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MODULI OF SMOOTHNESS AND RATE OF A.E.
CONVERGENCE FOR SOME CONVOLUTION OPERATORS

ALEXANDER M. STOKOLOS AND WALTER TREBELS

ABSTRACT. One purpose of this article is to establish results on the rate of
almost everywhere convergence of approximation processes of convolution type
in LP(R™), where instead of a particular rate (like ¢*, u > 0, ¢ — 0+4) frac-
tional moduli of smoothness are employed. An essential tool is a modified
K-functional. Away from saturation orders these results are nearly optimal.
A second purpose is to illustrate that the methods applied also work in other
settings which feature a convolution/multiplier structure.

1. INTRODUCTION

Starting point are the two papers [21, 13] on the rate of a.e. convergence of
certain integral means of convolution type on LP(R), p > 1. One application for
the Weierstrass means of the general results there reads as follows.

Let € > 0 and f € LP(R), 1 < p < oo, satisfy supj, < [|f(- +h) = fC)l, =
O(t*), 0 < u < 1, then

/ flz e~ W/ dy — f(z) = o, (t*|log t|VP7%) ae. as t — 0 +.
It is zmposszble to choose € = 0.

Here we considerably generalize the results of [21] in the multivariate frame-
work LP(R™), 1 < p < oo, by relating the intrinsic smoothness of f, given by its
norm modulus of smoothness, with the rate of a.e. convergence directly; in par-
ticular, moduli of smoothness of fractional order are needed to describe the rate
of a.e. convergence for saturated approximation processes like the Riesz or the
general Weierstrass/Abel-Cartwright means adequately. Further we indicate that
the method employed also works for summability methods of certain orthogonal
expansions.The methods of proof themselves were motivated by a programmatic
remark due to H.S. Shapiro [17, p. 120]: “Another interesting area for study
is how far pointwise (rather than norm) approximation theorems can be inferred
from the Fourier transform of the kernel.” This means to look at this area from
a multiplier point of view.
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Here and in the next two sections we deal with the LP(R™)-setting. First define
the modulus of smoothness wy(-, f), of order A >0 of f € LP, 1 <p < oo, by

A1)y = s 10, A2f<x>=2<—1>f'(j)f<x+jh>, A0,
<t i

Approximation processes (T} f);~o of convolution type on LP(R"),1 < p < oo,
are considered, where

(1.1) Tif =t - Ky/t)f(x —y)dy, K € L'(R"), - K(y)dy = 1.

It is well-known (see e.g. [18, p.62]) that supy,>, K (y)| € L' implies
tl_l)IOILEf(l’) —f(x)=0 a.e
Here we are looking for a refinement of this result in the sense of

(1.2) Tif(z) — f(x) = o(1) wirlt, f)pF (walt, f)p) a.e.

Also interesting is the question how the rate of norm convergence directly entails
a certain rate of a.e. convergence. The central problem is to find a “good”
(decreasing) adjusting function F': (0,1) — (0, 00) ensuring (1.2). It turns out
advantageously to replace wy(t, f) by Peetre’s (modified) K-functional. This we
define as follows.

Let ¢ € S(R™) be such that suppy = {€ € R" : 1/2 < [¢| < 2}, p(§) > 0 for

1/2 <|€] <2, and Y 10 () =1, £ #0, where pg(€) = ¢(27%¢). Then, for
1 <p<ooand A >0, define the Riesz space HY(R") by (cf. [2, p. 147])

HYRY) = {F € 17 Sl +1flug <o), Wlag= | 3 FlePoul ]|

k=—o0

Here F denotes the Fourier transform (F~! its inverse), defined on the Schwarz
test function space S(R™) by

~

FIAE) = f(&) = [ fla)e™de, [feS.
]Rn
If one introduces an associated K-functional by

(1.3)  K(t,f)= K f; L, HY) : W= glly +tlgla), >0,

= inf
geH?

(note that it is increasing), then Wilmes [29] has shown that

(1.4) K, f; LP(R™), HY) ~ w(t, )y, 1<p<oo, A>0.

Observing that for A = N € N and 1 < p < oo the Riesz space HY can
be identified with the Sobolev space W% : Hy = W5, Wilmes’ result is not
surprising in view of the well-known characterization [1, p. 341].
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In the following we will only consider approximation processes of type (1.1)

with radial kernels, i.e., K(y) := k(|y|). Since K is also radial, we write K (¢) =
m(|£]). Thus the approximation processes to be discussed may be written in the
form

(1.5) T f = F mlED] = £, F~[m(E)] € L'(R™),  m(0) = L.

Also we restrict ourselves to two cases: the saturated means which satisfy
. 1—m(s)

(1.6) Sli%l+8—’y—c, c#0, ceC, some v >0,

and the non-saturated ones for which ¢ = 0 for all v > 0. This automatically
leads to the Riesz spaces HY, v > 0 as saturation classes. Typical examples
of saturated processes with saturation class HY are the general Riesz means

(R>");s, and the general Weierstrass means (W} )ys,. In the first case there is
ms(u) = (1 — )5, where v > 0 and § > (n —1)/2, in the second m.,(u) =
e, v > 0. Both means can be used [25] to characterize the K-functional

(L7) K@, f; LP(RY), HY) = | Ry f = fllp = W7 f = fll,,  1<p<oe.

Before formulating a first result we quote two lemmas concerning multipliers
useful when estimating norms of convolution operators and maximal functions.
By purpose, we restrict ourselves to derivatives of integer order — for fractional
derivatives see the corresponding references. We employ the following notation
A~ Bif A< Band A 2 B, where the former (the latter) is the shortcut of
A <¢B (A > c¢B) for some constant ¢ > 0 independent of essential quantities.

Lemma 1.1. [24] Let m be a measurable, bounded, sufficiently smooth function
on (0,400) which vanishes at infinity and which satisfies for some integer N >

(n—1)/2 N
An(m) E/O u™ WY (w)| du < oo

Then F~'[m([¢])] € L'(R") and [|F~ [m][1 S An(m).

Lemma 1.2. [5, 6] Let m be a measurable, bounded, sufficiently smooth
function on (0,+00) which vanishes at infinity and which satisfies for some
NeN, N>n|l/p—1/2|+1/2,

0o 1/2 00
(1.8)  By(m) = (/0 ]uNm(N)(u)\Qd—;b) +/0 N m ™) (u)] du < oo
Define the mazimal operator T, on L*(R™) by
T30 @) = p [T @), T f(2) = 7 [m(l€]) FI(0),

Then T is of strong type (p,p),1 < p < oo, with the operator norm estimate
T p—p S Bn(m); also Ty is of weak type (1,1).
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Our main result concerning the problem (1.2) reads as follows.

Theorem 1.3. Let f € LP(R"),1 < p < oo. For A > 0, choose a se-
quence (0p)een, via K(0}, f) = K(6), f; LP(R™), HY(R")) = 27¢, and a decreas-
ing function F: (0,1) — (0,00) with > ;2 1/FP(27) < co. Further assume that
the function tF(t) is increasing. Let b > 0 be a smooth cut-off function with
Y(t)=14if 0<t<1/2, and =0 if t > 3/4. Let h >0 be a bump function with
supp h C [1/2,2] such that 372 h(27s) = 1,0 < s < 1, and let m be sufficiently
smooth with finite

By(m(1—v)), By((1—m(279))h)=B;, je€Ny, NeN, N> (n+1)/2.

(a) If

(1.9) jf%szﬂ i (ﬁ)p 1/p<oo,

then we have
F A m(teD] * f(a) = fz) = 0, (WK, ) F(K(tY, f)) a.e., t— 0+,
where 0,(1) € LP(R™).

(b) If f additionally satisfies K (t*, f) <t for some fized n, 0 <n < X, and
F(t) := 1+ |logt|"*'/P+e ¢ > 0, with Yoo+ 1) B2 < o0, £ >0, then,
for t — 0+,

FHm(tED] * f(x) = fx) = 0, ()E (Y, f) [log K(*, f)['F1/7+ ace,,
where again o,(1) € LP(R™).

In view of (1.4), the assumption K (¢}, f) < ¢7 means that f should have some
Holder smoothness.

Examples 1.4. (a) Standard choices for the adjusting function F are F(t) =
1+ |logt|'/P+e 0 <t < 1,0r F(t) = 1+]|logt|*/?|log|logt||'/?*¢, where 0 <t <
1/2, € > 0, etc.; in these cases, certainly ¢ F'(t) is increasing.

(b) We start by giving two examples of non-saturated approximation processes.

(i) pE LA VALLEE PouUSsIN MEANS. Consider a C*-cut-off-function m:
[0,00) — [0,1], m(u) = 1 for 0 < u < 1 and m(u) = 0 for 2 < u < oo.
By Lemma 1 it is clear that m(|¢]) is the Fourier transform of an admissi-
ble approximation kernel. Further, condition (1.6) is satisfied. Now define
Vif == FUm(t|€])]  f as de La Vallée Poussin means and observe that, by
Lemma 2, B; = 0 for j > 2, the remaining B’s are finite. Thus, by the charac-
terization of the K-functional in [1, p. 341], we obtain for any fixed k € N, ¢ > 0,

Vif(z) — f(z) = 0px(1) wi(t, ), |log wi(t, £),|P7 ae., t—0+.
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For comparison reasons we note the associated norm convergence result

H‘/tf_f”pgckwk(t?f)pv feLp, ke N.

(ii) Choose m: (0,00) — [0,1], m(u) = 1 — e~ Y% m(0) = 1. Since m € C*
and lim, .., m(u) = 0, by Lemma 1 we have F~'[m(|{|)] € L'(R"). Further,
By((1—e 9 (1—=1h(t)) < oo and B; = O(27e=? "), j € Ny, so that by Lemma 2
we see that, as in the previous example, we have for any fixed £ € N and ¢t — 0+

FUL— e VD s f() — f(2) = 0pn(1) wi(t, £)p | log wi(t, £)p|V/PF  ace.

As already mentioned, typical examples of saturated approximation processes
are the general Riesz means, the general Weierstrass means, but also the integral
means occuring in Lebesgue’s differentiation theorem. Theorem 1.3 now yields
the following results.

(iii) GENERAL RiESZ MEANS. Consider the general Riesz means from (1.7),
ie., m(u) = ms,(u) = (1 —u?)%,. Then the assumptions of Theorem 1.3 (a)
are satisfied, since B; = O(2797) and By(m(u)(1 — 1)) < oo when 0 < X\ < 7.
Thus, we get with F(t) = |logt|'/P*¢ that

R f(x) — f(x) = 0paq(1) walt, fpllog wr(t, f),|/P4 ae., t—0+.

In view of (1.4) and (1.7) the associated norm convergence result reads

(1.10) IRV f = fllp = wylt £y, fELP

When we choose F(t) = |logt|'*'/P*¢ then the hypotheses of Theorem 1.3 (b)
are satisfied even when A = 7 provided the additional smoothness assumption
wy(t, f)p St for some 1, 0 < n < v, holds. Therefore, we have for almost all
x € R™ that

6)
RYf(x) — f(x) = 0,(1) wy(t, flpllogw,(t, £l T/PTE ae., t— 04,
or, when inferring pointwise convergence from strong convergence,
Ry f(x) = f() = oD R f = [llp Nog | RS = fllp| /74 e £ — 0+
We point out that, probably caused by the method of proof, the above result

involving w,(t, f), does not look natural “near” the saturation order ¢7 (like
t7|log t| ), since in the saturation case R f(z) — f(x) = O4(t") — see [21].

v

(iv) GENERAL WEIERSTRASS MEANS. In this case the choice m,(u) = e™
yields the same approximation results as in (iii) for the the general Riesz means.

(v) LEBESGUE’S DIFFERENTIATION THEOREM. This can also be looked at
under the aspect of the rate of a.e.-convergence. Observe that (cf. [19, p. 171]

1 T — —1m *x f(x mu:cu—n/2 S(u
B0 Ju /0 = 7 mED] = F ), mlu) = e o),
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where J, denotes the Bessel function of order « and ¢, is given by m(0) 1.
Clearly, T —y) essentially is the Hardy-Littlewood maximal function, thus
15— lp—p < 00, which replaces the condition By (m(1 — 1)) < oo in Theo-
rem 1.3. Using the power series representation of the Bessel function it imme-
diately follows that B; = O(27%). Hence, for 0 < A < 2, we obtain almost
everywhere

! fle+y)dy = f(x) + os(1) walt, f)pllogwa(t, f),|77Fe, t — 0+,
1B:(0)] JB,(0)

or, when f satisfies a Holder condition in L”-norm, we get for t — 0+

! F@ + ) dy = F(@) + 0u(1) ws(t, )| logwalt, £),[H/74 ae.
[B:(0)] /5,09

2. PROOF OF THEOREM 1.3.

Consider a smooth cut-off function ¢ with ¢ (u) = 1 for v < 1/2 and = 0 for
u > 3/4. Then

(2.1) T = = Tomi—vyi f + Tim—ya—v) f-
First consider the contribution given by the multiplier (m — 1)(1 — ). By the
choice of ) we have

supp(m — 1)(1 =) C {& - [§] = 1/2}.
Introduce x € C§° such that x(£) =1 for [{] < 1/2 and x(&) = 0 for || > 1, then
22) T flly < 1T f = flly S K@) 0<t<1.
This follows from the standard estimate: For all g € S there holds
1T flle S N (f = Do + 1T = allp S F = glls + M NF1EP T ]

and hence also for the infimum over all g € S. Set
w(t) == K", fYF(K (", [))

and assume 6,1 <t < 6,. Since

1
supp(m; — 1)(1 — ;) C{&: [¢] > } 1= x20,(§) =1 for [¢] > 5,
20, 20,
we have
Time-1)a—v0) ] = Tmi—1)1-v0)(1-x20) = Tlmi—1)1=0) (T1=x20, f)-
This implies the key relation
T Ty, f)(x
(23)  [Tane—y1—s ()] < C'sup =D T, 1)) (t), t>0,

ezo w(0e41)
for almost all z € R™. But

Toni—vya—en S = Tmea—enf + Ty, f — [,
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SO
Ton-1a-pf < Ty f +Tof +1f]-

Now T3 T*( e LP — [P are bounded maximal operators by Lemma 1.2 and
the hypothe51s So we may conclude that ||T7;, ;) _yllp—p < o0 and, therefore,

w Tr 1y (Tioxan, D) ||| <y TG 1y =) (T1=xa0, DI}
>0 w(0py1) A~ (9£+1)
[T oo, FIIB
ST |15 — P
1-4)llp p; (9£+1)

The estimate (2.2) and the definition of w(t) give

sup T(*m—1)(1—¢) (T1*X29[ )

(24) >0 w(0p11)

which is finite by hypothesis (1.9) (only the contribution j = 0 is needed here).

Now we estimate the contribution caused by T{m,—1yy, f(2).

Set = (m — 1)1 and remember that p = 0 for |{| > 3/4 and p(§) = m(§) — 1
for |£] < 1/2. Recall the partition of unity from the assumptions of Theorem 1.3

DOt =1 for [t <1, 0<t<1.
7=0

Without loss of generality we may assume 6y = 1 and choose (5 = {y(j) € N
such that 6y, > 277 but 6,41 < 277. Then

o Tn
M<ZSUPM

su
ocier wlt) ~ Souki w(t)
- | ht23f| | thJfl
2.5 < sup sup + sup .
29) ;52&) Or41 <<, w(t) ;2j<t§1 w(27)

In the last term we used that w is increasing. We begin to discuss the critical first
sum on the right side of (2.5). It is clear that 6,41 <t < 6, implies supp (h;ai) C
(2771 0,)71, (2271 6541)7!]. Now choose a non-decreasing function ® € C*°[0, o0)
such that ®(|¢]) = 1 for [{] > 1/2 and ®(|¢|) = 0 for |{] < 1/4 and set Dy ;(|£]) =
(276,1¢]). Hence @,;(|¢]) = 1 for [¢] > (297160,)"! and, therefore, we have
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Oy ihioi = hyos provided 011 <t < 6,. Thus

[e.9] o0

Sup9(+1<tS92 |T/'Ltht 2jf|

'y J
j—0 | [£2to (0r+1)

P
0o " 1/
(5 \\TMQJ.(TW)HP N
N ‘= \a w(0pi1)

1/p
[ Ts, , fll,\’
< Z H NhQJHpHP (Z (m) )

sup
= el w(0e41)

>4

Now observe that ||Ts, , f||, = [|T1- <1>sz Il S K((276,)*, f) analogous to (2.2).
Therefore, we can continue the preceding estimate by

- o 1/p 1/p
- A K6}, N\ - A 1\’
@0 5> he (z (o)) = (2 () )

For the last estimates we used the dilation invariance of the integral conditions
n (1.8), namely By (m;) = By(m), t > 0, and w(fpy) ~ 272 F(279).

The second series on the right side of (2.5) is even easier to estimate, since

I3 s "“hf”ﬂH ZH uhyupapufnp( S

—0 2~ J<t<1

2M

which is finite by (1.9) (for the simphﬁcatmn of the denominator we used that
K(279%, f) 2 277K (1, f)).

Summarizing, in view of (2.1), we see that by the hypothesis (1.9) the estimates
(2.5), (2.6) (clearly ¢y > 0) in combination with (2.2), (2.4) show that

Ton, f () = f()

su < 00 a.e., t — 0+,
ocior K(, [)F(K (2, )

which proves Theorem 1.3 (a).

Concerning Part (b) observe that, in view of the above proof, we have only to
estimate the last double sum in (2.6) conveniently. By the the smoothness of f
the choice of 0y,(;) yields £y(j) 2 7 + 1 since

9~tl) — K(efo(j)a f)= QK(eéo(j)—&-h IOBS 92]0(3')+1 <27
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Therefore, with F(t) = |logt|'*!/P+e,

1 »\ /P 1/p
(Z =) ) < (Zé) <GS G

>0y >0y

which gives the assertion (b). O

Remark 2.1. (a) On account of [8, Theorem 3.14] the results in Section 1 also
hold in the framework of Lorentz-Zygmund spaces discussed there.

(b) Further, these results easily carry over to the LP(T")-setting, 1 < p < oo,
in view of the results in [19, Chap. VII, §3], [14], and [30].

3. GENERALIZATIONS

We want to show that the above method to obtain rates for a.e. convergence
also works in other settings. For this purpose note that recalling the methods of
Section 2 one realizes that we have only needed control over norms of operators
given via multipliers, some norm estimates for the rate of convergence of de La
Vallée Poussin type means via the K-functional and characterizations of the
K-functional. Concerning a characterization via moduli of smoothness based on
(generalized) translations we have needed the special structure of R™. Apart from
that R™ did not appear once one has the required multiplier criteria.

We start by briefly describing the abstract setting concerning eigenfunction
expansions given in [4]. For a Lebesgue measurable set £ C R" and a non-
negative measure p on E define the space LP(E,du), 1 < p < oo, as the Banach
space of all (Lebesgue) measurable functions on E with finite norm

» 1/p

17l = ([ 1@ dutr)) ™
Assume that there exists a sequence of projections (Py)ren,, Px: X — L, being
linear, bounded, and satisfying
(i) PjP, = 0Py, d;, being Kronecker’s symbol (mutual orthogonality);
(ii) the sequence (Fy) is total, i.e., Prf =0 for all k € Ny implies f = 0;
(iii) the sequence (Py) is fundamental, i.e., the linear span of the ranges Py (L?)

is dense: U Py(LP) = LP.

keNp
Then, with each f € LP one may associate its (formal) Fourier series expansion

f~ Z Py f . Denote by B C L? the set of all “polynomials”, i.e., those f € X,

k=0
for which only finitely many P.f # 0. Given a scalar-valued sequence m =
(my)ken, » we define the linear operator T,,: B — B by T,f = D oo gmiPrf .
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In particular, employing the notation ¢7: [0,00) — R, ¢7(u) = (u(u +c))"/?, we
define an abstract derivative D) : D,(D}) — LP, first on B by

Dlf =Y ¢l(k)Pf, v>0, c>0, feP,
k=0

and then take its closure in LP, i.e., to each f € D,(DY) there exist f; € P with
If — fill, = 0 and (D] f;); is a Cauchy sequence in LP. We call m a multiplier
on LP notation m € MP, if

lmllar = sup{| T fllp = [ fll, <1, f € L7}
is finite (on account of (iii) there is a unique extension of T, from B to LP).

To ensure control over maximal functions, which were essentially used in the
LP(R™)-case, we assume for some N € Ny the following property

(3.1) | sup (C, N)ifll, < Cn||fll, forall felLf, 1<p< oo,
k

where the (C, N),f denote the Cesaro means of order N of f € LP. These are
given by

(3:2) (C, N f = ZAJ% Mz&zw-

Clearly, (3.1) implies the boundedness of the Cesaro means
(33) ”(Ov N)kaP S CN ||f||p fOl" all f € Lp’ 1 < p < 0,

which immediately leads to a substitute of Lemma 1.1 — for the idea of the proof
see the proof of Lemma 4.2 below (cf. [4, II]).

Lemma 3.1. (a) Let the projections (Py)ren, C L(LP) be as above and (3.3)
hold. Then

“(k+N
1T £l < CNZ< k )‘AN“mu Ifll, for all fe L.
k=0
(b) If one defines for continuous m: [0,00) — C with lim;_.om(t) = 0 an
operator T, , via the family of sequences mg; := (m(p(t)gb}(k)))k o > 0,
€No

with p: [0,00) — [0,00), p(0) = 0, strictly increasing then, for sufficiently smooth
m7

1T 1l < / N m ¥ (s)) ds |1£1],
0

uniformly in t.

The latter estimate follows by a variant of the Second Theorem of Consistency
—see [23, Lemma 3.8]. Recall ¢](u) = (u(u+ c))"/? and note that p(t) will, e.g.,
be specialized to 27¢7(t).

One substitute of Lemma 1.2 reads as follows.
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Lemma 3.2. Let the projections (Py)ren, C L(LP) be as above, let (3.1) hold,
and m be as in Lemma 3.1 (b). Define the mazimal operator T, = by

f _Sup‘ mqbt |

Then, for sufficiently smooth m and all f € LP,

75,0 S Byl Bym) = [ ™05 ds.
0
In the special case p(t) = ¢)(t), ¢ =0, v = 1, the maximal function is described

on P by sup,q| Y sy m(tk) Pifl.

Proof. As is well-known (cf. Part II of [4])
Ty 1 = \Z (75 ) 6200 (€. N
SETICRUT) o Gl IO

S [sup (€ Vs / (@/ds)™ Dmp(t)2(5)) s

< |sup (C, N)kf\/ sV mWN D (5)| ds.
k 0
Now take the supremum over ¢ > 0 on the left hand side, then the LP-norm of

this inequality to get the assertion by the hypothesis (3.1). O

We point out that this simple derivation costs a certain trade-off concerning
the size of the parameter N. But here we do not care for this aspect.

Similarly to [27] we define the (modified) K-functional in the present setting
by

K, (t, f; L, Dy(DY)) == _inf  {[If —gll, + (t(t + )" D2gll, },

geD, (DY)

where v > 0 and ¢ > 0. In essential it is shown in [26] that

(3.4) K (t, f; L7, Dy(DY))=||f = Y e 0% ® P g,
k=0

(3.5) ~If =Y (1= a2 wek)) Bl
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where x > N. Also norm estimates of the de La Vallée Poussin means by the
K-functional easily follow. Let m be the smooth cut-off function from Exam-
ple 1.4 (b) (i). Set

[e.9]

Vo ==Y _ m(@l(1)ol (k) Pof , [ €L

k=0

Then [[Vof = fllp S [Ifllp and [|Vaeg — gll, S ¢2(B)[[DZgll, by Lemma 3.1 (b),
just as in the LP(R™)-case. Therefore,

(3.6) oS — fllp S K5(E f3 LP, Dyp(DY)),  f€L”.

Thus all ingredients of Sections 1 and 2 are available up to a characterization
of the K-functional involving moduli of smoothness with respect to generalized
translations.

Theorem 3.3 Let f € L, 1 < p < co. Choose a positive sequence (6¢)pen,
via

Ko (0, f5 L7, Dy(D7)) = K(¢7(60), f: LP, Dy(DY)) = 27, 1 <p <o,

and a decreasing function F: (0,1) — (0,00) with > ;0 1/FP(27%) < oco. Let
¥ >0 be a smooth cut-off function with (t) =1,0<t<1/2, and =0, t > 3/4.
Let h >0 be a bump function with supp h C [1/2,2] such that

Zh(zf'qszu)asz(k)):l if 0<¢l(t)gl(k) < 1.

Let m be sufficiently smooth and decaying with finite
By(m(1—=4)), By((1—m)h(2)=:B;, jeNy, N asin(3.1).
(a) If tF(t) is increasing and

(3.7) 23;21 > (ﬁ)p < o0,

£:0,<2-3
then, for every f € LP, 1 <p < o0,
Ty f(2) = f(2) = 0o() KL (2, f) F(K, (¢, f) ace, t— 0+,
where 0y(1) € LP (recall T, f = > prom(¢ ()l (k) Pif on B).
(b) Let f satisfy K. (t,f) S t7 for some fizedn, 0 < n < 1. If F(t) = 1+
[log t|"*1/P4e & > 0, and 332 (j + 1)1 °B; 2/ < oo, then, for every f € L7,
1 <p < oo, we have
Ty f (@) = f(x) = 0,() I, (8, f) [log K (¢, f) |'F/P+ ace, ¢ — 0+,

where again o,(1) € LP.
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As already suggested above, the proof of Theorem 1.3 carries over without
difficulties. Replace t|¢| there by ¢Y(t)¢? (k) here; then the analogs of (2.4) and
(2.7) immediately follow. Concerning the critical contribution, analogous to the
left term in (2.5), one gets the estimate

o] . 1/p
K616, 1) :
S 2 Wity s (Z (R0, PO ) )

and can reason as in Section 2 to arrive at the assertions of Theorem 3.3.

Example 3.4. (a) EXPANSIONS INTO SPHERICAL HARMONICS.
Let S™ be the unit sphere in R"*!, n € N, with the origin as center and elements
£,0,..., where £ = (&,...,&11), |€] = 1. We denote by LP(S"), 1 < p < oo, the
Banach space of all functions f(£) which are p-th power integrable on S, i.e.,
for which

11, = (g [ 1r@P () <o 71

where do is the surface element of S™. Let

27T(n+1)/2

I'((n+1)/2)"

0o H(k,n)
O~ Y Yilf:8),  Yalfi9) = D armYem(€), fe€ LS,
k=0 m=1

be the expansion in a series of spherical harmonics. Here H(k,n) is the number
of linear independent spherical harmonics of degree k on S™, H(k,n) = (2k +
n—1)(k+n— 2)!/(k!'(n — 1)!). For the Beltrami-Laplace operator ¢ one has
0Yim = —k(k+n — 1)Yy,,, thus set D}, := (=0)” — for this setting see,

g., [28]. The basic property (3.1) with N > (n — 1)/2 for spherical harmonics
expansions can be found in Bonami and Clerc [3, §3].

Concerning the characterization of the K-functional in the present situation,
introduce the shift operator S;,

1
(S0€) = ey L, SO#O. v<t<T,

where dt(6) is the element of the section {6 : £-0 = cost} . The shift operator may
equivalently be defined by the generalized translation operator for ultraspherical
expansions, since Y ((S; £);€) = (P (cost) /P V(1) Yi(f; €). If I is the
identity operator, introduce a difference operator A} by A} = (I — S,)?/? and
an v-th order modulus of smoothness by [28, §4.5]

oranlts Dy = s 187 e 87 = -0 (7] (808 >0
5= k=0

Then, by Wang and Li [28, Theorem 5.1.2] (see Kaljabin [12] for v € N),
(3.8) K, (t, f; LP(S", D(D;)_,)) = wysn(t, f)p, 1<p<oo, v>0.
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Hence we can formulate results analogous to Example 1.4 (b). E.g., in the case
of the de La Vallée Poussin means one has for each fixed L € N

Vo f(x) — f(x) = 02(1) wpsn(t, f)y | log wirsn(t, f)p|1/p+€ a.e., t— 0+,

or for the Riesz means R{™f(€) = Yoo =2 ()2 (k)5 Y5(f:€), k> N, when
0<y<A

R{MF(€) = f(€) = 0g(1) wron(t, Sl log wnen(t, |77 ae., t—0+.

(Observe that we replace 27¢|¢| of Section 2 here by 27¢7(t)¢? (k) which leads to
B; < 2797 in the application of Theorem 3.1 (a).)

For every f € LP(S"), 1 < p < oo, with wysn(t, f), S ¢2(t) for some fixed 7,
0 <n <1y, we obtain

BRIV () = (&) = 0e(1) wyn(t, Fplloguwnen(t, | /P ae, t—0+.

In view of (3.8) and (3.5) a reformulation of this gives a direct estimate of the rate
of a.e. pointwise convergence by the rate of strong convergence, i.e., for ¢t — 0+

RV F(€) = f(&) = o(WIRFYf — fllznsm [og [RETf — fllznem |77 ace..
This estimate has the advantage that it does not need a characterization of the
K-functional via a modulus of smoothness based on generalized translations.
We mention that for even integers 2r, r € N, one can find in [7] the following
estimate for the K-functional by a different type of modulus of smoothness

K", f) S sup IAY fllzoemys  Dpf(€) = f(p€) = f(€), A, = AN
pe¢
Here p € O, are described by those orthogonal matrices with n x n real entries
and determinant 1, for which (p# - 0) > cost for all 6 € S".

(b) GEGENBAUER EXPANSIONS.
For the definitions see, e.g., [3, §6] where in particular the crucial property con-
cerning the maximal function of the Cesaro means (3.1) with N > XA+ 1/2 is
proved. For the characterizations (3.4), (3.5), and the estimate (3.6) see [26]
(a= (=X —1/2); here the differential operator is

2

d d
D=—(1- IZ)@ + 2\ + 1)x£.

For the characterization of the K-functional based on generalized translations
we refer to [16].

(c) LAGUERRE AND HERMITE EXPANSIONS ON R, AND R, resp.
Concerning the basic property (3.1) for Laguerre expansions see [22, p. 126], for
Hermite expansions [22, p. 113].

Remark 3.5. (a) Since our intention in Section 3 is only to indicate the
method, we don’t care for “smallest” admissible N’s (which would have to be
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substituted by some critical k..;; € R, and would require a fractional calculus —
cf. [23]).

(b) Estimates for the maximal function of the Cesaro or Riesz means have been
established in many settings, in particular in connection with a.e. summability:

E.g.,

for the Fourier-Bessel transform in [20], for compact symmetric spaces of

rank 1 in [3, §7], for compact Riemannian manifolds in [9], [10], for some Lie
groups in [11].

[
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