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REDUCTION THEOREMS FOR OPERATORS ON THE CONES
OF MONOTONE FUNCTIONS

AMIRAN GOGATISHVILI AND VLADIMIR D. STEPANOV

ABSTRACT. For a quasilinear operator on the semiaxis a reduction theorem is
proved on the cones of monotone functions in LP — L7 setting for 0 < ¢ < oo,
1 < p < 0. The case 0 < p < 1 is also studied for operators with additional
properties. In particular, we obtain critera for three-weight inequalities for the
Hardy-type operators with Oinarov’ kernel on monotone functions in the case
0<g<p<l

1. INTRODUCTION

Let Ry := [0,00). Denote M* the set of all non-negative measurable func-
tions on Ry and 9t C 9+ (M C 9MF) the subset of all non-increasing (non-
decreasing) functions. For the last two decades the weighted norm LP — L9
inequalities have extensively been studied. In particular, much attention was
paid to the inequalities restricted to the cones of monotone functions, see for in-
stance [1], [21], [25], [26], [6], [12], [22], survey [5], the monographs [15], [16] and
references given there. At the initial stage the main tool was the Sawyer duality
principle [21] (see also [23], [24]), which allowed to reduce an LP — L? inequality
for monotone functions with 1 < ¢ < 00,0 < p < oo to a more menageable
inequality for arbitrary non-negative functions. The case p < ¢,0 < p < 1 was
alternatively characterized in [25], [26], [6], [3]. Later on some direct reduction
theorems were found [9], [10] [4] involving the supremum operators which work
for the case 0 < g <p < 1.

Let T: M — 9T be a positive quasilinear operator such that

(i) T(\f) =XT'f for all A > 0 and f € M+,

2010 Mathematics Subject Classification. Primary 26D10; Secondary 26D15, 26D07.

Key words and phrases. Quasilinear operator, integral inequality, Lebesgue space, weight,
Hardy operator, monotone functions.

This work was done as part of the research program Approximation Theory and Fourier
Analysis at the Centre de Recerca Matematica (CRM), Bellaterra in the Fall semester of 2011.
The authors are grateful to CRM for its support and hospitality. The work of the first author
was also partially supported by the grant 201/08/0383 of the Grant Agency of the Czech
Republic, by the Institutional Research Plan no. AV0Z10190503 of AS CR. The work of the
second author was also partially supported by the Russian Fund for Basic Research (Projects
09-01-00093, 09-01-00586 and 09-IT-CO-01-003).

1



CRM Preprint Series number 1067

2 AMIRAN GOGATISHVILI AND VLADIMIR D. STEPANOV

(i) T(f+g) < c(Tf+Tg) forall f,g € MT with a constant ¢ > 0 independent
on f and g,

(ili) Tf(z) < T'g(z) for almost every x € Ry, if f(x) < g(x) for almost every
x € Ry with a constant ¢ > 0 independent on f and g.

Let v and w be weights, that is non-negative locally integrable functions on
R, . The first our result is a reduction of the inequality

(1.1) ( | (Tf(t))qw(t)dt>q <c ( / oo(f(t))”v(t)dt); fem!

to a similar one on 9" in the case 0 < g < 00,1 < p < oo (see Teorems 2.1-2.4).
When 0 < p < g < 00,0 <p <1 we supplement these results in Section 3 by an
extension of [3] and [26].

It is well known that the case 0 < ¢ < p < 1 is the most difficult for a
characterization of inequalities like (1.1) (see [2], [4], [5], [9], [7] [11], [13], [22]).
We study this case in Section 4 including the three-weight inequality of the form

(1.2) (/Ooo (/OO f(t)u(t)dt)qw(x)dx); <C (/Ooo(f(t))pv(t)dt>;

for all f € M! and give three alternative reductions and a criterion (see Theorem
4.1) and section 5 contains a characterization of (1.2) for 0 < p,q < oo (see
Theorems 5.1 and 5.3)

Also we study the inequality

(1.3)

([ ([ st ) wionie) = ([“iomom) sem

where k(z,t) > 0 is Oinarov’s kernel and give a full description for 0 < p, ¢ < o0
(see Theorems 4.5 and 5.7).

We use signs := and =: for determining new quantities and Z for the set of
all integers. For positive functionals ' and G we write F' < G, if F' < ¢G with
some positive constant ¢, which depends only on irrelevant parameters. F ~ G
means F' < G < F or F = c¢G. xg denotes the characteristic function (indicator)
of a set E. Uncertainties of the form 0 - oo, 22 and g are taken to be zero. We
use notations C' or C' with lower indices for the constants (possibly different in
different occasions) in the inequalities like (1.1). O stands for the end of proof.

2. (QUASILINEAR OPERATORS

Put V(1) := fg v and denote 1 the function on R, identically equal to 1.

Theorem 2.1. Let 0 < ¢ < 00,1 < p < o0 and let T: M+ — M be a positive
quasilinear operator, satisfying (i)-(iii). Then the inequality (1.1) holds iff the
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following two inequalities are valid:

o ([ (L)) se([ ) v

and

2.9 (I m)qw)é <cf /jv)?

Proof. Let 0 < q < 00. Necessity. Let h € 9™ be integrable on [z, 00) for all
2> 0. Then f(z) = ["h € M and by (1.1) and Hardy’s inequality we have

</f (r([ 7)) <e ([ () o)
<C ( / ) hV) ‘
(2.2) follows from (1.1) with f =

Sufficiency. Suppose that V(c0) = oo and f € 9!, Then

fla) = ( ) Vi)
(L) [ (L) v

Applying (iii) and (2.1) with

o ([1)

and applying Hardy’s inequality, we find

([Fs) e[ ([ ) )
ce([ )

If V(00) < o0, then by Holder’s inequality

1) = i~ ] FOV @)+

<|@ <|®

V(z) V(o) Vo))
< ([ 5s) [ 1o T

: (/m (/ / > Uv(§< >) (fv/(oi)/ = [ e
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Applying (i), (ii), (2.1), (2.2) and Hardy’s inequality, we obtain

(/OOO (Tf)qw>§ < (/OOO (/OO h)qw(:c)d:c)é 4 (/OOO (Tl)qw(a:)dx>;
co(([([) s+ (L))
el r

The case ¢ = oo is treated similarly. 0

To study the case p = 1 we suppose that an operator T': M+t — I satisfies
the following axiom:

(iv) If {f.} € M and f,(x) T f(z) € M for almost every z € Ry, then
Tfo(x) T Tf(x) for almost every z € R,.

We also need the following simple case of ([23], Lemma 1.2).
Lemma 2.2. Let f € M. Then there exist the sequence of non-negative finitely
supported integrable functions {h,} C IM* such, that the functions
fo(@) == [ hn(s)ds are increasing with respect to n for any x > 0 and f(z) =
lim [ h,(y)dy for almost all z > 0.

Theorem 2.3. Let 0 < g < oo, p=1 and let T: M™ — MM be a positive quasi-
linear operator, satisfying (i)-(iv). Then the inequality (1.1) holds iff the inequal-
ity (2.1) is valid.

Proof. The necessity is obvious. For sufficiency we suppose that f € 9! and by
Lemma 2.2 there exists {h, } C L'(R,) such that

) = [ " haly)dy 1 f(@).

Then by (i)-(iv) and Fatou’s lemma
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:ngo(/ooofnv)chomfv. O

Analogously we reduce the inequality for non-decresing functions of the form

ey ([ (Tf(t))qw(t)dtf <c(/ oo(f(t))pv(t)dt); e

provided the axiom (iv) is replaced by

(iv') If {fo} € M and f.(z) T f(z) € M for almost every z € R,, then
Tfo(x) 1T Tf(x) for almost every = € R,.

Put Vi(t) == [ v.

Theorem 2.4. Let 0 < ¢ < 00,1 < p < oo and let T: M™ — M be a positive
quasilinear operator, satisfying (1)-(iii). Then the inequality (2.3) holds iff (2.2)
and the inequalitiy

2.4 (/j@(/jh))qw)égc(/jhpmpvl_p)ahe%

are valid.

Theorem 2.5. Let 0 < ¢ < oo,p = 1 and let T: Mt — IMT be a positive
quasilinear operator, satisfying (1)-(iii) and (iv’). Then the inequality (2.3) holds
iff the inequalities (2.4) and (2.2) are valid.

3. THE CASE 0 < p < g < 0
Let f € M. Then there exist {z,} C R, such that

f@)~ > 27 X0 (@)
= > 27X (@)

n:xTp >T

_ /[ N (En: z—n(szn(s)> ds

=: / h(s)ds,
[z,00)

where d;(s) is the Dirac delta-function at a point ¢. Observe that

—
w
—_

~—

(3.2) [f ()] ~ (Z2‘”><[o,zn]<x>> ~ ) 27" Yo (), 7> 0.

n
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Theorem 3.1. Let 0 < p < g < oo and let T: Mt — M* be a positive quasi-
linear operator, satisfying (1)-(iii), such that

(3.3) T (Zn: fn> < (Zn: [Tfn]p>

for any f, > 0. Then the inequality (1.1) is equivalent to the validity one of the
following condtions:

1
P

(3.4) ( /0 h < /0 " Ty (x)]ph(s)ds> : w(x)dx>§ < v /0 Thv hemt,

(3.5) < /0 ™ Jsup T () f(s>]qw(x)dx) jpye) < /O b f%);, fem,

L s>0

(3.6) </<><> _Sl>1%) (T'x(0,] (m))p/OO h] ’ w(m)dx) q < CY /OO hV, h € M,
N o L s 0

(3.7) D = Stl;%) (/OO [TX[(]’t](x)]qw(x)dx) 7 V_%(t) < 00.
Moreover, 0

(3.8) C~Cy=D=C;=0C,.

Proof. (3.5)<(3.6) follows by Lemma 2.2 with equality C5 = Cy. (3.5) = (3.7)
follows by applying (3.5) to a test function f;(s) := xj0,q(s), t > 0. Similarly, we
obtain (1.1) = (3.7). From the properties (i)-(iii) we find, that for all s >0

Tf(ib') > T(X[O,s]f)<x) > TX[O,S} ($)f(8)
and (1.1) = (3.5) follows. Let
k(x,s) = [TX[O,S](x)}p
and

Kh(z) := /000 k(x,s)h(s)ds.

Then (3.4) is equivalent to the boundedness K: L{, — L and
ct =K, s -D"
L%/—>L£
Let us show that (3.4) = (1.1). It follows from (3.2) and (3.3), that

1

P

(717) (@) ~ T<Z2_”X[O,xn](x)> (x)
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7 (Z 2 o <x>) (@
< <Z2 [TX[0,0,) (2 )}p>

Observe that (1.1) is equivalent to

(/Ooo <Tf;>qw)§ gopfooofv, femt.

Now, using (3.2), we find

</000<Tf’1’>qw>z / <22 [TX020(x )]”)Zwu)dx
B </ooo (/ooo [Txt0.(@)]” h(s>ds> % w(:c)d:c>

<C? / WV =CEY 27"V (x,)
0 n
%6’522‘"/ vzcg/ fo.
[Tn,xn+1) 0

n

Consequently, C' < C5 and (3.8) follows. O

RS

SIS

Similarly, we characterize the case of non-decreasing functions.

Theorem 3.2. Let 0 < p < g < oo and let T: MY — M™ be a positive quasilin-
ear operator, satisfying (1)-(iii) and (3.3). Then the inequality (2.3) is equivalent
to one of the following conditions:

(3.9) < /0 ) ([T o) (@)]7 (s)ds) ” w(x)dx)z <Oy /0 ThV. he o

(3.10) (/Ooo {ili%)TX[&oo)(x)f(s)]qw(a:)da:)(11 < C4 (/OOO fpv);, femt,

p

(3.11) (/OOO [S;gg (TX[s,o@(ar))p/os hrw(x)dx>q < CYf /Doo hV, h € M*,

(3.12) D, = sup </OOO [T X[t,00) (I)]qw(x)dx) % v*‘%(t) < o0.

t>0
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Moreover,

Now we study the converse inequality

(3.14) (/Oooquygc(/ooo(Tf)%);, fem

Put W (t) := ftw, W.(t) :== [ w.

0 t

Theorem 3.3. Let 0 < p < q < oo and let T: Mt — M be a positive quasilin-
ear operator, satisfying (1)-(iii), such that

(3.15) (Z [Tfn]q> Y <Z fn)

n

for any f, > 0. Then the inequality (3.14) is equivalent to the validity of the
imequality

q

(3.16) /OOO AW < CY (/OOO (/OOO [TX[O,S](x)}”h(s)ds)Z v(x)dm) ' , hemt,

or

(3.17) D = sup Wi (t) ( /0 h [TX[07t}(x)}pv(x)dx) " < .

t>0

Moreover,
(3.18) C=(0Cy=9.

Proof. The implication (3.14) = (3.17) is clear. Let us show (3.17) = (3.16).
By Minkowskii’s inequality we have

/OOO s 2 /0°° (/000 [Txp0. (90)}7011(96)6196)Z h(t)dt

<D ( /0 (@) < /O " T ()] h(t)dt) ' dm) N

Now, (3.14) is equivalent to

(3.19) /OoofwchOm (Tfé)pvf, fem
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Using (3.16), (3.1), (3.2) and (3.15), we write

[rom [

IN
S2
N
:Ng

~
/N
[\]
Q|3
=
o
8
2.
N———
=
Q
N—
QS
e
—~
2
QU
S
\/
SATS)

and (3.18) follows. O

Similarly we characterize the inequality

(3.20) (/Oooquygc(/ooo(Tf)%);, fem!

Theorem 3.4. Let 0 < p < ¢ < oo and let T: M — M be a positive quasi-
linear operator, satisfying (i)-(iii) and (3.15). Then the inequality (3.20) is valid
uf

q

(3.21) /OOO hW. < CY (/Ooo ([T o) (@)]7 h(s)ds) " w(a:)dx) " hem,

or
1 o0 ~»
(3.22) D, = sup W, (t) (/ [Tx[t’oo)(z)]pv(lﬂ)d$> < 0.
t>0 0
Moreover,
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Remark 3.5. Let T be an integral operator

(3.24) Tf(x) = / " k() () dy

with a non-negative kernel. Then the condition (3.3) is valid for all p € (0, 1]
and by Theorems 3.1 and 3.2 we obtain ([26], Theorem 4.1), ([18], Theorem 2.1
(a)) and ([3], Theorem 1). Analogously, the condition (3.15) holds for all ¢ > 1
and by Theorems 3.3 and 3.4 we obtain an extension of ([26], Theorem 4.2) ([18],
Theorem 2.1 (b)) for a larger interval.

4. THECASEO<q<p<1

Let u,v and w be weights. Denote V(¢ fo v, W(t f w,U(y,z) = [Ju.
For simplicity we suppose that 0 < V(¢ ) < 00,0 < W( ) < 00 for all t > 0 and
V(o0) = 00, W(o0) = oc.

Theorem 4.1. Let 0 < ¢ < p < 1,1/r :=1/q—1/p. The following are equivalent:

([ ) ) < ([ e

wn (7 ([ o) v < [T e
w9 ([ e [0) o) < [Cvncon
s ([ Gamomoron) wow) <ci ([T’ e

45) s S ([ vt "V ) < oo

{wk} keZ Tk
Moreover,
(46) Cl = CQ = Cg = 04 ~ B.

Proof. Observe first, that (4.4)<=(4.5) follows from ([27], Theorem 4.4).
(4.4)==(4.3) is obvious and (4.3)==-(4.4) follows by applying Lemma 2.2 and
Fatou’s lemma. For any f € 9!

/ fu > sup fu >supU(y, z) f(y).

y=2r Jo y>x
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Hence, (4.1) = (4.4). The inequality (4.1) is equivalent to

o (L)) ([ ) e

Let f(x f h. Then by Minkowskii’s inequality

/:o Fru = /;O (/Oo h)éu(z)dz < (/m Up(y,a:)h(y)dy);

and (4.2) = (4.1) follows by Lemma 2.2.
Thus, the only (4.3) = (4.2) remains to prove. To this end let us denote

the left hand sides of (4.2) and (4.3) as Aq and Bg, respectively. Suppose, that
(4.3) is true and denote {x,} such a sequence, that W(x,) = 2", n € Z. Put
A, = [Ty, Tpy1). Then

=3[ (/ Uy, >h<y>dy)gw<x>dx

+;2"<

= Al + AQ.

Z Up(xi,xn)/

i=n+1 A

Applying well known equivalence

(4.8) > oo (Z al-) ~ ) 2%

n

valid for any sequence {a,} of non-negative numbers and s > 0, we obtain

(4.9) Ay ( /A Uy xn)h(y)dy> '
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By Jensen’s inequality and (4.8)

n i=n+1 \j=n
oo 1—1 %
<32 (30 5 v [ )
n i=n+1 j=n i

(4.10) Ay

Similarly, for the constant B we have

pem [ (sweron [70) e
_Z/ (j‘iﬁ’m v )/yooh>zw(x)dx
~ 22" <Sup Ur (y,xn)/yooh)g

y>xn

_ 22” (Sup sup UP(y, ) /yoo h)p

i>n yeA;

~ Z 2" (Sup sup Up(y,xz)/ h) ’
y

i>n yeA;

ZQn(Sup ur (:Bz,a:n)/ h)p
”22” (Sup U” (y,wn)/ h)p
)

yeA

+Zzn(sup ur (:Ul,acn)/ h>p

i>n+1

=: By + B,.
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Here we applied ) 2" (supz->n ai)s

~ Y. 2"a}, valid for any sequence a, > 0

and s > 0. Suppose, that (4.3) holds. Then

a

(4.11) B, < C¢ (/ hV>p, i=1,2.
0
By (4.10)
(4.12) Ay < By < (Y (/ hV) ’
0

By Holder’s inequality

Z 2" (/ ’(y, xn)V‘l(y)h(y)V(y)dy> ’

g

g q

PN <sup U (y, )V~ 1@))” (/A hv>”

yeEA

yEA,

(£ (s o)

q

)

It follows from (4.11), that

aq
P

(L)

Tn+1 % o %
(4.13) 22" (sup ur (y,a:'n)/ h) < Cf (/ hV) :
yeEA y 0

Let H,: L{,[A,] — L®[A,] be operator of the form

H,h(y) :=

Then

Tn4+1
Uy, ) / h.
Yy

dp, = HHnHLl [An]—Lo°[A,] = SUD ur (?/ainn)vil(y)-

Let h, € L{,[A,] be such that

yeEA,

Then by (4.13)

Cq > sup

>, 2" <SupyeAn UP(y, ) [ h) ’

yEA,

dy,
2

sup UP(y, 7,)V " Hy) > —/ h,V.
Ap

q

h>0

(Jy=nv)r
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q

5 2ak (supyea, UP(y. ) [ h)”
> sup

h=>2, anhn (Zn ln fAn hV) g

a

=, 2k (an [y, WV)’

> sup — = D%
P=2in onfin (Zn tn [a, hV) ’

Hence, D <« C'5 and

9 g

A1<<]D>q(/ hv)p<<cg(/ hV)p.
0 0
This and (4.12) imply (4.3) = (4.2). O

Symmetric version of the previous theorem is the following.

Theorem 4.2. Let 0 < g < p < 1. The following are equivalent:
q % 00 %
(4.14) ( ( ) w(x)dx) <C (/ fpv) , fem’,
0
(/ Up (x y)h(y)dy)p w(x)dx) < é’/ hV., h € M*,
0

sup UP(z y)/ h)pw(x)dx> < _g/ hV., h € M*,
0 0

0 0<y<m

/00 ( sup U(z,y)f (y))qw(x)dx>q <0y (/wf%)p’ feml
0 O<y<z 0

_ Tp+1
B :=sup ) (/ Uq(y,xk,y)w(y)dy> Vi " () < oo.

(k) ez

S
|
1=

Moreover,
01%02%03:04%]3.
Remark 4.3. The result of Theorem 4.2 supplements [12].

Definition 4.4. A measurable function k(x,y) > 0 on {(z,y) : * > y > 0}, we
name Oinarov kernel, k(x,y) € O, if there exist a constant D > 1, independent
of z,y and z such, that

D7 (k(x, 2) + k(2,9)) < k(z,y) < D (k(z, 2) + k(z,9))
forallz > 2>y > 0.

CRM Preprint Series number 1067
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Let k(z,z) > 0 be a measurable kernel. Put

K(z,y) = /Oy k(z, 2)u(z)dz.

Theorem 4.5. Let 0 < g <p<1,1/r:=1/q— 1/p. Let k(x,y) be a continuous
Oinarov kernel. The following inequalities are equivalent:

(4.15)

(/000 (/Ox /f(ﬂfay)f(y)u(y)dy)qw(x)dx); < (/OOO f%)zl)’ fem,

(4.16)

</Ooo (/Ox KP(z,y)h(y)dy + K*(z, x) /:o h(y)dy) ' w(:c)dx>

gcg/ WV, h e M*,
0

)
(/Ooo (OilylngP(m,y) /yoo h>zw<x)dl‘> <P /OOO WV, hoe M,
)

/0°° (Oi‘;ng(ﬂ%y)f(y))qw(:z:)dx) "<y (/OOO fpv)p, fem,

B sy Y ([ Knuy)

{zk} kEZ Tk

Q[

Moreover,
(420) Cl ~ CQ ~ 03 = 04 ~ B.

Proof. We will prove the following implications (4.16) =—(4.15) = (4.18) <=
(4.17) = (4.19) => (4.16).
The inequality (4.15) is equivalent to

azy - ([7(] mk(x,y>fé<y>u<y>)qw)5 ([ fv);, fem

Let f(x) = [ h. Then by Minkowskii’s inequality

[ rwar = [T ) " Ko 2l
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< ([ ([ vemorte utata) )

~ ( [ w s w2 [ h(y)dy)

and (4.16) = (4.15) follows by Lemma 2.2.
For any f € 9t

/0 ke, ) f (2u(z)dz > sup / ke, Ju(2)d=f ) > sup K (e,y)f).

O0<y<z O<y<z

B =

Hence, (4.15) = (4.18). (4.18) = (4.17) is obvious and (4.17) = (4.18)
follows by applying Lemma 2.2 and Fatou’s lemma.

Suppose, that (4.17) is true and let {z,} C (0,00) be an increasing sequence.
For any k € Z, let ¢ € (xg, xr41) be such that V(e,) < 2V(x) and for any
sequence {ar} C (0,00) of positive numbers we define the function h(z) =
> kez #X(mk,sk)(x)- If we put the function in the inequality (4.17), we get

P
Tk41 q

(4.22) (Z a,% Kz, a:@w(x)dx) <209 Z aV(xy)

keZ Tk kez
and by the Landau theorem it implies B < C}.

Thus, the only (4.19) = (4.16) it remains to prove. Using the definition of
Oinarov’s kernel, we see that

K(z,y) ~ k(z.y) / " u(z)dz + / "k, 2u(2)dz = ke )Uy) + K(y. 1)

and it implies, that (4.16) is equivalent to the following three inequalities:

q P

(4.23) ( | ( / zk(x,wmw%(y)dy)”w(w)da: <o | v ne
(124) ( | ( / ‘””K@,y)ph(y)dy)w(m)dx <o | vneom,

(4.25) (/OOO (/OO h(y)dy)ZK(x,x)qw(:v)d:p e /OOO hV, h e M+,

By [17, Theorem 5] (4.23) holds if and only if

hSAS)

Tk+1 2 .
(4.26) Bj:=sup) (/ k(y,xk)qw(y)dy) sup  Uly)"V 77 (y) < oo
{zr} ez \Jak yE(Th—1,2k)

(127) By = supZ( / Mw(y)dy)q swp K () U)YV () < o0

{zr} kez Tk YE(Th—1,2k)
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as well as (4.24) holds if and only if
Tr+1 2 o
Bj:=sup»_ (/ W(y)dy> sup K (y,y)"V 77 (y) < oo
{er} ez \Jak YE(TR—1,2k)

and by the dual form of [17, Theorem 5] (4.25) holds if and only if

Bj:=sup (/xk K(y,y)qw(y)dy> q V7 () < 00

{oe} kez,

Let yx € (zx_1, k) be such that
sup - Uy)"V 7o (y) = Uly)' Ve (i)

YE(T—1,7k)
Then
Tht1 7 L,
Z( / k(y,:cmw@)dy) sup U(y)'V 7 (y)
kez N Tk YE(Tk—1,Tk)
Yk+2 2 o
< ([ KGwrtan) v
kez Yk
Y2k+2 5 o
<<Z</ K(y,yzk)"w(y)dy> Ve (yar)
keZ Y2k
Y2k+3 2 r
+Z / K(y, y2i1) " w(y)dy | V77 (yars1) < B
keZ Y2k+1
Therefore,

B, <« B.
Let yr € (2x_1, k) be such that

sup K (2, )U W)V 7 (y) = K (2, yo) U (ye) "V 7 ()

YE(Tp—1,2k)

Then

>

kEZ

Tk+1 5 r
/ w(y)dy> sup K () U )V ()
Tg yE(Tp—1,Tk)

r

<) (/W K(y,yk)qw(y)dy> VT ()

<<Z<

kEZ

Y2k+2 2 ”
/ K(y,y%)qw(y)dy) V7 ()

Y2k
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+Z(

kEZ

Y2k+3 5 r
/ K(y, y2k+1)qw(y)d9> V7r (yort) < B

Y2k+1

Hence,
By < B.
Let yy € (zx_1, k) be such that

sup  K"(y,9)U(y)" V"7 (y) = K (Y, )"V 7 (1)

YE(Tk—1,2k)
Then
Tk+1 5 o
S/ wwa) sw Ko e
keZ Tk yE(TH_1,28)
Yk+2 5 o
<X ([ Kwmruwa) Vi
kez Yk
Y2k+2 2 o
<) </ K(y,y%)qw(y)d@/) Ve (yan)
keZ Y2k
Y2k+3 2 _r
+Z(/ K (g, yors1)"w(y)dy | V7 (yopsr) < B
keZ Y2k+1
Consequently,
B; < B
Since K(y,y) < K(y,zx-1), y € (x_1,7x), we have that By < B. Combining
the above upper bounds we conclude that Cy < B and finish the proof. O

Analogously, we obtain the dual version of the previous theorem.

Theorem 4.6. Let 0 < g <p <1,1/r:=1/q—1/p and k(z,y) is a continuous
Oinarov kernel and K, (y,x) = fyoo k(z,x)u(z)dz. Then the following inequalities
are equivalent:

(/Ooo </;O k(%x)f(y)U(y)dy>qw(x)dx>‘11 “c (/000 fpv>;, fem

(/Ooo ( :O KP(y,z)h(y)dy + K*(z,z) /Om h(y)dy) Z w(m)dm)

SOé’/ hV., h € M+,
0

SN

D
q

§C§/ hV., h € M+,
0

(o)
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([ s o) e[ ). som

T

B, := sup ( Kz, y)w(y )dy> V*_g(xk) < o0.

{24} jez

Moreover,
01 02 03 04 ~ B*
5. FURTHER RESULTS

Keeping the notations and assumptions of the previous section we obtain the
complete characterization of the inequality (4.1).

Theorem 5.1. Let 0 < q,p < oo Then the inequality (4.1) with the best constant
C1 holds for every f € M if and only if:
()0<p<L,p<g<oo

Ci=Cyi= sup ( /0 zU‘l(ac,y>w<y>dy);vi<x><oo-

z€(0,00)

(i) 0<g<p<l,

Te+1
CL~Cy:= supz (/ Uq(xk—i-lay)w(y)dy)
{zr} kEZ Tk

(i) l <p<qg<oo, 1/p:=1—1/p. Then C, =~ Cy + Cy, where

1

Q3

1/r
V_;(xk—i—l)) < 0.

Coim s i) ([0 v i) < o

z€(0,00)

(iv) 1 < ¢ <p< o0,

{

"RM Preprint Series number 106

Cym ( [ Uq<x,y>w<y>dy) 2 v-2<x>v<x>dx> <o
06—</ W (x (/ U” (y, x Vp()()dy)cd:c>i<oo,

cde’l C5+CG
(v) g=1<p < o0, then Cy = Cy, where

1
7

(/ (/1W7 @o Vﬂ%@ﬁ@®>p<un
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(vi) 0 < ¢g<1<p< oo, then
Cl 03+OG<OO

Proof. The part (i) follows by [18] and part (ii) by Theorem 4.1. Applying Theo-
rem 2.1 we reduce (4.1) to the inequality for the integral operator with Oinarov’s
kernel. Then parts (iii) and (iv) follow by using the dual version of the results of
[19] or [28] and assertion of (v) is a corollary of a well-nown result ([14], Chapter
XI, §1.5, Theorem 4). Thus, we need to prove only (vi). Applying Theorem 4.1
and dual version of ([17], Theorem 5), we get

Cy =~ By + Bs,

= ?ir;]; (/: Uq(fﬁk,y)w(y)dyy (/:+1 V"’/(y)v(y)dy> ,

r

where

s

BT’

[y

= sup kZZ ( /x :f w(y)dy) q < / kM U”(y, :ck)V”/(y)v(y)dy> ’ :

It is clear, that

BT’

[\

B, < Cs.

Now,

{26} kez

< supz

B « sup
Tk
{zk} keZ ¥ Th—1

W,,
Wg(y)W(y) (/yoo U (z, y)V_p'(Z)U(Z)dZ) ’ dy

< [ W) ( / e y>v-p’<z>v<z>dz) " dy

= Cj.
Therefore,
B, + By <« Oy + C.

Now, let {xx} C (0,00) be a covering sequence. Denote i, = sup{i € Z :
V(x;) < 2%} and Iy := (ip_1,ix), k € Z. Then, applying Jensen’s inequality, we
find

> ( s UQ(xk,ww(y)dy) b )

keZ -
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Z(/ Ui,y )w(y)dy> Vh(2;)
el Ti—1

2‘% (/ Uy, y)w )dy)

kEZ i€l

Q13

T

<y 2 (/rk Uq(xik,y)w(y)dy> q
<y </x2k Uq(%:zkay)w(y)dy> q

i9k—2

_ (2k+D)r Tigkt1 ‘
T Z 2 g (/ Ut (ximw y)W(y)dy)

i9k—1
Tigk xl2k+2 P
<< Z (/ U (:Cl2k+17y ) / )U<y>dy>
Tio, Tigy

> ( [ U%xiw,y)w(y)dy) ( [ V‘P’<y>v<y>dy>

“2k+1

Qs /\

O3 < Bi.

X
*w. We have

Now, let {x} C (0,00) be such a sequence that 2% = [J

x
o’

/ W >< /y wUp'<z,y)V—P’<z)v(z)dz) dy

T

kEZ

<Y 2% (/OO (2, 20V (= )v(z)dz)p/

~Y o (Z /+ (2 2V (2 )v(z)dz)p
NZquT<Z/mZ+1 szVp()()d>p
kEZ

21
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+ Z 2% (Z UY (x5, 1) /u’vm Vp/(z)v(z)dz> '

keZ

~ Y o ( / e, xk)v—p’(z)v(z)dz> ’

kEZ

2 (Y <Z U(xj+1,asj>> [ v

keZ i=k
=I+1I.

y ([

keZ

Then

Using Minkowski inequality, we find

o

2 (i Ui, 2 )) / Y ()

i

1
$1+1 4
U(xji1,2)) g / (z)dz
i=j+1

i; Vi) ( / ) Vp'<z>v<z>dz) ’

Ti+1

<

nMg

IN

<
Il
ol

U(xjp1,7;)V 77 (1501).

Therefore,

IT <« 224 (ZU Tjy1, 1)V l(xjﬂ))

kEZ

o\ @ )
~ </ w) U (@pr1; 21) V7 (Tpr1)
Tp—1

<y ( s U‘J(:ckﬂ,y)w(y)dy) Y )

k—1

/ Uq(xkﬂ,y)w(y)dy) Ve (2h41)
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T2k+1 g ”
- Z (/ U?(ak+1, y)w(y)dy) Ve (2op41)
kez \Y k-1

+ Z (/mw2 (Tort2, Y )w(y)dy) q Vfg(x%”)

keZ
<205 < By.
Thus,
Cs < B+ By
and finally
U3+ Cs < By + Bs.
OJ

Remark 5.2. Theorem 5.1 corrects the results of M.L. Goldman ([11], Theo-
rem 1.1.) in the cases (i), (ii) and (v).

For the case ¢ = oo we have the following.

Theorem 5.3. Let 0 < p < oo Then the inequality

(5.1) i%ﬁg(émfé>w@)§6%(émf%)p,

holds for every f € M if and only if
Ho<p<l,

Cy := sup <esssup U(x,y)w(y)) V_%(I) < 0.

z€(0,00) \ y€(0,x)

Moreover, Cs =~ Cy.
(i) 1 < p < o0. Then

1
Y

Ci = esssup w(z (/ U7 (y, 2 Vp()()dy> < oo.

x€(0,00)

Remark 5.4. Analogously Theorems 5.1 and 5.3 the characterizations take place
for the inequality (4.14) and (5.1) on the cone 9M'. In particular, these results
supplements ([12], Theorem 2.2 (ii)). We omit details.

Similarly, for the case p = oo we obtain the following.
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Theorem 5.5. Let ||-||x be any quasinorm defined on M* and let T: MM+t — IM*
be a positive operator. Then the inequality

IT(f)llx < Crollfoll
holds for every f € M if and only if

1
T
€SS SUPye(0,2) (Y)

Corollary 5.6. Let || -||x be any quasinorm defined on IM*. Then the inequality

[,

holds for every f € MM if and only if

Cy = < 00

X

and 010 = 011.

< O follee

013 =

< o0

and 012 = 013.
Now we collect the complete characterization of (4.15).

Theorem 5.7. Let 0 < q,p < co. Let k(x,y) > 0 be a measurable kernel. Then
the inequality (4.15) with the best constant Cy holds for every f € M if and only
if:

(0<p<l,p<g<oo

Ci=Chs = sup | (/OOO Kq(a:,min(x,y))w(y)dy) V7 (z) < oo

z€(0,00

(ii) ¢ =1 < p < o0, then Cy = Cig, where

1

/

Cho = ( /0 N ( / N ( /y N k(z,y)w(z)dz) V_l(y)u(y)dy)p/v(x)dx) " <.

If k(z,y) is an Oinarov’s kernel, then
(i) 0 < g <p <1 and k(z,y) is continuous,

Q3

P ) 1/r
Cy~Cy = supz ( Kq(y,xk)w(y)dy> Ve (z) < 0.

{oe} pez, k

CRM Preprint Series number 1067

(iv) 1<p<g<oo, 1/p :=1—1/p. Then Cy = Cig + Cig9 + Cy, where
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Ciei= sup ( [ e >czy) VH() < o,

z€(0,00)

p/

Chg := sup W (/ KY (z,y)V 7 (y)v (y)dy> < oo,

z€(0,00)

Coi= s ([ we <y>dy>"( [ v ) <

(V) 1 <g<p<oo,

Cyy 1= (/ (/ Ky, y)w dy> K9z )V;(:)s)d:)s)i<oo,
o= ([ ([ i)'

r
!

« (/mUp( dy) U” (2 .r)v(x)dm) < oo,
023_</ W (a (/pryvp()md)

and Cy = Cy; + Cag + Cas.
(vi) 0 < g <1< p<oo, then Cy = Cy + Coy + Cos < 00, where

e (S (L) ([ womansimn)) ) <
Cos = (?g ICGZZ ( /x ::qu(y, wk)qw(y)dy)g ( /I i IU”' (Vv (y)v(y)dy);/)l/; 00.

Proof. Part (i) and (ii) follow from [18] and ([24], Theorem 2.2), respectively, and
(iii) is Theorem 4.5. Parts (iv) and (v) were proved in ([20], Theorem 7) and (vi)
follows by applying Theorem 2.1 and ([17], Theorem 5). O

e

=
U
)
~—_
S
AN
3

The border case ¢ = oo of the previous theorem is governed by the following.

Theorem 5.8. Let 0 < p < oco. Let k(z,y) > 0 be a measurable kernel. Then
the inequality

52) e ( | k(x,wf(y)u(y)dy) w(z) < Cog ( I fpv)’l’ |
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holds for every f € M if and only if
i) 0<p<1,

Cy := sup | esssup K (z, min(z,y))w(y) V_%(x) < 00.
z€(0,00) \ y€(0,00)

(ii) 1 <p < oo. Then

= esssuputs) ([ ( [ Sk<s,y>u<y>v1<y>dy)p/v<t>dt o

s€(0,00)
Proof. 1t follows by applying ([24], Theorem 2.2). O
For the case p = oo, from Theorem 5.5 we obtain the following.

Corollary 5.9. Let || - ||x be any quasinorm defined on IM*. Let k(x,y) > 0 be
a measurable function on {(z,y) : x >y > 0}, Then the inequality

J
0
holds for every f € M if and only if

%m:(/ k(x,y)dy =
0

€SS SUD ¢ (0,4) v(z) N

< Oyl folloo
b

and 029 = 030.
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