A SHARP REMEZ INEQUALITY FOR TRIGONOMETRIC POLYNOMIALS

E. NURSULTANOV AND S. TIKHONOV

ABSTRACT. We obtain a sharp Remez inequality for the trigonometric polynomial T, of degree n on [0, 27):
2 nf
HT"”LOO([O,QW)) < (1 +2tan R) ”T"HLOO([O,%)\B)’

where 3—: is the minimal period of T;, and |B| = 8 < 27:;”

gives the asymptotics of the sharp constant in the Remez inequality:
(nf)?
8

is a measurable subset of T. In particular, this

C(n,B) =1+ +0(B)*,

where
17l
(0.1) C(n,B) := sup sup M.
|B|=p Tn HTn”LQC([()’Q,r)\B)
We also obtain sharp Nikol’skii’s inequalities for the Lorentz spaces and Net spaces. Multidimensional
variants of Remez and Nikol’skii’s inequalities are investigated.

1. INTRODUCTION

Consider the space of (complex) trigonometric polynomials of degree at most n € N i.e.,

(1.1) N, ={T,: T.@)= e, aeC zeT}
|k|<n
An important question in polynomial approximation is the following one. Let |B| = u(B) be the linear

Lebesgue measure of B. How large can [T,z ([0,2x)) be if
Hx € [0,27) : [Tn(z)| > 1}‘ <e

holds for some 0 < £ < 17 The well-known Remez inequality answers this question.
For any Lebesgue measurable set B C T such that |B| = 8 < w/2 we have

(1.2) | Tnll Lo (0,2m)) < Oy BTl Lo (j0,200\B),  Tn € N

We will write C(n, |B|) in place of C(n, |B|) while dealing with the sharp constant in this estimate, see (0.1).
Investigation of Remez’s inequalities is a well developed topic. For algebraic polynomials sharp inequality
was proved by Remez [Re]. In [BE] and [Erl] (1.2) was proved with C(n,|B]|) = exp(4n|B|); the history of
the question can be found in e.g. [Er3, Sec. 2], [Ga, Sec. 3], and [LGM]. In [Ga, Th. 3.1], the constant
was sharpened as C(n,|B|) = exp(2n|B]). Also, another improvement was obtained in [Er2, Th. 3.4]:
C(n,|B]) = exp (n(|B| + 1.75|B|?)).
In case of B = [a,b] C [—m, 7] a sharp Remez inequality is given by (see [Erl])

1 n (21— n (2T =
(13) ||Tn||Loo([0727r)) < i(tanz (T) + COt2 (T)) ||T71HLOQ([0,27T)\B)7 |B| = 6’ Tn S ‘ﬁn

and equality in (1.3) holds if and only if
cos(x — (a+b)/2) — cos?((b—a)/4)
sin?((b — a)/4)

Tn(x):CTn( ) C€eR,
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2 E. NURSULTANOV AND S. TIKHONOV

where T, () is the Chebyshev polynomial of degree n, i.e.,

Tn(z) = %((m—k Vaz —1)" 4 (z — a2 - 1)")

for every z € R\ (—1,1).
Therefore, the best known bounds of the sharp constant in the Remez inequality are given by

1 on (2T — (3 o (2T — (3
(1.4) i(tan ( g ) + cot ( g )) C(n,B) < exp (nBmin{2, (1 + 1.758)}),
for 0 < 8 < /2. Moreover, Erdélyi [Er2] and Ganzburg [Ga] conjectured that

1 on (2T = on (2T =B
(1.5) C(n,B) = Q(tan (78 ) + cot (78 ))
for any 5 > 0.
In case when the measure |B| = (8 is big, that is, when 7/2 < 8 < 27, it is known that
17 2n
< =
C(n,8) < Cn. B) = (5-—5)

(see [Erl, Er2, Ga, Na]). Another upper bound of C(n, 8), 8 > 0, was given by Andrievskii [An].
In this paper we investigate Remez’s inequalities for the case of 0 < 8 < 2*. Note that in applications in
fact we are usually interested in the case of small 3 (see, e.g., [MT]). Premsely7 we prove

nf 27Tm
1.6 T, < (1 2t 2—) T, g, 0 o
(1.6) 1Tl £.ow (0,27)) +2tan” o ) [ Tall o o.2m\8) <B<—
where 2% is the minimal period of T, € M,,. Equality in (1.6) holds for T, (z) = cosnz + 3 (1 —cos & ) This
unproves the right-hand side bound of the sharp constant in the Remes inequality:

(1.7) am@<1+%mﬂ?,0<ﬁ<%

Combining the left-hand side of (1.4) and (1.7) we show (see Corollary 3.5) that
(nB)?
3

(1.8) C(n,B) =1+ +0(B8Y).

This answers Stechkin-Ulyanov’s question ([SU]) on the rate of decrease of C(n, 3). Moreover,

C(1,p) —1—|—2tan26

which proves conjecture (1.5) for n = 1.

The paper is organized as follows. In section 2, we prove several basic auxiliary results for rearrangements.
We recall that the distribution of a measurable function f on T is defined by A(e, f) = pu{z € [0,27] :
|f(z)| > o}. Then f*(t) =inf{o: A(o, f) <t} is the decreasing rearrangement of f. We will also consider
the decreasing rearrangement of functions on their minimal periods denoting it by f*.

In section 3, we prove sharp Remez and Remez-Bernstein’s inequalities in terms of rearrangements and
averages which are defined as follows. Any fixed family M of measurable subsets of T is called a net in T.

For a 2m-periodic locally integrable function f we define the function

/f )dx|,

which is called the average function of f on the net M ([NT]). If sup.c,, le] = cand t > a, then f(t, M) = 0.

In section 4, we obtain sharp Bernstein and Bernstein-Nikol’skii’s inequalities in the Lorentz spaces, in
particular Lebesgue spaces, and in the Net spaces. As usual, a measurable function f defined on T belongs
to the Lorentz space L, , = Ly, o(T) (see e.g. [BS]) if

27 adt 1/q
ey, = ([ (000 ©)"F) <o 0<pa<o,
0

ft, M) = sup —
eeM |€
lel>t

t>0,

and

£z, = sup tYPf*(t) <oo, 0<p<oo
te(0,2m)
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The scale of net spaces is more general than the scale of Lorentz spaces. To define them, let 0 < p, ¢ < oo,
M be anet in T, and a 27-periodic function f be locally integrable. We say that f belongs to the Net space
Np,q(M) = Np,q(Mv T) ([NA, NT]) if

2m dt 1/q
Iflon = ([ @PTEIPE) <o 0<pa<ox,
0

and

I flln, .ary = sup tl/pf(t,M) <oo, 0<p<oo.
' te(0,2m)

The net spaces Np 4(M) are a natural generalization of the Lorentz spaces Ly, 4, since if M is a collection of
all compact sets in T, then N, o(M) = Ly, 4(T) for 1 < p < 00,0 < ¢ < o0.

Finally, multidimensional variants of Remez and Nikol’skii’s inequalities are obtained in Section 5. In
particular, for trigonometric polynomials

Ta(z) = Z Z ae'®® o eC, zeT? d=1,
[k1l<n1 |kal<na
we obtain the following Remez inequality

1 d
0<|B| < T

HTnHLm(Td) < - ||Tﬂ||Loo(Td\B)a —a .
cos {/|B| H?Zl £ 1= dn;

cf. [DP] and [Kr].

2. BASIC LEMMAS ON REARRANGEMENTS

Let T, € M, and d = d(T;,) be the minimal period of T,,. Note that 27” < d < 27, Let T)(t) be the
decreasing rearrangement of T}, on its minimal period, i.e.,

Apin (0. T) = Hx € [0,d) : | T, (z)| > a—}‘
and
T*(t) = inf {0 Apin (0. Th) < t}.

Remark that this concept describes the order of polynomials more accurately than 7). For example,

(cosnx)*(ﬁ) = (cosx)*(ﬂ) = cosg, 0<p<2n

but
(2.1) (cosnx)*(ﬁ):cos%, 0<B< —
Moreover, the following result holds.

Lemma 2.1. Let n € N and f € M, be such that |c,(f)| + |c—n(f)| > 0. If d is the minimal period of f,
then

) we have f*(8) < f*(B) for 0 < < d and f*(8) < f*(8) for d < 2m;

) there exists m € N such that d =27 /m;

) we have n/m € N and g(x) = f(x/m) is a trigonometric polynomial of degree n/m;
) [(B) =g"(B), B €[0,2m);

) fH(B) = fr(mP) for 0< B < d.

Proof. Item (a) follows from A i, (o, f) < Ao, f) and A5 (0, f) < A(o, f) for d < 27,

(b). If d # 2n/m, m € N, then we take an integer r such that rd < 27 < (r + 1)d. Suppose that
a =27 —rd; then f(z) = f(z +rd), z € R. Using 2m-periodicity, we get f(z) = f(z + 27) = f(x + a +rd),
x € R. Then f(x) = f(x + «), which contradicts a < d.
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(c) Let d = 27 /m be the minimal period of f. Putting g(z) = f(z/m), z € [0, 27), we have

2 ] m—1 on(k+1)/m m—1 271-/m ,
)= [ s rmas =32 [ gt 52 [T g i
k:o us m

w/m
(22) _ /02 f 7"$d1' < Z 6727rzkr/m )

m—1
L ; m, for r=ms, seN,
Taking into account Z e~ 2mikr/m — ’

= 0, otherwise

len ()] + le—n(f)] > 0, then n/m € N. Therefore, using (2. 2) we get

, we get ¢,.(f) = 0 for r # ms. Since

27 /m ] )
ems(f) = m/o fx)e™"" do = ; f(m/m)e_”l dx = ¢s(g),

and g is the trigonometric polynomial of degree n/m.
(d) Making use of 27 /m-periodicity, we get

)\(a,f):‘{xe[o,%r]: |()\>a}‘:m’{x (0,27 /m] : |f(:c)|>a}‘
{xG[O,QW]: |(x/m|>a}‘f‘{ e [0,2x] - (x)|>a}‘:)\(a,g).

Then ¢*(8) = f*(8) for any 3 € [0, 27].
(e) We proved that d = 2% and Ay, (0, f) = SA(0, f). Hence, for 0 < 8 < d = 2%,

fr(B) = inf{o : Apin (o, f) < B} = inf{o : Ao, f) < mpB} = f*(mp). 0

We denote by 9, the set of real trigonometric polynomials, i.e.,
(2.3) m,, = {Tn EN, : Th(z)eR, ze€ T}.

Let us prove two auxiliary results on rearrangements. First, we recall the following known lemma. The
proof can be found in the papers [Be] by S. Bernstein and [St] by S. Stechkin.

Lemma 2.2. For T, € M, such that |T,(z)| <1 and T,,(0) = 1, we have

(2.4) T, (z) > cosnz, T <z < T
n n
Lemma 2.3. Let T, € 9, be such that
max T, (z) — min T, (z) = 2.
Then for 0 < 8 < 27”,

(2.5) T (8) = (cosnx +a)” (),

where a = max Ty (z) — 1 .

Proof. Denote

= :=max T, (x) and & :=minT,(z).
Let d be the minimal period of T,,. Then there exist x1, 2z € [0,d) such that T, (z1) = E, T (22) = £ and
the polynomial

To(z)=T,(z1 —x) —E+1

satisfies all conditions of Lemma 2.2. Hence, for 0 < |z| < T, it follows that
(2.6) T, (z) > cosna.
Moreover, |21 — x2| > T since if |1 — 22| < T, then

Tn(zl —x9) =Tp(x2) —E+1=—1< cosnz,
which contradicts (2.6). Inequality (2.6) can be written as follows
(2.7) Tn(x1 — ) > cosnz + «,
where a ==2—-1=¢+ 1.
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Similarly, Lemma 2.2 gives

(2.8) Th(zo — ) <cosn(f—x) +a=—cosnzx+a, 0<|z|< T
n n
(here it is enough to consider —7,,).
Assume first that « € [-1,1] and 0 < |z| < %S(fa) Then using (2.7) we get
(2.9) Tn(x1 —x) = cosnz + o > 0.

Also using (2.8) for %(_a) <z<E - %S(_a), we have

Tn(xg — (m — E)) <cosnr+a<0
n
and therefore

(2.10)

Tn($2 — (x— E))‘ > |cosnx + «f.
n

Further, let

Ay = (g = ) ) WSOy i (- (T J)x o (% - arecosCalyy
n n n n n

Since |1 — x2| = I, then A; N Ay = (. Moreover, |A;| + |As| = 27/n < d and for v > 0
‘{xe[O,d):|Tn(x)|>v}‘2‘{3@6A1UA2 x)| >y ‘

- erAl T ()] >7H +|{z € 42 Tu@) > 7}

Then, making use of (2.9) and (2.10) and translation invariance of the distribution function, we have for
v>0

€ [0,d) : [Ta(@)| >} > {sr: e (_ arccoz(—a)’ arccoz(—a)) [cosnz + o > 7}’

n n n

2m
= {:ce (0,—):|cosnaz+a|>’y} .
n

Therefore, for a € [—1, 1] we get the required inequality (2.5) for 0 < 5 < 2%
Let now « > 1 and therefore £ > 0. Applying (2.5) to T,, — &, it follows that

(T, — &) (B) = (cosnx +1)"(B), 0<B< 2%

arccos(—a) 2w  arccos(—a)
—|—{x€< ,— — ):|c0snx+a|>’y}

Taking into account that
T5(B) = (Tn =€) (B) +§
and
(cosnz + a)* (B) = (cosnz + £+ 1) (B) = (cosnz + 1)" (B) + &,
we get (2.5) for & > 1. For v < —1 it is enough to consider —T,. O

Lemma 2.4. Letn € N and 0 < 0 < 27” Then

(a)
1+« _ 1+sin 208
su ;
022 (cosna + @) (B) S 1 sin? 22

(b)

np
inf * > 2 :
0<1(£1<Oo(cos nx + «)*(B) = cos 1

1—cos ™2
(cos nx + 2) (B) = cos? ﬂ
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—COs Lﬁ . . .
Proof. Let cos "—25 +a>1l—aq,ie, a> % (see Figure 1 showing the graph of the function f(z) =
| cosnz + a).
I+«
(cosnx + a)*(8)
-«
0
B 5
T2 2
FIGURE 1.
Then
« ns
(2.11) (cosnx + «a)*(B) = cos - + a.
Note that the function
(@) = _dta
4 cos "Q—ﬁ + «
is monotone with respect to o and therefore
1 1
(2.12) su _ttae sup o

p —_— .
0<axl (COS nw + O‘)*(ﬂ) 0<a<(1—cos 22)/2 (COS nw -+ O‘)*(ﬂ)

ng
1—cos =~

Next let 0 < a < 5

, then

cos & + cos 2
(cosna +a)(§) = o222
where 0 < u < v < [ satisfy the following equations
ut+v=_,
(2.13)
cos 5t — = cos g +

(see Figure 2).

I+a

o
3|3

FIGURE 2.

Hence,
n(B—u)
2

(cosnz + a)*(3) cos ™t + cos UB—u)

1+« _2+cos%—cos
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Let us find the maximum of the right-hand side for u € [0, 3/2]. Take

_ 2+4cosz —cos(a — z)

f(z) =

0,a/2),
cosz +cos(a—2z) 2€l0,a/2)

where 0 < a < w. Then

—2sina — 2sin(a — z) + 2sin z

f(z) = <0, zel0,a/2).

(cos z + cos(a — 2))?

Therefore, f(z) is non-increasing on [0, §) and has a maximum at z = 0. Then, by (2.12),

1+« 2+cos%—cos@
sup = max
o<a<1 (cosnz +a)" (B)  o<u<?  cos BE + cos M

3—cos"7ﬁ 1 + sin?

_l—l—cos%ﬁ 1—sin2 28’

n

=R

ie., (a) is verified.
To prove (b), let a > 1 and then

(cosnz + a)* = (cosnx +1)* + « —1 > (cosnx + 1)*.

—cos 28
Therefore, in (b), infimum is attained for 0 < a < 1. Further we remark that for o > ! > 2 we have

n
(cosnz + a)*(f3) = cos 76 + a,
which is the non-decreasing function with respect to a. Then

inf (cosnz + a)*(8) > inf (cosnx + a)*(B).
0<a<oo 0<a<(1—cos 22) /2

Next, for 0 < a < (1 — cos %)/2, we have

cos g + cos
2 b
where u, v, and « are related by (2.13). Taking into account that

(cosnz 4+ a)*(B) =

n(B—u) nu
VeV + o
min 8T e cos? %,
o<ugd 2 4
we get (b).
To prove (c), we just use (2.11):
1— ng

(2.14) (cosnz + a)*(8) = cos % + w = cos? % O

3. SHARP REMEZ INEQUALITIES

First, we note that the classical Remez inequality can be written as an inequality in terms of rearrange-
ments (see also [DP]).

Remark 3.1. Let Q be a measurable subset of R, f € L. (Q) and a right continuous function C(-) be
nondecreasing. Then the following statements are equivalent:

(3.1) fH0) <C@B)f(B), B>0;

(3.2) Ifllee) < CUBDIfllLo By for any measurable set B C €;

(3.3) if {zeQ:|f(x)>1} <pB, then |fllz_w) <C(B).
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Proof. Let us verify that (3.1) = (3.2) = (3.3) = (3.1). First assume that (3.1) holds. Let B be a subset
of Q such that |B| = 3. Note that for any € > 0
a={zeQ: f@I=rE+a}| > B+e)

Then

Hx € |f@)| > (B+9)} \B] >0
and

[flzwnm) Z 1 fllLeiavs) = F7(B +¢).
Using (3.1), we get

[fllzw = f(0) SCB+e)f*(B+e) <CB+e)flrow\n),

and therefore (3.2) holds.
Let now (3.2) hold. Denoting B := {z € Q : |f(z)| > 1} and assuming |B| < 8, we have |f(z)| < 1 for
any € Q\ B. Then (3.2) gives

1l < CIBN)Iflle @) < C(IB]) < C(8).

Assuming (3.3), consider 8 > 0 and ¢(x) = ft((%, we get

{reQ:p@)|> 1} = [{ze: /@) >/ @)} <B<B+e.

By (3.3) we have [|¢[|1_ (o) < C(B+¢) for any € > 0. Since C(-) is right continuous, |||z (o) < C(f), i-e.,
(3.1) follows. O

Thus, to investigate the Remez inequality, one can use its rearrangement form
(3.4) T,;(0) < C(n,B)T;(B), B>0.

Note that dealing with polynomials with the minimal periods less than 27 allows us to decrease the constant
C(n,B). Indeed, if d = 2w/m is a period of T,,, then by Lemma 2.1, T,,(z/m) is a polynomial of degree n/m
and

*

T o (x) = Ty(x/m), T%(ﬁ) =T,(B), B>0.

Then inequality (3.4) is true with the constant C'(7%, ).
To overcome this, we are going to study Remez’s inequality with the x-rearrangement, i.e.,

(3.5) T;(0) < C(n, B)T;(8), B>0.

Let us now recall that 91, and 9, are the sets of complex and real polynomials of degree at most n,
respectively. The next remark shows that to study the Remez inequality in the form (3.4) or in the form
(3.5), it suffices to deal with real polynomials.

Remark 3.2. Let 0 < 8 < 27. Then

77 (0) 77 (0)
3.6 =

(3.6) o THB) e, TH(B)’
and

5 wp O T0)

Thoen, Ti(B)  1hem, T (8)

Proof. 1t is clear that
wp TO L TEO)
roen, Ti(B) ~ roem, Ti(B)

Let now T,, € M,, and |T},(xo)| = maxger [T (z)|. Suppose a = I%LEI g‘ then Re (aT,) € M, and

max | Re (aT,,) (2)] = T (w0)| = T5(0).
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Further, since |Re (&1, (2)) | < |Tn(z)|, we get

7:(0) _ (Re(aTn))" (0) _ (Re(aT,))" (0) _ sup (0
T:(9) T:(B)  ~ (Re(aTn))" (B) ~ m.em, T;(B)
and (3.6) follows. Similarly, we can show (3.7). O

3.1. Sharp Remez inequalities in terms of rearrangements. The main result of this section is the
following sharp Remez type inequalities.

Theorem 3.3. Letn,k e Nand 0 < (3 < 27” Then

and
—kr(k)
(3.9) S W =1+ tan? %
Proof. To prove (3.8), we define two subsets of 9M,,:
(3.10) mo = {Tn eM, : mﬁXTn(x) - mxinTn(J:) = 2}
and
(3.11) m! = {Tn €M 1< maxT,(x) < 2}.

Note that for any T}, # const there exists ¥ > 0 such that 4T}, € 9MY. Then it is clear that

sup Ty(0) sup 77(0)
Toem, Ti(B)  1eomo T(6)

Let us now show that

p TO L T0)
roemo Tx(B)  1eom Tr(6)
Suppose that T;, € MY but T, ¢ ML and —T,, ¢ M.. Denoting = := max T}, (), note that = > 2. Indeed,

assume 0 < = < 1, then it is clear —T;, € M}, which contradicts the choice of T},. The case = < 0 can be
reduced to the case = > 0 by taking —T,,.
Therefore, = > 2 and £ := min T, (x) > 0. Then for P,(z) := T, (z) — £ > 0 we have
Pr(B)=T;(B)—¢& B=0.
On the other hand, P, € zm}m
7:00) _ (13000 =" +& _ PI0)+& _ Pr(0)

TiB)  (Tu(B) =" +¢  Pi(B)+& ~ Bi(B)’
because of P} (0) > Px(8) and € > 0. Hence, we get
7;(0) 7,(0)
sup = .
T,eMy Trf (5) TneM} Tf{(ﬂ)
Therefore, it suffices to verify (3.8) on the class M.
Let further T}, € ML, then by Lemma 2.3,

Tr(B) = (cosnx + a)* (B),

where 0 <a==—1<1. Then

T*(0) _ = _ 1+a
T*(B) = (cosnx +a)*(8)  (cosnz + a)*(B)

and therefore,

!

*(0) 1+«
< sup —m— .
o<ax1 (cosnx + a)*(B)

sup
T,eMm) T~ (ﬂ)
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Making use of Lemma 2.4(a), we get

Tr(0) T*(0) _1+sin® 22 2 Bn
s = = s < =1+ 2tan
Tnegt Tx(B) =, egtl T*(8) = 1 —sin? ﬁ4" 4’

where 0 < 3 < 2Z. The constant in (3.8) is sharp, take

1—cos "5
(3.12) T, (x) = cosnx + #
and use Lemma 2.4(c).

Next, let us show the accuracy of (3.9). Remark that
sup ||n_kTT(Lk)HLoo ~ ”n_ka(Lk)HLoo
T.em,  1i(B) r.em:  LTy(6)
Let T;, € ML, then 1 < = < 2, max, |T,(z) — (2 —1)| = 1. Using Bernstein’s inequality, we have
_ - = (k)
sup In T, e [n (T, — (E-1))" o < swp 1
ey Li(B) T, emL () " e Tr(B)
By Lemma 2.3,
TP i i

sup < sup — = -
T €M, T (6) TneMy, (cos nr+E— 1) (8)  infogecoo (cos nx + c) (8)

Also, taking into account Lemma 2.4 (b), we get

wp T I T,
T.em,  17(B) r,em:  ITx(B) = cos? "Tﬁ
Sharpness in (3.9) can be verified by considering the function (3.12); see Lemma 2.4(c). O

Note that first applying Bernstein’s inequality and then Remez’s inequality (3.8) does not give the sharp
constant in the Remez-Bernstein inequality (3.9).

Corollary 3.4. Letn,k € N, T,, € M,,, 2w/m be the minimal period of T,,, and 0 < 8 < %Tm Then

(3.13) T(0) < (1 + 2 tan? 475) T*(8)
and
(3.14) In=*T®|| L < <1+tan Tﬂ) T*(5).

Inequalities (3.13) and (3.14) are sharp; they become equalities for T, (x) = cosnx + %(1 — cos g)

Proof. Let 0 < 8 < 22 and k € N. Then Theorem 3.3, where (3.8) and (3.9) are applied at the point 8/m,
and Lemma 2.1(e) glve

T%(0) = T(0) < (1+2tan2 %) T3 (8/m) = (1+2tan Tﬁ) T*(8)
and
In=*T® | < (1+tan2 %) T*(8/m) = <1+tan Tﬁ) T (8B). O

The next result provides the asymptotics of the sharp constant C(n, ) in the Remez inequality.
Corollary 3.5. We have

(3.15) C(n,B) =

and

(nB)
8

)

(3.16) C(1,B) = 1 + 2tan? g.
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Proof. It follows from (1.4) and (1.7) that

1 2m — 2m — 2
An(B) = §(tan2” ( FS ﬂ) + cot?" (ﬁTﬂ» <C(n,B) <1+ 2tan? %, 0<pB< %
Let x = 3/8. Then

An(x)—lzé[(cot% (m/4—2) — 1) + (tan®"( 7r/4—x)—1)}

1| [cos(m/2 —22) § . 5 cos(m/2 — —
=5 l(bln(ﬂ'/él—)z ot k(w/4—x)> — <cos2 = kzotan 7r/4—x)>]

k=0
_ sin2z 1 =, =
- lsinz(w/él 3 kzz;) (cot™(m/4—2) —1) — P Yoy — 7r/4 — ) kz:: (tan? (/4 — 2) — 1)
N n B n }
sin?(r/4 —x) cos?(m/4 — x)
_ sin2z 1 —{ cos 7T/2 — 2
2 [sinz(ﬂ'/él—x) ];) sin®(7/4 — mz::OC ot (m/4 = )
1 — 1cos (m/2 — 2zx) = ncos(m/2 — 2x)
* cos?(mw/4 — x) I;J cos?(mw/4 — mzzotan (/4 =a)+ sin?(7/4 — x) cos?(w /4 — x)
_ sin® 2z 1 — 1 om
2 Lin2(7r/4 — ) £ sin 2(m/4 — Z cot™ (/4 — )
1 n—1 1 k—1 n
2m _
+ cos?(m/4 — ) kgo cos?(n/4 — x) mzzotan (w/4—2)+ sin?(m /4 — x) cos?(m /4 — z)]
Since A, (z) is even, we get
) n—1 2
An(w) 1= 222 (557 02| =2sin? 5 (w2 + o)) = "L L o
@)~ 1= kzﬂ + n+0@?) | =2sin T (n? + 0(87)) = =+ 0(6%)
or ,
) =1+ " o,
On the other hand,
2
1 + 2tan? % = (ng) (BY),

which implies (3.15).
Further, (3.16) follows from (n =1 and = = (3/8)

An(B)—1= %|:(C0t2(7T/4 —z) —1) + (tan®(r/4 — 2) — 1)}
sin? 2z 1

{ B
2 sin?(7/4 — x) cos?(n /4 — x)

]2tan 2x72tan24

O

Remark 3.6. Corollary 3.4 yields the following Remez inequality with the constant written in the expo-
nential form. If d = 27 /m is the minimal period of T;, € 9,,, then

(n3)?
2m?

compare with the known bound exp (nﬂ min{2, (1 + 1.75ﬂ)}>, cf. (1.4). This follows from (3.13) and the

mm
ITllzeo2m < oxp (S ) ITulliw oz, 1Bl =8 < 2

inequality 1+ 2tan? x/4 < exp( ) for 0 <z < m.

Next we provide the following result on the Remez inequality in L, (see also [Er2] and [EMN]).
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Corollary 3.7. Let p € (0,00) and 2w/m be a minimal period of T,, € M,,. Then
27 p B p
/ Tn(t)‘ dt < {1+ (1+2tan 3l |) ] /
0 2m T\B
where |B| < T,

Proof. Using Corollary 3.4, by (3.13), we get

dx < /lB(T;;(t))p dt
0

Tn(t)‘p dt,

Tn(x)

‘ p

< |B| (1 + 2tan? T* (2|B|))?

2|B\
< (1+2tan ) / )P dt
< <1+2ta ) / pdt

B
<<1+2ta 3l ')/ 7 ()P da 0
2m T\B

3.2. Sharp Remez inequalities in terms of averages. Remez’s inequality allows us to control how fast
polynomials of degree n change on the period. Another inequality that characterizes such properties of
polynomials is the following one:

(3.17) Tl < C(n, 8) T(B, M).

Let [a,b] be an interval of T of the measure < d. We say that Q is a harmonic interval if
Q=U ([a,b]+id>, reN
i=0

(see e.g. [Nu]). By Mp in:. we denote the collection of all harmonic intervals in T. Let also M;,; be the
collection of all intervals in T.

Theorem 3.8. Let M be a net that contains My, ;ne.. Let T,, € M, and " be the minimal period of T,.
Then

(3.18) ITallee < —2 _Tu@ 0D, 0<p<™2,
2m sin 3= n
and
nf —— T
3.19 T g . a8 tn\M in 0 -
(3.19) 1Tl 2sin 22 Tn(B, Mint.), 0<B <

Inequalities (3.18) and (3.19) are sharp; they become equalities for T, (x) = cosnx.

Remark 3.9. An analogue of (3.19) for a net M that contains M;,;. also holds, i.e.,
nﬁ
2sin 2

However, unlike (3.18) this inequality is not sharp.

1Tnllz.. <

T, (3, M), 0<pB<-_.
n

Proof of Theorem 3.8. Since g,T([! L]\°/1°) is invariant under multiplication by v € R\ {0}, we get

Talee _ Tl
T,eM, Tn(ﬁvM) T, €M Tn(ﬁvM)

Let then T,, € MY. Without loss of generality we assume that Z = max,e[_r ) Tn(2) = T,,(0) > 1. Then

Lemma 2.2 implies
T

To(x) = cosnx + (E — 1), me[—2—,2—].
n’ 2n
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This and 2H’T—periodicity of T,, give for 8 € (0, Wm/n)

m—1 L+2m

1 2m /
ﬁ; _27+i ﬂ 2i

o
K

m [ 2msin 22 _
2—/ (cosnr +E—1)dr = ——22 + = - 1> 0.
BJ_ g nj
Hence,
1 oo+ 2 2m sin "ﬁ
sup  — T,(zx)de > ———2 +=—-1
TE‘Z;L)M |€‘ /e ‘ Z/ +27m n( ) - n,@
and
T, T,
wp Wil o Tl I s
o, To(B, M) Toems, Tn(B, Mp.int.) — Ta€m, SUPecMp i T | [, Tu(y)dy|
= ng
S S " Ymsin 28
1<E<00 mSIZ o +=—1 2msm%

the required inequality.
Consider T,,(x) = cos nz. For this function m = n, max|T,(x)| =1 and for 0 < § < 27,

1 2sin 2
dyl = s — d cos nxdr = 2
/"(y) y‘ certyin e|/e n(9) y‘ ﬁ/,f N

lel> o

sup
ee M €|
le|=B

e., inequality (3.18) is sharp.
The proof of inequality (3.19) is similar to the proof above using

n T
5.20) wp ATl Tl _

g
T,em9 T, (ﬁ Mznt) T, €M SUPeeMmt \e| |f T dy’ 2sin nﬁ

The next theorem plays an important role in approximation theory (see Stechkin [St] and Nikol’skii [Ni]
in case § = m/n). In particular, it generalizes Bernstein’s inequality |77, ||co < 7|70 ||0o-

Corollary 3.10. Let n € N. We have

Iz n
sup

||L :( ) 2
o T+ 8) - Ta@ . \zsmez) 7<%

Proof. Without loss of generality, assume max,c[—r - T}, () = T;,(0) > 1. The estimate from above follows
from (3.20):

1Tl o _ ||T'HL o
- T = i Bn
xén[[)a;(ﬂ |Tn(z + B) — Ty () max +ﬁ T (y)dy ‘ 2sin 5
To prove the estimate from below, we consider T, (z) = sinnzx. O

4. SHARP NIKOL’SKII AND BERNSTEIN-NIKOL’SKII INEQUALITIES IN THE LORENTZ AND NET SPACES
We start this section with Nikol’skii’s inequalities in the Lorentz spaces Ly, q = Ly, ¢(T).

Theorem 4.1. Let 0 <p < oo, 0 < g< o0, andn € N. Let also T,, € M,, and %’r be a minimal period of
T,.. We have

n\Ll/p 1+«
4.1 TollLe < (*) sup ————————Tullz, ,;
(4.1) Tl < (5)" st e STl
1/17 nk
42 T®, < (3) Tl .
(4.2) Tl m inf,e0,1) ||cosn(-)—|—aHLp_’qH 1y
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Inequalities (4.1) and (4.2) are sharp; they become equalities, respectively, for T, ;(z) = cosnz+a;, i=1,2,
where o is the point where the mazimum of

1
#7 o e0,1]
” COS(') + a”Lp,q
is attained and ag is the point where the minimum of

l[cos(-) +all, ,» acl0,1]
is attained.

Remark 4.2. Note that in the papers [BKP1] and [BKP2] it is proved that
[ Talle, — _ [[cos() + alz,

4.3 sup sup ——————— = , O<p<r<oo
43 N e W T, 022 Teos() + al,
and
(k)
Th —
(4.4) sup sup ” I = ([ cos(")|L,) 1, 1<p<oo, keN

neNT,em, nFTVP||T, | L,

Therefore, inequalities (4.1) and (4.2) supplement (4.3) and (4.4) for the case of the Lorentz spaces (take
p = q). At the same time, considering minimal period of polynomials allows us to prove sharp Nikol’skii
and Bernstein-Nikol’skii inequalities (4.1) and (4.2). The sharp constant in (4.1) was also discussed in [DP,
Rem. 6.3].

We will need the following technical result.

Lemma 4.3. Suppose 0 < p < 0o and 0 < g < oo, then

1+« 1+«
(4.5) sup ——————— = sup —————
0<a<oo [[€os() +allL,, o<a<i [[cos() +allL,,
and
(16) Jnf_[leosn() +all,, = inf feosn()+all, -

Proof. Let o > 1. Let us find the extremal point of the function
(1+a)?

9(a) = ;<" —-
Teos() + allL_
Since
t
(cos(+) + a)*(t) = (cos(:) + 1)*(t) + « — 1 = cos 3 + a,

we get

2 g t -t t

g (o) = (q(l +a)?! / tr 1 (cos 3 + a) (cos 3~ 1) dt) |l cos(-) + a||£3q < 0.
0 2q

Hence, g(a) < g(1), and (4.5) follows. Inequality (4.6) can be shown similarly. O
Proof of Theorem 4.1. Since |“|TT:|“|LL°° is invariant under multiplication by v € R\ {0}, we have

wp Pl m T
T,eMy, nl/pHTnHLp,q Tnem% nl/pHTnHLp,q 7
where MY is defined by (3.10).

For T,, € MY we can assume that = := max T, (z) > 1. Let %” be the minimal period of T,,. By Lemma
2.3,

I

T3(8) = (cosnz+=Z—1)"(8) 0<8<2n/n,
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and hence,

15
1/q
27 /m dt
ol , = m’> ( / t‘*<T*<tm>>qt>
0
1/q
2m/m dt
— /P (/ tP(T*(t))q>
0 t
1/q
27 /n . dt
> m!/P (/ tp(T*(t))q>
0 t
1/q
27r/n th
> m!/? / tr ((cos ne+ 2 — 1)*(t)) — .
0 4
Using Lemma 2.1(e), we have

2m 4 adt 1/q
1Tl = mt/Pp=t/P (/ tr ((cosx—i—E - 1)*(t)) ) .
0
Then

t
mP|| Tl 1.,
sup

Trem9 T

VP Ty \L,., =1l cos(-) +
=>1

=
=
= Lp,q

14+«
su

P .
0<a<oo [ cos() +alL,,

(4.7)

By Lemma 4.3, we obtain
mP|| Tl l+a
sup < su
Tpem, 1

l1+a
D — Sup .
YP||Tollz,,,  o<a<oo lcos(-) +allz,,  o<a<i llcos() +alL,,
To show the sharpness of (4.1), take Ty, (x) = cosnz + ;.

Let us now show the accuracy of (4.2). Estimating as above and using Bernstein’s inequality, we get
k k
wp AT T
T.em, WMVP T, . 1,emo n*HVP| T L, ,

—k Tn—E—l (k)
oy T E1)

n q 1/q
T (f5 (BT ) %)

1
< sup 1
/q
T, MmO nl/P (f027r/n (t%TT’{(t))q %)
1
< sup

1
0<a<oo ( 2

= sup ———.
q 1/q (-
5 (t%(cos(') + a)*(t)) %) ocast [l eos0) + ale,,

The polynomial T,,(x) = cos nx + as provides the sharpness of (4.2).

The following remark gives the (L, Ly, )-Nikol’skii inequality.

Remark 4.4. Let 0 < p < p; < o0 and 0 < ¢1,¢ < oo such that ¢/p = ¢1/p1. Let 2nr/m be a minimal
period of T,, € M,,. Then

1/p—1/p 1
s, < (2)7 (s e
1,41 m

1-p/p1
wp o —— e '
o<a<1 || cos(+) + O‘||Lp,q> 1Tall, ,
In particular,

n\ l/p=1/p1 1+« 1-p/p1
T, < (7) T, .
Ty, < (2 (5, et M,LP) Tl



16 E. NURSULTANOV AND S. TIKHONOV

To finish this section, we give Nikol’skii’s inequality for the net spaces.

Theorem 4.5. Let 0 < p < 00, 0 < g < 00, and a net M contain My ;. , the set of all harmonic intervals.
Let T,, € M,, and % be the minimal period of T,,. We have

n\l/p m . dt i
(45) Tl < () (7 (250 8)) %) i, o< o

sin «v

1
) 1Tl v, oo (a1)-

Inequalities (4.8) and (4.9) are sharp; they become equalities for T, (x) = cosnz.

(49) Tl < () ( sup (20)}

O<a<m

Remark 4.6. An advantage of considering the net spaces is, in particular, that the constants in inequalities
(4.8) and (4.9) do not have supremum form as in inequalities (4.1) and (4.2). On the other hand, if M is
the collection of all compact sets, then Npq(M) = Lpg, 1 < p < o0; see [NT]. Moreover, [|Ty[n, () <

1T ||z,., for any p and ¢, where T;* (z) = L [T (t) dt.

77/

Proof. Let ¢ < co. Using (3.18), we get

ml/p”TnHLoo ml/p”TnHL
rresn, WP Tally, o) Toemm 2em/ s
n €My n || Ny o (M) n€Mn 1 1/p (foﬂ'm n (tl/pT (t M)) %)
- ml/p
\Tbgf)pﬁ 2rm/n 2 d 1/aq
e ([T (0 sin 1) )

—1/q

2 sin £ T dt
ott/PT_2 ) ) — :

([ Gty

If ¢ = oo, similarly, using again (3.18), we have

su m! P Tl|z.o. < 175 | 2o
D /v R ¢ I
T,eM,, T ||TnHNpoo(M) Tn€My sup ((ﬂ)l’ Tn(/@7M))
0<pB<2mtm/n m
1 Lsi B
< sup = < sup (2a)” sma)
TheMy sup ((7:5) nﬂ sin 2ﬁ> o<a<m (e
0<pB<2rtm/n
Considering T),(z) = cosnz gives sharpness of inequalities (4.8) and (4.9). O

5. REMEZ INEQUALITIES IN THE MULTIDIMENSIONAL CASE
Let d € N. The following multidimensional Remez inequality for trigonometric polynomials

=Y ae™? k=(k, - ki) €L ceC, zeTl?

[k|<n
where |k| = ||k||,. = max{|ki|,---,|ka|}, is well known: For any Lebesque measurable set B C T% such
that |B| < (7r/2)d we have
(5.1) 1Tl 1. ey < exp (4dn|B\1/d) 1Tl Lo (re\ BY-
For d > 1 the proof is given in [DP, Kr]; the proof is by induction.
We consider more general trigonometric polynomials. Let n = (ny,--- ,ng) € Z% and
E):Rn(d) = mnlnd(d) = { Ta : R> T Z Z cxe' kI) k e Zd, Cck € (C, x € Td}

\k1|<n1 |kd|<nd
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Note that Remark 3.1 holds for multivariate polynomials from 9, (d), that is, Remez’s inequality can be
studied in the form T3*(0) < C(B)T(B3), B > 0, where f* is the decreasing rearrangement of f on T9, i.e.,
f*(t) = inf {0 cpf{z e T4 |f(z)] >0} < t} and p is the d-dimensional Lebesgue measure.

Below we prove analogues of the one-dimensional Remez inequality. For the sake of simplicity, we consider
only the case when d = 2.

Theorem 5.1. Let n = (ny,n2) € N? and Ty(x1,22) € Mu(2). Then

1 w2

——TX(B), where 0<pf<
cos\/LgQB

ny no
Tn(:rl, {132) = Z Z Ckth exp (ik1$1 -+ ikgl’g) .

ki=—n1 ke=—n2

Without loss of generality we assume that

(5:2) T,(0) <

277,1712 '

Proof. Let

max Ty (21, 22) — min Ty, (21, 22) = 2
and
Tn(0,0) = max Ty (z1,22) : =2 > 1.
Let 7 = % €Q, p € Z, and ¢q € N. Consider the polynomial Ty, (1, z2) on the line x; = x, x5 = 71, i.e.,

1

nz
Ta(z,12) = Z Z Chy kp €XP (i(qu + kzp)%) =: f(g),

ki=—n1 ka=—n2

where T'(y) is the trigonometric polynomial of degree at most nyq + na|p| with respect to y. Using Lemma
2.2
| T(y) > cos(niq +nalp)y + = — 1 Ty — T
y) = cos(nig+nolp))y +E2 -1, — y :
- ’ n1q + na|p| n1q + nz|p|

Let z = (n1g + na2lp|)y, ie., vy = Groimmns
(5.3) cosz+E—1<T(Z>_Tn< O )
n1q + nz|p| n1q + nalp|’ n1q + na|p|
where —m < z < 7.
Denote

Q.=Q.(n) = {(ml,wz) sleing + xane| < z,|xing — 2ang| < Z} z>0.
Then inequality (5.3) implies

Ta(z1,22) 2 cosz+2—120, O<z<2

for any (x1,x9) € {(a:l,xg) i xo = T2, (T1,72) € 3QZ} and 7 € Q. Here 0Q, is the boundary of Q..

Since T}, is continuous,

I3

Ta(z1,22) Zcosz+Z2—-120, 0<2<
<

N N

holds for any points of Q.. Indeed, if now (2%,29) € Q., there exists 0

Therefore, on the boundary 9Q.,, we get

o < 2z such that (29,29) € 0Q.,.

Ta(2%,29) > coszg + 2 —1>cosz+Z — 1.

Hence,
Ta(z1,22) Zcosz+Z2—-120, 0<2z< g
for any (z1,z2) € @, and then
T (,u(QZ)) >cosz+=Z—-12>0.

Finally,

) T (0) ) = 1
up o < sup =
Taema2) Ta(w(Q:)) ~ =>1c0s2+E—-1 cosz
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and since p(Q,) = 22" _ 3 we arrive at (5.2). O

ningz
In the general case (d > 2) the proof is similar.

Remark 5.2. Let d > 2, n € N? and T,, € M, (d). Then
1

d d Jn;
cos {/ BI[;=; 5*

(5.4) T5(0) <

TL(B),

Where0<ﬁ<7d

Hj:l jnj ’
In particular, we have the following generalization of (5.1) for Ty, € My, (d):
< 9
(5.5) | Tall 1. (ray < exp (0,5d(ny . ~'nd|BD1/d)”THHLQC('N\B)v w(B) = |B| < H gn;
j=17"
Indeed, since costexp(t) > 1 for 0 <t < 1, then for d > 2

1

cos {/|BITT}-, %3

Let us now present the multidimensional Nikol’skii inequality in the Lorentz spaces (cf. [DP]).

< exp

d . d
; 2
|B|H% <exp (O.5d(n1...nd|B|)1/d), 1B| < Hﬁ.
j=1 j=17""

Corollary 5.3. Let 0 <p<o00,0<qg< oo, n=(ny, - ,ng) €N d>2 and T, € Mu(d). Then

1

Ty 1\ /P z T4
(5.6) sup | HLOC(W) < (dd> d/2 (t% cost)qﬂ .
T €My (Hd 2 0 t

1/p
j=1 ”j) ||Tn||Lp,q(1rd)

Proof. Making use of Theorem 5.1 and Remark 5.2 for T, € M,,, we get

em " adt
Mallen = ([ (5720)"F

— | Tx(0)

WV
o\
=
o
]
.
3
S
|~
3
—~
~
SN—
N—
s}
“&
V
S—
=
NS
1]
L
.
3
~
=
aQ
o
%

and we arrive at (5.6). O

In some cases the integral on the right-hand side of (5.6) can be simply calculated. For example, for d = 2,

we have
ning

”Tn”oo < Y HTHHL ’
1(5-1) '
2\/711712

[Tallee € 7= IIThnllL.;

S V14

A/ T1M2
ITalloe < <557~ I1Tallza,

Similar to Remark 4.4 we can prove the following (L,, Ly, )-Nikol’skii inequality for Ty, € My (d),d > 2,

1_ 1

d
P P1
Tl < € (TIn) " Il 0<p<pr <o

j=1
where C'is the constant in the right-hand side of (5.6) with p = gq.
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Finally, we note that Remez type inequalities hold not only for trigonometric polynomials but also for
wider classes of functions. Denote by &,,, v, > 0 the collection of functions f € Loo(R?) such that

2
% S C(Rz), ay +az =2, a; =0 and
B

W < v pu*? HfHLx,(RQ)’ a1+ =2, a; = 0.

Lo (R?)
This class in particular contains all functions of exponential type (v, u) with regards to x1 and o, respectively.
Theorem 5.4. Letv,u >0 and 0 < 8 < %. For any f € &, ,, we have
-1
*(0
(5.7) sup {7<) < <1 B (VM@)) _
fe&u fu,u(ﬂ) 4

Proof. Without loss of generality we assume that

max T, = f(0,0) =1.
Jmax[f(z.5)| = £0.0)

Then since (0,0) is an extreme point, taking into account the definition of &, ,, and Taylor’s formula, there
exists (c1,c2) € (—|z|,|z|) x (—=|yl,|y|) such that
1 [9? o 9? 1
fla) = 10.0)+ 5 (Gaenen® + 25 L (eventay+ G el ) > 1= S0l + )

Suppose z = |z|v + |y|u, then using the same argument as in the proof of Theorem 5.1,

| N

flzy)>21-2>0, 0<z<V2

for any point (x,y) belonging to Q, = {(m,y) ey + |yl < z} Finally, for 0 < 8 < i we have

Fz1-100
and therefore (5.7) follows. O
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