complex conjugation on the space and on the coefficients. As usual o as
superindex will mean the fixed part under o. Then one considers the diagram of
chain complexes

ZP(XE *)0 R R (XE p

N G

ZP(X, %) ﬁg; (Xs,p)§ ZDﬁi, Xs5,p)?

where ZDI(%(XZ, p)? is the group of closed elements of D}” » (X5, p)7 considered

as a complex concentrated in degree 0. Then, the higher arlthmetlc Chow groups

of X are given by the homology groups of the simple of the diagram Zp (X, *)o
(Definition 4.3):

CH"(X,n) = H,(s(Z°(X, *),)).
The following properties are shown:

e Theorem 4.8: Let @p(X ) denote the arithmetic Chow group defined
in [5]. Then, there is a natural isomorphism

CH'(X) = CH'(X,0).

It follows that if X is proper, CH p(X ,0) agrees with the arithmetic Chow
group defined by Gillet and Soulé in [14].
e Proposition 4.4: There is a long exact sequence

+— CH'(X,n) & CH(X,n) & HE (X5, R(p))” % CH (X,n—1) —
. — CHP(X,1) % DZ (X, p)”/ imdp & CH'(X) S CHP(X) — 0,

with p the Beilinson regulator.
e Proposition 4.12 (Pull-back): Let f : X — Y be a morphism between
two arithmetic varieties over a field. Then, there is a pull-back morphism

ch’(v,n) 5 cH' (X, n),

for every p and n, compatible with the pull-back maps on the groups
CH?(X,n) and H? (X, R(p)).
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e Corollary 4.16 (Homotopy invariance): Let m: X x A™ — X be the
projection on X. Then, the pull-back map

™ CH (X,n) > CH (X x A™,n), n>1

is an isomorphism.
e Theorem 5.46 (Product): There exists a product on

CH (X,+):= @ CH'(X,n),
p>0,n>0

which is associative, graded commutative with respect to the degree n.

The paper is organized as follows. The first section is a preliminary section.
It is devoted to fix the notation and state the main facts used in the rest of the
paper. It includes general results on homological algebra, diagrams of complexes,
cubical abelian groups and Deligne-Beilinson cohomology. In the second section
we recall the definition of the higher Chow groups of Bloch and introduce the
complexes of differential forms being the source and target of the regulator map.
We proceed in the next section to the definition of the regulator p and we prove
that it agrees with Beilinson’s regulator. In sections 4 and 5, we develop the
theory of higher arithmetic Chow groups. Section 4 is devoted to the definition
and basic properties of the higher arithmetic Chow groups and to the comparison
with the arithmetic Chow group for n = 0. Finally, in section 5 we define the

product structure on CH *(X ,*) and prove that it is commutative and associative.
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1. PRELIMINARIES

1.1. Notation on (co)chain complexes. We use the standard conventions on
(co)chain complexes. By a (co)chain complex we mean a (co)chain complex over
the category of abelian groups.

The cochain complex associated to a chain compler A, is simply denoted by A*
and the chain complex associated to a cochain compler A* is denoted by A,. The
translation of a cochain complex (A*,d4) by an integer m is denoted by A[m]*.
Recall that Ajm]™ = A™"" and the differential of A[m|* is (—1)™da. If (A, da) is
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a chain compler, then the translation of A, by an integer m is denoted by A[m),.
In this case the differential is also (—1)™d4 but A[m], = A,_pm.

The simple complex associated to an iterated chain complex A, is denoted by
s(A). and the analogous notation is used for the simple complex associated to an
iterated cochain complex (see [9] §2 for definitions).

The simple of a cochain map A* L+ B* is the cochain complex (s(f)*,ds) with
s(f)* = A" ® B™ !, and differential d,(a,b) = (daa, f(a) — dgb). Note that
this complex is the cone of —f shifted by 1. There is an associated long exact
sequence

(L) o HY(s(f)) = HY(AT) 5 HM(BY) — H™ (s(f)7) = -+
If f is surjective, there is a quasi-isomorphism

(1.2) ker f 5 s(—f)* x> (x,0),

and if f is injective, there is a quasi-isomorphism

(1.3) s(H[]* 5 B /A* (a,b) — [b].

Analogously, equivalent results and quasi-isomorphisms can be stated for chain
complexes.

Following Deligne [10], given a cochain complex A* and an integer n, we denote
by 1<, A* the canonical truncation of A* at degree n.

1.2. The simple of a diagram of complexes. We describe here Beilinson’s
ideas on the simple complexes associated to a diagram of complexes (see [1]). A
diagram of chain complexes is a diagram of the form

(1.4)
B! B2 . e Br
Ai AE o P A;rkl AZ;L+1
Consider the induced chain morphisms
(1.5) |
nt1 n e1(a;) (a:) if a; € AL,

=%
@Ai R @Biv pa(a;) = vi_i(a;) ifa; € Ai,
= = plai) = (o1 — @2)(ai) = (3 —vi_1) (@) if a; € AL

(where we set 7,41 = 7, = 0). The simple complex associated to the diagram D,
is defined to be the simple of the morphism ¢:

(1.6) $(D)s := s(@)x.
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1.3. Morphisms of diagrams. A morphism between two diagrams D, and D,
consists of a collection of morphisms

i b i Mo
A, — AL, B, — B/,

commuting with the morphisms 7; and v/, for all 7. Any morphism of diagrams

. . . . s(h
D, LR D! induces a morphism on the associated simple complexes s(D), LN

s(D').. Observe that if, for every i, hi* and h? are quasi-isomorphisms, then s(h)
is also a quasi-isomorphism.

1.4. Product structure on the simple of a diagram. Let D, and D! be
two diagrams as (1.4). Consider the diagram obtained by the tensor product of
complexes:

(1.7)
Bl @B} BZ®@B2--- - Br@B/
AN Y1®81 71®8] Tn®&n 1O,
DRD). = / \ %@& / \
Ai@A;l Az@A? "'A?@A;” Af+l®A;n+1

In [1], Beilinson defined, for every (§ € Z, a morphism
s(D). @ s(D). = s(D® D),
as follows. For a € A,a’ € A';b € B and I/ € B, set:
axgd =a®d,
bxga =b@ ((1—B)ei(d) + Bepa(a’)),
axgl = (=1)*(Bpi(a) + (1 = B)pa(a)) @V,
bxg b =0,

where the tensor product between elements in different spaces is defined to be
ZEro.
If B,, C, are chain complexes, let

0:8(B. ®C,) — s(Cy @ By)
be the map sending b® ¢ € B, ® Cy,, to (—1)""c® b € C,,, @ B,,.

Lemma 1.8 (Beilinson). (i) The map %5 is a morphism of complexes.
(i1) For every 3,3 € Z, g is homotopic to *g .
(i1i) There is a commutative diagram

s(D). ® 5(D'), > s(D® D),

Lok

s(D'), ® s(D), —> s(D' @ D),.

(iv) The products *o and *1 are associative.
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1.5. A specific type of diagrams. In this work we will use diagrams of the
following form:

B! B?
(1.9) R N 2
Al A2

with 7/ a quasi-isomorphism. For this type of diagrams, since 7] is a quasi-
isomorphism, we obtain a long exact sequence equivalent to the long exact
equence related to the simple of a morphism. Since a diagram like this induces a
map Al — B2 in the derived category, we obtain

Lemma 1.10. Let D, be a diagram like (1.9). Then there is a well-defined
morphism

H,(AY) % H,(B?), [a1] = Y2(71) ' laa].
Moreover, there is a long exact sequence
(1.11) - — Hy(s(D),) — Ho(AL) 5 Hy(B2) — Hyi(s(D)y) — -+

Consider now a diagram of the form

B! B?
(1.12) D, = 74 N V \ ,
Al A2 A3

with ] a quasi-isomorphism and v, a monomorphism.
Lemma 1.13. Let D be a diagram as (1.12) and let D' be the diagram

B, B2/A3
(1.14) D, = V \\Y y
Al A2

Then, there is a quasi-isomorphism between the simple complexes associated to
D and to D':

s(D), = s(D'),.

Proof. 1t follows directly from the definition that the simple complex associated
to D, is quasi-isomorphic to the simple associated to the diagram

s(43 2 B2)[1]

B,
(1.15) D', = V N / ,
AL A2,
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Then, the quasi-isomorphism given in (1.3) induces a quasi-isomorphism
s(D'), = s(D"),
as desired. U

Corollary 1.16. For any diagram of the form (1.12), there is a long eract
sequence

(L17) oo = Hu(s(D).) — Hu(AL) = Hyoa(5(73)) = Hooa(s(D).) — -+

Proof. Tt follows from the previous lemma together with Proposition 1.10. 0J

1.6. Cubical abelian groups and chain complexes. Let C. = {C},},,>0 be
a cubical abelian group with face maps §7: C,, — C,_q, for i = 1,...,n and
J = 0,1, and degeneracy maps 0;: C, — Cyyy, fori=1,....,n+1. Let D, C C,
be the subgroup of degenerate elements of C,,, and let C,, = C,,/D,,.

Let C. denote the associated chain complex, that is, the chain complex whose
n-th graded piece is €, and whose differential is given by § =37 3=, (—1)i67.
Thus D, is a subcomplex and C, is a quotient complex. We fix the normalized
chain complex associated to C., NC,, to be the chain complex whose n-th graded
group is NC,, := (i, kerd}, and whose differential is § = > (—1)"6). It is
well-known that there is a deconposition of chain complexes C, = NC, & D,
giving an isomorphism NC, = C,.

For certain cubical abelian groups, the normalized chain complex can be further
simplified, up to homotopy equivalence, by considering the elements which belong
to the kernel of all faces but 9.

Definition 1.18. Let C. be a cubical abelian group. Let NyC, be the complex
defined by

(1.19) NoC,, = ﬂ ker 6; N ﬂ ker 67, and differential 6 = —6?.

i=1 =2

The proof of the next proposition is analogous to the proof of Theorem 4.4.2
in [2]. The result is proved there only for the cubical abelian group defining the
higher Chow complex (see §2.1 below). We give here the abstract version of
the statement, valid for a certain type of cubical abelian groups.

Proposition 1.20. Let C. be a cubical abelian group. Assume that it comes
equipped with a collection of maps

hj:CnHCn—‘rla j:]-?"'ana
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such that, for any | = 0,1, the following identities are satisfied:

5]1h] = 531'+1hj = sj5]1,
(1.21) 8%h; = 07,1 hy = id,

h: 0L i<
l J— ] 1Y j)
Oih; { hiot_y ©>j+1.

Then, the inclusion of complexes
1 N()C* — NC*
15 a homotopy equivalence.

Proof. Let g; : NC,, — NC,11 be defined as g; = (—=1)"Jh,_; if0<j<n-—1
and g; = 0 otherwise. Then there is a well-defined morphism of chain complexes

This morphism is homotopically equivalent to the identity.
Let z € NC, and 0 < j <n — 1. Then,

n+1
(@) =Y (=1)'6 hy ()
i=1
n—j—1 ‘ n+1 .
= > (D' ha @)+ Y (1) a0 (2),
i=1 i=n—j+2

n

hnj10(x) = (=1)'hn_j 18] (x).

=1

Hence,
6gj(x) + g;0(x)
= (DY D @)+ (217 Y (21 a0 a),

We consider the decreasing filtration G* of NC,, given by
(1.22) G'NC, ={x € NC, | 6)(z) = 0,i > max(n — j,1)}.

Then G'NC, = NC, and for j > n—1, G'NC, = NyC,. If z € G'*'NC,,
then dg;(z) + g;6(z) = 0 and thus, H;(x) = x. Moreover, if z € G'NC,, then
H;(z) € GI""'NC,. Thus, H; is the projector from G'NC, to GV NC,.

Thus, the morphism ¢ : NC, — NyC, given, on NC,,, by ¢ := H, _50---0 H,
forms a chain morphism homotopically equivalent to the identity. Moreover ¢ is
the projector from NC'x to NyC,. Hence, ¢ o1 is the identity of NyC, while 10 ¢
is homotopically equivalent to the identity of NC,. O
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Remark 1.23. To every cubical abelian group C' there are associated four chain
complexes: C,, NC,, NoC, and 5* In some situations it will be necessary to
consider the cochain complexes associated to these chain complexes. In this case
we will write, respectively, C*, NC*, NoC* and C*.

1.7. Cubical cochain complexes. Let X* be a cubical cochain complex. Then,
for every m, the cochain complexes NX Ny X" and X are defined.

Proposition 1.24. Let X*,Y* be two cubical cochain complexes and let f:
X —=Y* be a morphism. Assume that for every m, the cochain morphism

X Iy

m

18 a quasi-isomorphism. Then, the induced morphisms
NX' — NY ' and X, —Y
are quasi-isomorphisms.

Proof. The proposition follows from the decompositions

H'(X,,) = H'(NX,,) ® H'(DX,),
H'(Y,,) = H"(NY,) ® H" (DY),

and the fact that f,, induces cochain maps
Nx: I Ny: Dpx: I py:. O

Proposition 1.25. Let X* be a cubical cochain complex. Then the natural mor-
phism

H(NX?) L NH"(X7)
s an isomorphism for all n > 0.

Proof. The cohomology groups H"(X*) have a cubical abelian group structure.
Hence there is a decomposition

H"(X*)=NH"(X")® DH"(XT).
In addition, there is a decomposition X = NX* & DX . Therefore
H"(X*)=H"(NX")® H"(DX).

The lemma follows from the fact that the identity morphism in H"(X*) maps
NH™(X*) to H'(NX*) and DH"(X*) to H"(DX"). O
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1.8. Deligne-Beilinson cohomology. In this paper we use the definitions and
conventions on Deligne-Beilinson cohomology given in [5] and [9], chapter 5.

One denotes R(p) = (2mi)? - R C C. Let X be a complex algebraic manifold
and denote by Ey, r(X)(p) the complex of real differential forms with logarithmic
singularities along infinity, twisted by p. Let (Dj,(X,p),dp) be the Deligne
complex of differential forms with logarithmic singularities, as described in [5].
It computes real Deligne-Beilinson cohomology of X, that is,

H"(Dpe(X,p)) = Hp (X, R(p)).

This complex is functorial on X.
The product structure in Deligne-Beilinson cohomology can be described by a
cochain morphism on the Deligne complex (see [5]):

Dp, (X, p) ® Dt (X, q) = D™ (X, p+q)
TRYr—Tey.
This product satisfies the expected relations:
(1) Graded commutativity: zey=(—1)""yewx.
(2) Leibniz rule:  dp(zey) =dprey+ (—1)"z e dpy.
Proposition 1.26. The Deligne product e is associative up to a natural homo-
topy, i.e. there exists

h:Dj (X,p) @D (X,q) @Di (X,1) — DX, p+q+1)

log log log log
such that
dph(wl X Wy X u)3) + hdp(wl X Wy X w;),) = (w1 L] CUQ) W3 — W @ (w2 [ ] wg).

Moreover, if w; € Diﬁg(X,p), Wy € Dfoqg(X, q) andws € Dlzolg(X, 1) satisfy dpw; = 0
for all i, then

(127) h(wl X wy X wg) = 0.
Proof. This is [5], Theorem 3.3. O

1.9. Cohomology with supports. Let Z be a closed subvariety of a complex

algebraic manifold X. Consider the complex Dy (X \ Z, p), i.e. the Deligne

complex of differential forms in X \ Z with logarithmic singularities along Z and
infinity.

Definition 1.28. The Deligne complex with supports in Z is defined to be
Diog.2(X.p) = 5(Djoe (X, p) = Dioe(X \ Z,p)).

The Deligne-Beilinson cohomology with supports in Z is defined as the cohomol-
ogy groups of the Deligne complex with supports in Z:

Hp 7(X,R(p)) := H"(Diog 2(X, D).
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Lemma 1.29. Let Z, W be two closed subvarieties of a complex algebraic mani-
fold X. Then there is a short exact sequence of Deligne complexes,

0 = Djpg(X\ZNW. p) = Dipy(X\Z. )& Dioy(X\W. p) & Dipy(X\ZUW, p) — 0,
where i(a) = (o, ) and j(a, f) = —a + (.
Proof. 1t follows from [7], Theorem 3.6. O

In addition, Deligne-Beilinson cohomology with supports satisfies a semipurity
property. Namely, let Z be a codimension p subvariety of an equidimensional com-

plex manifold X, and let Z1, ..., Z, be its codimension p irreducible components.
Then

n ~_J 0 n < 2p,
(1.30 A CCR0) = { Gy piz) mo o

For the next proposition, let d; denote the current integration along an
irreducible variety Z. In the sequel we will use the conventions of [9] §5.4 with
respect to the current associated to a locally integrable form and to the current .

Proposition 1.31. Let X be an equidimensional complex algebraic manifold and
Z a codimension p irreducible subvariety of X. Let j: X — X be a smooth
compactification of X (with a normal crossing divisor as its complement) and Z
the closure of Z in X. The isomorphism

cl: R[Z] = Hy,(X,R(p))
sends [Z] to [(j*w, j*g)], for any [(w, g)] € H;%(Y,R(p)) satisfying the relation
of currents in X
(1.32) —200|g] = [w] — 6.
Proof. See [9], Proposition 5.58. O

In particular, assume that Z = div(f) is a principal divisor, where f is a
rational function on X. Then [Z] is represented by the couple

(0.~3lo8( ) € HE, (X R(p)).

The definition of the cohomology with support in a subvariety can be extended
to the definition of the cohomology with support in a set of subvarieties of X.
We explain here the case used in the sequel. Let ZP be a subset of the set of
codimension p closed subvarieties of X, that is closed under finite unions. The
inclusion of subsets turns Z? into a directed ordered set. We define the complex
(1.33) Diog(X\ 27,p) := lim Dy, (X'\ Z,p),

Zezp
which is provided with an injective map

Di(X,p) = Diy (X \ 27, p).
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As above, we define
Dikog,ZP (X7 p) = 5(2)*
and the Deligne-Beilinson cohomology with supports in Z? as

Hp 20 (X, R(p)) := H"(Diog 20 (X, p))-

1.10. Real varieties. A real variety X consists of a couple (X¢, Fiy), with X¢
a complex algebraic manifold and F, an antilinear involution of Xc¢.
If X = (X¢,Fy) is a real variety, we will denote by o the involution of
Dy, (Xc,p) given by
o(n) = F&n.
Then the real Deligne-Beilinson cohomology of X is defined by
Hp(X,R(p)) := Hp(Xe, R(p))7,

where the superindex ¢ means the fixed part under o.
The real cohomology of X is expressed as the cohomology of the real Deligne
complex
Dl%g(X>p) = Dﬁ)g(X(Cap)U>
i.e. there is an isomorphism
H%(Xv R<p>> = Hn(Di’(l)g(Xa p)7 dD)

1.11. Truncated Deligne complex. In the rest of the work, we will consider
the Deligne complex (canonically) truncated at degree 2p. For simplicity we will
denote it by
TDikog(Xv p) = TS?prog(X7 p)
The truncated Deligne complex with supports in a variety Z is denoted by
TDye 2(X,p) = T<9,Di, (X, p) and the truncated Deligne complex with sup-
ports in ZP is denoted by 7D}, 2, (X, p) = T<2, Dy, 20(X, ).
Note that, since the truncation is not an exact functor, it is not true that
7D 20 (X, p) is the simple complex of the map 7D;,, (X, p) — 7D (X \ Z7,p).
2. DIFFERENTIAL FORMS AND HIGHER CHOW GROUPS

In this section we construct a complex of differential forms which is quasi-
isomorphic to the complex Z?( X, %)y ® R. This last complex computes the higher
algebraic Chow groups introduced by Bloch in [3] with real coefficients. The key
point of this construction is the set of isomorphisms given in (1.30).

This complex is very similar to the complex introduced by Bloch in [4] in order
to construct the cycle map for the higher Chow groups. In both constructions
one considers a 2-iterated complex of differential forms on a cubical or simplicial
scheme. Since this leads to a second quadrant spectral sequence, to avoid conver-
gence problems, one has to truncate the complexes involved. The main difference
between both constructions is the direction of the truncation. We truncate the
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2-iterated complex at the degree given by the differential forms, while in loc. cit.
the complex is truncated at the degree given by the simplicial scheme.

2.1. The cubical Bloch complex. We recall here the definition and main prop-
erties of the higher Chow groups defined by Bloch in [3]. Initially, they were
defined using the chain complex associated to a simplicial abelian group. How-
ever, since we are interested in the product structure, it is more convenient to
use the cubical presentation, as given by Levine in [19].

Fix a base field £ and let P! be the projective line over k. Let O =
P\ {1}(= A'). The cartesian product (P')" has a cocubical scheme structure.
For i = 1,...,n, we denote by t; € (kU {co}) \ {1} the absolute coordinate of
the i-th factor. Then the coface and codegeneracy maps are defined as

So(t, - o stn) = (t1y .o, ti1, 0.t oo t),
Si(ty, . tn) = (t, ... tii1,00,ti, ... ty),
oty tn) = (L, tict bty o ).

Then, (I inherits a cocubical scheme structure from that of (P'). An r-dimen-
sional face of (0" is any subscheme of the form (5;1 e (5;.:(D”_’").

We have chosen to represent A! as P*\ {1} so that the face maps are represented
by the inclusion at zero and the inclusion at infinity. In this way the cubical
structure of OJ' is compatible with the cubical structure of (P')" in [8]. In the
literature the usual representation Al = P\ {oo} is often used. We will translate
from one definition to the other by using the involution

X

(2.1) T +— 7
This involution has the fixed points {0, 2} and interchanges the points 1 and oo.

Let X be an equidimensional quasi-projective algebraic scheme of dimension
d over the field k. Let ZP(X,n) be the free abelian group generated by the
codimension p closed irreducible subvarieties of X x [, which intersect properly
all the faces of [J". The pull-back by the coface and codegeneracy maps of [T
endow ZP(X,-) with a cubical abelian group structure. Let (Z?7(X,x),d) be the
associated chain complex (see §1.6) and consider the normalized chain complex
associated to ZP(X, ),

Z7(X,n)y = NZ"(X,n) = (| ker .
i=1

Definition 2.2. Let X be a quasi-projective equidimensional algebraic scheme
over a field k. The higher Chow groups defined by Bloch are

CHP(X,n) := H,(Z"(X, *)o).
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Let Ny be the refined normalized complex of Definition (1.18). Let Z7(X, *)go
be the complex with

Z7(X,n)oo 1= NoZP(X,n) = (| kerd} N[ ) kerd,.
=1 =2

Fix n > 0. For every 7 = 1,...,n, we define a map
(2.3) Ot 2, o

(tla s 7tn+1> = (tla s 7tj717 - (t] - 1)(tj+1 - 1)7tj+27 s 7tn+1)-
The refined normalized complex of [2] §4.4 is given by considering the elements
in the kernel of all faces but d1, instead of §? like here. Taking this into account,
together with the involution (2.1), the map h’ agrees with the map denoted
h"J in [2] §4.4. Therefore, the maps h; are smooth, hence flat, so they induce
pull-back maps

(2.4) hj: Z°(X,n) — Z°(X,n+1), j=1,...,n+1,
that satisfy the conditions of Proposition 1.20. Therefore the inclusion

ZP(X’ ’H,)QO = N()ZP(X, n) - ZP(X’ n)o
is a homotopy equivalence (see [2] §4.4).
2.2. Functoriality. It follows easily from the definition that the complex
ZP(X, %) is covariant with respect to proper maps (with a shift in the grad-
ing) and contravariant for flat maps.

Let f: X — Y be an arbitrary map between two smooth schemes X,Y. Let
ZJ]? (Y,n)o C ZP(Y,n) be the subgroup generated by the codimension p irreducible
subvarieties Z C Y x [J", intersecting properly the faces of [J* and such that the
pull-back X x Z intersects properly the graph of f, I'y. Then, Zf(Y, *)o IS a
chain complex and the inclusion of complexes Z; (Y, *)o C ZP(Y, )y is a quasi-

isomorphism. Moreover, the pull-back by f is defined for algebraic cycles in
Z]’c’(Y, x)o and hence there is a well-defined pull-back morphism

CH?(Y,n) L5 CH? (X, n).
A proof of this fact can be found in [20], §3.5. See also [18].

2.3. Product structure. Let X and Y be quasi-projective algebraic schemes
over k. Then, there is a chain morphism

S(Z7(X, %) ® Z9(Y, %)g) = Z"T(X X Y, %)y
inducing exterior products
CHP(X,n) @ CHY(Y,m) = CH"*(X X Y,n+ m).

More concretely, let Z be a codimension p irreducible subvariety of X x 0",
intersecting properly the faces of [J* and let W be a codimension ¢ irreducible
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subvariety of Y x (™, intersecting properly the faces of (0. Then, the codimen-
sion p + ¢ subvariety

ZxWCXxOxYyxO"=2XxY xO"xO"=2 X xY xOv™,
intersects properly the faces of (""", By linearity, we obtain a morphism
ZP(X,n) ® Z9(Y,m) = ZPTU(X x Y,n+ m).
It induces a chain morphism on the normalized complexes
S(ZP(X, %) @ ZU(Y, %)) = ZPFI(X x Y, %)o,
and hence there is an external product
(2.5) U: CH?(X,n) @ CHY(Y,m) — CHP™(X x Y,n +m),

for all p, g, n, m.
If X is smooth, then the pull-back by the diagonal map A: X — X x X is

defined on the higher Chow groups, CH?(X x X, ) i CHP(X, *). Therefore,
for all p, g, n, m, we obtain an internal product

(2.6)

U: CHP(X,n) ® CHY(X,m) — CH?" (X x X,n+m) == CHP (X, n + m).
In the derived category of chain complexes, the internal product is given by the

morphism

$(ZP(X, %)o ® Z9(X, %)g) —— ZPT4(X x X, *)g

TN

ZRHUX % X, #)g —2> ZPTI(X, %)p.

Proposition 2.7. Let X be a quasi-projective algebraic scheme over k. The
pairing (2.6) defines an associative product on CH*(X,*) = P, , CH?(X,n).
This product is graded commutative with respect to the degree given by n.

Proof. See [19], Theorem 5.2. O

2.4. Differential forms and affine lines. For every n,p>0, let
TDl*Og(X x[O", p) be the truncated Deligne complex of differential forms in X x [,
with logarithmic singularities at infinity. The structural maps of the cocubical
scheme (O induce a cubical structure on 7D} (X x O* p) for every r and p.

Consider the 2-iterated cochain complex s
Dy "(X,p) = TDjog(X x O, p),
with differential (dp,d = > | (—=1)"(6Y — 46})). Let
Di(X,p) = s(Dy"(X,p))



18 J. I. BURGOS GIL AND E. FELIU

be the associated simple complex. Hence its differential ds in D} (X, p) is given,
for every av € Dy " (X, p), by ds(a) = dp(a) + (—1)"d(«). Since we are using
cubical structures, this complex does not compute the right cohomology and we
have to normalize it.

For every r,n, we write

Dg_n<X7p)0 - TDrog<X X Dn;p)o = NTDirog(X X Dn’p>

Hence Dy*(X,p)o is the normalized 2-iterated complex and we denote by
D; (X, p)o the associated simple complex.

Proposition 2.8. The natural morphism of complexes
iy (X, p) = D" (X, p)o — Di(X,p)o
18 a quasi-isomorphism.
Proof. Consider the second quadrant spectral sequence with E; term given by
ET™" =H"(Dy "(X,p)o).
Since
Dy (X, p)o =0, for r <0 orr > 2p,

this spectral sequence converges to the cohomology groups H*(Dj; (X, p)o). This
is the main reason why we use the truncated complexes.

If we see that, for all n > 0, the cohomology of the complex Dy " (X, p)o is
zero, the spectral sequence degenerates and the proposition is proven. By the
homotopy invariance of Deligne-Beilinson cohomology, there is an isomorphism

8j0---08) s H (1D (X x O, p)) — H* (D5, (X, p)).

By definition, the image of H*(7Dj, (X x [O" p)o) by this isomorphism is zero.

log
Since H*(7Dj,,(X x 0", p)o) is a direct summand of H*(7D5, (X x ", p)), it
vanishes for all n > 0. L]

We define the complex Dj (X, p)oo to be the simple complex associated to the
2-iterated complex with

Dy (X, p)oo = NoTDj (X x O, p).
Corollary 2.9. The natural morphism of complexes
TDpe(X,p) = Dy (X, p)oo — Dy (X, p)oo
18 a quasi-isomorphism.

Proof. 1t follows from Proposition 2.8, Proposition 1.20 (using as maps {h;} the
ones induced by the maps i/ defined in 2.3) and Proposition 1.24. 0
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2.5. A complex with differential forms for the higher Chow groups. Let
ZP  be the set of all codimension p closed subvarieties of X x (0" intersecting
properly the faces of [J". We consider it as a set ordered by the inclusion relation.
When there is no source of confusion, we simply write Z? or even ZP. Consider
the cubical abelian group

(2.10) HP(X, %) == H

oz (X x O R(p)),

with faces and degeneracies induced by those of (0. Let HP(X, x)o be the associ-
ated normalized complex.

Lemma 2.11. Let X be a complex algebraic manifold. For every p > 0, there is
an isomorphism of chain complexes

vi: ZP(X, %) @ R = HP(X, *)o,
sending z to cl(z).
Proof. 1t follows from the isomorphism (1.30). O

Remark 2.12. Observe that the complex HP(X, )y has the same functorial
properties as ZP(X, %)y @ R.

Let D;;:*Zp (X, p)o be the 2-iterated cochain complex, whose component of bide-
gree (r,—n) is
TDlog Zp(X X Dn,p)o = NTDIOg ZP (X X Dn’p) = NT<2PD{og Zp(X X Dn,p),

and whose differentials are (dp,d). As usual, we denote by Dj z,(X,p)o the
associated simple complex and by d; its dlfferentlal
Let sz =» (X, D)o be the chain complex whose n-graded piece is DA = (X, D)o-

Proposition 2.13. For every p > 0, the family of morphisms
D?gg;l(va)O ’Y_l> Hp(X7 n)O
((Wns Gn)s - - - (W0, 90)) = [(Wn, gn)]
defines a quasi-isomorphism of chain complexes between DA = (X,p)o and
H* (X, n)o.

Proof. The map is well defined because (wy, g,) € TD12 (f; 2r(X x O, p)o. There-

fore, by definition of the truncated complex (w,, g,) is closed. To see that it is a
morphism of complexes we compute

’ﬁdé’((wna gn)7 SRR (wOv 90)) = 71((_1)21?5(“%7 gn) + dD(Wn—lv gn—l)a cee )
= [0(Wn, gn) + dp(Wn—1, gn-1)] = d[(wn, gn)]-
Now we consider the second quadrant spectral sequence with E;-term
E;™ = HT(TDI*Og,Zp(X x 0", p)o).
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By construction, E; ™" = 0 for all » > 2p. Moreover, for all » < 2p and for all n,
the semipurity property of Deligne-Beilinson cohomology implies that

(2.14) H' (1D}, z0(X x O, p)) = 0.
Hence, by Proposition 1.24, the same is true for the normalized chain complex
H (1D zo(X x 0%, p)o) =0, 1 < 2p.

Therefore, the E;-term of the spectral sequence is

g { 0 if r # 2p,

1 HQP(TDf‘OgZ,,(X x 0" p)) ifr=2p.
Finally, from Proposition 1.25, it follows that the natural map
H*(Dj 2 (X x 0", p)o) — HP(X,n)o

is an isomorphism. Using the explicit description of the spectral sequence asso-
ciated to a double complex, it is clear that the morphism induced in cohomology
by ~; agrees with the morphism induced by the spectral sequence. Hence the
proposition is proved. 0

We denote
CHP(X,n)g = CH?(X,n) @ R.

Corollary 2.15. Let z € CHP(X,n)r be the class of an algebraic cycle z in
X xO™. By the isomorphisms of Lemma 2.11 and Proposition 2.13, the algebraic
cycle z is represented, in H**~"(Dy z»(X,p)o), by any cycle

(Was Gn)s - - -+ (wo, 90)) € D2 (X, p)o
such that
cl(z) = [(wn, gn)]-

Remark 2.16. Our construction differs from the construction given by Bloch,
in [4], in two points:
e He considered the 2-iterated complex of differential forms on the simplicial
scheme A", instead of the differential forms on the cubical scheme [1".
e In order to ensure the convergence of the spectral sequence in the proof
of last proposition, he truncated the 2-iterated complex in the direction
given by the affine schemes.

2.6. Functoriality of D} ;,(X,p)o. In many ways, the complex D} -, (X, p)o
behaves like the complex Z*( X, ).

Lemma 2.17. Let f : X — Y be a flat map between two equidimensional complex
algebraic manifolds. Then there is a pull-back map

J" Dy z(Y,p)o = Dy z (X, p)o.
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Proof. We will see that in fact there is a map of iterated complexes

F*: DY (Yp) — DA (X.p).
Let Z be a codimension p subvariety of Y x [J" intersecting properly the faces of
O™, Since f is flat, there is a well-defined cycle f*(Z). It is a codimension p cycle

of X x 00" intersecting properly the faces of (1", and whose support is f~(Z).
Then, by [14] 1.3.3, the pull-back of differential forms gives a morphism

* n I * n -
7JZ)log(Yv x \Z7p) — TDlog(X x \f 1(2),]7)

Hence, there is an induced morphism
DL, (Y x O\ 28, p) L5 lim 7Dy, (X x O™\ F7(2),p) — 7D}, (X x 0"\ 2% p),

ZeZy,
and thus, there is a pull-back morphism

J Dy z(Y,p) = Dz (X, p)
compatible with the differential 9. O
Remark 2.18. The pull-back defined here agrees with the pull-back defined by
Bloch under the isomorphisms of Lemma 2.11 and Proposition 2.13. Indeed, let
f: X — Y be a flat map. Then, if Z is an irreducible subvariety of Y and
(w,g) a couple representing the class of [Z] in the Deligne-Beilinson cohomology

with support, then the couple (f*w, f*g) represents the class of [f*(Z)] (see [14],
Theorem 3.6.1).

Proposition 2.19. Let f: X — Y be a morphism of equidimensional complex
algebraic manifolds. Let Zjﬂ be the subset consisting of the subvarieties Z of
Y x O" intersecting properly the faces of (" and such that X x Z x 1" intersects
properly the graph of f, I'y. Then,
(i) The complex D} o(Y,p)o is quasi-isomorphic to Dy z, (Y, p)o.
Kl f 2l

(i1) There is a well-defined pull-back
[ ,D:&,ZJE(Yv plo — DX,Z@(va)O-

Proof. Arguing as in the proof of the previous proposition, there is a pull-back
map

F*2 D (V x O\ 25, p) £ 7Dy, (X x O\ 27,p),
inducing a morphism
[ DX,z;(Y, p) — DZ,ZP(X> p),
and hence a morphism

£ ’DZ;,Z]IZ (Y,p)o — IDK,ZP (X,p)o.
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All that remains to be shown is that the inclusion
X,Z]’Z <Y7 p>0 - DX,ZP <Y7 p)O

is a quasi-isomorphism. By the quasi-isomorphism mentioned in paragraph 2.2
and the quasi-isomorphism of Proposition 2.13, there is a commutative diagram

ZJIC)(Y, *)o @ R —— ID;;,ZJ? (Y:p)o

ZP(Y,%)g @ R =D} z,(Y, p)o-
The proof that the upper horizontal arrow is a quasi-isomorphism is analogous to

the proof of Proposition 2.13. Thus, we deduce that 7 is a quasi-isomorphism. [J

3. ALGEBRAIC CYCLES AND THE BEILINSON REGULATOR

In this section we define a chain morphism, in the derived category of chain
complexes, that induces in homology the Beilinson regulator.

The construction is analogous to the definition of the cycle class map given
by Bloch in [4], with the minor modifications mentioned in 2.16. However, in [4]
there is no proof of the fact that the composition of the isomorphism K,,(X)g =
D,>o CHP(X,n)q with the cycle class map agrees with the Beilinson regulator.

3.1. Definition of the regulator. Consider the map of iterated cochain com-
plexes defined by the projection onto the first factor

Dy 20(X,p) =T<2,8(D (X xO", p) = Dy (X xO" \ 27, p))" 57Dy, (X xO", p)
(W, 9) —w.
It induces a cochain morphism
DX,ZP(va)O & DX(Xa p)07
and hence a chain morphism
(3.1) D20 (X, p)o = D (X, po.

The morphism induced by p in homology, together with the isomorphisms of
Propositions 2.8, 2.11 and 2.13, induce a morphism

(3.2) p: CHP(X,n) — CHP(X,n)g — HZ"(X,R(p)).

By abuse of notation, it will also be denoted by p.
By corollary 2.15, we deduce that, if z € ZP(X,n)g, then

p(z) = (wWn, - - -, wo),
for any cycle ((wn, gn), - - -, (W0, 90)) € Di’gg(X, p)o such that [(wn, g,)] = cl(z).

Proposition 3.3. (i) The morphism p: Df{g:(X,p)g — D (X, p)o is con-
travariant for flat maps.
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(ii) The induced morphism p: CH?(X,n) — HZ"(X,R(p)) is contravariant
for arbitrary maps.

Proof. Both assertions are obvious. Let z = ((wp, gn), - - -, (W0, 90)) € ng;‘(x, P)o
be a cycle such that its inverse image by f is defined. This is the case when f is

flat or when z belongs to sz; (X, p)o- In both cases
2y

f*((wna gn)v ] (wOa gO)) = ((f*wm f*gn>7 T (f*wm f*go))

and the claim follows. OJ

Remark 3.4. Let X be an equidimensional compact complex algebraic manifold.
Observe that, by definition, the morphism

p: CHP(X,0) = CH?(X) — H¥(X,R(p))

agrees with the cycle class map cl.

Now let E be a vector bundle of rank n over X. For every p =1,...,n, there
exists a characteristic class CS#(E) € CHP(X) (see [17]) and a characteristic
class CP(E) € HZ(X,R(p)), called the p-th Chern class of the vector bundle E.
By definition, cl(CS#(E)) = CP(E). Hence,

p(CyH(E)) = CP(E),
forallp=1,...,n.

3.2. Comparison with the Beilinson regulator. We prove here that the reg-
ulator defined in (3.2) agrees with the Beilinson regulator.
The comparison is based on the following facts:

e The morphism p is compatible with inverse images.
e The morphism p is defined for quasi-projective schemes.

In view of these properties, it is enough to prove that the two regulators agree
when X is a Grassmanian manifold, which in turn follows from Remark 3.4.

Theorem 3.5. Let X be an equidimensional complex algebraic scheme. Let p' be
the composition of p with the isomorphism given by the Chern character

P Ky (X)g = P car(X.n)g & P HE (X, R(p)).

p=0 p=0
Then, the morphism p' agrees with the Beilinson requlator.

Proof. The outline of the proof is as follows. We first recall the description of
the Beilinson regulator in terms of homotopy theory of simplicial sheaves as in
[15]. Then, we recall the construction of the Chern character given by Bloch. We
proceed reducing the comparison of the two maps to the case n = 0 and for X a
Grassmanian scheme. We finally prove that at this stage both maps agree. Our
site will always be the small Zariski site over X.
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Consider X as a smooth quasi-projective scheme over C. Let B.GLy be the
simplicial version of the classifying space of the group G Ly (C) viewed as a simpli-
cial complex manifold. Recall that all the face morphisms are flat. Let B.GLy x
be the simplicial sheaf over X given by the sheafification of the presheaf

for every Zariski open U C X. This is the same as the simplicial sheaf given by
U +— Hom(U, BGLy),

where Hom means the simplicial function complex.
Consider the inclusion morphisms B.GLy x — B.GLyy1 x, for all N > 1, and
let
BGLX = lim B,GLN’X.

Let ZoB.GLyx and Z.B.GLx be the sheaves associated to the respective
Bousfield-Kan completions. Finally, let Z be the constant simplicial sheaf on
Z and consider the following sheaves on X

Kx =7 x Z..B.GLY,
KY =Z X Zo BGLy x.
By [15], Proposition 5, there is a natural isomorphism

Kn(X) = H™X,Ky) = lim H ™(X,KY).
N

Here H™*(-,*) denotes the generalized cohomology with coefficients in Ky and
K, as described in [15].

The Beilinson regulator is the Chern character taking values in Deligne-
Beilinson cohomology. The regulator can be described in terms of homotopy
theory of sheaves as follows.

Consider the Dold-Puppe functor K.(-) (see [12]), which associates to every
cochain complex of abelian groups concentrated in non-positive degrees, G*, a
simplicial abelian group K.(G), pointed by zero. It satisfies the property that
m(K.(G),0) = H(G¥).

In [13], Gillet constructs Chern classes

CP € H*(B.GLy,R(p)), N >0,
which induce morphisms
cpxt KY = K(Dx(.p)2p]), N >0
in the homotopy category of simplicial sheaves.
These morphisms are compatible with the morphisms K = — K)]\g“ Therefore,

we obtain a morphism

Cox_ prop—
Kp(X) =lim H (X, KY) == HZ " (X,R(p)).
N
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Using the standard formula for the Chern character in terms of the Chern classes,
we obtain a morphism

Ko (X) L5 B2 (X, R(p)),

which is the Beilinson regulator.

The Chern character for higher Chow groups. The description of the isomor-
phism K,(X)g = D,>0 CHP(X,n)q given by Bloch follows the same pattern
as the description of the Beilinson regulator. However, since the complexes that
define the higher Chow groups are not sheaves (in fact not even functors) on the
big Zariski site, a few modifications are necessary. We give here a sketch of
the construction. For details see [3].

If Y is a simplicial scheme whose face maps are flat, then there is a well-defined
2-iterated cochain complex ZP(Y., x)o, whose (n, m)-bigraded group is

Zp(anv m)O:

and induced differentials. The higher algebraic Chow groups of Y. are then de-
fined as

CHP(Y.,n) = H"(ZP(Y., *)o).

Since the face maps of the simplicial scheme B.GLy are flat, the group
CHP(B.GLy,n) is well defined for every p and n.
First, Bloch constructs universal Chern classes

CSM e CHP(B.GLy,0),
following the ideas of Gillet. These classes are represented by elements
CPCH’i € Zp(BiGLN, l)o

Because at the level of complexes the pull-back morphism is not defined for
arbitrary maps, one cannot consider the pull-back of these classes C’f Hito X, as
was the case for the Beilinson regulator. However, by [3] §7, there exists a purely
transcendental extension L of C, and classes Cpc H defined over L, such that the
pull-back f*CS*H is defined for every C-morphism f: V — B;GLy.

Then, there is a map of simplicial Zariski sheaves on X

B.GLNJ( — ’CX(g*Z‘I))(L(_7 *)0)7

where g: X — X is the natural map obtained by extension to L.
There is a specialization process described in [3], which, in the homotopy cat-
egory of simplicial sheaves over X, gives a well-defined map

KX(Q*Zg(L(_? *)0) - ]CX(Zg((_> *)0)

Therefore, there are maps C{ € [B.GLy x, Kx(Z%(:,p))], where [, -] denotes
the set of arrows in the homotopy category. Proceeding as above, we obtain the
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Chern character morphism

K (X) — @ CH" (X, m)q.
p=>0
For m = 0, this is the usual Chern character.
End of the proof. Since, at the level of complexes, p is functorial for flat maps,
there is a sheaf map

p: Kx(Zx(-,p)) = K.(Diog(X, D))

in the small Zariski site of X.
It follows that the composition p o C’SH is obtained by the same procedure
as the Beilinson regulator, but starting with the characteristic classes p(CpC i) e

HZ(X,R(p)) instead of the classes CP. Therefore, it remains to see that
(3.6) p(CSMTy = CP.

For integers N,k > 0 let Gr(N,k) be the complex Grassmanian scheme of
N-planes in C*. It is a smooth complex projective scheme. Let Ey; be the
rank N universal bundle of Gr(N, k) and Uy = (Uk,a)a its standard trivializa-
tion. Let N.Uy denote the nerve of this cover. It is a hypercover of Gr(N, k),
NU, = Gr(N,k). Consider the classifying map of the vector bundle Ey,
¢r: NUy — B.GLy, which satisfies 7*(Eyy.) = pi(EY), for EN the universal
vector bundle over B.GLy. Observe that all the faces and degeneracy maps of the
simplicial scheme N.Uy are flat, as well as the inclusion maps N;U, — Gr(N, k).
Therefore, CHP(N.Uy,m) is defined and there is a pull-back map
CH?(Gr(N, k), m) = CHP(N.Uy, m).

Since p is defined on N.Uy and is a functorial map, we obtain the following
commutative diagram

CH?(B.GLy,0) —"~ H?(B.GLy,R(p))

wzl lwz

CHP(N.U,0) —"— H?(N.U,,R(p))

Tr* T TT‘.*
CCH

Ko(Gr(N, k)) —> CH?(Gr(N, k),0) —> H?(Gr(N, k), R(p))

- T F

D
CP

By construction, C'pc H(Ex ) is the standard p-th Chern class in the classical Chow
group of Gr(N, k), and C?(Eyy) is the p-th Chern class in Deligne-Beilinson
cohomology. It then follows from Remark 3.4 that

(3.7) p<CpCH(EN,k)) = CE(ENJ@)'
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The vector bundle Eyy, € Ko(Gr(N, k)) = lim—[Gr(N, k), KM] is represented,
in the homotopy category of simplicial sheaves, by the diagram

Gr(N,k) & N.U, 25 B.GLy,

where the map 7 is a weak equivalence of sheaves because N.Uj is a hypercover
of Gr(N, k). This means that

(3.8) P (G (EN)) = 7(CF (Ewa))-

Also, since 7 is an hypercover, 7* is an isomorphism in Deligne-Belinson coho-
mology. Moreover, for each mg, there exists kq such that, if m < mg and k > ko,
¢ is an isomorphism on the cohomology group HZ"( ,R(m)). To see this, we
first use the computation of the mixed Hodge structure of the cohomology of
the classifying space given in [11] and the well known mixed Hodge structure
of the cohomology of the Grassmanian manifolds to reduce it to a comparison
at the level of singular cohomology. Then we use that the infinite Grassmanian
is homotopically equivalent to the classifying space. Finally we use the cellular
decomposition of the infinite Grassmanian to compare its cohomology with the
cohomology of the finite Grassmanian (see for instance [22]).
Under these isomorphisms, we obtain the equality

(3.9) Cp(Eng) = (7)) oi(CR(EY)).
Hence,
p(CH(EN)) = CP(EY) & ¢ip(C T (EN)) = ¢rC) (EY)
= pon(CyH(BN)) = ¢pCP (EX).

The last equality follows directly from (3.7), (3.8) and (3.9). Therefore, the
theorem is proved. O

4. HIGHER ARITHMETIC CHOW GROUPS

Let X be an arithmetic variety over a field. Using the description of the Beilin-
son regulator given in section 3, we define the higher arithmetic Chow groups,
CH n(X ,p). The definition is analogous to the definition given by Goncharov, in
[16], but using differential forms instead of currents.

We need to restrict ourselves to arithmetic varieties over a field, because the
theory of higher algebraic Chow groups by Bloch is only well established for
schemes over a field. That is, we can define the higher arithmetic Chow groups
for arbitrary arithmetic varieties, but since the functoriality properties and the
product structure of the higher algebraic Chow groups are described only for
schemes over a field, we cannot give a product structure or define functoriality
for the higher arithmetic Chow groups of arithmetic varieties over a ring. Note
however that, using work by Levine [21], it should be possible to extend the
constructions here to smooth varieties over a Dedekind domain, at least after
tensoring with Q. In fact, when extending the definition to arithmetic varieties
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over a ring, it might be better to use the point of view of motivic homology a la
Voevodsky or any of its more recent variants.

4.1. Higher arithmetic Chow groups. Following [14], an arithmetic field is a
triple (K, X, F.), where K is a field, ¥ is a nonempty set of complex immersions
K < C and F, is a conjugate-linear C-algebra automorphism of C* that leaves
invariant the image of K under the diagonal immersion. By an arithmetic variety
X over the arithmetic ring K we mean a regular quasi-projective K-scheme X.

To the arithmetic variety X we associate a complex variety X¢ = [[,o5 X,
and a real variety Xgr = (X¢, Fi). The Deligne complex of differential forms on
X is defined from the real variety Xy as

Dite (X, p) := D (X, p)"™",

where o is the involution as in paragraph 1.10. We define analogously the chain
complexes

DY (X,p)o, DY (X.p)oo, Dzn(X,plo. and Dz (X, p)oo
Let 7, be the composition

XFR

it ZP(X,n)o L ZP(X,n)o @ R 255 ZP(Xg,n)o ® R = HP(X, n)o.
We consider the diagram of complexes of the type of (1.12)

(4.1)
2p * X p
é\p( X, #)o = / \ / \
2p *( D2p X )
AZP 1Og y D)
where Zleg(X p)« is the chain complex which is zero in all degrees except in

degree zero, where it consists of the vector subspace of cycles in Dlog(X ,p). Note
that it agrees with ZE{;(X)(p), the subspace of EJVp(X)(p) consisting of
differential forms with logarithmic singularities that are real up to a product by
(2mi)P, of type (p,p) and that vanish under 0 and 0. The morphism i is the
inclusion of chain complexes.

Definition 4.2. The highﬁr arithmetic Chow complex is the simple complex
associated to the diagram ZP(X, %), as defined in (1.6):

2\1’()(7 *)g 1= S(Z\p(X, *)o)-
Recall that, by definition, zp (X, n)o consists of 5-tuples

(Za a070517a27043) S

ZP(X,n)o ® DX Z2(X, p)o ® ZD,(X,p)y ® H(X,n + 1)y @ DZ "1 (X, plo,
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and the differential is given by
ZP(X,n)o L Z°(X,n — 1),
(Z, a0, 01, 2, a3) = (6(Z), ds(axo), 0,71(Z) =71 (o) —6(a2), plc) — a1 —dis(a3)).
Note that a; will be zero unless n = 0. Its differential, however, is always zero.

Definition 4.3. Let X be an arithmetic variety over an arithmetic field. The
(p, n)-th higher arithmetic Chow group of X is defined by

CH'(X,n) = H,(Z°(X, %)),  p,n>0.

By its definition as the cohomology of a simple of a diagram of complexes it
comes equipped with the following morphisms

¢: CH'(X,n) — CH"(X,n), C[(Z, o, a3)] = 2],

a: HY "(X,R(p)) — CH'(X,n),  a([a]) = [(0,0,0,0,—a)],

a: D (X, p) — CH' (X,0), a(@) = [(0,0, —dpa, 0, —a)],
w: CH'(X,0) — ZDP (X, p), w([(Z, a0, ... 03)]) = a1

Proposition 4.4. There is a long exact sequence
(4.5)
- CH (X,n) S CHY(X,n) & HP (X, R(p)) & CH (X,n—1) — - --
— CH?(X,1) & DZN(X,p)/imdp = CH'(X,0) S CHP(X,0) — 0,
where p 1s the Beilinson regulator.

Proof. 1t follows from Theorem 3.5, Lemma 1.16 and the fact that the homology
groups of the complex

S(ZD (X, p)e = DY (X, p)o)
are HX""(X,R(p)) in degree n # 0 and Dif)g_l(X, p)/imdp in degree 0. O

Remark 4.6. Let ﬁg’*(X ,P)o be the 2-iterated cochain complex given by the
quotient Dy (X, p)o/D*° (X, p). That is, for all r,n,

Sr,—n . 0 if r= 2p and n = O’
Dy " (X,p)o = { Dy "(X,p)o otherwise.

Let ﬁjg(X ,P)o denote the simple complex associated to 132’*()( ,D)o. Consider the
composition of p with the projection map

p: D 2r(X,p)o & D (X, p)o — D (X, p)o.
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Then, there is a diagram of chain complexes of the type of (1.9)

HP (X, *) DP*(X,p)o
(47 / \ /
DYz (X,

By Proposition 1.13, the simple complex associated to the diagram (4.7) is
quasi-isomorphic to the complex EP(X ,*)o and hence, its homology groups are
isomorphic @p(X ,%). Nevertheless, in order to define a product structure in
@*(X, ) it is better to work with the diagram (4.1).

4.2. Agreement with the arithmetic Chow groups. Let X be an arithmetic
variety and let CH p(X ) denote the p-th arithmetic Chow group of X as defined
by Burgos in [5]. We recall here its definition.

For every p, let ZP(X) = ZP(X,0) and let ZD}? (X, p) denote the subgroup of

cycles of Diﬁg(X, p). Let

g (X & = | (2) = [(w.9)

If Z € ZP(X), a Green form for Z is a couple (w, §) as before such that cl(Z) =
[(w, g)], where g is any representative of g.

Let Y be a codimension p — 1 subvariety of X and let f € k*(Y"). As shown in
[5], §7, there is a canonical Green form attached to div f. It is denoted by g(f)
and it is of the form (0,g(f)) for some class g(f).

One defines the following subgroup of ZP(X):
P/{aTtp(X) ={(div f,g(f))| f € k*(Y), Y C X a codimension p — 1 subvariety}.
For every p > 0, the arithmetic Chow group of X is defined by
CH"(X) = Z7(X)/Rat (X).

It is proved in [14], Theorem 3.3.5 and [5], Theorem 7.3, that these groups fit
into exact sequences

CHP (X)L DI (X, p)/imdp % CH' (X) & CH?(X) — 0

log

2p—1 P _
ZP<X>:{<Z,<w,g>>eZP(X)@ZD Diog (X\2%.9) | w=dpg, }

where:
o CHP'7(X) is the term E?~ "7 in the Quillen spectral sequence (see [23],
87).
e The map p is the cycle class map and is the Beilinson regulator after
composition with the isomorphism K,(X)q = @,., CH?"*(X)q.
e The map ( is the projection on the first component.
e The map a sends a to (0, (—dpa, —a)).
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Theorem 4.8. The morphism
CH'(X)2 CcH'(X,0)
[(Z,(w,9)] = [(Z,(w,9),0,0,0)],

2p—1
log

Proof. We first prove that ® is well defined. Afterwards, we will prove that the
diagram

where g is any representative of g € D (X,p)/imdp, is an isomorphism.

p

CHP (X)) —"> D2 (X, p)/ imdp —— CH"(X) CHP(X) ——0

=~ i: J/q) lN
D p 2p—1 . a —==p ¢ p
CHP(X,1) ——= Dy, (X,p)/imdp —= CH (X,0) — CHP(X,0) —=0

is commutative. The statement then follows from the five lemma.
The proof is a consequence of Lemmas 4.9, 4.10 and 4.11 below.

Lemma 4.9. The map ® is well defined.

Proof. We have to prove that:

(i) The elements in the image of ® are indeed cycles in Zp (X,0).

(ii)) The map ® does not depend on the choice of a representative of g.
(iii) The map & is zero on Rat’ (X).

Let [(Z,(w,q))] € CH' (X). The claim (i) follows from the equality cl(Z) =
[(w, §)] = [(w,9)]. Indeed, since ds(w, g) =0,

d(Z,(w,9),0,0,0) = (0,0,0,cl(Z) — cl(w, g),0) = 0.

To see (i), assume that g;, g2 € Dl?g*l(X ,p) are representatives of g, i.e. there

exists h € Dii_z(X, p) such that dph = g; — go. Then

d(O’ (07 h)? 07 07 O) = (07 (O’gl_92)7 O’ O? 0) = (Z7 (w7g1>7 07 07 O)_(Z7 (wng)v O? O? 0)

and therefore we have [(Z, (w,¢1),0,0,0)] = [(Z, (w, g2),0,0,0)].
Finally, to prove (iii), we have to see that, if Y is a codimension p— 1 subvariety
and f € k*(Y), then

@(div f.0(f)) =0 € CH'(X,0),
i.e. that
[(div £, (0,4(f)),0,0,0)] = 0,
for any fixed representative g(f) of g(f).
Let f be the function of Y x O given by (y, (¢ : t2)) — % Its divisor

defines a codimension p subvariety of X X [O!. Moreover, it intersects properly
X x(0:1)and X x (1:0). Fix g(f) to be any representative of g(f). Since
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3(3(f)) = G(f), there exists h € Dyt ' (X \ div f,p) with dph = 3(g(f)) — g(f)-
Then,

d(div £, (0, g(f), (0, 1)),0,0,0) = (div , (0, 9(f)),0,0,0)
as desired. 0J
Lemma 4.10. There are isomorphisms
CHP(X) 5 CHP(X,0),
CHP (X) 2 CHP(X,1),
making the following diagrams commutative

p

CHP 12 (X) —~ ngl(x, p)/imdp 5?{1’( X) CHP(X)

o |- o lsm

CHP(X,1) —~ D2 Y (X,p)/imdp  CH'(X,0) —> CH"(X,0).

log

Proof. Both isomorphisms are well known. The morphism ¢; is the isomorphism
between the classical Chow group C H?(X') and the Bloch Chow group CH?(X, 0).
The diagram is obviously commutative, since ¢;([Z]) = [Z].

The isomorphism ¢, is defined as follows. Let f € CHP~'P(X). Tt can be rep-
resented by a linear combination ), [fi], where f; € k*(W;), W; is a codimension
p-1 subvariety of X and ) div f; = 0. Let 'y, be the restriction of the graph of
fiin C X xP', to X x[O'. That is, 'y, is the codimension p subvariety of X x (!
given by

{(w. fity)| y e Wi, fily) # 1}

Then po(f) is represented by the image in
Zp(X7 1)/DZp(X7 1) = Zp(X7 1)0

of Y T'y,, where DZP(X, 1) are the degenerate elements.

We want to see that pps = p, ie., p(>°,T'y,) = p(O_[fi])- See [5] or [9] for more
details on the definition of p on the right hand side.

Let f=Y,[f;] € CHP"'?(X) be as above. For every i, we can choose:

e a rational function f; € k*(X) whose restriction to W; is f;,
e a Green form for W;, g(W;) = (wi, 9:).

The form _
a(f:) == (0, ——10gff)

is a Green form for the divisor div f; on X.
Let x denote the x-product of Green forms as described by Burgos in [5]. Then,

we write
(wp o) = > 0(f
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Since the first component of g( fz) is zero, we have that w, = 0 as well. Moreover,
since (0,g,) is a Green form for ), div finw; = >, div f; = 0, we can obtain a
representative g, of g, that is a closed smooth form. Then g, is a representative
of p(Lf)).

Let us show now that g, is a representative of p(y2(f)) as well. By the re-
sults of the previous sections, the form p() . T's,) is obtained as follows. Let
Z € ZP(X,1)p be a cycle in the normalized group that differs from Y I'y, by a
degenerate element. We consider a representative (wz,gz) € 7DZ (X x Oy, p)o
of Z. Since

8 =8 (wz,92) — 01 (wz, 9z)
represents the class of ). div f; = 0, the class of § is zero and hence there exists

(w,g) such that dp(w,g) = . Moreover, since dpwz = 0 and the complex

D5 (X x O, p)o is acyclic (see the proof of Proposition 2.8), there exists a €

Diffo:l(X x O, p)o such that dp(a) = wz. Then, p(3.;T},) is represented by

w+6(a).

Therefore, we start by constructing the cycle Z and suitable forms (wz, gz)
representing the class of Z. Consider the rational function h; € k*(X x O') given
by

(y, (t1 : 1)) > %

If we write div f; = (div f;)° — (div f;)> where (div f;)? is the divisor of zeroes
and (div f;)* is the divisor of poles, the intersection of the divisor of h; with W;,
div h; N W;, is exactly I'y, — (div f;)>°. Observe that (div f;)> is a codimension p
degenerate cycle. Moreover div h; N W; belongs to Z”(X,1),. Hence

Z:Zdivhmm

is the cycle we need. Let g(h;) = (0, —1 log h;h;) be the canonical Green form for
div h;. Then, as above, a Green form for 7 is given by

> a(h) «g(Wi) = (0,42).

Now, observe that
6(0,52) = 3 81(a(hi) x 9(Wi) = D _0(fi) » 8(W:) = (0,5,).

Since we can assume that g, is a smooth representative of g,, we have that
ds(9,,0) = (0,9,), and hence by the above description of p we see that

p(ZFfi) = Y9p-

This finishes the proof of the lemma. U
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Lemma 4.11. The following diagram is commutative:

. _CH(X)
/
Dﬁf;_l(X, p)/imdp ®
TS =
CH (X,0)
Proof. Let a € D?fg_l(X ,p)/imdp. Then, the lemma follows from the equality
d(0,(,0),0,0,0) = (0, (dpa, ), 0,0,0) + (0,0,0,0, )
in CH' (X,0). O
This finishes the proof of Theorem 4.8. U

4.3. Functoriality of the higher arithmetic Chow groups.

Proposition 4.12 (Pull-back). Let f: X — Y be a morphism between two arith-

metic varieties. Then, for all p > 0, there exists a chain complex, 2;’(}/, *)o such
that:

(i) There is a quasi-isomorphism
2,13(3/7 *)o — ZP(Y7 *)o-
(ii) There is a pull-back morphism
fre 217[3()/7 *)g — ZP(X, *)o0,
inducing a pull-back morphism of higher arithmetic Chow groups
cH'(Y,n) L CH' (X, n),
for every p,n > 0.

(i1i) The pull-back is compatible with the morphisms a and (. That is, there are
commutative diagrams

(4.13) - — HZNY,R(p)) —— CH'(Y,n) —— CH?(Y;n) — - --

/| /| /|

= HY " (X, R(p) —> CH'(X,n) —= CHP(X,n) —= -

Proof. Recall that there are inclusions of complexes
Zf(Y, x)o C ZP(Y, %),
HG(Y,x)o € HP(Y, %)o,

DZ,Z;’ (Y> p)O C Dg,zp (Y7 p)07
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which are quasi-isomorphisms. The pull-back by f is defined for any « in
Z7(Y,*)o, in H} (Y, *)o or in Dy ZP(Y p)o- Moreover, by construction, there is

a commutative diagram

ZR(Y, %)g —= HO(Y, %)p < LDy 22 (Yop)o —2= Dy (Y, p)o < ZDp2 (X, p).

/| /| /| /| -

Zp(X7 *)0 T) Hp(XJ *)0 <T’\,1I DK,ZP(‘X?]})O T> Ing(Xu p)O é Z,D120%(Y )*

Let Z\J’Z (Y, *)o denote the simple associated to the first row diagram. Then, there
is a pull-back morphism
1 217[3()/7 ¥)o — ZP(X, %)
Moreover, as noticed in §1.3, the natural map
Z5(Y )0 — ZP (Y, %)

is a quasi-isomorphism. Therefore, (7) and (ii) are proved. Statement (i) follows
from the construction. O

Remark 4.14. If the map is flat, then the pull-back is already defined at the
level of the chain complexes ZP(Y, #)o and ZP(X, %)q.

Proposition 4.15 (Functoriality of pull-back). Let f : X — Y and g: Y — Z
be two morphisms of arithmetic varieties. Then,

ffog-=(go f): @p(Z, n) — C/'FIP(X,n).

Proof. Let Z o7ug(Z;n)o be the subgroup of Z\p(Z, n)o obtained considering, at

each of the complexes of the diagram ZAP(Z, *)o, the subvarieties W of Z x O"
intersecting properly the faces of [J* and such that

e X x W x " intersects properly the graph of g o f,

o Y x W x [J" intersects properly the graph of g.
That is,
ngug(Z’ n)o = Zg¢(Z,n)o N Z5(Z,n)o.

Then, the proposition follows from the commutative diagram

(g% ZP(X, *)o
ngUg(Z *)o ]f*
T
ZJZZ(Y, *)0 L]
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Corollary 4.16 (Homotopy invariance). Let m: X x A™ — X be the projection
on X. Then, the pull-back map

T @p(X, n) — C/’]TIP(X x A™ n)
s an isomorphism for all n > 1.

Proof. Tt follows from the five lemma in the diagram (4.13), using the fact that
both the higher Chow groups and the Deligne-Beilinson cohomology groups are
homotopy invariant. 0

5. PRODUCT STRUCTURE

Let X,Y be arithmetic varieties over an arithmetic ﬁeld K In this section, we
define an external product CH (X %) @ CH (Y %) — CH (X xY,%), and an
internal product CH (X, *)®C’H (X, *) — cH (X %), for the higher arithmetic

Chow groups. The internal product endows CH (X, *) with a ring structure. It
will be shown that this product is commutative and associative. There are two
main technical difficulties. The first one is that we are representing a cohomology
class with support in a cycle by a pair of forms, the first one smooth on the whole
variety and the second one with singularities along the cycle. The product of two
singular forms has singularities along the union of the singular locus. Therefore,
in order to define a cohomology class with support on the intersection of two
cycles we need a little bit of homological algebra. To this end we adapt the
technique used in [5]. The second difficulty is that the external product in higher
Chow groups is not graded commutative at the level of complexes, but only
graded commutative up to homotopy. To have explicit homotopies we will adapt
the techniques of [19].

Recall that the higher arithmetic Chow groups are the homology groups of
the simple complex associated to a diagram of complexes. Therefore, in order to
define a product, we use the general procedure developed by Beilinson, as recalled
in §1.4. To this end, we need to define a product for each of the complexes in the
diagram ZP(X, %) (4.1), commuting with the morphisms 7, 71, p and 7. The
pattern for the external product construction is analogous to the pattern followed
to define the external product for the cubical higher Chow groups, described in
§2.3.

For the complex ZP(X, %) we already have an external product recalled in §2.3.
Since the complex HP(X, *)o is isomorphic to Z&(Xg, *)o, the external product
on the complex H*(X, %) can be defined by means of this isomorphism. We will
now construct the product for the remaining complexes.

5.1. Product structure on the complexes D (X,p) and ZD” (X, p),. We

log
start by defining a product structure on D} (X, p). Let
XxYxOxO™ 2 X x O, XxYxOxO" 2y xgm
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be the projections indicated by the subindices. For every w, € TDlOg(X x 0" p)
and wy € 7Dy (Y x 1™, q), we define
wy ep wo = (—1)"plaw; @ pryws € TDI”OES(X XY x 0" p+q).
This gives a map
DX, p) @ DR(Y,q) -5 D (X x Y,p+q)
(Wi, W) > wy ey wo,

where o in the right hand side is the product in the Deligne complex (see §1.8).

Lemma 5.1. The map e, satisfies the Leibniz rule. Therefore, there is a cochain
morphism
s(DL(X,p) @ Di(Y.q)) = Di(X x Y,p+q).

Proof. Let wy € 7D} (X, n) and wy € 7D} (Y, m). By definition of 4, the follow-
ing equality holds

O(plawr @ paywa) = pr3(dwr) @ payws + (—1)"piawr @ Poy(dws).

log

Then,
ds(w1 ea wa) = (—1)"d,(pjswr @ psuwo)

(—=1)"dp(piswr @ pyuwa) + (_1)T+S+ns5(pyf3wl ® PoyWa)
(—=1)"dp(pisw1) ® psswa + (— 1)T+nspi3wl o dp(pyw2)+
(=1)" T piy(0wr) @ payws + (=1)" T pTaw) @ pyy (dws)

= dpw; 84 wy + (—1)""w; ey dp(ws)+

+(=1)"0w; ey wo + (—1)"" w1 @y §(ws)

= dy(w1) ea w2 + (—1)""w; o4 dy(w),

as desired. 0

Definition 5.2. Let 7Dy, (X xY x[*x[J*, p)o be the 3-iterated cochain complex

whose (r, —n, —m)-th graded piece is the group TDlog(X xY xO"x O™ p)y and
whose differentials are (dp,d,0). Let

(5.3) Dja(X XY, p)o = s(TDp, (X x Y x O° x O, p)o)

be the associated simple complex.

+

Remark 5.4. Observe that there is a cochain morphism
D a(X XY, p)o = Di(X XY, po

sending v € 7D} (X x Y x O" x O™, p) to a € 7D} (X x Y x O™, p) under
the identification

(1, Totm)
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Moreover, the product e, that we have defined previously, factors through the
morphism x and a product, also denoted by e 4,

D; (X,p) @ Dy (Y, q) -5 Diu(X x Y,p+q).

2p

log (X, D)s, recall that we have

In order to define the product on the complex ZD
an isomorphism (see [5])

ZDE (X, p) = ZERE L (X)(p)
and that the restriction of the product e to this subspace is given by the prod-
uct A.

The inclusion ¢ is compatible with the product e, and the product A. That
is, consider the projections pxy: X x Y — X and py: X xY — Y. Then, if
a € ZER!o(X)(p) and B € ZEL 5(Y)(q), we put

aAf=pi(a) Apy(8) € ZELIT(X X Y)(p+q).

We have a commutative diagram

ZERyp(X)(p) © ZEGp(Y)(q) S ZELLS (X x Y)(p+ q)

s(D(X,p)o @ Di(Y, q)o) DX XY, p+q)o.

5.2. Product structure on the complex Dj ,(X,p). We define here a prod-
uct on the complex Dj ,(X,p). It will be compatible with the product on
D; (X, p), under the morphism p, and with the product on HP(X, x), under ;.

Let X,Y be two real varieties. For every p, let Zf(vn be the subset of codimen-
sion p subvarieties of X x [J" intersecting properly the faces of [1". Let

P,q p+q
ZX,Y,n,m g ZXXY,ner

be the subset of the set of codimension p + ¢ subvarieties of X x Y x "™,

intersecting properly the faces of (0" which are obtained as the cartesian
product Z x W with Z € 2% and W € Z{ .
For shorthand, we make the following identifications:

2y =1XxZ|ZeZy,}CZ%
2y, =W xY |WeZi +CZ%

To ease the notation, we write temporarily
O%y =X x Y x O xO™

xY,n+m>

xXY,n+m-*

For every n,m,p, g, let j¥% (n,m) be the morphism

]Q,qy (n,m)

Dikog(Dy)?j’;\Zg(,n’ p+q)@Df‘og(D7;(z,T/\Z€/,m7p+q) - Drog<[]?é?/\z§(,nuz€/,m’p+q)

induced on the limit complexes by the morphism j in Lemma 1.29.
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Lemma 5.5. There is a short exact sequence
0 = Diog(OXy \ ZX5nm: P+ ) = Diog(OX Y\ 2% 1, P+ 9) © Digg(OX Y \ 2,00 +0)

]??y(nvm)

- DikOg(DT;(’g; \ Z_Z;(,n U Zi]f,m’p + Q) — 0.
Proof. 1t follows from Lemma 1.29. U

By the quasi-isomorphism between the simple complex and the kernel of an
epimorphism (see (1.2)), for every n,m, there is a quasi-isomorphism

Diog(O%Y \ 285 + @) = s(=58% (0, m))"
w— (w,w,0).

It induces a quasi-isomorphism

(5.6)

* n,m ~ * n,m * i?&?&’ (n,m) . *
Di ot (O 0+ ) = s (DL@F o+ SR ) ) |
where %7 (n, m) is defined by
* n,m igé?Y ("’m) -p,q *
Di(Uxy:p+a) —— s(=ixy(n,m))
w — (w,w,0).

Remark 5.7. Observe that there is an induced bicubical cochain complex struc-
ture on s(i%y (-, -))*. For every r, let s(i%’y (¥, %)) denote the 2-iterated complex
obtained by taking the normalized complex functor to both cubical structures.
Consider the 3-iterated complex (i’ (x, *))5 whose piece of degree (r, —n, —m)
is the group T.<opy25(1%%(n,m))p, and whose differential is (ds,d,d). Denote
by s(i%% )5 the associated simple complex. Observe that the differential of
a = (a, (a1, a2), az) € s(i%%)p is given by
d, (v, (o1, a2), a3) = (dpaw, (ag — dpou, g — dpaz), —ay + ag + dpa).
Definition 5.8. Let e, be the map
Dfog,ZP (X X Dn7p)0 ® Disog,zq (Y X Dm? Q)O AS@?&?Y(”? m))6+8
defined by sending (w, g) ® (w', ¢’) to
(—D)™(wew (gew, (—1)weg), (-1 'geg).
Lemma 5.9. The map e, defines a pairing of complexes
S (DE,ZP (X7 p)O ® DE,ZQ (Y> q)o) ._A) S(Zggf}/)s
Proof. Let (w,g) € Dy (X x O, p)o and (w', ) € Dipy zo(Y x O™, q)o. Then,

we have to see that

d;(<wag) oA (w,7g/>> = dls(w7g) oA (w,7g/) + (_1>r—n(w’g> oA d;(wlag/>‘
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That is, we have to show that the following two equalities hold:
ds((w> g) o5 (w/7 g/)) = ds(w> g) o5 (wlv g/> + (_1)r—n(w’ g) o) ds<w,> g/)
0((w, g) on (&', 9) = (—1)°6(w, g) oa (&', ¢') + (=1)"(w, g) @4 (', g').

The proof of the second equality is analogous to the proof of Lemma 5.1. The
first equality is a direct computation. 0

*

AxA,Z%Y,
% A (X,p)o of Definition 5.2.

We define a complex D (X XY, p+q)o that is analogous to the complex

Definition 5.10. Let Dng’ZQ’qy (X XY, p+q)o be the simple complex associated

to the 3-iterated complex whose (r, —n, —m) graded piece is ™Dy, Zn (X x
Y x O x O™, p + q)o. o

As in Remark 5.4, we will denote by x the morphisms obtained by identifying
O™ x O™ with O™,

Djisen zr+(X XY, p+q)o = Dj zp+4(X X Y, p+ q)o.
We will denote by p the morphisms obtained by forgetting the support
AXXA,ZQ,‘IY (X <Y, p+q)o 2 D un(X XY, p)o,
S50 L Din(X X Yyp)o.
There are also natural morphisms, whose definitions are obvious,
DExA,zg’g?Y (X XY, p+q)o = Diyp zrra(X XY, p+ q)o,
j&xA,z;?Y (X xY,p+qo — s(i¥y )
Lemma 5.11. The natural map
(5.12) f&m,zggy (X xY,p+q)o — s(iy)o
1S a quasi-isomorphism. Moreover, it commutes with p.
Proof. 1t follows from the quasi-isomorphism (5.6). O

The external product on D} ;. (-, *)o is given, in the derived category of com-
plexes, by

D:&Zﬁ’( (Xa p)O b2y D.Z,Z;Z, (Y7 Q)O

S(igé?y)gﬁ

D&tj&,zfgﬁy (X xY,p+ Q)O £ ,Dxr;?;qy (X xY,p+ Q)O'
The fact that to define the product in this complex we need to invert a quasi-

isomorphism is the main reason of the complexity of the definition of the product
on the higher arithmetic Chow groups.
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By definition, it is clear that this morphism commutes with the morphism
defined on the complex Dj(X,p). It remains to be seen that the product on
D21 (X,p)o is compatible with the product on HP(X,n)o, under the quasi-
isomorphism V1

Let w € s(i%%,)27%9" and let

(WP, ..., @T<2p+2qS<ZXY(j7l -
7=0

be the components of w corresponding to the degree (2p + 2¢q, —j,7 — ). These
are the components that have maximal degree as differential forms and, by the
definition of the truncated complex they satisfy dswi = 0. Thus, the form w/

defines a cohomology class [w!] in the complex s(i%%y(j,1 — 7))5- Since there is a
quasi-isomorphism

Dl*og,Zp’q (X XY x Dl7p+ q)O — S(Zgng(]al _j))ga

we obtain a cohomology class in H*(D; (X xY x O p+q)o). Hence, a co-

log, Zp q
homology class [Wz] € HPTI(X x Y, 1)o. This procedure defines a chain morphism,
denoted 7},

s(R% e 2L WX x YD)
D i
J
By composition, we can define a morphism, also denoted ],
x g
axazpe (X XY, p+q)o — HPTU(X X Y, %)o.
Moreover there is a commutative diagram
,D:;XA 2R (X XY, p+ Q)O

" HPP(X XY, %)

/

Azp+q(X XY, p+q)o

Proposition 5.13. Let Z € 2% and T € Zy . Let [(wz,92)] € HP(X,n)o
represent the class of a cycle z € ZP(X,n) wzth support on Z and [(wr, gr)] €
HY(Y,m)q represent the class of a cycle t € Z(Y, m)y with support on T. Then,

(wz, 92) e (wr, g7)] € HPT(X X Y, n+m)o
represents the class of the cycle z x t in ZPT1(X x Y, n +m)o.

Proof. 1t follows from [14], Theorem 4.2.3 and [5], Theorem 7.7. O
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Corollary 5.14. For every p,q,n,m, the following diagram is commutative:

—n —m g
D20 (X, p)o ® D2 (Y, q)o — HP(X,n)o ® HI(Y,m)q

S(Zg(qy)gpﬂq—n—m - HPT(X X Y,n+m)y O
1

5.3. Product structure on the higher arithmetic Chow groups. Once we
have defined a compatible product on each of the complexes involved, the product
on the higher arithmetic Chow groups is given by the following diagram.

H”(Xno®Hqu DZ””Xpo®D2q "(Y.q)o

ZP(X,n)o ® ZU(Y,m)o | Di"50( Xp)o®7>,§qzln(Y 0o |* ZDi(X,p)n @ ZDih (Y, )

FHPYI(X X Y,n +m)y . DAPFO- "TMX XY, p+q)o A

AxA
Zp+q(X X Y,n 4 m)g S(igé?y)gpn%qfnfm ZD120(gp+q)(X XY, 0+ @Qnim

HPI(X x Yindm)y |~ DIZIOTTT(X x Yip + q)o

A N

20X x Yot m) | Daba et (X xYip+ado  |x ZDXYV(X X Yip+ q)usm

Hp+qX><Yn+m prrta=n- m(XxYerq
ZPH(X X Y,n +m)o i(gtiq "X XY, p+q)o DY (X XY+ @)nm

Observe that, in the first set of vertical arrows is where the product is defined,
in the second set of vertical arrows we are just inverting the quasi-isomorphism
(5.12), finally in the last set of vertical arrows we are applying the morphism k.

The above diagram induces a morphism in the derived category of chain com-
plexes

5(27(X,%)o ® Z9(Y, x)o) = (27X x ¥, #)o) = Z7H(X x ¥, #)o.
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Recall here the notation we are using, the symbol EP(X ,*)o denotes the diagram

where the symbol Z? (X, %)o denotes the associated simple complex.
By §1.4, for any 3 € Z there is a morphism *g

ZP(X, *)0 (029 /Z\q(}/, *)0 *—B> 8(§p(X, *)0 X Z\q(}ﬂ *)0)
The composition of xg with U induces a product
CH'(X,n) ® CH(Y,m) % CH™ (X x Y,n +m),

independent of 3.
Finally the pull-back by the diagonal map X 2 X x X gives an internal
product on C’HP(X, %)

(XXX,n+m)£>CH (X,n+m).

p+q

CH'(X,n)® CH(X,m) > CH

Thus, in the derived category of complexes, the product is given by the com-
position

Zr(X,n)o ® Z9(X,m)o
|
s(2P(X,n)o ® Z9(X,m)o) —— ZPH(X x X,n +m)o

~, A* A~
ZRH(X x X, n+m)g —= ZPT4(X, n+ m)o.

Remark 5.15. It follows from the definition that, for n = 0, the product U
agrees with the product on the arithmetic Chow group CHp(X ) defined in [5].

5.4. Commutativity of the product. Let X,Y be arithmetic varieties over a
field K. We prove here that the pairing defined in the previous subsection on the
higher arithmetic Chow groups is commutative, in the sense detailed below.

We first introduce some notation:

o If B,, C, are chain complexes, let
0:8(B, ® C,) — s(C, ® By)

be the map sending b® ¢ € B, ® Cy,, to (=1)""c® b € C,,, ® B,,.
e Let oxy be the morphism

oxy: Y xX —=XxY

interchanging X with Y.
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We will prove that there is a commutative diagram

C/’]TIP(X, n)® C/’]TIq(Y, m) - C/’I?erq(X xY,n+m)

Ul J{U;’,Y
CH'(Y,m) ® CH' (X, n) ——= CH (Y x X,n+m)
In particular, the internal product on the higher arithmetic Chow groups will be
graded commutatlve with respect to the degree n. That is, if W € CH" (X,n)
and Z € CH' (X, m), then
WUuZ=(-1)""ZuUWw.

Recall that, by definition, the product factorizes as

U

R C/,ﬁerq (

CH (X, n)@CH (Y,m) 25 Hpym(s(ZP(X, %)o@ 29(Y, *)o)) X xY,n+m).

By Lemma 1.8, this factorization is independent on the integer 5. Moreover,
there is a commutative diagram

*

CH'(X,n)® CH' (Y, m) —— Hprm(s(ZP(X, %)o ® 29(Y, %)o))
CH'(Y.m) ® CH'(X,n) = Hyu(s(27(Y, %) ® 2(X, )y))
Therefore, all that remains is to check the commutativity for
(5.16) s(ZP(X, %) ® Z9(Y,%)g) —=» Z"H(X X Y, %)o.

Hence, we want to see that, in the derived category of chain complexes, there is
a commutative diagram

s(ZP(X, %) @ Z9(Y, %)p) ——= ZPT9(X x Y, %)

Ui l”?,y

s(Z9(Y, %) © ZP(X, %)) —= ZPH(Y x X, *)o.

The obstruction to strict commutativity comes from the change of coordinates

(5.17) Ovtm=Om x O 20 O x O" = Ot
(yla"-aymamla"wa;n) = (xlw"axnayla"'aym)-

Recall that the product is described by the big diagram in §5.3. In order to
prove the commutativity, we change the second and third row diagrams of this big
diagram, by more suitable diagrams. These changes do not modify the definition
of the product, but ease the study of the commutativity.
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We define a complex Z} . ,(X,n), analogously to the definition complex
Di . 4 (X,p)o (see §5.2). Let

ZP(X,n,m)o := ZP(X,n + m)o,

and let & = 37 (—1)i6? and 6" = Y210 (—1)7"6?. Then, (ZP(X, *,*)9,0',6")
is a 2-iterated chain complex. For the sake of simplicity, we denote both ¢ and
§" by d.

Denote by Z}, , (X,*)o the associated simple complex. The complex H%,, (X,*)o
is defined analogously.

Let ZP, (X x Y, %)y be the diagram

f@qAXXY* Aflq X><Yp+q
ZE (X X Y %) i ’qy)Q(Hq ZDp (X XY, p+q)-

This diagram will fit in the second row of the new big diagram. Denote by
7P, (X x Y, )o the simple complex associated to this diagram.

The third row of the new big diagram corresponds to a diagram whose com-
plexes are obtained from the refined normalized complex of Definition 1.18. The
fact that, in these complexes, most of the face maps vanish is the key point to
construct explicit homotopies for the commutativity of the product. So, consider
the following complexes:

o Let Z9(X, *,%)g be the 2-iterated chain complex with

ZUX,n,m)go := ﬂ ker 6) C ZU(X,n +m)o,
1#0,n+1
and with differentials (6',8") = (=47, =02, ). Denote by Z7 , (X, *)qo the
associated simple complex.

e Let 7Dy (X x[0* x 00, p)go be the 3-iterated complex whose (7, —n, —m)-
graded piece is

T Dl (X x O x O™, p)oo = m ker 6Y C TD}e (X x O™ p)o,
i#0,n+1

and with differentials (dp, —d7, —00_ 4
ated simple complex.
o Let 7D} (X XY x[O*x[O* p+¢q)oo be the 3-iterated complex with

). Let Dj. A(X,p)oo be the associ-

p,q
ZXY**

X Y,n,m
i#0,n+1
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as a subset of 7D (X XY x O™ p+ q)o. The differentials are
X,Y,n,m
given by (dp, —5?, 52+1) Let D% X X Y,p)oo be the associated

simple complex.

ZPCZ

AxAZ”q (

Remark 5.18. Observe that there are induced morphisms
ZK;ZX(X X }/7 *)00 - HXJ;%&(X X Y? *)007

Di(fl%? (X XY, p+q)oo —> Hf;ﬁ‘g(x X Y, )oo,

Di(i’l{%? (X X Y,p+qoo 2 DeVL" (X X Y, p+ q)oo

Let 227, (X x Y, %)g be the diagram

HT&XXY*OO i%@ *X><Yp+qoo
ZLA(X X Y, %)00 i(fngw (X XY, p+q)oo ZDEF(X X Y,p+q).

This is the diagram fitting in the third row of the new diagram. Let
Zpd (X XY, %)g be the simple complex associated to this diagram.

Lemma 5.19. Let X be an arithmetic variety over a field.

(i) The natural chain morphisms
(5.20) Zha (XKoo 5 Zu (X 400,
(5.21) Zi 4 (X, %)o 5 ZUX, *)o,

are quasi-isomorphisms.
(i) The natural cochain morphisms

(522) D:&XA(X7 p)OO = DXXA(X7p)07
(523) EXA,Z??Y (X X Y7p + Q)OO = D;&X&g?fly (X X Kp + Q)Oy
(524) DI*%XA(Xap)O i) D2<X7p)07

are quasi-isomorphisms.

Proof. The proofs of the facts that the morphisms ¢ are quasi-isomorphisms
are analogous for the three cases. For every n,m, let B(n,m) denote either
ZP(X,n,m), 7Dp (X x O" x O™, p) or 7D], £ 201, (X xY xO"x O™ p+q),
for some r. The groups B(n,m)y and B(n,m)g zire defined analogously.

Observe that for every n,m, B(-,m) and B(n,-) are cubical abelian groups.
We want to see that there is a quasi-isomorphism

(5.25) S(NZNLB(%, %)) 5 s(N>N'B(x, %)),



HIGHER ARITHMETIC CHOW GROUPS 47

where superindex 1 refers to the cubical structure given by the first index n and
superindex 2 to the cubical structure given by the second index m. An spectral se-
quence argument together with Lemma 1.20 and Proposition 1.24 show that there
is a quasi-isomorphism s(N2NJ}B(*, *)) = s(N2N'B(x, *)). By Lemma 1.20 and
an spectral sequence argument again, we obtain that there is a quasi-isomorphism
s(NZNB(*, %)) — s(N2N} B(*, *)). Therefore, (5.25) is a quasi-isomorphism.

The proofs of the facts that the morphisms in (5.21) and (5.24) are quasi-
isomorphisms are analogous to each other. Therefore, we just prove the statement
for the morphism (5.21). Consider the composition morphism

Jj: ZUX,m)o — ZYX,0,m)y — ZI (X, m)o.

The composition of morphisms Z4(X, m) 2 Z¢_, (X, m)o % Z9(X,m)o is the
identity. Hence, it is enough to see that j is a quasi-isomorphism. Consider
the 1st quadrant spectral sequence with

Ei,m = Hm(Zq(Xv n, *)0)

We will see that if n > 1, E}L’m = (0. By the homotopy invariance of higher Chow
groups, the map

§l...51
f . ZQ(X X Dn,*)o #) ZQ(X7 *)0
is a quasi-isomorphism. By Proposition 1.24, it induces a quasi-isomorphism

Fr 20X x O %)y = NZUX x O, %)y — NZUX, )

where the cubical structure on Z7(X, ), is the trivial one. Since for a trivial
cubical abelian group NZ9(X, %)y = 0, we see that

H,(Z9(X,n,*)y) =0, n >0,

and hence

o _f0 ifn >0,
nmo 1 CHY(X,m) ifn=0. O

It follows from the lemma that the product on the higher arithmetic Chow
groups is also represented by the following diagram of complexes
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HP (X, n)o ® HI(Y,m)g DX, p)o @ D" (Y, q)o

NS TN

Z9(X,n)o ® Z9(Y,m)o|BP50 (X, p)o @ DXZI(Viq) | o ZD2(X,p)n @ ZD2 (X, q)um

HEZA(X X Yontm)o o0 (X x Yiptao |0

ZgiX(X xY,n+ m)U i S(igé?Y)gp+2q_n_m ~ ZD120(§+q) (X xXY,p+ Q)n-i-m

~ R X Yon e moo ~|i DIZIYTTX < Yop+ oo

" 7 / \

2 —n—m
ZE9(X X Y, 4+ m)oo|[ Dy b D" (X x Yop + a)oo ZDRT (X XY, p+ Qnim

HEHL(X x Yon+m)oo |7 DR2FY ™" ™(X X Y, p+ q)oo
Y1

!
N / \

ZPE (X X Y,n+m)oo| P20 (X ) Yip+ oo |5 ZDXPT(X XY, p+ @)ngm

AXA,Zrta log
HPTIUX x Y,n+m)g 2(”‘1 “T™MX xY,p+q)o
/ 'yi / \
ZPH(X x Yo+ m)y Dy B0 (X < Y,p+q)o ZDET (X X Y, p+ @)nsm

In the first set of vertical arrows of this diagram is where the product is defined.
In the second set of vertical rows we invert the quasi-isomorphisms that relate
the normalized complex and the refined normalized complex. Moreover, we also
invert the quasi-isomorphism analogous to (5.12). In the third set of vertical
arrows we just consider the change of supports ngfly C ZPT4. We will denote the
map induced by this change of support by 7. Finally in the last set of vertical
arrows we apply the morphisms x induced by the identification (0" x (0™ = [J"+™,

Let ZPT7 (X x Y, %)gy denote the simple of the diagram of the fourth row.
Hence, in the derived category of complexes, this product is described by the
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composition

S(ZP(X, ) @ Z9(Y, #)g) —= 2P, (X x Y, %)
A

I3
I

Z\K’gA(X X Y, *)00 *>77 ZK?:X(X X Y, *)00

ln

ZPa(X X Y, #)o.

Note that the difference between the complexes ZP9, (X X Y, #)g and

ZPT1(X X Y, %)go lies on the change of supports 2% C 2P This is indi-
cated by either two codimension superindices p, ¢ in the first one or a unique
codimension superindex p 4 ¢ in the second.

We next use this description of the product in the higher arithmetic Chow
groups in order to prove its commutativity.

Recall that the map o,,,, is defined by

O =0m x 0" 25 00 x 0" = 0"
(yla--wym7$17"'7xn) = (1:17"'7xn7y17"'aym)'

Let
Oxymm: Y X X xO"xO" - X xY xO" xO"
be the map oxy X oy m.

We define a morphism of diagrams

ZP (X X Y, %) Txv0, Zop (Y x X, %)
AxA ) 0 AxA ) 0

as follows:
e Let 0%y Z8H(X X Y, %)y — Z8T9 (Y x X, %)y be the map sending
Z € ZPUX xY,n,m)y to (=1)"" 0%y .m(Z) € ZPTUY x X, m, n).

The morphism 0% y ot HLLL (X x Y, %)g — HELL (Y x X, %) is defined
analogously.

e Let oy Din(X XY, p+q)o — Dy a(Y x X, p+q)o be the map that,
at the (%, —n, —m) component, is

(—1)”m0}7y7n’m: TDl*Og(X xY xO"x O™ p+q) — TDl*Og(Y x X xO"xO% p+q)o.

Observe that it is a cochain morphism.
e We define analogously the morphism 0% yo: s(i%% )5 — (155 )5-
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These morphisms commute with the morphisms v;,v; and p. Hence, they induce
a morphism of diagrams and therefore a morphism on the associated simple
complexes:

7D, TXy0 74,p

Note that the morphism 0%y restricts to 7P (X X Y,*)g and to
ZPT8 (X XY, )oo.

Lemma 5.26. The following diagram is commutative:
ZRia(X X Y w)o == ZP0, (X X Y x)oo —= ZEL(X X Yo H)oo
U;(,Y,EI \L U;(,Y,D l U;{,Y,D l
ZIP (Y x X, %)g<=— 282, (Y x X, %)oo —= Z5L4 (Y x X, %)oo.
Proof. The statement follows from the definitions. O

Lemma 5.27. The following diagram is commutative

S(ZP(X,#)o @ Z9(Y, #)g) — 209, (X x Y, %)
Ul \LU},Y,D
S(Z9(Y, %) ® ZP(X, #)g) —= ZI, (Y x X, %),

Proof. 1t follows from the definition that the morphism 0%y commutes with
the product x in Z*(X, *)o and in H*(X, *)o. The fact that it commutes with e,
and e, , is an easy computation. U

By Lemmas 5.26 and 5.27, we are left to see that the diagram

(5.28) ZEA (X XY, #)og = ZPH(X X Y, %)
;(,Y,Dl \LU},Y
/Z\Ki?&(y X X, *)00 — > Z\p-‘rq(Y X X, *)0

is commutative up to homotopy. We follow the ideas used by Levine, in [19],
84, in order to prove the commutativity of the product on the higher algebraic
Chow groups. We will end up with an explicit homotopy for the commutativity
of diagram 5.28.

Remark 5.29. For any scheme X, consider the morphism

Z5 (X, %)o0 —2 Z8 0 (X, %)0o
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induced by (—1)""c} ., at each component. Then, o% , 5 = 0% 05 and hence,

the commutativity of the diagram (5.28) will follow from the commutativity (up
to homotopy) of the diagram

Z5 (X, %)oo
o0 ZP(X7 *)0.
Z5 (X, %)oo

Let W, be the closed subvariety of ("' x P! defined by the equation
(5.30) ti(1 = 21)(1 = zpga) =t — to,

where (g : t;) are the coordinates in P* and (z1,...,2,.1) are the coordinates
in ("', Recall that we have identified (' with the subset ¢, # ¢, of P!, with
coordinate x = tg/t;. Then, there is an isomorphism W, = (0" x (J!. The inverse
of this isomorphism is given by

On 2% W,
(1, oy Tpg1) = (T1, oy Tpg1, 1+ Tyl — T1Tpg1)-
Consider the projection
T W, — O", (T1y .y Ty, t) = (T9, ..o, Ty, T).
Let 7 be the permutation
o 5 Oon, (X1, ) = (T, oo, Ty, T1).

Remark 5.31. Let 0, ,, be the map defined in (5.17). Observe that it is decom-
posed as 0, = 70 .. oT. Therefore, o, = 770 ™. o™

It is easy to check that the following identities are satisfied:

id ifi=1,
(5.32) Tnndh = < 0p 1o ifi=2,....n,
T ifi=n+1.
o if =1,
anon(ﬁ = 5i_l7rn_1gon_1 ifi=2,...,n,
ot T ifi=n-+1.

Let WX be the pull-back of W, to X x [0". Then, the maps
To: WX — X xO" and ¢, : X x O — WX
are defined accordingly.

Proposition 5.33. Let X be a quasi-projective reqular scheme over a field k.

(i) The scheme W, is a flat reqular scheme over (1".
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(ii) There is a well-defined map
ZP(X,n) 2 ZP(X,n+1), Y piai(Y).
Proof. See [19], Lemma 4.1.
For every n > 1, we define the morphisms

HP (X, n) LN HP(X,n+1),

D (X x O, p) Lo D} (X x O™ p),

log
* n hn * n
TDIOg,ZP(X x 7p) - TDlog,ZP(X x [ +17p)’

by h, = @it By Proposition 5.33, (ii), these morphisms are well defined.

Lemma 5.34. Let a be an element of Z9(X,n)o, HP(X,n)o, 7Dj, 2o (X xT",p)o
or 7D (X x O, p)o. Then, the following equality is satisfied

n—1

Shn() + ) (=1) b1 80(@) = —a+ (1) (a).

i=1
Proof. By hypothesis, 6; (a) = 0 for all « = 1,...,n. Then, by the pull-back of
the equalities (5.32), we see that 6} ¢’ 7" (a) = 0. Therefore, using (5.32),

n+1 n+1

Sha(a) = Y (=1)H6]ermi(a) = ) (-1)'6)¢,m(a)

i=1 j=0,1 —
= o+ ) (Dm0l (@) + (1))
=2

- _a- 2(_1)%%15?(@) + (—1)" ' (@),

i=1

O

as desired.

Proposition 5.35. Let X be an arithmetic variety over a field. Then the follow-
g diagram is commutative up to homotopy.

ZXXA<X7n)00

*

ngA(Xv n)OO
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Proof. We start by defining maps

ZP<X7 n, m)OO I_I”—vm> ZP(X7 n+m+ 1)07
HP<X7 n, m)OO H"_m> HP(X’ n—+m+ 1)07
TDikog(X x 4" x Dm7p)00 M) TDikog(X X Dn+m+1ap)0a
Hn,'m

TDjg z(X x 0" x O™, p)og — 7D}, z(X X O™+ p)o.

By construction, these maps will commute with v;,v] and p. This will allow us
to define the homotopy for the commutativity of the diagram in the statement.
All the maps H,, ,, will be defined in the same way. Thus, let B(X,n,m)q de-
note either Z7(X, n, m)oo, HP (X, n, m)oo, 7Dje (X X" xO™, p)oo, or 7D}, 75 (X X
O™ x O™, p)oo. For the last two cases, B(X,n, m)go is a cochain complex, while
for the first two cases, it is a group. Analogously, denote by B(X,n+m+ 1), the
groups/complexes that are the target of H, ,,,. The map H,, ,, will be a cochain

complex for the last two cases.
Let o € B(X,n,m)o. Then, let H, ,,(a)) € B(X,n+m+ 1) be defined by

(5.36) Hy (o) = Z;:Ol(_1)(m+i)("+m_1)hn+m+1((T*)m"’i(a))7 n+#0,
: n,m O n ~ 0.
From the definition it follows that:

> If B(X,n,m)g is TDf‘Og(X x O™ x O™, p)oo, or Do 20 (X xO"x O™, p)oo,
then
dDHn,m(a) - Hn,mdD(a)7

i.e. Hy,,, is a cochain morphism.
> ’ylHn,m = Hn,m717 ViHn,m = Hn,m’Yi and pHn,m = Hn,mp
Recall that in all these complexes,
§'(a) = =8} (a) € B(X,n —1,m)0,
§"(a) = —02,(a) € B(X,n,m — Lo
Lemma 5.37. For every a € B(X,n,m)oy we have
0 Hpm (@) = Hpo1 ) () — (_1)an,m—1(52+1(a> =a—(=1)""oy ().
Proof. If n =0, since @ = 0 ,(a) and Hy () = 0 the equality is satisfied. For
simplicity, for every ¢ =0,...,n — 1, we denote
Hy () = (=)0 0D, (7)™ (@) € B(X,n+m + 1),
An easy computation shows that

0, % _ 7'*5071(0[) lfj 7£ 17
@T“”‘{éﬂb it 1,
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and hence,

’ (T*)idg_i(Oé) if j >4,

05(7) (@) = (7) " lop(a) - ifj =1,

( *)l 1591 H—](a) lf] <Z
Therefore,

' n+m-+1 ' ' '
OH), () = Y (=17t m=Dg0p, o (7)™ (@)

j=1
(_1>1+(m+i)(n+m71) (T*)eri(Oé) + (_1)(m+i+1)(n+m71) (T*)m+z+l (a)

n+m

# 2 (T (1) @)

Recall that the only non-zero faces of « are 87 and 49 ,,. Therefore, from the
equalities (5.32), we see that the only non-zero faces are the faces corresponding

to the indices j = m + 1+ 2 and j = ¢ + 2. In these cases, they take the values
(7*)™+i6Y and (7%)™ 160, | respectively. Therefore, if i # n — 1, we obtain

O, (@) = —(=1) 0 Hltm=b (reymti(Z)
(_ (m~+i+1)(n+m—1) (T*)m+i+l (&)

+ (—1)
D ()6 a)

+ (_1)i+(m+i)(n+m—1)hn+m((7_ )m 1+252+1(O‘))

Observe that (—1)i+m+dtm=1) — (_1)(mti-D{ntm)+n  Therefore, the last sum-

mand in the previous equality is exactly
H,_y 3 (07() + (=1)"Hy, g (614 (a)).

If i=n —1, then 50_ )" () = 0, for j = 2,...,n — m. Therefore,

6HTTLL7;L1( ) 1)1+(m+n 1)(n+m— 1)(7_*)m+n71(a)
1 m+n)(n+m— l)( )m—i—n(a)

m— 1+150

(
(=
+
+ ni1())

(-1
(=)™ L{mtn- 1)(n+m_l)hn+m((7— )
( 1) m+n—1)(n+m— 1)( )ernfl( )—i—Oé
1)

D ()Y (),

+(=

Finally, we have seen that
n—2
OH, m(0) = —(=1)" =D (eym(a) + Y 1D (09(a)
=0

F S (@ (0) + o

1=0
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and since (—1)™"*m=1) = (—1)" e obtain the equality
0Hpm(a) = Hoorm(07() = (=1)" Hpym—1 (0714 (@) = o = (=1)""03 (). O
Let
ZII;XA(X’ *)00 i Zp(X? * 1)07 HKXA(X7 >k)OO i Hp(X7 * + 1)Oa
be the maps which are H, ,, on the (n,m)-component. Let
ok H e
D/iI;A7ZP(X7p>OO - D?&ijp 1(X7 P)o

be the maps which are (—1)"H,,,, on the (r, —n, —m)-component. Observe that
now

dpH = —Hdp.
Let
H: ZKXA(X’ n)OO — Zp(X,n + 1)0
be defined by
H(Z, O, 1, (g, Ol3) = (H(Z), H(Cko), Qaq, —H(Oég), —H(Oég))
Let = (Z, ap, a1, g, a3) € Z\KxA(X, n)oo- Then,
dH(x) = (6H(Z),dsH (ag), dp(cn), v H(Z) — v H(ao) + 6 H (2),
pH (o) + dsH(ag) — o)
Hd(x) = (HO(Z), Hdy(ao), dp(ar), — Hy1 (Z) + HA)(a0) + Ho(a),
— Hp(ap) + Hds(asz) + H(aq)).
Observe that for ag € 7Dj,, z,(X x 0" x O™, p)ao, we have
Hd(ap) = Hdp(a) + (—=1)"Hé(ap) = —dpH (ag) + (—1)"H (),
dSH(Olo) = dDH(Oéo) + (—].)réH(Ozo)

The same remark applies to az € 7D] (X x O™ x O™, p)oo. Moreover, since a;
equals zero in all degrees but 0 and H is the identity in degree zero, we have, by
Lemma 5.37,

dH(z) + Hd(z) = x — oy(x). O

Corollary 5.38. The following diagram is commutative up to homotopy
Z9 (X X Y, )00 ——= ZPH9(X x Y, %)
J;(,Y,EI i l"?{,y
ZEA(Y X X oo == Z7H (Y % X, %)
Proof. 1t follows from Proposition 5.35. 0J
Corollary 5.39. Let X, Y be arithmetic varieties.
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(i) Under the canonical isomorphism X XY 2Y x X, the pairing

—=p+q

CH'(X,n)® CH (Y,m) % CH (X xY,n+m),

15 graded commutative with respect to the degree n.
(ii) The internal pairing

—=p+q

CH'(X,n)® CH (X,m) 2> CH  "(X,n+m),

15 graded commutative with respect to the degree n.

5.5. Associativity. We prove here that the product for the higher arithmetic
Chow groups is associative. First of all, observe that the product on Z*(X,*)g
is strictly associative. Hence, all that remains is to study the associativity of the
product in the complexes with differential forms, except for Z Dlog(X ,D)«, where
it is already associative. The key point will be Proposition 1.26.

Denote by h the homotopy for the associativity of the product in the Deligne
complex of differential forms of Proposition 1.26. Let X,Y,Z be complex alge-
braic manifolds. Then, the external product e, is associative, in the sense that
there is a commutative diagram up to homotopy:

(5.40)

D3(X.p)o © D4(Y0)o ® D4 (2, o

D (X x Y,p+q)o ® Dy(Z,1)o D1 (X, p)o @ DY x Z,q+ 1)

\/

DX xY x Z,p+q+1)o

This follows from the fact that the homotopy h is functorial (see [5]).

Proposition 5.41. Let X, Y, Z be complex algebraic manifolds. Then, there is a
commutative diagram, up to homotopy:

DRZP(X p)O®D}1,zq(Y‘] ®DA31 Z Do

(X xY,p+q)o®Dy 5(Z,1)o D} 20 (X.p)o ® D12, (Y X Z,q+1)o

prsti (X><Y><Zp+q—i—l

A, Zptatl

\

Dr+s

A, Zpta

/

Proof. In order to prove the proposition, we need to introduce some new com-
plexes, which are analogous to S(i’;éf’y)*, but with the three varieties X, Y, Z. Due
to the similarity, we will leave the details to the reader.
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We write %05 = X x Y x Z x O+, Let
A =Dl (OYT5\ 2% 0 k) @ D (OXTL\ 28, k) @ Diog(OXT5 \ 25 4. k),
and
B* = Dl (O%Y7\ Z5% ms B) @ Diog QX7 \ 27 0 4 B) @ Diog (OXT7\ 285 1, 40 K,

and consider the sequence of morphisms of complexes
i ‘7 El 7d ) 7l
A" — B* = Df‘og(D" e Zf(?yz, k).

By analogy with the definition of s(—j%% (n,m))*, denote by 3(—j§(’q¢Z(n, m,d))* the
simple complex associated to this sequence of morphisms. Consider the morphism

d il)’(’?{,l’z(n,m,d) . !
Dfog(D}?Z? k) ’ S(_]gf?x’/,z(na m,d))”

wr (w,w,w,0,0,0,0).

Observe that for every n, m, d, the simple of this morphism is a cochain complex. More-
over, considering the normalized complex associated to the cubical structure at every

0,5l * : ; Dl
component of s(ix’y ,(-,+,-))*, we obtain the cochain complex s(iyy- )i (analogous to

the construction of s(i%%, ) in Remark 5.7).

Let D* 2., (X XY xZ,p+q+1)o be the complex analogous to D},

XY, Z
p+4q)o, but with the cartesian product of 3 varieties. It is the simple complex associated
to the analogous 4-iterated complex (see Remark 5.7).

Observe that there is a quasi-isomorphism

(X XY,

p,q
’ZX,Y

~ 'p7q7l
DngxA,zggg»,{Z(X XY X Z,p+q+1)o— s(iyy 2)o-

We define a pairing
s(i%% (n,m))p ® Dy, (Z, 1) = s(BY 4 (n,m, d))5+
by
(a,(b,c),d) e (', V) = (=)™ (e d (bed coed, (—1) ael),
(ded,(=1)"tbel (—1)"tcel)),(—1)"2deb).
Define analogously a pairing
D} (X, p)o @ s(if5 (m, d)) 5 s(K%. 5 (n,m, d))g*
by
(a,b)e (d',(V,c),d)=(=1)"(aed,(bed,(—1)ael (—1)aec),
(=) bebt, (-1)""'becd,aed) bed).

It is easy to check that these two morphisms are chain morphisms.
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Lemma 5.42. The diagram
(5.43)

DAzp Xp ®DAzq(Y 7)o ®DA21(ZJ)O

.l
S(Z})D(qy)rﬂ ® DA zl DA 20 (X,p)o ® (Zy Z)8+t

\ /

!
(Zg(qy Z)SHH

s commutative up to homotopy.

P’I"OOf Let (whgl) S 7—IDlog ZP(X x " 7p)07 (w2792) € TDlog Zq(Y X Dm7 q)O: and (W3,g3)
€ TDIOg =i(Z % 0% 1)¢. Then, the composition of the morphisms on the left side of the
diagram is

(—1)(”+m)t+”5((w1 ews)ews, ((g1 ews)ews, (—1) (w1 @ g2) ® w3,
(—1)"** (w1 e wa) @ g3), ((—1)" (g1 @ g2) w3, (1) (g1 @ w2) @ g3,
(1) (w1 0g2) ®g3), (—1)* (g1 ® g2) ® g3).

The composition of the morphisms on the right side of the diagram is

(—1)HmIENS () 0 (w2 @ w3), (g1 @ (wo @ w3), (—1) wr @ (g2 @ ws),
(1) 5wy o (w0 g3)), ((—1)"'g1 @ (g2 @ w3), (—1)" 7 1g; o (wy @ g3),

(=1)° w1 e (g2 0 93)), (=1)" "' g1 ® (g2 ® g3)).
Then, the homotopy for the commutativity of the diagram is given by

Hpma = (—1) P (w0 © wy @ w3), (g1 © wa © w),
(=1)"h(w1 ® g2 ® w3), (=1)"*h(w1 @ ws @ g3)),
(=) "h(g1 ® g2 @ w3), (=1)""* h(g1 @ w2 ® g3),
(1) "'h(w1 @ 92 @ g3)), (=1)° 'h(g1 © g2 ® g3)).

Observe that it gives indeed a homotopy, since H and é commute. O
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Finally, the claim of Proposition 5.41 follows from the commutative diagram (all
squares and triangles, apart from the one marked with # are strictly commutative),

Dy, zv (X,p)o® D} 24 (Y, q)o® D&gl (Z,1)o

s(i%% )6 ® DYy 21(Z.1)o # D} zo(X,p)o ® s(il )5t
\\ /
.p,q,l
~ (%% 7)o" ~

Dy ooa(X X Yip+ o@Dl u(Z,00 | Dy 2(X,p)o @ Dty 20o(Y X Z, g+ Do

y s 7l
S(ng?y,z)ngSH

\

-p,q+1

(ZX,sz)6+S+t

i )T+S+t ~
XxY,Z/0

/
\/

Dr+s+t

AxAxA,Zp,q,l(X XY X Zp+q+1) N
K

\
/

(X XY xZ,p+q+1)o

=]
s

s

DgtsAngJrq,l(X X Y X Z,p + q + l)o I{ DT+S4:t

>
X
>
N
s

/
\

DItsH (X XY X Z,p+q+1)o. 0

A, Zptatl

Remark 5.44. Observe that the homotopy constructed in the proof of Proposi-

tion 5.41 has no component in maximal degree, that is, in Dip ggﬂjff(X XY x Z,

p+q+1o.
Corollary 5.45. Let XY, Z be arithmetic varieties.
(i) Under the canonical isomorphism (X xY)x Z = X x (Y x Z), the external
PALTINg
CH' (x,n) ® CH'(x,m)@ = CH""(x x ,n +m),
18 associative.
(i1) The internal pairing
CH'(X,n)®CH(X,m) > CH
1S associative.

Proof. 1t follows from (5.40) and Proposition 5.41, together with Remark 5.44
and the compatibility of the homotopies in (5.40) and Proposition 5.41. For
n =m = [ = 0, the associativity follows from equality (1.27). O

erq(X,n—i—m),

Finally, we have proved the following theorem.
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Theorem 5.46. Let X be an arithmetic variety over an arithmetic field K. Then,
CH (X,+):= P CH (X.n)

p=0,n20

is a commutative and associative ring with unity (graded commutative with respect
to the degree n and commutative with respect to the degree p). Moreover, the

morphism CH (X, *) LR CH*(X, %), of Proposition 4.4, is a ring morphism.
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