COEFFICIENTS OF DRINFELD MODULAR FORMS AND
HECKE OPERATORS

CECILE ARMANA

ABSTRACT. Consider the space of Drinfeld modular forms of fixed weight and
type for T'o(n) C GLo(F4[T]). It has a linear form b,,, given by the coefficient
of t™*+(4=1) in the power series expansion of a type m modular form at the
cusp infinity, with respect to the uniformizer ¢. It also has an action of a
Hecke algebra. Our aim is to study the Hecke module spanned by b;. We
give elements in the Hecke annihilator of b;. Some of them are expected to be
nontrivial and such a phenomenon does not occur for classical modular forms.
Moreover, we show that the Hecke module considered is spanned by coefficients
bn, where n runs through an infinite set of integers. As a consequence, for any
Drinfeld Hecke eigenform, we can compute explicitly certain coefficients in
terms of the eigenvalues. We give an application to coefficients of the Drinfeld
Hecke eigenform h.

1. INTRODUCTION

Drinfeld modular forms are certain analogues over F [T of classical modular
forms, introduced by D. Goss [12, 13]. A Drinfeld modular form f has a power
series expansion with respect to a canonical uniformizer ¢ at the cusp infinity. If
[ has type m, this expansion is =,>¢ bn( f)tmta=1) " On the space of Drinfeld
modular forms of fixed weight and type, we have the linear form b,,: f — b,(f)
and an action of a Hecke algebra. In the present work, we investigate the Hecke
module spanned by b;.

Our interest in the problem comes from the torsion of rank-2 Drinfeld modules.
In a previous work, we established a uniform bound on the torsion under an
assumption on the latter Hecke module in weight 2 and type 1 (see [1, 2]). This
condition was required for studying a Drinfeld modular curve at a neighborhood
of the cusp infinity, namely for showing that the map from the curve (or rather
a symmetric power) to a quotient of its Jacobian variety is a formal immersion
at this cusp in a special fiber.

Before stating the main results, we fix some notations. Let A = F,[T] be
the ring of polynomials over a finite field F, in an indeterminate 7', K = F (7))
the field of rational functions, K, = F,((1/T)) and C. the completion of an
algebraic closure of K. For an ideal n of A, k € Nand 0 < m < ¢ — 1, we
consider the C,.-vector space My ,,(I'g(n)) of Drinfeld modular forms of weight

k and type m for the congruence subgroup I'g(n) of GLy(A) (see Section 4.1
1
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for the definition). These are rigid analytic C.-valued functions on C., — K
which have an interpretation as multi-differentials on the Drinfeld modular curve
attached to I'g(n).

Let T = T ,»(To(n)) be the Hecke algebra, that is the commutative subring of
Endc, (Mgm(Io(n))) spanned over Cy by all Hecke operators T for P monic
polynomial in A (see Section 4.2). Its restriction T = T}, (T'o(n)) to the sub-
space M}, (To(n)) of doubly cuspidal forms (with expansion vanishing at order
> 2 at all cusps) stabilizes this subspace. As Goss first observed, doubly cuspidal
Drinfeld modular forms play a role similar to classical cusp forms.

In this work, we are interested in the pairing between the space Mg, (Io(n))
and the Hecke algebra T' given by the coefficient b; of the expansion. More
precisely, the dual space Home_ (M m(I'o(n)), Co) has a natural right action of
T (given by composition) and contains the linear form b,,: f — b,(f). Let u =
Upmn: T' — Home,, (M{,,(Co(n)), Cs) be Coo-linear map defined by s — bys.
Our main results concern the kernel I and the image b; T’ of u.

Let Ag4y be the set of monic polynomials of degree d in A. The first statement
gives a family of elements of I.

Theorem 1.1. The following elements of T’ belong to 1:
(1) Epea,, P Tp + Ty if m € {0,1}.
(2) Xpeay, Czig,o e szsdjilTP if d > 1 and (ig, . ..,i4-1) € N? is such that

(1) 0<i;,<g—m forallj €{0,...,d—1}
(2) i0+...+id_1S(d—l)(q_l)—m.

Here, Cp; € A stands for the jth coefficient of the Carlitz module at P
(see Section 3.1 for its definition).
(3) Xpeay, PTr if 0<1<qg—mandd> 5 +1

Yopedg, Ipif d>2, orifd=1 and m =0.

These elements actually belong to the span over A of all Hecke operators.
Moreover, they are universal in the sense that, for a given type m, they do not
depend on the weight k& nor on the ideal n.

In most cases, we believe that I # 0, that is at least one element of Theorem 1.1
is a nontrivial endomorphism of M, (I'o(n)), hence the pairing is not perfect.
Over the space M3 (Ig(n)) with n prime, the situation is as follows. If n has
degree 3, we prove that I = 0 (Theorem 7.7). If n has degree > 5, numerical
experiments suggest that I # 0 (Conjecture 6.9). Moreover, it may happen
that some elements of Theorem 1.1 are zero in T4 ;(I'g(n)): examples of such a
situation are explored in Section 6.3.

For the rest of the introduction, we restrict our attention to Drinfeld modular
forms of type 0 or 1. Our second statement gives an infinite family of coefficients
of Drinfeld modular forms in b;T".
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Theorem 1.2. Assume q is a prime and m € {0,1}. Let . be the set of natural
integers of the form c¢/(q — 1), where ¢ € N is such that the sum of its base q
digits is ¢ — 1. For every n € .7, there exists s, € T', independent of k and n,
satisfying

bn = blsn S blT/.

Moreover, bi'T is the Cy-vector space spanned by b, for alln € & .

The primality assumption on ¢ is not essential (see Remark 7.3). As for the
set .7, it is infinite of natural density zero and the first integer not belonging to
< is q + 1. For example, if ¢ = 3, the first elements of .¥ are

1,2,3,5,6,9,14,15, 18, 27,41, 42, 45, 54, 81.

Theorem 1.2 relies on an explicit version, Theorem 7.2 (the elements s,, that we
produce depend on whether the type is 0 or 1). The expression for s, is rather
natural: it is a A-linear combination of Hecke operators Tp, with P of fixed
degree, involving Carlitz binomial coefficients in A.

Suppose now that I # 0. Then the map w fails to be surjective (see Lemma 6.2).
In particular, b;T" does not contain all linear forms b,, for n > 1. It is then natural
to ask what is the smallest integer n such that b, ¢ b;T'. Theorem 1.2 suggests
that n = ¢ + 1 might be a good candidate.

Both theorems bring new insight on Drinfeld Hecke eigenforms. Consider a
Drinfeld modular form f which is an eigenform for the Hecke algebra T. The-
orem 1.1 translates into linear relations among the eigenvalues of f, provided
that b,(f) # 0 for some n € . (Proposition 6.5 and Corollary 7.5). Similarly,
Theorem 7.2 gives explicit formulas for coefficients b,(f) (n € %) in terms of
eigenvalues of f and by(f). From Theorem 7.2, we also derive:

e multiplicity one statements in some spaces of Drinfeld modular forms of
small dimension (Theorem 7.7); as far as we know, these are the only
known results of this kind for Drinfeld modular forms.

e explicit expressions for some coefficients of the Drinfeld modular form A
(Proposition 8.1). This extends previous work of Gekeler.

As a side remark, we give a brief account of the multiplicity one problem for
Drinfeld modular forms. Since there exist two Hecke eigenforms for GLy(A) with
different weights and same system of eigenvalues (Goss [12]), the question of
multiplicity one should be stated as: do eigenvalues and weight determine the
Hecke eigenform, up to a multiplicative constant? (see Gekeler [8], Section 7).
Bockle and Pink showed that this does not hold for doubly cuspidal forms of
weight 5 for the group I';(7") when ¢ > 2 by means of cohomological techniques
(Example 15.4 of [4]). Except for Theorem 7.7 mentioned above, the question
remains open for T'g(n).

We now compare our results with their analogues for classical modular forms.
Consider the space Sk(I'o(N)) of cuspidal modular forms of weight k for the
subgroup I'o(V) C SLo(Z) (N > 1). Let (¢u(f))n>1 be the Fourier coefficients
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of such a modular form f at the cusp infinity. Computing the action of the nth
Hecke operator T, on the Fourier expansion of f gives the well-known relation,
for any n > 1

(3) Cn(f) = Cl(Tnf>‘

In particular, the Hecke module spanned by the linear form ¢;, which now con-
tains all coefficients ¢,, is the whole dual space of Si(I'¢(/V)) and the coeffi-
cient ¢; gives rise to a perfect pairing over C between Si(I'o(N)) and the Hecke
algebra. Conjecture 6.9 and Theorem 1.2 thus suggest a phenomenon specific to
the function field setting. For Drinfeld modular forms, the reason for not having
straightforward statements about the kernel and image of u is that the action of
Hecke operators on the expansion is not well understood. Goss [12, 13, 11] and
subsequently Gekeler [8] wrote down this action using Goss polynomials. But
such polynomials are difficult to handle (see also Remark 5.3). In particular, a
relation as general as (3) is lacking.

We now sketch the proofs of Theorems 1.1 and 1.2, which involve rather ele-
mentary techniques.

e We first compute the coefficient by(Tpf), for any f and P, using Goss
polynomials (Proposition 5.5). Note that the formula we get is more in-
tricate than (3): it is a A-linear combination of several coefficients of f.
For the next step, the crucial point is that the index of these coefficients
depends only on the degree of P. This already proves that b, T is con-
tained in the C..-vector space spanned by b, for n € . when m € {0,1}
(Corollary 5.8).
o We take advantage of characteristic p. For power sums of polynomials of
a given degree in A, vanishing properties and closed formulas are well-
known (see for instance [19, III] for a survey). Here we use a variant
consisting of power sums of coefficients of the Carlitz module. Such sums
are studied in Section 3 and closed formulas are given in Proposition 3.5.
In Section 3.4, we also explain their connection with Carlitz binomial
coefficients and special values of Goss zeta function at negative integers.
e By taking adequate linear combinations of by(Tpf), for P of fixed de-
gree, and using results of Section 3, we obtain elements in the kernel I
(Theorem 1.1, Section 6) and in the image b; T (Theorems 7.2 and 1.2).
For the study of the Hecke module b;T’, our method has reached its limit and
improving our results would require new ideas. Our approach might be used to
tackle other Hecke modules b, T": however, computing b;(Tpf) for any i > 2 is a
harder combinatorial problem.

2. NOTATIONS

A tuple will always be a tuple of nonnegative integers. For such a tuple i =

(0, - - 1), (’OJ“;J”S) denotes the generalized multinomial coefficient (Zomﬁijlf)
i Toial
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Let ¢ be a power of a prime p and F, (resp. F,) be a finite field with ¢ (resp.
p) elements. We will use repeatedly the following theorem of Lucas: ("OJ“%‘HS) is
nonzero in F,, if and only if there is no carry over base p in the sum ig + ... + is.

We keep the same notations as in the introduction. On A = F,[T], we have
the usual degree deg with the convention deg() = —oo. By convention, any ideal
of A that we will consider is nonzero. We will often identify an ideal p of A with
the monic polynomial P € A generating p. Accordingly, degp stands for deg P.

Let Koo = F,((1/T)) be the completion of K at 1/7 with the natural nonar-
chimedean absolute value |- | such that |T'| = ¢. We write C,, for the completion
of an algebraic closure of K.: it is an algebraically closed complete field for the
canonical extension of |- | to Cx.

For P, in A, (P) denotes the principal ideal generated by P, P | () means

P divides @ and (P, Q) is the g.c.d. of P and ). The integer part is denoted by
NE

3. POWER SUMS OF CARLITZ COEFFICIENTS

3.1. The Carlitz module. Let A{7} the noncommutative ring of polynomials
in the indeterminate 7 with coefficients in A for the multiplication given by
Ta = a’t (a € A). By the map 7 — X% A{r} can be identified with the subring
of Endc_ (G,) consisting of additive polynomials of the form 3 ;X7 (where the
multiplication law is given by composition). The Carlitz module is the rank-1
Drinfeld module C: A — A{7} defined by Cr = T7° + 7. For a € A, we put
C, for the image of a by C, as usual, and C, = Z(]ie:goa Coxm with C,, € A. In
particular, C, o = a and C, 4 = 1 if a is monic of degree d.

3.2. Deformation of the Carlitz module. We study the dependence of C,
in the coefficients of a, when a is viewed a polynomial in 7. For this purpose, we
need a formal version of the Carlitz module. Let F, [T, a] = F,[T, a, a;,...] be
the polynomial ring in 7" and an infinite set of indeterminates {a;};>¢. Consider
the ring homomorphism

C:F([T,a] — F,[T,al{7}
defined by
Cr=T7"+r, Ca, =a,7° foralli>0

where the noncommutative ring F [T, a]{7} is defined in the obvious way. Let
P be an element of F [T, a] and d its degree as a polynomial in 7. We define
Cpo,...,Cpq in F [T ,a] by Cp = 4, Cp;7". These coefficients satisfy the
following recursive formulas.
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Lemma 3.1. Let P € F [T, a] monic of degree d in T'. Write P = Tb + ¢, with
ceF,la] and b € F [T, a] monic of degree d — 1 inT. Then
Cpo=TCpp+c=P
Cpi=TCy; +C{, , (1<i<d—1)
Cp7d =Cj,, =1
Proof. Since C is additive, we have Cp; = Cpp,; + C.;. Moreover, C.; is c if

¢ = 0 and 0 otherwise. It remains to compute Cry; in terms of C; ;. We have the
following equalities in Fy[T, a]{7}:

d—1 d—1
CTb = CTCb TT + T <Z Cb T ) =T (Z Cbﬂ'Ti) + Z CZ’iTi—H.
i=0 i=0
By identification, we get our claim. O

Lemma 3.2. Let d > 1 and P € F, [T, a] monic of degree d in T. Write P =
T4+ ng T+ ...+ ng with ng,...,ng_1 € Fyla]. For all0 <j<d-—1, one
has ,

Cp’j = n;l-] + TQ] with Qj S Fq[T, ng | k> j]
In particular, if P =T+ aq 1T ' +.. .4 ay, the polynomial Cp; is independent
of ag for 3 > 1.
Proof. For j = 0, we have Cpg = P = ng+ T(ny + ... + ng_1T%') which has
the expected form. For other coefficients, we proceed by induction on d. The
statement is already proven for d = 1. Suppose the property satisfied for all
monic polynomials of degree < d in T. Let P = T¢ +ny 79 ' + ... 4+ ng and
write P = Tb + ny with b € F [T, ny,...,n4_1] monic of degree < d in T. Let
1 <7 <d-1. By Lemma 3.1, we have

(4) Cp; =TCy; +Ci, ;.
By hypothesis, there exists R;_1 € Fy[T,ny | k > jland R; € F [T, ng | k> j+1]
such that Cp ; = n]+1 +TR; and Cp ;1 = n +TRJ 1. Substituting in (4), we

get Cp; = ng»j —|—T(n§-il +TR;+T9 'R} ;). Since n]Jrl +TR;+T7 "R}, belongs
to Fy[T,ng | k > j], the coeflicient Cp; has the expected form. The property is
then established for any monic polynomial P of degree d. 0

3.3. Power sums of Carlitz coeflicients.

Notation 3.3. Let d > 1. Recall that the set of monic polynomials of degree d
in A is denoted by Ay,. For P € Ay, and i = (ig,...,0q-1), let

C(p)izcjgo... féfd:C?,o'“Cfﬁf&il
(the last equality follows from Cpy = 1). By Convention, 0°=1. Let
Sd(io,.. , ld— 1 Z C toe A

PeAd+



COEFFICIENTS OF DRINFELD MODULAR FORMS AND HECKE OPERATORS 7

Note that for d = 1, the sum is just Sy(i) = Y pea,, P’ We will compute
Salig, ... ig-1) for small ig, ... i41.

Lemma 3.4. Let 0 <i<2(q—1) and P € A. Then
Z(P—i-a)i:{;l ifi=q—1o0r2(q—1)

Py otherwise.

Proof. The vanishing case is merely an application of Lemma 3.1 of Goss [1
Since we need to compute the remaining cases, we give a full proof. Let R;(P)
Y ek, (P +a)’. Then by the binomial formula,

mP) =3 ()P )

k=0 acFy

0].

Recall that >,cp, a* equals —1if k > 0 and k =0 mod (¢—1), and 0 otherwise.
Thus R, 1(P) = =1 and R;(P) =01if 0 < i < g — 1. Now let i = g + j with
0<j<q—2 Then

Ri(P)= > (P'+a)(P+a) =PRj(P)+ > a(P+a)

acFy acFy

Since j < ¢ — 2, R;(P) is zero. Moreover, by the binomial formula,

S a(pray =Y (')PWZ a*)

a€F, k=0 a€F,
which is 0 if j < g —2 (resp. —1if j =g — 2). O
Proposition 3.5. Let i; € {0,...,2(¢ — 1)} for all j € {0,...,d —1}. Then
, , —1)¢ ifi;=q—1o0r2(qg—1) for all j
Sd(ZOw"aZd—l) — ( ) f J q (q ) f j
0 otherwise.
Proof. The sum Sy(ig, .. .,i4-1) is equal to
Z C;9d+ad_1Td*1+-~~+ao,0 U leij‘i_—iad_le’1+~-~+ao,d—1'

ag;..-, aq-1€Fq

By Lemma 3.2, the polynomials Cray...i001,- -+, Crdg..iqq.4—1 do not depend on
ag, SO we can rewrite the sum as

S Chiarn Ol i ( ST+ .. —l—alT—{—ag)iO) .

A1,e.ey aq—1€F, ap€Fy

Let ¢; be —1if i; = ¢ — 1 or 2(¢ — 1), and 0 otherwise. Since 0 <ig < 2(¢ — 1),
Lemma 3.4 gives ¥y cp, (T7+ ...+ a1T 4+ ag)"® = €. Then, again by Lemma 3.2,
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Sa(to, ... ,1q-1) is equal to

o Z ;“2‘1+---+a2T2,2 T C;:i@l---mgT?,d—l ( Z (TQI + a({)il) .
a2,...,aqg—1€Fy a1€Fy

Since 0 < 4 < 2(¢ — 1), Lemma 3.4 yields ¥, cp, (TQ1 + af)" =

Yarer, (TQ: +ay)" = ¢;. Continuing in this fashion, we obtain Sy(ig, ,...,14_1) =

€0 €d—1- O

3.4. Connection with Carlitz binomial coefficients and special zeta val-
ues. We recall Carlitz’s analogue {Z} in F,[T] of the binomial coefficient (Z)
(the reader may consult Thakur’s article [19] for examples of such analogies).
Let a € A and k € N with base ¢ expansion > k;¢' (0 < k; < q). We put
{Z} =11~ Cfl (if i > dega, C,; = 0 by convention). In particular, {gz } = Cy;.
Note that if 0 < ¢; < ¢, then

1 20 1d—1 —
C(P) P70"'CP7d71 {i0+i1 —+ ... +id_1qd_1} )
In general (i; > q), it is still possible to write C}3 ... C}i"gil in terms of several
Carlitz binomials. We now explain how Proposition 3.5 might be proved using
this formalism.
If x is an indeterminate, {7;} is a polynomial in K|[z] with degree k (because

% } is also the exponential function of a finite lattice, see Equation 2.5 of [19] or
[14]). Any polynomial f in K[x] may therefore be written as a linear combination
of { % } Moreover, the coefficients of this combination can be recovered, in terms

X

of {k }, by a Mahler inversion type formula due to Carlitz (Theorem 6 in [5],

Lemma 3.2.14 in [14] or Theorem XIV in [19]). For f = 1, the coefficients in the
binomial basis are easily computable and, by the inversion, we obtain for d > 0

and 0 < i < ¢ with base ¢ expansion Z?;é ¢,

Salis- - vig1) = 3 {1;}:{(()—1)61 iz gl 1

PeAy, otherwise.

This is precisely a special case of Proposition 3.5 (see also [19] p. 14 and The-
orem 3.2.16 in [14] for similar statements). It seems likely that Proposition 3.5
can be proved by Mahler inversion.

Finally, we explain how, by the previous observations, Sy(io, . . ., i4—1) is related
to special zeta values of Goss zeta function at negative integers. Consider the
Carlitz zeta function (: N — Ko defined by ((k) = Y pea.p monic % In [10]
Goss proved that ¢ can be extended to Z by summing over fixed degree: ((—k) =
Y20(Xpea,, P*) € Afor k> 0. Now, let p be a prime ideal of A and A, the ring
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of integers of the completion of K at p. Following Thakur [19], one can attach
to ¢ an Ap-valued zeta measure ;o determined by its Ath moment:

_ if
Ap 0 if k=0.

By Wagner’s Mahler-inversion formula for continous functions on A, ([14] or
Theorem VI in [19]), the measure p is uniquely determined by the coefficients of
its divided power series i.e. the sequence py, = [ { A }du (k > 0). Thakur has
computed explicitly gy ([19], Theorem VII). It follows from his proof that, when
0<i;<gandi=ig+...+i41¢%",

Sd(io, ce ,id—l) = ,l,bi+qd.
4. DRINFELD MODULAR FORMS AND HECKE OPERATORS

We collect some basic facts, and set up notation and terminology as well, for
Drinfeld modular forms and Hecke operators.

4.1. Drinfeld modular forms. The first occurrence of Drinfeld modular forms
goes back to the seminal work of D. Goss [12, 13]. Subsequent developments in
the 1980s are due to Gekeler [6, §].

The so-called Drinfeld upper-half plane is 2 = C,, — K, which has a rigid
analytic structure. For an ideal n of A, the Hecke congruence subgroup I'g(n) is
the subgroup of matrices (‘; g) € GLy(A) such that ¢ € n. Fix an integer k£ > 0

and a class m in Z/(q — 1)Z. A Drinfeld modular form (for T'o(n)) of weight k
and type m is a rigid holomorphic function f: 2 — C_, such that

(5) f(“”b) = (ad — be) ™(cz + d)¥f(2) for any (Z Z) € To(n)

cz+d
and f is holomorphic at the cusps of I'g(n). We will not detail the second assump-
tion and rather refer to [6] (V, Section 3) and [15] (Section 2). For our purpose,
we need only the behaviour at the cusp infinity, which we now recall.
Let 7 be the period of the Carlitz module (well-defined up to an element in
F). The Carlitz exponential e is the holomorphic function C,, — Cq, defined

by
e(z) =2 ]] (1—Z>.
AemA—{0} A
It is surjective and F-linear with kernel TA. For z € C, — A, let

1 1

)= Zo=23

e(Tz) Tiz—X\

The function ¢, invariant by translations z — z+a (a € A), is then a uniformizer
at the cusp infinity. Since any f satisfying (5) is invariant under such translations,
it has a Laurent series expansion f(z) = 35, ai(f)t(2)" with iy € Z (the series
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does not converge on all 2, but only for |t(z)| small enough). Such a function
is said to be holomorphic at the cusp infinity if the expansion has the form
S0 @i(f)t'. We call it the t-ezpansion of f (at infinity). Since  is a connected
rigid analytic space, any Drinfeld modular form is uniquely determined by its
t-expansion.

Let Mg (Io(n)) be the space of Drinfeld modular forms of weight k and type m
for T'g(n). It is a finite-dimensional vector space over C,, whose dimension may be
calculated explicitly thanks to Gekeler [6]. If ag(f) = 0 (resp. ao(f) = a1(f) = 0)
and similar conditions at other cusps, f is cuspidal (resp. doubly cuspidal) and the
subspace of such functions is denoted by Mj, (To(n)) (resp. Mz, (To(n))). Goss
observed that doubly cuspidal forms play a role similar to classical cusp forms.
For an interpretation of Drinfeld modular forms as differentials on a Drinfeld
modular curve, one may refer to Section V.5 in [6].

Type and weight are not independent: namely, if k¥ —2m # 0 mod (¢ — 1),
the space Mg ,,,(I'o(n)) is zero. Therefore, from now on we assume k = 2m
mod (¢ — 1). Moreover, we choose the representative m in the class with 0 <
m < q— 1.

Since I'g(n) contains matrices of the form (é (1)) for A € F, (5) implies a;(f) =
0 when ¢ # m mod (¢ —1). Thus any f € Mg,,(Io(n)) has t-expansion of the

form

D tmjig-n (/)"

>0
For j > 0, let

b;(f) = amjq-1)(f)-

Later on, we will use both notations for coefficients. A Drinfeld modular form
of type > 0 (resp. > 1) is automatically cuspidal (resp. doubly cuspidal). If f
is doubly cuspidal, the coefficient by(f) may not vanish in general (it does when

m € {0,1}).

4.2. Hecke algebra. We define a formal Hecke algebra R, which acts on the
different spaces M} ,,(I'o(n)). In this section, we adopt the notation I' = I'g(n).

Let A = Agy(n) be the set of matrices (‘C‘ Z) with entries in A such that ad — bc
is monic, ¢ € n and (a) + n = A. Let R, be the C.-vector space spanned by
formal sums of double cosets ['gl" for ¢ € A. One can make R, a commutative
algebra over C,, (see Section 3.1 of [16] for a general treatment or Section 6.1 of
[4] for Drinfeld modular forms).

For an ideal p of A, let AP = {g € A | (detg) = p}. The Hecke operator T}, is
then defined as the formal sum of all double cosets I'gI" with ¢ € AP in R,,. For
example, when p is prime, T, = F(é IOJ)F where P is the monic generator of p.

As elements of R, have coefficients in a field of characteristic p, the usual
relation for the product gives

T,y = Ty for any ideals p,p’
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(see [11]). This is very different from Hecke operators for classical modular forms,
where the above relation only holds for relatively prime ideals. One can check
that R, is the polynomial ring over C., spanned by 7, for p prime (such elements
are algebraically independent over C.,).

As for the notation, 7}, depends on the subgroup I'y(n) but from the context,
there will be no confusion on which Hecke algebra (or space of endomorphisms
of Drinfeld modular forms) it belongs to.

For n = A, let us consider the formal Hecke algebra R 4 attached to the sets
GLy(A) and Ag(A). Let T, temporarily denotes the pth Hecke operator in R4.
The map Tp — T, for p prime, defines an algebra homomorphism R4 — R,. We
regard R4 as a universal formal Hecke algebra, independent of n. Any algebraic
relation among the Hecke operators in R 4 can be translated to the corresponding
relation in R, for any n.

4.3. Hecke operators on Drinfeld modular forms. For v = (23) with

entries in A and f: 2 — C, let

cz+d

Fix g € A. The group I' acts on the left on the double coset I'gI". Let {g;}; be
a finite system of representatives such that g; has monic determinant. We define
an action of I'g" on f € My, (I'o(n)) by

fiwarye = 2 fioe

(independently of the choice of {g;};). It extends, in a unique way, to a nonfaithful
action of Ry, on My, ,,(Io(n)). Let T = Ty ,,,(I'o(n)) be the commutative sub-C .-
algebra of Endc_ (M m(I'o(n))) induced by R,,.

For any g € AP, a set of representatives of I'\I'gI" with monic determinant is
given by

it 2 — (ad —be)* ez + d)~*f (az + b) |

(g g) , «a,0 monic in A, (ad) =p,(a) + A=n,0€ A/(9).
Therefore, the action of T}, on the Drinfeld modular form f can be written more
concretely as

_ _ az+ 0 1 az+
© BOE-PT Y () s a2
«,d monic €A a,3,6
BEA, deg f<degd
ad=P,(a)+n=A

where P is the monic generator of p. This formula slightly differs from other refer-
ences. Gekeler [8] (resp. Béckle [4], Section 6) considered PT, (resp. P™1=FT,).
In particular, our operator coincides with Bockle’s when k = m — 1 (for instance,
when k£ =2 and m = 1). In general, these variously normalized Hecke operators
have the same eigenforms, however with different eigenvalues.
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The Hecke algebra T stabilizes the subspaces M., (T'o(n)) et Mg, (o(n)) (see
for example Proposition 6.9 of [4]). We denote by T = T, (I'¢(n)) the restriction
of T to M, (Co(n)).

5. HECKE ACTION ON THE FIRST COEFFICIENT OF DRINFELD MODULAR
FORMS

We recall some results on Goss polynomials for finite lattices and their role in
the t-expansion of Drinfeld modular forms. Then we give an explicit formula for
the action on the first coefficient of this expansion.

5.1. Goss polynomials. Let A be a F,-lattice in C, i.e. a Fj,-submodule of
C4 having finite intersection with each ball of C, of finite radius. We assume
A to be finite of dimension d over F,. The exponential corresponding to A

en(z) =2z [] (1 — /Z\> (2 € Cx)

AeA—{0}

is an entire A-periodic F-linear function. Since A is finite, it is a polynomial in
z of the form

d .
ex(z) = Z Nz
i=0

with coefficients \; € C,, depending on A. Goss has considered Newton’s sums
associated to the reciprocal polynomial of ey (X —z) = ex(X)—ep(z) € Cuol2][X],
namely

N() — 0

Nj(z) = Nja(2) = Zaea ooy (12 Lz € Coo — A).
Let
1

ta(z) =ealz)" = P

XEA
Proposition 5.1 (Section 2 of [13], 3.4-3.9 in [8]). Let j > 1. There ezists a
unique polynomial G; = G A (X) € Coo[X] such that the following equalities hold:
(1) if j < q then G;(X) = XY
(2) G;(X) =X 22i20,j—qi>0 )\z’ijqi(X)-
The polynomial G;(X) is monic of degree j and satisfies N; = G;(tx). Moreover,

™) G(X) = 3 ()xixnet

n=0 1

(€ Cyx —A).

for i = (ig,...,iq) running through (d + 1)-tuples such that
ig +...+ id =N
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and Xt denotes N --- Nit. The polynomial G;(X) is divisible by X* where u =
l/q"] + 1.

Gekeler provided the explicit formula (7) using a generating function. We
further put G (X) = 0.

5.2. Hecke algebra and Goss polynomials. Let p an ideal of A of degree
d > 0 with monic generator P. Recall that C' denotes the Carlitz module over
Co (Section 3.1). As usual, for an indeterminate X, put Cp(X) = ¢, Cp; X9
For our purpose, we consider the F-lattice of dimension d

Ap =Ker(Cp) = {zx € C | Cp(z) =0}
whose jth Goss polynomial is denoted by G p. Let

1

tp(z) =t(Pz) = @P7)

(z € Cx — A).

Then, if fp(X) is the Pth inverse cyclotomic polynomial Cp(X )X, one has

d

1
fp(t)

The following statement mildly extends Gekeler’s formula 7.3 in [8] (which was
established for GLy(A) and p prime) to ['y(n) and any p.

(8) tp=

Proposition 5.2. Let f € My ,,(I'o(n)) with t-expansion Y ;g a;t'. We have
_ pk-1 ko~
9) T,f=P1Y S 67FaGis(ote)

i>0 & monic in A
8P, (£)+n=A
Moreover, for fixed j, only a finite number of terms in the right-hand side con-
tribute to 7 in the t-expansion of T,f.

Proof. Let 6 be a monic divisor of P. Recall that e is the Carlitz exponential. We
write F'(2) for 3 se a deg <degs f ((Pz/0 + 3)/9). For |t(2)| small enough, F(2) is

Y Y. t< z+ﬁ> Y Y 6<W§’z5+ﬁ>—z

BeA,deg B<degd i>0 >0  pBeA,degfB<degd

=Y a > (e (WPQZ) +€<7T5>>
>0  BeAdegfB<degd 0 0

by additivity of e. According to the analytic theory of Drinfeld modules, the finite
set {e(m(/0) | B € A,deg 8 < degd} is in bijection with the lattice As = Ker(Cj).
Let w = Pz/6% Then, by Proposition 5.1, F(z) is

Zal Z Ww +/\ Zal l/\é ZanAa e/\&( ( ))_1)'

i>0 AEAs i>0 i>0
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Observe that ey, (2) = Cs(2)/d (both polynomials have the same set of zeros and
the multiplicative constant is obtained by comparing the terms in z). By property
of the Carlitz exponential, we also have Cs(e(7w)) = C(7zP/§) = t(zP/5)~".
Substituting, we get

F() = X aGia, (5 (zf)) — 3" G (3t (2)).

i>0 i>0

Our last claim follows from (6) and the last statement of Proposition 5.1. O

Remark 5.3. To obtain the t-expansion of T, f from Equation (9), it would
suffice to compose the t-expansions of tp/s and Goss polynomials G;s. However,
making this explicit seems to be a difficult problem. Indeed, a similar question
arises when trying to make explicit the t-expansion of Drinfeld-Eisenstein series
(see Section 6 of [8]) since it involves the t-expansion of G;za(tp)". This is quite
different from the classical situation where coefficients of Eisenstein series are
well-known arithmetic functions.

5.3. Hecke module spanned by b;.

Notation 5.4. The dual space of My ,,(I'o(n)) has the natural right action of T,
given by composition, and contains the following linear forms, for any n > 1:

Am+n(g—1) = O am—l—n(q—l)(f) = bu(f).

Let u = U mun: T' — Home, (M7, (To(n)), Cos) be the Cuo-linear map s — bys.
We write b;'T” for the image of u.

We collect some remarks on the dimension of the C..-algebra T’. The map u is
not necessarily an isomorphism, therefore the dimension of T” is unknown a priori.
In the case T' = T (T'o(n)), one can prove that its dimension coincides with
dime,, M3,(To(n)), using results from automorphic forms and work of Gekeler
and Reversat [15].

We keep Notation 3.3. The next statement gives a first description of b;T".

Proposition 5.5. Let f € Mj,,,(To(n)) with t-expansion Y ;¢ a;i(f)t. Let p an
ideal of A of degree d with monic generator P. Then Gy (q—1)(Tpf) is

(1()) Z (erﬁqu)C(P)ﬂal-i-no-i-nw-i-.---‘rndqd(f) +e€ Z Qk_lal(f)
n QIP,QEA:
(@ nh

where n. = (ng, ..., ng) is such that ng+...+ng =m-~+q—2 and € is defined by

F ifm=1
£ =

0 otherwise.

IThe lattice A is not finite but Goss polynomials can be defined in that more general setting
(see [13, 8]).
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Remark 5.6. (1) In Example 7.4 of [8], Gekeler treated a;(T},f) for p of
degree 1,7 > 0, and f modular for GLy(A). Proposition 5.5 supplements
Gekeler’s statement.

(2) Actually, the proof only uses the subgroup {((1)‘{) | a € A} of T'y(n).
Let O be the ring of holomorphic functions f: 2 — C,, which are A-
periodic (f(z + a) = f(z2), a € A) and holomorphic at the cusp infinity
(in particular, this ring contains the space My ,,(I'o(n))). As recalled in
Section 4, such functions have a t-expansion. Equation (6) still defines a
function T, f : 2 — C.. Then Propositions 5.2 and 5.5 are more generally
valid for f € O such that T, f € O.

Proof. By Proposition 5.2, we have to find the coefficient of ¢t~ in the
t-expansion of Gj5(dtpss). First, if i = 0, then Gys(X) = 0 so the expansion
of Go5(dtpss) has no tm a1 _term.

Assume ¢ > 0. By (8) the t-expansion of ¢p/s is divisible by ¢ . Moreover,
it follows from the definition of Goss polynomials that G; 5(X) has X as a factor.
Hence, the t-expansion of G;s(6tp/s) is divisible by 127 Since m < qg—1,
Gi,5(dtpss) has no tm a1 _term when d—deg ¢ > 2. Now assume 0 <d—degd <1.
Put s = degd. Recall that ey, (2) = C5(2)/6 = X5, Cs.29 /6. The explicit
formula for Goss polynomials gives

Gis(X) = 22:35‘]' 3 (é)c((;)nxjﬂ

d—degé

where n = (ng, ..., ns) are such that ng+...+ns = j and ng+n1qg+...+nsq¢° =
1 — 1.
Suppose that s = d, i.e. 6 = P. Then the corresponding partial sum in (9) is

;ZaiGi,P(Pt) _ ;Zai Zi: Py (é)C(P)ﬂ(Pt)jH.

i>0 i>0  j=0 n

The t™*@~D_term corresponds to j = m + ¢ — 2; namely, it is

Z (m—;q_Q)O(P)Qa1+no+n1q+...+ndqd(f)

with n = (ng,...,nq) such that ng+ ... +ng=m+q— 2.
Next, suppose that s = d — 1. Using Equation (8), we get

11—

(11) Giol(dte) = 205_j > (2)0(5)2 <5l+t§tq1>

j=

where (ng, ..., ng_1) with ng+...+ng4_1 = j and ng+n1qg+...+ng_1¢*t =i—1.
If j > 1, then ¢(j + 1) > 2¢ > m + ¢ — 1, thus there is no t™*(@~_-term in the
expansion of (11). Finally, we assume j = 0, in other words np = ... =ng_; =0
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and 7 = 1. We have
1 B pr
Gi5(0tr) =0——p— =07 (—1)" "0V,
1’6( §> 1+ ?tqfl 7;)( ) on
This series has a t"+ (@ D_term if and only if ¢ — 1 divides m — 1. This happens
only if m = 1, and in that case the corresponding coefficient is . To summarize,
we obtain (10) where n = (no, ..., nq) satisfies ng+n;+...+ng=m+q¢—2. O

Assume m € {0,1}. By (10), the linear form b7}, = ap4(4—1)Tp is a A-linear
combination of a;, where ¢ runs through the set of natural integers satisfying the
condition: the expansion of ¢ in base ¢ has at most d + 1 digits, whose sum is
equal to m 4+ g — 1. In particular, the set of such i’s only depends on the degree
d of p. This observation, also communicated to the author by D. Goss, will be
used in Section 7. For the moment, we derive the following statement for b;T".

Notation 5.7. Let . be the set of natural integers of the form ¢/(q¢ — 1) where
¢ € N is such that the sum of its base ¢ digits is ¢ — 1.

Corollary 5.8. If m € {0,1} then byT is contained in the Cy-vector space
spanned by b, forn € 7.

The reverse inclusion will be proved in Section 7. Finally, we state another
straightforward application of Proposition 5.5.

Notation 5.9. For d > 1 and i = (ig,...,i4-1), let
Oulio,---vig—1) = Y. C(P)Tp= > C¥--Cpi,Tp €Ra.

PeAgy PecAgy

Corollary 5.10. Let f € M ,(To(n)). With the notations of Proposition 5.5
and Section 3, the coefficient i (q—1)(Oalio, - - -, i4-1)f) is

Z (m+Equ) Sd(no SCURERR LS Ty id_l)a1+n0+n1lﬁ-...+ndqd(f)

ﬂ:(nOV'wnd)
no+...4+ng=m+q—2

+e > CP)E D> QM au(f).

PeAqy QIP,QeA1 ¢
(Q)+n=A

6. ANNIHILATOR OF b; FOR THE HECKE ACTION

Notation 6.1. Let I =1, ,,, , be the kernel of u i.e. the ideal of elements s € T"
such that bys = 0 in the dual space of M, (I'o(n)).

In particular, I is a sub-C.-algebra of T’ which maps doubly cuspidal forms
to Drinfeld modular forms f satisfying ao(f) = bo(f) = b1(f) = 0.

Lemma 6.2. If the map u: T' — Home,, (M{,,(To(n)), Cx) is surjective, then
it is an isomorphism.
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Proof. Since u is surjective, we take an element ¢,, in the preimage of b, for any
n > 1. If s belongs to the ideal I, so does t,s. Hence, for any f € M, (I'o(n)),
the nth coefficient b,(sf) is zero for any n > 1. As the t-expansion uniquely
determines a Drinfeld modular form, sf must be zero. Therefore s is zero as an
endomorphism of Mg, (Io(n)). O

6.1. Proof of Theorem 1.1.

Proof of Theorem 1.1. Actually we prove a slightly more general statement: all
the following equalities of linear forms will take place in the dual of My, (Io(n))
if m # 1 (vesp. of M{, (Do(n)) if m = 1).

(1) Without any assumption on m, we apply Corollary 5.10 to d = 1. For

1> 0 we get
' m+q—2
by Z P'Tp | = Z <m+q;1_2) Si(n+ Z')a1—&-n#—q(m-ﬁ-q—Q—n)'
P€A1+ n=0

This follows also from Gekeler’s example 7.4 in [8], although stated there
for GL2(A) and with a different normalization of Hecke operators.
Assume m = 0. The sum Si(n + 1) = Ygeca,, Q™" is nonzero if and
only if n = ¢—2, and S1(¢—1) = —1 (by Lemma 3.4 for instance). Taking
© = 1, our expression simplifies as b; (ZP6A1+ PTP> = —0by.
Assume m = 1. Since the sum S1(n) is nonzero if and only if n = ¢ —1,
taking ¢+ = 0, we get by (ZP€A1+ Tp) = —by.
(2) Consider (i, ...,i4—1) as in the statement. By Corollary 5.10, we get that
bl(@d(io, cee aid—l)) is

m—+q—2 : .
Z ( n )Sd(no +120,. .., Ng—1 + ld—1>a1+n0+n1q+...+ndqd'

n
no+...4+ng=m-+q—2

We have 0 < n;+i; < 2(¢—1), hence we can evaluate Sy(no~+io, . . . , Ng—1+

iq—1) thanks to Proposition 3.5. This sum is nonzero if and only if n;+i; =
g—1lor2(g—1)forall j €{0,...,d—1}. If this happens, we have

d

dig—1)<) m+iq)<ip+...+ig1+m+qg—2

1

which contradicts ig + ... + 141 < (d — 1)(¢ — 1) — m. Accordingly, the

sum always vanishes and b,(0,(io, .. .,04-1)) = 0.
(3) Apply the statement proved before to ig =l and iy = ... =i3.1=0. O

|
—_

Il
=)

It is worth pointing out that the elements of I given in Theorem 1.1 are univer-
sal in the sense that, for a given type, they do not depend on the weight k nor the
ideal n. Some of them, as 3-pca,, Tp for d > 2 for instance, are also independent
of the type m. This means that, in the universal formal Hecke algebra R 4, such
an element is independent of k£, m and n.
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Remark 6.3. This phenomenon does not occur for classical modular forms of
weight 2 as we now explain. Let Sy(I'o(N)) be the complex space of weight-2
cusp forms for I'o(N) (N > 1). We write (¢,)n>1 for the linear forms given
by Fourier coefficients of such modular forms at the cusp infinity. The Hecke
algebra T, of weight 2 for I'j(N) is the subring of End(S:(I'z(N)) spanned
over C by all Hecke operators T, for n € N. Let u. be the C-linear map
T. — Homeg(5:(I'0(N), C) given by s — c¢;s. Relation (3) gives ¢, = u.(T,)
for all n > 1, thus u, is bijective. We claim that if there exists a C-linear combi-
nation s = M1, +...+ AT, with j, Ay, ..., Aj,41,...,4; independent of N, such
that s = 0 as an endomorphism of Sy(I'g(N)), then the coefficients Ay, ..., A
must be zero. In fact, when N is prime, the Hecke operators Ti,...,Tyy) are
C-linearly independent in End(Ss(I'o(V)) for g(N) = dim Sy(I'o(V)) (this follows
from the cusp infinity not being a Weierstrass point on the modular curve X, (N)).
Choosing N prime such that g(IV) is large enough yields A\; = ... = \; = 0 and
proves our claim.

In Section 7.2, we will further our investigation of the ideal I and prove that
it vanishes in some cases (Theorem 7.7).

6.2. Linear relations for eigenvalues.

Notation 6.4. Let p an ideal of A with monic generator P. A Hecke eigenform
f is a Drinfeld modular form which is an eigenform for all Hecke operators. We
write Ap(f) for its eigenvalue for Tp = Tj,.

For a Hecke eigenform f such that by(f) # 0, Theorem 1.1 yields linear rela-
tions among its eigenvalues. It seems rather remarkable that these relations are
universal in the sense that, for a fixed type, they do not depend on the weight k
nor on the level n.

Proposition 6.5. Let f € My,,(I'o(n)) be a Hecke eigenform with by(f) # 0. If
m = 1, we assume further f € M, (To(n)).

(1) If m € {0,1}, then
> PUTA(f)+1=0.

PecAi4+

(2) Letd > 1 and iy, ..., 141 satisfying (1) and (2). Then
S C(PYAR() = 0.

PEAd+
(3) Letl and d be integers such that 0 <1 < g—m andd > (I+m)/(g—1)+1.
Then
> Pap(f)=0.

PGAd+
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In particular, if d > 2, or f has type 0 and d = 1, then

S Ap(f) =0.

PeAgy

6.3. Linear relations for Hecke operators. We explain how some relations
of Proposition 6.5 follow from a more general statement, namely linear relations
among Hecke operators in characteristic zero or p. In other words, we prove that
certain elements of I given in Theorem 1.1 are zero in T".

Notation 6.6. For an ideal n of A, let H, be the abelian group of Z-valued
cuspidal harmonic cochains for I'y(n) on the Bruhat-Tits tree 7 of PGL(2, K)
(we refer to Section 3 of [15] for the relevant definitions and properties). The
group GLy(K) acts on the left on the set of oriented edges Y (7") of 7. We define
an endomorphism 6, of H,, by

wne- s (3 7))

«,0 monic €A
BEA, deg B<deg d
(ab)=p, (o) +n=A

for F e Hyand e € Y/(T).

After scalar extension to the complex numbers C, H,, is identified with a space
of cuspidal automorphic forms on GL(2) of the adeles of K (by the strong approx-
imation theorem). Moreover, using Teitelbaum’s residue map [17], Gekeler and
Reversat [15] gave an isomorphism between H,/pH, and a subspace of Drinfeld
modular forms, namely the subspace M3 (Io(n),F,) of M3, (I'g(n)) consisting
of such forms with residues in F,,. It turns out that this isomorphism is Hecke-
equivariant, with the normalizations we have adopted here for T}, and 6,. Finally,
M3 ,(Lo(n),F,) is an F,-vector space which, after scalar extension to C, gives
the whole space M3, (I'g(n)). Put differently, the Hecke operator T, acting on
M3 (To(n)) can be thought of as the mod p reduction of 6,.

Lemma 6.7. Let n be a prime. Assume d > deg(n) — 1. Then Y gegp—qfp = 0.
In particular, Ygegp—a Ty =0 on Mg (To(n)).

Proof. Let F € H,(C) = H, ®z C be an eigenform for (), with eigenvalues
(Ap)p- It is well-known, and follows from elementary estimates on the L-function
of I, that Y gegp<a Ap = 0 if d > deg(n) — 3 (details can be found in Section 2.1.2
of [1] for instance). Since n is prime, there exists a basis of H,(C) consisting of
normalized eigenforms for (6,),. Hence we have 3= o0 p<q0p = 0 if d > deg(n) — 3.
An equivalent formulation is: 3 geg p<degm)—20p = 0 and P gegp—qp = 0 if d >
deg(n) — 1. This completes the proof. O

Therefore, from the theory of automorphic forms, we know that certain ele-
ments of I given in Theorem 1.1 are zero on M3, (T'g(n)), because so they are on
H,: this is the case for 3 geep—q T} if 1 is prime and d > deg(n) — 1.
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It is now natural to ask whether some elements of I in Theorem 1.1 can act
nontrivially on H, and be zero in T’ (i.e. in characteristic p). We suggest that
this happens.

Conjecture 6.8. Assume n is prime. We have the following relations among
Hecke operators on M3, (To(n)):

(1) If n has degree 4, then Y gegp<1 Tp = 0.
(2) If n has degree > 4, then Y geg p—deg(n)—2 Ip = 0.

We have numerical evidences supporting the conjecture. We computed Hecke
operators on H,/pH,, for n prime, using Teitelbaum’s modular symbols for F,(T")
[18, 3]. The first relation has been checked for ¢ € {2, 3,5} and the second one for
all primes n of degree 5 and 6 in F5[T']. Note that, when degn = 4, both relations
are equivalent: indeed, we have Y jeq <2 0p = 0 (see proof of Lemma 6.7).

Conjecture 6.8 predicts that some elements of I would be zero in T/ but may
be nonzero on the automorphic level, more precisely:

® Yhegp<i Ip = 0in Ty, (T'o(n)) for n prime of degree 4;
® Y iegpedegm)—2 1p = 0 in T4 (['y(n)) for n prime of degree > 4.

In the next paragraph, we are interested in the reverse problem: finding nonzero
elements in the ideal I.

6.4. Nonzero elements in the annihilator. The following conjecture suggests
that, in general, the Hecke annihilator I of b; is nonzero.

Conjecture 6.9. Assume n is prime of degree > 5. Then Y gegp<1 Ty € T s
nonzero as an endomorphism of M3 ,(To(n)). In particular, the map

w:' TN — Homcoo(Mg’l(Fg(n)), Cw)
s +—— b;s
15 not surjective.
The last statement follows from Lemma 6.2. As in Section 6.3, we were able to

compute the action of Sgeep<i Tp on M3, (Io(n)) on some examples. We checked
Conjecture 6.9 for all primes n of degree 5, 6, 7 and 8 in Fy[T] and F3[T].

7. PROOF AND APPLICATIONS OF THEOREM 1.2

7.1. Explicit version of Theorem 1.2.

Notation 7.1. We call a decomposition of ¢ € N a tuple ¢ = (co, ..., cq) such
that ¢ = Z?:o ¢j¢’ and 0 < ¢; < ¢ for any j € {0,...,d}, for some d > 0. The
length of ¢ is d + 1. Note that we do not require ¢4 # 0. The base ¢ expansion
gives a decomposition of ¢. By putting zeros at the end of any decomposition of
¢, we obtain decompositions of larger length.
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If i = (dg,...,iq) is a decomposition of i > 0, let
(iy= > CcPyr > ' eA
PeAgy QIP,QeA 1+
(@+n=A

We prove Theorem 1.2 by establishing the following explicit version.

Theorem 7.2. Assume q is a prime.

1) Suppose m = 0. Let n = ¢/(q — 1) € . We fir a decomposition
(1) Supp q p
(coy...,cq) of ¢ of length d+ 1 (therefore co+ ...+ cq=q—1). Let

..... ()T T (e eR

PEAd+

~
Q
o

I

Then, for any k and n, we have b, = bite,, ., in the dual space of
Mk70<ro(n)).

(2) Suppose m = 1. Letn = ¢/(¢ — 1) € . We fix a decomposition
(co,.-.,cq) of ¢ of length d 4+ 1 (therefore co + ...+ cq = q — 1) with
cg #q—1. Let

Then, for any k and n, we have

—1
bn = blt/co ,,,,, cd + (_1)d+1 (c ! ) l(qd+1 —-1- C)al

{OFRERS] Cd

in the dual space of My1(T'o(n)).
(3) Assume m = 1. Let d >1

ST (A B o PR AR F A

PEAy, i=0

Then, for any k and n, we have

(12) byt = bitg + (—1)¢ <—l(qd —1)+ f Wg"—1—(q— 1)611')) a

=0
in the dual space of My 1(I'o(n)).

Remark 7.3. (1) Since g is prime and Z;l:o ¢; = ¢ — 1, the multinomial co-

efficients (c -1 ) and ( _qu2 ) are nonzero in F,,, by Lucas’s theorem,
05---Cd co—1,c1,..5¢q
hence invertible.
(2) On doubly cuspidal forms, a; vanishes and the expressions of Theorem 7.2
simplify and provide Theorem 1.2. Moreover, since b;'T' is contained in
the C.-vector space spanned by b, for n € . (Corollary 5.8), we get the

equality provided that ¢ is prime and m € {0, 1}.
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(3) For a given n € ., we get infinitely many expressions s, € T’ such that
b, = b1s,. The reason is that, in the first two items of Theorem 7.2, any
decomposition of ¢ = (¢—1)n gives rise to a formula for s,, € T’ satisfying
the desired property. More generally, any element of s, + I would satisfy
the same property.

(4) The primality assumption on ¢ is not essential: it is required to ensure

that the multinomial coefficient (c -1 ) for m =1 (resp. ( _quz ) for
05-->Cd co—1l,c1,....cq

m = 0) is nonzero in F,. Hence, the assumption is unnecessary in (12).

Moreover, if ¢ is not a prime, the statement of Theorem 7.2 remains true

for n in a subset of .&.

Before proving Theorem 7.2, we give an example.

Example 7.4 (d =1). We put

Sy = —(Zj)il Z P 'Tp for 1<n<qg-1
PecAi+
sg=— 3 (P = )Ty,
PeAi4

Then by, (f) = bi(sn(f)) for all f € M (T'o(n)) and 1 < n < . This is valid for ¢
a power of a prime, by Remark 7.3 and Lucas’s theorem. Using these formulas,
we can recover the first ¢ coefficients of any Hecke eigenform f in My, (Io(n)) in
terms of by(f) and the eigenvalues.

Proof of Theorem 7.2. (1) Assume that the type m is 0. We put ng = ¢o — 1,
ny = ci,...,Ng = ¢q, S0 that ng + ... +ng = ¢ — 2. By Corollary 5.10,
ag-1(04(¢—1—ng,...,q—1—n4_1)) is

> (qf) Sa(ro+q—1—=mn0,...,7a-1+q—1 =14 1) 4ro4r g+ +ragt
where r = (rg,...,74) satisfies 7o + ... + 74 = ¢ — 2. From n; > —1, we
get 0 <r;+q—1—mn; <2(q—1) for all i. We can thus evaluate the sum
Sa(ro+q—1—nq,...,7q-1+q—1—ny4_1) by Proposition 3.5: it is nonzero
only if r is such that r; = n; or ¢ — 1 4+ n,, for all i € {0,...d — 1}. Since
r; < q— 2, we have rg = nyg,...,rq_1 = ng_1 and by Proposition 3.5,

ag-1(0d(g —1—no,....,¢ =1 —ng1)) = (qf)(—1)da1+no+mq+...+ndqd-

Finally, a1 404 +n4q = @n(g—1) = bn and the conclusion follows.

(2) Assume that the type m is 1. Since ¢¢*! — 1 — ¢ has base ¢ expansion

;l:o(q —1—¢j)¢’, we have

P _ q—1—co q—1—cq_1
Z { qd+17170 }TP — Z CP,O e P,d*l TP
PeAgy PcAgy

=04(qg—1—co,...,q—1—cq1).
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By Corollary 5.10, b1(©4(¢q — 1 — co, ..., g — 1 —cq_1)) is

Z (q;l) Sd(TO +q— 1- Coy vy Td—1+q— 1- Cd—l)a1+r0+rlq+...+rdqd

r

+ (¢ =1 =)y

with r = (rq,...,74) such that ro + ... +ry = ¢— 1. From ¢; > 0 and
0<r,<qg—1,weget 0 <r,+q—1—¢ <2(q—1). Thus the sum
Salro+q—1—co,...,74-1+q—1—cq_1) can be evaluated thanks to
Proposition 3.5: it is nonzero if and only if r; = ¢; or ¢ — 1 + ¢; for all
0<i<d-1.

Suppose there exists k € {0,...,d — 1} with r, = ¢ — 1 4+ ¢4x. Then,
according to the previous remarks, we have

d—1 d—1 d—1
q—l—rd:er:q—l—i-ck—i- Z rqu—l—i-ch:Q(q—l)—cd
7=0 j=0,j#k =0

hence 0 < g — 1 — ¢4 < —ry. This implies r4 = 0, thus ¢y = ¢ — 1, which
is impossible. Therefore, we have r; = ¢;j for 0 < j < d—1 and ry = ¢4
as a consequence. Proposition 3.5 then provides

bl(gd(q o Coy .-, q — 1-— Cd—l)) =014 cotcig+...4cqq?
-1
+ (=14 2E) et =1 0ar.
Finally, @14 coteiq+..4cgq? = @14n(g—1) = bn, thus the statement is proved.

(3) Assume that the type m is 1. We first compute b1(04(q — 1,...,¢ — 1)).
According to Corollary 5.10, it is

Z (qll) Sa(ro+q—1,... 741+ q = 1)01 45401 g4 tryqe

r=(70,..-,7d)
ro+...4+rq=q—1
+ l(qd+1 - ].)CLl.
By Proposition 3.5, the sum Sy(ro + ¢ —1,...,rq4_1 + ¢ — 1) is nonzero

if and only if r, = 0or ¢ —1 for all 0 < ¢ < d — 1. This means that
(ro,...,74—1) is one of the following:

(g—1,0,...,0),(0,¢g—1,0,...,0),... ,(0,...,0,¢g—1),(0,...,0).

Thus b1(O4(q — 1,...,9 — 1)) equals

(13) (—l)d (a1+(q_1) T T Ay go1)ge-t T a1+(q_1)qd) + l(qd—l-l — 1)a1.
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Next, we compute b1(0(¢ — 1,...,0,...,g — 1)), the only zero term
being at the (j + 1)th position (0 < j < d—1). From Corollary 5.10, it is

> (qzl)Sd(ro Fq—1 T+ 4= Dansrg g g

r=(70,,7a)
ro+...+rq=q—1

+ (g =1 = (¢ — 1)¢)ay.
Again by Proposition 3.5, the sum is only over r satisfying the following
two properties:
ri=0o0orq—1 forallie{0,...,d—1},i#j
rj=q—1or2(qg—1).
Since 79 + ... +rq = g — 1, we have necessarily r; = ¢ — 1, r; = 0 for all
i # j and rq = 0. Then
(14) b1(©(g—1,...,0,...,¢— 1)) = (=1)%a1 (q1)y + g™ = 1= (¢ — )¢/
Combining (13) and (14), we get the claim. O

7.2. Applications. Theorem 1.2 has the following straightforward consequence.

Corollary 7.5. Under the assumptions of Theorem 1.2, if f is a Hecke eigenform
with b,(f) # 0 for some n € ., then by(f) # 0.

In particular, in Proposition 6.5, one can replace the assumption by (f) # 0 by:

there exists n € . such that b,(f) # 0.
We now provide multiplicity one statements in certains spaces of Drinfeld mod-

ular forms.
Lemma 7.6. (1) Let d = dim My, ,,,(GL2(A)). The Cu-linear map

My (GLy(A)) — C4
f — (bo(f)v"'7bd—l(f))

is an isomorphism.
(2) Let d = dim M3 (To(n)). The Cuo-linear map

M3 (To(n)) — CZL
[ (bu(f);- -5 0alf))

s an isomorphism.

Proof. The first assertion follows readily from a formula relating, for a nonzero
f € Mjm(GL2(A)), the orders of vanishing of f at elliptic, non-elliptic points
and the cusp infinity of GLy(A) (see Formula (5.14) in Gekeler’s paper [8]). The
second assertion is a consequence of the cusp infinity not being a Weierstrass
point on the Drinfeld modular curve attached to I'g(n) (see Proposition 4.47 of
[1] for details). O
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Theorem 7.7. Let M be one of the following spaces of Drinfeld modular forms:
(1) Miip(GLz(A)) with k < (¢ +1)*(¢ —1)
(2) Mlil(GLg(A)) with k < ¢*(¢+ 1)
(3) M3,(To(n)) with n prime of degree 3.

Then:

o Any eigenform in M for the operators (Ty)aegp=1 is characterized in the
space M by its eigenvalues, up to a multiplicative constant.
e The map u: T — Homc, (M, Cy) is an isomorphism.

Proof. Consider the first two cases for M. By the cuspidality (resp. doubly cus-
pidality) condition and the assumption on the type, we have by(f) = an(f) = 0.
Therefore, any function f € M is determined, in the space M, by its coeffi-
cients by(f),...,ba—1(f), according to Lemma 7.6. Now, if f is an eigenform for
(T)degp=1, we know that by(f),...,b,(f) are determined by the eigenvalues (up
to a multiplicative constant), thanks to Example 7.4. Recall that the dimension
of My m(GLy(A))isd = [(k— (¢ + 1)m)/(¢*> — 1)]+1 (this follows from Gekeler’s
formula (5.14) in [8]). Here, the assumptions on the weight ensure that d—1 < g.
The conclusion follows.

The proof of the third case is similar, except that the dimension of M is
q. Indeed, this dimension coincides with the genus of the Drinfeld modular
curve attached to I'g(n), for which we know closed formulas thanks to Gekeler
(see (2.10.3) in [15] and [6, 7]).

For the bijectivity of u, we need only to prove the surjectivity by Lemma 6.2.
Consider the first two cases of M. As before, M has dimension d — 1 < q.

Moreover, the image of u contains by, ..., bg_1 (by Theorem 7.2) which are linearly
independent (by Lemma 7.6), hence the conclusion. The proof of the third case
is similar. 0

As a corollary, we get that the dimension of the C.-algebra T’ coincides with
the dimension of the space of Drinfeld modular forms M, for M as in the state-
ment.

7.3. Comment on A-structures. Although we worked with C.-structures,
most of the results of this paper could be transferred to the ring A. For instance,
one could work with the subspace Mg, (Io(n); A) C M, (To(n)) consisting of
modular forms with expansion in A[[t]] and the Hecke algebra T'; spanned over
A by Hecke operators. Using Proposition 5.2, one may check that the map

T', — Hom A(M,im(l“o(n); A), A)

induced by s +— bys, is well-defined. We expect that Mg, (To(n);A) is a
A-structure of Mg, (Uo(n)) (i.e. there exists a basis of M, (o(n)) consisting
of modular forms with coefficients in A). However, a general theory of such al-
gebraic Drinfeld modular forms is still missing in the literature. Some instances
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of such a theory can be found in [12] (Section 2, for M ,,,(GL2(A))) and [1]
(Section 4.2, for M3, (T'g(n))).

8. COEFFICIENTS OF h

We use Theorem 7.2 to compute explicitly some coefficients of Gekeler’s
Drinfeld modular form h, defined in [8]. Recall that h has weight ¢ + 1 and
type 1 for GLy(A). It is defined as a certain Poincaré series and is also a
(¢ — 1)th root of the Drinfeld discriminant form A. Moreover, it is a cuspi-
dal Hecke eigenform with T,h = h for any p (Corollary 7.6 in [8] with a different
normalization of Hecke operators). The first coefficients of h are a;(h) = —1 and

0 ifg>2
() =ag(my =1 070

Proposition 8.1. For P in A, let op = Yo pgea,, @7
(1) Assume q is a prime > 2. Let ¢ € N such that ¢ = YX9_¢;q7 with

0<¢ <q, Z] —0¢ =q—1 and cq # q—1 (we do not necessarily assume
ca #0). Then

(15) b (h) = (—Ud(co"‘id)_l 3 {qd+1’i - }ap.

..... PEAd+

Moreover, for d > 0,

(16) by(h) = (=1)T % ( { }+Z{ A }> op.

PEAd+

(2) Assume q = 2. Then for every d > 0, one has

d—1

bl = (1 5 (Lo} + Tl }) o)
PeAy =0

Remark 8.2. We recover that the corresponding coefficients of h are polynomials

in 79—T with coefficients in F,, (indeed, they are elements of A which are invariant

under T'+— T + ¢ for ¢ € F,). More generally, Gekeler proved that this property

holds for any coefficient of h (Theorem 2.4 of [9]).

Taking d = 1 in Proposition 8.1, one can recover the first ¢ coefficients of h. If
q is a prime > 2, then b;(h) =01if 1 <i < ¢—2,b,_1(h) = —1land by(h) =T7-T.
They can also be obtained from the Taylor series h = —tU; ! + 0(t1+(q*1)(q37q2))
with U = 1 — @ V% 4 (79 — T)t@ D4 (see Corollary 10.4 in [8]).

Fori € N, let [i] = T4 —T. Using congruences and estimates on the degree of
coefficients of h, Gekeler proved that for any d > 1,

(a7) bya(h) = {[ﬂ d igi;
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(see Corollary 2.6 of [9]; note that his b; denotes our —b;). Equation (16) thus
provides an alternative formula for b,a(h). We have not been able to recover
Gekeler’s formulas from (16). Hence we derive some arithmetic identities in
F,[T] which may be nontrivial and of some interest.

Corollary 8.3. Let q a prime > 2 and d > 1.

1)
@)= (- Y <_{qf_1}+zo{qd_1_f;q_l)qi}) o,

PEA4,

(2) For0<i<d-—1,
(= S L fy Jor

(-1)°

]

d
=3 {.Lifor

=1 PeAq;

Proof. The first one follows from (16) and (17). For the second one, we first apply

(15) to c = (¢ — 1)¢" with 0 < ¢ < d — 1 and get

(—1)dbqi(h) = Z {qd+1flf(q71)qi }(Tp = Z {qdilil()qil)qi }Op

PeAgy PecAgy

where the last equality follow from ¢ =1-(g-1)¢'=(¢— )"+ =5 (g —1)¢’ —
(¢ —1)¢" and deg P = d. With (17), we get the second claim. The third one is
obtained by combining the first two identities. O

In Table 1, we provide further examples of coefficients of h from Proposition 8.1.
Observe that when i is even (resp. odd), b;(h) is an even (resp. odd) polynomial
in [1] = 7% —T. This is more generally true for any coefficient when ¢ = 3:
it follows from the coefficients of h being balanced, a property established by
Gekeler (Theorem 2.4 of [9]). Note that, in our table, the constant term is —1
when ¢ is even: we wonder if such a statement holds more generally.
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TABLE 1. ¢ =3,d <4

i bi(h)
10

2 —1

3 [

5 —[1]

6 —[12 -1

9 (2= [P+ 1]
14 1P -1

15 1P — 13 +[1]

]
18 —[1)°+[1* =12 -1
27 [3] = [1)° + (1] + [1]

41 —[1B 4 [)° - )7 - (1

42 —[1M+ )2 =10 -1 =12 -1

45 [ = [P+ [ = 1] + 1P + [1]

54— (1 + 1) + [ = [1° + [1]* = [1]? — 1

81 [4] = [1]"+[1]° + [1° + 1]
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